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Normalité asymptotique de la méthode ET pour
I’estimation des quantiles extrémes.
Application au test ET

Résumeé : Nous étudions la loi asymptotique de la méthode ET (Exponential Tail) pour
I’estimation des quantiles extrémes. Nous donnons des conditions suffisantes pour obtenir
la normalité asymptotique de l’estimateur. Ce résultat est illustré sur des classes de lois
classiques. Nous mettons alors & profit la normalité asymptotique de 'estimateur ET pour
construire un test d’adéquation & la queue d’une loi usuelle. Le niveau et la puissance
asymptotiques du test sont établis.

Mots-clés : Queue exponentielle, Quantiles extrémes, Loi asymptotique, Conditions du
second ordre, Test d’adéquation.



Asymptotic normality of the ET method 3

1 Introduction.

We establish the asymptotic distribution of the ET (Exponential Tail) estimator, a non-
parametric estimator of the extreme quantiles of an unknown distribution. We take profit
of this result to propose a goodness-of-fit test for the tail of a usual distribution. Given
an n-sample X, ..., X, from a cumulative distribution function F' with associated survival
distribution function F' = 1 — F, an extreme quantile is a (1 — p,)-th quantile z,, of F
essentially larger than the maximal observation, i.e. such that F(z,,) = p, with p, <
1/n. The estimation of extreme quantiles requires specific methods. The POT (Peaks
Over Threshold) method relies on an approximation of the distribution of excesses over a
given threshold [18]. More precisely, let us introduce deterministic thresholds u,, such that
F(u,) = m,/n with

1<mp,<n, mp—o00, mp/n—0asn— oo (1)

The excesses above u,, are defined on the basis of the X; > u,’s by Y; = X;—u,,. The random
number of exceedances is thus given by N,, = 37 | I{X; > u,}, and the survival distribution
function of the excesses is defined by F,, (z) = F(un + z)/F (uy,). Pickands’ theorem [13,
11] states that under some conditions, F,, can be approximated by a Generalized Pareto
Distribution (GPD). As a consequence, the extreme quantile z,, can be approximated by
the deterministic term

oy 4 2 T ]
ZGPD,n = Up + 'Y(un) [Tn 1f, (2)
with r, = my,/(np,) and where o(u,) and v(u,) are respectively the scale and shape
parameters of the GPD distribution. Then, the POT method consists of estimating these
two unknown parameters. The ET method corresponds to the important particular case
where F is known to belong to Gumbel’s Maximum Domain of Attraction, DA(Gumbel). In
such a situation, y(u,) = 0 and the GPD distribution reduces to an exponential distribution
with scale parameter o(u,). Thus, approximation (2) can then be rewritten as

TET,n = Un + O'(Un) ln(rn)

and the corresponding estimator [3] is

~ - N,
TET,n = Un + Onp In (_n) . (3)
Npn

where G, is the empirical mean of the N,, excesses: 7, = N, ! Zf;"lY, The reasons
motivating our study of the asymptotic properties of the ET estimator are both theoretical
and practical. From a practical point of view, the ET estimator realizes a good balance
between simplicity and generality, since most of the standard distributions (normal, Weibull,
lognormal, gamma, exponential) belong to DA(Gumbel). Moreover, the ET estimate does
not require estimation of the shape parameter 7(u,) which is difficult in practice (see,
e.g., [10], pages 327-356 for a review). For this reason, the asymptotic properties of the
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4 Diebolt €& Garrido € Girard

ET estimator cannot be directly derived from those of the POT estimator (see Section 2,
Remark 2.2). A specific study is necessary. Our result is the following. Under suitable
conditions,

1/2
mn/

o(up)In(ry)
It is possible to take profit of this result to build a goodness-of-fit test to the distribution
tail. More precisely, we wish to check that a model Fy € DA(Gumbel) provides an accept-
able approximation to the distribution above the maximal observation. To this end, an
approximate a—confidence interval CI, , for the extreme quantile z,, is deduced from (4).
The assumption {F = Fy} is rejected if the parametric estimator Zparam,n = F'Ofl(pn) does
not belong to the confidence interval Cl, ;.

This paper is organized as follows: in Section 2, we precise the result (4) and provide
some examples and comments. The goodness-of-fit test is described in Section 3 and its
main properties are established. Auxiliary results are given in Section 4 and the proofs are
postponed to the Appendix.

(BT, n — TET.n) — N(0,1) as n — oo. (4)

2 Main result.

We will need the following assumptions throughout the paper:
(A1): F is twice differentiable and has an inverse function F~ 1.

Under (A1), we define V(z) = F (e ®), A(z) = V"/V'(Inz), a(z) = V" /V'(V 1(x)) and
we assume the following condition:

(A2): A(z) —» 0 as z — 0o, A has asymptotically a constant sign and 3p < 0, |A| € RV,.

We recall that RV, is the set of regularly varying functions with index p (see, e.g., [2] for
more details). This kind of condition has been introduced in [5] as a “second order von Mises
condition”. Finally, we need two further conditions on the sequences (m,) and (py):

(A3): my,/(np,) = 00 as n — oo,
(A4): mipa(un) — 0 asn— 0.

Our main result is the following (see the Appendix for a proof):

Theorem 1 Suppose (1) is verified. Then, under (A1)—(A4),

1/2
mn/

o(up)In(ry)

where o(uy,) = V' (V71 (uy,)).

(TeT,n — TET M) N N(0,1) as n = oo,

INRIA



Asymptotic normality of the ET method 5

Remark 2.1 We consider the estimator TrT,, defined by a deterministic threshold u,, and
a random number of exceedances N,. The dual approach would consider a deterministic
number of exceedances my, and a random threshold X, _p,, ny, where X1 n) < -+ < X )
are the order statistics associated to X1, ..., X,. The corresponding ET estimator can then
be written

ZET,n = X(nfmn,n) + 0y ln(’rn)

and ZgT,n has the same limiting distribution as T, pn:

1/2
mn/

7 d
o (up) In(rn) (ZgT,n — TET,n) — N(0,1) as n — oo. (5)

The proof is similar to the proof of Theorem 1. We condition on X(n_p,, n) rather than Ny,

(see Appendiz, proof of Lemma 4.2).

Remark 2.2 In [6], Proposition 1, sufficient conditions are given for

1/2
mn/

" (@mr.n — 2p,) ~ N(0,1) as n — oo. (6)
p'n

This convergence is derived from a similar result on the asymptotic behavior of the POT

estimate. Results (5) and (6) are not equivalent, and (6) does not seem to work in all cases.

Let us consider the example where F' is the standard exponential distribution function. In

such a case o(un) =1, xgT,n = Tp, and then

1/2 Mn

my ", 1 _

z (EEr,n — Tp,) = T (i/pn) Mo/ (X (nemp,m) — Un) + In(rp)m, 2 (v = 1)| . (7)
n e

We can see that these random variables converge to 0 in probability: First, mi/ 2 (X(n—mn,n)—

uy) is asymptotically N(0, 1), see for instance [1], Theorem 8.5.3. Besides, the excesses Y,
1< j < my, are i.i.d. Exp(l), hence by the Central Limit Theorem my '/ E;”:"l Y; - 1)
is asymptotically N (0, 1) as well. This shows that (7) converges to 0 in probability since
In(ry)/In(1/py) — 0 as n — oo under the conditions of [6], Proposition 1. On the con-
trary, (5) gives the correct result. Simulations confirm this difference. 100 samples of size
n = 10,000 were simulated. We chose p,, = 1/(nlnn) and m,, = lnn, and computed both
normalizations (5) and (6). Figure 1 represents the corresponding empirical distributions.
It appears that (6) is not o valid normalization, since it leads to convergence to a Dirac
distribution rather than convergence to a non degenerate normal distribution. On the con-
trary, the normalization (5) seems to work, even though convergence toward the mormal

distribution is very slow.

In order to obtain an explicit form for our sufficient conditions, it is convenient to introduce
three subclasses of DA (Gumbel) (see [8, 14]): V € C = Cj UC? UC} with
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6 Diebolt €& Garrido € Girard

Ch= SRy, 0>0,0#1,

Cl=Cl UCl, ={VeSR, : V" =0}U{V €SRy : |V"|€SR 1 ,},7>0,
C?={VeSRy, V' € SR 1},

C3={V=expg, g€ SRy, 0< 0 <1},

where SRy is the subset of smooth regularly varying functions in RVy, [2]. For instance, C;
(6 # 1) includes normal (§ = 2) and Weibull distributions (§ = §, the shape parameter).
The subclass Ci , includes exponential distributions and the subclass C{ . includes gamma
distributions (7 = 1). The subclass C? includes the double exponential distribution . The
subclass Cj contains the lognormal distribution (§ = 1/2).

Corollary 2.1 Suppose (1) is verified. If mp/(np,) — o0 as n — oo and the following
conditions hold:

(i) VeC;UC? 6#1 and m, = o((Inn)?),

(it) V € Ci s

(i) V € C11’T and m, = O((Inn)20+7)=9) ¥§ > 0 arbitrary small,
() V €C3 and my, = O((Inn)2A=9=9) V§ > 0 arbitrary small.

then, when n — oo,
1/2
mp

~ d
_— — — N(0,1).
o(un) In(ry) @p1in = 251:0) (0, 1)

The proof is straightforward since Lemma 4.4 allows to verify (A4).

Remark 2.3 Theorem 1 captures the behavior of the random variable Tgr,n, — tET, . The
bias term 6, = xET n— Tp, can be studied in the particular case where V € C. For instance,
in [8], Lemma 3, it is shown that 6, = d,(1 4+ o(1)) where

1
d, = E(ln )2V (0n),

with op, € [In(1/py),In(n/my)]. See also [16].

3 Application: The ET test.

This test is motivated by questions arising in the field of Structural Reliability, where
the usual distributions are in DA(Gumbel), and have infinite endpoint. Given the sam-
ple X1,..., X, , we wish to check that a model Fy € DA(Gumbel) provides an acceptable
approximation to the tail of the distribution in the range near and above the maximal ob-
servation. This is important since in the context of Structural Reliability events with low

1X has a double exponential distribution if exp X has an exponential distribution

INRIA



Asymptotic normality of the ET method 7

probabilities can imply strong consequences as critical failures or extreme charges. We as-
sume that at reasonable significance levels, usual goodness-of-fit tests have not rejected the
null hypothesis Hg that {F = Fy}. Such procedures essentially test the adequacy of the
model to the central range of the sample, that is to say the central part of the sample inter-
val. The dangers of extrapolating in the tails from the results of such tests are detailed, e.g.,
in [9] and in [12]. The purpose of the ET test is to check the adequacy of the tail of a given
Fy to extreme observations and to check that this tail provides reasonable extrapolations
above the maximal observation. Therefore, we wish to test

Ho : {F =Fy} against H;:{F=F}

in the upper tail. The principle of the ET test is to compare two different estimates of some
extreme quantile. The first one is the estimate under H,,

Tparam,n = Fo_l(p") .

The second one is the ET estimate Zg, ,, defined by (3). When we estimate the true quantile
by its ET estimation, we make two kinds of errors: an estimation error and an approximation
error, since we approximate the excess distribution with an exponential distribution. Under
Ho, adding an asymptotic equivalent dy , of the approximation error dy ,, (see Remark 2.3)
to the bounds of the confidence interval based on the asymptotic distribution of Zgr, » (see
Theorem 1) yields an approximate confidence interval for the true quantile:

Cly,n = [@ET,n +do,n £ 6,10 (rn)mgl/Zza] ,

where z, is such that P(|¢{| > z4) = a with £ ~ N(0,1). The ET goodness-of-fit test rejects
‘Ho when the parametric estimate does not lay within this confidence interval: Tparam,n &
CI, - This is a simplified version of the ET test proposed in [7]. The full version aims to
test

Ho : {F = Fg} against Hl : {F 75 Fg}

where 6 is estimated by the maximum likelihood method. Besides, it is also proposed to
replace the asymptotic Gaussian approximation of Zgt, , — Tparam,n Dy bootstrap.
For the sake of simplicity (see [8]), we assume that

m,, is the largest integer < cst;n' P(lnn) ¢ and
pn = cstan ? (Inn) ¢ (8)

for some positive constants cst; and cste, where 0 < p < 1 and ¢ > 0 when p = 1 (with no
constraint on ¢ when 0 < p < 1), and p’ > 1 and ¢' > 0 when p’ = 1 (with no constraint
on ¢’ when p' > 1).

Introducing Vo(z) = Fo ' (e®) and V;(z) = F, ' (e~®), we have the following two results:

RR n°® 4551



8 Diebolt €& Garrido € Girard

Theorem 2 Consider two sequences (my) and (p,) verifying (8). In each of the following
cases:

(i) Vo €ChUC?,0#1, p=p =1 and ¢ < min(2,¢'),
(it) Vo €Cl o, p<p orq<{,
(i) Vo € Ci ., p=p' =1 and ¢ < min(2(1 + 7),¢'),
(iv) Vo €C3, p=p' =1 and ¢ < min(2(1 - 0),¢'),
the level of the ET test converges to a as n — 0.

Theorem 3 Consider two sequences (my) and (p,) verifying (8). In each of the following
cases:

(i) Vo €Ch, V1 €C\Cj, 0 #1, p=p' =1 and ¢ <min(2,q),
(i) Vo € CiT, Vi e C\Cll’r, p=p =1 and ¢ <min(2(1+17),q'),
(iii) Vo € Cf oo, Vi €C\Ci o, p<p' 0rq<{,

(iv) Vo €C?, Vi €C\C% p=p =1 and ¢ < min(2,q),
(v) Vo €C3, Vi €C\C3, p=p =1 and q < min(2(1 — 0),q),

the power of the ET test converges to 1 as n — 0o.

4 Auxiliary results.

To prove Theorem 1, we need three lemmas. They control the asymptotic behavior of the
random variables N,, and &, from which Zgr, , is defined.

Lemma 4.1 Suppose (1) is verified. Then, mfbl/z(Nn —mp) LN N(0,1) as n — 0.
From [17], Lemma 1.8, F' is integrable, hence so is F,,, and we introduce
© —
wlun) = /0 F}, (y) dy, 9)
where F} (y) = F,, (c(un)y) is the survival function of normalized excesses.
Lemma 4.2 Under (A1), N}L/z(an/a(un) — ulug)) N N(0,1) as n — oo.

Lemma 4.3 Under (A1), (A2) and (A4), miﬂ(u(un) —1)—>0asn— occ.

INRIA



Asymptotic normality of the ET method 9

The next lemma is useful to rewrite condition (A4) in a more explicit form for the considered
classes of distributions. It states that V" /V’, which plays a central role in this study, is a
smooth regularly varying function provided V' € C. Its proof is straightforward.
Lemma 4.4 (i) IfVeCjuC? 0+#1) then V"]V € SR_;.
(i) If V € Cf , then V" /V' =0.
(iii) IfV €Ci, then V"|V' € SR_1_.
(iv) If V € C3 then V" V' € SRy_;.
The next lemma, will reveal useful to apply Lemma 4.4.
Lemma 4.5 Suppose V € C, andInz/In{ — 0 as ( = 0. Then, for { =0,
V'"(ka —In¢ — k3(ka + k11Inz))  V"(=In()
V'(k2 —In() V'(—1n()
The study of the asymptotic level and power of the ET test requires further notations. For
k € {0,1} we introduce:

e The true quantile under Hy: zy,, = F; ' (p,) = Vi(b,) with b, = In(1/p,),

, VK1, K2, kg € [0, ].] (10)

e Its ET approximation under Hi: TET,kn = Unk + Ok (Ugn)In(r,) where u,, =
Fk_l(n/mn) =Vi (an) with a, = ln(n/mn)a and oy, (uk,n) = Vkl(vk_l(uk,n))a

o The corresponding error of approximation under Hy: 6k, = Tk,p, — TET, k,n»

e Its first order approximation under Hj (see Remark 2.3): di, = (Inr,)?V}'(0n)/2
with
Qn G [bn; an];
e The auxiliary function Q(t) = tV}/(t)/Vi(t), t > 0.
We also define Q(t) = Vo(t)/Vi(¢), t > 0, and the following sequences
m dO,n - (50,n
" 00 (uo,n) In(ry)

. by = \/m—nwET,l,n — TET,0,n and o, = Uo(uo,n)_ (11)

Wp =
o1(u1,,) In(ry,) o1 (u1,n)

The next two lemmas describe the asymptotic behavior of these sequences which drive the
asymptotic level and power of the ET test.
Lemma 4.6 Under the conditions of Theorem 2, w, — 0 as n — 0.

Lemma 4.7 Consider two sequences (my) and (pn) verifying (8). In each of the following
cases:

(i) Vo € Cj, Vi € C\ Cj,
(i) Vo € C%, V4 € C\ C?,
(iii) Vo € C3, Vi € C\ C},

we have |¢,| = 00 and ¥, = o(Pn) as n = .

RR n® 4551



10 Diebolt €& Garrido € Girard

Appendix: Proof of theorems.

Proof of Theorem 1

Let us denote
1/2
mp

An = ('/Z'\ET,n - wET,n)

o(up)lnr,
and split it into four terms, A,, = Ag{l) +A(nb) +A£f) +A£Ld). Each term is treated separately:

o A® is the stochastic term defined by AY = N1/2 (on/o(upn) — p(uy,)) and studied in
Lemma 4.2. It converges in distribution to the centered and reduced normal distribu-
tion under (A1).

o A is a stochastic term defined by AP = (N /mp)~/? = l]A%a). As a consequence
of Lemma 4.1, N, /m,, converges to 1 in probability. Therefore, Aslb) =op (AS{’)) and
converges to 0 in probability under (A1).

. A,(f) is a stochastic term defined by

On In(N,/my)
o(ug) In(ry)

A%c) — m:l/Q
From Lemma 4.2, we can write 0, /o (up,) = p(uy) +Nn_1/2§n with &, 4, &~ N(0,1).

Besides, from Lemma 4.1, N; /2 = 0 in probability and from Lemma 4.3, wluy) =1
as n — oo. Therefore, 7, /0(uy,) is bounded in probability and consequently

A(c) =Op m1/2 ln(Nn/m")
n " In(ry) '

In view of Lemma 4.1, we write N,/m, =1+ mﬁl/27rn, with m, BNy N(,1). It

follows that In(N,/m,) = mn 1 + Op(m,') and

00 i) -0 ()

which converges to 0 in probability under (A3).
o ALY is the deterministic term defined by AY =l *(u(uy) — 1) and considered in
Lemma 4.3. It converges to 0 under (A1), (A2) and (A4).

INRIA



Asymptotic normality of the ET method 11

Proof of Theorem 2
From Theorem 1, and under Hy,
Tparam,n — PET,n = Tparam,n — TET,0.n + 00 (U0 n) In(r,)m; 2 &,
where &, 4, & ~ N(0,1). Therefore,
P(zparam,n ¢ Clan | Ho) = P (én & Jan) ,

where Jo,n = [wn £ 240n/00(Uo,n)] and w, is defined by (11). Now, since m,, — oo and

my/n — 0, under Ho we have 7, /0¢(uo,1) Hilasn o oo [4]. We thus have
P(@n/o0(uon) >1+1n) =0 and P (G,/00(uon) <1—1n)—0,
when n — oo for all § > 0. Introducing Kq, , = [wp £ 24(1 + )], it follows that ¥ > 0,
P(Jan C Ko,n) =P (0n/o0(uon) <1+n)=1-P(0,/00(uo,n) >1+n) = 1. (12)

From Lemma 4.6, w, — 0 as n — oo, and therefore there exists No(n) € N such that
Vn > No(n), Kan C [£24(1 + 21)] leading to

P (Jayn C Kayn) <P (Jap C [22a(1+20)]). (13)

As a consequence of (12) and (13), P(Ja,n C [£24(1 +27)]) — 1 as n — oco. This is
equivalent to

¥u1 >0, ANi(v1,m) €N such that ¥n > Ni(v1,7), P (Jan & [F2a(1+20)]) < 1.
It follows that Yn > Ny (v1,7),

P (& € Jan) {n € Jan} N {Jan C [£2a(l +20)]})

P(
P({& € Jan} N {Jan & [F2a(1 +29)]})
P(
P

én € [:tza(l + 277)]) +P (Ja,n Z [iza(l + 2"7)])
&n € [£24(1+ 27)]) + 1. (14)

ININ +

Moreover, for all v5 > 0, there exists C(r2) > 0 and Na(v») such that
Vn €]0, C(v2)] and VYn > Na(v2), |P(&n € [£24(1 +20)]) — (1 — a)| < va,
which implies that

Vv, >0, Vn€]o, C(vp)], limsupP (&, € [£24(1+27)]) <1 —a+ 1. (15)

n—0o0

From (14) and (15), we obtain Vvy, vy >0

limsupP (§, € Jon) <1 —a+v +vs.

n—oQ

RR n°® 4551



12 Diebolt €& Garrido € Girard

Similarly, it can be shown that Vivy, vo > 0,

liminfP (&, € Jopn) > 1—a—vi — vs.
n—oo

This entails: Vv, vy > 0,
1—a—v —vy <liminf P(§, € Ju,n) <limsupP(&, € Jon) <1 —a+v; +vs.
n—00

n—oo

Since 14 are vy are arbitrarily small, both limits are equal and thus P(&, € Jo,n) > 1 —a
as n — 00. As a conclusion, P(Zparam,n ¢ Clan | Ho) = o as n — oo.

Proof of Theorem 3

From Theorem 1, and under H;,
ntl? En

Tparam,n — -'/L'\ET, n = Tparam,n — TET,1,n + o1 (ul,n) ln(rn)mn
where &, LI &~ N(0,1). Therefore, in view of (11),

P(zparam,n ¢ Clan | H1) = P (fn ¢ J&,n) ) (16)
where J, ,, = [wWn¥n + dn £ 240n/01(u1,n)]. Now, since m,, — oo and m,/n — 0, under
Ha1, we have G, /01 (u1,n) Hilasn— oo [4]. For n > 0, introducing Ky, ,, = [wntn + ¢n +
Za(1+n)], leads to P(J;, ,, C K|, ,,) = 1 asn — oo. From Lemma 4.6 and Lemma 4.7, KJ, ,,

can be rewritten as K, ,, = [¢n(1 + €n) £ 24(1 + )], With €, = wpthn/dn — 0 as n — oo.
It follows that Vn > 0, P(§, ¢ K|, ,,) — 1 as n — oo, since |¢,| — oo. Remarking that

P(én ¢ K, 1) P({&n ¢ Jon} N {Jon C K ) + P({&n ¢ Jon} N {Jon € Ko 0 })
P(&n ¢ Jan) + P(Jan € Ko p)s

it results that 1 > P(én ¢ Jp,,) > P(én ¢ K, ,) — P(Jy,,, € Ki, ,) = 1 asn — oo.
Therefore P({, ¢ J;,,,) = 1 as n — oo and (16) concludes the proof.

o

IA I

Appendix: Proof of lemmas.

Proof of Lemma 4.1

This is a classical result. Remark that S, = m, Y 2(Nn — my,) is the sum of a triangular

array of independent and centered random variables (Y; ,):
Yin= m;l/Q(]I{Xi > up} — my/n).

Since Var(S,) — 1 as n — oo, Lyapunov’s condition reduces to

n

Y E(Vin) >0

i=1

as n — oo. Straightforward calculations show that the above sum is O(m, 1 %).

INRIA



Asymptotic normality of the ET method 13

Proof of Lemma 4.2

Step 1. We first prove that N%/Z‘(an/a(un) — w(uy)) LN N(0, 1) conditionally on N, = k,,
where (k) is a sequence tending to infinity. To this end, we introduce the empirical process
of the normalized excesses Af, (y) = N1 Z;V"l I{Y; < yo(un)}. We have

8 /0(un) = / "yl (y) = / T AL () dy. ()

Collecting (9) and (17), we obtain
N3G o) = ulua)) = = [ N8 )~ L, ).

Conditionally on N, = k,, the stochastic process Ny (A —F} ) can be written as By, oF} |
where By is the empirical process built from k,, independent uniform random variables on
[0, 1]. From Pickands’ theorem, for all sequence (k») tending to infinity, F} converges uni-
formly to G, the cumulative distribution function of the Exp(1) distribution. Consequently,
By, o an converges in distribution to B o G as n — 0o, where B is a Brownian bridge on
[0, 1]. Therefore, conditionally on N,, = k,,

NY2(6, 0 (un) — un)) > — / T B(G()) dy

as n — oo, for all sequence (k,) tending to infinity. For symmetry reasons, we have

o0 i_ o0 B é 1 ; g 1 )
- / B(G(y)) dy 2 / B(1 — G(y)) dy / £ VB(t) dt / Int dB(z),

0 0

where ¢ = 1 — G(y). As a preliminary conclusion, we have shown that conditionally on
N, = kny, er/z(ﬁn/a(un) — uluy)) SN N(0, 1) as n — oo for all sequence (k) tending to
infinity.

Step 2. Let us denote Z, = Ni/2(8n/a(un) — (uy)). In the first step of the proof, we have
shown that for each Borel subset B, P(Z,, € B|N, = k,) - P(Z € B) as n — o0, where
Z ~ N(0,1). The proof of P(Z, € B) - P(Z € B) as n — oo is based on Lebesgue’s
convergence theorem.

Proof of Lemma 4.3

The survival distribution function of the normalized excess F} can be rewritten in terms
of the function V to obtain

() = / " exp (V" un) =V (un + y0(un))) dy.
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14 Diebolt €& Garrido € Girard

Setting # = V="' (up, + yo(un)) — V="' (up) and remarking that [;° =% dz =1 yields

po-se [ (St )

For the sake of simplicity, define z, = V~!(uy,). Then,

plun) =1 _ /°° A(l (V'(”; +2n) _ 1) e" da.
0

a(un) esn) V' (zn)
The second order condition (A2) implies that
1 Vi (z+ z,) e
-1 Psd 18
e (v 1) 2 ) e e

as n — oo (see [5] and [16, 14]). Moreover, for n sufficiently large and all 0 < ¢ < 1
arbitrarily small, we have
1 V'(x + 2n)
|A(e=)| | V'(2n)
for some positive constant C. This result is established in [15], Proposition 1. This kind of
Potter bounds has also been given in [5], Corollary 2.4. From (18) and (19), we conclude

that . o oz )
plun) — 1 - / / e’ Tdsdr = ——
a(un) o Jo 1-p

as n — oo. Consequently, (A4) implies that m}/z(u(un) —1) > 0asn — oo.

-1

e < Cele—b2 (19)

Proof of Lemma 4.5

Let us introduce —In{’ = ks —In¢ and —In¢" = k2 — In( — Kk3(k2 + K1 Inz). We can note
that, since { — 0, since k1, k2, and k3 are bounded and since In z is neglictible with respect
to In¢, we have In¢{’ ~In{ and In{" ~ In{. We consider two cases:

e If V€ Cy UC?, then V' and V" are smooth regularly varying functions and the result
is well-known. Let us remark that if V € C] , then V"/V' = 0 and equivalence (10)
is an equality.

e Suppose V € C3. We thus have V = exp g where g € SRy. Our goal is to show that
V" (—1In¢") V'(—1n()
Vi(=1In¢) V'(—1In(")

The proofs of V" (=1In¢")/V"(—=In¢) ~ 1 and V'(—1In()/V'(—In(’') ~ 1 are similar.
Consider for instance the first term:

V”(—ln(") B (gll+gl2)(_ lnC”) . . oo i
TI—me (g gD (g P —g(=In0)

~ exp(g(—In¢") — g(~1nQ)),

~

INRIA



Asymptotic normality of the ET method 15

since g" + ¢'> € SRag_» and —In¢" ~ —In¢. A Taylor expansion of g shows that
there exists k €]0, 1[ such that

V”(— In C”)
V"(—=1n()
Remarking that In(¢/¢") = k2 — k3(k2 + k1lnz) is independent from ¢ and that

—In¢"” - oo as ( — 0 yields ¢'(—In¢" — kIn({/¢")) = 0 as ¢ — 0, since ¢' is a
smooth regularly varying function with negative index.

~ exp(In(¢/¢")g' (= In¢" — k1n(¢/¢"))).

Proof of Lemma 4.6

Let us introduce a, = In(n/m,) and b, = In(1/p,). In view of Remark 2.3, we have
wn = o(Ay,) where we have defined A, = /my(an — b,)Vy'(0n)/Vy(an) with o, € [by,an].
Let us consider first the case Vg € Cioo. We thus have A,, = 0. In all the other cases, we
suppose p = p' =1 and we write g, = a,, + &(b, — a,,) with & € [0,1]. Thus, setting ks = 0,
k1 = k3 = 1, Inz = k(a, — by), and In{ = —a,, yields Inz/In¢ = k(b,/a, — 1) - 0 as
n — 00. Lemma, 4.5 entails that

Ap ~ vmp(an — bn)wl(an)/vb’(an)a

and Lemma 4.4 concludes the proof.

Proof of Lemma 4.7
It is easily seen that v, = Q(a,)Q(an,)/Q (a,) and
_ Q(an) an 1 Q4 (an)
o=V oy L5 e (e 1) * ey~ ol

bn —Qn G

which leads to

o = oy o (i 1) * By~ ot

Remark that (8) ensures that lim inf a,,/(b,, — a,,) > 0. We only prove (i), the proofs of (ii)
and (iii) being similar. Introducing Hy € C}, we have Qqg(a,) = 1/6 as n — oo. Three cases
appear:

o V4 €C}, 0" # 6. Suppose for instance 6§ < 0'. It follows that Q4 (an) = 1/6' as n — oo
and ) € SRy/9_1/¢ with 1/0 —1/8' > 0 leading to Q(a,) = oo. This yields

g an .,
On 0'/m,Q(an) [bn . + 0] — —00
and 5 .

n an

as n — 0o. The case 0 > 0' is similar.
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16 Diebolt €& Garrido € Girard

e V4 € C?. In this case, Q1(an) — 0 as n — oo and Q € SR,y which is the previous
situation.

e V4 € C3. We have Q4(a,) & +00 as n — oo and Q(a,) = Vo(a,) exp(—g(a,)) with
g € SRy leading to Q(a,) — 0 as n — oo. This yields

an 1
n ™~ nl|l7z o~ 7.\ 1
10) v/m [bn—anﬁl(an)+ ]—)oo
and p
n VMn Qnp,
% ~ gﬂ(an) [bn — +Ql(an)] — 00
as n — oo.

INRIA
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Figure 1: Comparison of the N (0, 1) density with the empirical distribution obtained by

both normalizations.
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