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Optimisation distribuée utilisant des stratégies de jeux
réels ou virtuels en conception optimale de forme
aérodynamique

Résumé : Ce rapport approche la question de 'optimisation multidisciplinaire en concep-
tion optimale de forme aérodynamique par une formulation de type théorie des jeux. L’opti-
miseur est construit par les outils classiques de la théorie du controle, ce qui conduit &
des algorithmes d’optimisation trés robustes particuliérement bien adaptés aux problémes
contraints. On réalise la réduction de trainée d’un profil, & portance constante, et la maxi-
misation de sa portance, i trainée constante. Ces contraintes sont traitées par I'introduction
d’une variable adjointe scalaire supplémentaire. En comparaison au cas de l'optimisation
sans contraintes, cette généralisation n’introduit qu’une nouvelle équation adjointe scalaire.
De plus, ces ingrédients méthodologiques sont combinés & une formulation dérivée de la théo-
rie des jeux pour traiter le probléme d’optimisation multipoint d’un profil d’aile. Les formes
sont optimisées vis & vis de différents critéres aérodynamiques (en conflit). Chaque joueur,
dans un jeu symétrique de Nash, optimise un critére donné en tenant compte d’informations
fournies par les autres. L’équilibre de Nash ainsi atteint correspond & la solution d’un pro-
bléme d’optimisation multipoint. Des écoulements subsoniques et transsoniques autour de
profils portants sont analysés par un code eulérien. Plusieurs types de partage des terri-
toires associés aux joueurs et plusieurs cas-tests de conception aérodynamique sont considé-
rés illustrant diverses stratégies de jeux réels ou virtuels. Les résultats confirment la validité
et lefficacité de la méthode pour la conception dans un environnement de calcul paralléle.

Mots-clés: Optimisation distribuée, calcul paralléle distribué, optimisation multiobjectif,
théorie du contréle optimal, équations d’Euler, équations adjointes, jeu de Nash, stratégies
de jeu réel ou virtuel, paramétrisation de forme
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1 Introduction

Multi-disciplinary optimization (MDQO) is gaining importance in Aeronautics in order to
meet with society’s needs. MDO can be described as a methodology for the design of systems
where the interaction between several disciplines must be considered, and where the designer
is free to significantly affect the system performance in more than one discipline. In the lit-
erature, contributions to single-discipline and/or single-point design optimization abound.
The two main challenges of MDO are computational expense and organization complexity.
The ingredients of classical approaches in automated optimization include shape parameter-
ization, calculus of variations and control theory, and descent solution methods!"[?.

Among the many techniques that have been developed, the inverse design method[![3](4]
is perhaps the most widely used. This method is severely restrictive because its depends
on the experience and knowledge of the designer to establish desirable velocity or pressure
distributions. In addition, the method does not lend itself to the imposition of constraints!®l.

The next most popular approach is what G. Kuruvula et al.l! referred to as the ‘loosely
coupled optimization (LCO)’. In this approach, the analysis problem is solved many times
to find the gradient of the cost function with finite difference formula. This gradient is used
by a ‘black box’ optimizer to find the best change to the design variables. The computation
cost of the brute-force method usually exorbitant due to the fact that n4+1 aerodynamic
analysis are necessary, n being the number of parameters defining the geometry to optimize.
Examples of this approach are fund in Refs|6][7][8]. The LCO method can be improved
by analytically evaluating the sensitivity derivatives that are needed to update the design
variables(®l. Usually, this requires the inversion of an extremely large matrix. For three-
dimensional problems, the size of this matrix can render the method impractical with current
computer technology!®!.

Genetic algorithms(GAs)!?/l1 offer an alternative to gradient-guided search. The GAs
algorithm treats a set of design points in the design space as a population of individuals that
produces another set of points as a generation of parents produces the next generation of
children. A GA comprises a mechanism for pairing up the design points into the pair of par-
ents for transfer of the parent characteristic to children and for mutations that occasionally
endow children with features absent in either parent. The mechanism favors probabilitical
creation of children that are better than parents in terms of the objective function and satis-
faction of constraints. The mutation mechanism in GAs is particularly important to prevent
the process from ending up in a local minimum[®l. Although GAs don’t require gradient
information, they are also highly cost in term of CPU time.

In the past several years, a large focus!'I12I3I4]I5I16] came back again on design
algorithms in the area of gradient-based optimization. Research has focused on several
methods for obtaining sensitivity information, and many of these approaches rely on adjoint-
variable formulation for efficiently computing sensitivity derivatives. The adjoint variable
technique is particularly attractive for aerodynamic design problem in which a large number
of design variables are considered, yet relatively few constraints. Pironneau had earlier
initiated studies of the use of control theory for optimum shape design of systems governed
by elliptic equation/?®!24], Taasan, Kuruvila and Salas have proposed a one-shot approch!®!

RR n° 4543
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in which the constraint represented by the flow equations need only be satisfied by the final
converged design solutions. Adjoint methods have also been used by Baysall'3I[15]18] and
Eleshaky!®®! and by Cabuk and Modil??!, and by Anderson!'f].

In this report, a method based on optimal control theory['1'2] derived from the con-
tinuous Euler equations, to evaluate the gradient is presented. This method, which G.
Kuruvula et al.l%] referred to as ‘tightly coupled optimization(TCO)’, requires the solution
of adjoint problem, in addition to the analysis problem, to evaluate the gradient of cost func-
tion. The complexity of the adjoint problem is equivalent to that of the analysis problem,
therefore the computational cost of this method is approximatively twice the evaluation of
the aerodynamic function, regardless the number of design parameters, and is well suited
to shape design problems. As we mentioned at the end of last paragraph, only relatively
few constraints can be implemented in this method, but optimization with constraints is
practical in aerodynamic design, such as to minimize the drag with constraint of constant
lift. Recent publications [17][18] present the constrained aerodynamic shape optimization
using the adjoint-variable technique, in which the lift constraint is satisfied by adjusting
the incidence angle o based on Cl,, the flow solver is run in a fixed lift mode, and the
objective function is also modified correspondingly. There are two main drawbacks in this
method: (1) the cost function becomes complex, where Cl, is included, (2) the incidence
angle has to be modified during the iterations of time integration of state equations. In this
report, the lift constraint is dealt with as an explicit constraint in the optimizer; here, we
introduce a scalar adjoint variable to achieve this. According the control theory, this yields
an additional adjoint equation for the Cl derivatives, but fortunately, this adjoint equation
is a scalar linear algebraic equation involving the points around the airfoil surface, and it
can be solved easily.

The application of the adjoint approach has produced remarkable improvements in the
ability to design for certain types of optimal behavior, but it is not possible in general to
treat arbitrary cost function, especially in multidisciplinary design. Usually, there are two
different ways to solve a multi-disciplinary optimization problem: the first one is to make
a linear combination of the different criteria with different weights and to minimize the
resulting function, but this kind of linear combination does not exist in general when the
different criteria are in conflict, moreover the weights assigned to some criterion may not be
suitable and the resulting function may lack significance, the second one is to use the Pareto
concept!™! to form a set of solutions that are strictly better than the remaining ones in the
whole search space when considering all the objectives simultaneously, the drawback of this
method is the high cost in CPU time. The goal of this paper is to introduce a novel approach
combining Adjoint-variable technique with a formulation derived from Game Theory to treat
multi-point airfoil optimization problems. Transonic flows about lifting airfoils are analyzed
by eulerian computations?). Airfoils shapes are optimized according to various aerodynamic
criteria. In a symmetric Nash game, the notion of ‘players’ is introduced and each player
attempts to optimize one’s own target with exchange of symmetric information with the
others!?!l. A Nash equilibrium is reached when each player, constrained by the strategy of
the others, cannot improve further one’s own target. Specific virtual and real symmetric

INRIA



Distributed Optimization using Virtual and Real Game Strategies 7

Nash games are implemented to set up an optimization strategy for design under conflict.
Here, the Adjoint-variable technique provides a cheap optimizer, and Nash Game contributes
its good feature in distributed computing and gives an easy way to achieve the equillibrium
between the criteria under conflict in a multi-disciplinary design.

2 General Formulation of The Adjoint Approach to Op-
timal Design

Before embarking on a detailed derivation of the adjoint formulation for optimal design using
the Euler equation, it is helpful to summarize the general abstract description of the adjoint
approach which has been thoroughly documented in references!* 121,

The progress of the design procedure is measured in terms of a cost function I, which
could be, for example the drag coefficient or the lift to drag ratio. For flow about an airfoil
or wing, the aerodynamic properties which define the cost function are functions of the flow-
field variables (w) and the physical location of the boundary, which may be represented by
the function b, say, Then

I =1(w,b) (1)

and a change in b results in a change

5T = [y]lé {%} o 2)

ow

in the cost function. Here, the subscripts I and I are used to distinguish the contributions
due to the variation éw in the flow solution from the change associated directly with the
modification 6b in the shape. This notation is introduced to assist in grouping the numerous
terms that arise during the derivation of the Euler adjoint operator, so that it remains feasible
to recognize the basic structure of the approach as it sketched in the present section.

Using control theory, the governing equations of the flow field are introduced as a con-
straint in such a way that the final expression for the gradient does not require multiple flow
solution. This corresponds to eliminating éw from (2).

Suppose that the governing equation R which expresses the dependence of w and b within
the flow-field domain D can be written as

R(w,b) =0 3)

Then éw is determined from the equation

OR OR
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Next, introducing a Lagrange Multiplier ¥, we have

oIT oIT [ [OR OR

5)
_for" . [oR aIT . [OR (
—{%“I’ [%]}f“{ﬁ“y [%]}H‘”’

Choosing ¥ to satisfy the adjoint equation

T
EBIREr= ©)
the first term is eliminated, and we find that
6I = §ob (7)
where arr OR
=5 - |5 ®

The advantage is that (7) is independent of dw, with the result that the gradient of I
with respect to an arbitary number of design variables can be determined without the need
for additional flow-field evaluations. In the case that (3) is a partial differential equation,
the adjoint equation (6) is also a partial differential equation and the determination of the
appropriate boundary conditions requires careful mathematical treatment.

The computational cost of a single design cycle is roughly equivalent to the cost of two
flow solutions since the adjoint problem has similiar complexity. When the number of design
variables becomes large, the computational efficiency of the control theory approach over
traditional approach, which requires direct evaluation of gradients by individually varying
each design variable and recomputing the flow field, becomes compelling.

Once equation (8) is established, an improvement can be made with a shape change

b= —\g (9)

where ) is positive, and small enough so that the first variation is an accurate estimate of
6I. The variation in the cost function then becomes

I =-Xg"g<0 (10)

After making such a modification, the gradient can be recalculated and the process repeated
to follow a path of steepest descent until a minimum is reached. In order to avoid violating
constraints, such as a minimum acceptable wing thickness, the gradient may be projected
into an allowable subspace within which the constraints are satisfied. In this way, a procedure
is devised which necessarily converges at least to a local minimum.

INRIA
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3 Unconstrained Optimal Control Theory

In this section we consider the two-dimensional airfoil unconstrained optimization using the
optimal control theory, the flow field is governed by Euler equations. Assume that the flow
field domain is D defined by the airfoil shape ¢ as the internal boundary and the remote
closed curve B as the far-field boundary, e.g. figure 1.

Figure 1: Domain D with design surface ¢ and outer boundary B

Let’s assume that p, p, u, v, e, h are the pressure, density, velocity components in z and
y directions, total energy and total enthalpy per unit volume respectively, Then the two-
dimensional Euler equations in Cartesian coordinates are:
o of o, o
ot  Ox Oy
In the case of a perfect gas we have

p=(y—1) [e—%p(u2+vz)] h=e+p (12)

The vector w contains the conservative variables, f and g are the convective flux vectors in
z and y directions respectively!2®! defined as follows,

P gu pv
_ pu _ pu” +p _ pvu
w = pv 7f - pUV g = pv2 + P (13)
e (e +p)u (e +p)v

In order to treat the solid boundary condition precisely, we introduce the curvilinear coor-
dinates, and generate a structured mesh around the airfoil using conformal mapping tech-
niques, figure 2 below shows this kind of mesh around a single airfoil. The two-dimensional
Euler equations in curvilinear coordinates have the following form:

RR n° 4543
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oW OF 3G
ot o T o =0 (14)

where W = J 'w, F and G are convective flux in ¢ and 7 direction respectively, F' =
&) Tf+&/Jg, G=n./Tf+ny/Jg, J is the Jacobian of the transformation.

‘32@‘3“%“;“:'.’5."@7‘%5" |

: S L1747
e sl
S =
S5 e
SSSS Nt
~ ~-~¢¢\“\“\\“‘\‘ ll/"l’l@%’»"“
TR SIS S
= ==
ES= =
SeE e
E—ec=— ——=====
E==cee . =S
== LS
=== SRR T
= 'f";f"z""';m .
S IR
TSR
ARSI
ST

Figure 2: Partial view of O-type mesh

For the flow around the airfoil or wing, the aerodynamics characteristics give the value
of the cost function. In general, the cost function is defined as follows in the aerodynamic

optimal design problem:
ds
I= j{(;&ds = j€¢d—§d§ (15)

which is a function of the flow variables and the boundary of body as we mentioned in section
2, where ¢ is a function of the pressure p, or the pressure difference between the actual
pressure and a target pressure in inverse design problem, or the pressure drag coefficient of
a transonic or supersonic airfoil in drag reduction problem. A variation in the airfoil shape
produces a variation in the cost function

ds dbs
I= — — 1

1= § onoppde + § o ie (16)
which is a function of the variation in the flow field variables and the variation of airfoil
shape. As it has already been mentioned by Jameson!'!l, the other terms can be easily
determinied except ép which would require the greater computing time if we were using the
traditional method of finite differences, because then, the flow would have to be solved as
many times as the number of design variables at every iteration. However, by using control
theory, the flow equations are introduced as constraint in such a way that we only need to
solve the flow equations once every iteration.

INRIA
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At first, we define some Jacobian matrices for convenience in the following derivations:

T =20 = g Sy 0= P g Ty, )

A =
1= ow’ A2 = ow ' dw J J dw J J

Here we consider the steady state flow, and the variation of the Euler equations are:

d d
3 —(6F) + a—n(éG) 0 (18)
as the result of §f = 3L = 46w, 6g = 22 = A>6w, hence
& &y . Nz Ny
6F = Ciéw +8(3)f +8(31)g 8G = Cadw +8(3)f +8()g (19)

As we mentioned previously, now introduce the Lagrangian multiplier ¥, and integrate the
variational form of the Euler equations within the domain D:

7]

/ v | 25y + 2 (56| dean =0 (20)
D 23 on

The left hand side of the above equation can be divided into two parts. As we use the O-type

grid in this paper, it is periodic in £ direction, therefore the first integral part of equation

(20) is

O6F ot
U ——dédn = — | ——6Fdéd 21
| v edsan =~ [ Sopacay (21)
and the second integral part of equation (20)
/ ‘i,f—Gdgd = 7{ T8GdE — }[ T5Gde — / —6Gd§dn (22)
D

If the far field boundary B is maintained during the design, then 6G = 0 for inflow wave,
that is to say ¥76G = 0. if we can make UT6G = 0 for the outflow wave, the above
integration can be written:

T
/ Ta;Gdfd = 7{ vTsGde - / aiéGdgdn (23)
D
and equation (20) becomes
T T
/ (%5}7 + ai&c;) dédn = — 7{ vTsGde (24)

Consequently, the variation of cost function can be written:

T T
8T = fqﬁpépj—zd& + 7(¢(Z—6;d§ + / (%(W + a%&G) dédn + ?{\I!TéGdg (25)

RR n® 4543
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Now rearrange the third and fourth terms in the right hand side of above equation, we have

v U7 ouT duT
/ (8—£6F + —6G) dédn = /D [ 5 CLt ch} Swdédn+

/D {aai; [6(%)f+6(%)9] + % [ (nj)f+6(7y) ]}dgdn

(26)

On the airfoil surface ¢, according the flow field boundary condition V' = 0, we have G|, =
p[0 = I 0 ]T p[0 &%) (6%) 0 ]T , 50 the fourth term becomes

j[xpTéadg }['112—+x113 )6pd£+j[[\1126( )+q:35( )]pd§ (27)

Introduce (16) (17) into (15), to get:

T
5T — f ¢p5pj—§d§+ f ¢>d—6;d§+ / [%c ouT 02] Swdédn+

/D{a;T [ (€z)f+5(€y) ] +% B (%>f+5(7y) ]}dgdn+ (28)

f{””é’? + 0™ ) pde + 75 [w26(%) + weo("2)] pie

To eliminate the terms which include flow field variation, we choose ¥ to satisfy the
following adjoint equation

(0 0% .00 ,
9¥ _or9% _ oro¥ _ D
ot lag 2 an 0 m

4 @2 N + \1;3 = _¢p d§ on ¢ (29)
vT6G =0 on B

As a result, the variation of cost function simplifies to

o1 = §o%de+ § [wan() + was()] pi+

/D{a(;p; [ (€z)f+6(%y)g] +¥ [5(nz)f+5(ny)g]}d§dn

INRIA
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In this expression, as we expected, the flow variations have disappeared and the variation of
the cost function can be computed in terms of the metric variations flow field variables and
adjoint variables, so that equation (30) can be evaluated without requiring any additional
computation of the flow field. The new problem is only to solve the adjoint equations (29),
that, in general, has a complexity similar to that of the flow. To integrate the third term at
right hand side of above equation (30) by parts, and let f and g are vectors of convective
flux vectors f and g without pressure, then equation (30) can be further written as

61 = /D\yT{ag[(fz)Hé(%’)]+aﬁ[(n7)f+6(7y)”d§dn
—in [6(E)f +6(")g d§+7{¢d55 (81)

concerning the integration area in the first term at right hand side of above equation, we
find that 3% [6(571)]‘ + 6(%’)9] + % [6(%)f + 6(")g] has the similiar form with the form

of steady state Euler equation (14) under the curvilinear coordinates, the difference is that
metric terms in Equation (14) are replaced by their variations. For convenience, we assume

gz fy Nz n !
5 [ 6(")g| = 6B 32
5 o+ 5C00] + 5 [s(%0s + 8(2)g) = o, (52)
above equation can be calculated easily by using a similiar process as the computation of
residuals of the Euler equations. This simplifies the computation compared with equation
(30); furthermore, we write

6(5)F +8(*2)g = 56/ (33)
hence, equation (31) can be written as
6 = — / VTSR, dedn — ]{ UTsG de + }’{ ¢d—§d§ (34)
D c

Assume that the airfoil shape is represented by a series of smooth functions, that is to
say

- _Z bifi(2) (35)

where f(xz) is the curve of airfoil contour, f;(x) is shape function, b; is design variables, N
is number of design variables. The gradient of the cost function is defined as

61
g(b;) = — 36
i) = 5 (36)
Once the gradient is established, the same process, describled in (9) (10), can be used to
determine a modification on the airfoil shape.

RR n° 4543
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4 Constrained Optimal Control Theory

In a practical aerodynamic design context, a design usually has to satisfy a number of con-
straints. A constraint is said to be active if it is either an equality constraint or an inequality
constraint, the number of active constraints should not exceed the total number of design
parameters, otherwise the problem is over-constrained and will not have a solution in gen-
eral. The computational design system will then attempt to find the optimal solution to
the problem, subject to the constraints, using the most appropriate optimization technique.
There are many modifications to the standard unconstrained optimizations methods to han-
dle constraints, often through the use of Lagrange multipliers. Here we treat two kinds
of constrained optimizations, one is the drag minimization problem under the constraint
of constant lift in transonic regime, the other is the lift maximization problem under the
constraints of constant drag in subsonic regime. In this report all of these constraints are
treated as equality constraints. That is to say, for the drag minimization problem, we try
to design a new optimal airfoil which has the same lift coefficient as the initial one but the
drag is reduced in transonic flow; for the lift maximizition problem, we try to design a new
optimal airfoil whose drag is not greater than or at most equal to the initial value but lift is
increased in subsonic flow. In this report, we follow the concept of control theory to treat the
constraint explicitly in the optimizer by introducing a scalar adjoint variable; additionally
this yields a linear algebraic adjoint equation which is easy to solve.

4.1 Drag Minimization Under the Constraint of Constant Lift

Drag minimization is a very practical problem in aerodynamic engineering. In general, the
lift is also reduced while reducing the drag because drag is very closely connected with lift.
Some authors solve this problem by difining the design problem as the maximization of lift
to drag ratio C;/Cy; as we know, C; and Cy are simultaneously reduced during the design
even though the ratio is increased. In practice, the lift must always be kept as the same
value as the aircraft weight during the cruise. So we treat the drag reduction problem as
the following constrained optimization:

minl = 7{ ods
‘ (37)
C; = constant

Here, ¢ includes the drag coeflicient, we keep the free stream Mach number M., and inci-
dence angle o unchanged during the design. For the pure drag reduction problem, we can
define I = Cd; in practical design, we only want to make a small modification to the original
airfoil and try to reduce its drag under the fixed lift mode; in this case the cost function is
defined in general as [ = %Ql 396 (p— pd)zds + Q2Cd. In case the Mach number and the angle
of attack are maintained during the optimization, the lift and drag coefficients of an airfoil
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are
C; = Cycos(a) — Cy sin(a) Cyq = C, cos(a) + Cy sin(a)

2 p 2 P (38)
C, = = ¢ —d C,=—- = ¢ —d
YM2,C ?{Poo v Y yM2C ?{pm v

where, C, and C, are the coefficients of force in z and y directions respectively, ¢ is the
airfoil reference chord length . The computational coordinate system is as follows

Figure 3: Sketch of computational coordinates

In this report, the nondimensionalization of pressure is p = p/poo, P is dimensionaless
pressure, for the convenience, we write p as p in the following derivations. As we know,
6Ms = 0 and da = 0, so 6C; = 6C, cos(a) — §Cy sin(a) = 0, it is well known that for a
small angle of attack C, and sin(a) are smal compared with C, and cos(a), so that the
variation of lift coefficient can be simplified as

6C; = 6Cy cos(a) =0=6Cy =0 (39)

hence
6Cy = 6Cy cos(a) + 6Cy sin(a) = 6Cy cos(a) (40)

The above derivation tells us that the drag minimization problem considered here can be
simplified as follows:

Q
minl = 71 jq{(p — pa)?ds + QCy
‘ (41)
subject to 6Cycos(a) =0

Following the same derivation process as in section 3, to evaluate the variation in the cost
function, we have

_ ds e, O s e 20ce) [ (o, ity
61—91]{(p—pd)5pd5d£+ 5 7{(10 Pd) dé + 4 5pd§+pd§

AR VEXe ) @ (42)
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and the variation in the lift constraint is:

2 cos(a) dz déx
~ = _ - — 4
6C) = 6Cy cos(a) NYEXe 7{( <5pd£ P 3 ) dé=0 (43)
Now, we introduce a scalar Lagrange multiplier ©, such that
2 cos(a)© dx déx
— bp— —p——)dé =0 44
e f (- ) )

In control theory, equation (20) and (44) are considered as constraints in the design system,
so that the variation in the cost function becomes:

8=y ]{(p pd)5p S de + L ]{(p—pd)zﬂdﬁ

d¢ de
2Q5 cos(a) dy dby
Time f (i) o (45)
2cos(a)© dx  déx 9 P
e (g v ) s [ 97 [gger+ 500 aca

Furthermore, this can be rearranged as

o) dés
I =M j[(P pd)épd§d§+ —j[(p—pd) Sl e+

d¢
2 cos(a 2 cos(a) d&y dbz
0w’ T
/D [3—501 + WCQ] Sdwd&dn+ (46)
ovr Sz &) ] 4 2 [y "

i(%”f + \Ifgnjy)épdﬁ + 75 [\1125("7) + T8 (2 )] pdé

Control theory requires that the variation of flow field variables should disappear to eliminate

the additional redundent flow field analysis, so we have

( OV 3\1’ ov
 _ CT TZ~ _ in D
at o6~ 2oy "

205 cos(a) dy

{ ‘11277714-‘1'3”7?/I—Ql(p—pd)_(l_a)wd—g on ¢ (47)
TG =0 on B
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where o € [0,1]; in this work, we have set o = 0.4, and O satisfies the following relationship
dy
0=00— 48
oSl (48)

This is another adjoint equation arising from the lift constraint. Therefore, the variation in
cost function can be simplified as

o 5 dbs 2 cos(a) déy déx
51—7]{(19— pa)® U dé + MZC?{IJ(Q i @d—€>d§+

/D{% o7 + o)) + O [+ 8 |} dgans )

]{ [\1125(

according to a similiar derivation as in section (3), above equation can be rewritten as:

51:& (p—p )dés§ 2cos(oz_)i{p<9@_ ci&_x)dg

)+ W6 (")| pd

<|F

2 ). dé MZC dé de
Lok S o

Similiarly, we can further simplify to equation (50) using (32) and (33), so that the above
formulation can be rewritten similiarly to (34), i.e

R 5 dés 2 cos(a) dby déx
o1 =3 fw- T+ 2] o (%Y - 07 ) e

- / VTSR, dedn — 7{ TG de
D c

(51)

Once the airfoil shape is parameterized, we can calculate the gradient of the cost function
with respect to design variables and modify the airfoil by (9) and (10), then repeat the
process until convergence.

4.2 Lift Maximization Under the Constraint of Constant Drag

Usually, the lift maximization is not as important as the drag minimization problem because
it can be easily realized by an increase in the angle of attack if current incidence angle is

RR n® 4543



18 ZhiLi Tang € Jean Antoine Désidéri € Jacque Périaux

far less than the stall angle, but the main drawback is that the drag is also increased while
lift increased, and the pure lift maximization is impractical. Therefore we consider the lift
maximization problem as a constrained optimization, that is to say, maximize lift under
the constraint of constant drag using control theory and Euler equations, the optimization
problem considered here is defined as:

mazl = C;

C4 = constant (52)

where C; and Cy are lift and drag coefficients defined in equation (38). As required by
control theory, take the variation in the cost function, to get:

oI = @7{ (—6pcos(a)(jl—z — épsin(a) 5) d¢
+ e § (~poosta) G — psin() L ) e )
Similiarly, take the variation in the drag constraint,
0Cy = ’M/éoc_,?g(épcos( )d_§ — épsin(a )Zg) d¢

(54)

This constraint should be satisfied during the design, so we introduce a scalar Lagrange
multiplier O, such that

20

20 dby . déz _
+W 4 (pcos(oz)d—§ — psin(a) d§>d£ 0

As we know, this and equation (20) will be used as the constraints to the system. Follow
the same derivations as in section 3, to eliminate the terms including the variation in the

(55)
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flow field variables, and get the following adjoint equation

(0V _ g2V _ g0V

B 8§ 5 3_77 =0 in D
4 \1:2’77”” + 11:3”7y - i;;sgiog Z—Z on ¢ (56)
785G =0 on B
and O satisfies the following equation
() (cos(a)j—gg - sin(a)j—?) = sin(a)j—g (57)

Equation (56) is the adjoint equation of Euler equations, (57) is additional algebraic adjoint
equation which comes from the constraint on Cgz, so the final form of variation of cost
function becomes

51:—/])\117’{(%[6(%)f+ jy ] P [ ) f’)]}d&dn
- for [f s de+ 2 o (-G v 0Tl de oy
&)

2sin(a) déy
(2

Similiarly, we can do the further simplification to equation (58) using (32) (33), so that
the above formulation can be rewritten similiarly to (34) (51), i.e

5T = — / UT§R. dedn — ?{ WG de + 220 7{ P ( oz | di;’) d¢
D c

c YM2,C de
2sin(a) sy dsz (59)
e fr (- 0% )

Once the parameterization of airfoil shape is chosen, we can get a set of design vari-
ables(e.g. b;), then calculate the gradient ¢ of cost function with respect to design variables
via (36). Here the design problem is maximization problem instead of minimization problem,
so an improvement can be made with a shape change

b=\ (60)
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that is to say: modify the airfoil along the gradient direction instead of minus gradient
direction. The variation in the cost function then becomes

SI=Xg"g>0 (61)

which means that this procedure will develop towards the maximization of lift.

Comparing the derivation in this section with that of in section 3, we find that if the
cost function is different, the only change in the former development (section 3) relates to
the boundary condition for the adjoint Euler equations and the computation of the final
cost function variation, as can be seen in this section, but the remaining terms are kept the
same. For the constrained optimization, the derivations indicate that it yields an additional
adjoint equation with respect to the constraint, and with the corresponding revised boundary
condition for the adjoint Euler equations and the final form of cost function variation, and the
remaining terms are still kept the same. It turns out that control theory based optimization
method is very convenient not only to treat a large number of design variables, but also
constrained optimization.

5 Numerical Implementation

5.1 Numerical Procedure

The procedure can then be summaried as follows:

1. Solve the flow equations (11-14) and obtain p,u,v,p.e etc.

2. Solve the adjoint equations with the boundary conditions. For the unconstrained
optimization, solve the adjoint Euler equation (29) with their boundary condition and obtain
¥. For the drag minimization problem under the constraint of lift, solve the adjoint Euler
equation (47) with their boundary conditions and the additional algebraic adjoint equation
(48), for the lift constraint, obtain ¥ and ©. For the lift maximization problem, solve adjoint
equation (56) with their corresponding boundary conditions and the additional algebraic
adjoint equation (57) for drag constraint, obtain ¥ and ©.

3. Compute the metric variation 6(&,/J) 6(&y/J) 6(nz/J) 6(ny/J) and dés for each
design variable at every point (&, 7).

4. Evaluate 61 for each design variable. For the unconstrained optimization use for-
mulation (34), for the drag reduction problem under constraint of lift use (51), for the lift
maximization problem use (59).

5. Introduce the gradient ¢ into an optimization procedure.

6. Project the gradient into an allowable subspace that satisfies all the geometric con-
straints if necessary, obtain the projected gradient .

7. Update the shape based on the direction of descent.

8. Return to 1 until convergence.
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5.2 Design Parameters

The airfoil geometry is modified by forming a linear combination of Hicks-Henne shape
functions f; as follows:

N N
yzew = y?nitial + Z bffl (.73) y'lnew = yinitial + Z b’ll,f"/ (.73)
=1 i=1
62
In(0.5) (62)
ln(xi)

f; = sin®?® [ﬂx“(i)] t1(i) =

where b; are the design variables, N the number of design variables, and xz; represents the
peak location of f;. Although these Hicks-Henne shape functions are not orthogonal, they
have been widely used for aerodynamic shape optimization problems with successful results.

We define 14 Hicks-Henne design variables (coefficients of shape functions) for upper or
lower surface distributions, normally z(i) and ¢2(7) are specified as indicated in table 1, and
Fig.4 shows the Hicks-Henne functions corresponding to table 1.

Table 1: x(i) and t2(i) values for each shape function

i 1 2 3 4 5 6 7 8 9 10 11 12 13 14

x() 025 05 1 15 .2 3 4 5 6 .7 .8 .8 .9 .95

t2(i) 2. 2. 2. 3. 3. 3. 3 3 3 3 3. 2 2. 1.

5.3 Mesh Movement

During the optimization cycle, the geometry is modified and the computational mesh must
be adapted. In this report, the O-type structure mesh is generated analytically by using the
conformal mapping techniques?%l, therefore after changing every design variables the mesh
is regenerated analytically by solving two Laplace equations about (z,y) respect to (£,7) on
the airfoil and kept the same at the outer boundary(details see [20]).

5.4 FEuler Solver

The computational domain is discretized with an O-type grid, the governing equation and
its boundary conditions cast in curvilinear coordinates are discretized with Jameson’s finite-
volume approach, in which second and fourth order artificial dissipation are blended to
suppress the oscillations of the solution near the shock, which is then solved iteratively by
using the implicit diagnolized factorization scheme.
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Figure 4: Fourteen Hicks-Henne shape functions used in this study

5.5 Adjoint Solver

Time derivatives are added to the adjoint Euler equations to obtain a time dependent system
of equations, so the continuous adjoint Euler equation has a complexity similiar to that of
the flow equation. Therefore adjoint Euler equations are discretized and solved in the same
manner as the state equations, i.e. diagnolized-implicit factorization integration coupled
with additional second and fourth order artificial dissipation terms; for a detailed discription
and its boundary condition treatment see reference [20]. The additional adjoint equation
arising from the constraint is linear, scalar and algebraic and it is solved using the common
method.

5.6 Step Size Evaluation

At some initial b, any minimization process seeks to find a descent direction b and a step
size A in which to change b such that

I(w + X, b+ A\b) < I(w,b) (63)

where A\ is the corresponding change in w that satisfies the state equations. This process
repeated several times until a minimum is reached.
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The step size A is determined by a line search. The objective of the line search is to find
X such that || V7 (w FAD, b+ AE) |12 is minimum, that is

|| VoI <w + 2B, b+ AB) |2
o\ =0 (64)

By expanding in Taylor series, taking the derivative with respect to A, and neglecting the
0(\?) terms, the step size becomes

_ [V I(w, b)) V3I(w,b)b

= - T - (65)
BT [V2I(w, b))" V2I(w, b)b

where VZT is a symmetric matrix and is often referred to as the Hessian. Note that VZI
includes the variation with respect to w. Computation of the Hessian is expensive, the cost
is proportional to the number of design variables. However, V2 Ib can be evaluated relatively
easily with finite defferences as follows

VZI(w,b)b = (66)

Vol (w + X, b+ \b) — VI (w,b)
A

where ) is a trial perturbation. To find the step size, the design variables are first perturbed

with an arbitarily small A, and the new values of the state variables that satisfy the state

equations are determined. Next, the new gradient V,I(w + X, b+ Ab) is evaluated, followed
by VZI(w,b)b. Then the step size is determined with (65).

6 Nash Game

Nash made a start on the cooperative theory, and introduced the fundamental concept of
equilibrium point. A Nash equilibrium is a steady state solution, such that no one player
can improve his outcome by changing only his own strategy. The theory of Nash equilibrium
has been used in study of political competition, in explanation of the distribution of tongue
length, in revealing a sense in which the outcome of trading under a price system is stable
in a economy that contains many agents.

In this work, we use the theory of Nash equilibrium to study the multi-objective opti-
mum design in aerodynamics, especially in the designs in which mutli-criteria are in mutual
conflict. Here, players are optimizers who are confronted with other optimizers, so at first
we split the design variables into a number of subsets which number equal to the number
of targets, each subset being associated with a player. The splitting of design variables
depends on the physics of aerodynamics. Then allocate design targets to the players, each
player optimize one’s own criterion by modifying one’s own subset (design variables) and
keeping the other subsets unchanged with exchange of information with the others. A Nash
equilibrium is reached when each player, constrained by the strategy of the others, cannot
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improve further one’s own target. let us assume that we have two design targets I; and I,
under conflict oe not, these two targets are functions of the design variables X, so we split
the design Variable X into two subsets z; and z2, we further assume that the two targets
are both minimization problems for convenience, and player 1 is responsible for I; , player
2 is responsible for I5, so the design problem can be explained as follows:

Playerl Player2

ming, I (x1, x2) MiNg, Io(x1, T2) (67)

where x; is the free design variable of cost function I;, x5 is fixed for player 1 and comes
from the result of player 2; similiarly z5 is the free design variable of cost function Iy, x; is
fixed for player 2 and comes from the result of player 1. If (2}, x3) is the equilibrium of this
game, then we have:

Playerl Player2
7 = ming, I (z1,3) x5 = ming, Ir(z1, x3) (68)
this usually happens when
I I1(‘/L'T7x;)=o I 22(1‘T7x;)=0
5L 2121(‘T17$2)>0 I 1212(x17w2)>0 ( )

Therefore, if some solution satisfies (69), we say that design procedure reach their equilibrium
and the process can be stopped.

In general, if I} = I,, we call the above game a Virtual Game; if I; # I, we call the above
game a Real Game. This tells us that Game theory can also be used as the optimization
strategy to get the optimum solution for single point design problem; further in this report,
this potential ability will be demonstrated by design experiments. Additionally, traditional
mehtod is hard to be used in multi-objective designs when several targets are in conflict,
above explanation tells us that Game theory provides an easy way to organize the balance
between criteria in a multi-objective design; this will also be shown subsequently.

7 Distributed Computing

One important concern related with the multi-objective optimum shape design is the compu-
tational effort needed, because we have to analyse multi flow-field and adjoint field for each
design condition. Distributed computing on multiple workstations is the underlying tech-
nology which makes an integrated design system possible by providing the computational
resource neccessary to achieve acceptable execution times. In a symmetric Nash game, each
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player attempts to optimize one’s own target with exchange of symmetric information with
the others. In that, each optimizer is independent of the others and so they can all be ex-
ented in parallel with one on each workstation. That is to say, in a Nash game each player is
responsible for one target, then we distribute each design task into different machines, after
several design cycles, each player get the better design variables corresponding to its target,
then they exchange their information mutually. Repeat this process until no one player can
improve his outcome by changing only one’s own strategy, we say the equilibrium point of
the game is reached, this equilibrium point is just the solution of the optimization problem
and then design procedure stops.

8 Problems Under Study

8.1 Constrained Single Point Airfoil Drag Minimization

In this problem, the cost function is defined as

Q
minl = 71 7{(1) — pa)?ds + QCy

(70)
subject to C; = constant

where the weighting functions Q; = 0.1, Q5 = 2.9. We choose the RAE2822 airfoil as the
initial airfoil to reduce its pressure induced shock wave drag in transonic regime under the
constraint of constant lift; the design conditions are M., = 0.73, a = 2.0°, p, is the initial
pressure distribution of RAFE2822 airfoil. So at first, we evaluate a transonic Euler flow at a
Mach number equal to 0.73 and incidence equal to 2.0° on the RAE2822 airfoil, we calculate
the pressure which is used as pg, C; is kept as the same as the initial one. We want to do a
small modification to the initial airfoil and get a new airfoil whose drag is smaller than the
initial one but the lift maintained.

8.2 Constrained Single Point Airfoil Lift Maximization

In this problem, the cost function is defined as

maxl = C

subject to C4 = constant (71)

we still choose the RAFE2822 airfoil as the initial configuration to maximize its lift under
the constraint of constant drag in subsonic regime; the design conditions are M, = 0.35,
a = 8.0°. We want to modify the inital airfoil and get a high lift configuration whose drag
has not increased.
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8.3 Two-Point Airfoil Drag Minimization

Here, we try to reduce the drag of the airfoil in two transonic regimes. The objective is to
minimize simultaneously the following cost functions with their constraints:

4 . Q 3\
minl, = 71 7{(? — pa1)?ds + Q0

¢ b at Moo = 0.70, 00 = 5.0°
subject to  Ci = Cj initial 1

o, , (72)
minly, = 71 7{(? = paz)’ds + Q2Ca>

¢ S at Mo = 0.75,a = 2.0°
subject to  Ci = Cy initial 2

\

Here, the initial airfoil is still RAFE2822, the two weighting functions are still ; = 0.1,
Qs = 2.9. Firstly, we evaluate a transonic Euler flow at a M, = 0.70, a = 5.0° on
RAFE?2822, we calculate the pressure pg1, secondly, we evaluate the other transonic Euler
flow at a M., = 0.75, a = 2.0°, and we calculate the pressure pgs. We try to modify the
RAE?2822 airfoil to reduce both drags simultaneously under these two design conditions and,
if possible, maintain the lift to its initial value in both cases.

8.4 Two-Point Airfoil Lift Maximization/Drag Minimization

Here, we try to design a new airfoil which can produce higher lift in subsonic regime and lower
drag in transonic regime than the inital values. The objective is to optimize simultaneously
the following two cost functions with their constraints:

( maxl, = C)

_ —_q0
subject to Cy = Cy initial at My = 0.35,a = 8.0

Q
minly = 71 7{ (p — pa)?ds + Q2Cy (73)

at Mo =0.75, a0 = 2.0°
subject to  Cy = Cy initial

\

where, 3 = 0.1, Q3 = 2.9, the initial airfoil is still RAE2822. At first, we compute a
transonic Euler flow at a M., = 0.75, a = 2.0° over the RAE2822 airfoil, which pressure
distribution is pg. The design aims to making a proper modification on initial shape and
getting a better lift performance in subsonic flow meanwhile its shock wave drag in transonic
flow is as low as possible.

INRIA



Distributed Optimization using Virtual and Real Game Strategies 27

9 Results

In accordance with the above optimization problems mentioned in section 8 and design
methods discussed in sections 3, 4. The following experiments have been performed to
confirm the validality and effeciency of the present method.

9.1 Splitting Definition

According to the physics of aerodynamics, we perform the splitting of the airfoil as in
the following three cases: Front/rear splitting, Front/Middle/Rear splitting, Alternating
Splitting. These are illustrated in the following figures 5, 6, 7 respectively.

Figure 5: Diagram of Front/Rear splitting

Figure 6: Diagram of Front/Middle/Rear splitting

Figure 7: Diagram of Alternating splitting
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9.2 Constrained Single Point Airfoil Drag Minimization via Global
Optimization Method

The first demonstration is an application of the present method to treat the constrained
optimization. The test case is described in section 8.1. The calculations were performed on
a 128 x 38 mesh with 4864 cells, the mesh has a O-topology illustrated in Fig.2. The design
iterations were carried out at M., = 0.73, @ = 2.0°, and the surface of airfoil is parameterized
using 28 Hicks-Henne bell-shaped functions (see equation (63), table 1 and figure 4). In this
test case, we attempt to minimize the drag induced by pressure in transonic flow without
changing the lift coefficient. This design case is one of the most interesting problems since
decreasing C, without loss in C is most practical in Aerodynamic engineering. However,
this case is also the most difficult problem, since a decrease in Cy usually comes at the
expense of a decrease in C;. Figure 8 shows the result of this type of design optimization,
which indicates that the Euler design procedure produced a weaker shock. The numerical
results presented show significant improvements in Cy, after 50 design cycles the resulting
Cy decreased of 42.4% from 0.0092 to 0.0053, while the lift didn’t change. Figure 9 shows
the convergence and constraint histories of the design procedure which indicates the lift has
been maintained while the drag decreased, it illustrates that the constrained optimization
method developed in this paper is efficient and valid in the practical design case. Figure 10
shows the comparison of steady iso-mach lines on initial and final profiles, this also indicates
that the final flow field has a weaker shock on the upper surface than the initial one.

15
o
?
Q 1.0
>
0.5
0.0f
-0.5F
4 iti Optimized Variation
Ia ':“6‘,'3533 C=0.8572 5 C=+0.46%

-1.0 C 00092  CF00083  5C=-42.4%

Figure 8: Comparison of final results with initial ones
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Figure 9: Drag and constraint histories

Figure 10: Steady iso-mach
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9.3 Constrained Single Point Airfoil Lift Maximization via Global
Optimization Method

In this test case which is described in section 8.2, we attempt to maximize the C; of RAFE2822
airfoil by modifying its shape using the same 28 Hicks-Henne design functions while con-
straining the coeflicient of drag to be constant. Figure 11 shows the reults of this type of
design optimization. The front portion of airfoil became thicker and the rear portion of
airfoil has evolved towards the supercritical airfoil configuration. The numerical results pre-
sented show significant improvements in Cj, after 40 design cycles the resulting C; increased
of 20.9% from 1.1436 to 1.3826, while the drag didn’t increase but reduced 1.43%. Figure 12
shows the convergence and constraint histories of the design procedure which indicates the
drag has been maintained while lift increased. Figure 13 shows the comparison of steady
iso-pressure lines on initial and final profiles, it can be seen that the slight difference between
these two figures occurred at the trailling edge of the lower surface.

1 1
— initial shape
—initial Op
— - optimzed shape
— - optimized Cp

l\ Initial Optimized Variation
C|=1.l436 C|=l.3826 ) C|:+20.9%

a Cd=00279  Cd=0.0275  dC=1.43% |

Figure 11: Comparison of final results with initial ones
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Figure 12: Lift and Constraint histories

Figure 13: Steady iso-pressure lines on initial and final profiles
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9.4 Single Point Airfoil Drag Minimization via Virtual Game Strate-
gies

Here we redo the optimization problem defined in section 8.1, but using a Virtual Nash
game strategy instead of a global optimization method, to show the potential ability of the
game theory applied to optimum aerodynamic design. The design examples presented in
this subsection were all carried out on a 128 x 38 mesh with 4864 cells, the three designs
presented use the RAFE2822 airfoil as starting point and the design were carried out at
M, = 0.73, a = 2.0°. The surface of the airfoil was parameterized using 28 Hicks—Henne
bump functions, 14 of which are distributed along the upper surface of the airfoil, while the
remaining 14 are placed in a similiar fashion along the lower surface (see table 1 and figure
4). Three design results are as follows:

9.4.1 Results of Front/Rear Splitting with Two Players

In this case, the splitting and optimization strategy are illustrated in figure 14, player 1 and
player 2 optimize the same cost function (defined in (70)) but modify different portions of
the airfoil. That is to say: split the design variables into two sets, the first set is responsible
for the modification of front portion (20% of chord length from leading edge) of the airfoil,
the second set is responsible for the modification of rear portion (80% of chord length
from the trailing edge) of the airfoil, each player’s task is distributed to different processor
and modifies one’s own design variables; meanwhile keep the opponent’s design variables
unchanged, then for each player, after 3 design iterations, each of them gets a better design
and provide the other with one’s own new design variables. Repeat this process untill no one
player can improve its outcome by changing only one’s own design variables. Figure 15 shows
the reults of this type of design optimization, which indicates that the Euler design procedure
produced a weaker shock. The numerical results presented show significant improvements
in Cy, after 240 design iterations the resulting Cy decreased of 67.4% from 0.0092 to 0.0030,
while the lift slightly increased of 3.33%. Figure 16 shows the drag histories of each player.
Figure 17 shows the comparison of steady iso-mach lines on initial and final profiles, this
also indicates that the final flow field has a weaker shock on the upper surface than the
initial one.
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Optimization Strategy
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Figure 14: Splitting and optimization strategy
Exchange of information: Every 3—3 design iterations
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Figure 15: Comparison of final results with the initial ones
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Figure 16: Drag histories of each player

Figure 17: Steady iso-mach lines on initial and final profiles
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9.4.2 Results of Front/Middle/Rear Splitting with Three Players

In this splitting, the optimization strategy is illustrated in figure 18, here we have three
players, 1, 2 and 3. Each of them optimize the same cost function (defined in (70)) but
modifies a different subset of the design variables. As can be seen from figure 18: the
design variables are splitted into three sets, the first set is responsible for the modification
of front portion of the airfoil (50% of chord length from leading edge), the second set is
responsible for the modification of middle portion of the airfoil (25% of chord length next to
first portion), the third set is responsible for the modification of rear portion of the airfoil
(25% of chord length from trailing edge); each player’s task is also distributed to different
workstation for distributed computing and modifies one’s own design variables meanwhile
keep the opponent’s design variables unchanged, then for each player, after 4-4-1 design
iterations, each of them gets a better design and provides one’s own new design variables
to consist a new airfoil. Repeat this process until no one player can improve its outcome
by changing only one’s own design variables. Figure 19 shows the results of this type of
design optimization, which indicates that the Euler design procedure really produced a
weaker shock. The numerical results presented show significant improvements in Cy, after
124 design iterations the resulting Cy decreased of 66.3% from 0.0092 to 0.0031, while the
lift slightly increased of 3.16%. Figure 20 shows the drag histories of the design procedure.
Figure 21 shows the comparison of steady iso-mach lines on initial and final profiles, this
also indicates that the final flow field has a weaker shock on the upper surface than the
initial one.

Optimization Strategy

Player 1 Play‘er 2 Player 3
I U

OptimizedFixed  Fixed Fixed Optimized Fixed Fixed Fixed Optimized

Figure 18: Splitting and optimization strategy
Exchange of information: Every 4—4—1 design iterations
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Figure 19: Comparison of final results with the initial ones
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Figure 20: Drag histories of each player
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Figure 21: Steady iso-Mach lines on initial and final profiles

9.4.3 Results of Alternating Splitting with Two Players

In this case, the splitting and optimization strategy are illustrated in figure 22, player 1 and
player 2 still optimize the same cost function (defined in (70)) but modify different portions
of the design variables. i.e. split the design variables into two sets, the first set is responsible
for the design variables of odd index, the second set is responsible for the design variables
of even index, each player’s task is distributed to a different workstation and modifies one’s
own design variable meanwhile keep his opponent’s design variables unchanged, then for
each player, after 3 design iterations, each of them gets a better design and provides one’s
own new design variables to consist a new airfoil. Repeat this process until no one player
can improve its outcome by changing only one’s own design variables. Figure 23 shows the
reults of this type of design optimization, which indicates that the Euler design procedure
produced a weaker shock. The numerical results presented show significant improvements
in Cy, after 248 design iterations the resulting C; decreased of 66.3% from 0.0092 to 0.0031,
while the lift slightly increased of 3.81%. Figure 24 also shows the drag histories of the
design procedure. Figure 25 shows the comparison of steady iso-mach lines on initial and
final profiles, this also indicates that the final flow field has a weaker shock on the upper
surface than the initial one.
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‘ Optimization Strategy

Player 1  Drag reduction Player 2  Drag reduction
atM_=0.73 a=2.0° atM_=0.73 a=2.0"
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Figure 22: Splitting and optimization strategy
Exchange of information: Every 3—3 design iterations
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Figure 23: Comparison of final results with initial ones
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Figure 24: Drag histories for each player

Figure 25: Steady iso-Mach lines on initial and final profiles
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Comparing the three results presented here, we can draw the following conclusion: for the
single point optimization, we can get almost the same optimization result via virtual Nash
game no matter which kind of splitting and design strategy we use, but the computational
speed varies from case to case, this is illustrated in figure 26. It shows that computation
can be speeded up by splitting the design task as multi sub-tasks and distributing each sub-
task to a different processor; moreover, the calculation is more efficient when the number
of the sub-task increases. This is an important advantage of the game theory in parallel
computing.

10

- - 2 Players
- -3 Players

alternation splittin

— 2 Pl ayersI from/rea'r splntin'g)
g
front/middl e/rear splitting)

Cd
©

0 50 100 150 200 250 300
Design Cycles

Figure 26: Comparison of drag histories with different number of players and splitting

9.5 Two-Point Airfoil Drag Minimization via Real Game Strategies

Here we perform the multi-objective optimization design problem describled in section 8.3
using real Nash game strategies, to show the flexiblity and efficiency of game theory when
applied to multi-objective aerodynamic optimization design. The design examples presented
in this subsection were all carried out on a 128 x 38 mesh with 4864 cells, the two designs
presented use the RAFE2822 airfoil as starting point and the design were carried out at two
transonic design points: Mo, = 0.70, o = 5.0°, and M, = 0.75, a = 2.0°. The surface of the
airfoil was parameterized using 28 Hicks—Henne bump functions, 14 of which are distributed
along the upper surface of the airfoil (see table 1 and figure 4), while the remaining 14 placed
in a similiar fashion along the lower surface. Two design results are as follows:
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9.5.1 Results of Front/Rear Splitting with Two Players

In this design case, the splitting and optimization strategy are illustrated in figure 27, player
1 and player 2 minimize simultaneously the drag of airfoil in two different transonic regimes.
Each player is responsible for one design point by modifying a different portion of the design
variables. Here, the design variables are still splitted into two sets, the first set is responsible
for the modification of the front portion of the airfoil (20% of chord length from leading edge),
the second set is responsible for the modification of rear portion of the airfoil (80% of chord
length from the trailing edge); each player’s task is distributed to a different workstation
and modifies one’s own design variables meanwhile keeping the opponent’s design variables
unchanged, then for each player, after 2 design iterations, each of them gets a better design
and provides one’s own new design variables to consist a new airfoil. Repeat this process
until no one player can improve its outcome by changing only one’s own design variables.
Figure 28 shows the reults of this type of design optimization, which indicates that the
Euler design procedure produced the weaker shock for both design points. The numerical
results presented show significant improvements in Cj for each design point, after 140 design
iterations the resulting Cy of player 1 decreased of 26.0% from 0.0501 to 0.0371, while the lift
slightly decreased of 7.51%, and the resulting Cy of player 2 decreased of 80.3% from 0.0223
to 0.0044, while the lift slightly increased of 1.03%. Figure 29 shows the both drag histories
of the design procedure, which indicates that the Nash equilibrium is really reached because
both drags didn’t change any more. Figure 30 shows the comparison of steady iso-mach
lines on initial and final profiles for the player 1, Figure 31 shows the comparison of steady
iso-mach lines on initial and final profiles for the player 2, these also indicate that both final
flow fields have a weaker shock on the upper surface than the initial ones.

Optimization Strategy

e T
Player 1 drag reduction Player 2  Drag reduction

atM_=0.70 a=5.0° atM_=0.75 a=2.0°

O\ 7\

Optimized Fixed Fixed Optimized
e —

0.8 02 0.8

v

Figure 27: Splitting and optimization strategy
Exchange of information: Every 2—2 design iterations
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Figure 28: Comparison of final results with the initial ones for two design points
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Figure 29: Convergence histories of the design procedure
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Figure 30: Steady iso-Mach lines on initial and final profiles for the first player

Figure 31: Steady iso-Mach lines on initial and final profiles for the second player
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9.5.2 Results of Alternating Splitting with Two Players

Here, the splitting and optimization strategy are illustrated in figure 32, two players minimize
simultaneously the airfoil drag in two different transonic regimes. Each player is responsible
for one design point by modifying a different portion of the design variables. That is to say:
split the design variables into two sets, the first set is responsible for the design variables of
odd index, the second set is responsible for the design variables of even index (see table 1
and figure 4), each player’s task is distributed to a different workstation and modifies one’s
own design variables meanwhile keeping the opponent’s design variables unchanged, then for
each player, after 2 design iterations, each of them gets a better design and provides one’s
own new design variables to consist a new airfoil. Repeat this process until no one player can
improve its outcome by changing only its own design variables. Figure 33 shows the reults of
this type of design optimization, which indicates that the Euler design procedure produced
the weaker shock for both design points. The numerical results presented show significant
improvements in Cy for each design point, after 140 design iterations the resulting C; of
player 1 decreased of 32.9% from 0.0501 to 0.0336, while the lift slightly decreased of 4.33%,
and the resulting C4 of player 2 decreased of 65.6% from 0.0223 to 0.0077, while the lift
slightly decreased of 4.07%. Figure 34 shows both drags histories of the design procedure,
which indicate that the Nash equilibrium is really reached because both drag didn’t change
any more. Figure 35 shows the comparison of steady iso-mach lines on initial and final
profiles for the player 1, Figure 36 shows the comparison of steady iso-mach lines on initial
and final profiles for the player 2, these also indicate that both final flow fields present a
weaker shock on the upper surface than the initial ones.

Optimization Strategy

Player 1  Drag reduction Player 2  Drag reduction
atM_=0.70 a=5.0° atM_=0.75 a=2.0"
Optimized ‘ Fixed Fixed ‘ Optimized

el S

Figure 32: Splitting and optimization strategy
Exchange of information: Every 2—2 design iterations
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Figure 35: Steady iso-Mach lines on initial and final profiles of the first player

Figure 36: Steady iso-Mach lines on initial and final profiles of the second player
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9.6 Two-Point Airfoil Lift Maximization/Drag Minimization De-
sign via Real Game Strategy

This example is the core of this work. We will treat the multi-objective optimum design
problem to show further the flexiblity and efficiency of game theory applied to multi-objective
aerodynamic design, in which two targets are in conflict. For this kind of design problem,
the traditional multi-objective optimization design method exposes its inherent shortcoming,
because it is difficult to organize the design problem under conflict. But it can be easily
treated by game theory, and in such treatment relies the greatest potential of the approach.
The test case is defined in section 8.4. The design examples presented in this subsection were
all carried out on a 128 x 38 mesh with 4864 cells, the design starts from the RAFE2822 airfoil
and the design were carried out at two design points: M., = 0.35, a = 8.0° for the first player
to maximize lift, and M., = 0.75, a = 2.0° for the second player to reduce the transonic
shock wave drag. The surface of the airfoil was parameterized using 28 Hicks—Henne bump
functions, 14 of which distributed along the upper surface of the airfoil (see table 1 and
figure 4), while the remaining 14 placed in a similiar fashion along the lower surface. The
splitting and optimization strategy are illustrated in figure 37, player 1 and player 2 maximize
lift /minimize drag of airfoil simultaneously in two different design points. Each player is
responsible for one design point by modifying the different portion of design variables, that is
to say: split the design variables into two sets, the first set is responsible for the modification
of front portion of the airfoil (10% of chord length from leading edge) according the lift
maximization criterion, the second set is responsible for the modification of rear portion
(90% of chord length from the trailing edge) of the airfoil according the drag minimization
criterion, each player’s task is distributed to a different workstation and modifies one’s own
design variables meanwhile keeping the opponent’s design variables unchanged, then for each
player, after 3 design iterations, each of them gets a better design and provides one’s own
new design variables to consist a new airfoil. Repeat this process until no one player can
improve its outcome by changing only its own design variables. Figure 38 shows the results
of this design optimization, which indicates that the design procedure produced higher lift
for player 1 in subsonic flow and lower drag for player 2 in transonic flow. The numerical
results presented show remarkable improvements in C; for subsonic design point, after 81
design iterations the resulting C; of player 1 increased of 6.38% from 1.1436 to 1.2166,
meanwhile the drag decreased of 41.9%, and significant improvement in Cy for transonic
design point, the resulting Cy of player 2 decreased of 34.5% from 0.0223 to 0.0146, while
the lift slightly decreased of 0.54%. Figure 39 show the variation procedure of lift and drag
for each design point, which indicates that the Nash equilibrium is really reached, because
all of them didn’t change any more with the increase of design cycles numbers. Figure 40
shows the comparison of steady iso-pressure lines on initial and final profiles for the player
1, Figure 41 shows the comparison of steady iso-mach lines on initial and final profiles for
the player 2, these also indicate that the final flow fields are superior to the initial ones
concerning each design point.
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Optimization Strategy
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Figure 37: Splitting and optimization strategy
Exchange of information: Every 3—3 design iterations
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Figure 38: Comparison of final results with the initial ones for two design points
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Figure 39: Convergence histories of the design procedure

Figure 40: Steady iso-pressure lines on the initial and final profiles for the first player
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Figure 41: Steady iso-mach lines on the initial and final profiles for the second player

For this design case, if we exchange player 1 and player 2, that is to say: player 1 designs
the rear portion of airfoil to maximize the lift in subsonic regime; player 2 designs the front
portion(leading edge) of airfoil to minimize the pressure induced drag in transonic regime.
We say that this kind of splitting and optimization strategy are non-physical, because the
rear portion of airfoil shape is very sensitive to drag property in transonic regime, but we
don’t design this portion to reduce drag, meanwhile leading edge shape is also very important
to subsonic aerodynamic performance of airfoil, but we don’t design leading edge according
the subsonic criterion. So we say this design strategy is unreasonable. As a result we have
verified that the Nash Game does not work, players can not reach the equilibrium point.
Actually, the experiment indicates that the drag in transonic regime increases and lift in
subsonic regime reduces.

10 Conclusion

In this work, we have introduced a novel approach combining the Adjoint-Equation technique
with a formulation derived from Game Theory to treat multi-point airfoil optimization
problems. Airfoil shapes are optimized according to various aerodynamic criteria. In a
symmetric Nash game, the notion of ‘players’ is introduced and each player attempts to
optimize one’s own target with symmetric exchange of information with the others. A Nash
equilibrium is reached when each player, constrained by the strategy of the others, cannot
improve further one’s own target. Here, the Adjoint-Equation technique provides a cheap
optimizer, and the Nash Game formulation has two merits : it provides a simple algorithm
to organize the balance between criteria under conflict in a multi-disciplinary or multi-
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point design, and it allows a very efficient computation by distributing tasks in a parallel
environment.

For the single point optimization, the computation can be speeded up by using a Virtual
game (i.e. split the design task into several sub-tasks to be distributed to different proces-
sors). Moreover, the calculation is more efficient when the number of the sub-tasks increases.
This is an important advantage of the game strategy formulation for parallel computing.

We have applied concepts of control theory to treat the constraint explicitly in the
optimizer by introducing a scalar adjoint variable; this yields to an additional linear scalar
algebraic adjoint equation which is easy to solve. Compared with the unconstrained case,
the derivations indicate that the only changes are : the additional adjoint equation to solve,
the boundary conditions to the adjoint Euler equations and the final form of cost function
variation to be modified. It turns out that the control theory based optimization method is
very suitable not only for the designs involving a large number of design variables, but also
for treating constrained optimization.

Our treatment of multi-point or multi-disciplinary optimization relies crucially on a split
of territories (made here a priori) and the algorithm employed to organize the information
exchange. This split should be devised to account on the flow physics in a sensible way. This
is necessary for the Nash game algorithm to converge, and the optimization to succeed.
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