
HAL Id: inria-00072043
https://inria.hal.science/inria-00072043

Submitted on 23 May 2006

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

A Time Domain Characterization of 2-microlocal Spaces
Stéphane Seuret, Jacques Lévy Véhel

To cite this version:
Stéphane Seuret, Jacques Lévy Véhel. A Time Domain Characterization of 2-microlocal Spaces.
[Research Report] RR-4545, INRIA. 2002. �inria-00072043�

https://inria.hal.science/inria-00072043
https://hal.archives-ouvertes.fr


IS
S

N
 0

24
9-

63
99

   
   

 IS
R

N
 IN

R
IA

/R
R

--
45

45
--

F
R

+
E

N
G

ap por t  


de  r ech er ch e 


THÈME 4

INSTITUT NATIONAL DE RECHERCHE EN INFORMATIQUE ET EN AUTOMATIQUE

A Time Domain Characterization
of 2-microlocal Spaces

Stéphane Seuret — Jacques Lévy Véhel

N° 4545

Septembre 2002





Unité de recherche INRIA Rocquencourt
Domaine de Voluceau, Rocquencourt, BP 105, 78153 Le Chesnay Cedex (France)

Téléphone : +33 1 39 63 55 11 — Télécopie : +33 1 39 63 53 30

� �������	��
���
���������
���
�������������
 ����
��

�!#"%$&��������
�'�
(��
�'*),+-
��.�0/

1325476�8:9<;�=>1�=7?�@A=B2DC�EF9<GIHJ?�=7K-L047MJN#O-4I8�=7P

Q�RTS�U,V WYX[Z]\^U�_T`badce\gf7hiV�c0fBjkce\gU,\blmancm\^fBh
o V�lmp]lqcmSrU,Vrl0s�f7U,jT`gV�tkVrl
uwvmfBxyV�czl0{TvzaBs|czan`^Vrl

}~anj&j�f7vqc o V�veVrszRTVrveszR&V�h<��WI�nWI�DX[Z]VrjkcmVrU��TveV��n�7�7� X[�nW,j&aB�BVrl

�����r���d�T�B�B�>� h�aiveVrs�VrhIc��.f7vm�F�3h&V�����_Th&s�cm\^fBh&aB`.lmj&aBs�Vrl���V�veV,\ghIcmvef o _&s�V o�� Q�RTVrlmV�lmj&aBs�Vrl�szR&aBvq�
a7s|ceV�ve\g�rV,cmRTV��&hTV�`^fks�an`.vmVr�B_T`banve\gcypDfn����_Th�s|cm\^fBh�l��:anh o anveV o V���hTV o ceRTvmf7_T�BR�lm\^UYj&`gV�Vrlqcm\^U,ancm\^fBh&l
f7hicmRTV�j�f7\ghIcy�0\blqV� daB`g_TVAl0fn��ceRTV���_Th�s|cm\^fBh�l ��� h¡ceRT\^l%�.f7vm�F�T��V��7V�hTVrveaB`g\^��V¢cmR&V�\^v o V��&hT\gcm\^fBh¡cef(cmRTV
�0R&fB`^V�s�`^a7lml�fn�Fs�f7h7ce\gh]_Tf7_&l3��_Th&s|ce\gf7h&lr�n�0RT\bszRYaB`g`^fd�~l3_�l�cmf vmVAaBszR�Vr BVrvmp�j<f7lm\£ce\g 7V�¤%¥B` o V�v�V�t]j<fBh&V�hIc �
¦§VijTvmfd 7V(cmR�adc,cmRTVAlqV-hTVr�¨lqj�aBs�VAl©s�fB\^h&s�\ o V-�0\£ceR�ceRTV¡s�`baBlelq\bs�aB`��5�ªU,\^s�vmf7`gfksran`.lmj&a7s�Vrl �«� c,\^l

\^hIcmVrvmVAlyce\ghT�¬cmf¢hTfBcm\bs�V�cmR&anc��5�ªUY\bs�vefB`^fks�aB`7lmj&aBs�Vrl�anveV�f7vm\^�B\^h&an`^`^p o V��&hTV o \^h©cmRTV���veVr­I_TV�h�s�p o f7U,aB\gh �g�
¦§V�jTvefd BV¬cmRTV�VA­I_&an`^\£cyp(�<V�cy��V�Vrhi��fBcmR¡lqj�aBs�VAl�\ghiU,f7lqc~fn��cmRTV�sraBlmVrl �
®¬lq\^hT�icmR&\^l�veVrlm_T`gcr���.V,jTvefBj<f7lmVYaBh«an`^�BfBve\gcmRTU�aB�T`gV,cefiVrlqcm\^U,ancmV�a-j&aBvqc�fn��cmR&V��5�ªUY\bs�vefB`^fks�aB`

��vefBhIce\gVrv � {TvefBU¯ceRTV �d�°U,\bs�vefB`^fks�an`&��vmf7hIcm\^V�v�s�anh���V¢V�t]cevea7s|cmV o an`^`<cmRTV _&lm_&aB`�veV��7_T`^aBvm\gcypYV�tkj�f7hTV�hIczl �
Q�R]_&lr�daBl�a~�]pI�°j&vmf o _&s�c�fB�kcmRTV�an`^�Bf7vm\gcmRTUi�5vefB�T_&lqc�VAlyce\gU(ancmfBvzlJfB�y�5��fBv�\gh�lyczanh&s�VB�d�<fncmR�cmRTV.j�f7\ghIcy�0\blqV
aBh o ceRTV¢`gfks�aB`FV�tkj�f7hTV�hIczl.aBvmV¬fB�kczan\^hTV o���± tkj<V�ve\gU,Vrh7czl�fBh�leanU,jT`^V o�o adcza�lmRTfd�#ceR&adc�vmVAaBlmfBhTh�an�T`^V
a7s�s�_Tvea7s�p�\^l¬aBszRT\^V� 7V o V� 7V�hi��f7v�² o \£³�s�_T`£cq´���_Th&s�cm\^fBh&l¢lq_�szRµaBl%s�fBhIcm\^h]_TfB_�l~�T_kc¢hTfd�0RTVrvmV o \g¶FV�veV�hk�
ce\^aB�T`^V¢f7hTVrl �
·¡¸I¹Fºe»�¼ �d½��B� �7`gf7�&an`JveV��7_T`banve\£cyp7�T`gfksran`3veV��7_T`banve\£cyp7���5�ªU,\^s�vmf7`gfks�aB`3lmj&aBs�Vrlr�&veV��B_&`^aBvm\gcyp�Vrlqcm\^U(adce\gf7h
aB`g�7fBve\£ceRTUi�k¤~¥B` o Vrv0V�tkj�f7hTV�hIczl �
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 	 ��� anh�l o Vrl,cevea5 daB_kt�v��As�Vrh7czl�� o V¡hTf7_T BVAan_kt�VAlqj&a7s�VAlY��fBh&s�cm\^fBhThTVr`^l(sranvzaBs�c���ve\blmaBh7cY`^a
v����7_T`banve\£c���`^f]sran`^V���hTV o Vrl¢��f7h&s|ce\gf7h&l fBhIc���c��(\^hIcmvef o _T\gcel ��� Vrl VAlqj�aBs�VAl lqf7h7c o ���&hT\bl o anh&l `^V o fn�
U(aB\ghTV�cmVrUYj<fBveV�`�j&aBv o VAl%VAlyce\gU(ancm\^fBh&l¢lq\^U,jT`^Vrl%� an\gcmVrl¢lm_Tv¬`^Vrl¬ dan`^V�_Tvzl¬j�f7h&s|ce_TV�`^`gVAl o Vrl%��fBh&s�cm\^fBh&l
��cm_ o \��rVrl ��� fB_&lY���rh���vzan`^\blqf7h&l©s�V�cmcmV o ����hT\£ce\gf7h��§`�� Vrh&lmV�U��&`gV o VAl���f7h&s|ce\gf7h&l(s�f7hIcm\^hI_&Vrlr�wV�c�s�V�`ba
h&fB_&l�j<V�veU,V�cqcevea o � adcmcmVr\gh o vmV¢cmf7_&l0`^Vrl�V�t]j<f7leanhIczl o � ¤%¥B` o V�v~j<f7lm\gcm\g� l �
� fB_&l.jTvefB_T 7fBh&lw­I_TV¬s�Vrl.Vrlmj&a7s�Vrl.s�f7\gh&s�\ o V�hIc.a5 BVAs�`gVAl.s�`^a7lmlm\b­7_&Vrl:VAlqj&a7s�VAl.�5�ªU,\^s�vmf7`gfksran_kt o anh&l

`baYjT`^_Tj&anvmc o VAl~s�a7l ��� V�cqcmV ���7aB`g\gc�� VAlyc~\^hIc���veVrleleanhIcmVAl�sranv0`^Vrl0VAlqj�aBs�VAl~�5�ªU,\^s�vmf7`gfks�aB_kt�lqf7hIc o ���&h&\^l
o anh&l�`^V o fBU(aB\ghTV¢��v��r­I_TVrh7ce\gVr` �
� fB_&l�_kcm\^`g\blmfBh&l�`^a«j&vmf7jTvm\!��c�� o � ���Ian`^\£c��µV�hIcmveV¡`^Vrl�VAlqj�aBs�VAl�U,V�hIce\gf7hTh��rl�j�f7_Tv�s�fBh&lqcmve_T\^vmV¡_&h

aB`g�7fBve\£ceRTU,V�s�aBj&an�&`gV o � VAlyce\gU,V�vY`ba¡��vefBhIcm\^S�veV��5�ªU,\^s�vmf7`gfksran`^V o V-lm\^�Bh&aB_kt>s�fBhIcm\^h]_&l©V�h o VAl�j<fB\^hIcel
o fBhTh��Al �"� V�cqceV(��vefBhIcm\^S�veV(s�fBhIce\gVrh7c�cefB_kceVrl�`gVAl�hTfnce\gf7h&l o V�v����7_T`banve\£c��Y_�lq_TVr`g`^Vrlr�3V�c�`�� f7h§v��rs�_Tj<S�veV
o fBh&s%V�h�j&aBvqce\^s�_T`^\gVrv._Th�an`^�BfBve\gcmRTU,V%sranj&aB�T`gV o � Vrlqcm\^UYVrv o V%U(anhT\^S�veV%vefB�&_&lyceV~`�� V�t]j<f7leanhIc�j�f7h&s|ce_TV�`
o � ¤%¥B` o V�v �#� Vrl V�t]VrU,jT`gVAl o � Vrlqcm\^U,ancm\^fBh>lqf7hIc o f7hTh��Al��Jf%$ `�� fBh s�fBh&lqceancmV,`ba��<fBhTh&VYj&v��As�\blq\^fBh o Vrl
v��rlm_T`gceancel�fB�TcmV�h]_&lr�&p-s�f7UYj&vm\bl o anh�l0`gV©s�aBl�f%$i`gV�s�fBU,j<fBvmcmV�U,Vrh7c o V�`^aY��f7h&s|ce\gf7h&��cm_ o \��rV�Vrlqc0cmveSrl
Vrvmvzadce\^­I_TV �
'�¼ �A� º ��( 	 �%� v��r�B_T`banve\gc����B`^fB�&aB`gV7��v����7_T`^aBvm\gc���`^fks�an`^VB�rVrlmj&aBs�V��5�ªU,\^s�vmf7`gfks�aB_kt���an`^�Bf7vm\gcmRTU,V o � Vrlqcm\^U(adcm\^fBh
o V¢v����7_T`banve\£c��B�]V�tkj<f7leanhIcel o � ¤~¥7` o V�v �
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(*)'+ �r� ¼ ½����n�-, ¼ + .
/1032 ¸54 � + �n�-, ¼ + ��(7698��&� ¸ ��:<;>= ;@?A-B C� �ED � `baBlelm\^sran`FvmVr�B_T`banve\gcyp(V�tkj�f7hTV�hIczl ���¢��� ��� ����� ��� ���¢��� ����� ��� ��� �����¢��� W
� � � �d�°U,\bs�vefB`^fks�an`�Z]j&a7s�VAl�F � V��&h&\£ce\gf7hiaBh o uwvmf7j�Vrvqce\gVAl � ���¢��� ����� ��� ��� �����¢��� �
� � � � V���hT\£ce\gf7hifn� : ;>= ;G?AHB Z]j�aBs�VAl � �����¢��� ��� ����� ��� ���¢��� ����� ��� ��� �����¢��� I
� � W {�\^velqc~uwvefBj<V�vmcm\^Vrl ����� ��� ��� �����¢��� ��� ����� ��� ���¢��� ����� ��� ��� �����¢��� J
� � � � fBU(aB\ghifn��a o U,\blmlm\^�T`gV V�t]j<fBh&V�hIcel ��� ��� ����� ��� ���¢��� ����� ��� ��� �����¢���KD �

. ��¸ ( �k�H, ¼ + » ,�� 2L/ º 
M, �B� ¼ ( ¼ �B��(N698��T� ¸ � ( C� �EDPO an\^hi}~Vrlm_T`£c ��� ����� ��� ��� �����¢��� ��� ����� ��� ���¢��� ����� ��� ��� �����¢���KD �
� � � u�vmf]fn��\^h-a(lm\gU,jT`^V�s�a7lqV � ��� �����¢��� ��� ����� ��� ���¢��� ����� ��� ��� �����¢���KD �
� � � Q%jTjT`^\^sradce\gf7h&l ��� ����� ��� ��� �����¢��� ��� ����� ��� ���¢��� ����� ��� ��� �����¢���KD-R

C �
(TS ¼ ��,�� 2 
 � /$.
W �EDPU a7sz�I�7vmf7_Th o(�yo VraBl ��� ��� ��� �����¢��� ��� ����� ��� ���¢��� ����� ��� ��� �����¢��� �B�
W � � � U,jT`^V�U,Vrh7czadce\gf7h ����� ��� ��� �����¢��� ��� ����� ��� ���¢��� ����� ��� ��� �����¢��� �B�

V1W ��
 ¸ ��, �B� ( ��¸ � ��( �r� / C� �ED Q�s�_&lmj � ���¢��� ����� ��� ��� �����¢��� ��� ����� ��� ���¢��� ����� ��� ��� �����¢��� �7�
� � �XQ�szR&\gvej ���¢��� ����� ��� ��� �����¢��� ��� ����� ��� ���¢��� ����� ��� ��� �����¢��� �7�
� � � Q�lm_TU fn�3cy��f(szRT\^vmj&l ��� ��� �����¢��� ��� ����� ��� ���¢��� ����� ��� ��� �����¢��� �7�
� � W Q ¦§V�\^V�vzlqcmvzaBlel���_&h&s|ce\gf7h � ��� �����¢��� ��� ����� ��� ���¢��� ����� ��� ��� �����¢��� ��Y
� � �XQ%h-� U U ���¢��� ����� ��� ��� �����¢��� ��� ����� ��� ���¢��� ����� ��� ��� �����¢��� ��Y
� � Y Q �7V�hTVrveaB`g\^��V o ¦§V�\^V�vzlycevea7lml.��_Th�s|cm\^fBh � ��� ����� ��� ���¢��� ����� ��� ��� �����¢��� � I
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Q�R&V�\gh] 7Vrlqcm\^�7adce\gf7hifn��cmRTV©vmVr�B_T`banve\gcyp�jTvefBj<V�vmcm\^Vrl~fB����_Th&s|ce\gf7h&l¬R&aBl0j&vmfd 7V o cmf��<V�_�lqV���_T`�\^hµU(anh]p
les�\^V�h�s�V o fBU(aB\gh&lr�Tlm_&szR-a7l�U(adcmR&V�U(adce\^srl�e ��f°�&lm\^�Bh&aB`<j&vmfks�VAlmlm\^hT�ge �hfª�Tf7v�j&RIpklm\^srl �

iwaBvm\^fB_&l�hTfnce\gf7h&l�fB��vmVr�B_T`banve\£cyp V�tk\blyc � Q�RTVDVAaBlm\gVAlyc�aBh o U,f7lqc�h&ancm_Tvzan`¬��a5p fn��U,VraBlm_Tve\gh&�
ceRTV�veV��7_T`banve\£cyp fn�~a¡��_Th�s|cm\^fBh fBv©aDlq\^�Bh&aB`�\bl��7\g 7V�h«�]p cmRTVj#�	���
$�lkm�n&'�porq� ts���� V�tkj<fBhTVrhIc �µ� cY\^l
�]hTfd�0h,ceR&adcA�IaB`£ceRTfB_&�BR(\gc.\blwj<fd�.Vrvq��_T`<anh o _&lqV���_T`<\gh(U(anh]p,anjTj&`g\bs�ancm\^fBh&lr�BceRT\blwV�tkj<fBhTVrhIc o f]Vrl�hTfnc
��_&`g`^p¡szR&anvzaBs�cmV�ve\^��V¢cmRTV���VrR&a5 ]\gf7v~fn�wa,��_Th�s|cm\^fBh adc¬a(�7\g 7V�h¡j<fB\^hIc � {Tf7v~\^h&lyczanh&s�VB�FaBl%\^l¬lqRTfd�0hi�]p
ceRTV(V�tTaBUYj&`gV,fn��cmR&Vu�>�v���l#D��_Th&s�cm\^fBhJ��\£c o fIVAl hTfnc�czan�7VY\^hIcmf¡aBsrs�f7_ThIc¢ceRTV(f7les�\^`^`^ancm\^fBh&l�aBvmf7_Th o a
j<fB\^hIc �xw hTV©cmR]_&l¢hTVrV o l¢adc `^VraBlqc�anhTfBcmRTVrv¬veV��7_T`^aBvm\gcyp-V�tkj�f7hTV�hIc¢cmf-s�fBU,jT`^V�ceV�ceRTV o Vrles�ve\^jkcm\^fBhµfB�
ceRTVY��VrR&a5 ]\gf7v¬fB��a���_Th�s|cm\^fBh§anvefB_Th o a�j<fB\^hIczyb{ � Z]Vr BVrveaB`�szRTf7\^s�Vrl¬R&a5 BV���VrV�h§jTvmf7j�fIlqV o ��fBv¢cmR&\^l
V�tkj�f7hTV�hIcr�B`g\^�BV.cmRTV� t	H�%�� |orq� Es�����V�tkj�f7hTV�hIc}e D �-fª�nfBv�cmR&Vr�>�v���l#�V�tkj�f7hTV�hIczl�\ghIcmvef o _&s�V o �Ip�~ ��O VrpBV�v
aBh o Z �$� ad¶�anv o \^h�e R fJf7v�e D�D f �

���������'�%�'�
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Q%`g`�cmRTVAlqV�V�tkj�f7hTV�hIczl%anveV�s�f7hIcean\^hTV o \^hµa(`banve�BVrv���veaBUYV7�TceRTV©lmfn� s�aB`g`^V o ���G�
�T����	� E	-�%�� m��
 �� �
h& �n&|�
\^hIcmvef o _&s�V o \gh e �-f��]p ��� O«�^U f7hIp � Q�RTV©�d�°U,\bs�vefB`^f]sran`Jlmj&aBs�Vrl���;>= ;G?A-B ��V�veV �&vzlyc o V���hTV o ceRTvefB_T�7Ria
�3\£cmcm`^V���f]f o �°u:an`^V�pianh�an`^p]lm\bl��<anh o `badceV�v szR&anvzaBs�cmVrvm\^��V o �]p¡a���a5 BVr`gV�c%anh&aB`gpklm\^l � Q�R&V�jTve\^s�V�cef�j&a5p
��f7v:cmR&\^l o V�Vrj�Vrv.anj&jTvmfIaBszRY\^l.a �BveVrancmV�vws�fBU,jT`^V�tk\gcyp�\^h,cmRTV o V��&h&\£ce\gf7h&l�aBh o cmRTV~VAlyce\gU(ancm\^fBh&l�fn�FcmRTV
j�anvzanU,V�ceV�vzl���anh o ��� �
� h e J f°��hTVr� ��_Th&s�cm\^fBh&aB`~lqj�aBs�VAlY�.VrvmV-\ghIcevmf o _&s�V o�� Q�RTVAlqV¡lmj&aBs�Vrlr� o V�h&fncmV o �]p : ;>= ;G?A B ����V�veVo V��&hTV o ��fBv������������ ��!B�"�#��!B�7cmRTvefB_&�BR�lm\gU,jT`^V¬s�fBh o \gcm\^fBh�lwfBh�cmRTV¬j�f7\ghIcy�0\blqV~ daB`g_TVAl�fB�Ja�veVran`

��_&h&s|ce\gf7h%$ � Q�RT\^l�\bl�lmfBU,V�cm\^UYVAl�anh�a o  danhIceaB�BVB�A��vefBU�a¬hI_&UYVrvm\bs�aB`7j<fB\^hIc�fB�& ]\gVr���dfd BVrv�a o V��&h&\£ce\gf7h
�]pDa&�3\£cmcm`^V���f]f o �°u:an`^V�p anh&aB`gpklm\^l �,� h o V�V o �3\^h&lqcmVAa o fn��`gfIlq\^hT�i\^hk��fBveU(adcm\^fBh§�]pµ\^h7ceV��7veancm\^hT�
' anh o
ceR]_&l��]p & � 	-	�� �|��
)(�*�leanU,jT`^V o-o adczaT�kf7hTV _&lqVAl�V� BVrvmp�lm\^hT�B`^V j�f7\ghIc0 dan`^_TV � Q�RTV U(an\^h-�Bf7aB`^l�fB�3cmR&\^l
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� A B �
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� 2 �.�
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� hDaB`g`3cmRTV��&�B_&vmVAl��T��V�jT`^fnc¬cmRTV���vmf7h7ce\gVrv~��f7_Th o �]p�ceRTV©aB`g�7fBve\£ceRTUi��aBh o s�f7UYj�anveV�\£c¢�0\£ceR¡cmRTV
ceRTV�f7vmV�cm\bs�aB`wfBhTV � ¦ V�aB`^lmf¡jT`^fnc�ceRTV�lqcmvzan\^�BRIc�`^\ghTVAlt������� 2 �T��anh o � ����� 2 !7���0R&\^szR«�<fB_Th o
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