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/1032#46587&4:969:;
<-=?>�@BA�C�DFEHGJILKNMPOF>Q@RASM-TVUXWZYXWZ[ZU]\_^VAQM

`bacWedfA�OgEihVKLMcMFA�A
j�kelVlmWZaFO�hNA,acAQno=VAQacno=VAqpsr't_uZvZwyx{zZAQacMFU|W8p
} ∗ G~z8A�aoMPUXWZp U|p?U�OcUXkZY|A�ILAQlNOFAQ@�TVacA�}e�8�8}iG�zZA�aoMFU|W8p

ac��zLUXMF��A.�'��zLacU|AQag}e�Z�8� vZt l�ke[ZASM

���'�Q�����V�Z�Z�
� W8p?MPU]hNAQaFUXpV[ROF=VA�TVU|W8Y|W8[ZU]n�kZYmW8agkeaFOFU|��n�UXkZYsOFaok�dfAQn�OFW8aFK�[8A�pVAQackeOFUXWZp
lVaFW8TVYXA�@#�V��A,lVaFW8l�W_MPA,kBTVUXWe�

YXWZ[8UXnQkeYXY|KilVY]ke^?MFUXTVY|A�@BWLhVA�YLWe�VOc=VA�Y|UXpV�.T�A�Of��AQA�p�OF=VA.��U��*YXWNn�kZY��P��=VA�acA��:OFWZ�:[8We��pVA� LOP¡'YXWLnQkeYL@BAQno=?kZpVU]MP@
UXp{k.YXWLn�^?M3@�kel{kZp?h¢OF=VA¢��UXU]��[8Y|W8T?keYVOFaok�dfAQn�OFW8aFK�[8A�pVAQackeOFUXWZpRlVacWZTVYXA�@#£�<-=VUXMbA� NlVY]keUXp?M3=VW��¤OF=VAg��AQY|Y
�LpVW���p¥=VUXlVlmWLnQke@Bl?kZYgacA�Y]k�OFASh¤kZaFASkZM�n�WZp_OckZU|pVUXpV[¦YXWLn�^?MP�:@�kel�MB��U�Oc=§Y|WNn�kZY�@BAQno=?kZpVU]MP@�M{kZaFA1keY]MFW
z8A�acK{YXU|�8A�YXK�keTVYXA.OFW�MFWZYXzZAiOF=?A,[ZYXWZT?kZY¨lVaFW8TVYXA�@#�VlVacW�zLUXhNUXpV[¢OF=VA�pVA�^VaokeY¨@�kZl#k8n"OcU|zLU|OfK{UXM�aFAQYXkeOFAQh�OFW
=�keac@RW8pVU]nglmWeOcA�p_OFU]keY]M�£
IL^�no= acA�lVacAQMFA�p_Ook�OFUXWZp{k8MFMF^V@BA)OF=?keO�W8T?MfOokZn�Y|ASMbOcWRk�z8WZU]h©��W8a-n�WZp?MPOFaokeUXp_OcM�pVWeO�OFWRzLU|W8YXkeOFA��+n�WZacaFA��

MFlmWZp?h OFW�@Bke NU|@�kBWe�bk�MFWe�ªn�kZY|YXAQh l�WZOFAQp8OcUXkZY6����=VUXY|A,Oc=VA�[8W8keY!n�WZacacAQMFl�W8p?hVM�OFW{U|OcMg@BU|pVUX@�^?@
£�<-=VA
n�WZacaFASMPlmWZp�hNU|p?[#kZY|[8WZacU�Oc=V@«Oc=_^�M�TmA�=?k�z8AQM�k8M,U���W8pVA�OF=?aFW���M�k1MF=VAQA�O�W8p8OcW#OF=VU]M�MPOckeOFA�MFl?k8n�AZ�!OF=?UXM
=LKLlmA�aF��MF^VaF�¬kZn�A¢aFAQY|UXA��-TmA�UXpV[#A�YXA�z�k�OcAQh­WZp¦WZT?MPOck8n�YXAQMQ�¨��U�Oc=®k =?WZYXABkeO.OF=VA�[8W8keY�YXWNn�k�OcU|W8p*£��'U|p?hVU|pV[
k OcackedfAQn"OcWZacK1OF=L^?M�aFAShN^?n�ASMiOFW��PaFW8Y|YbhVW���pL¡BkZY|W8pV[
OF=VU]M,acA�YXU|A��f�&UXp¦OF=VA{hNUXacAQn"OcU|W8p¦We��OF=VA�lmWeOcA�p_OFU]keY
[8ack8hNUXA�p_OQ£
<-=VA­WZacU|[8U|p�keYXU�OfK¥We�,Oc=VA¯lVacAQMFA�p_O���WZac�¥UXM�OFW¤TV^VUXYXhHkep§=?kZaF@BWZp?UXn1lmWeOcA�p_OFU]keYB��Oc=L^?M
��U�Oc=VWZ^NO

YXWNn�kZY�@BUXpVU|@¢^V@{����aFW8@°k¢MFl?kZacMFAgkZhVl?k�OcU|z8Ain�WZ@�T?U|p?keOFUXWZp{WZ�&A�YXA�@BAQp8OokeacK�Y|WNn�^?M��Nk8M�UXp?MFlVUXaFASh{TLKBOF=VA
T?U|W8Y|W8[ZU]n�keYs@BWNhNA�YXUX±Qk�OcU|W8p WZ�&Oc=VA,=VUXlVl�WNnQke@Bl?keY!MfOcaF^?n�OF^VacAQMQ£
<-=VU]M�YXAQk8hVMROFW²kZp¤UXp_OFA�acp?kZY�aFAQlVaFASMPAQp_Ock�OcU|W8p³WZ�)Oc=VA1lVacWZTVYXA�@´k8M�k¦pVWZpV�6OcWZlmWZ[Zaokel?=VUXnQkeY�@�kel*�

UXp?n�aFAQ@RAQp_OckeYXYXK{TV^VUXY�OghV^VaFUXpV[BOc=VA�MPKNMPOFAQ@°A� NlVYXWZaok�OcU|W8p*£3µgM�MF^?no=*�VU|O�lVacW�zLUXhNASM�kR�ZA�K�A�YXA�@BA�p_O���WZa�k
T?U|W8Y|W8[ZU]n�keYXYXKil?YXkZ^?MPUXTVYXA-@RWNhNAQYVWe��OF=VA�acA�Y]k�OcAQh¢=VUXlVl�WNnQke@BlV^?M�@BAQno=�kepVU]MP@�M�UXpRn�WZ=VAQaFAQp?n�A���U|OF=B^?MF^?keY
T?U|W8Y|W8[ZU]n�keY¨k8MFMF^V@BlNOFUXWZp�M�kZT�W8^NOgMF^?no= TmA�=�k�z_UXWZaS£
¶!·F¸f¹ªº�»Q¼�½)»�¾ ¿+¿¤À�ÁQÂQÃ ÄbºÆÅfÇ¢È,»Q¸f·�·cÉZÊN·c¸fºÆÈ,·o¼�ÅPË�ÅfºÆ»S¼?Ì8¹ª»QÈ,·-·cÉeÅf·o¼8¹ªº�»Q¼_¹3»�¾sÅfÇ_·�È,·cÅfÇ_»eÍ�ËQ¼_ÍRËg¾X»Q¸fÈ�Ë�Î

Í8·oÈ,»Q¼_¹�Åª¸PË�ÅfºÆ»Q¼R»Q¾mÅfÇ_·�ËSÍ8ËQÊZÅfº�ÏS·�ËQÎÆÐS»�¸fºÑÅfÇ_ÈÓÒo»S¼eÏ�·F¸fÐS·o¼8Òo·SÔ
Õ1Ö_×sØcÙ�Ú ��Û'�Z� <!aok�dfAQn�OFW8aFK�[8A�pVAQackeOFUXWZp*�NÜgkZaF@BW8pVUXnilmWeOcA�p_OFU]keY:�VC�U|W8Y|W8[ZU]n�keYs@BWNhNA�Y

∗ Ý&ÞSßÑà*á�âfã¬à:ßÑä"å)Þ�æoà*ç�ä"ã6â�âªèQéeâPã¬ßÑç�âfå�ê:æcê6ßÑä"å_ëeà:ä"ç�â!âfè�ê6âPåSà:ßÑä"å�à!äoìNê:Þ�â3ç�âªê6Þ�ä�íiæoå�íiæ+ì|ä"ã6ç�æoî8í�âfç�ä"å�à6ê6ã6æcê:ßÑä"å)äoìê:Þ�âbæoí�æoéSê:ß á�â+æoîÑï"ä"ã¬ß ê:ÞSçñðfä"å�á�âfã¬ï"âPåSðPâ"ò

http://www.inria.fr/rrrt/rr-4539.html
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� W8p?MPU]hN�QackZp8O.YXA{n�WZp_Oca��8Y|A¢TVU|W8Y|W8[ZU]\_^VABWZ^¦keaFOFU|��n�UXA�Y3hNA�Y]k
[Z��p?��aok�OFUXWZp h�� ^VpVAROFaok�dfASn"OFW8U|acAZ�¨p?WZ^?M

l?aF�SMPAQp8OcWZp?M)U]n�U�^Vp @RWNhN>QY|ABTVUXWZYXWZ[8UX\_^VAQ@BA�p_O)lVY]ke^�MPUXTVYXA¢T?k8MP�BMF^Va.^VpVAR@R��OF=VWNhNA�hNU|OFA�hNABlmWeOcA�p_OFUXA�Y
=�keac@RW8pVU]\8^?AZ£
�&AQM'@B��OF=?WLhVAQM���T?k8MPA-hNA�l�WZOFAQp8OcU|AQYNMP^Vl?l�W_MPAQp8O�\_^VA�YXAQM'W8T?MfOokZn�Y|ASM��g��zLU�OcA�a���W8^�YXAQM�n�W8p8OcackZU|p_OcAQM��

p?Agl?k8M+AQpN��aFAQU|p�hNaFA��bn�WZacaFASMPlmWZp?hVA�p_O���hNASM+@�ke LUX@�k�hNAin�AglmWeOcA�p_OFUXA�YmOokep?hNU]M�\8^?AgYXAgTV^NO���keOPOFAQU|p�hNaFA
ASMfOR^Vp³^?pVUX\_^VA
@BU|p?U|@¢^V@#£���� kZY|[8WZacU�Oc=V@BA�MFA n�W8@Bl�W8aPOcA n�W8@B@RA
MPU�Y�� W8p1dfA�OokeU|OR^Vp¥hNaokel³MF^VaBn�A�O
ASMPl�kZn�A8�'��WZac@BkZp_O¢hNAQM�T�W_MFMFAQM¢ke^N ¦WZT�MfOokZn�YXAQM�A�OR^Vp³n�acA�^V  z8A�aoM�YXA{TV^NO��bOFacWZ^?zZA�a¢^VpVA�OFaok�dfAQn�OFW8U|acA
acA�zLUXA�p_O�keYXWZaoM��RMPA���Y]keU]MFMFA�a�[ZYXU]MFMFA�a��BYXA)YXWZpV[BhNA,n�A.hNaokel zZA�aoM�Y|Ail�W8U|p_O�hNA.=?kZ^NOFAQ^Va-@RUXpVUX@�keYXAZ£ � AQM
@B��OF=VWNhNASM�lmA�ac@RA�OPOcA�p_O)hNA�l�kZMcMPAQa�hN^ ��YXWLnQkeY'ke^#[ZYXWZT?kZY!� AQp©n�A�MFA�p?Mg\8^�� ^Vp?A�@BU|pVUX@BUXMck�OcU|W8p1Y|WNnQkeYXA
hV^�lmWeOFAQp_OFUXA�Yml�AQaF@BA�O��?p?kZY|AQ@BA�p_O�hNA)OFacWZ^?zZA�a�^VpVAgOFaok�dfAQn�OFW8U|acA�[ZYXWZT�keYXAZ�Lno=VWZU]MPUXa+^?p�U|OFUXpV��aokeUXaFA8�8A�OcnZ£|£
��� W8aFUX[ZUXp?keYXU|OF� hVA
Y]k­lVaF�SMPAQp_OFA�@B��OF=VWNhNA#AQMPO�hNA1n�WZp�MfOcaF^VUXacA�^Vp¤l�WZOFA�p_OcU|AQY�=?keac@BWZpVU]\_^VA­�6hNWZp?n

Mckep�M,@BU|pVUX@�^?@%YXWNn�keY��,n�WZ@B@BA{^VpVA�n�WZ@¢TVU|p�keU]MPW8p­YXU|p?�QkeUXacAB�?pVUXA�hNA���W8p?n"OcU|W8p?M�=?kZaF@BW8pVUX\_^VASM.��YX���
@BAQp8OokeUXaFASM�£��"� A�p�MPAQ@�TVYXAihVA.n�AQM���YX��@BAQp8OoM���WZac@RAi^Vp
�Qno=?kZp_OFUXY|YXWZpVp�ke[ZAihNAiYXk���aFW8p_OFUX>�acAihN^#hNW8@BkZU|p?A
k8hN@BUXMcMFU|TVYXAZ�ZT�W8achN��l�kea3YXAQM�WZT�MfOokZn�YXAQM�W8^�n�WZp_OcackZU|p_OFASM�£ � A�Y]k,n�WZp�hN^VU|O��)^?pVA�aFAQlVac�QMFA�p_OckeOFUXWZp�UXp_OFAQaFpVA
hV^�lVacWZTVYX>�@BAiMPW8^?M�YXk���WZac@RA.h�� ^VpVA.n�kZaPOcA)pVW8pN�:OFWZlmWZ[8ackZlV=VU]\_^VA�n�W8p?MfOcaF^?U�OcAikZ^{��^Va-A�O��¢@RASMP^?aFAihNAQM
�QzZW8Y|^NOcU|W8p?M�hN^ MFKNMfOc>�@BA)A�O�acA�YXUX��A.hNA)@�kZpVU|>QaFA)pVWZpV�:YXU|p?�QkeUXacA#�¢YXk¢[Z�QWZ@B��OcaFUXA)hN^ lVacWZTVYX>�@BAgac��AQY6£�$bp
Ookep_O�\_^VAgOFAQY6�Nn�AQYXk���WZ^VacpVU|O�^Vp @BWLhV>�YXA)\_^?kep_OcU�Ook�OFU|�*TVUXWZYXWZ[8UX\_^VAQ@RAQp_O+lVY]ke^?MFU|T?Y|AihN^{��W8p?n"OcU|W8pVpVA�@BAQp8O
hVA+Y�� =VUXlVlmWNn�ke@BlmA�A�O�hVAQM'n�keaFOFASM&n�WZ[Zp?U�OcU|z8AQM&\_^VULK,MFWZp_O!acA�lVac�QMFA�p_Oc��AQMQ��n�WZ=?��acA�p_O'k�z8AQn3YXAQM!=LK_lmWeOc=V>QMFAQM
T?U|W8Y|W8[ZU]\8^?AQM�^?MF^VA�YXY|ASM�£
¶!·F¸f¹ªº�»Q¼#½�Í&% ¿+¿³À�ÁQÂQÃ Ë"Ï�·oÒgÊ_Î'%8¹�Í)( ·cÉZÊ+*c¸fºÆÈ,·o¼�ÅPË�ÅfºÆ»Q¼�Ì-,.%_·cÎ/,.%8·o¹�·cÉeÅf·o¼8¹ªºÆ»S¼_¹-Í8·gÎ|Ë�È0*cÅfÇ8»eÍ8·g·cÅ1%8¼_·

Í&*oÈ,»Q¼_¹�Åª¸PË�ÅfºÆ»Q¼¢¾]»�¸fÈ,·oÎÆÎÆ·�Í8·�Î�ËiÒo»Q¼ZÏS·c¸fÐS·o¼8Òo·�Í8·�Î2( Ë�Î�ÐQ»Q¸fºÑÅfÇ_È,·gËQÍ_ËQÊZÅPË�ÅfºÑ¾:Ô
3 Ú �S� Ø �54 	 � �76 ��p?��aok�OFUXWZp
hNA.OFaok�dfASn"OcWZUXaFA8�_`�WZOFA�p_OcU|AQY*=?keac@BWZpVU]\_^VAZ�+81WNhN>QY|A,T?U|W8Y|W8[ZU]\8^?A
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QSR�TNU$V:WYX[Z\T^]!V:_`W:acbdT^e�T[WfXBVYgh_dedikj�WY_`l�mhT^npo
q A{n�W8p?MFUXhNAQa.=VA�acAROF=VABTVUXWZYXWZ[8UXnQkeY�WZa�kZaPOcU���n�UXkZY�[ZA�p?A�aok�OFUXWZp­We�-k�OcackedfAQn�OFWZacK²��l?Y|ASkZMFARacA���AQaiOFW#AZ£ [?£
r s w t&��WZa)kep#U|p_OcaFWNhN^?n�OFUXWZp��-kZp?h#��WZ^VY]h
Y|UX�ZA.OcW�lVaFW8l�W_MPA�kBT?U|W8Y|W8[ZU]n�keYXYXK{lVY]ke^?MFU|T?Y|A,@BWNhNA�Y!We�3MP^�no=#k
@BASno=?kepVU]MF@
£
�'UXp?hNUXpV[Rk.�fOFaok�dfAQn�OFW8aFK8¡-��aFW8@ kZp{UXpVU�OcUXkZY¨MfOok�OFA8�_OFWBk,�?p?kZY¨MfOok�OFA8�LUXM�k�z8A�acKR[8A�pVAQackZY?lVacWZT?Y|AQ@vu'U|�

Oc=VA,MfOok�OcA)U]M�k¢v,w WZa�}�w lmW8MFU�OcU|W8p�UXp W8^Va1$b^?n�Y|U]hNAQkZp
MFl?k8n�AiWZa�WZp#k�[8A�WZ[8ackZlV=VU]n�kZY?@�kel*�NU|O�U|p�hNA�ASh
@BASkep?M-��p?hNUXpV[{U|OcM��-k�K�UXp©k�n�YX^NOFOFA�acAQh1MFl?k8n�A,��W8a�U|p�MfOokep?n�AZ��k�z8WZU]hNUXpV[ROFWZ^�no=VU|p?[BOF=VA�acW8k8h
T�W8achNAQaQ�
no=?W_W_MPUXpV[�TmA�Of��A�AQp{Of��W¢l�k�OF=�M��Nkep�h�MFW�WZp&£b<-=VA)TmWZ^?p?hVkeacKBWe�!kZp�W8T?MfOokZn�Y|A)@Bk�KBTmA,hNA��?p?AQh{TLK{kZp
AS\_^?k�OcU|W8p*�*MFk�K

c(x) = 0
�¨��U|OF=­OF=VA�n�W8p?MPOFaokeUXp8O

c(x) > 0
��WZa��FkZhN@BU]MFMFUXTVY|A�¡�l�W8U|p_OoM

x
WZ^NOoMPU]hNAROF=?A

W8T?MPOckZn�Y|A8£3<-=VA.[ZW8kZY¨@�k�K{MPUX@BU|Y]keacY|K�T�A�hNA��?pVASh TLK�kZp UXpVAS\8^�keYXU�OfK�OcW�T�A�Mck�OcUXMP�?ASh¨£
C�^NO�OcackedfAQn�OFWZacK{[8A�pVAQackeOFUXWZp#keY]MPWB@BAQkZp?M�MFWZ@BA�Oc=VU|p?[�@RW8aFA,[8A�pVAQackZY6£��VWZagU|p?MPOckZp?n�A8�VYXA�Og^?MgpVW��

n�WZp?MFU]hNA�a'OF=?A�l�W_MPU|OFUXWZp
x
kep?h¢zZAQY|WNn�U|OfK

ẋ
We�mOF=VA�hVA�zLUXn�AZ£ � WZp?MPOFaokeUXp_OcM'We��OF=VA-��W8aF@

c(x, ẋ) > 0
@�k�K

hVA��?pVA,=?W�� OcW{k�zZWZU]h
MP�LU]h¨�VWZa�TmWZ^?p?h
OF=VA�U|p?MPOckZp_Ockep?A�WZ^�M�AQpVA�ac[ZK
n�W8p?MP^?@RlVOFUXWZp*£�8©WZacAi[8A�pVAQackZY|YXKZ�
n�WZp?MPOFaokeUXp_OcM���=VU]no=1n�WZacacAQMFl�W8p?hBOFW�l?=_KNMFUXnQkeY¨Y]k���M�pVWeO�OcW�z_UXWZY]k�OcA,n�kep
TmA,��aFU|OPOcA�p#U|p1MF^?no=#k���W8aF@#£
�?WZa�UXp?MPOckep�n�AZ�-��=VAQpñ@BkZpVA�^?zZA�acUXpV[¯OcW®l?keac�³k®nQkea©����=?UXno=§n�kZpñT�A©hNA��?pVASh§kZM�MF@BkZY|Y)MPAS\8^?A�p?n�A
WZ�bY|WNnQk�OFUXWZp�M�OcW
keOPOckZU|pm����ARnQkepVpVWZO)@BW�zZAi�fY]k�OcA�aokeYXY|K8¡�TV^NO.=?k�zZA�OFW ��WZYXY|W��Ók�aFASkeYXUXMPOFU]n,OcackedfAQn"OcWZacK
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MFA�p�MPW8aFK_��@RWZOFW8a+YXW_W8l#aFAQ@BkZU|p�M�kZp U]McMP^VA8£
<-=VU]M UXM�OF=VA¦kZMFlmAQn"O
��A¯��kZp8O OFW¥kZhVhNacAQMcM�=VAQaFA8�gMF=VW���U|p?[®OF=?keO ��U|OF= k²MP^?U�OokeTVYXA¯YXWNn�^?M
n�AQY|Y

acA�l?aFASMPAQp8Ook�OcU|W8p­Oc=VA�YXWNn�kZY��P��=VA�acA��:OFWZ�:[8We��pVA� LOP¡¢Y|WNnQkeY�@RASno=?kep?UXMF@ hVU|acAQn�OFYXK acA�Y]k�OcAQM�OFW©Oc=VA�[8Y|W8T?keY
OcackedfAQn�OFWZacKg[8A�pVAQackeOFUXWZp.lVacWZTVYXA�@qkZp?h,lVacW�zLUXhNASM*kgMFWZYX^NOcU|W8p.OFWgU|OQ����^?Y|YXK�n�W8@Rl�k�OFUXTVYXA+��U|OF=,Oc=VA�k8MPlmAQn�OcM
acA�zLUXA���AQh�=VA�acAZ£"�&A�O�^?M�UXp_OFacWLhV^?n�AiOF=?UXM�U]hNASk¢p?W��,£

� �\g�e�b j _ V:T^e VYg X m V:_ b`T^e T[WYX V:TKV:WYX[Z\T^]!V:_`WfghTP�
Dªp#n�W8@BlV^NOFAQa�MFn�U|AQp?n�A8�NWZpVA)OFaokZno�©�6MPAQA)��W8a-U|p?MPOckZp?n�A r s � w t¨��W8a-��W8aF�NM-k�O�OF=VA,W8aFUX[ZUXp{WZ�&OF=?UXM-W8pVAS�+OFW
MFWZYXzZA�OF=VARp?k�zLU|[_k�OcU|W8p1lVaFW8TVYXA�@�UXM)OcW acA�lVacAQMFA�p_O�Oc=VA¢OFaok�dfAQn�OFW8aFK
[ZAQpVA�aok�OcU|W8p1lVaFW8TVYXA�@�^?MFU|pV[#k�MFWe�
nQkeYXY|ASh �Y��%*���f%'����� £bIL^�no=R@BA�OF=VWNhVM�kZMcMP^V@BA�OF=�k�O+W8T?MfOokZn�Y|ASM'OFW�k�zZW8UXh
��W8a+n�W8p?MPOFaokeUXp8OoM�pVWeO3OcW,zLU|W8YXkeOFAS�
n�WZacaFASMPlmWZp�h#OFW#@�k� NUX@Bk We��OF=VABlmWeOcA�p_OFU]keY:�&��=VUXYXA¢Oc=VAB[ZW_keY3n�W8aFacAQMFl�W8p?hVMgOFW1k ^VpVU]\8^?AR@BUXpVUX@�^V@#£
<-=?A{n�WZacacAQMFl�W8p?hNUXpV[
kZY|[8WZacU�Oc=V@ Oc=L^?M,TmA�=?k�z8AQM,kZM�U���WZp?ABOF=VacW���M,k1MP=?A�A�O�W8p_OFW#OF=?UXM¢MfOok�OFA{MFl?k8n�AZ�
Oc=VU]M�=LKLlmA�aF��MF^VaF�¬kZn�AgaFAQY|UXA��*TmA�UXpV[RA�YXA�z�k�OcAQh{W8p{WZT�MfOokZn�YXAQMQ�_��U�Oc= k�=?WZYXA)W8p�OF=VAi[ZW_keY:�_MFW�Oc=?k�O��?p?hVU|pV[
k¢OcackedfAQn"OcWZacK�aFAShN^?n�AQM�OFW��PaFW8Y|Y¨hNW���pN¡iUXp Oc=VA�hNUXaFASn"OcU|W8p WZ�&OF=?A,l�WZOFA�p_OcUXkZY*[ZaokZhNUXA�p_OS£
ÜgW���AQzZA�aS����=VA�p³TV^VUXYXhNUXpV[¦MP^�no=³k©lmWeOcA�p_OFU]keY�OF=VA @�keUXp³lVacWZTVYXA�@ U]M�Oc=VA�WNnQn�^VacaFAQp?n�A�We�gYXWNn�keY

@BUXpVUX@BkH�¬MFA�A­��WZa
U|p�MfOokep?n�A r vZ� ti��WZa#k³MFU|@BlVYXA¦n�YXW8MFAQhL�:��WZac@ UXYXY|^?MPOFaok�OcU|p?[®OF=VU]M#MfOok�OcA�@BA�p_Oo��£ �VWZa
UXp?MPOckZp?n�A8��k²n�W8p?n�k�z8A1WZT?MPOck8n�YXA1@Bk�K®�P=VUXhVA"¡1OF=VA­[ZW_keYgkZp?hñ[ZAQpVA�aok�OcA©k®Y|WNnQkeYg@BUXpVUX@�^V@#�g��=?A�acA
Oc=VAROFaok�dfASn"OFW8aFK1U]MiOFaokel?l�ASh¨£{IL^?no=®k#MPU|OF^?keOFUXWZp zZAQaFK1YXU|�8A�YXK©WNn�n�^VacM r s w t�£�<&ASno=VpVU]\_^VAQMiOcW
@�kZp?ke[8A
Oc=VU]M�n�k�zZASk�ORA� NUXMPO@u ��WZaBUXp?MPOckep�n�A
U|p r s t:��l�W8U|p_OoM¢��=?A�acA�Oc=VA#[ZaokZhNUXA�p_OBUXMBkep¥A�UX[ZAQpN��zZAQn�OFW8a�We�)OF=VA
ÜgAQMcMPU]kep.WZ�_Oc=VA+lmWeOcA�p_OFU]keY_keYXY|W���MmOcWghNA��?pVA+k�acW8k8hL��@BkZl)W8p_OFW���=VU]no=.OFaok�dfASn"OFW8aFUXAQMs@�k�KiT�A+[ZA�p?A�aok�OFASh
k�z8WZU]hNUXpV[gYXWNn�keYL@BUXpVU|@¢^V@#£3Ü�W���A�zZAQaQ��MF^?no=�@BASno=?kepVU]MF@BM�kZaFA��¬kea'��acWZ@ÓTmA�UXpV[)OFacU|zLU]keYLOFWiUX@Rl?Y|AQ@RAQp_OQ£
�?^VaFOF=VAQaF@BWZacAZ�_Oc=VA�K =?k�zZAipVW�YXU|pV����U�Oc=
T?U|W8Y|W8[ZU]n�keYs@BAQno=�kepVU]MP@�MQ£
µgp­AQY|AQ[8kep_O,MPW8Y|^VOFUXWZp¯=�kZMiT�AQA�p U|p_OcaFWNhN^?n�AQh¯T_K � W8pVpVW8Y|YXK©kep?h 6 aF^?l�AQp r w � x � � t3n�WZp?MFU]hNA�acU|p?[

� ��	+� ���D������":�!��% �����Y#�� # �f��%)���f%'����� # u�U|O¢U]M���A�YXY+�LpVW���p¦OF=�k�O¢MF^?no=²k#��^Vp�n"OFUXWZp³=?kZM�pVW©@BU|p?U|@¢^V@
A� Vn�A�lVO�W8p�Oc=VA�hNWZ@�keUXpRT�W8^Vp?hVkZaFUXAQM-�¬MFA�A-A8£ [�£ r s v tVW8a�kZlVlmA�p?hNU|  µ ��WZabkiMF=VWZaFO'acA�zLUXA��²W8p¢=�keac@RW8pVU]n
��^?p?n"OcU|W8p?M-lVacWZlmA�aFOFUXAQMo�"£3<-=VU]M�kelVlVacW8k8no=�keY]MFWRkZY|YXW���MbOcWBU|p_OFacWNhN^?n�A)pVW8pN��=VWZYXWZpVW8@BUXnin�W8p?MfOcackZU|p_OoM r x t
�¬U6£ AZ£{MFWZYXzZAROc=VABOFaok�dfASn"OFW8aFK1[8A�pVAQackeOFUXWZp­lVaFW8TVYXA�@ AQzZA�p¦U|��Oc=VA�^Vp?hVA�acY|KLUXpV[#@RASno=?kep?UXnQkeYbMFKLMPOFAQ@«OFW
n�WZp_OFacWZY!UXMiMFU|pV[8^VY]keagUXp1Oc=VARMFA�p�MPA�OF=?keO)YXWLnQkeY�n�W8p8OcaFW8Y&YXWLWZl?M��¬keUXYXMihNacU|zLUXpV[�U|Oo��£i<-=VA � WZp?pVWZYXY|K#kep�h

|B| å�}Y~2�+�+�



� ����� ����
4�������

6 ac^VlmA�pRkelVlVacW8k8no=�keY]MPW)keYXY|W���M&OFW)aFAQYXkeOFA�MF^?no=Rk�lmWeOFAQp_OFU]keY_OFWikep�W8T?MPOckZn�Y|A�n�W8Y|YXUXMFUXWZp�lVacWZT�keTVUXY|U|OfK r � t:�
[8A�pVAQackeOFUXpV[Bk�OcackedfAQn�OFWZacKB��U�Oc=1MPW8@RA,MPOckeOFU]MfOcUXnQkeY¨WZlVOFUX@BkZY|U|OfK���U|OF=#aFASMPlmAQn�O-OFW�WZT�MfOokZn�YXA.k�zZWZU]hVkZp?n�A8£
j�AQn�AQp_OFYXK �¬AZ£ [?£ r � t��"��Oc=VU]M [8aFW8^Vl =?k8M k¤hNA�z8A�YXWZlmAQh TVU|W8Y|W8[ZU]n�kZYg@BWNhNA�YiWe��TmA�=�k�z_UXWZa ^?MFU|pV[¤OF=?UXM
kZlVlVacW8k8no=�kZM�hNU]Mcn�^?McMPASh�UXp
OF=VA�MFAQ\_^VAQY6£
DªpBOc=VA�UXa+UX@BlVY|AQ@BA�p_OckeOFUXWZp*�8OF=VA)ke^NOc=VWZaoMbn�kZYXn�^VY]k�OFA-Oc=VA�lmWeOcA�p_OFU]keY�WZp�k,acA�[Z^?YXkZa3@RASMP=&�_Mcke@BlVYXU|p?[

Oc=VA­MPOckeOFA MPl?k8n�A8£y<-=VA¦hNaok���T?kZno�¤We��MF^?no= kep U|@BlVYXA�@BA�p_Ook�OFUXWZp UXM U|p�hNA�AShñOF=VA Y]keac[ZA©@BA�@BW8aFK
n�WZp?MF^V@BlNOcU|W8p kZp?h©Oc=VA�=L^V[ZA�n�WZ@BlV^NOok�OFUXWZp­OFUX@BAZ£��?WZa,UXp?MPOckep�n�AZ�*��WZa�k
lVacWZTVYXA�@ ��U|OF=®�#hNAQ[ZacA�AQM
WZ�.��aFAQAQhNW8@~��A8£ [�£qk¦aFW8T�WZOFU]n1keac@�����U�Oc=§l?keaoke@BA�OcA�a�lVacAQn�UXMFUXWZpñWe�f��Mck�KNM��-�V£ s � Oc=VU]M{KLU|AQYXh?M�OFW
k#acA�[8^VY]kea�@BAQMF=®We�,£X£ s � s � ^?pVU�OoM�£©<-=?UXM�UXM.Oc=L^?M�UXp_OFaokZn"OokeTVYXAZ£#Dªp?hVA�AQh*�'MFA�z8A�aokeYb=VAQ^VacUXMPOFU]n�M{�¬AZ£ [?£
=?U|AQackZacno=VU]n�kZY��ekZhVkZlNOFUXzZA r s t t��!@�k�K.aFAShN^?n�A�OF=?UXM3n�WZ@BlVYXA� NU�OfK8��TV^NO3pVWZO�U|OcM�W8achVA�a'We�?@�ke[8pVU|OF^?hNA8�e��=VUXY|A
kZpLK Mcke@BlVYXU|pV[ n�WZ@BlVYXA� NU|OfK =�kZM�UXp_OFacU|p?MFU]n�keYXYXK
kZp1A� Nl�W8pVA�p_OcUXkZY*[ZacW��-OF=#��U|OF=1Oc=VA¢MFl?kZn�A�hNUX@RAQp?MFU|W8p
�¬AZ£ [?£ r v tV��WZa�k.aFASn�A�p_O+hNU]Mcn�^?McMPUXWZpRacA�[8kZachVU|pV[iOcaFU]kepV[8^VY]k�OFUXWZpRWe�s=VUX[Z=N�ªhNUX@BA�p?MFU|W8p?keYVMFl?k8n�AS���Z��=?keOFAQzZA�a
Oc=VA#MPl?k8n�A�OcaFU]kep?[Z^VY]k�OcU|W8p®WZaR@RASMP=³@RA�OF=VWNh³UXMQ£ µ)M¢k­n�W8p?MPAS\_^VA�p?n�AZ��Oc=VUXM¢@BA�Oc=VWNh²=?k8M�TmA�AQp*�bUXp
l?ack8n"OFU]n�A8�LpVWeO�acAQkeYXYXK�^?MPASh{��W8a�hNUX@RAQp?MFU|W8p?M�=VU|[8=VA�a-Oc=?kep

n = 2
WZa

n = 3
�6MPAQAi��WZa�UXp?MfOokep?n�A r s � x t��"£

�?^VaPOc=VA�ac@BWZacAZ�NOc=VA,pL^V@BA�acUXnQkeY&n�WZpLzZAQaF[8A�p?n�Ag@�k�K�TmA�z8A�acK�MPYXW��,�NTmAQn�kZ^?MFA.OF=VA�UXp�	?^?A�p?n�A,We��OF=VA
[8W8kZY&����=VU]no=�UXp8OcaFWNhN^�n�AQM�k�MFY|W8l�A�UXp�Oc=VA�lmWeOFAQp_OFU]keYmaFAQY|UXA��¨UXp�WZaohNA�a3OcW¢keOPOFaokZn�O3OF=VAgOFaok�dfASn"OFW8aFKV�'@¢^?MfO
TmA,lVacWZl?kZ[8keOFAQh�OF=?WZ^V[8= Oc=VA���=VW8Y|A,MPOckeOFA�MFl?kZn�A.T_K�OF=VA�p_^?@RAQaFU]n�kZY*MFno=?A�@BA,^?MFAQh OFW{n�WZ@BlV^NOcA,OF=VA
=�keac@RW8pVU]nglmWeOcA�p_OFU]keY+�6MPAQA.AZ£ [?£ r t t*��WZa�hVA�OckZU|Y]Mo�bOcW�T�A.Ooke�8A�p
U|p_OFW�k8n�n�W8^Vp_O�U|p#acA�@BWeOcAiYXWNn�keOFUXWZp?MQ£
Dªp WZaohNA�a OFWñk�zZW8UXh§OF=VA lVacA�zLU|W8^?M
T?kZhHMPU|OF^�k�OFUXWZp&��OF=?A l?aFASMPAQp8O#��WZac�ñkZU|@�M
k�O1TV^VUXY]hNU|p?[¥kZp

=�keac@RW8pVU]n¢lmWeOcA�p_OFU]keY)��OF=L^?M���U�Oc=VWZ^NO�YXWNn�kZYb@BU|pVUX@�^?@���kZM,k1MFl?keaoMPA¢�?pVU|OFA�Y|UXpVAQkZa�n�W8@�TVUXp?k�OcU|W8p­WZ�
AQY|AQ@BA�p_OckZaFK1=?kZaF@BW8pVUXn¢��^Vp�n"OFUXWZp�M�£{D�O�kZlVlmAQkeaoMiOF=�k�O�MF^?no= k#n�WZp?MPOFac^?n"OcU|W8p­U]M,UXp®hNU|acAQn�O�Y|UXpV�©��U|OF=
��=�k�O�UXM�lVaFASMPAQp_OFYXK�^Vp?hNAQacMPOFWLWNh
aFAQ[8keaohNUXpV[�=?U|lVlmWNn�kZ@Rl�keY¨acA�Y]k�OFASh MPOFac^?n�OF^VacAQMQ£
Dªp�OF=VA)��WZYXY|W���UXpV[�MFAQn�OFUXWZp{��A���W8aF@�kZY|YXKBaFAQz_UXA��ñOc=VAgl?aFW8TVY|AQ@ kep?h�U|p_OFacWNhN^?n�A)k�MFl?kZacMFAgkZh?kelNOcU|z8A

��W8aF@yWe�sl?keaoke@BA�OFacU|±QAQh�^?p_TmWZ^?p?hNAQhB=�keac@RW8pVU]n�lmWeOcA�p_OFU]keY:�8nQkeYXY|AShBkep ���,�2����������� £ q­A)MP=VW��³OF=?keObOF=?UXM
�¬kZ@BU|YXK{We��lmWeOFAQp_OFU]keY*MFWZYXzZAQM�Oc=VA,lVacAQMFA�p_O�lVaFW8TVYXA�@#£
q A)kZYXMFW�hNU]MFn�^?MFM+=VW��¤OF=VU]M+@�k�K¢Y|ASkZhROFW¢kep�UXp8OcA�acp?keY?aFAQlVaFASMPAQp_Ock�OcU|W8pBWe�sOF=VA)lVacWZTVYXA�@ kZM+k.p?WZpN�

OcWZlmWZ[8ackZlV=VU]n�@�kel¦UXp¦aFAQYXkeOFUXWZp ��U�Oc=­Oc=VA{=VUXlVlmWNn�ke@BlV^�M,@BAQno=?kZpVUXMF@�M,kep?h­Oc=VA�aFAQYXkeOFASh­n�WZ[Zp?U�OcU|z8A
@�kZl?M�£
Dªp¦Oc=VA�pVA� LO¢MPASn"OcU|W8p ��A{hNASMFn�aFUXT�A�=VW��y��A{n�kZp®U|@BlVYXA�@BAQp8ORMP^?no=²k#@BASno=?kepVU]MF@
£#<!��W��fOFW�K8¡

A� Nl�AQaFUX@BA�p_OcM,kZaFARaFAQl�W8aPOcAQh¨�¨��=?UXno= aFASMP^?Y�OoM,keYXY|W��qOcW1kep?kZY|KL±�A¢OF=?A{\8^�keYXU�Ook�OFUXzZARlVacWZlmA�aFOFUXAQM.WZ�+OF=?UXM
@BASno=?kepVU]MF@
£

� � ��	�� ���
���%�������
� � �,�#���

� WY_`l m T^n ��_`Wfn X mhg��yXBVYgh_de
�&A�O�^?M�n�WZp?MFU]hNA�a4u�¬k_�-kBMPKNMPOFA�@#�?hVA��?pVASh�TLK
k #+%)��%)� 
����2%)��	

x ∈ Rn � n ≥ 2��Tm��kep ���f��%'�����^#�%)��%)� �N��aFU|OPOcA�p
x0 ∈ Rn ��¬nS�

r
�����Y#+% 	������f% # hNA��?pVASh TLK�Mcn�kZYXkZa-U|pVAS\_^?keYXU�OcU|ASM

ci(x) > 0, i ∈ {1..r}
�

�¬h���k �,�4��� hNA��?pVAQh
TLK kZp
n�WZp?MPOFaokeUXp_O�WZ�!Oc=VA.��WZac@
c0(x) ≤ 0

�
k8M-U|YXYX^?MfOcackeOFASh�UXp1�!UX[?£ } £

Q0R |KQ�S
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c (x) < 0
i

c (x) < 0j

x
0

(t)

goal
c (x) = 0
0

�'UX[Z^VacA�}:ubINno=VAQ@BkeOFU]n.zLU|AQ� We�!OF=VA.OcackedfAQn�OFWZacK�[ZAQpVA�aok�OcU|W8p�lVacWZT?Y|AQ@
£

<-=VA�lVaFW8TVYXA�@ U]M,Oc=L^?M�hNA��?pVASh¦^?MPUXpV[1UX@BlVY|U]n�U|O¢AS\_^?k�OcU|W8p?M
ci : Rn → R

�6kZMcMP^?@RASh­OFW©TmA�k�O
YXAQk8MfO-Of��U]n�A,hNU�zmAQaFAQp_OFU]keTVYXAZ�VW8a�n�WZp�MPU]hNA�acUXpV[RhVUXMPOFacU|T?^NOFUXWZp?Mo�"£
D���OF=VAR[ZW_keY'UXM.MFU|@BlVYXK#OFW
aFASkZno=¯k��?p?kZY3MfOok�OFA

x∞ ∈ Rn ��U:£ AZ£�k lV^Vp?n�OF^?kZY�[ZW8kZY]���mOF=VABacA�Y]k�OFAShUX@BlVYXUXn�U�O�AS\8^�k�OFUXWZp
U]M��?Mck�KZ�
c0(x) = ||x − x∞||

£
<-=VU]M�hNA��?pVASM�k�hNWZ@�keUXp[u

U = {x, ∀i ∈ {0..r}, ci(x) > 0}k8MFMF^V@BAQh�OFWBTmA �����f�
���2%)��� ��U�Oc=
x0 ∈ U

kep?h ��=VU]no=���acWZp_OcU|AQa�UXM@u
∂U = {x, ∃i ∈ {0..r}, ci(x) = 0} = ∪r

i=0∂Ui��=?A�acA
∂Ui = {x, ci(x) = 0}

U]M.OF=?A{��acWZp_OFUXA�a,WZ��Oc=VA
i
OF=²n�WZp?MPOFaokeUXp_O���WZT?MPOck8n�YXA
�¬U��

i > 0
�,WZa,Oc=VA

��acWZp_OcU|AQa�WZ�!Oc=VA,[ZW_keY3��U|�
i = 0

�"£
q A,��aFU|OFA

Ū = U ∪ ∂U
OF=?A.MPOckeOFA�MFl?kZn�A.We�&Oc=VU]M�lVacWZTVYXA�@#£

� W8p?n�acA�OcA�YXKZ�
x
n�WZp_OckZU|p�MglV=LKNMFUXnQkeY�l?keaoke@BA�OFA�aoMQ£.<-=?A�K©keacA¢OF=L^?MiT�W8^Vp?hNASh­\_^?kZp_OFU|OFUXAQM.kep?h¯��A

nQkep#kZMcMP^?@RAiOc=?k�O
U
UXM�TmWZ^?p?hNAQh*�?MPWROc=?k�O

Ū
UXM �������f����% £

ÜgA�acA,��A.YXW_W8����WZa�k¢OcackedfAQn"OcWZacK
γ : R+ → Rn MP^?no= OF=�k�O@u�bU�OgMPOckZaPOoM�k�O-OF=VA,UXpVU|OFU]keY*lmWZUXp_O

γ(0) = x0
�

�bzZA�acU|�?AQM�Oc=VA.lVaFW8TVYXA�@ n�WZp?MPOFaokeUXp_OcM
∀t ∈ R+, γ(t) ∈ U

�
�baFASkZno=VASMi�6k�O�YXAQk8MfO�kZMFKL@BlNOFWZOFU]n�keYXYXKN�+Oc=VA,[ZW_keY YXU|@

t→∞c0(γ(t)) = 0
�

Oc=VU]M-OFaok�dfASn"OFW8aFKBTmA�UXpV[{n�W8p_OFUXp_^?WZ^?M�kZp?h keO�Y|ASkZMPO�Of��UXn�A.hVU{zsA�acA�p_OFU]keT?Y|A8£
<-=VABhNU�zmAQaFAQp_OFU]keTVUXY|U|OfK©n�W8p?hNU|OFUXWZp¯kZY|YXW���MgOFW n�WZacaFASn"OcY|K1n�W8p_OFacWZY*Oc=VA¢OFaok�dfAQn�OFW8aFK
A� NAQn�^NOFUXWZp­TLK#k

l?=_KNMFUXnQkeY¨hNAQz_U]n�A8£3Dªp
�¬kZn"OS�NOF=?A.MFWZYX^NOcU|W8p lVacWZlmW8MFAQh UXp Oc=VA�MFAQ\_^VA�Y¨KLUXA�Y]hVM-UXpN�?pVU|OFA�hNU�zsA�acA�p_OFU]keTVUXYXU�OfK8£
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� e V$Wf_�� � ]yg�e�b R X Wfn _de g�] j _ V:T^e VYg X m
Dªp
WZaohNAQa�OcW�MPW8Y|z8AgOc=VA,lVacAQMFA�p_O�l?aFW8TVY|AQ@°��A)UXp_OFacWLhV^?n�A,kRl�WZOFAQp8OcUXkZY

V : U → R
��=VU]no=
@RUXpVUX@BU|±Sk��

OcU|W8p
kZY|YXW���M�OFWB[8A�pVAQackeOFA)OF=VA,A� LlmAQn�OFASh�OcackedfAQn�OFWZacK
γ()
u

��U��-MPOckeaFOFUXpV[R��WZa-Oc=VA,UXpVU�OcUXkZY¨l�W8U|p_O
��UXU���Y|WLWZ�LUXpV[R��WZa�kBMF@BkZY|YXA�a-z�keYX^VA,WZ�

V ()
k�O�AQk8no=
MPOFAQl

��UXUXU]�-MPOFW8lVlVUXpV[B��=VA�p
OF=?A,@RUXpVUX@�^V@ We�
V ()

U]M-acAQkZno=?AQh
81W8aFA.lVacAQn�UXMFA�YXKZ�N��A,n�W8p?MPU]hNAQa�OcackedfAQn�OFWZacUXAQM

γ(t)
MP^?no= OF=�k�O@u

γ′(t) = −∇V (γ(t))
� s �

��=?UXno=
UXMgkRMPOckZp?hVkZach s MPO�WZaohNA�a-@BU|p?U|@BUX±Qk�OcU|W8p
Mcno=VAQ@RA8�?MFU|p?n�A�u
V ′(γ(t)) = ∇V (γ(t))T γ′(t) = −||∇V (γ(t))||2 < 0µ)MgMF^?no=*�VOc=VU]MglmWeOcA�p_OFU]keY*p?WeOgW8pVY|K#keYXYXW���M�OFW��?p�h©kROFaok�dfASn"OFW8aFK{��aFW8@ kB[8U|z8A�p

x0
OcW�OF=VA�[ZW8kZY6�

T?^NO.��aFW8@ kepLK
x0 ∈ U

OFW
OF=?AR[8W8kZY u)��A¢OF=L^?M.=?k�z8A�AQ@�TmAQhVhNASh©Oc=VABlVacAQMFA�p_Oil?aFW8TVY|AQ@ UXp­k
@BWZacA
[8A�pVAQackZYsWZpVA8�NU|p#WZaohNAQa�OcW�T�A�kZTVYXA)OcW�MPW8Y|z8AiU|OQ£
Dªp#WZaohNAQa�Oc=VU]M�l?keaokZhVU|[8@ OFW�TmA,z�kZY|U]h¨�N��A.U|p_OFacWNhN^?n�A.OF=VA.��W8Y|YXW���U|p?[Rn�WZp?MPOFaokeUXp_OcM@u

C0
<-=VA,[ZW_keY¨n�W8aFacAQMFlmWZp?hVM�OcWR@BUXpVUX@BkBWZ�&Oc=VA,l�WZOFAQp8OcUXkZY6£bÜgA�acA.��A,no=VWLW8MFA�u

YXU|@
x→∂U0

V (x) = −∞
�:}Z�

Ci
E)T?MPOck8n�YXAQM-keacA.@Bke NU|@�kRWe�!OF=VA,lmWeOcA�p_OFU]keY:£bÜ�AQaFA.��A.no=?W_W_MPA,u

∀i,
Y|UX@

x→∂UiV (x) = +∞
�6v8�

Cc
<-=VAQaFA.U]M-pVW�YXWLnQkeY¨@BUXpVU|@¢^V@%�¬WZa'	�keO�aFAQ[ZUXWZp?Mo��We�&Oc=VA,lmWeOFAQp_OFU]keY'u

∀x ∈ U , ||∇V (x)|| > 0Ü�AQaFA,��A,no=VWLW8MFAikZp � ��	+� ���f�����f��%)�2�D% ����� u

∀x ∈ U , ∆V (x) = 0
�¬t_�

��=VU]no=*�?kZM�hVA�OckZU|YXAQh UXp#kZlVlmA�p?hNU|  µ �?keYXYXW���M+OcWBzZA�acU|��K
Cc
£

� =VWLW_MPUXpV[1^VpLTmWZ^Vp?hVAQh¦z�keYX^VAQM�WZp OF=?A�hNWZ@�kZU|p®TmWZaohNA�a�@Bk�K­Y|WLW8�¯YXU|�8A{k©MfOcackZpV[ZA�no=VW8UXn�A�TV^NO
YXAQk8hVMgOFW#k MF^VaclVaFU]MFU|pV[8Y|K1MFU|@BlVYXA �2����#������ �2��	+� MFWZYX^NOcU|W8p¯hNA�z8A�YXWZlmAQh¯pVW��,£�µ�O)Oc=VABU|@BlVYXA�@BAQp8Ook�OcU|W8p
YXA�z8A�Y:�LT�W8^Vp?hNASh�lmWeOcA�p_OFU]keY]M�keacA)[8WZUXpV[�OcWBT�A.AQk8MPUXYXK{hNA�acU|z8AQh{��aFW8@ OF=VU]M�n�YXW8MFAQhN�6��W8aF@ MFWZYX^NOFUXWZp*£3<-=VA
OcAQno=Vp?UXnQkeYVn�W8p?MFAQ\_^VA�p�n�AQM�WZ�mk8n�n�AQlNOFUXpV[,UXpN�?pVU|OFA�z�kZY|^VASM3WZp¢OF=?A�hNWZ@�keUXpBT�W8^Vp?hVkZaFUXAQM�WZ�mkZpR=�keac@RW8pVU]n
lmWeOcA�p_OFU]keY�keacA{hNU]MFn�^?MFMFAQh¦UXp²kel?l�AQp?hNU|  µ £1<-=VUXM�aFAQlVacAQMFA�p_OckeOFUXWZp¦UXM�@BWeOFUXz�k�OcAQh¦TLK¯Oc=VA��¬k8n"O�Oc=?k�O
��p?hNUXpV[�kep
A� NlVYXUXn�U�O�MFWZYX^NOFUXWZp ��WZa�kRT�W8^Vp?hNASh�=�keac@RW8pVU]nglmWeOcA�p_OFU]keY*MFA�AQ@BM�kZp�UXp_OFaokZn"OokeTVYXA.lVacWZTVYXA�@
r s v tb��=VU|YXA{kepLK1pL^V@BA�acU]n�keYbMFWZYX^NOcU|W8p?M.keacARYXUX@RU|OFASh T_K©OF=VA{n�^VacMFARWe��hVU|@BA�p�MPUXWZp?kZY|U|OfK r s � x tbU|p OF=?UXM
nQkZMFAZ£
� =VWLW_MPUXpV[{kep#=?kZaF@BW8pVUXn.lmWeOcA�p_OFU]keY!UXM��¬kea���acWZ@ T�AQU|p?[�OF=VA�WZpVYXK W8pVA�MFWZYX^NOFUXWZp®��A8£ [�£�hNA��?p?U|pV[{k

n�WZpLzZA� glmWeOFAQp_OFU]keYZU]M&k�Y|ASMFM*n�WZp?MPOFaokeUXpVAShikZY�OcA�acp?k�OcU|z8AS�mTV^VO&=?kZM!k-zZAQaFK)U|p_OFAQaFASMfOcU|p?[�WZlNOcU|@�keY8lVacWZlmA�aFOfK!u
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P5
UXp,kelVlmA�p?hVU�  µ ��WZa&k

OcAQno=Vp?UXnQkeYZacA�@�kZaF�iaFAQ[8kZachNUXpV[-^VpLTmWZ^Vp?hVAQh,lmWeOcA�p_OFU]keY��*U]M*z8A�acU���AQh,kep�h.OF=VA�\_^?kep_OFU|OfK ∫

V ||∇V (x)||2
UXM

@BUXpVUX@BkZYVWZp{kZpLK�MP^?T?MPA�O
V ⊂⊂ U

UXp�hNU|acAQn�O+acA�Y]k�OFUXWZpR��U|OF=BOF=?A�OFaok�dfASn"OFW8aFK��_UXpVA�OFU]n-A�pVAQaF[8K���acWZ@ � s �
MFUXp?n�A)lVaFW8l�W8aPOcU|W8p?keY?OFW¢OF=VA.Mc\8^�keacA�We�*Oc=VAizZA�YXWNn�U|OfKZ£�µgM-hNAQzZA�YXWZlmAQh{U|p r � tmOc=VU]M�kZYXMFW�n�WZacaFASMPlmWZp?h?M3OFW
k �&���D���&":� � � % � � ���2#+%*�,�2��� ��������� #+�����v�
	���������������%'� £)D�OiUXM�OF=L^?MgOF=VA.�Pno=?AQkelmA�aP¡�kep?h{�FMFke��A�aP¡,no=?WZU]n�AZ�
TmA�OFOFAQa�OF=?kZp A8£ [�£3@BU|pVUX@�keY*YXA�p?[eOF= OFaok�dfASn"OcWZacK � £
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�������������

q§=?A�p¯MFWZYXzLU|pV[
C0
�
Ci
kep?h

Cc
��ARhNA���pVAZ�mTLK#kZp?keYXWZ[8K{��U|OF=©Oc=VA 6 acA�AQp#��WZac@�^VY]k©�¬lVaFW8l�AQaPOfK

P6
UXp

kZlVlmA�p?hNU|  µ �"�&��WZa�kZp_K­MPA�O.WZ��TmWZ^?p?hNAQh @BAQk8MP^?aFASM)W8p OF=VA{hNW8@�keUXp­TmWZaohNA�a
µi : ∂Ui → R+, i ∈

{0..r}
�LOc=VA,aFAQYXkeOFASh �,���������2����� WZ�&OF=?A,lVaFASMPAQp_O-l?aFW8TVY|AQ@ u

A(x) =

r
∑

i=1

Ai(x) −A0(x)
��U|OF=

Ai(x) =

∫

∂Ui

Φ(x − y) µi(y) dy
�:uZ�

��=?A�acAZ�e��W8a
n > 2

�
Φ(x) = λ

||x||n−2

�Z��W8a+MPW8@BA
λ
�_U]M3OF=?A���^Vp?hVkZ@BA�p_OckZY?aokZhNU]keY?MFKL@B@RA�OFacUXn-=�keac@RW8pVU]n

��^?p?n"OcU|W8p*�?kZM�hVA��?pVASh
U|p®� s t �"£
IL^�no=#kRlmWeOcA�p_OFU]keY'u
� UXM���AQY|Y|��hVA��?pVASh�UXp U

�?MFU|p?n�AiOF=VA,UXp_OFA�[8ackZYXM�^?MFAQh OcWBhVA��?pVA
Ai(x)

kZaFA,MF^V@B@�keTVYXAZ�
� zZAQaFU|�?AQM ∆A(x) = 0

UXp
U
kZM�kRYXU|p?AQkea�n�WZ@¢TVU|p�k�OFUXWZp We��=?keac@BWZpVU]ng��^Vp?n"OcU|W8p?MQ�

� zZAQaFU|�?AQM�Oc=VA,TmWZ^Vp?h?keacU|ASM�n�WZp?hVU�OcU|W8p?M,� } �-kep?h � v �"£
� »S¼_¹ªº�ÍZ·c¸fºÆ¼_Ð�� ½ ���

ÎÆºÆÈ
x→x0∈∂U0

A(x)
=
ÎÆºÆÈ

x→x0∈∂U0
µ0(x0) Φ(x − x0) � � !#"%$'&�( (*),+#&�!.-/� -/� $%�0$�12"%$%32- Φ(x − x0) 4 $%56&�� !87:9�+#!�;�$%;

= +∞ <=4 9>5?-A@#$B;#$�C�!#� -/� 9>!�9�< Φ() D µ0() 7:$%� !�EF7:9�+#!�;#$%;
ËQ¼LÍ¢Ëi¹ªºÆÈ,ºÆÎ|Ë�¸�¸f·c¹ %_ÎÑÅb»�ÒoÒ %Z¸f¹+¾X»Q¸G� Â �

<-=VASMPA�k8hNA�YXU]n�U]kep?M�OF=L^?MghNA��?p?A�k��¬kZ@BU|YXK{We�3MFWZYX^NOFUXWZp?M-WZ�&Oc=VA,lVacWZTVYXA�@#£
�?WZa�A� VkZ@Rl?Y|A8�LkBnQkepVW8pVUXnQkeYsA� VkZ@Rl?Y|AiWe��MPW8Y|^NOcU|W8p�U]M�hNA���pVAQh ��=VA�p1no=VWLW_MPUXpV[

µi(x) = 1
WZp OF=VA

hVWZ@�keUXp TmWZaohNAQaQ�NU:£ A8£�u
µi(x) = Y (−ci(x))

�6�8�
HL������� � � �
����� 
�! ! (+�0�L�
36��. 
AI$()#$����.�7
+ Q å�ê�3Sß ê:ß á�âfî . B à:âfâ
5 �,J 9eì|ä"ãsæbç�ä"ã6â*ì|ä"ã6ç�æoî�í�ßÑà6ð,3�à:à6ßÑä"å�CªëSæ3ç�ßÑå�ßÑç�æoîSîÑâfå�ïoê6Þ�ä"ãç�ßÑå�ßÑç�æoî_âfå�âfã¬ï .¢à6ä"î<3Sê6ßÑä"å�ðfä"ã¬ã6âfà6éZä"åSí�à+ê6äiã¬âfðªê:ßÑîÑßÑå�âPæoã3à6âPï"ç�âfå�ê:à B ê6Þ�â-à:ÞSä"ã¬ê6âfà6êH?*æ$.iìXã¬ä"ç ä"å�â�éeä"ßÑå�ê3ê:ä)æoå�äoê6Þ�âfã)C

3�å�îÑâfà:à¨âfå�ðfä�3�å�ê:âfã¬ßÑå�ïgæoå)ä�=Sà6ê:æoðPîÑâbæoåSí)ê6Þ�âfåiç�äFáQßÑå�ï+ßÑågæ�à:ç�æoîÑîeå�âfßÑï"Þ
=eä"ã6Þ�ä�ä�í.äoìNê:ÞSâ�ä�=�à6ê:æoðfîÑâ"ë 3�å�ê:ßÑî .�âfê!æoå�äoê6Þ�âfãã6âfðªê:ßÑîÑßÑåSâFæoã&ê:ã6æON¬âfðfê6ä"ã0.�à:âfï"ç�âfå�êPò : 3�ð:Þ,à:ä"î<3Sê6ßÑä"å�à�æoã¬âbå�äoê'á�âfã0.,æcê¬ê:ã6æoðªê:ß á�âG=ZâfðPæ 3�à6â�æoà&à:ä�ä"å�æoà'æ-à6ç�æoîÑî_å
3�ç�âfã6ßÑðPæoî
3�å�ðfâfã¬ê:æoßÑå�ê�.iäQðfð,3�ã¬à!ê6Þ�âbðfä"å�à6ê6ã:æoßÑå�ê!ã6âfîÆæcê6âPí.ê6ä�ê6Þ�â3ä�=�à¬ê�æoðfîÑâbßÑà*âFæoà6ßÑî .�áSßÑä"îÆæcê6âfí_ò
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��=?A�acA
Y (u) =

U��
u > 0

OF=?A�p
1
A�YXU��

u < 0
Oc=VA�p

0
UXM-Oc=VA�Ü�ASk�zLUXMFUXhVAihNU]MPOFacU|TV^VOFUXWZp*£

DªpR�¬kZn�OQ���:Ú �
n > 2

�VÛ Ö 4 3¬��36� 1 �)Û Ö�� 1 Ö � J Ö�� �-� 3 4 ×©Ú�� � Ú 4 
!�@3 Ú 1 � Ú�� � J Ö 9!� Ú �
4 Ö � ���S�N� Ö Û
3 1

C0 � Ci
� 1 Û

Cc
£

�?·cÅ�%_¹bÒo»S¼8¹ªº�Í8·c¸�ËQ¼¢ÇLË�¸fÈ,»S¼_ºÆÒ�ÊN»�Åf·o¼�Åfº|Ë�Î
V (x)

¹ %_ÒPÇ¢ÅfÇ_Ë�Å
ÎÆºÆÈ

x→x•∈∂U V (x) = +∞Ë�¼LÍiÒo»Q¼_¹ªº�Í8·F¸!ÊN»QÎ�Ë�¸&Òo»�»Q¸PÍZºÆ¼LË�Åf·c¹'Ë�¸f»�%_¼_Í
x•

º�Ô ·SÔsÄ3¸fºÑÅf·
x = x•+ρu

ÄbºÑÅfÇ
||u|| = 1 �

º�·cÎ|ÍZºÆ¼_Ð �

ρ = ||x − x•|| , u =
x − x•

ρ
,

∂ρ

∂x
= u ,

∂u

∂x
=

I − uu
T

ρ
	 º�¼8Òo·iÅfÇ8·iÊN»QÅf·c¼eÅfº�Ë�Î&ºÆ¹�Ç_Ë�¸fÈ,»S¼8ºÆÒSÌ?ºÆÅ-º�¹�Ë�¼LË�Î

�
ÅfºÆÒ ��¹ª·o·

P3
ºÆ¼
Ë�Ê_ÊN·o¼_Í8ºÑÉ 
 ��ËQ¼_Í{Ä'·.Ò"ËQ¼

ÅfÇ %_¹¨¾X»Q¸fÈ�ËQÎÆº��o·3ÅfÇ_·!¾�ËQÒFÅ!ÅfÇ_Ë�Å&ÎÆº�È
x→x•∈∂Ū V (x) = +∞

Ä3¸fºÑÅfºÆ¼_Ð-ÄbºÑÅfÇ_»�%8Å&ÎÆ»S¹ª¹&»Q¾VÐQ·o¼_·c¸PË�ÎÆºÆÅ
�
�

V (x) =
v(x)

ρα
+ w(x)

¾X»Q¸B¹ª»QÈ,·
v(x)

Ì
w(x)

ÄbÇ8º�ÒPÇ²Í8·F¸fº�ÏQË�ÅfºÆÏ�·c¹¢Ë�¸f·�
N»�%_¼_Í8·"Í¯º�¼²Ë1¼8·oºÆÐSÇ�
N»Q¸fÇ8»�»eÍ¦»Q¾
x•

ÄbÇ_ºÆÎÆ·
v(x•) 6= 0

Ô

¥¹�Åª¸PË�ºÆÐSÇ�Åª¾]»�¸ªÄ3Ë�¸PÍ�ÍZ·c¸fºÆÏSË�ÅfºÆ»S¼ %8¹ªº�¼8Ð,Í8·F¸fº�ÏQË�ÅfºÆ»Q¼RÒPÇLËQºÆ¼R¸ %8ÎÆ·o¹

�
ºÆ·oÎ�ÍZ¹.�

∆V (x) =
∆v(x)

ρα
−

2 α

ρα+1

∂v

∂ρ
(x) +

α (α + 2 − n) v(x)

ρα+2
+ ∆w(x)

�'·cÒ"Ë�%8¹ª·
0 = ∆V (x) = α (α+2−n) v(x)

ρα+2 + o(ρ−(α+1))
·oÏS·c¸

�
ÄbÇ_·c¸f·�º�¼RËg¼8·oºÆÐSÇ�
N»Q¸fÇ8»�»eÍ¢»�¾

x•

ÌsÄ�·,È#%_¹�Å�ÇLË"Ï�·
α (α + 2 − n) v(x) = O(ρα+2)


&%8Å�ÅfÇ_ºÆ¹�ºÆ¼_Òo»QÈ,ÊLË�Åfº�
8ÎÆ·.ÄbºÆÅfÇ#ÅfÇ8·i¾�Ë�ÒcÅ
ÅfÇ_Ë�Å

v(x•) 6= 0
%8¼_ÎÆ·o¹ª¹

(α + 2 − n) = 0
¹ª»iÅfÇ_Ë�Å

α = n − 2
¹ªºÆ¼_Òo·

α 6= 0
Ô


+¹mË3Òo»Q¼_¹ª·�,.%_·c¼_Òo·SÌ"¾|¸f»SÈ � �oÀ �FÌ�¹ %_ÒPÇ�Ë�ÊN»QÅf·o¼�Åfº�ËQÎ�ºÆ¹mËQÎÑÄ3Ë
�
¹m»�¾ZÅfÇ8·¨¾]»Q¸fÈ

V (x) = µx•
(x)Φ(x−

x•) + w(x)
ÄbºÑÅfÇ

µx•
(x) = σn (n − 2) v(x)

Ô
� »Q¼_¹ªº�Í8·c¸fºÆ¼8Ð,¼_»"Ä²·"ËQÒPÇRÊN»QºÆ¼eÅ

x• ∈ ∂U
¾X»Q¸3ÄbÇ_ºÆÒPÇ¢Ä'·�È %_¹�Å'ÇLË"Ï�·-ÎÆºÆÈ

x→x•
V (x) = ±∞ÅfÇ %_¹)Ï�·c¸fº��L·c¹)ÅfÇ_·�ÊZ¸f·oÏeº�»�%_¹)Òo»S¼_Í8ºÑÅfºÆ»S¼ ��»Q¸.ºÑÅf¹)»SÊ_ÊN»Q¹ªºÑÅf·2�iË�Åi·"ËQÒPÇ©ÊN»SºÆ¼�Å

x•

Ì&ÅfÇ8·¢ÊN»�Åf·o¼�Åfº�ËQÎ
È#%_¹�Å3ÅfÇ %_¹�
N·QÌ8¾|¸f»SÈ � Á �FÌ8»Q¾sÅfÇ8·�¾]»�¸fÈ �

V (x) = A(x) + ω(x)%8¹ªº�¼8ÐRÅfÇ_·)È,·"ËQ¹ %Z¸f·
µ(x) =

R

∂U
δ(x − x•)µx•

(x)
Ì?ÄbÇ_ºÆÎÆ·

ω(x)
º�¹gË�¼
ÇLË�¸fÈ,»S¼8º�ÒiÊN»QÅf·o¼�Åfº�ËQÎ


N»�%_¼LÍZ·"Í¢ºÆ¼
Ū
Ô


¥¹�Åf·cÊ¢¾!%Z¸ªÅfÇ_·c¸"Ì&%_¹ªºÆ¼8ÐiÅfÇ_·���¸f·c·o¼R¾]»�¸fÈ %8Î|Ë ��¹ª·o·
P6
ºÆ¼�Ë�Ê_ÊN·o¼_Í8ºÑÉ 
 �'Ä�·�ÒoËQ¼RÄ3¸fºÑÅf·

ω(x) = −
R

∂U
$(x•)

∂G
∂ν

(x,x•) dx•

=
R

∂U

∂ω
∂ν

(x•)Φ(x − x•) − $(x•)
∂Φ
∂ν

(x− x•) dx•¾X»Q¸3¹ª»QÈ,·�¹ %8È,È�Ë�
_ÎÆ·3¾!%8¼_ÒcÅfºÆ»Q¼
$(x•)

ÍZ·��L¼8º�¼8Ð
ω(x)

ÌQÄbÇ_ºÆÎÆ·
G(x,x•)

ºÆ¹&ÅfÇ_·���¸f·o·o¼,¾!%8¼_ÒcÅfºÆ»S¼
¸f·oÎ�Ë�Åf·"Í¢Åf»

∂U
Ô

�8¸f»QÈ � Á �3ËQ¼_Í¢¹ªºÆ¼_Òc·
Φ(x − x•) = o(||x − x•||

−(n−2))
�

V (x) =
R

∂U

ˆ

µ(x•) + ∂ω
∂ν

(x•)
˜

Φ(x − x•) − $(x•)
∂Φ
∂ν

(x− x•) dx•

= −$(x•) ν(x•)
T∇Φ(x − x•) + o(||x − x•||

−(n−2))

= o(||x − x•||
−(n−1))

%8¼_ÎÆ·o¹ª¹
$(x•) = 0

��Ç8º�¹+Î�ËQ¹�Å+·�,.%LË�ÎÆºÆÅ
�
Ä�»�%8Î�Í�
N·�ºÆ¼RÒo»Q¼eÅª¸PËQÍ8ºÆÒcÅfºÆ»S¼BÄbºÑÅfÇ�ÅfÇ_·-¾]»�¸fÈ

V (x) = µx•
(x)Φ(x − x•) + w(x) = o(||x − x•||

−(n−2))»�
8ÅPËQºÆ¼8·"ÍRÊ8¸f·cÏZºÆ»�%_¹ªÎ
�
¹ª».ÅfÇLË�Å3Ä'·�È %8¹�Å3¹�ÅPË�Åf·

$(x•) = 0
¾X»Q¸�ËQÎÆÎ

x• �
º�·cÎ|ÍZºÆ¼_Ð

ω(x) = 0
Ô


+¹)Ë¢Òo»S¼8¹ª·�,.%_·o¼8Òo·
V (x) = A(x)

ÌsËSÍZ·oÎÆº�Òcº|Ë�¼_¹)Í8·��_¼_ºÆ¼_Ð�ÅfÇ_·i¾]ËQÈ,ºÆÎ
�
»Q¾b¹ª»SÎ'%ZÅfº�»Q¼_¹�»Q¾3ÅfÇ8·

ÊZ¸f·o¹ª·o¼�Å+Ê8¸f»�
8ÎÆ·oÈBÔ

Q0R |KQ�S



���������
	���
���������������������������� �!����"$#��������&%'	��)(�����%*��	+�&�,���!��	���%*��	 s v

��Ú �Z�)4 3 1�� 
 Ö 1 � Ö1Ú�� � J Ö©Ú �����S�V�54 Ö �8�.�N� Ú 
&�R� J Ö 6�� �Z�V� Ö
µ)M�U|YXY|^�MfOcackeOFAQh�U|p#�'U|[�£ v �LOF=VAi��^Vp�n"OFUXWZp

Φ()
�L��WZa

n > 2
�L=?kZM-k.�fYXWNn�kZYÆ¡gUXp�	?^VAQp?n�A.UXp{Oc=VA,MPAQp?MPA)OF=�k�O

YXU|@
||x||→+∞Φ(x) = 0D�OoM�UXp�	?^VAQp?n�A8�N��WZa�Y]keac[ZAiz�keYX^VAQM�WZ�

||x||
�?TmAQn�W8@BAQM-pVAQ[ZYXU|[8U|TVYXAZ£b<-=?A�n�WZp�MPAS\8^?A�p?n�A)U]M-OF=�k�O�OF=?A.OFA�ac@

Ai(x)
acA�Y]k�OcAQh1OcW
OF=VA

i
OF= WZT?MPOck8n�YXA�=?k8M.kB�PYXWLnQkeY�¡�U|p2	?^VA�p�n�ABWZp¯OF=VABlmWeOFAQp_OFU]keY3z�keYX^VAZ�¨��=?UXno= UXM.k

MF^VU|OckZTVY|A.lVacWZlmA�aFOfKZ£

�!UX[Z^?aFA,vYu�`bacWe��Y|A,WZ�&OF=?A.��^Vp?n"OcU|W8p
Φ()

��WZa
n > 2

£
E)p�OF=VAiWeOc=VA�a�=?kep�h¨�8UXp{Oc=VA,}�w n�k8MPA8�_k8hNA�YXUXn�UXkZp?M+kZaFAiMfOcU|YXY¨MPW8Y|^VOFUXWZp?M�We�¨Oc=VA)l?aFW8l�W_MPASh�lVacWZTVYXA�@

�6keY|OF=VW8^V[Z=§U|O U]M{p?WeO n�Y|ASkea�U|�,OF=?A�KñkeacA#OF=VA­WZpVYXK¥MFWZYX^NOcU|W8p��"��TV^VO
Φ(x) = − 1

σ2
log(||x||)

��U|OF=
YXUX@

||x||→+∞Φ(x) = −∞
£³µgMBk n�W8p?MPAS\_^VA�p?n�AZ�bMFlV^VacU|W8^?MRU|p2	?^VA�p�n�AQMRWZ��OF=VA#W8T?MfOokZn�Y|ASM¢keORY]keac[ZA

hVUXMPOckZp?n�ASM�keacA)UXp?hN^?n�AQh#kep�h
nQk�zZASk�OcM�keacAiOFWBTmA,A� Nl�ASn"OcAQh
��=VA�p#^?MFUXpV[ROF=VU]M�kel?lVaFW_kZno=*£
ÜgWZlmA���^VYXY|K8�sOF=VU]MiUXMipVWZO.k�lVacWZTVYXA�@�UXp¯lVaokZn�OFU]n�AZ�sTmAQnQke^?MFA¢kZp_K©}�wyl?aFW8TVY|AQ@«n�kep¯WZTLzLU|W8^?MPYXK#T�A

AQ@�TmAQhVhVAQh¢U|p�kiv�w§lVacWZT?Y|AQ@q��=VA�acA�OF=VA�veaoh¢z�kZaFU]keT?Y|A�UXM3MFA�O�OcW.�B�¬[ZA�W8@BA�OFacU]n�keYXYXKZ��OF=?UXM3n�WZacaFASMPlmWZp?h?M
OcW�=?k�z8A)n�K_YXUXp?hNacUXnQkeYmWZT?MPOck8n�YXAQMQ�8��=VU]no=�T�kZMFUXM�UXM+OF=?A.}�wHW8aFUX[ZUXp?kZY?WZT�MfOokZn�YXAS��£ q­A)OF=L^?M�pVAQzZA�a�^?MFAQh{k
lmWeOcA�p_OFU]keYm��U|OF=

n = 2
U|p WZ^Va�kelVlVYXU]n�k�OcU|W8p*�LA�z8A�p�U|�*OF=VA.MPOck�OcAgU]M+WZ�!hNUX@BA�p?MFU|W8p�Of��W?�_TV^NO�MfOcU|YXYmkZlVlVYXK

Oc=VA,U]hNAQk8M-lVaFW8l�W_MPASh{=VAQaFA8�N^?MFU|pV[ROc=VA,lVacA�zLU|W8^?M�OFacU]no�m£

� 4 Ú ���-4 3 1�� 
 Ö 1 � Ö1Ú�� � J Ö A Ú �-4P�)���-4¬� 1 � Ö Û§�?Û Ö 4�36��36� 1
� W8p_OFaokeacK.OFW�n�WZp?MPOFaokeUXp_OcM���WZT�MfOokZn�YXAQM!UXp�	?^VAQp?n�A8�ZOc=VA�[ZW_keY?keOPOcack8n"OFUXWZpR@�^�MfO+=�k�zZA�k.[ZYXWZT�keYVUXp�	?^VAQp?n�A
UXp�W8achVA�a*Oc=VA�OFaok�dfAQn�OFW8aFK)OFW)T�A-[ZAQpVA�aok�OcAQhi��acWZ@qkepLK.acA�@BWeOcA+lmWZUXp8OS£'<-=?UXM'n�YXAQkZa'MFA�l?kZackeOFUXWZp,TmA�Of��A�AQp
[8W8kZY¨Y|WNn�keOFUXWZp
U|p2	?^VA�p�n�A�kZp?h
WeOF=?A�a�YXWNn�U*UXp�	?^VAQp?n�ASM�U]M�YXU|�8A�YXK k�O�Oc=VA�W8aFUX[ZUXp WZ�!Oc=VA,�¬k8n"O�Oc=VA�K
MPAQA�@
OcWBT�A,acA�lVacAQMFA�p_OcAQh{UXp1hNU�zmAQaFAQp8O�@�kZl?M-We�'OF=VA,T?ackZU|p*�Vk8M-aFAQzLU|AQ��ASh{lVacA�zLUXWZ^?MFY|K8£
µ�O,k���W8aF@�keY!Y|AQzZAQY6��OF=VAR[ZW_keY!U|p�	�^VA�p?n�A�pVAQzZAQagz�kepVU]MF=VAQM)TV^NO.k�Oik�pL^V@BA�acUXnQkeY&YXA�z8A�Y:�sU�OoM)n�WZp_OFacU��

T?^NOFUXWZp
@�k�KRTmAQn�WZ@BAQM�pVAQ[ZYXU|[8U|T?Y|AiU|p¦� u �"£bÜgW���AQzZA�aS�8OF=VU]M�[ZYXWZT?kZYmUXp�	?^?A�p?n�A)U]M-WZTLzLU|W8^?M+OFWR@BkZU|p_OokeUXp
TLK #��)�Y��	���%'���\� % � � �����Y#+% 	������f% # ���!�L% � ���\�@���B�����D% 	+����":% �����Y# UXp¦� u ��kZp?h�TLK�k8h�df^?MPOFUXpV[ROF=VA.acA�Y]k�OcU|z8A
��A�UX[eOc=�TmA�Of��A�AQp�Oc=VA-[ZW8kZY_keOPOcack8n"OFUXWZpRkep?h�OF=?A�W8T?MPOckZn�Y|A�acA�lV^VY]MFU|W8p*£!ÜgA�acAZ����A-MFUX@Rl?Y|K�T�keY]kep?n�A�TmWeOc=
n�WZp_OFacUXTV^NOFUXWZp�M�u

∫

∂U0
µ0(y) dy =

∑r
i=1

∫

∂Ui
µi(y) dy�?WZa�kRlV^Vp?n�OF^?kZY*[ZW_keY

x∞
OF=VU]M�AQp8OcU|acA�YXK�hNA��?pVASM�OF=VA,[8W8keYs��A�UX[Z=_O

µ0(x∞) =
∑r

i=1

∫

∂Ui
µi(y) dy

|B| å�}Y~2�+�+�



s t ����� ����
4�������

�RÚ 
 1 Û Ö Û 9 Ú � Ö 1 �@36�-4¬�R� Ö 4¬�N� Ö Û¤� Ú � 1 �VÛ Ö 4�3¬�,3¬� 1
<-=?A
l?aFASMPAQp8O�hNAQzZA�YXWZl?@RAQp_ORU]MBpVWeO�acAQMPOFacUXn�OFASh²OcW¦kZp³^VpLTmWZ^Vp�hNAQh¤��^Vp?n�OFUXWZp

V (x) =
∫

∂U Φ(x −
y) µ(y) dy

TmAQnQke^?MFA�[ZUXzZAQpBkZpLK�T�W8^Vp?hNAShBTVU dfAQn"OcU|z8A�OFaokep�Mf��W8aF@�k�OcU|W8p*�ek,MFU|@BlVYXAgno=?kZpV[ZA-We�sz�keacUXkZTVYXAQM
kZY|YXW���MROFW³^?MPA­k®T�W8^Vp?hNAShñaFAQlVacAQMFA�p_OckeOFUXWZpq�¬MFA�A r v8} tg��WZa hNA�OokeUXYXMo�"£Ó<-=?kZpV�NMBOFW¤MP^?no= k®no=�kepV[8A
WZ�gz�keacUXkZTVYXAZ�bk­YXkZaF[8A{�¬ke@BUXY|K®WZ�¢��p?WZpN��=?keac@BWZpVU]nQ��l�WZOFAQp8OcUXkZY�keacA�ASkZMFU|YXK¦aFAQYXkeOFAQh²OFW¦kep¥kZhNAQY|U]n�U]kep*�
kZY|YXW���UXpV[#OF=VU]M�kZlVlVacW8k8no=¯OcW¯TmA�\_^VU�OcA�[8A�pVAQackZY+kep?h¦z8A�acK¯lVY]ke^�MPUXTVYXA�OFW©acA�YXK©OcW­k#TVUXWZYXWZ[8UXnQkeYb@�kZl
k8n"OcU|zLU|OfKZ£
81W8aFA.lVacAQn�UXMFA�YXKZ�N[8U|z8A�p
kepLK{TmWZ^Vp?hVAQh OFaokep?MP��WZac@�k�OcU|W8p

µ : x ∈ Rn × V ∈ R → [a, b] ⊂ RT?U dfASn"OFUXzZA.��U|OF=1acAQMFl�ASn"O-OFW
V
keO-ASkZno=

x
�NOF=?A,aFAQYXkeOFAQh TmWZ^Vp?hVAQh
l�WZOFAQp8OcUXkZY

U(x) = µ(x, V (x))
��OF=L^?M

V (x) = µ−1(x, U(x))
�

nQkep T�A�n�WZp?MFUXhVA�acAQh¨£3<-=VU]M-UXM-kBMFU|@BlVYXA,no=?kepV[8A)WZ�!z�keacU]keTVYXAQMQ£3�VacWZ@ � s �"�NOc=VAiOFaok�dfASn"OFW8aFKBU]M�hNUXaFASn"OFYXK
[8A�pVAQackeOFASh{^?MFU|p?[

∇U(x)
u

γ′(t) = −
[[

∇U − ∂µ
∂x

]

/ ∂µ
∂V

]

(γ(t))kZp?hyu
∇U = ∂µ

∂x
+ ∂µ

∂V

∫

∂U
∇Φ(x − y) µ(y) dyU]MBhNUXaFASn"OFYXK²n�W8p?MPOFac^?n"OcAQh¦��acWZ@ Oc=VA
k8hNA�YXU]n�U]kep³acA�l?aFASMPAQp8Ook�OcU|W8p®U|p?MFU]hNA

U
����=VUXY|A
Y|UX@

x→∂UU(x) =YXUX@
V →±∞µ(x, V )

aFAQ@�keUXp?M-T�W8^Vp?hNASh¨£
�_»�¸+º�¼8¹�ÅPËQ¼8Òo·SÌLºÑÅbºÆ¹+¹�Åª¸PËQºÆÐSÇ�Åª¾]»�¸ªÄ3Ë�¸PÍRÅf»,Í8·��_¼_·SÌZ¹fË

�
�

U(x) =
1

1 + e−V (x)
⇔ V (x) = log

„

U(x)

1 − U(x)

«

���#�

ÄbºÑÅfÇ
U(x) ∈ [0, 1]

ÄbÇ_ºÆÎÆ·�Òo»S¼_Í8ºÑÅfºÆ»S¼_¹
C0
Ì
Ci

ËQ¼_Í
Cc

Ä3¸fºÑÅf·��
ÎÆº�È

x→∂U0
U(x) = 0

ËQ¼LÍ
∀i,
ÎÆºÆÈ

x→∂UiU(x) = 1
∀x ∈ U , U(x)(1 − U(x))∆U(x) + (2 U(x) − 1) ||∇U(x)||2 = 0

%8¹ªº�¼8Ð
γ′(t) = − ∇U(γ(t))

U(γ(t)) (1−U(γ(t)))

Åf»�ÍZ·��L¼8·�ÅfÇ_·'Åª¸PË���·cÒcÅf»Q¸
�
ÌeË�¹&ÅfÇ8·'¸f·"ËQÍ8·c¸!Ò"ËQ¼i·"ËQ¹ªºÆÎ

�
ÏS·c¸fºÑ¾

�
Ô

IL^�no= k¢T�W8^Vp?hNASh{lmWeOFAQp_OFU]keYszZAQaFU|�?AQM�k�=?AQk�zLK¢p?WZpN��Y|UXpVASkea�A�YXY|UXlNOFU]n)l?keaFOFU]keYshNU�zmAQaFAQp8OcUXkZYsAQ\_^?k�OcU|W8p
W8TLz_UXWZ^�M+OcW�hNA�acU|z8A�u

∆U =
OFaokZn�A

(∂2µ
∂x2 ) + ∂2µ

∂V 2 /
(

∂µ
∂V

)2 ∣

∣

∣

∣

∣

∣
∇U − ∂µ

∂x

∣

∣

∣

∣

∣

∣

2

kZp?h =VWZlmA���^VYXYXK�^?MFA�YXAQMcM-T�ASn�kZ^?MPA.pVAQzZAQa-OFWBT�A�MFWZYXzZASh¨£

� WY_dn X ��T^m�gh]yghX e V:_ mh_ ] � � n X j �
<-=?A¢lVacA�zLUXWZ^?MihNA��?pVU|OFUXWZpñ� u �gpVWZO.W8pVYXK1lVaFW�zLU]hNAQM)k�[8A�pVAQackZY'MFWZYX^NOcU|W8p©��WZa

C0
�
Ci
kep�h

Cc
TV^NO�keY]MFW

l?aFW�zLU]hNAQM'k 	��*�
	��+#����f%)��%'����� We��OF=VA-@�kel¢��=VA�acA+Oc=VA�OFaok�dfAQn�OFW8aFK.=?k8M&OcW)TmA�hNA���pVAQh¨£'D��?Oc=VA�OFaok�dfASn"OFW8aFK
[8A�pVAQackeOFUXWZpilVacWZTVYXA�@HUXM&A�p_OFUXaFAQY|KihNA���pVAQh��¬[ZW8kZYekep?h,n�WZp?MPOFaokeUXp_OcMo�?OF=VA�n�kep?WZpVU]n�kZYeMPW8Y|^NOcU|W8p�� � �¨aFAQYXkeOFAQM
Oc=VA�OFaok�dfAQn�OFW8aFK)@BkZl��¬hVA��?pVASh�TLK.OF=?A+[ZW_keY_hNA��?p?U�OcU|W8p

c0(x) ≤ 0
kep�h�n�W8p?MfOcackZU|p_O&AS\_^?k�OcU|W8p?M

ci(x) >
0
����U�Oc= Oc=VA,lmWeOFAQp_OFU]keY:£

Q0R |KQ�S
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�[9��N��� Ö M Ö ����
'��Û Ö 1 � Ö � Ö 9!� Ö � Ö 1 �S�N�@3 Ú 1
<-=?A�acA�U]Mg=VW���A�z8A�aik{lVacWZTVYXA�@«keO)Oc=VA¢UX@BlVYXA�@BA�p_OckeOFUXWZp©YXA�z8A�Y'u�=VW�� OcW kel?lVaFW� NUX@�k�OFA�OF=VARU|p_OcA�[ZaokeY
TLK{k¢�?pVU|OFA,MF^V@B@�k�OFUXWZp��1<-=VU]M�UXM�kRlVacWZT?Y|AQ@ ��WZa-T�WZOF=1kRn�WZ@BlV^VOFA�a-UX@BlVY|AQ@BA�p_OckeOFUXWZp
WZa�kRpVA�^VaokeY
p?A�Of��WZac��TVU|W8Y|W8[ZU]n�kZYmUX@BlVYXA�@BA�p_OckeOFUXWZp
T�ASn�kZ^?MPA.WZ�!Oc=VA�n�^VaoMFAiWZ�'hNUX@BA�p?MFUXWZp?kZY|U|OfKZ£
81W8aFABlVacAQn�UXMFA�YXKZ�&OF=VA�AQp?MFA�@�T?Y|A�WZ��=VUXlVlmWNn�ke@Bl?kZYblVY]kZn�ABn�A�YXYXM�n�W�zZAQacM)Oc=VA�}�w AQpLz_UXacWZpV@BA�p_O,UXp

k��¬keUXacY|K1hNAQp?MPAB@�kep?pVA�aS�sTV^NO�MPUXp?n�A�Oc=VABp_^?@�TmA�a.We��pVA�^VacWZp�keY'^VpVU|O.U]M)�?pVU|OFAROF=?UXM.U]M.MfOcU|YXY3k MFl?keaoMFA
acA�l?aFASMPAQp8Ook�OcU|W8p*£ q§=VA�p¥n�WZp�MPU]hNA�acUXpV[¯=VUX[Z=?A�aF��hNUX@BA�p?MFUXWZp?kZY�MFl?kZn�AQM�OF=VA
acA�lVacAQMFA�p_OckeOFUXWZp²U]MRU|p�hNA�ASh
z8A�acK{MPl�keaoMPA � £
<!ackedfAQn�OFWZacK²W8a{lVY]kepVpVUXpV[®lVacWZT?Y|AQ@BM{U|pLzZW8Y|z8AQM�MFA�z8A�aokeY�hNAQ[ZacA�AQM{We�.��aFAQAQhNW8@#�-kZp?h¤OF=VA MPUX±�A1WZ�

k²p_^?@RAQaFU]n�kZY�OcAQMcMPAQY|Y]k�OcU|W8p§We�,OF=?A¯l?kZackZ@RA�OFacUXn1MFl?k8n�A©UXp?n�acAQk8MPASM�k8M�kep§A� Nl�W8pVA�p_OFU]keY)��^Vp?n�OFUXWZp WZ�
Oc=VA
lVaFW8TVYXA�@ hNUX@RAQp?MFU|W8p*�bA�z8A�p_O.�Fk©YXWeOBWe�f¡ pVA�^?aFW8p?M��¬WZac[8kep?U|±QAQh®UXp¤k©�:UXp?hNAQAQhL�,hNA�p�MPA
TV^NOBWZpVYXK
}�w �ev�w @�kelm����W8^VYXh��¬keUXYsOFW{n�WZacaFASn"OcY|K{Mcke@BlVYXA,k¢acA�l?aFASMPAQp8Ook�OcU|W8p�UXp#kR=VUX[Z=?A�a�hNUX@BA�p?MFU|W8p?keY*MFl?k8n�AZ£
IN^V@B@BkZaFUX±�UXpV[Du ���D� 	�������
 ���f% 	��)�!	��2#��2�D%*��% ����� �&"$#+% ��� � �@9'�N��� Ö 	��)�!	��2#��2�D%*��% ����� £�Dªp�WZ^Va�n�kZMFA-OF=?UXM
MFUX@Rl?Y|K{@BASkep?M�n�WZp?MFUXhVA�acU|pV[�k8hNA�YXUXn�UXkZp?M���U�Oc=1kRMFl?kZacMFA,hNUXMcn�acA�OcA.@RASkZMF^VacA�u

Ai(x) =
∑

yij∈∂Ui

µyij Φ(x − yij)
���8�

��=?A�acA,WZpVYXK
k��FMF@BkZY|Y�¡.�?pVU|OFA�pL^V@¢T�AQagWe�3z�keYX^VASM
µyij

We��Oc=VA�@BAQk8MP^VacAQM
µi()

keacA.OFW{TmA,Ooke�ZAQp#U|p_OFW
k8n�n�WZ^Vp_OQ�_Oc=VA,WeOc=VA�a�z�keYX^VASM�T�AQU|p?[R±QA�acW
� W8p?MPU]hNAQaFUXpV[©MF^?no=²k1MPl�keaoMPA�acA�lVacAQMFA�p_Ook�OFUXWZp&�&��A{=?k�zZABOcW1T�A
MP^?aFABOcW©[ZAQpVA�aok�OcA{k#OFaok�dfASn"OFW8aFK

��U|OF=§W8T?MPOckZn�Y|A©k�z8WZU]hVkep�n�AZ��hNAQMFlVU|OFA1Oc=VA1�¬k8n"O{Oc=VA¯Mcke@BlVYXU|pV[®U]M�MFl?kZacMFAZ£qE)pVA©MPUX@BlVYXA©UXhVAQk¦U]M�OFW
acA�@�kZaF�³OF=?keO
k²n�WZYXY|U]MPUXWZpñ��U|OF= kep§WZT�MfOokZn�YXA1UXp?hNA�ASh keYX�-k�KLM{WLnQn�^VaoM{��U|OF= OF=VA n�YXW8MFAQMPO{l�W8U|p_O WZ�
Oc=VU]M�W8T?MfOokZn�Y|A8�'MFW1OF=�k�O¢U|��OF=?A n�YXW8MFAQMPO�lmWZUXp_O¢U]M�keYX�-k�KLM�U|p_OFacWNhN^?n�AQh¦UXp®OF=VA
kZhNAQY|U]n�U]kep¦Oc=VA�W8T?MPOck��
n�Y|A ��n�WZp?MPOFaokeUXp_OQ�eacA�lV^?YXMFU|W8p���U�Oc={acAQMFl�ASn"ObOcW,OF=VU]M�n�YXW8MFAQMPO+l�W8U|p_O-MP=VW8^VY]h�keYX��k�KNMbk�z8WZU]hRkeOPOokeUXpVU|p?[,OF=VA
W8T?MPOckZn�Y|A ��n�WZp?MPOFaokeUXp_OQ£
D��iOF=VU]M{n�Y|W_MPASMfO�WZT�MfOokZn�YXA#n�YXW8MFAQMPOBlmWZUXp_O�aF^VYXA#UXM{pVWeOBOckZ�ZAQp¤UXp_OFW®kZnQn�WZ^?p8OS�bOc=VA�acA1UXM�kZY|�-k�KNM¢k

lmW8McMFU|TVUXYXU�OfK{WZ�'n�WZYXY|U]MPUXWZp
U|�!Oc=VA.OFaok�dfASn"OFW8aFK�[8A�O�zZAQaFK n�YXW8MFAgOcWBOF=VA,W8T?MfOokZn�Y|A8£
<-=VU]M.n�YXW8MFAQMPO)W8T?MfOokZn�Y|ARn�YXW8MFAQMPO)lmWZUXp8O.ac^VY|A¢UXM)OcW TmA¢^?p?hNA�aoMPOFWLWNh©kZMikR�P@BU|p?U|@�keY'acAQ\_^VUXaFAQ@RAQp_Of¡

T?^NO¢Oc=VA�acA�U]M¢WZTLzLU|W8^?MPYXK pVW¯lVacWZT?Y|AQ@%OcW­k8hVh®@BWZacA�lmWZUXp_OcM�OFW©Oc=VA
aFAQlVaFASMPAQp_Ock�OcU|W8p*�'U��)k�z�kZU|Y]keTVYXAZ£
`3kZacMFU|@BW8p_K�U]M�n�ac^?n�UXkZYs��WZa�kBn�W8@Rl?^NOFAQa�U|@BlVYXA�@BA�p_Ook�OFUXWZp&�VY|ASMFM-UX@Bl�W8aPOokep_O-��WZa�kRTVUXWZYXWZ[8UXnQkeYsWZpVA8£
<-=VU]MiaF^?Y|A¢=?kZMik{z8A�acK
UX@Bl�W8aPOokep_Oin�WZp?MFAQ\_^VAQp?n�A,u-OF=VABMFl?keaoMPA�aFAQlVaFASMPAQp_Ock�OcU|W8p1UXM)pVWZO)�V NASh1TV^NO

@¢^?MPO�k8hVkelVOFAQh OcW¢Oc=VA.OFaok�dfASn"OcWZacKZ�NkZM�hNU]Mcn�^?McMPASh�UXp
OF=VA,p?A� LO�MP^VTV��MFAQn�OFUXWZp*£
C�K¢hVWZUXpV[gOc=VU]M��8��A�W8pVY|K�[ZA�p?A�aok�OFA-k.MPA�ObWe�ml�W8U|p_OcMb��=VUXno=Bn�kZachVU|p?kZYL=?kZM'Oc=VA�WZaohNA�a3WZ��@�ke[8pVU|OF^?hNA

WZ�VOF=?A�OcackedfAQn�OFWZacK.Y|AQpV[eOc=¢��U|OF=?WZ^NObk.hNUXaFASn"O3hNA�lmA�p?hVA�p?n�A���U|OF=RacAQMFl�ASn"O�OFW.MPl�kZn�A-hNUX@BA�p?MFU|W8p*�eA� Nn�A�lNO
UXp�Oc=VA�� ��	�#+%d����#�� ��=?A�acA�OF=VA.MFl?kZn�A�=?kZM+OFW¢T�A)A�p_OFUXacA�YXKRA� NlVY|W8aFAShBT�A���WZacA��?p�hNU|p?[¢k�MFWZYX^NOcU|W8p*£'<-=?UXM
��WZaoMPOP�ªn�kZMFA�n�W8aFacAQMFlmWZp?hVM3OFW¢kZp{A�p_OcU|acA�YXK�n�WZp?[ZAQMPOFUXWZp?AQh�MPOck�OcA��ªMPl�kZn�Ag��=VA�acA�OF=?AgOcackedfAQn"OcWZacK¢AQp_OFUXaFAQY|K
A� NlVY|W8aFASM�OF=VA¢��=VWZYXA,@�^?Y�OcU��ªhNUX@RAQp?MFU|W8p?keY'MPl?k8n�A,TmA���W8aFA�keOPOokeUXpVU|p?[BOF=VA¢[ZW8kZY6£-<-=VU]M�U]MgkZY|@BW8MPO�pVAQzZA�a
AQp?n�W8^Vp_OFAQaFASh¨£
� Ý*Þ�âfã¬â�æoã¬â�ëQà�æ,.�ëSæ =eä�3Sê 106..8 îÑäQð,3�àmðPâfîÑîÑàsßÑå�à�3�ð�Þgæ3ç�æoé_ò Q ìLæ3à:ß è�í�âfï"ã6âfâfà*äoì8ì|ã6âfâfí�ä"ç-�
3�æoå�ê6ß ê�.�ßÑàsã¬âfé�ã¬âPà6âfå�ê6âfíB ß]ò â"ò.ã¬âfé�ã¬âPà6âfå�ê6ßÑå�ï¢æiã6ßÑï"ßÑíRéZä"à6ß ê:ßÑä"åRæoå�íBä"ã¬ßÑâfå�ê:æcê:ßÑä"å C+ê:ÞSßÑà�ï"ß á�âfà�ßÑå¢âPæoð�Þ�í�ßÑç�âfå�à:ßÑä"å�æoîmã6æoå�ï"â�ä"å�î .Bæ =eä�3Sê)òÑò 10à�æoç�é�îÑâfà��VÝ*Þ�ßÑà �D% à6é�æoã¬à:â"ò
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81W8aFARlVacAQn�UXMFA�YXKZ�s��U|OF=­OF=VARlVacWZlmW8MFAQh1@BAQno=�kepVU]MP@#�¨ASkZno=­n�WZ@BlmWZpVAQp8O.n�acAQkeOFAQM.k MP@�keYXY*�fT�keYXY'WZ�
acA�l?^VYXMFUXWZpL¡"£�µgM¢MP^�no=*�*Oc=VA{WZT�MfOokZn�YXA�U]M�MPAQA�p®kZM�k{�PMFA�O�WZ��MFlV=VAQaFU]n�kZY3T?keYXY]Mª¡+u�acA�@BWeOcA�WZT?MPOck8n�YXAQM.WZa
W8T?MPOckZn�Y|ASM,��U|OF=VW8^NORMPOFacWZpV[1UXp_OFAQack8n"OFUXWZp²kZaFA{MFUX@Rl?Y|K¦zLU|AQ��ASh®kZM{�6keYX@BW8MPOo��MFlV=VAQaFU]n�kZY+MF=?kelmAQM¢MPUXp?n�A
Oc=VA�hNU�zsA�acA�p_O�lVacWedfASn"OFUXWZp�M.We�-OF=VA{OFaok�dfAQn�OFW8aFK©��UXYXY+TmA�keYX@BW8MPO�AQ\_^?keY�k�O�=VUX[Z=²hVUXMPOckZp?n�A8£
µ)M�MFW_W8p
k8M�[ZA�OPOcU|pV[ n�YXW8MFA�a��¬WZagl�k�K_UXpV[�@BWZacA)�Fk�OFOFA�p_OcU|W8pL¡f�-OFW�Oc=VA�WZT�MfOokZn�YXAZ��U�OoM)MF=?kZl�A�U]MgkZlVlVacW� NU|@�k�OcAQh
UXp
TmA�OFOFAQaghNA�OokeUXYXM�kZp?h pVWeO�U]MPWZOFacWZlVU]nikepLKL@RW8aFA8£

�BÛ'�:9'�@3 M Ö � Ö 9!� Ö � Ö 1 �S�N�@3 Ú 1
µ MfOcA�l²ke=?AQkZh*�!UXp²kZhVhVU�OcU|W8p¦OFW1Oc=VA{�¬k8n"O¢MFl?keaoMFARacA�l?aFASMPAQp8Ook�OcU|W8p @¢^?MPO¢kZhVkZlNO,OFW©OF=VA�OFaok�dfAQn�OFW8aFK8�
k©OFaok�dfASn"OFW8aFK­lVacWZTVYXA�@ U]M�z8A�acK MFA�Y]hNWZ@ AQp8OcU|acA�YXK®hNA���pVAQhyu �,�+#+%)�������2#��y�����Y#+%'	������D%�# ��	�� ��� #�����
 ��	����
��":	+���\�N% � � % 	��)(����2%)��	+�S�,���!��	���%'����� £ Dªp§WZOF=VAQa���WZaohVM��-Oc=VA­k8hNA�YXU]n�U]kepñaFAQlVacAQMFA�p_OckeOFUXWZpq��=VAQaFA¯OF=VA
(yij , µyij )

z�keYX^VAQMo�BU]M�OFW³T�A n�WZp�MfOcaF^?n�OFASh§hN^VacU|pV[²OF=VA �PA� NlVYXWZaok�OcU|W8pL¡"£HDªp W8^Va n�WZp_OFA� LOQ��OF=VU]M UXM
k�zZAQaFK
AQk8MPK¢dfWZT[u)kZMgMFWLWZp¯k8Mgk�pVA��ÓW8T?MPOckZn�Y|A ��n�WZp?MPOFaokeUXp_O-U]M��fzLU]MPUXTVYXA"¡���A¢n�kZp¯kZh?h©MPW8@BA�acA�Y]k�OFASh
z�kZY|^VASM3kep?h �VÛ'�:9'� OF=?A�kZhNAQY|U]n�U]kep*�ZU6£ AZ£3no=VWLW8MFA-kepVWZOF=VAQabkZhNAQY|U]n�U]kepRU|pROc=VAgkZhVA�YXUXn�UXkZp � M'�¬kZ@BU|YXK�Ooke�LU|p?[
Oc=VA�pVA��²UXpN��W8aF@�k�OcU|W8p�UXp8OcWik8n�n�WZ^Vp_O@u*OF=VU]M'A� NlVY]keUXp?M&��=LK,U|O'�-kZM'MFWgUX@RlmWZaFOckZp_O'pVWZO!OcW)kihNA���pVA��PWZp?A"¡
MFWZYX^NOcU|W8p TV^VO)kR�¬ke@BUXY|K8£+µ OFaok�dfASn"OcWZacK�[ZA�p?A�aok�OFASh�TLK�MF^?no=1k�MFA�acU|ASM-We�3kZhNAQY|U]n�U]kep?M-��UXYXY*pVWeOgMPOFacU]n"OFYXK
n�WZacaFASMPlmWZp�hVM�OcW²k­OFaok�dfAQn�OFW8aFK²hNA��?pVASh¥MF^?no=ñk¦l�WZOFAQp8OcUXkZY6����=VAQaFASkZMBMPW8@BA��PA� NlVYXWZaok�OcWZacK8¡�lV=?kZMFAQM
�¬U6£ AZ£­k1l�W8aPOcU|W8p²We�-OcackedfAQn"OcWZacK¯@�k�K­�?p?keYXYXK kZY|YXW�� OFW¯hNU]Mcn�W�zZAQa�k1pVAQ� WZT?MPOck8n�YXAJ�en�WZp�MfOcackZU|p_O.OF=L^?M
T�kZno�_OFaokZno�ROckZ�LU|pV[ROc=VUXM�pVA�� A�YXA�@BA�p_O�UXp8OcW�kZn�n�WZ^Vp_O"��kZaFA.A� LlmAQn�OFASh¨£
� W8p?MPU]hNAQaFUXpV[�MF^?no=�kep{kZh?kelNOcU|z8A�aFAQlVaFASMPAQp_Ock�OcU|W8p*�e��A�=?k�z8A�OcW�TmAgMP^?aFA�OcW�[ZAQpVA�aok�OcA�k.OFaok�dfASn"OFW8aFK

OcW���kZach?MgOc=VA{[8W8keY:�*pVWZO�kep¦UXp?hNA���pVU�OcA{�-kep?hNAQaFUXpV[ OFaok�dfASn"OFW8aFK8£ � WZpLzZAQaF[8A�p?n�A¢U]M,W8TNOckZU|pVASh T_K¯OF=VA
�¬k8n"O+��A�=?k�z8Agk.�?p?U�OcA�pL^V@�TmA�a�We�*n�W8@Bl?kZn�O+WZT?MPOck8n�YXAQMQ�eOc=_^�M+n�W�z8A�acAQhRTLKRk,�?pVU|OFAgpL^V@¢T�AQa+WZ�slmWZUXp_OcM
��W8a�k¢MPl?kZacMFA�acA�lVacAQMFA�p_Ook�OFUXWZpB��U|OF=�k�@BU|pVUX@�keYshNU]MfOokep?n�A

ε
T�A�Of��AQA�p�Oc=VA)n�W�zZAQaFUXpV[,lmWZUXp8OoM��_��W8aF@�keYXYXK!u

∀ ij , i′j′ ||yij − yi′j′ || > ε
�6w8�

µ)M�k¢n�W8p?MPAS\_^VA�p?n�AZ�8OF=VA.acA�Y]k�OcAQh{MFA�acU|ASMbWZ�!kZhNAQY|U]n�U]kep�M�nQkep{pVWZO�UXp?hNA��?pVU|OFAQY|K�UXp?n�acAQk8MPAgT�ASn�ke^�MPAiU�O
U]M3TmWZ^Vp�hNAQh¨�8OF=L^?M�n�W8p_z8A�ac[ZASM&OcW���kZach?M3k.Y|UX@BU�OS£'DªpBOc=VA���WZaoMfO+nQkZMFAZ��Oc=VU]MbYXU|@BU|O�U]Mbk�n�W8@BlVY|A�OFA�MFl?keaoMFA
�LpVW���YXAQhV[ZAiWe�&Oc=VA,@�kel#acA�lVacAQMFA�p_OckeOFUXWZp*£
<-=VAi@BU|p?U|@�keY¨hNU]MPOckep�n�A

ε
@¢^?MPO�pVWZO�TmA.=VUX[Z=VAQa+Oc=?kep�OF=VA.hNU]MfOokep?n�AgTmA�Of��A�A�p WZT?MPOck8n�YXAQM�kep?h{OF=VA

@BUXpVUX@BkZYmhVUXMPOckZp?n�A�TmA�Of��A�AQp�OF=?A�OFaok�dfASn"OcWZacK¢kep�hROF=VA)WZT?MPOck8n�YXAQMQ�eOF=L^?M�=?k8M3OF=?AgWZaohNAQabWe�*@�ke[8pVU|OF^?hNA
WZ�3OF=VABMFKLMPOFAQ@«MPUX±�A8£i<-=VAR=VUX[Z=VAQa

ε
Oc=VARMF@�keYXY|AQa�Oc=VA¢pL^V@¢T�AQa)WZ�+lmWZUXp8OoM�£ q ARkZaFA�[8WZUXpV[�OcW z8A�acU���K

Oc=?k�O�Oc=VU]M-l?keaoke@BA�OcA�a-U]M�pVWeOgn�aFU|OFU]n�kZY6£
�&U|@BU|OFUXpV[�OF=?A,U|p?n�aFASkZMFA.U|p#OcA�ac@BM-WZ�bhVk�Ook¢lmWZUXp_OcM-Oc=?kep?�LM�OFWBOF=?A�^?MFA,We�3MPl?kZacMFA.aFAQlVacAQMFA�p_OckeOFUXWZp

p?WeO�W8pVYXKBkZY|YXW���M3OcW¢Mck�zZA�@BAQ@RW8aFKBMFl?kZn�A)kep�h{n�W8@Rl?^NOckeOFUXWZp�OcU|@BAgT?^NO-kZYXMFW�YXU|@BU|O�Oc=VAiz�kZaFU]k�OcU|W8p?MbWZ�
Oc=VA,lmWeOFAQp_OFU]keY*hN^VacUXpV[�kZhVkZlNOckeOFUXWZp*£3<-=VU]M�MPOckeT?U|YXU|±QAQM�Oc=VA.OFaok�dfASn"OFW8aFKB[8A�pVAQackeOFUXWZp�l?aFWNn�ASMFMQ£

� Ö 1 � Ú � 3 Ø � Ú � Ú � 4 Ú*Ú 9 Ö �­� Ö Û!Û 3 1 A
<-=?UXM�kZh?kelNOcU|z8A�kZMFlmAQn"O�=?k8M'kZpVWeOc=VA�a3n�WZp?MFAQ\_^VAQp?n�A,usOF=VA�OFaok�dfASn"OcWZacK)[8A�pVAQackeOFUXWZp�U]M'pVWeObk�T?Y|UXp?h¢WZlmA�pN�
YXWLWZl lVacWLn�AQMcMiTV^NO�U]M,A�@¢T�AShVhNAQh UXp k1MFA�p�MPW8aFK_��@RWZOFW8agYXW_W8l*£ q­ABOc=L^?M,=?k�z8A�OcW#��WZac@BkZY|UX±�ABMF^?no= k
YXWLWZl
U|p#W8achNAQa�OFWB^Vp?hNAQacMPOckZp?h OF=VA.[8Y|W8T?keY¨TmA�=?k�zLUXWZa-We�'OF=?A,@RASno=?kep?UXMF@#£
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ÜgA�acA¯��A­n�W8p?MFUXhNAQa k¤MPW¥n�keYXYXAQh§YXWLWZ�_��kZp?hL��@BW�zZA#l?keaokZhVU|[8@ ��=VAQaFA©OF=VA pVA� LO1MPAQp?MFWZacK³UXpVlV^NO
x(t + 1)

n�WZacacAQMFl�W8p?hVM3OcW�Oc=VAglVacA�zLUXWZ^?M+@BWeOFW8a�n�WZ@B@�kep?h
m(t)

Ooke�LU|p?[�k�TmWZ^Vp�hNAQh�^?p?n�AQaPOokeUXp8OfK
νtUXp_OFW�kZnQn�W8^Vp_O@u

x(t + 1) = x(t) + k [m(t) + νt]
�
k > 0

�
||νt||Λ < ρ

� s �8�
��=?A�acA

ρ
U]M+Oc=VAiT�W8^Vp?hNASh�^Vp�n�A�aFOckZU|p_OfKB@�k� NUX@BkZYsz�kZY|^?AikZp?h

k
Oc=VAi@RWZOFW8aP�ªn�W8@R@�kZp?h�[8kZU|p n�WZp_OcaFW8Y6£

ÜgA�acA
νt
U]MgkZp#^Vp?n�W8aFacA�Y]k�OcAQh T�W8^Vp?hNASh#ackZp?hNW8@ lmA�aFOF^VacT?k�OcU|W8p#��U�Oc=

E[νt] = 0
��Oc=VA)�PpVWZU]MPA�¡iWZ�

Oc=VAg@BWZOFWZaF�ªMPAQp?MPW8aFK,YXWLWZl���£3<-=VAgno=VW8UXn�A�We�*k,TmWZ^Vp�hNAQh�AQaFacWZa3U]M�hN^VA�OcW,OF=VAg�¬kZn�O���AghNW�pVWZO+�-kep_ObOFW
�{��������� k�z8WZU]hBWZT?MPOck8n�YXAQM�TV^NO ��� � ��� # hNW¢U�OS£b<-=VAiz�kZY|^?AgWe�&OF=VAi@BA�OFacU]n

Λ
UXM-MFl�ASn�U|�?AQh kZMcMP^V@BUXpV[�Oc=?k�O

U|O-UXM-lmW8McMPUXTVYXA�OcWRhNA��?pVAi��WZa-ASkZno={l?kZackZ@BA�OFAQa�kZpR�PA�acaFW8af¡�U:£ A8£bk�@�k� NUX@BkZYsz�kZY|^?A)WZ�&z�keacUXkeOFUXWZp{TmA�YXW��
��=?UXno=#Oc=VA�A�acacWZa�U]M�TmWZ^Vp?hVAQh²�6MPAQA r s � � v8v t&��W8a)kB[8A�pVAQackZY&hNU]MFn�^?MFMFUXWZp����?AZ£ [?£ s @B@ ��WZaik�hNUXMPOckZp?n�A
@BASkZMF^VaFASh{TLK�=�kep?h¨� s lVU| NA�Y*WZ�!@BAQk8MP^?aFA.acA�Y]k�OFASh�OcW{kep
U|@�ke[8AZ�NA�Ocne£X£���l
OcWBkBno=?kZpV[ZA.WZ�!z�keacUXkZTVYXA
x → Λ

1
2 x
��A�n�kZp
MPOckeOFA

Λ = 1
UXp
OF=VA�MFAQ\_^VAQY¨��U�Oc=VWZ^NO�YXW8McM�We��[ZAQpVA�aokeYXU�OfK8£

ILUXp?n�AZ����aFW8@ � s �"�m��A�WZpVYXK hVA��?pVA�OF=VA�OFaok�dfAQn�OFW8aFK
hNU|acAQn�OFUXWZp²�¬T�AQU|pV[ k s MPOgWZaohNAQaghNAQMcn�AQp_O)keYX[ZWZ�
acU|OF=V@{��pVWZO+U|OcMb@�kZ[ZpVU|OF^?hVAZ�Z��A-OF=L^?M+=?k�zZA-OcW,U|p_OcaFWNhN^?n�Agk.@BWeOcWZa+n�WZ@B@�kep?hR[8kZU|p�k8h�df^?MPOFAQhBTLK¢OF=VA
n�WZp_OFacWZY�keYX[ZW8aFU|OF=?@ OcW#lVaFW8l�AQaFYXK1hNA���pVAQh¯OF=VAB@BWeOcWZa,n�W8@B@BkZp?h

m(t) = −∇V (x(t))
£BD�O,UXM.n�YXAQkZa

Oc=?k�O3Oc=VAghNU]MPOckep�n�A�TmA�Of��A�A�pROc=VA�OFaok�dfASn"OcWZacK�kep?h¢Oc=VA�WZT�MfOokZn�YXAQM�@¢^?MPO+keYX��k�KNM�TmA�=VU|[8=VA�abOF=?keO
k ρ
U|p

W8achVA�a�OFW�k�zZW8UXh{kBn�WZYXY|U]MPUXWZp
hN^VAiOFW¢OF=?A,@RWZOFW8aP�ªn�W8@R@�kZp?h�^Vp?n�A�aFOckZU|p_OfKZ£�<-=VU]M-@BWeOFW8aP��[8kZU|p�=?kZM-keY]MFW
OcW{TmA¢kZh�df^?MfOcAQh1hNAQl�AQp?hNUXpV[�W8p#OF=VARhNKLp?ke@BU]n,We��Oc=VA�@BWeOcWZaF�:YXWLWZl¦��Oc=VA�=VUX[Z=?A�a�Oc=VA�l?=?kZMFA�Y]ke[?�?OF=VA
MF@�keYXY|AQa�OF=VAg[8keUXpB@�k� NU|@�kZYVz�keYX^VAS���8��=VU]no=BUXM+WZ^NObWZ�sOF=VAgMcn�W8l�A�WZ��Oc=VA�lVacAQMFA�p_O+hNAQzZAQY|W8lV@BA�p_O@u!=VA�acAZ�
��A¢kZaFA�[ZWZUXpV[�OFW�l?aFW8l�W_MPARk{TmWZ^Vp?h©��WZa)OF=VU]M)[8keUXp¯kZp?h¯n�WZp?MFUXhVA�a�Oc=?k�O.U|OcM.kZh�df^�MfOc@RAQp_OiU]M)kZpVWeOc=VA�a
l?aFW8TVY|AQ@#�VhNA�lmA�p?hVU|pV[�W8p�Oc=VA,@BWeOcWZaF�:YXWLWZl�UX@BlVYXA�@BA�p_OckeOFUXWZp*£
� =VWLW_MPUXpV[,k)MPOFAQlBT_K¢MfOcA�lB@BWeOFW8a3n�WZ@B@�kep�h�@�k�K�MFA�A�@�M�acAQMPOFacUXn�OFUXzZA�TV^NObU]MbkiaFASkZMFWZp?kZTVYXA�no=VW8UXn�A

acA�[_keaohNUXpV[©OcackedfAQn"OcWZacK®[ZAQpVA�aok�OcU|W8p³TmAQn�kZ^?MFA
acWZTmWeOcUXn
n�W8p_OFUXp_^?WZ^?M�n�WZp_OFacWZY-YXW_W8l?M�keacA
pVWeO�hNA��?pVASh
keO¢Oc=VU]M�Y|AQzZAQY6�bT?^NO{^?MFA�OcackedfAQn"OcWZacK¦[ZA�p?A�aok�OFUXWZp¥kZMRUXpVlV^NO r s w � s � w t:£§IL^?no=ñMFA�l?kZackeOFUXWZp²TmA�Of��A�AQp
�PlVY]kepVp?U|pV[e¡ikep�hB�PacAL	?A� 8¡iUXM�kZYXMFWBlVaFASMPAQp_O-UXp
TVU|W8Y|W8[ZU]n�kZYsMFKNMfOcA�@�MQ£

� Ú �-4 Ø Û 3�� Ö �e� Ö Û M Ö ����
!� Ö ? 9�4 Ú ���V� Ú � × 1 �,M[3 A �N�43 Ú 1
C�K�hNA��¬ke^VY|OQ�_OF=?Ag[ZW_keY�UXM��LpVW���p�OFW�OF=VA.ke[8A�p_Ob��acWZ@ OF=?AgTmA�[ZUXpVpVUXpV[��_��=?U|YXAgW8T?MfOokZn�Y|ASM+keacA�^Vp?�_p?W���p
OcW�Oc=VA�ke[8A�p_OQ£ 6 W_keY3hNUXaFASn"OcAQh©A� Nl�AQaFUX@BA�p_O�n�WZacacAQMFl�W8p?hVM�OcW
OF=VA�MFU�Oc^?k�OcU|W8p¯��=VAQaFA¢OF=VAROokeac[ZA�O.n�kZp
TmA�MF@BA�YXY|ASh¨�mMFA�AQp#WZa�ASkeacAQh¨£-<-=VU]MgMFA�A�@�MgU|p©n�WZp_OFaokZMPO�OFW��?AZ£ [?£X�?A� NlVY|W8ackeOFW8aFK�A� LlmA�acUX@RAQp_OcM��¬AZ£ [?£-UXp
Oc=VA�81W8aFacUXM q¦k�OcA�a 8©kZ±�A.��=VA�acAiOF=VA,aok�O�=?k8M�OFWBYXAQkeacp OFWB�?p?h Oc=VA,[ZW_keY��"£
ÜgW���AQzZA�aS�mOF=VABMcke@BA���W8aF@�kZY|U]MP@«U]M.hNUXaFASn"OFYXK1acAQMPOFacUXn�OFAQh©OFW#k MFU|OF^?keOFUXWZp¯��=?A�acA�Oc=VAB[ZW8kZY!U]Mi^VpN�

�LpVW���p¦��p?WBkeOPOcack8n"OFUXzZAiOcA�ac@����LOF=VA,A� NlVY|W8ackeOFUXWZp T�AQU|pV[�W8pVYXK{aFASkeYXU|±QAQh TLK{WZT?MPOck8n�YXA.aFAQlV^VY]MPUXWZp*£
D�O�keY]MPW�kZlVlVYXUXnQkeTVYXAgUXp�MFU�Oc^?k�OcU|W8p?Mb��U|OF= U|p_OcA�ac@RAShNU]k�OFAg[ZW8kZYXMbWZa+��=?A�acA�OF=?Ag[ZW_keY�UXM�hNU{zs^?MFAR�¬��ASke�

keOPOcack8n"OFUXWZp W�zZAQa-kRY]keac[ZA.keacAQk_�"£
w)A��?p?U|pV[¥MP^�no= k®pVWZp lV^Vp?n�OF^?kZY)lmWeOcA�p_OFU]keY)UXM
MfOcackZU|[8=_OP��WZac�-keaoh²UXp§OF=VU]M���ackZ@RAQ��W8aF�³^?MPUXpV[³k

n�WZp?MPOFaokeUXp_O)WZ�+OF=?A¢��W8aF@
c0() < 0

£¢µ)M,MPWLWZp­kZM)OF=VAB[8W8keY'U]M,keYX@RW_MfO,k�OFOckZU|pVASh©U|O,=?kZM)OFW#acA�@BW�zZASh
��acWZ@ Oc=VA+lmWeOcA�p_OFU]keY¨��UXp�W8achVA�a¨OcWik�z8WZU]h)^?p_TmWZ^?p?hNAQh�z�keYX^VAQMo�"£'<-=VUXMQ��UXp��¬kZn�OQ��UXp_OFacWLhV^?n�ASM&kgnQkepVW8pVU]n�keY
@BASno=?kepVU]MF@ OFW#Ooke�8A{kep¦U|p_OcA�ac@RAShNU]k�OFA{MF^VTN��[ZW_keY3UXp_OFW©kZnQn�W8^Vp_O@u�k8hVhNUXpV[1U�O�OFW#OF=?A{l�WZOFAQp8OcUXkZY+kep�h
acA�@BW�zLUXpV[¢U|O���=VAQp
keOPOckZU|p?AQh¨£

|B| å�}Y~2�+�+�
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ILUX@BU|Y]keacYXK1OF=VA�[8W8kZY'U]M.pVWZO.p?AQn�ASMFMckeacUXY|K©keOPOFaokZn�OFUXzZA¢��aFW8@«OF=?ARTmA�[8U|p?pVU|p?[1TV^NO�WZp?Y|K©k8M,MPWLWZp¦kZM
zLU]MPUXTVYXAZ£3<-=VU]M�WZTLzLUXWZ^?MFY|KB�?OcM�UXp
OF=VA,lVacAQMFA�p_O-@BAQno=?kZpVUXMF@#£
<-=VU]M�UXM�zZAQaFKRYXU|�8A�YXKR��=�k�O-UXM�WZT?MFA�aczZAShBU|p
k�TVUXWZYXWZ[8UXnQkeYVYXWNn�^?M�@�kel���=VA�acA)k�ackeOF=VAQa�hNAQp?MPA.MFA�O�WZ�

keOPOokeUXpVAQh Y|WNn�U&keacA)acA�l?aFASMPAQp8OcAQh �¬kZp?h�UXpV=VUXTVU|OFASh#��=VA�p#k�OFOckeUXpVASh?�"£
Dªp_OFacWNhN^?n�U|pV[,MFA�z8A�aokeY_U|p_OFAQaF@BAShNUXkeOFA�MF^VTN��[ZW8kZYXM'keY]MFWikZY|YXW���M!OFW.U|p_OcaFWNhN^?n�A�k)=?U|[8=VA�aF�:YXA�z8A�YLn�W8p8OcaFW8Y6�

��W8a,U|p�MfOokep?n�ABMFlmAQn�U|��KLU|p?[#k OcackedfAQn"OcWZacK©k�O�k#n�W_keaoMPABMFnQkeYXA¢W8a,[ZAQpVA�aok�OcU|pV[
acA�lmA�OFU|OFUXzZAB@BWeOcU|W8p?M��¬MFA�A
A8£ [�£ r � t���£
<-=VU]M�z8A�aoMFkeOFUXY|A.n�kZl?keTVUXYXU�OcU|ASM�keacA)UXY|YX^?MPOFaok�OcAQh
U|p OF=?A,A� Nl�AQaFUX@BA�p_OckZY*MPASMFMFUXWZp*£

F Ú � 9��N��3¬� Ú 1 Ù 3¬� J � 3 Ú 4 Ú A 36�Z�-4 4 Ú �&
!� Ø �³�:9'�
µ)MRT�AQU|pV[¦hNA��?pVAQh³TLK¦kZp³^VpV�:W8achNAQaFASh¦Y|WNn�^?MRY|U]MfO

{· · · (µyij ,yij) · · · }
k¯MFl?kZacMFA k8hNA�YXUXn�UXkZp³n�W8aFacA��

MFlmWZp?hVM�OcW{kRY|WNn�^�Mf��@�kel
��U�Oc=VWZ^NOgkZpLK�OFW8l�W8[ZaokelV=VU]n�kZY¨n�WZp�MfOcackZU|p_OcM���W8a-OF=VA,@�kel#��=VAQaFAiOc=VUXM�U|pN��W8aP�
@�keOFUXWZp1U]MgacA�[8UXMPOFAQaFAShyu�MPOFW8aFUXpV[�k{pVA��qYXWNn�^?M)n�WZacacAQMFl�W8p?hVM-OcW�acAQn�ac^VU|OFUXpV[�k�p?A��ÓMFU�OcAZ�saFA�OFacU|AQzLU|pV[{k
l?aFAQz_UXWZ^�M+@�kel
n�W8aFacAQMFl�W8p?hVM+OFWBk¢MFUX@Rl?Y|A.acA�OFacUXA�zLU|p?[�We�&OF=VA.YXWLn�^?M�Y|U]MPO,�¬U|p �¬kZn�O�Oc=VA,n�W8p_z8A�ac[ZAQp?n�A�WZ�
p?A�^VaokeYm@�kel n�WNhNU|p?[�Oc=VA)YXWNn�UsOcW���kZachVM�kep
k�OPOcack8n"OcWZa�n�WZacaFASMPlmWZp�hNU|p?[,OFW¢OF=VA.lVacA�zLUXWZ^?M�YXUXMPOo��£bÜ�A�acA)k
p?A�^VaokeYsMPU|OFAiWe�&OF=VAiY|WNn�^?M�Y|U]MfO�n�W8aFacAQMFlmWZp?hVMbOFWBk�[8U|z8A�p{UXp?hNA� 

ij
kep?h{nQkep T�AiaFAQ^?MFAQh{��=?A�p kZpVWeOc=VA�a

@�kZl U]M-OckZ�ZAQp UXp_OFW�kZnQn�WZ^?p8OS£
<-=VA+��AQU|[8=8OoM

µyij

@�k�K)lVYXk�K.kep,UX@Bl�W8aPOokep_O*acWZYXA3OFWgk8h�df^?MPO���WZlNOcU|@BUX±�A�OF=?A+acA�lVacAQMFA�p_OckeOFUXWZp*£*<-=?A�K
n�WZacaFASMPlmWZp�h¯OcW¯Oc=VA�W8^NOFl?^NOR��A�UX[Z=_ORWe��AQk8no=²YXWLn�^?MRn�A�YXY���=VA�p³n�WZ@¢TVU|p?AQh¦OcW­TV^?U|Y]h³k¯Y|WNn�kZY�MF=VU|��OQ£
ÜgW���AQzZAQaQ�3MFU|p?n�A���A
hVW¯pVWZOR=?k�z8A�lVacAQn�UXMFA�UXpN��W8aF@�k�OcU|W8p³keTmWZ^VOR=VW�� Oc=VA�K²n�WZ^VY]h²TmA#hNA�OcA�ac@RUXpVASh
UXp¦k�TVUXWZYXWZ[8UXnQkeY�n�W8p8OcA� LOQ�¨��ABMPUX@BlVY|K­n�WZp�MPU]hNA�a

µyij = 1
�:Ein�nQke@«aoke±QWZailVaFUXp?n�U|lVYXAS�gOcW
k�z8WZU]h1pVWZp

lmA�aFOFUXpVAQp8O�l�keaoke@BA�OcA�aoM+UXp
OF=VA�n�WZ@BlV^NOok�OFUXWZp�keY¨@BWNhNA�Y:£
µ)MRMPOFacAQMcMFAQh²TmA���W8aFA8�bUXp²OF=?A =VUXlVlmWNn�ke@BlV^�M���pVWeOBWZpVYXK¦OF=?A
n�Y|W_MPASMfORWZT?MPOck8n�YXA
n�Y|W_MPASMfORl�W8U|p_OBUXM

UXp_OFacWNhN^?n�ASh¯UXp OF=VA�YXWNn�^?M�@BkZl*�&��=?A�acAQkZMiWZOF=VAQa�Y|WNn�^?M.l�AQacn�A�UXzZASh¯TLK©Oc=VA{MF^VTNdfAQn�O�n�kZp­TmA{kZhVhVAQh¨£
ÜgW���AQzZAQaQ�+OF=VA1�¬k8n"O�l?aFW� NUX@BkZY�l�W8U|p_OoM�=?k�zZA
OcW²T�A¯aFAQ[ZU]MfOcA�acAQh¤UXM{kZpñU|@BlmWZaFOckep_O���ASk�OF^?aFA8�-n�WZ=VAQaP�
AQp_O.��U|OF=¦kZn�OF^?kZY3TVUXWZYXWZ[ZU]n�kZY&��p?hNUXpV[8M,kZp?h¯U|�+Oc=VU]M,UXM.p?WeO.OF=VA�nQkZMFAZ�sOF=?A�lVaFASMPAQp_Oi@BWNhNA�Y3��WZ^?YXh­T�A
\_^VASMfOcU|W8p?keT?Y|A8£�Ü�AQaFAg�PlVacW� NU|@�keY�¡ihNWLASM�pVWZO�@RASkep#Oc=?k�O�Oc=VA�A� Vk8n"O $b^?n�Y|U]hNASkep1lVacWedfASn"OFUXWZp#W8p8OcWBOF=VA
p?AQkeacAQMPO.WZT?MPOck8n�YXARk8MiOFW1n�kZYXn�^VYXkeOFASh©TLK1OF=?ART?U|W8Y|W8[ZU]n�keY3MPOFac^?n"Oc^VacA�u)OF=VA�acAQ\_^VUXaFAQ@BA�p_OiU]M,MFU|@BlVYXK1OFW
YXWNn�keOFAiOF=VA,W8T?MPOckZn�Y|A.n�W8p_OckZn�O�l�W8U|p_O���=VU]no= U]M��LpVW���p#kZM�kRacA�YXUXkZTVY|A,n�^VA���AZ£ [?£ r s � t���£
µ MfOcA�l§��^?aPOc=VA�aS�gMFA�l?kZackeOFUXWZp§TmA�Of��A�A�p [ZW8kZYgk�OFOFaokZn�OFUXWZp kZp?hñWZT?MPOck8n�YXA¯acA�lV^?YXMFU|W8p§UXM AQk8MPK¤OFW

hVAQMFU|[8p*�+n�W8@�TVUXpVUXpV[­OF=VA
Of��W­@�kel¤WZ^NOclV^NOoMROFW [ZA�p?A�aok�OFA�OF=VA#@BWeOcWZa�MFU|[8p?keY:�+kZM¢U|OBU]MBpVW��°WZ��OFAQp
k8MFMF^V@BAQh�OFWBTmA.OF=VA�nQkZMFAZ£
µgpVWeOc=VA�a�zZA�acK�UX@Bl�W8aPOokep_O+lmWZUXp8ObU]M3Oc=?k�O�U|p�TmWeOc={n�kZMFAQMQ�eYXWNn�U�kZaFA�k8hVhNASh¢T?^NO+pVWZO�hNA�YXA�OcAQhROcW,OF=VA

@�kZl*�?kZM�hVUXMcn�^?McMFAQh
U|p
Oc=VA�MPAS\_^VA�Y:£+j�AQ@RW�z�kZY*We��TVUXWZYXWZ[ZU]n�kZYsY|WNn�^�Mf�ªn�AQY|Y*k8n"OFUXzLU�OfK
MPAQA�@�M-pVWZO�OFW�=?k�z8A
TmA�AQpBWZT?MFA�aczZASh ��":	+���\� Oc=VA�p?k�zLUX[8k�OcU|W8p�UXp�k.[ZUXzZA�pBMFl?k�OcUXkZYV@�kel*£�<-=VU]M3UXM+k,n�ac^?n�U]keYNlmWZUXp_OQ�8n�WZ=VAQaFAQp_O
��U|OF=1k8n"OF^�keY*hVkeOckBkep?h U|�!Oc=VUXM�UXM�p?WeO-OF=VA�nQkZMFAZ�LOc=VA,lVacAQMFA�p_O�@RWNhNAQY¨��W8^VY]h TmA�\_^VAQMPOFUXWZp�keTVYXAZ£
ILUX@BU|Y]keacYXKZ�3Oc=VA AQY|W8pV[8keOFASh¦zZA�aoMF^?M�U]MPWZOFacWZlVU]n{p�k�OF^?aFA We��Oc=VA YXWNn�^?MP��@BkZl²hNA�lmA�p�hVMRWZp²Oc=VA �¬kZn"O

U|O�n�W8aFacAQMFlmWZp?hVMiOcW©k#T�W8achVA�a,We��OF=?A�hNWZ@�kZU|pñ��Oc=_^�M�kep¦W8T?MfOokZn�Y|A��gW8a�pVWZO���OF=L^?M�kep¦U|p_OcA�ac@RAShNU]k�OFA
[8W8kZY]����UXM3UXp�n�W8=VA�acA�p?n�A�TmA�Of��A�AQpROF=VA�n�WZ@BlV^NOok�OFUXWZp�keYN@BWNhNA�Y?kZp?h�OF=VA�TVUXWZYXWZ[8UXnQkeYNhVkeOckV�8kZM3hNU]MFn�^?McMPASh
l?aFAQz_UXWZ^�MPYXKZ£
DªpBTmWeOF={nQkZMFAQM��6n�WZ@BlV^VOck�OcU|W8p?keYVkZp?hRTVUXWZYXWZ[ZU]n�kZYL@RWNhNAQYXMo�"�ZOF=VA�@BASno=?kepVU]MF@ WZ^VOFlV^NObU]Mbk.YXWNn�k�OcU|W8p

MF=VU|��OQ£�Dªp¢OF=VA�n�WZ@BlV^NOok�OFUXWZp�keYN@BWNhNA�YNU|ObUXM�acA�Y]k�OcAQh�OFWiOF=?A�[ZaokZhNUXA�p_O�We�mOF=VA�YXWNn�^?MP�:@�kZl¢kZn�OFUXzLU�OfK8£'<-=VA
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r } t&WZ�!Oc=VA,YXWLn�^?M-@�kel#kZn�OFUXz_U|OfKZ£
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YXWNn�kZY¨@RASno=?kep?UXMF@�M�MPW8Y|z8A
Oc=VA,[ZYXWZT�keYslVacWZTVYXA�@#�VkZM-z8A�acU���AQh pVW��,£
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U]M{=?W���AQzZA�a�Y|UX@BU�OcAQh§OcW¤}�w%@BWeOcU|W8p?M���W8a n�W8@BlV^NOckeOFUXWZp?kZYgYXU|@BU|OckeOFUXWZp?M aFAQzLU|AQ��AShñ=VA�acAZ£yILOFacUXkeOckeY
p?A�^VacWZp?M keacA©zLU|AQ��ASh kZM @BWNhN^VYXAQM�OF=?keO#n�WZ@BlV^NOcA¯lmWeOFAQp_OFU]keY)��^Vp?n"OcU|W8p?M
aFASMPlmWZp�MPUXTVYXA1��WZa
[Z^VU]hNASh
@BW�z8A�@BA�p_OcM�kep?h�U|@BlVYXA�@BAQp8OoM�n�WLWZaohNU|p�k�OFASM3OcackZp?Mf��W8aF@�keOFUXWZp?MbOFW�z�kZaFUXWZ^?M�n�W8pN�?[8^VackeOFUXWZp{MFl?kZn�AQM r u t:£
<-=?A�@BWNhNA�Y-lVacWZlmW8MFAQM.Oc=?k�OBacAQMFUXMPOFUXzZA�n�WZ^Vl?Y|UXpV[­kZ@BWZpV[¯MPOFacU]k�OckZY+pVAQ^VacWZp?M¢[ZUXzZA{acU]MPA�OFW¯=�keac@RW8pVU]n
lmWeOcA�p_OFU]keYZ��^Vp?n�OFUXWZp?M���A� Ll?aFASMFMFAQh,k8M&kep�A�p?MFA�@¢TVY|A+We�VpVAQ^VaFW8p?keYZ@RAQ@�TVaokep?Abl�WZOFAQp8OcUXkZYXMo�"£!Dªp,OF=�keY]ke@BUXn
��W8aF@�keOFUXWZp?M+OF=VA.^Vp�hNA�acY|KLUXpV[BhNU{zs^?MFU|W8p l?aFWNn�ASMFM�U]M-Y|UX�ZAQY|K�pVWZO�l�AQaP��W8aF@BAQh k�O�OF=VU]M-YXA�zZAQYsTV^NO�hNUXaFASn"OFYXK
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�&A�O+^�Mb��acU�OcA

πS(x)
OF=VA)lVacWedfAQn�OFUXWZp � We�

x
WZp_OcW�k�MPA�O

S
kZp?h

d(x,S) = ||x−πS(x)||
OF=VAghVUXMPOckZp?n�A

TmA�Of��A�AQp
x
kep�h

S
£ q­A�kZYXMFW�n�WZp�MPU]hNA�aS�NMFk�K8�LOF=VA

ε
��lVaFWZdfAQn�OFUXWZp{W8p8OcW�kep
WZT?MPOck8n�YXA�u

πε
∂Ui

(x) =

{

yij ∈ ∂Ui
U|�
||yij − π∂Ui(x)|| < ε

π∂Ui(x)
WeOc=VA�ac��UXMFA

yij
TmA�UXpV[)k�l�W8U|p_O�U|p,Oc=VA�MFl?kZacMFAbacA�lVacAQMFA�p_OckeOFUXWZp*£yq§U|OF=�OF=VU]M�kelVl?aFW� NUX@BkeOFA3lVacWedfASn"OcU|W8p.OF=VA�hNUXMPOckZp?n�A

U]M�kel?lVaFW� NUX@�k�OFASh{^Vl
OcW
ε
�VU:£ AZ£ u

d(x, π∂Ui (x)) + ε ≥ dε(x, ∂Ui) ≥ |d(x, π∂Ui(x)) − ε|��acU|OFUXpV[
dε(x, ∂Ui) = d(x, πε

∂Ui
(x))

£
�)MPUXpV[�Oc=VAQMFAbpVWZOckeOFUXWZp?MQ��Oc=VA+l?aFAQz_UXWZ^�M&hNU]MFn�^?McMPUXWZp.U]M*��W8aF@�keYXUX±�AQhiTLK)OF=VA+��WZYXY|W���UXpV[�acAQMF^VY|O@u A 3 M Ö 1

� 1 3 1 3��@36�-4`9 Ú �43��43 Ú 1 � 1 Û§�VÛ Ö 4�3¬�,3¬� 1
γ(0)

Ù 3¬� J
d(γ(0),∪r

i=1∂Ui) > 0
Ù J 3 4 Ö

Vt(x) = 0� J Ö ��Ú 4 4 ÚLÙ 3 1BA � Ö � 3 Ö ��� Ù ��3¬�@3 1 A
it =

keac[R@BUXp
i d(γ(t), ∂Ui) � �

γ(t + 1) = γ(t) + k [−∇Vt+1(γ(t)) + νt]
�
||νt|| < ρ

Vt+1(x) = Vt(x) + µit t

[

Φ(x − πε
∂Uit

(γ(t))) − Φ(x − πε
∂U0

(γ(t)))
]

� s�s �

M Ö � 3 �'Ö � �¬U]�
∀t > 0, d(γ(t),∪r

i=1∂Ui) > 0
� 1 Û ��UXU]��YXU|@

t→+∞d(γ(t),U0) = 0�?��� Ú*Ú 1 �V�
k
36�B���²�)4 4 Ö 1 Ú 
 ADJ Ù 3�� J

µit t ∈ {0, 1}
� 1 Û

P{µit t = 1} > 0
;

<-=VA¢��WZac@�^?YXk�YXUX@
t→+∞d(γ(t),U0) = 0

hVW_ASMipVWeOi@RASkep¯n�WZpLzZAQaF[8A�p?n�A,WNn�n�^?acMik�OiU|pN��pVU�OfK8£,µgM
MFWLWZp®kZM,OF=VA�hVUXMPOckZp?n�A�OcW1OF=?A{[ZW_keYbU]M�MF@BkZY|YXA�a�OF=?kZp¦OF=VA�hVUXMPOckZp?n�A�OcW1OF=?A�n�YXW8MFAQMPO�WZT?MPOck8n�YXAZ�'U�O¢UXM
n�Y|ASkea+OF=?keO�k�MPOFaokeUX[Z=_OF�:YXU|p?A�keYXY|W���MbOFW¢keOPOokeUXpBOF=VAi[ZW_keY?kZp?hBOF=?A)lVacWZT?Y|AQ@yU]M�MFWZYXzZASh¨£'Dªp{WeOc=VA�a���W8achVM
d(γ(T ),U0) < ρ

��WZa�MFWZ@BAi�?pVU|OFA,z�keYX^VA
T < +∞

£
q aFU|OFUXpV[

P{µit t = 1} > 0
@RASkep?M!OcW.MFA�O

µit t = 1
T?^NO3pVWeO�pVAQn�AQMcMFkZaFUXYXK.keO'ASkZno=RMfOcA�l*£�Ü�AQaFA8����A

MFUX@Rl?Y|KRMfOcaFASMFM'Oc=VA-�¬kZn�O3OF=VAQaFA�kZaFA�WZpVYXK�z8A�acK���AQke��n�WZp?MPOFaokeUXp_OcM�W8p¢=VW��¤OFW.UXp?n�acA�@BAQp8O+kZp�kZhNAQY|U]n�U]kep*£
µ�h?hNU|p?[BkR��A�UX[Z=_O-OFWBOc=VA�kZhNAQY|U]n�U]kep#k�O�ASkZno=#MfOcA�l#n�WZacacAQMFl�W8p?hVM�OFW

P{µit t = 1} = 1
£

� W8p?hNU|OFUXWZp?MBhNAQaFUXzZASh²pVW�� kZaFA#MF^��{n�UXA�p_O{n�WZp�hNU�OcU|W8p?MQ£³<-=VA�K³=?k�zZA T�AQA�pñno=VW8MFA�p¤U|p¥WZaohNA�a¢OFW
[8A�pVAQackeOFA�k��P@BU|p?U|@�keY�¡�kZhNAQY|U]n�U]kep²�6kZMiMPl�keaoMPA�k8M�lmW8McMPUXTVYXAS�"£iILA�z8A�aokeY&kZY�OcA�acp?k�OcU|z8AQM�kZaFA�lmW8McMFU|TVYXAZ�skZM
AQzZW8�ZAQh�lVacA�zLU|W8^?MFY|K8£'ÜgA�acA.OF=VA,U]hNAQkRU]M�OFW{MF=VW��§Oc=?k�O�U|O���W8aF�NM�A�z8A�p ��WZa�kRzZAQaFK MPl?kZacMFA.kZhNAQY|U]n�U]kep*£
� ������� � ��.E�AI,()#��%� ��� #�
�! #$� ! 
L�%� ��� + L âPã¬â"ë&?sâ'Þ�æfá�â'ê:ä+ðfä"ç�éJ3Sê6â!ê6Þ�â�é�ã¬ä N¬âfðfê6ßÑä"å

xi t
äoì

xt
ä"å�ê6ä ∂Ui = {x, ci(x) =

0} ò: 3�ð�Þiæ�éeä"ßÑå�ê&ßÑà*í�â/F�å�âfí =L.�ê:Þ�â3ì|ä"îÑîÑä�?&ßÑå�ï��Næoï"ã:æoåSï"ßÆæoåiìXä"ã¬çG3SîÆæcê:ßÑä"å�A
xi t = æoã¬ï-ç�ßÑå

x

ç�æcè
λ

1
2
||x− xt||2 + λ ci(x)?!ÞSßÑð�Þ_ë_ì|ã¬ä"ç ê6Þ�â-ã¬âfîÆæcê:âfíRåSä"ã6ç�æoî?â��&3�æcê6ßÑä"å�àPëNßÑà3âPæoà:ßÑî .,à6ä"î á�âPí B à:âfâ 5 ��~ 9�ì|ä"ã3ægðPä"ç�éSîÑâfê6â-í�âªá�âfîÑä"é�ç�âfå�êbßÑå¢ægç�ä"ã6âï"âPåSâPã6æoîNðPæoà:â�C =
.)æoå.æoîÑï"ä"ã¬ß ê6Þ�ç¥äoìNê6Þ�â3ìXä"ã¬ç A

x
n+1 = α

ˆ

xt + g
n

ˆ

g
n T (xn − xt) − ci(x

n)
˜˜

+ (1 − α) x
n

?!ß ê6Þ
g

n = ∇ci(x
n)/||∇ci(x

n)|| à¬ê�æoã�ê:ßÑåSïiìXã¬ä"ç x
0 = xt

ä"ã@3Sà:ßÑå�ïiæ)é�ã¬âªáSßÑä�3�à+âfà6ê6ßÑç�æcê:â
xt
äoì¨ê:ÞSßÑà+éSã6ä N¬âfðªê:ßÑä"å_òQ å
ê:ÞSâ�ßÑç�éSîÑâPç�âfå�ê�æcê6ßÑä"å�é�ã6ä"éeä"à6âPí1ßÑå 5 ��~ 9�ð�Þ�ä�ä"à:ßÑåSï æoç�ä"åSï α = 1, 1

2
, 1
4
· · · 1

2p
ê6Þ�â�Þ�ßÑï"Þ�âfà6ê)á"æoî<3�â�à�3Sð�Þ
ê6Þ�æcê

||ci(xn+1)|| ≤ ||ci(xn)|| ß ê?Þ�æoà�=eâfâPå�à:Þ�ä$?!å�ê:Þ�æcê?ê6Þ�â*à:âfã6ßÑâfà?ßÑà?æoî ?*æ$.Qà�ðfä"å�á�âfã6ï"âfå�êFòmÝ&ÞSßÑà�à6âPã¬ßÑâfà�ðfä"å�á�âfã6ï"âfàmê6ä�?*æoã¬í�àê:Þ�â�à:ä"î<3Sê6ßÑä"åRæoàbà6äQä"å¢æoà�ê:ÞSâ�à:âfðfä"å�íRä"ã¬í�âfãbí�âfã6ß áoæcê:ß á�â ∇2ci
ßÑà�=Zä�3Så�í�âfíBæoå�í�ê6Þ�â�â��&3�æcê6ßÑä"åRßÑà3åSäoêbà:ßÑå�ï�3�îÆæoãfëNß]ò â"ò

||∇ci(xn)|| 6= 0 òQ ê'ßÑà&âfà6ê:æ =�îÑßÑà:Þ�âfí.ê6Þ�æcê�?&Þ�âfå.àE3���ðfßÑâfå�ê6î ..ðfîÑä"à6âbê6ä-ê6Þ�â�ä�=Sà6ê:æoðPîÑâ B ?!ÞSßÑð�Þ.ßÑà!æoî ?*æ$.Qà!ê6Þ�â+ðFæoà6âbßÑå.ä�3�ã&ðPä"å�ê6âfè�ê)Cªë_âfá�âfåìXä"ã+ðfä"å�ðPæPá�âgä�=�à6ê:æoðfîÑâPàPëmðfä"å�á�âfã6ï"âfå�ðfâ.ä�ðfð$3Sã6à�5 �+� 9�ò K ê:Þ�âfã0?&ßÑà:â"ë?ß ê�ðfä"å�á�âPã¬ï"âfà-ê:ä$?*æoã¬í{æ�?!ã¬ä"å�ï =J3Qê�æoé�é�ã¬äFèQßÑç�æcê6âá"æoî<3�â"ò
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��º����:¼¢»Q¸PÍ8·F¸+Åf»i¹ªÇ_»"Ä²ÅfÇLË�Å
∀t > 0, d(γ(t),∪r

i=1∂Ui) > ρ
Ì

ÎÆ·cÅ�%_¹+Ë�¹ª¹ %_È,· 

�
ºÆ¼LÍ&%8ÒcÅfºÆ»S¼�ÅfÇLË�Å3¾X»Q¸�¹ª»SÈ,·

t ≥ 0
Ì
d(γ(t),∪r

i=1∂Ui) > ρ
Ô

�6¼
Ë 
LËQÎÆÎ&»Q¾'Òo·o¼�Åf·c¸
γ(t)

ËQ¼_Í{¸PËQÍ8º'%_¹
||d|| = d(γ(t),∪r

i=1∂Ui) = ||γ(t) − π∂Ui(γ(t))||
Ì

d = γ(t) − π
Ì
π = π∂Ui(γ(t))

��º�¼#Ä'»Q¸PÍZ¹)ÅfÇ_·,È,ºÆ¼8º�È�Ë�Î�ÍZº�¹�ÅPË�¼_Òo·,Åf»�ËQÎÆÎ�»�
_¹�ÅPË�ÒoÎÆ·o¹.ºÆ¹)ÅfÇ8·
È,ºÆ¼_ºÆÈ�Ë�ÎVÍ8ºÆ¹�ÅPËQ¼8Òo·�Åf»)ÅfÇ8·�ÒoÎÆ»Q¹ª·o¹�Å+»�
_¹�ÅPË�ÒoÎÆ·2�FÌZÅfÇ_·c¸f·�º�¹3¼8»i»�
_¹�ÅPËQÒcÎ�· ��¹ªº�¼8Òo·

∂Uit

ºÆ¹�ÅfÇ_·�ÒcÎ�»Q¹ª·o¹�Å
»Q¼_·2�FÔ��¬¾NÄ�·bÒ"ËQ¼,È�Ë�ºÆ¼eÅPË�ºÆ¼

γ(t+1)
ºÆ¼,¹ %_ÒPÇ�Ë 
LË�Î�Î�Ìeº�Ô ·SÔ*ºÑ¾

||γ(t+1)−γ(t)|| < ||d||
Òo»SÎÆÎÆºÆ¹ªºÆ»S¼_¹

Ë�¸f·�Ë�ÏS»Sº�Í8·"ÍVÌ_º�Ô ·SÔ
d(γ(t + 1),∪r

i=1∂Ui) > 0
ËQ¹3¸f·oÊ8¸f·c¹ª·o¼�Åf·"Í¢Ç8·c¸f·��

(t)

closest obstacle
�6¼¢¾�Ë�ÒcÅ"ÌNË�¹b¹ª»�»S¼{ËQ¹.�

k < ||γ(t) − π∂Ui(γ(t))||/ [||∇Vt+1(γ(t))|| + ρ]
� �"½��

Ä'·�»�
8ÅPË�ºÆ¼
||γ(t + 1) − γ(t)|| < k [||∇Vt+1(γ(t))|| + ρ] < ||d||

ËQ¹b¸f·�,.%_ºÑ¸f·"ÍVÔ
��ºÆº�� 
¥¹�Åf·oÊ¢¾ %8¸ªÅfÇ8·c¸"Ì_ºÑ¾sÅfÇ8·�ÊN»QÅf·o¼�Åfº�ËQÎ?ºÆ¹b¹�ÅPË�ÅfºÆ»S¼_Ë�¸

�
��º�Ô ·SÔ

V (x) = Vt+1(x) = Vt(x)
�

V (γ(t + 1)) = V (γ(t) + k [−∇V (γ(t)) + νt])

=
ˆ

V + k[− ||∇V ||2 + ∇V T νt] + k2/2 (νt −∇V )T ∇2V (νt −∇V )
+o(k3)

˜

(γ(t))Ë�¼LÍ�
N·oÒ"Ë�%_¹ª·�ÅfÇ_·g¼_»SºÆ¹ª·
νt

Ë�Å�Åfº�È,·
t
ºÆ¹�¼8»QÅ-Òc»Q¸ª¸f·oÎ�Ë�Åf·oÍ{ÄbºÑÅfÇ

V (γ(t))
ÄbÇ_ºÆÒPÇ{»S¼_Î

�
ÍZ·oÊN·o¼_Í8¹

»Q¼�Ê8¸f·oÏeºÆ»�%8¹+ÏQËQÎ'%8·o¹oÌ
E[∇V T νt] = 0

Ë�¼LÍ
E[∇V T ∇2V νt] = 0

Ô � »S¼8¹ªº�Í8·c¸fºÆ¼_Ð,ÅfÇ8·�ÏSË�Î %8·�ºÆ¼
Ë"Ï�·c¸PË�ÐS·SÌ_º�Ô ·QÔ!ºÑÅf¹b·cÉZÊN·oÒcÅPË�ÅfºÆ»S¼�Ì_Ë)¾X·cÄñË�ÎÆÐS· 
Z¸PË

�
ºÆ·oÎ�ÍZ¹.�

E[V (γ(t + 1))]
= E

ˆ

V − k ||∇V ||2 + k2/2 (||∇V ||2
∇2V + ||νt||

2
∇2V ) + o(k3)

˜

(γ(t))ÄbºÑÅfÇ
||νt||

2
∇2V < ρ2 ||∇2V ||

¹ª»)ÅfÇLË�Å�Ë�¹+¹ª»�»Q¼�ËQ¹.�
k < 2 ||∇V ||2/

ˆ

||∇V ||2
∇2V + ρ2 ||∇2V ||

˜

ÅfÇ8·��o¹�Å!»Q¸PÍZ·c¸¨Åf·c¸fÈ§ºÆ¹*Ç_ºÆÐSÇ8·c¸*ÅfÇLË�Å¨ÅfÇ8·�¹ª·oÒo»Q¼LÍi»�¸PÍ8·c¸¨Åf·F¸fÈ ËQ¼LÍ)ËQ¹*¹ª»�»S¼�Ë�¹
k
ºÆ¹*¹ªÈ�ËQÎÆÎe·o¼_»�%_ÐSÇ

¾X»Q¸+ÅfÇ_·-Ç8º�ÐQÇ_·c¸+»�¸PÍ8·c¸+Åf·c¸fÈ,¹�Åf» 
N·-¼8·oÐSÎÆºÆÐSº�
8Î�·QÌLÅfÇ_· �c¹�Å�»�¸PÍ8·c¸bÅf·c¸fÈqºÆ¹bÊ8¸f·cÊN»S¼LÍZ·c¸PËQ¼�Å+Ë�¼LÍ¢Ä'·
ÍZ·��L¼8·{Ë#È,º�¼8ºÆÈ,º��c·c¸�»S¼ ÅfÇ8ºÆ¹¢Ç_Ë�¸fÈ,»S¼8ºÆÒ�ÊN»QÅf·o¼�Åfº�ËQÎ

�
ºÆ·oÎ�ÍZº�¼8Ð#ÎÆºÆÈ

t→+∞d(γ(t),U0) = 0
Ì�ËQ¹

Ë�ÎÆ¸f·oËSÍ
�
Í8ºÆ¹ªÒ %8¹ª¹ª·"Í?Ô

�¬¾sÅfÇ_·-ÊN»�Åf·o¼�Åfº�ËQÎ?º�¹b¼8»QÅb¹�ÅPË�ÅfºÆ»Q¼LË�¸
�
Ì 
N·oÒ"Ë�%_¹ª·

P{µit t = 1} > 0
Ì8ºÑÅ�ÍZ·��L¼8·o¹bËQ¼¢ºÆ¼_Òc¸f·"Ë�¹ªºÆ¼_Ð


N»�%_¼LÍZ·"Í�¹ª·c¸fºÆ·o¹oÌ8ÅfÇ %8¹!ÄbºÑÅfÇBË�È�Ë�ÉZºÆÈ�ËQÎN·oÎÆ·oÈ,·c¼eÅ!ÄbÇ_ºÆÒPÇ¢ºÆ¹bË)¹�ÅPË�ÅfºÆ»S¼LË�¸
�
ÇLË�¸fÈ,»Q¼_ºÆÒ�ÊN»�Åf·o¼�Åfº�ËQÎ

�
ºÆ·oÎ�Í8ºÆ¼_ÐiÒo»S¼eÏ�·c¸fÐQ·o¼_Òc·-Åf»�»8Ô

<-=VAR��W8aF@¢^VYXk
it =

keac[¢@BUXp
id(γ(t), ∂Ui)

hNWLASM)p?WeO�acAQ\_^VUXaFA¢OFW1n�kZYXn�^VY]k�OFABkeYXYbhNU]MfOokep?n�AQM)OFW1kZY|Y
W8T?MPOckZn�Y|ASMBMPUXp?n�A
��acWZ@´k lVacA�zLUXWZ^?MRASMfOcU|@�k�OcA#We�gOc=VA©hNU]MfOokep?n�A

d(γ(t − n), ∂Ui)
OF=VA©hVUXMPOckZp?n�A
OFW

acA�@BWZOFA.WZT?MPOck8n�YXAQM-n�kZp TmA,TmWZ^Vp?hVAQh
d(γ(t), ∂Ui) > |d(γ(t − n), ∂Ui) − d(γ(t − n), γ(t))|W8pVYXK�k¢��A�� hNUXMPOckZp?n�ASM-=?k�zZA)OFW�TmA,^VlshVk�OcAQh¨£

<-=VA¯[8keUXp
k
UXM{T�W8^Vp?hNASh¥OFW²[8^?keaokep_OfK¦OF=?A¯lmWeOFAQp_OFU]keYghNASn�acAQk8MPA®��U|�,OF=?A©l�WZOFA�p_OcUXkZY)hNWLAQM{pVWeO

hVAQn�acAQk8MPA�k©MFUX@Rl?Y|A AL�{n�AQp8O¢aF^VYXA{U]M,OcW¯hNUXz_U]hNA{U|O���W8a,OF=?A�pVA� _ORMfOcA�l���kep?h®kZYXMFW #+% 	+����% �{� T�W8^Vp?hNASh
TLK¯� s } ��OcW{k�zZW8UXh kepLK�n�W8Y|YXU]MPUXWZp*£

|B| å�}Y~2�+�+�
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D�O.=VW���A�zZAQa�aFAQ@�keUXp?M���acA�AQY|K1kZh�df^?MfOokeTVYXA�UXp1OF=?UXM.hNW8^VTVYXA�ackZpV[ZA,u�A�zmASn"O.We�+MF^?no=©kep­kZh�df^?MPOF@BAQp8O
U]M#hNU]MFn�^?MFMFAQh lVaFAQzLU|W8^?MPYXK§kep?h A� NlmA�acU|@BA�p_OcAQh UXp Oc=VA¦MPAS\8^?A�Y:£ Dªp TVUXWZYXWZ[8UXnQkeY.MPKNMPOFA�@�MQ�)MF^?no= kZp
k8h�df^?MPOF@BA�p_O'UXM'YXU|�8A�YXKiacA�Y]k�OcAQhiOcW)WZOF=VAQa!n�W8aPOcUXnQkeY_keacAQkZM&U|pLz8WZYXzZAQh.UXp�@BWZOFUXz�keOFUXWZp*��[8Y|W8T?keYZOckZMF�,n�W8p8OcaFW8Y6�
A�OcnZ£|£

� ��� �­�-	���� ���¢$!���
� $&	��g(*���+$!�,	'� �����
�-	'�.$'�����

q ARA� Nl�AQaFUX@BA�p_O,hNU{zsA�acA�p_O.kZMFl�ASn"OcMiWZ�bOF=VARlVacWZlmW8MFAQh#@BA�Oc=VWNh¯UX@BlVYXA�@BA�p_OFUXpV[ OF=VA¢��WZYXYXW���U|pV[
keYX[ZWZ�
acU|OF=V@ u
/�1 3¬�@3¬�)4�3��8�N�@3 Ú 1 w)A�OcAQn"O�U|��OF=VA�lVacWZT?Y|AQ@ UXM.��A�YXYblmW8MFAQh¨�&U6£ AZ£�U|��Oc=VA�[ZW_keYbkZp?h©Oc=VA�UXpVU�OcUXkZYblmWZUXp8O

zZAQaFU|��K�OF=?A�n�WZp�MfOcackZU|p_OcMQ£
/ � Ö ���N�@3 Ú 1 �?aFW8@ OF=VA�n�^VacaFAQp8O�lmWZUXp_O@u

� U]hNAQp8OcU���K�OF=VA�n�Y|W_MPASMfO�W8T?MfOokZn�Y|A.kep?h#nQkeY]n�^VY]k�OcA)Oc=VA�n�YXW8MFAQMPO-l�W8U|p_O�WZp
U|OQ�
� AQzZAQp8Oc^?keYXYXK{^VlshVk�OcA.OF=VA.=?kZaF@BWZp?UXnilmWeOFAQp_OFU]keYs��^Vp?n�OFUXWZp*�
� nQkeY]n�^VY]k�OcAiOF=VA,pVAQ� OcackedfAQn"OcWZacK�l�W8U|p_OS�

kZM�hNA�OckZU|YXAQh
UXp¦� s�s �-kZp?h � s } ��kep?h#kZh?hNU|p?[BkR��A�UX[Z=_O-OFWROF=?A�kZhNAQY|U]n�U]kep#k�O�ASkZno= MPOFAQl*£
� Ö �.� 3 1 �N�@3 Ú 1 q§=VAQp Oc=VA,[ZW_keYsU]M�k�OPOokeUXpVAQh*£
$3 Vn�A�lNO�UXp
�'UX[?£ u ��A)^�MPA.kep U|p_OFAQaF@BAShNUXkeOFAiz�keYX^VA)WZ�

k
��W8a�OF=VA.@BWeOcWZa�[8keUXp¯�¬=?keY|�&Oc=VA.@Bke LUX@�keY

z�kZY|^VA��"£

� e V$T^WYX ]!V:g��dT
	 � � T^n _de �,V:WYX VYg _de
µ OFW�K�A� Nl�AQaFUX@BA�p_O � UXM�^?MFAQh{OFWRz�keYXUXhVkeOFA.kep?h�A�z�keYX^?keOFA�Oc=VA.lVacWLn�AQMcM�£ q A)lVacWZlmW8MFA�Oc=VU]M�MPUX@�^VY]k�OcU|W8p
UXp®}�w«��^�MPUXpV[ OF=VA{}�wÓ�fOFacU]no�Z¡RU|p_OFacWNhN^?n�AQh©l?aFAQz_UXWZ^�MPYXKV��OcW
=�k�zZA¢k
TmA�OFOFA�a,zLUXA��ÓWZ�+Oc=VA�keYX[ZWZacU|OF=V@
TmA�=�k�z_UXWZaS£'Dªp W8achNAQa�OFW�MfOc^?hNK�kZp
kZY|@BW_MfOb�f��WZaoMPOf¡)n�k8MPAi��=VAQaFAiTVYXWLno�_��^Vl#MPU|OF^?keOFUXWZp
@�k�K�WLnQn�^VaS�L��A
A� Nl�AQaFUX@BA�p_O�WZ^Va�@BA�Oc=VWNh#U|p1kRY]keTLKLaFUXp_OF=#MPUX@�^VY]k�OcU|W8p WZ��MF@�keYXY*hNUX@RAQp?MFU|W8p?M-U|p#W8achNAQa-OFWB@�k� NUX@RUX±�A
Oc=VAg�Fn�WZp?[ZAQMPOFUXWZpN¡o£
µH�?aoMfO-acAQMF^VY�OS�NMP=VW���p U|p#�'U|[ t �Vn�Y|ASkeacY|KBUXY|YX^?MPOFaok�OFASM�=VW��ñOF=VA.@BAQno=�kepVU]MP@ A� NlVY|W8aFASMbOc=VA,kZhN@BU]Mf�

MFUXTVY|A,MFl?kZn�A,k�O�OF=?A.Mcke@BAiOFUX@BA�kZM�Oc=VA.OFaok�dfASn"OFW8aFK�U]M�[8A�pVAQackeOFAQh*£
q A,=?k�zZA.A� LlmA�acUX@RAQp_OckeYXYXK�WZT?MFA�aczZASh¨�N\8^�keYXU�Ook�OFUXzZAQY|K8�Vk¢Of��WBlV=?k8MPASM�OFaok�dfASn"OFW8aFK�[8A�pVAQackeOFUXWZp[u
� s �)kep
�PA� NlVYXWZaok�OcWZacK8¡.lV=�kZMFA���=VAQaFA�OF=VAROFaok�dfASn"OcWZacK U]M.MPW8@RAQ=VW�� A�acackeOFU]n�TV^VOi��=VAQaFA¢OF=?A¢=?kZaP�

@BW8pVUXnilmWeOcA�p_OFU]keY*U]M-=VUX[Z=VYXK�k8hVkelNOcAQh#kep�h
�:}Z�¨k-�¬k8MfO��FhNU]MPl?YXk8n�A�@BAQp8OP¡�l?=?kZMFA3��=VA�acA3Oc=VA3OFaok�dfASn"OcWZacK�UXM&MP@BWLWeOc=�kep?h,hNUXacAQn"OcAQhiA�U|OF=?A�a*OcW���kZach?M

Oc=VA.�?p?kZY¨[ZW_keYsWZa-OcW���kZachVM-kZp UXp_OFA�ac@BAQhNU]k�OcA.Y|WNn�keOFUXWZp
��=VA�acA,kep
A� NlVYXWZaok�OcWZacKRl?=?kZMFA.aFASMfOokeaFOcMQ£
<-=VU]M��PA� NlVYXWZaok�OFW8aFK8¡,T�AQ=?k�zLU|W8a)U]MiaFA��:AQpN��WZaon�ASh1TLK#OF=VA¢�¬kZn�O.OF=?keO)Oc=VAROFaok�dfAQn�OFW8aFK OFAQp?hVMiOFW#kZh?h

acA�l?^VYXMFUXWZp?M-��U|OF=©acAQMFlmAQn"O�OcW�n�YXW8MFA���l?kZaPOoM�WZ�c�-WZT�MfOokZn�YXAQMQ�?hN^?aFUXpV[BOF=?A�pVA� LO)MPOFAQl?MQ�VOF=?A,OFAQp?hNA�p�n�K
UXM
� S áoæoßÑîÆæ =�îÑâbæcê�
����������������������������! #"�$% '&(�*)�$+����,�-.����/�/���$�/+��/�&�$.0'
1��2% �/�2% �3�3�/1�'2�&�,+���4�65�7
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�'UX[Z^VacA�tDuiIL=?W���U|pV[�OF=VARTmA�=?k�zLUXWZaiWe�bOc=VA¢@BASno=?kepVU]MF@«U|p k¢�PYXkZT_KLacU|p_Oc=L¡�A� NlmA�acU|@BA�p_OS£,Dªp©OF=?A ��� ��%
zLUXA��,��Oc=VA+OcackedfAQn�OFWZacK.UXM�MPOckZaPOcU|pV[ik�O

S
kep�h�A�p�hNU|p?[ikeO

E
£�µ�O!Oc=VA-T�AQ[ZUXpVpVUXpV[?�ekeOPOcack8n"OFASh,TLK.OF=VA�[ZW_keY

Oc=VA.OFaok�dfASn"OcWZacK{MfOokeaFOcM-UXp#OF=VA,��acWZpV[BhNUXaFASn"OcU|W8p �NOF=?A�p*��T�ASn�ke^�MPA.We��WZT�MfOokZn�YXA.aFAQlV^VY]MPUXWZp&�NU�O���p?hVM�U|OcM
�-k�K�WZ^VOQ£3µ�O�AQk8no= no=?kZpV[ZAiWe�3hNUXaFASn"OFUXWZp&�VMPW8@RA)OFacU]keY]M�keacA)acAQ\_^VUXaFASh�OcWRW8TNOckZU|p#kBn�W8aFacAQn�O�acA�lV^?YXMFU|W8p
UXp
WZaohNA�a�OFWBTmA�hNacU|z8A�p OFW��-keaohVMbOc=VA,[ZW_keY:£!Dªp
Oc=VA 	+�{� � % zLU|AQ�,�Z�Pn�WZp_OFacWZY�¡)lmWZUXp8OoM-WZp_OFW¢OF=?A,WZT?MPOck8n�YXA
�¬U|p � �@�,���f%)� ��kep?h�OF=VA)l�WZOFA�p_OcUXkZY?�?AQYXh�[ZaokZhNUXA�p_OoM���UXp ��������� �&��kZaFAghVack���p*£�<-=VA)l�WZOFA�p_OcUXkZY?�?AQYXh�=?kZM
UXp?hNAQAQh
pVW{MFU|p?[Z^VY]keacU�OfK�A� Vn�A�lVO�WZp OF=VA�[8W8kZY6£ q A,WZT?MFA�aczZAiOF=�k�OgkR@BU|pVUX@�keY*pL^V@¢T�AQa�We��lmWZUXp8OoM��?U6£ AZ£
Oc=VA�n�YXW8MFAQMPO-l�W8U|p_O�OFWBOc=VA,WZT�MfOokZn�YXAZ�NkZaFA.^?MFAQh¨£

p?WeO.��WZaiOF=?A¢OcackedfAQn�OFWZacK
OFW#acA���[ZA�p?A�aok�OFA�OF=VA�Mcke@BABMPAQ[Z@BA�p_O.TV^NO,OFW#TmABlV^?MF=VAQh­TLK1OF=VABacA�lV^?YXMFU|W8p
n�WZ@BlmWZpVAQp8O�AQYXMFA���=VAQaFA8£
<-=VU]M-A� NlVYXWZaok�OcWZacKB@RASno=?kep?UXMF@°U]M-U|p?hVU|acAQn�OFYXK{^Vp?hNAQa-OF=VA,n�WZp_OFacWZYm��WZa-Oc=VA.@BWeOFW8a+�f[_keUXpL¡gl?kZackZ@¢�

A�OFAQaQ�NYXAQk8hNU|p?[¢OcW�MPAQzZA�aokeYV�FMfOcackeOFAQ[ZK8¡)We�'A� NlVYXWZaok�OcU|W8p kZM-UXYXY|^?MPOFaok�OcAQh U|p1�'UX[?£ � £

�'UX[Z^VacA,u:u+IL=VW���UXpV[¢OF=VA,TmA�=�k�z_UXWZa�We�'OF=?Ai@BASno=?kepVU]MF@°��U�Oc=
hVU{zsA�acA�p_O�@BWeOcWZaF��n�WZp_OFacWZY�[8keUXp*£�Dªp
OF=VA
� � ��% zLU|AQ� OF=VA @RWZOFW8a�[8kZU|p®U]M�@BUXpVUX@BkZY�KLUXA�Y]hNUXpV[©UXpN�?pVU|OFASMPUX@�keY-hNUXMFlVY]kZn�A�@BA�p_OcM���acWZ@ WZpVA�MPOFAQl®OFW
kZpVWeOc=VA�a��_OF=VA.OcackedfAQn�OFWZacKBUXM�OF=L^?M�MF@RWLWZOF=VAQa�T?^NOgn�W8p_z8A�ac[ZAQp?n�A)UXM�MFY|W���A�a,����WZa-OF=?A.Mcke@BA.pL^V@�TmA�a�WZ�
U|OFAQackeOFUXWZp1Oc=VABMPKNMPOFA�@�=?k8Mgp?WeO,n�WZ@BlVYXA�OcAQh¯U�OoM�OokZMF�N��£.Dªp©OF=?UXM.n�W8pN�?[8^VackeOFUXWZp#Oc=VA�OcackedfAQn�OFWZacK
UXMiUXp
Oc=VA,@BUXh?hNY|A,WZ�&Oc=VA.OFaokZno�{TmA�Of��A�AQp�Of��WBWZT?MPOck8n�YXAQMQ�NMPUXp?n�A�k8hVhNUXpV[�kRaFAQlV^VY]MPUXWZp
��U�Oc=#aFASMPlmAQn�O�OcWBOF=VA
n�Y|W_MPASMfO�W8T?MPOckZn�Y|A.lmWZUXp_O�OFAQp?hVM�OcW{T?kZYXkZp?n�A.Oc=VA�WZT�MfOokZn�YXAQM-UXp�	?^?A�p?n�AZ£-Dªp#OF=VA 	+�{� � % zLU|AQ� OF=VA�@BWZOFWZa
acAQMFlmWZp?MFA#UXM�@�ke LUX@�keY�KLUXA�Y]hNU|p?[²k©��df^V@BlñWZpñW8T?MfOokZn�Y|A�¡#MPOFaok�OFAQ[ZK
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l?aFAQz_UXWZ^�MPYXKZ£

�'UX[Z^VacA s,s u&IL=VW���UXpV[�=VW�� Oc=VA�Mcke@BAb@BAQno=�kepVU]MP@ U]M&^?MFAQh.UXp,Oc=VA�kZT?MPAQp?n�A+We�VkepLKi[ZW8kZY6£!µgM!A� Nl�ASn"OcAQh¨�
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OF=VA,YXA���O)l?keaFO�We�3�'U|[�£ s } £�<-=VUXMgMPA�OP��^Vl1MP=VW���M�Oc=?k�O
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Dªp OF=?A 	+�{� � % z_UXA��,�LOc=VAiOFaok�dfASn"OFW8aFKB=?k8M�T�AQA�p
[ZA�p?A�aok�OFASh{��U|OF=#kep
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µyMfOcA�l#��^VaFOF=VAQaQ��OF=?A¢MFA�OgWZ��lmWZUXp_OcM)hNA��?p?U|pV[�OF=VA¢kZhNAQY|U]n�U]kep©kZYXMFW{hNA���pVAQM)k{MPl�keaoMPA�MFl?k�OcUXkZY&acA�lN�
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V : U → R
k�O�YXAQk8MfO-Of��U]n�A,hNU�zmAQaFAQp_OFU]keTVYXA,kep?h#MFW¢Oc=?k�O u

{ YXU|@
x→∂UV (x) = v(x)

∀x ∈ U , ∆V (x) = 0
��U|OF=

U
n�WZ@Bl?k8n"OS£'<-=VU]M�UXM�n�kZY|YXAQh�k w)UXaFU]no=VYXA�O�l?aFW8TVY|AQ@#£�ÜgA�acA

∆V (x)
U]M3OF=?A)lmWeOcA�p_OFU]keY �&kel?YXk8n�U]kep[u

∆V (x) =
∑

i=1..n

∂2V

∂(xi)2
(x)

� s v8�
��=?UXno=
z�kepVU]MP=?AQM-UXp

U
£

<-=VA,�8A�K{lmWZUXp_O���U�Oc=1aFASMPlmAQn�O-OFW{kBMfOokep?h?keaoh kZp?keYXKNMPU]M�keTmWZ^NO�MF^?no=
��^Vp?n�OFUXWZp®�¬MFA�A.��W8a�U|p?MPOckZp?n�A
r s v t � =?kelm}N£Ñ}Z�+UXM-Oc=?k�O�=?A�acAZ�

v(x)
hNA��?pVAQh WZp

∂U
�N=?kZM-U|OcM�z�kZY|^?AQM-UXp

R̄ = R ∪ {−∞, +∞}
£

�&A�O�^?M-Oc=L^?M�acA�zLUXMFU|O�Oc=VU]M�MP@�kZY|Y*l�keaFO-WZ�!Oc=VA,l?kZaPOcUXkZY*hNU{zsA�acA�p_OcUXkZY*AQ\_^?keOFUXWZp?M�Oc=VA�W8aFK8�VhNUXMcn�^�MFMFU|p?[
W8^Va�MFl�ASn�U|��n.n�kZMFA�u
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!�@3 Ú 1 ; �*A�O{^?M�hNA��?pVA8����W8a
n > 2

��Oc=VA¯n�k8MPA
n = 2

U]M-[ZW8U|p?[�OcW¢TmA,hNUXMcn�^�MFMFAQh U|p OF=?A.MFAQ\_^VAQY]��kZp?h�kBMF^VU�OokeTVYXA.n�WZp�MfOokep_O
σn
�LOc=VAi��^Vp?n"OcU|W8p*�

��AQY|Y|�ªhNA��?p?AQh ��WZa�kZY|Y
x 6= 0

u

Φ(x) =
1

σn

{ 1
(n−2) ||x||n−2 n > 2

− log(||x||) n = 2

� s t_�

��U�Oc=
∇Φ(x) = − 1

σn

x
||x||n

kep?h
MP^�no=�Oc=?k�O
x 6= 0 ⇒ ∆Φ(x) = 0

£
81WZacA,lVacAQn�UXMFA�YXK

∆Φ(x) = −δ(x)
��U�Oc=

σn = n Πn/2

Γ(n/2+1)

��OF=VA�MF^VaF�¬kZn�A,We�'OF=VA�TmWZ^?p?hVkeacK�WZ��k
T?keYXY*WZ�!aokZhNUX^?M s U|p

Rn ��� δ() TmA�UXpV[ROF=VA w)UXack8nihVUXMPOFacU|T?^NOFUXWZp*£<-=VU]M���^?p?n"OcU|W8pHU]M OF=VA­��^Vp?hVkZ@BA�p_OckZY.MFWZYX^NOcU|W8p We��OF=VA AQ\_^?keOFUXWZp
∆V = 0

��U|OF=Hk¤aokZhNU]keY
MPKL@B@BA�OcaFK³�¬U6£ AZ£���=?UXno=¦hNA�lmA�p�hVM,WZp?Y|K©W8p

x
@�ke[8pVU�Oc^?hNA�TV^VO�pVWeO,WZp U|OcM,W8aFUXA�p_OckeOFUXWZp��)kep�h

��U�Oc=VWZ^VOikepLK
T�W8^Vp?hVkZaFK
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z�keYX^VA,lVacWZlmA�aFOfK!u

∀x ∈ U , ∀ρ ∈ R+, V (x) =
∫

∂B(x,ρ) V (y) dSy

/

∫

∂B(x,ρ) dSy

⇔
∀x ∈ U , ∆V (x) = 0

��=VA�acA
∂B(x, ρ) = {y, ||x − y|| = ρ}

U]M�Oc=VA¢TmWZ^?p?hVkeacK#We�bT?kZY|Y]Min�A�p_OcA�acAQh1W8p
x
£ q­ABkeY]MFW

=?k�zZA,u
V (x) =

∫

B(x,ρ) V (y) dy
/

∫

B(x,ρ) dy
��U|OF=

B(x, ρ) = {y, ||x − y|| < ρ}
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||∇u||2 +
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V (x) =
∫

∂U
Φ(y − x) ∂V

∂ν (y) dy −
∫

∂U
v(y) ∂Φ

∂ν (y − x) dy
= −

∫
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v(y) ∂G

∂ν (x,y) dy
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G(x,y) = Φ(y−x)−φx(y)
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φx(y) = Φ(y − x) y ∈ ∂U
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