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Barriéres de précision en maillage adaptatif

Résumé : Le taux de convergence pour ’approximation d’une fonction discontinue ou
irréguliére peut présenter un ordre plus élevé grace i ’utilisation d’une stratégie de raffine-
ment adaptatif, & la place d’'une méthode de raffinement uniforme. Dans tous les cas, cet
ordre de convergence est cependant limité & d/p(d — 1) (en norme LP et en dimension d)
pour les adaptations isotropes.

Mots-clés : maillage, adaptation, approximation, interpolation
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1 Introduction

In spite of the extraordinary progress in efficiency of the combination of numerical methods
and computers, most of industrial flow simulations are performed within very poor accuracy
conditions. The maximal theoretical order of accuracy is often less than two. Even when it
is two, this is not observed on the results, due to the lack of smoothness of the flow fields
under study. Either these flow fields are rigourously singular (inviscid shocks, singularities
at angular walls), or they are regular, but with spatial scales too small for being captured
with the theoretical order of accuracy. In both cases, the apparent order of accuracy can be
one or even lower.

We note in passing that our remark applies also to the so-called high resolution schemes,
involving limiters, which indeed proved their ability in capturing many singularities in a thin
subregion of the mesh and without Gibbs phenomenon. They however do not show a better
acuracy that first-order on discontinuities (for any usual measurable functions norm).

One way to escape from the limitation of accuracy on singularities is to adopt a mesh
adaptation approach.

In [1], the notion of accuracy of adaptative methods is discussed. It is shown that some
of these methods are able to capture 1D discontinuities with orders of accuracy equal to two
or better. This means that a global mesh adaptative method, combining an approximation
scheme and a well defined adaptative remeshing, possesses its own order of accuracy for
some family of discontinuities. Identifying this order of accuracy will rely on two analyses:

e from one side, it is necessary to analyse the accuracy in the regular case, that is the
accuracy order of the approximation scheme, on a non-uniform mesh;

e from the other side, we also need to analyse the mesh adaptation strategy. We can
interprete this strategy as a system control one. A sensor or captor will detect the
region of mesh to refine or coarsen, an actuator will build the new mesh.

Most of published works in the literature examine the captor, i.e. the error estimate. In
our work, we assume we have a perfect captor. We focus on the issue that even under this
assumption, many remeshing strategies carries with them a strong limitation of the order of
accuracy of the global adaptative approach.

More precisely, the main barrier, the existence of which we want establish, is described
by the following lemma:

Lemma 1.1

If a P, interpolation method is applied to a piecewise regular function u, defined on R?, and
involving discontinuities, then the convergence order o in LP (1 < p < 00) when mesh is
refined with an adaptative isotropic mode can be not better than
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Such barriers are rather simple to proof and of general application. In particular we
do not consider a particular PDE. Indeed, the limitation put in evidence for interpolation
should extend to PDE approximated solutions.

The information delivered is also a simple one: 3D isotropic mesh adaption such as
AMR((Adaptive Mesh refinement, in which cubic volumes are locally divided in identical
smaller cubic ones) are not second-order accurate, i.e. eight times more volumes do not
yield four times smaller error.

In Section 2 we recall how the accuracy order of a mesh adaptive (or not) method is
defined. In Section 3, we establish the limiting order of accuracy for isotropic mesh adaptive
methods, for different kind of singularities in R? for d = 1, 2, 3. The last section illustrates
these barriers with a modern mesh adaptive tool.

2 Meshes and complexity

We consider the interpolation of more or less smooth functions defined in a regular bounded
domain Q of R? (d =1, 2, ou 3).

The interpolation methods under study are built from a discretization of the computa-
tional domain 2, the mesh, T', that relies on a partition of Q into N polygonal elements,
that we denote K, and that are assumed to be convex, open sets, such that UurK = Q.

We examine the convergence properties of an interpolation method over a sequence of
meshes (T,)pen. We assume that in this sequence of meshes, the size of elements tends to
zero. Accordingly the number of elements tends to infinity.

Definition 2.1 (Diameter and roundness)
For any polygon K in R?, its diameter hy is the diameter of the smallest sphere containing
it and its roundness py is the diameter of the largest sphere inside it.

The ratio px /hx measures the shape of K : when it is close to 1, K is close to a sphere or
nearly isotropic, when it is close to 0, K is much stretched or strongly anisotropic.

Definition 2.2 (Quasi-uniform meshes sequences)
A sequence of meshes (T})pen is quasi-uniform if

d¢>0, VpeN, crr;gmxhK < n%inpK.

P

Then

h = maxhg

is a measure of the mesh size for any element of the sequence.

In a sequence of uniform meshes, no element has a roundness smaller than ¢ h. The elements
are essentially of same size and roundness. The global mesh fineness or size is defined roughly

INRIA
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by a single number. In other words, the number of elements N, is related to the size hj, :

L, meas (92)

d
3¢*>0, VpeN, ch, <c N,

< hf, (1)

since pd < c*meas (K) < hd for any K (c is the constant arising in Definition 2.2). This

can be also written:
1\ /4

Definition 2.3 (Mesh isotropy)
A sequence of meshes (T,),¢n is isotropic if it satisfies

d¢>0, VpeN, c¢< min 2K
Ty hK
This property ensures against an infinite stretching i.e. the ratio px/hx cannot tend to zero
0. However, in contrast to uniform meshes, in an arbitrary isotropic mesh the elements can
be of very different size.

We restrict now to meshes involving simplexes, i.e. in 2D, triangles, and in 3D, tetrahe-
dra.

3 Accuracy of an interpolation

In the standard theory, the approximation error is measured as a function of local mesh size.
This notion is well adapted to uniform sequences of meshes. It extends also to sequences
that are uniformly refined.

In mesh adaption methods the meshes are not uniform, and the sequences are not uniformly
refined.

In the classical approximation theory, the mesh fineness is a measure of the cost to be paid in
order to compute on the considered mesh. The idea of considering for adapted meshes simply
the total number of degrees of freedom is a natural extension that is getting progressively
more popularity.

3.1 Interpolation method

We focus on the interpolation of functions of H*(Q) N L>(2) with k¥ € N. An interpolation
method is a mapping which defines from any mesh T of an open set 2 in R?, an operator

7 such that
77 2 u € HF(Q) N L®°(Q) — 7ru € L(Q).

RR n° 4528



6 Coudieres € Palmerio € Dervieux € Leservoisier

Let us consider the interpolatd functions over our sequence of meshes: u, = 7r,u. It is
natural to introduce the following property:

3¢>0, VpeN, Yue HY Q)N L=(Q)

luplliL=() < ¢ min(llullgr(a), lullz=@),  llup = wllz2@y — 0. (2)

p— 4oc0
Two classical examples satisfy this property:
e the Lagrange interpolation on simplectic meshes [8] ;
e the L?-orthogonal and piecewise constant projection (for any kind of meshes).

The first example is a usual one in finite element theory, while the second one is adapted to
finite volume methods.

3.2 Accuracy order

Definition 3.1
An interpolation method has an order of accuracy of (at least) a for a sequence of meshes

(Tp)peN if

a/d
1
Je>0, Yue HH(Q)NL®(Q), VpeEN, |u-— upllon) < ¢ (F) ,

P

where N, holds for the number of elements of T,.

From statement (1), this definition is coherent with the classical one for uniform meshes
or uniform refinement.

3.3 Some examples with quasi-uniform meshes

In the classical theory, the two key assumptions in the accuracy statement of an interpolation
are :

e the regularity of meshes ;
e the local (at element level) accuracy of the interpolation ;

The following fundamental result (see [8]) is a consequence of the Bramble-Hilbert lemma:

Theorem 3.1 (Interpolation fundamental property)
If &, an interpolation operator on K, is exact for any polynomial of degree less or equal to
k>0, if m € N, then there exists a constant ¢ > 0 independent of K such that

Vue HYK),  Ju—7ulmx < c||BI*HIB7H™ ulkss,x,

where B is a matrix such that the variable change x = BZ + b transforms an element K into
K. Here, | - |5, denotes the semi-norm of H*(w).

INRIA
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This result applies in particular to simplectic meshes which are all images of an unique
simplex, the so-called reference element K. We also remark that:

2oy <

PK
<|Bl < —,
p PK PK

Then the following statement will hold
IBIFHIBH™ < e (’;—K) hic™ T < chiMTT,
K

in as much as the meshes verify the isotropy property 2.3. However a conclusion concerning
the accuracy order will not be obtained unless one can relate hx to the number of elements,
which is more easily done with uniform meshes.

H*+1(Q) Functions

For rather regular functions, at least in H*(f2), and for quasi-uniform meshes, the following
result is derived:

Theorem 3.2
Let (mp)pen be a family of interpolation operators that are exact for any polynomial function
of degree less or equal to k on the simplectic elements of the meshes (Tp)pen, then if the
sequence of meshes (T})pen is uniform according to Definition 2.2, we have the following
property
Yue H L Vpe N, |u—tplmo < clufrr1o h’;“fm
1\ (kH1=m)/d
< — .
< clulkt1,0 (Np)

For a more general result (in W™P?(Q2)), see [4].

L?(Q) Functions

Theorem 3.3
Let (m,)pen be a family of interpolation operators satisfying the stability property (2), on a
sequence of meshes (T),)pen, then

Vu € L*(Q)NL®(Q), VPN, |lu—upllr2) < cllul|p=(a) meas (Q)l/2 .

This results is not directly useful (applied in 2). But it can be combined with Theorem
3.1 for obtaining the convergence order for functions that are piecewise H**1:

e in regularity regions, Theorem 3.1 can be applied,

e in non-regularity regions, the above result is applied, but replacing © by a neighbor-
hood of the singularity the measure of which tends to zero.

RR n° 4528
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A first example: P;-exact interpolation

Let us consider the Lagrange interpolation of degree 1 for continuous functions defined on
2 and for simplectic meshes.

e For functions of H2(2), which are in particular continuous in 1D and 2D, and possibly
discontinuous at an insulated point in 3D, the second order convergence holds:

2/d
1

Vue H?, |lu—upllr2@) < cllullmo (F) :
P

e For function of H!(Q2), which are in particular continuous in 1D, possibly discontinuous
on points in 2D, possibly discontinous on curves in 3D, only first order convergence
holds:

1

1/d
Yu€ H', |u—upllreq) < cllullga (F) .
Y4

A second example : Py-exact interpolation

We consider now the L2-orthogonal projection onto the elementwise constant functions.

1

Yu € L2(Q), Fpu(l') = m

/u(x)ch: (Vz € K, VK € T),),
K

on mesh T},. By application of Theorem 3.1, the accuracy statement writes as follows:

e For H'(Q) functions, first order convergence holds:

1

1/d
Vue H', |lu—upllr2@) < cllullpio (F) )
P

on uniform simplectic meshes (Definition 2.2)

A third example: piecewise H' function

The functions that we consider now are functions of u € L%(2) N L>=() that are piecewise
H' in Q. A typical example in 1D, i.e. for Q =]0, 1[, 2~ =]0, 0.5[, 2T =]0.5, 1], is

u(z) = x size Q™
T lz-05 sizeQt,

which is a function from Q =]0, 1[ to R, belonging to H*(2~) and to H!(Q%), but being
discontinuous at z = 0.5 (u ¢ H*(Q2)). Uniform meshes (T},)pen according to Definition 2.2
are

T) ={K€eT,;05€K},
T, ={KeT,; KCcQ }\T), Tf={KeT,; KCQt}\T}.

INRIA
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00— OF -
We define three open sets (2, 1.7, 7 :

K, of =

o K, Q5 = K.

_Oo
ﬁoc
"“HI C
@ic

Then we can write:

IA

1
C”“”Hl(ﬂ—) AR
P

[lwll (1>
cluligra+) \ ~ )
(@) N,
1/2

lJu — Wp““m(sz;) = C“““HI(Q;) hp

IA

flu — Wpu”m(gg) < CHUHHI(Q;;) hy
lu — mpullzz(ag) < cllullze=(a) (card (T]g) hp) " < cllullp(e) h;/z.
since (in 1D) card (T}) < 1. As a result, the interpolation method has an accuracy order
of only 1/2:

1\ /2
= mpulage) < cmax (lulluscanys ol Bl (57)
P

The same argument extends to any dimension d < 3 with  =]0, 1[¢, @~ =]0, 0.5[x]0, 1[¢~1,
QF =]0.5, 1[x]0, 1[*"1, and:

x sixeN”
u(z) = :
21 —0.5 sizet,
where z = (z1,...,24). S ={z € Q; 21 = 0.5} is the discontinuity surface of u. Let

T) ={KeT,; KNS #0},

while T}, Tp+ , Qg, 2, et Q;,L are defined as above. Then the 1/2 accuracy order also holds

1\ /24
Ju = myullogay < emax (Jullsany, lullasy, Bulewo) (37) -
P

1\ V4
since in that case, meas (T}‘,)) <2h, <2 (F) .
P

Remark 3.1
In dimension d, if the discontinuity has a dimension m < d, then the set Qg on each mesh

will have a measure of the order of h%~™, and the convergence order will be of (d —m)/2
(in the above, we have m = d — 1).

RR n° 4528
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Remark 3.2

The mesh sequence (T},),en may be built in order to satisfy Q) = 0 (Vp € N): it is enough
to build them in such a way that the discontinuity point x = 0.5 be exactly at the boundary
of two neighboring elements/intervals.

In that case the interpolation recover a better accuracy order. However, in practice, we
usually do not know the location of the discontinuity point.

4 Adaptative interpolation

We keep considering piecewise regular functions. We shall investigate how to improve the
above limit by choosing now adaptative sequences of meshes, that is sequences of meshes
that are designed in a manner adapted to the precise function we want to interpolate.

In a first step we shall consider sequences of isotropic (see Definition 2.3) adaptive meshes.

4.1 1D case

In 1D, adaptive mesh interpolation methods can be made of order «, as large than the
theoretical order of the interpolator, on functions that have isolated discontinuities, as stated
in the following lemma:

Lemma 4.1 (d=1)
Let us assume that the interpolation method yields operators that are of accuracy order «
in H* with uniform sequences of meshes.
Leta =ag < ai < ... < a, = b points of R and u € L*(Ja, b[) N L*°(]a, b]) a function
such that
uw€ H*(Jai_1, ai[), (i=1...n), u ¢ K*(Ja,b]).

Then there exists a sequence of meshes (T),en de Q =|a, b[ such that (7,)p,en present
an order of accuracy equal to « on .

Proof We can assume without loss of generality that n = 1, Q =]0, 1], v € H}(Q27),
uw € HY(QF), with @~ =]0, 0.5] and QF =]0.5, 1].
As above, if T}, is a mesh of 2 with N, intervals, we can distinguish:
T) ={KeT,;05€K},
T, ={KeT,; KcQ }\T), T ={KeT,; KCcQt}\T;,

and subregions Q9, Q_, OF such that

W =UK, O, =UK, Of = UK.
[y T

¥ o

Iy

In order to reduce the error by a factor 2, we apply the following strategy:

INRIA
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e in O (resp. QF), the element size has to be divided by a factor 2 since in this

regularity region, the theoretical accuracy order of the interpolation applies;

e on the contrary, on Qg, element size has to be divided by 22%, since on this non-

regularity region, the interpolation accuracy order is only 1/2.

We shall show how this strategy allows to build an adequate sequence of meshes, that is

satisfying the announced accuracy statement.

We start with Ty, made of only one element, the whole interval €.

0 0.5
| |
[ I
| 7Y, 0
I
I Tlial Q; I Tloa Q(1) I
I ' [ [
T,,Q Ty, 0f

|1|g)’ Q|g|
1

Figure 1: Computational domain Q and meshes T, 71, T

Step 1: in case where, TY =Ty, T, = 0, T;" = 0, we propose to choose:

17 = {lay, af [}

so that

and for example
1 11 i 1

T 97 9ger M T3

11

240"

The above implies that Q; = {]0, a; [} and Qf = {Jaf, 1[}. It suffices now to divide Q;
(resp. ) into two intervals of equal measures. The mesh size for Q7 and QF is then

uniform and equal to

- 11 1

Step 2: we choose
7y = {lay, o3[}
so that

meas (0293)
0
1

meas (029) 4o

RR n® 4528

4e

i, being meas (Q3) = (



12 Coudieres € Palmerio € Dervieux € Leservoisier

for example

R B A S B A
2 =573\z) " =2 =5%5\a) "

We then have Q, = {]0, a; [} and QF = {]aJ, 1[} and it suffices to divide Q, (resp. Q)
into 22 equal intervals, the mesh size of 25 and QF is uniform and equal to

2
11 1
- _ pt _
-2 (- ()
By iterating this process, we obtain a sequence of meshes (T})pen Where

1 P
meas (02)) = <4—a> ,and card (T)) = 1,

1\"1 IR : : +
hp = 5) 3 (1- P is the uniform submeshes size for 2.7,

card (Tpf) = card (T;r ) = 2.

By construction, 7, has an order of accuracy equal to a in 2~ and Q*, and is stable in
L, Then the sequence (T},)pen that we have built satisfies for p large enough:

1\
e = mpul ey < cllullinat) (2) ,

1 p/2 1 ap
= mpulizap) < lullimey (35) = elillz~ia (5)

thus: a
1
Vp>po, |lu—mpullpe) < c(u) (ﬁ) )

P
since the total number of elements in mesh 7}, is N, = 227 + 1 which is equivalent to 227
when p grows to infinity.
When Q =]a, b], and for a unique point of discontinuity a;, the conclusion follows from the
application of the variable change x = a + Z/(b — a).
For a (larger than one but) finite number of discontinuities a1, as, ..., an, the conclusion
is obtained by cutting {2 into n intervals, each of them containing one discontinuity:

a1 +az az+as an-1+ Gn

ay + as
Qn =, 0|.
2 ’ 2 [7 ’ ] 2 b[

2

Ql Z]CL, 5 QQ Z]

The sequence of meshes results of the juxtaposition of the n submeshes for intervals (Q;);=1...n-
0

INRIA
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Remark 4.1

The previous results proves that higher order accuracy can be obtained on singularities with
adaptive mesh strategies, while non adaptive show a very low order.

This remark extends mutatis mutandis to the case of reqular functions, as far as they involve
steep gradients. It is true that in that case a high numerical order of convergence can be
observed. But, with steep gadients, this can be observed only with extremely fine, generally
not affordable, meshes. Conversely, at reasonable mesh size, the convergence shows the
same low convergence as for the singular case. In [1] it is illustrated that a higher order
convergence can be obtained with rather coarse adapted meshes in a similar manner to the
singular case.

4.2 The 2D case

We shall extend the above theory to the two-dimensional case. Again we shall establish
some paramount advantages of adaptative strategies, but it will be necessary to distinguish
isotropic strategies from anisotropic ones.

Given 0, Q* and Q three connex open bounded subsets of R? such that O = Q- U Q+,
we consider the interpolation of a function

w:Q — R u € HHQ7), ue H*QF), u e L=(Q).

We denote by L
'=0-nQt
the common boundary between 2~ and Q% and we assume it is a continous manifold of

dimension d — 1.
For any sequence of meshes (T),),en, we set

T = {K €T, ; KNT #0},
T, ={KeT,; KcQ }\T), T}f={KeT,; cQT}\T),

and we introduce Qg, Q,, Q;‘,’ the open set defined by:

¥ O

UK, Q, = UK, O} = UK.
T Ty T

We restrict our study to sequences of meshes satisfying the following assumptions:

Je>0, VpeN, VK €T, Z—K > ¢, (3)
K

meas (K N Q™) meas (K N Q7F)
3 0, YpeN VKeT? —/— > _— 4
€>9 VPES, €1p meas (K) = meas (K) = )
de>0, VpeN, meas (Qg nT) > ¢, (5)
lim h, = 0 (6)

p—+co

RR n° 4528
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with
hy = Ir(nea%; diam (K).

These assumptions express in more details the isotropy of the mesh sequence.

Lemma 4.2 (d =2)

(i) The interpolation obtained by the L?-orthogonal piecewise constant projection is first
order accurate for H' functions.

(ii) For the function

u(z, y) = 0 SI, v <09 defined in Q2 =)0, 1[x]0, 1]
1 siz>0.5

any sequence of meshes (T},)pen satisfying the isotropy property 2.3 will produce an error

such that
1\1/2
c (F) < lu = upllz2()-

P
or in other words the interpolation order cannot be better than 1.

It is difficult to produce a rigorous demonstration a result, tending to say that “no
method” of a large family will be able to answer accurately to the problem of fast convergence
to the seeked function.

We shall however give an argumentation relying on a counterexample that will make more
precise the large class of mesh strategies which obey our result.

The idea is that the error will soon be concentrated along the discontinuity, included in

the region QY of measure h) containing N = 1/hY elements. The error is there of order

(meas (Qg))l/2 ie. (1/N;9)1/2'

The counterexample which we propose has a discontinuity along a straight line of R? :
w(z)=0 V <0, ulz)=1, V >0 (7

We shall show that isotropic mesh refinements cannot allow an order of convergence for
P; interpolations of function u that could be better than 1.

For a given triangulation, since u is constant far from its discontinuity line, interpolation
errors are there vanishing and non-zero terms are restricted to triangles of the family 7; of
triangles cut by the discontinuity.

Due to the anisotropy assumption, each triangle of the mesh is near of an equilateral
one, moreover, for those of 73, we note that:

- most efficient isotropic meshes will have a quasi-constant mesh size along the disconti-
nuity. The optimal mesh is essentially a quasi-uniform strip covering the discontinuity and
made of quasi-equilateral triangles.

- the position of the strip with respect to the discontinuity is also identified : the case
where the discontinuity is close to a boundary of the strip maximizes the interpolation error

INRIA



Accuracy barriers in mesh adaptation 15

and thus the intermediate position, with the discontinuity lying about the center of the strip
is likely the optimal one.

Let Az be the length of a side of the above triangles, the square of the L? interpola-
tion error on each element is proportional to the element area, that is to (Ax)2, and the
corresponding “covered” length of discontinuity is of the order of Ax.

- In order to cover the discontinuity over one unit length, about k N, triangles are
necessary with N = 1/(Ax), in other words, k/(Ax) vertices are needed. And this will
result in a error square as large as Az. The error estimate is then (Az)'/2. In terms of
numbers of vertices, the error for N vertices is of the order of (1/N)'/2, or (1/N)'/¢ which
is exactly first-order convergence.

Remark 4.2
In L? (1 < p < o0) the above argument gives a maximal order of d/p.

Figure 2: Isotropic adaptation for a (vertical) discontinuity. For dividing the L? by a factor
V2, twice as many degrees of freedom are necessary. The figure presents the building of a
new mesh by isotropic division when square elements are used.

4.3 A first 3D case

The above calculation can be transposed to a singularity born by a straight line in 3D. This
can be for example a creek, in Solid Mechanics.

Lemma 4.3 (d =3)
Under asumption of Lemma 3, and for a function u defined on R® | having a singularity born
by a straight line, the best order of accuracy for isotropic adaptive strategies is 3.

Let Az be the length of the side of any tetrahedron. On each tetrahedron the square of
the error in L? is of the order of (Ax)3 for “covering” a section of the discontinuity of length

RR n° 4528
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Figure 3: Generation of a new adapted mesh in the case of a creek.

Az. For covering the whole discontinuity over one unit of length, the number of element
needed will be of the order of 1/(Ax), or equivalently 1/(Az) vertices/nodes. The square
of the interpolation error in L? is of the order of (Az)?. Then we need N nodes for an error
of the order of (Az) = (1/N) = (1/N)3/¢. This corresponds to third-order accuracy.

Remark 4.3
In the case of a P! interpolation the error would be of order 2 on regular region and thus
the above estimate does not carry any extra limitation in accuracy.

Remark 4.4
Conversely, uniform refinement strategy would have required N3 nodes for the same level of
error, that is to say, only a first order accuracy would be obtained.

Remark 4.5
An example of creek function with this kind of singularity can be found in [2], where an
isotropic adaptive strategy with high order interpolation reaches indeed this accuracy order.

4.4 A limiting barrier for the isotropic 3D case

Lemma 4.4 (d=3)

Let u be a function of three real variables, having a discontinuity born by a surface. Then
the maximal order of convergence of an mesh adaptative isotropic P;-interpolation method
is 3/4.

If the discontinuity concerns the gradient of u, the order is at best 3/2.

This time 1/(Az)? vertices are necessary to capture optimally the discontinuity and
this would produce a square of error on element of the order of (Az)3. Thus the total er-
ror square will be in (Az) and the error in /Az. Putting a number N of vertices equal to
1/(Az)?, we get an error in (1/n)'/* = ((1/n)3/*)'/3 which results in a maximal order of 3/4.

In the case of a gradient discontinuity, the square of error on each element is of order

(Az)*, the square of global error of order (Ax)?2, the error of order Az, which results in a
maximal order of 3/2.
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Figure 4: Generation of a new mesh by isotropic division in 3D, for a discontinuity born
by a surface of R3.

Remark 4.6
Of course, the qualification condition for higher order accuracy is not that mesh adaptation
be of anisotropic type, but be able to stretch mesh in any arbitrary direction.

5 Numerical Illustration

The above theoretical may have an important practical impact. In particular, it is very easy
to experience the above barriers by direct application of a mesh adaptative strategy.

This will be realized by using a modern mesh adaptation algorithm. It consists of a
loop of successive mesh adaptation with a prescribed number of nodes. New meshes are
triangulations generated according to metrics derived from an approximation of the Hessian
(at previous mesh nodes).

The problem addressed is defined as follows. We want to interpolate as accurately as
possible with the continuous piecewise P; operator and a unique adapted mesh of a square,
two given discontinuous functions. The Heavyside functions H; et Hsy are discontinuous
respectively on z = 0 for the first one, on y = 0 for the second one. For a prescribed number
n of vertices, we obtain a L? error £,. We compute this error for various mesh fineness n
and we measure the slope of the so-obtained convergence curve. It is compared to the above
definition of convergence order.

5.1 Uniform refinement

In a first series of computations the triangulations are quasi uniform. The above theory
predicts a convergence order bounded by 1/2. The number of nodes of the meshes that have
been applied cover a range from 60 to 20000. Figure 4 exhibits numerical convergence orders
that are approximatively situated between 1/2 and 1.
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Convergence in L2 norm of the linear interpolation error
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Figure 5: Convergence in L? norm of the interpolations of two Heavyside functions, with a

uniform mesh refinement
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5.2 Isotropic adaptation

A second series of calculations has been done with mesh adaptation. The BAMG adaptator
([3]) is used with a scalar metrics defined on any vertex of the current mesh, and chosen as
the maximum of the absolute values of the eigenvalues of the local approximate Hessian of
the two functions to interpolate. One result is obtained for a prescribed number of vertices
when the adaptation loop produces successive meshes that are very close to each other.

A typical example of result of this loop is depicted in Figure 5. High mesh density is
observed in the neighboring of the two discontinuities.

The numerical order of convergence can be observed from a series of computation with
mesh fineness ranging from 600 to 200000 vertices. Interpolation error are much smaller
than with the uniform meshes of same number of nodes. The order of convergence is now
clearly close to 1.

Figure 6: An example of isotropic adapted mesh for two Heavyside functions

5.3 Anisotropic adaptation

In the anisotropic adaptation, the metrics is a matrix, defined on any vertex, obtained
from the discrete Hessian by replacing eigen values by their absolute values. The synthesis
between the two functions to interpolate follows the method proposed in BAMG, computing
an ellipse inside the two stretching ellipses, see [3]. Again the adaptation iteration loop is
reiterated until the successive meshes do not show much variation. A typical example of
adapted-converged mesh is presented in Figure 7.
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Convergence in L2 norm of the linear interpolation error
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The numerical convergence is now measured with a series of meshes with fineness from 150
and 200000 vertices. Not only errors are much smaller than with isotropic adaptation, but
also the convergence order is very close to 2.

Remark 5.1
As already pointed out, if the functions to interpolate are regular, but with stiff gradients,
then the metrics should distribute vertices between the regular zone and the discontinuity.
Further, with an interpolator of higher order of accuracy (3 instead of 2,...) this distribution
should operate more in favour of the singular region in order to get a global third order
convergence.

Remark 5.2

The above example is a little particular since the functions are constant outside the discon-
tinuities. All mesh vertices should concentrate near the discontinuities and not anywhere
else. As a result, the convergence order is not limited by the order of the interpolator, and it
could be better than 2 with the anisotropic adaptation. In the practical presented case, the
order of convergence is limited by mesh regularity and progressivity, which lead to generate
a medium-fine mesh in order to match coarse mesh regions and fine mesh ones.

Figure 8: An example of isotropic adapted mesh for two Heavyside functions

RR n° 4528



22

Coudieres € Palmerio € Dervieux € Leservoisier

L2 norm of the interpolation error

Convergence in L2 norm of the linear interpolation error

0.1 f . .
F I Anisotlropic mesh adaptation ~ +
N Line with slope 2 -------
0.01 F L i
+ \\\
+ \\\
+
£
0.001 | Y g
+ \\\
+
0.0001 L 1
100 1000 10000 100000

Number of vertices in meshes

Figure 9: Convergence in L? norm of the P; interpolation of two Heavyside functions with
an anisotropic adaptation strategy

INRIA



Accuracy barriers in mesh adaptation 23

6 Further remarks

In the general case of the approximation of PDE’s, interpolation errors are generally involved
and the above barriers should also apply.

It is possible to extend the present remarks to a singularity that lies into the non-
boundedness of the domain. A typical case is the flow around an airfoil. In such
a case it is evident that the domain cannot be meshed uniformly without an infinity of
elements. If a truncation before infinity is applied in order to have a bounded mesh, then
uniform refinement without enlarging the mesh is also an inefficient strategy since the error
of domain truncation can become dominant. Then the only reasonable mesh refinement
strategy should be also adaptative with respect to the behavior of the solution at farfield.

The unsteady case also sets problems of efficiency. Again the case of the approximation
of a PDE cannot be solved with a better accuracy that the case on an interpolation and our
discussion will concentrate on the interpolation case.

A preliminary remark is that unsteadiness increases of one unity the dimension of the
approximation or interpolation domain. Then barriers are necessarily even more severe.

In fact the only strategy that might avoid a barrier is a “fully space-time adaptative
anisotropic” strategy, which is hardly compatible with a discretisation with time levels. A
“fully space-time adaptative isotropic” strategy would be limited to order 2/3.

If we consider strategies with time levels, it is useful to distinguish whether time step
is adapted or not. Probably the best approach with time levels will use a different mesh,
adapted, anisotropic at every time level. In that case, due to the uniform in time discretiza-
tion, it will remains a barrier at some order.

The popular method of AMR has a different mesh, adapted at each time step, but the
spatial adaptation is of isotropic type. It is less good than a “fully space-time adaptative
isotropic” strategy and limited by a barrier even more severe than 2/3.

7 Conclusion

This study concentrates on the approximation of non-smooth functions. One of our ar-
guments is that non-smooth functions encountered in physics have very small subregion of
non-smoothness. Further, singularities are often born by rather regular manifolds. Of course
the difficulty in approximation depends strongly on the nature of the singularity.

Our study is an attempt to evaluate the respective efficiency of various mesh-based
approximation strategies for converging approximations to a non-smooth function.

Mesh refinement is the classical one. It is compared with various mesh adaptation strate-
gies, using an isotropic mesh regeneration or anisotropic one.
All these methods are evaluated and compared from their performance in the approximation
of discontinuous, piecewise regular functions.
Our study relies on theoretical remarks and counter-examples. It is completed by a few
concrete numerical calculations.

RR n° 4528



24 Coudieres € Palmerio € Dervieux € Leservoisier

The output of the study is summed up as follows:
- Uniform refinement is definitively an inefficient approach for discontinuous functions.
- Isotropic adaptative strategies are unable in 2D and in 3D cases to show an asymptot-
ical accuracy order better than first order (order 3/4 for 3D) when they are applied to
discontinuities beared by curves in 2D (surfaces in 3D).

This remark explains in particular the disappointing results obtained when isotropic
refinement is applied to the capturing of shock surfaces around 3D aircrafts. As far as we
know, a theoretical quantification of these difficulties was not proposed up to now.

In the elliptic case of Computational Structural Mechanics, discontinuities in the medium
properties provoke only derivative dicontinuities. However, their computation with an
isotropic adaptative strategy cannot be better than of order 3/2 in 3D.

In order to (try to) escape these limitations, it seems essential to apply anisotropic mesh
adaptive methods, especially in the 3D case.

Several anisotropic mesh adataption methods are proposed in the litterature and two
good examples can be found in [5] and [3]. They allow a much weaker refinement in the
direction that are tangent to the singularity. Then the above barrier does not apply and
it is very probable, but this is yet almost a conjecture, that any order of accuracy can be
obtained with good anisotropic mesh adaptative strategies.

To synthetize, obtaining a high order of convergence towards a function with a local
singularity will depend of the following three factors:

- the accuracy order a of the interpolation (or approximation),

- the choice of an adequate sensor concentrating the mesh in an anisotropic manner, with a
strength adequately tuned with « (stronger with a higher «).

- the ability of the mesh regenerator to follow the indication of the sensor, and in particular
to apply mesh density with very sudden and strong variations.

Many bricks of the building are needed in order to extend rigorously the proposed theory
to numerical approximation of PDE. We show, however, in [7],[6], that a strategy relying
on the same mesh regenerator BAMG as in our example effectively provide second order
accuracy for non-regular test cases in Computational Fluid Dynamics (for which uniform
refinement fails).

Acknowledgements
Thanks to Mariano Vazquez for reading this work.
References

[1] Palmerio B. and Dervieux A. Multimesh and multiresolution analysis for mesh adaptive
interpolation. Applied Numerical Mathematics, pages 20, 1-17, 1996.

[2] Tie B. and Aubry D. Adaptative FE strategy for non-linear and coupled structural
computation. In Numerical Methods in Engineering ’96, Proceeding of the Second EC-

INRIA



Accuracy barriers in mesh adaptation 25

COMAS Conference on Numerical Methods in Engineering, 9-18 September 1996, pages
516-522. John Wiley, 1999.

[3] M.J. Castro-Diaz, H. Borouchaki, P. L. George, F. Hecht, and Mohamadi B. Anisotropic
adaptative mesh generation in two dimensions for CFD. In Numerical Methods in Engi-
neering 96, Proceeding of the Second ECCOMAS Conference on Numerical Methods in
Engineering, 9-13 September 1996, pages 181-186. John Wiley, 1999.

[4] P.G. Ciarlet. The finite element method for elliptic problems, Studies in mathematics
and its applications, 4. North-Holland publishing company, Amsterdam, 1978.

[5] M. Fortin, M.-G. Vallet, J. Dompierre, Y. Bourgault, and W.G. Habashi. Anisotropic
mesh adaptation: Theory, validation and applications. In Numerical Methods in Engi-
neering '96, Proceeding of the Second ECCOMAS Conference on Numerical Methods in
Engineering, 9-13 September 1996, pages 174-180. John Wiley, 1999.

[6] D. Leservoisier. Stratégies d’adaptation et de raffinement de maillages en Mécanique des
Fluides Numérique (in french). Thesis at university Pierre et marie Curie, 2001.

[7] D. Leservoisier, A. Dervieux, P-L. George, and Penanhoat O. Application of mesh adap-
tive techniques to mesh convergence in complex CFD. In Finite Volumes For Complex
Applications - Problems and Perspectives. Hermes Science, 1999.

[8] P.A. Raviart. Introduction a l'analyse numérique des équations aux dérivées partielles
(in french), Collection mathématiques appliquées pour la maitrise. Masson, Paris, 1983.

RR n° 4528



/<

Unité de recherche INRIA Sophia Antipolis
2004, route des Lucioles - BP 93 - 06902 Sophia Antipolis Cedex (France)

Unité de recherche INRIA Lorraine : LORIA, Technopdle de Nancy-Brabois - Campus scientifique
615, rue du Jardin Botanique - BP 101 - 54602 Villers-lés-Nancy Cedex (France)
Unité de recherche INRIA Rennes : IRISA, Campus universitaire de Beaulieu - 35042 Rennes Cedex (France)
Unité de recherche INRIA Rhone-Alpes : 655, avenue de I’Europe - 38330 Montbonnot-St-Martin (France)
Unité de recherche INRIA Rocquencourt : Domaine de Voluceau - Rocquencourt - BP 105 - 78153 Le Chesnay Cedex (France)

Editeur
INRIA - Domaine de Voluceau - Rocquencourt, BP 105 - 78153 Le Chesnay Cedex (France)
http:/ /www.inria.fr

ISSN 0249-6399



