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I'-convergence d’une suite de fonctionnelles discrétes avec
une r’gularisation non quadratique pour la classification
d’image

Résumé : Ce rapport contient la justification mathématique du modéle variationnel pro-
posé en traitement d’image pour la classification supervisée. A partir des travaux effectués
en mécanique des fluides pour les transitions de phase, nous avons développé un modéle
de classification par minimisation d’une suite de fonctionnelles. Le résultat est une image
de classes formée de régions homogénes séparées par des contours réguliers. Ce modéle
différe de ceux utilisés en mécanique des fluides car la perturbation utilisée n’est pas qua-
dratique mais correspond & une fonction de régularisation d’image préservant les contours.
La I'-convergence de cette nouvelle suite de fonctionnelles est prouvée.

Mots-clés : TI'-convergence, classification d’images, régularisation non quadratique.
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T'-convergence of discrete functionals 3

1 Introduction

Image classification consists of assigning a label to each site of an image to produce a par-
tition of the image into homogeneous labelled areas. The classification problem concerns
many applications as, for instance, land use management in remote sensing.

Based on results conducted in the Van der Waals-Cahn-Hilliard theory framework for
phase transitions in fluid mechanics [2, 4, 11, 14, 16], we have recently proposed a sequence
of functionals for image classification [15]. The soundness of such a method relies upon I'-
convergence theory. The purpose of this paper is to prove the I'-convergence of the sequence
of functionals we use, which differs from the one used in fluid mechanics in the sense that
the perturbation term is not quadratic, but it is an edge preserving regularization term as
defined in image processing.

Let Q be an open bounded subset of R?, I : © — R the observed data to classify,
I € L>=(Q). A class is characterized by parameters of the spatial distribution of intensity,
i.e. the mean and standard deviation for Gaussian hypothesis. This work takes place in the
general framework of supervised classification which means that the number n of classes and
the parameters of the Gaussian distribution of the classes (a;,0;) are a priori known. These
values are either given by an expert or are pre-computed by using a fuzzy Cmeans algorithm
with an entropy term (see [13] for instance). Knowing (a;,0;) ¢ = 1, ..,n, the question is now
to find a partition of 2 based on the observed image, where a component is the set of pixels
in class ¢. We also add a regularity constraint on the partition. In order to assign a class ¢
to each pixel z, we have proposed in [15] the sequence of functionals

R = [ )~ 1P dobe | o(Va@hio s | Wi

~ /

~~ ~~

data term restoration term classification

and the associated problem consists in finding uy such as:

uwo = lim [arg min Fs(u)]. (2)
e—0t u

Let us first consider the functional with a fixed . The first two terms of (1) are standard

for noisy image restoration by nonquadratic regularization [8, 3]. Function ¢ is a smoothing

function that will be defined later.

The third term of (1) is a level constraint such that W : R — R™* attracts the values of
u(z) towards the mean a; of class 4, taking into account the standard deviation o;. W has n
minima at a; such that W(a;) =0, Vi=1,..,n. W is quadratic around each minima (from
the Gaussian distribution hypothesis), i.e. around the a;, W(t) = (%), and is piecewise
parabolic between the wells (see Figure 1). '

Considering a sequence of energies F, when ¢ — 0 is inspired from works conducted in
the Van der Waals-Cahn-Hilliard theory framework for phase transitions in fluid mechanics

RR n° 4560



4 Aubert & Blanc-Féraud € March

Figure 1: Example of double-well potential W, in the case of two classes with a1 = a,a2 = b.

[2, 4, 11, 14, 16] using I'-convergence.

We recall the definition and some properties of I'-convergence (see [10]). Let X be a
metric space, and let f. : X — [0,400] be a family of functions indexed by £ > 0. We say
that f. T-converge as ¢ — 0% to f : X — [0, +00] if the following two conditions

Vi, — lim(i)rif fe(@e) > f(=), 3)
and
dz. — =z hmsupfs(xs) < f(x)v (4)
e—0t

are fulfilled for every x € X. The I'-limit, if it exists, is unique and lower semicontinuous.
The I'-convergence is stable under continuous perturbations, that is, (fe + v) [-converge
to (f + v) if f. I-converge to f and v is continuous. The most important property of
I-convergence is the following: if {z.}. is asymptotically minimizing, i.e.

lim (f.(a.) —inf f.) =0, (5)

and if {z., }» converge to z for some sequence ¢, — 0, then z minimizes f.

€

The minimization problem (2) relies upon I'-convergence arguments. If o(t) = t2, then
it can be shown from [4] that the sequence of functionals (1) I'-converges to

7,l=1

Z/ |ai - I|2d$ + Z K:i,l'Hl(a*Ai No*A; N Q)
=1 Ai
Fo(u) = if w € BV(Q;{a1,...,an}), (6)

+00 elsewhere in L2(Q).

INRIA



T'-convergence of discrete functionals 5

i e

original noisy (SNR=10 dB)

Figure 2: Synthetic “check” image.

where BV (Q) is the space of functions of bounded variation [1], H! is the one-dimensional
Hausdorff measure, and 0* A4; is the essential boundary of the subset 4;. For u € BV (Q;{ay,
A;={z € Q:u(xz) =a;} for any i =1,...,n. Then the sets Aj,..., A, define a partition
of Q into sets with finite perimeter. This partition is the classification result. The weight
ki, is defined by

ot = / NGO )

From T'-convergence and compactness results, we know that the sequence of minimizers u,
of F.(u) converges (up to a subsequence) to a minimizer of Fy. So ug defines a partition of
Q according to the predefined classes, with minimal interfaces with respect to the weighted
length (6), (7).

From the numerical point of view, when & decreases, the functional turns from a restora-
tion process (the third term in (1) is negligeable) into a classification process.

We do not use the quadratic function for ¢ but an edge-preserving regularizing function
o(t) = ﬁ because, numerically, it gives better results by preserving high gradients which
represent edges [8]. This is illustrated on a synthetic image of size 128 x 128 pixels ("check"
image), containing four classes.

The white Gaussian noise introduced is such that the Signal to Noise Ratio (SNR) given
by SNR = 10log;, == "Zfijfa"iix:””ce is 10 dB. Fig. 2 presents the synthetic image (non
noisy and noisy). From the noisy one, we compute the classification as in (2) for different
e-functions (see [15] for the detailed algorithm). The results are presented in Fig. 3. For a
Tikhonov regularization (o(t) = t2), edges are oversmoothed. With a convex ¢, there are
still many misclassified pixels on the boundaries. Best results are provided with the use of

with g > 0.

. 2
the nonconvex function ¢(t) = va,

RR n° 4560
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6 Aubert & Blanc-Féraud € March

o(t) = t2: convex (Tikhonov)

(t) = log(cosh(t)): convex (Green)

p(t) = ﬁ: nonconvex (Geman & McClure)

Figure 3: Classification of “check” image with different functions ¢. Nonconvex functions
provide better results than convex functions which lead to oversmooth results: we get dam-
aged edges.

INRIA



T'-convergence of discrete functionals 7

Before stating the result shown in this paper, let us show that the farmly of functionals
F, in (1) does not T'-converge to the limit Fy given in (6) if ¢(t) = 7= as it does when

1+
@(t) = t2. As the term [, |u(z) — I (z)|? dz is a continuous perturbation, it is sufficient to
show that Vu(z
u
Ef(u) = W(u 8
S s g AL ©®

does not I'-converge to Ey defined by

> ki HY(O*AN*ANQ) ifue BV(Q{a,...,an}),
Eo(u) = i,l=1

+00 elsewhere in L2().

Let n =2 and uo € BV(Q;{a1,a2}) with a; < 0 < aa. Let A, be the tubular neighborhood
of Sy,, the set of jumps of ug, defined by A, = {z € Q : dist(z, Sy,) < Ac}, with Ac > 0.
Then, let u. , be defined as

ai if x € {uo(z) = a1 }\A:

) a2 if € {uo(z) = a2}\A:
Ue (%) = S dist(z, Su, ) if v € {ug(z) =a1} N A
2 dist(z, Sy, ) if v € {ug(z) =ax} N A,

The function u. , belongs to the Sobolev space W1:2() so that the energy E*(u.,,) is finite
for any «.

Since L for any t > 0, it is easy to check that

1+p.t2 <
€ 1
B (ue,,) < ; |Ac| + EWO |4, 9)

where | - | denotes the Lebesgue measure and Wy = max;c(a,,a,) W(t). As Ac can be chosen
in such a way that |A.| — 0 as fast as we want with &, then the right-hand side of inequality
(9) converges to 0 as ¢ — 0. So wue,, is a counter-example to the lower inequality of the
T'-convergence. This example shows that too sharp transitions make the proof of the I'-
convergence fail. In order to obtain the I'-convergence with the considered function ¢, we
have to introduce the subspace of W1:2(Q) of finite elements as in Chambolle and Dal Maso
[7]. The meshsize of the discretization will limit the sharpness of the transitions.

The paper is organized as follows. In Section 2 we define the sequence of functionals
and we state the I'-convergence result. The proof of I'-convergence is given in Sections 3
and 4. The Section 5 is devoted to the compactness of the minimizers for the sequence of
functionals. In Section 6 we show that the evaluation of the discrete functionals via the
vertex quadrature rule does not affect the I'-convergence and compactness results.

RR n° 4560



8 Aubert & Blanc-Féraud € March

2 Mathematical preliminaries and statement of the re-
sult

In the following |A| denotes the two-dimensional Lebesgue-measure of a set A C R?, and
H(8A) denotes the one-dimensional Hausdorff measure of O A.

Let 2 C R? be a bounded open set. We will use standard notation for the Lebesgue
and Sobolev spaces LP(Q2) and W1P(Q). We say that v € L*(2) is a function of bounded
variation in , and we write u € BV (), if the distributional derivative Du of u is a vector-
valued Radon measure with finite total variation in Q. We denote by | Du| the total variation
of Du, and by Vu the density of the absolutely continuous part of Du with respect to the
Lebesgue measure. It can be proved [1] that Vu coincides almost everywhere with the
approximate differential of u. We denote by v~ (z), u™ (x) the approximate lower and upper
limit of u at the point z, and we denote by S, the discontinuity set of u in an approximate
sense, defined as

Su={z€Q:u (z) <ut(x)}.

We say that a Borel set A C R? is a set with finite perimeter in Q if x4 € BV (), where
x4 denotes the characteristic function of A. We denote by 0*A the essential boundary of
A, i.e., the set of points where A does not have density 0 or 1. The perimeter of A in § is
then given by |Dxa|(Q) = HY(8*AN Q).

In the following @ C R? will denote an open polygonal domain. Let #y be an angle
such that 0 < 6y < 7, and let v(h) be a function such that v(h) > 6h for any A > 0 and
v(h) = O(h) as h — 0F. For any h > 0, we denote by 7,(Q) = 7,(Q,6p) the set of all
triangulations of Q made of triangles whose edges have length between h and v(h), and
whose angles are all greater than or equal to 6.

We denote by V,(Q) € W2(Q) N C°(Q) the linear finite element space

V() ={u:Q =R : 3T, € () : u continuous, u|r € P,(T) VT € Tr},

where T' denotes a triangle of T}, u|r denotes the restriction of u to T', and P;(T) denotes
the space of polynomials of degree 1 on 7. We denote by 7, : C°(Q) — V4 (Q) the Lagrange
interpolation operator.

Let {a1,...,an} C R with a1 < a2 < --- < a,. Let W : R — R be a function with the
following properties:

(i) W is C'(R) with Lipschitz continuous derivative;
(ii) W is C? in a neighborhood of a; for any i € {1,...,n};
(iii) W(t) > 0 for any t ¢ {a1,...,an} and

W(a;) =0, W'(a;)=0, W"(a;) >0, Vie{l,...,n}; (10)

(iv) W (t) is monotone increasing for ¢ > a,,, and monotone decreasing for ¢ < a;.

INRIA



T'-convergence of discrete functionals 9

For any 4,1 € {1,...,n} we set
ay
Kil = / VW (t)dt.
For any I € L*(Q) such that ||I||r~q) < K < +00, we set
+00 > M > max{|a1], |an|, K} (11)

For any h > 0 and any ¢ > 0 we define the functional E. j, : L?(2) — [0, +00] by

|Vul? 1 .
€ ]_7V|2d$ + g W(U)dl’ ifue D(Es,h)7
Een(u) = o L+ pen|Ve ¢

+00 elsewhere in L2(12),

where ., >0 and D(E; i) = {u € Va(Q) : |Jullp~0) < M}.
We say that n Borel sets Ay, ..., A, define a partition of 2 if

ANA =0 Vi, le {1,...,n}, i #1, [Q\ Ui 4;] =0.

Let w € BV(Q;{ai,...,a,}) and let A; = {zx € Q: u(z) = a;} for any i = 1,...,n; then the
sets Ay,..., A, define a partition of {2 into sets with finite perimeter.
Then we define the functional Ey : L2(2) — [0, +00] by

2 ki H' (0" AN 0" A4, N Q) ifue BV(Q{a,...,an}),
Ey(u) =4 &
+00 elsewhere in L?(12).
Finally we state the main result of the paper. We define

F h(u)= /Q(u —I)?dz + E; p(u),

and we will prove the following theorems.
Theorem 2.1 Assume that h = o(e|loge|™!) and that the following condition is satisfied:

B

h 12
us,h=€—, with 3> 1 and ¢ > i
C

12
sin 60 ( )

Then the family {F. r}. T-converges to the functional
/ (u —I)?dx + Eo(u)
Q

in the L%(Q)-topology as € — 07 .

RR n° 4560



10 Aubert & Blanc-Féraud € March

Since the term [, (u — I)*dz is a continuous perturbation with respect to the strong-L*(1)
topology, in order to prove the theorem it will be enough to prove that the family of func-
tionals {E; »}. I'-converges to the functional Ey.

Theorem 2.2 Assume that h = o(e|loge|™') and that p. » satisfies (12). Then any family
{ue,n}e of absolute minimizers of F  is relatively compact in L*(Q), and each of its limit
points minimizes the functional

/(u — I)?dx + Ey(u).
Q

3 Lower inequality

In this section we investigate the I'-convergence lower inequality (3) with f. = E., and
f = Ey.
Theorem 3.1 Let . j satisfy (12) and let h = h(e) with lim. o+ h(e) = 0. Then, for every
function ug € L*(Q) and for every sequence {u. p}. C L*(Y) converging to uy in L*(Y) as
e — 0%, we have

liminf E, p(ue,n) > Eo(ug).

e—0+
First we prove the following lemma.
Lemma 3.2 Assume that pi.,n satisfies (12). Then, for every ¢ > 0 and for every u €
V() (0 < h < 1), there exists v € BV (Q) such that

1
E. p(u)>(1— hﬁ—l)s/ |Vo|?dz + . / W (v)dx + 2k1 o H(S,), (13)
Q Q

P Bn() > [z € 2 0(@) £ (@), (14)
and v(z) = a1 for any x € Q such that v(z) # u(x).

Proof. We use a method developed by Chambolle and Dal Maso in [7], Section 3. For any
6 € (0,1) we have

t2
1+ (ehfB/c)t?
Let T} € 7,(Q2) be a triangulation such that u|r € P;(T) for any triangle T € T}. Let Vur

denote the constant value of the gradient of u on each triangle T' € T},. Using the inequality
(15) we have

> min{6t%, (1 -6 vt > 0. (15)

c
)75}

|VUT| /
E.n(u) > ¢ T W(u
(u) T; | |1+ (ehB/c) |VuT|2
> & 3 T minfs|Vurl, (1-6)r5) + - /W (16)
TeTy,

INRIA



T'-convergence of discrete functionals 11

Let T} = {T € Ty : §|Vur|> > (1 — 6) 5 }. We define v in the following way:

o(x) a1 on every T € T}
“ | u(z) oneveryT € T, \T}.

Clearly we have v € BV (Q) and

s,c | or (17)
TeT)
Using inequality (16) we find
¢
Eep(u) 2 (1 - 6)h_ﬁ Z . (18)
TEeT)

We now set § = 1 — hP~1. The estimate (14) then follows by using (18).
By the assumptions on the triangulation, for any 7' € T}, the following inequality holds
(see [7], Section 3):

1
IT| > 5 - hsinfy ~HY(AT),
so that, using (17) we have
S 7| Zé-hsiné’o 3 w\(ar) 2%~hsin90~H1(Sv). (19)
TEeT}, TET},

Then, denoting by Vur the constant value of the gradient of v on each triangle T € T},
and using (16) we find

1
Ecp(u) > 6 Y |T||VuT|2+g/W(u)da:+ > |T|(1—5)hiﬁ
TET,\TL @ TET;,
1 c
> (1-r"Ne > |T||VvT|2+g/ W(v)dz + + >y, (20)
TET, @ TeT}

and, using (19),
Bon(u)> (1— hﬁ—l)e/ Vol2dz + %/ W(0)da + - sin - H'(S,).
Q Q

The estimate (13) then follows by using (12). H

We can now prove Theorem 3.1.
Proof of Theorem 3.1. Up to the extraction of a subsequence, we may assume that
{uen}e C D(E; 1), and

+00 > lim irif E. p(uep) = lim+ E; p(ue,n), (21)

e—0 e—0

RR n° 4560



12 Aubert & Blanc-Féraud € March

otherwise the result is trivial. To simplify the notation we set u. = u, p(.) and we assume
that u. converges a.e. to ug as ¢ — 0T. Using (21) we deduce that

liminf | W(ue)dx =0,
e—0t Q

and by Fatou’s Lemma
e—0*t e—0+t

0< / W (ug)dx = / lim inf W (u,)dz < hmlnf/ W (ue)dx = 0,
Q Q

thus W(ug(z)) = 0 a.e. in Q. Then, using (10) there exists a partition {A;}i=1, .. n of Q
(with A; measurable for any ¢) such that

=3 aiva (). (22)
i=1
For any ¢ > 0, Lemma 3.2 provides a function v, € BV () which satisfies (13) and (14).

We have
/(115 —wp)?dx = / (e — ug)?dx + / (ve — ug)?da. (23)
Q Ve =Ue Ve AUe

The first term of the right-hand side of (23) tends to 0. Furthermore, we have [|v|| =) < M
so that, using (22), it follows |v: — uo| < 2M a.e. in , and

/ (0. — o)z < AM2|{z € O+ v.(2) # ua(a)}]. (24)
Ve e

Using (14) and (21) we deduce that v. converges to ug in L2(Q) as ¢ — 01. Let 9., with
a1 < U, < an, denote the truncated function

V. = max{ay, min{v., a,}}.

We have that . converges to ug in L%(Q) as ¢ — 0*. Now we define the two functions
Y
= / W, (25)
ay

and 1. (x) = g(v-(z)). Since g is Lipschitz continuous we have 1. — g(uo) in L?(2) and,
using (22),
gluo(®) = k1 ifuo(@) =ai, Vi€ {l,...,n}. (26)

For any ¢ we have ¢, € BV (Q), Sy, C S5, = S,,, and the approximate gradient is given by

Ve (z) = VW (0 (2)) VU (z (27)

INRIA



T'-convergence of discrete functionals 13

The following estimate then holds for the total variation

Dy.|(Q) = / V.|de + /

Sipe

wf = w7 0K < [ [V0ulde b H(S5). (@9
Q
Using (13), (27) and (28) it follows
1
E n(ue) > (1- h'g_l)e/ |Voe|?dx + g/ W (ve)dx + 2k1 0 H' (Sy,)
Q Q

1
(1- hﬂ—l)s/ V5.2 dz + - / W (3. )dz + 21, H"(S5,)
Q Q

> 2(1- hﬂ—l)lﬂ/ VW (@.) |V, |dz + 261 o H' (S5.)
Q
> 2(1-hPHY2| Dy |(Q), (29)

so that, using (21), we find that the total variation |D.|(€2) is uniformly bounded with
respect to e, for € small enough. Since

1%l L= (@) S/ VW (t)dt = K1 n,
a1

using the compactness theorem in BV [12] and the uniqueness of the limit, it follows that

g(ug) € BV(Q). Then, using (26), we find that the sets A; = {x € Q : ug(xz) = a;} have

finite perimeter for any ¢ = 1,...,n, so that ug € BV (Q;{a1,...,an}) and Ey(ug) < +o0.
Let us now consider the total variation

IDau)l() = [ Votunlide+ [ lgtun)* —g(uo)lan",

Sg(ug)

We have [, |[Vg(uo)|dz =0, and

/ 9(uo)t = gluo)~[dH = Y |g(as) — g(a)[H (9" A; N 9" AN Q)
59("0) il1=1
1<l

= 3 kiHY (8" Ain8* 4 N Q).
i,l=1
1<l
Thus .
|Dg(uo)|(2) = Z ki HY (0*A; NO* A N Q). (30)

i,I=1
i<l

RR n° 4560



14 Aubert & Blanc-Féraud € March

Finally, using (29), (30) and the lower semicontinuity of the total variation, we find

lim inf Ee (ue) 2> 2 lim (1 N lim inf | Dy |(€2) 2 2[Dyg(uo)|(2)
23 ki H (" AN 0" A N Q),

i,1=1
i<l

which concludes the proof. W

4 Upper inequality

In this section we prove the upper inequality of I'-convergence of the family of functionals
E. j to the functional Ej.

Theorem 4.1 Let h = o(¢|loge|™t). Then, for every function ug € L?(Y) there exists a
sequence {u.p}e C L2(Q) converging to ug in L*(Q) as e — 0T such that

lim sup E; p(ue,n) < Eg(uo)-
e—0+

First we prove the following lemma.

Lemma 4.2 For any i,l € {1,...,n} with i < [, there exists a sequence of functions
{75“”}5 C C1(R) with the following properties:

(i) véi’l)(t) =a fort > p., véi’l)(t) = a; fort < —p., with p. > 0 independent of the pair
(i.1) and p. = O(e] log]);

(ii)
) 1 ) 1
1950ty = O (2) o IEA i = O (5 )
(iif)
+oo d (3,0) 2 1
. e (4,0) _

1 -W ’ dt =2 ile

S | ( ai | WO db=2n
Proof. Fix m € {i,...,l—1} and consider the solution n(™™+1) of the ordinary differential
equation:

(m,m+1) 1
W = Watnman), gm0 0) = Yo bama). (3D

INRIA



T'-convergence of discrete functionals 15

Since /W (y) is Lipschitz-continuous in a neighborhood of 1(a,, + am+1), local existence is
guaranteed. Moreover, by writing

pmm+1) (4

dy

/;(am+am+1) V W(y) -

and using the properties of the function W, the local solution can be extended to all of R.
Then the solution (™ ™+1) : R — R is an increasing function with the following properties:

2

am <) < amy1,  VEER,
Jim (@) = apy, lim g™ = a, (32)

and, using (10) and arguing as in [16], Section 1-B, the following decay estimates hold:

i1 — @) I —a
- Bm,m—l—la lim — YUm,m+1, (33)

lim
t—Foo  exp(—y/Fmy1t) t——co  exp(y/amt)

where 20, = W (am), 20m+1 = W (am+1), and Bpm+1, Cm,m+1 are positive constants.
Now we set

elloge
tme = %7 glmmt1) — trtte — tme,
and we define n{™™ " . R — R in the following way:
( t
n(m,m-l-l) (g) if — tm,s <t< tm+1,5,
qm,s(t) if — 2tm,5 S t S _tm,57
(m,m-l—l) _ (m,m-l—l) —
e (t—oc ) =19 a, if ¢ < —2t, .,
pm+1,5(t) if tm+1,5 S t S 2tm+1,57
[ Om+1 ift> 21,

where ¢,,c, Pm+1,e are cubic polynomials chosen in such a way that p{m™ ) e CY(R) for

any € > 0. Moreover we have ngm’m-"l)(t) = Gy for t > pgm’mﬂ), ngm’m-"l)(t)

t < —pmmH | with

= a,, for

pgm,m+1) =tme t+tmi1,e = 8| 10g€| < /1 + iV : ) ‘
Qm Am 41
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16 Aubert & Blanc-Féraud € March

If we write the polynomial g, . in the form
G (1) = G + gL (E+ 2t o) + g0 (8 + 2tm,e)°,

using (33) one can check that

1 1
1) —0 @2 —of—mD 1.
e (s|logs|> o e (| loge|2)

Analogous relations hold for the polynomial p,,+1,.. Hence we obtain the following estimates:

(@, (t) — am| < Qe[ loge], for — 2tme <t < —tme,
! (1) " Q(Q)
t)] < ] < 22— for — 2ty <t < —tme,
a0 < QW a0 < i O ~ e <t < ~tm,
Pt () — amyr| < P el loge, fOr tmp1,e <t < 2myre,
(1) Pl
/ /! m
|pm+1,5(t)| S Pm-|—17 |pm+1,5(t)| S El 10g€|7 for tm+175 S t S 2tm+1a€7
(34)
where Q%), Pﬁf}rl, j =0,1,2, are positive constants independent of . Since
d2n(m,m+1) 1 o
— = —W'(n( ) +1))7
dt 2
using (34), we find
(m,m+1) — 1
|dns™ /dt”Lm(_pgm.m-}'l)’pgnl.rn+1)) = 0 z ) (35)
1
||d2ng(:m’m+1)/dt2”Loc(,pgm-'m‘*'l),pg’"~""+1)) = O (E_2> . (36)
Now we set
+o0 dnlmm+D) >
m,m+1) _ € m,m+1
and we show that
lim (™™D =9k, 4y (37)

e—0*t
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T'-convergence of discrete functionals 17

We have

—tm.e 1
I B E I

—2tm,e

2t1n+1,5 , 9 1
s [T e 2 0| d
tm+1,e €

2

tml,e (m,m+1)
+ l (Ed”T(t/e)) +§W<n<m’m+l>(t/e>>] dt.

€

tm,e

tmtre/e [ 7 gpimm+1)y 2

7t‘m.5/5
| 108 1/ @mT | gyp(mym+1)
= 2/ ———— | Wntmmt(¢))dt’
—|log e /v/am dt

Tl(nl,n1+1)(| log 5‘/\/m)
_ W (y)dy,
n(mm+1) (—| log |/ /am)

and, using (32), this term converges t0 2k, m+1 as ¢ — 0. Using the estimate |q;, . (t)| < QY
we have

—tm,e

lim e(qp, . )?dt = 0.

e—0t — 2.
Since W (gm,e(t)) = W'(@)(¢m,:(t) — an,) for t € (—2t,, ., —tm ) and for some a close to am,
using the first estimate of (34) we have

1 7t'm,£
- / W (gm,e)dt = O(e|log e|2)7

€ J 2 ¢
so that this term converges to zero. Analogously we get

2t1n+1,5

. 1
lim |:€(p;'n+1,5)2 + EW(pm-l-l,E) dt = 07

e—0+ tmt1.e

and (37) is then proved.
Now we construct the function 'yél’l) : R — R by means of translations of the functions
ngm’mﬂ) in such a way that the smooth transitions between the values a,, am41 do not

overlap. We set
n—1
pe = Z pgj’”l),
j=1
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18 Aubert & Blanc-Féraud € March

and we define a partition of the interval [—p., p.] into closed sub-intervals with disjoint
interiors:

-1
[_p57 pE] = U [gm,Ea £m+1,5]7
with
gi,e = —Pe, £l,e = Pe.
In each sub-interval [€m c, Emt1,c] We set A equal to n{™™ ) translated in such a way
that ' '
'Yél’l)(fm,s) = Qm, 'Yél’l)(§m+1,s) = Um+1-

This is obtained by setting

m—1
€me=—p+2 ) pPH  fori+l<m<I-1,
=i

and '
’Yéz’l)(t) = ngm’m—l—l)(t —&me — Pgm’m-l—l))a for Em,e <t < &Emtie,

for i <m <[ — 1. Notice that
FED(t) = ay, for & 1,0 +2p0" 1) <t < & = pe.
(i,0)

The definitions above imply that 7"’ € C'(R) for any £ > 0, and 75i’l)(t) = q; for
t > pe, 'ys(”l)(t) = a; for t < —p,, and we have obtained the property (i) of the statement of
the lemma. The property (ii) then follows from (35) and (36).

)

By the construction of ’yéi’l , using (37), we obtain

+ o0 d (4,0) 2 1 -1
. e (4,0) _ ; (m,m+1)
1 -W ’ dt = 1 nm
5—1>r(§l+ o ¢ ( dt * € (’YE ) e—lgl"' — ¢
-1 -1
= E lir(r)lJr I§m’m+1) = E 2Km,m+1 = 2K41,
e— —

and we have proved the property (iii). W
In order to prove Theorem 4.1 we need the following density result.

Lemma 4.3 Letug € BV (Q;{ay,...,an}); then there exists a sequence {u.}. C BV(Q; {a1,
such that

(i) the set A5 = {x € Q : u.(z) = a;} is polygonal and H*(DAsNON) =0 for anyi=1,...n,
and for any € > 0;

(ii) we — ug in L*(N) as e — 0F;

INRIA
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T'-convergence of discrete functionals 19

(iii)
lim E(](UE) = E()(’LL()).

e—0+

Proof. This approximation lemma is due to Baldo [4] (Lemma 3.1). Parts (i) and (ii) are
stated exactly as above in Baldo [4]. Part (iii) needs some developments. We first set out
Baldo’s result and then we explain how we can use it in our context.

Let W be given as in (10) and let us define on R the metric

d<§1,§2>=inf{ | Ve 7(0)=§1,7(1)=§z,7601([0»1];R)}-

Then let us set
9i(&) = d(a:,€),

and let us define the Borel measures

45(B) = /B |Dgi(u.),

where B is a Borel set and u. is the sequence given in parts (i) and (ii) of Lemma 4.3. In
[4], Baldo proved the following result:

Elirg+(\7ug>(n):<\7> :%Zn_: (4,0, YH 0" A, N 04, N0, (39)

=1 =1

where the symbol \/ denotes the supremum of a family of measures. In the sequel we show
that (39) is nothing else than part (iii) of Lemma 4.3.

STEP 1. Let us first show that for any 7,5 =1,...,n, ¢ < j, we have
a;
dassa) = riy = [ W (40)

According to the definition of d(a;,a;) we have

1
d(as,a;) < / VW@ ()dt

for any C'-curve with ¥(0) = a; and (1) = a;. In particular if 4'(t) > 0 for all ¢ € [0,1], by
making the change of variable y = (), we get

d(ai, a7) < / VW @)y = ;.

RR n° 4560



20 Aubert & Blanc-Féraud € March

Let us show the reverse inequality. Let us set

I(y) = / VAN @)dt.

Since t — 7(t) is continuous, it is bounded on [0, 1], i.e. there exist m, and M, in R such
that

= min~(t) < v(t) < M, = 1) Vtelo,1].
My r[g’llr]w()_v()_ v r[gflf]w() €[0,1]

Moreover for all 7 € [m.,, M,] there exists ¢, € [0,1] such that v(¢,) = 7, which implies
#{t; () =7} =2 1. (41)
Then, from the coarea-formula, we have
M, M,
I(v) = / (\/W(T) dH()) dr = / VW (T) #{t; v(t) = 7}dr.
My y(t)=r My

Therefore, with (40) and since a; and a; belong to [m., M,]

10)2 [T #{A0 = har > [T = (42)

and we conclude that d(a;,a;) > ki; by taking the infimum with respect to v in the left
hand-side of (42).

STEP 2. Let us now show that (39) is equivalent to part (iii) of Lemma 4.3. If (ia)aca
is a family of regular positive Borel measures, then we define the supremum of (po)aca as
follows: let E be any subset of 2, then

< \/ ua> (E) = sup{ Z 1o (Ey); E, disjoint open sets in , F = U Ea} ,
aEA agcA’ acA’

where A’ is any finite or countable subfamily of A.
If we now set

m(E)=/E|Dgi(uo)|7

for any open subset 2’ C Q we have

(\/ Mi) (Q') = sup {Z,ui(ﬂi); Q; disjoint, Q' = UQl} .

i=1

INRIA



T'-convergence of discrete functionals 21

But with the same computations we used to prove (30) we get

ZMZ(Qi) ZZHJ']CHI(G*A]C ﬂ@*Aj n Qz)

i i k<j

= ) ke y HNOTALNITA; N Q)
k<j i

= Z ﬁijl(a*Ak n 8*AJ n Q’)
k<j

Thus for all ' C Q and for all 1 = 1,...n, we obtain

<\n/ /,L,‘> (QI) = Z nijl(a*Ak NJ*A; N QI),

=1 k<j

i.e. the supremum with respect to i “disappears”. In particular for Q' = Q Baldo’s result
(39) reads as

im, > ki HYOAL N0AS) =Y kM (9" A N O*A; N Q),
k<j k<j
which exactly means that
lim Eo(uE) = Eo(Uo),

e—0

i.e. part (iii) of Lemma 4.3. W

We can now prove Theorem 4.1.

Proof of Theorem 4.1. We assume ug € BV (Q;{a1,...,a,}), otherwise the inequality
is trivial. In the following, we use a method developed by Bellettini, Paolini and Verdi in
[6]. Using Lemma 4.3 and a diagonal argument we can suppose that the set 4; = {z € Q:
uo(z) = a;} is a polygonal domain with H'(9A; N 9N) = 0 for any i = 1,...,n. We have

Su = | ] (04; N84, N Q).

1
1

i
7

A

We denote by P; the set of the vertices of the polygon A; and we set P = U], P;; hence P
is a finite set of points. We denote by w the minimum angle between the edges of S, .
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22 Aubert & Blanc-Féraud € March

We introduce the following notations. Let T, € 7,(2); we set

(Suw)p. = {ze€Q:dist(z,Su) < pe};

(Sudpen = (T €Th:TN(Su)p, #0};

Os,, () = {y € Su : |y — | =dist(x, Su)};

w

Q: = {z € (Su)p. : dist(Ils, (z),P) < cot( 5

)Pe};

Qe = (JHTeTh:TnQ. #0}.

We denote by M the set of all the pairs of integers (¢,1) such that i,l € {1,...,n}, i <,
and H(0A; N OA;) > 0. Then for any (i,1) € M we set

dii(2) dist(z,04; N dA;), ifx€ A,
wl —dist(z,04; N 9A4;), ifz e Ag;
LY = {z e Q:l|diy(x)| < pe};

L& = T e Ty : T Ll £ 0}

Using the above definitions it follows that

(VanemEEDN Q.) U Qe = (S (43)

and, because of the dependence of the set (). on the angle w, we have for ¢ small enough
(Lgi,z) \Qa) n (ng,y) \ QE) =90, (44)

if either ¢ # 4’ or I # ', with (4,1), (i',1") € M. Moreover we have

|(SU0)P5| :O(5|10g5|)7 |(Suo)Pe,h| :0(6|10g5|)3 (45)
|Q:| = O (¢?|1ogz?) , |Qe,n| = O (%] 1logel?) , (46)
ILED] = 0 (el logel), L] = O (e|logel), (47)

for any (i,1) € M.

INRIA



T'-convergence of discrete functionals 23

Using the properties (43), (44) we define the following function u. on 2\ Q.:

ug(z), if 2 € Q\ (Suo)pe
ue(z) = ’ ’ (48)
A (d (z), ifze LMIN\Q., V(i,1)eM.

Since |Vd;(z)| = 1 for a.e. x € Q, using the properties (i) and (ii) of Lemma 4.2, we have
that u. is Lipschitz continuous in Q \ Q. with Lip(u:) = O(e™!) and a3 + O(e|loge|) <
ue(z) < an + O(e|logel|). Because of the particular shape of each connected component of
Q., following [6], by means of a standard extension theorem [1], u. can be extended on the
whole Q as a Lipschitz continuous function such that

a; + O(gllogz|) < ue(z) < an + Ole|loge|), ae. z€Q, (49)
with Lip(u.) = O(¢71). Using (45) we find

[ ue = wlde = /( [t = uoldz < (an — a1 + O(e] log e]))|(Suy),.|
Q

Sug)pe

O (e[logel),

so that u. — up in L?(Q) as ¢ — 0.
Now we define u, p = mp(u.). Then, using (11) and (49), we have u. ), € D(E, ) for any
¢ small enough. Moreover we have

1
Vel < [V =0 (1) (50)

Using the properties of the Lagrange interpolation operator [9], (45), (50) and the condition
h = o(e|log|~1), we find

/ e — e pldz = /( hte — e pldz < CI(Sug)po ] 11Vt =)
Q S

uq )ﬂe-h

Chlloge| = o(e),

IA

from which it follows that u. , — ug in L?(2) as e — 0.
Now we write

|VUE hl /
E. ;(u, = ¢| ——————dx + - [ W(u,
(ten) / 1+ pe,n|Vue n|? »)

5/ |V p| da:-l——/ W (ue,n)dz,
Q ¢ Ja

IA
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and we split the functional on the right-hand side as follows:
1
e/ |Vu|?dr + —/ W (u.)dz
Q ¢ Ja

+ 5/ (Vo nl? — |Vue|?) de
Q

Es,h(us,h)

IA

+ 1/Q(W(ug,h)—W(ug))da:

3
= Ig,h =+ IIE’h + IIIE’h.

STEP 1. We prove that
limsup I, < Ey(ug).

e—0+t

Using (43) we decompose the domain Q as follows:
2 = (2\ (Su)p) U (UinemLi\ Q) U Q..

Using (48) and the properties of W we have
1
5/ |V |?dz + —/ W (ue)dx = 0.
O\ (Sug)pe € JO\(Sug)pe
Using (49) and (50), we have
C 1 C
[ WuPar<Pod, L[ Wads < 2.l
Q- € € Jo. €
so that, using (46), we obtain
1
e/ |V, *dz + - / W (u:)dz = O (¢|logel?) .
Qe ¢ Ja.

For any (i,1) € M we set

JOD = s/ |Vu|2de + 1/ W (ug)dz.
LEN\Q: € JLi\Q.

Using (48), the property |Vd; (z)| = 1 for a.e. x € Q, and the coarea formula [1], we can

write

JED = /
LEN\Q.

. 2
+pe d,y(lwl) 1 .
€ _M/ ("‘71) t
/pg [€< dt +e ("2 (0)

dt

(i) 2
€ (d% (di,z(m))> + %W(véi’”(di,z(m)))] |Vd; i(z)|dx

H ({z € Q:diy(z) =t}\ Q.)dt.
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T'-convergence of discrete functionals 25

Since [1]
%in})Hl ({z € Q:diy(z) = t}) = H'(OA; N DA, N Q),

we have

. +pe d,y(17l) 2 1 .
JED < [HY(0A; N 0A; N Q) + O(e|loge])] / s\l=a | + EW(vé“” ()| dt,
—Pe

and using the property (iii) of Lemma 4.2 we find

) + o0 d’)/(i’l) 2 1 .
limsup J&) < HYA; N A NQ) lim e| —— +EW(7§“’)) dt

e—0+ e—0+ dt
< 2/'{,1',[7'(1 (3141 NoA; N Q)

Then we obtain

lim sup Z Je(i’l) <2 Z m,lHl(aAi NoA, NQ). (54)
e—0t . D 1=
(Z,1)eEM lz:l<_ll

Using (44) and (51), and collecting (52), (53) and (54), the proof of STEP 1 is concluded.
STEP 2. We prove that
lim IIEJL =0.

e—0t
Using (48) we have
Ue,h = Ue ON Q\ (U(i,l)EMLgl,’}i)) .

Then, using (50) we find

I, = e/ N (IVuen]? = |Vue|?) do

Uiyem L)

<o Nl - vl

)

Ui,nemle

< C’/ y |V (ue — ue,n)|dx
Ugyem L8

<

C’/ |V(ue — ug,p)|dze + C Z / |V (ue — ug,pn)|de.
Qe.n (4,))EM LE\Qe

Using (46) and (50) it follows

c
| 19— wplde < S1Qunl = O (c1og<F) (55)
Qe.h
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Using the properties of the Lagrange interpolation operator (see Theorem 3.1.5 of [9]), for
any (i,1) € M we have

,0)
/L(’ o |V (ue — uep)|de < CRILEY \ Qe il IVl oo L0, ) - (56)

Since d, ; is a distance function from polygonal boundaries, it follows that

dZ (4,0) d,}/(z 1) d2 (4,0)

p7e Vd;; @ Vd; | + —— Vzd”

2
v dt dt?

del ® vdzl

U =
on LEWY \ Qe, and using the property (ii) of Lemma 4.2 we have

i 1
HVQU’E”LDO(LS-”\Qg) < ”d27§ ’l)/dt2||L°°(—pg7p€) =0 (6—2> .

Then, using (47), (56) and the condition h = o(e|loge|~1), we get

h
Elir(r)l+ /L(_ o |V (ue — ue,p)l|de < C’Elir(r)l+ g| loge| = 0. (57)
(i,1)em ho \@eh

The proof of STEP 2 then follows from (55) and (57).
STEP 3. We prove that
lim ITI. , =0.

e—0+

Using (48) we have
W(uen) =W(u:) =0 on Q\ (U(i,l)eMLg;f)) ,

from which it follows

1
Wl < 7 [ W) =Wl <2 5[ W) W) e
@ (i,nem” Le,

Lip(
p(W Z /(l ) |te,n — Uue| daz, (58)

(z,l)eEM

IN

where Lip(W) denotes the Lipschitz constant of the function W in the interval [a1 —§, a.,,+8],
with 6 > 0 and e small enough. Using the properties of the Lagrange interpolation operator
we find

/(1 , e = el e < CHEL| [Vl o
Then, using (47), (50), (58) and the condition h = o(¢|loge|™1), we get

lim III, , < C - Lip(W) lim+ ﬁ|10gs| =0,
e—=0t &

e—0+
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from which the proof of STEP 3 follows.
The proof of the theorem then follows from STEPS 1-3. W

Theorem 2.1 then follows from Theorem 3.1, Theorem 4.1, and the fact that the term
Jolu(z) =1 (2)|? dz is a continuous perturbation.

5 Convergence of minimizers

In this section we prove Theorem 2.2 stated in Section 2.

Proof of Theorem 2.2. The existence of a minimizer u. of F; ;(.) is obtained easily
since in fact we search for a minimizer in a compact subset of the space V}, which is of finite
dimension. Moreover there exists a constant ¢ > 0 such that

Fs,h(s) (’LLE) S C. (59)

For any ¢ > 0, Lemma 3.2 provides a function v. € BV () which satisfies (13) and (14).
Let ¥ (z) = g(ve(x)), where g is the function defined by (25). We have . € BV (Q) and
Sy, C Sy,
Set ¢y = fi\/[M VW (t)dt. Since |[vc||p~) < M, the following estimates hold for any
e>0:
Vel L) < em, (60)

DY () < / IVelda + carH (S,). (61)

Arguing as in the proof of Theorem 3.1, see (29), and using (59) and (13), we find

c>E. p(u;) > (1- hﬁ_l)g/ |Vve |2dz + %/ W (ve)dx + 2k1 , H' (S,.)
Q Q
> 2(1—RpPH/2 [/ |Vpe|da + k1,0 H (S, )]
Q
> 2M(1 — hPH/2 [/ |V |da + cprH (S, )] ,
CMm Q

where we have used car > K15, see (11). Using (60) and (61), it follows that 1. is uniformly
bounded in BV (Q) with respect to e, for £ small enough. Then, using the compactness
theorem in BV [12], there exists a subsequence {¢.,}; converging in L?() to a function
Yo-

Set up = g~ 1(2bp). Since the function g is monotone increasing, using the properties of
the potential W it follows that the inverse function g—! is bounded and uniformly continuous
on compact subsets of R. Then

Ve, =g ‘ot mup in L*(Q) ase; — 0F,
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see also [14], proof of Proposition 3. Reasoning as in (23), (24) and using Lemma 3.2, we
find that u., — uo in L?(Q2) as e; — 0.

Hence, the statement of Theorem 2.2 follows from Theorem 2.1 and the property (5) of
T-convergence. M

6 Numerical integration

In this section we show that the numerical approximation of the lower order terms in the
energy via the vertex quadrature rule does not change the results previously obtained (see
[5, 6]). More precisely, for any £ > 0 let I, € C§°(f2) approximate the function I € L*>(Q)
so that [5]

. C
I —Tin L*(Q), | Lllz~@) < Mllze@), IVE|L~@) < s (62)
For any h > 0 and any € > 0 we define the functional EE,h by
~ |Vul|? 1 /
E. u:s/id:ﬂ+— (W (u))dz,
ww=¢ [ e+ 2 [ mova)
and the functional F. , : L2(Q2) — [0, +00] by
) Bon(uw) +/ (= L))z if w e D(Eip),
Fg,h(u) = Q
+00 elsewhere in L?(Q2),

where D(F. ) = {u € Vp(9) : llull L@y < M}. The integrals in F., can be evaluated via
the vertex quadrature rule, which is exact for piecewise linear functions.

Let u € V,(Q) and let A}, denote the set of all nodes of a triangulation T}. Define the
function @ € V,(Q) in the following way: for any q € N, set i(q) = u(q) if |u(q)| < M,
a(g) = M if u(g) > M, and i(g) = —M if u(g) < —M. Since the function ¢(t) = 7
is monotone increasing for ¢ > 0, by using the property (iv) of the potential W, we have
ﬁ’s,h(ﬁ) < ﬁ’s,h(u). It follows that any absolute minimizer u.  of ﬁg,h belongs to the domain
D(F. 1)

We prove the following proposition.

Proposition 6.1 Assume that h = o(c|loge|™1) and that p.n satisfies (12). Then the
family {F; p}e T-converges to the functional

/ (u — I)%dx + Ey(u)
Q

in the L%(Q)-topology as € — 07 .
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Proof. We prove first the lower inequality: for every function ug € L?(2) and for every
sequence {uc }. C L*(Q2) converging to ug in L?(f2) we have

liminf F. p(ue ) > /(uo — I)?dx + Eo(ug). (63)
o

e—0t

We can suppose, possibly extracting a subsequence, that {u. »}e C D(ﬁ},h) and liminf, _, o+ }/7\’5, h(Ue,n) =
lim, o+ Fen(uen) = L < +00, otherwise (63) is obvious. Following the method of [5, 6] we
split Fe p(ue,n) as follows:

~

FE,h(uE,h) = Fs,h(ue,h)
+ % /Q[Wh(W(UE,h)) — W (ue,p)]de

[ (s~ LP) = (wen — IPlda
Q
= F57h(u5,h)+IE,h+II5,h. (64)

In view of Theorem 2.1, in order to show (63) it will be enough to prove that lim. o+ I, , =
lim, o+ II. , = 0. Using the notations and the results of the proof of Lemma 3.2, see (20),
for a fixed § € (0,1) we have

~ c
Fon(uen) > 8 > |T|Vueul+ Y ITI(1 = 6)75
TeT,\T}, TET;,
= e | [VueaPdo+(1-8)5519\ Al (65)
‘AE.h ) hﬁ )
where Ac h = Urerp,\m1 T-
Using Theorem 3.1.5 of [9] we have
1
Lol £ 25 [ W (en) - Wiaes)de
¢ rer, /T
h2 2 02
< Cl? Z 17|V W(“E,’L)“L‘”(T)"‘? Z |T|
TeT\T} TET;),
. ! h2 2 02
< Gilip(W')— > TVl +— > 7|

TeT,\T}, TET;,

. 12 h2 2 C2
= CiLip(W')— |Vue n|?de + —|Q\ Acnl,
g A g
where we have used || V2W (ue,p)| Lo (1) < Lip(W’)|| Ve, n @ Ve b || Lo (1) < Lip(W')| Ve s |?
on T'. Since (65) yields for small enough &

L+1 L+1

cnlPde < =—— O\ Al < n?
[ Il < T 0\ Al < R (66)
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it follows 12 Iy
|Ig,h| < 016_2 + CQ?.

Since h = o(¢|loge|™!) and 8 > 1 we have lim,_ o+ I, = 0.
Let us prove that lim. o+ II. ;, = 0. We have

L < % / ren (e — 1)) = (e — I2|de
T

TeTy,

IA

3 /; (e — 1)) = (e — I2|da + Col @\ A

TET,\TL,

In [5], proof of Theorem 4.1, the following estimate has been proved:

T / n ((en — L)) = (e — I)2|der < cl,lh2/ V. p|2dz
T

TET,\T}, &b
1
2

h
+Cl,4g/ |te,n|dz

-As‘h

h2
+ Cl’Qh“vIE”LDO(Q) + 01,3? (/ |Vu5’h|2dx>
As‘h

+ Cis </A (Ig—I)Qda:>

Collecting all the above estimates, using (62) and (66), we obtain

1
2

h? h h? h 2 \? 5
HI.p| <Cij—+Cio—+Cig—=+Cis—+Ci5 (I. = I)*dx | + C3h7,
€ 5 e\e 5 Q

which proves that lim,. ¢+ I, , = 0 and concludes the proof of (63).
We now prove the upper inequality: for every function uy € L?(2) there exists a sequence
{ue,n}e C L3(2) converging to ug in L?(Q) such that

lim sup B (e < / (o — I)?da + Fo(ug). (67)
Q

e—0*t

We assume ug € BV (Q;{ay,...,a,}), otherwise the inequality is obvious. Let {uc}. be
the sequence converging to ug constructed in the proof of Theorem 4.1 and such that

lim sup E. p(ue,n) < Eo(uo).

e—0t+

The proof of Theorem 4.1 shows that the following estimate holds:

C
/Q|Vu5,h|2dm < e (68)
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Let us split f‘s,h(us,h) as in (64):

FE,h(“E,h) = FE,h(uE,h) + IE,h + IIE,h‘

Then the results obtained in the proof of the lower inequality and the estimate (68) guarantee
that
Jirg, Len = lim, Hen =0

holds true. It follows that

lim sup ﬁg,h(us,h) = lim sup F; p(ucp) < /(uo — I)?dx + Eo(ug),
Q

e—0t e—0t

which yields (67). This concludes the proof of the proposition. H

We now prove the convergence of the discrete minimizers.

Proposition 6.2 Assume that h = o(c|loge|™!) and that p.p satisfies (12). Then any
family {uc p}e of absolute minimizers of F. j is relatively compact in L*(2), and each of its
limit points minimizes the functional

/ (u — I)*dz + Eo(u).
Q

Proof. Let {u.,»} be a sequence of absolute minimizers of ﬁ’gyh: then there exists a constant
¢ > 0 such that F; p(ue,n) < c.
Let us split again F; 5(ucn) as in (64):

~

Fs,h(us,h) = Fs,h(us,h) + Is,h + IIs,h-

Since ﬁs,h(us,h) is uniformly bounded, from the proof of the lower inequality in Proposition
6.1 we deduce that lim. g+ I, = lim. o+ II., = 0. Hence also F; ,(ue,) is uniformly
bounded. The proof of Theorem 2.2 then shows that there exists a subsequence {uc; n;};
converging in L(2) to a function ug as e; — 0F.

Hence, the statement of the proposition follows from Proposition 6.1 and the property
(5) of I'-convergence. W
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