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Mélange de modéles linéaires mixtes
Application & la classification de données répétées

Résumé : Nous proposons un modéle de mélange pour des données répétées. Ce modeéle
prend en compte la variabilité des données par des modéles linéaires mixtes associés & chaque
composant du mélange. Nous présentons ’estimation des paramétres de ce modéle par
la méthode du maximum de vraisemblance via l’algorithme EM. Nous étudions aussi le
probléme de sélection d’un modéle particulier. Des expérimentations de Monte-Carlo et une
application & un probléme de classification de profils d’expression de génes sont présentées.
Elles illustrent la capacité de notre modéle & prendre en compte efficacement la variabilité
des données.

Mots-clés : Effets aléatoires, modéle linéaire, modéle de mélange, classification, profils
d’expression de génes, puces & ADN.



1 Introduction

Finite Mixture analysis is a powerful tool of data analysis. In particular multivariate Gaus-
sian mixtures have been proved useful in the modelling of heterogeneity in a cluster analysis
context (see [13]). However, finite mixture models are not tailored for taking account of vari-
ability of random effects with a potentially infinite number of levels. Two common attitudes
when facing such a variability problem for a mixture model are the following

e Neglecting the problem by basing the mixture model estimation from a single measure
of the variables for each statistical unit.

¢ Restricting the variability to a mean effect by estimating the mixture model from the
mean values of R independent repeated measures of each statistical unit.

Both attitudes can be expected to be unsatisfactory. The first one clearly jeopardizes the
model as soon as the variability is important. The second one is assuming that the variability
does not depend on covariates or on the statistical units and can be unrealistic.

In this article, we propose taking account of the variability of measurements, in the
model-based clustering context, by embedding a linear model with random effects in a
mixture distribution. In Section 2, the general framework of linear mixed models is presented
and is illustrated with some models of interest for the application presented in Section 4.2.
In Section 3 the mixture of mixed models and its estimation through the EM algorithm is
presented, and the EM equations are detailed for some models experimented in Section 4.
Section 4 is devoted to the presentation of illustrative numerical Monte Carlo experiments
and to an application in the context of gene expression data clustering, a problem which
motivated the present research. A short concluding section summarizes the main points of
this article.

2 Linear mixed models

Linear mixed models, hereafter abbreviated L.2M, are aiming to analyze the variability that
is evident in data by including both fixed and random effects (see [16]). The L2M we
considered here obeys the equation

y = Xp -+ U¢ + € (2.1)
~~ ~~
fixed effects part random effects part
where
e y is the random vector of N observations,

e X(np) and Uiy ) are known design matrices,

e [ is the fixed effect vector, of size p, to be estimated,
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o £ = (&,-.-,&y) is the vector of the H random effects, with &, of size g, for h =
1,...,H, such that the &,’s are independent, &, ~ N(0,721d,, ), for h=1,..., H, and
the variances 72, h = 1,..., H are to be estimated,

e ¢ is a random vector of residuals of size N such that € ~ N(0,0%Idy) with o2 to be
estimated and e is independent of each &p,.

Thus y is a Gaussian vector N'(X3,02Idy + UTU?) where T is the g x ¢ diagonal matrix
2
Ti1dg,

. H
r'= ,with >, gn = gq.

7'12{qu -

To simplify the presentation of the mixture of L2M models that we propose in this article,
we restrict attention to the linear mixed models that we considered in the following in a
cluster analysis purpose. But, there is no difficulty to extend this L2M mixture model to
any linear mixed model of the form (2.1).

Let assume that R repetitions of measures are recorded at T different times for I indepen-
dent statistical units. Denoting y;;» the r¢ repetition of the measure at time ¢ for statistical
unit ¢, the following L2M, taking into account some different covariance structures in the
repetitions, are possible

(EL) @ yitr = Be+& +e€ir (2.2)
(E2) : yitr = B+ &+ €inr (2.3)
(E3) @ yitr = B+ (& + &) + €ty (2.4)

where

e [3; represents the fixed effect of time,

o & ~ N(0,w?) is the random effect of the unit 7 on the measure,
o & ~ N(0,72) is the random effect of the unit i at time ¢,

e €itr ~ N(0,0?) is the error measure.

Those three models differ by the covariance structure they involve between two measure-

ments for a statistical unit. Noting §f = 1if k = k' and 0 otherwise, those covariance
structures are as follows.

Model E1 : y;, = Bi + & + €itr

cov(Yitrs Yy ') = w252 + 0253 (Sf or . (2.5)
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For a given statistical unit, the covariance between two measures is equal to w2, inde-
pendently of time and repetition. The variance of an observation is w? + 2.

Model E2 : y;;. = B¢ + Eit + €ir

coV(Yitr, Yiryr ) = 7261 6f + 076} 67 6). . (2.6)

itr
In this model, the covariance between the repetitions for the same statistical unit and
for the same time is not null and is equal to 72. The variance of an observation is 72 + o2.

Model E3 : y;r = B + & + it + €tr

cov(Yitr, Yy p ) = W28 + 7268 8L + 06} &t o7 (2.7

This model is the most complex one which will be considered here. The covariance
between two different times for the same statistical unit is equal to w?. At a fixed time,
the covariance between the repetitions of a statistical unit is w? + 72. The variance of an
observation is w? 4+ 72 + o2.

In this article, for simplicity, the presentation is focused on model E2. Actually, this
model is often realistic and leads to simple interpretation. But models E1 and E3 can also
be of interest.

The canonical equation (2.1) applies for E2 with

e y=y's-..,yr )' where y; is the random vector of measures for unit ¢ of size RT,
o &£ = (&1, 61, ,€0, - - -, &) random effect vector of size IT and € ~ N(0, 721d;r),

e the design matrix

1 Og --- Og
0 .
Unjgry=| (2.8)
: . .. OR
0p --- Op lg
where 1 and Og denotes respectively the vectors (1,..., 1)' and (0,.. .,O)' of size R,

e e random vector of errors of size N and € ~ N (0,02Idy),
e 3: unknown fixed effects vector of size T',

e and the design matrix Xy 7y as follows
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X
Xy = | ¢ (2.9)
X
where
1 Op --- Og
. 0 :
X(rr,T) = n (2.10)
Or
0p --- O lg

L2M are incomplete data models where the missing data are the random effects &;,¢ =
1,...,I;t = 1,...,T. The maximum likelihood parameter estimates can be derived for
instance with the EM algorithm [12] which consists of maximizing iteratively the conditional
expectation, knowing the observations and a current value of the parameters, of the complete
likelihood

18,72, 02]y,£) = —%(N+IT)ln(27r)—%N1n(a2)—%ITln(7-2)
- XB-U8(y-XB-U ’
O-XP-UY XU 1EE

Detailed formulas for the EM algorithm for mixed models can be found for instance in [16],
Section 8.3 or in [19].

3 Mixture of linear mixed models

In this section, the finite mixture model is extended to the L2M context in order to propose
a model-based cluster analysis tool for repeated data. Since Gaussian mixture is the most
employed mixture model especially in a cluster analysis context, we restrict attention to this
model. In a multivariate Gaussian mixture model, it is assumed that an observation y is
arising from the mixture distribution

K
) =Y ped(ylue, Zx) (3.12)

k=1

where pr, > 0,k = 1,..., K are the mixing proportions verifying Eszl pe =1, ¢(|pk, Zk)
being the density of a Gaussian distribution with mean vector uj and variance matrix .
Consequently, knowing the mixture component C} from which an observations arises, its
conditional distribution is a Gaussian distribution with mean pu, and variance matrix .
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3.1 Mixture model for repeated data

To take account of repeated data in the mixture framework, we simply add the assumption
that the repeated measures of a statistical unit belong to the same mixture component. This
natural assumption allows us to embed L2M in the mixture framework. Then, the specific
L2M assumptions to be added to the mixture model (3.12) concern the component mean
ur and variance matrix X;. It is assumed that y*, the vector of observations arising from
mixture component C}, obeys a L2M equation of the form

y* = Xk + Ukek 4 & (3.13)

B being the fixed effect vector, £¥ the random effect vector, X* and U* the design matrices.
To clarify the presentation, we now detail those specific assumptions for the model E2.
The observations are arising from one of the K components and those that come from
component Cj, define a random vector y* of size N, = I,TR where I}, is the number of
statistical units belonging to Cj. The vectors y*, k = 1, ..., K, verify the equation

Yirr = Brt + &l + €5y (3.14)
Thus

y* ~ N (XFBr, UM (U*)' + 0%1dy,) (3.15)
where

e X (ka’T) is a design matrix with the same structure as the design matrix X defined in
(2.9) and (2.10),

Br is the fixed effect vector of size T for component Cy, B = (Bke,t =1,...,T),

Uk is a design matrix with the same structure as the design matrix U defined
(szkyfk)T)
in (2.8),

72 is the variance of the random effect for component Cy,

o2 is the residual variance which is assumed here independent of the mixture compo-
nents.

Furthermore, the random effect variables ¥ = (¢5,¢ = 1,...,T) being a vector of size T

and €* are assumed independent.

Remark:

We have considered above a mixture model where parameters 3, et T,f are dependent from
k, while o2 is fixed over the K components. Obviously, many alternative models can be
considered. Possible models of interest included

o M1: (B, k=1,...,K;72%,0?%),
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e M2: (B, 72,k =1,...,K;0?), namely the above mentioned model,
o M3: (B, 72,08, k=1,...,K).

In order to estimate the parameters of a L2M mixture, we consider the maximum like-
lihood approach. We make use of the EM methodology that takes into account the in-
complete structure of the data. Here missing data are of two types: (i) the indicator

vectors z = (z;, ¢ = 1,...,I) of the statistic unit memberships to the mixture compo-
nents: z; = (241,...,2ikx) with z; = 1 if i € C; and 0 otherwise, (ii) the random effects
k i=1,...,I, for each component.

3.2 EM algorithm for L2M mixture

We detail the EM algorithm for the L2M mixture model E2-M2, (namely a mixture of
E2-type L2M, with different fixed and random effects for each mixture component and a
same residual variance), which seems to be a model of great interest. We denote p =

(p1,---,pK) the mixture proportions, (6 = ﬂk,r,f,az) the parameters of the linear mixed
model associated to component Cy and 6 = (B4,...,8k,72,...,7%,02). As noted above,
there are two types of missing data: the indicator vectors z = (z;,7 = 1,...,I) and the
random effects (¢&,¢ =1,...,T), for each unit i in Cy.

The log-likelihood associated to the complete data (y,z) for model E2-M2 is

I K

l(67p|Yaz7€) = Z Z Zik In (pkfk(ylagzkwk)) (316)

i=1 k=1

where the vector y; of size TR contains all the measured values for unit ¢ and where
& = (gh,...,€k) denotes the random effect vector of unit ¢ in Ck. Conditionally on
the component C} from which it arises, vector y; is a realization from a N (X B, [x) with

Fk = T,?UUJ +(721dTR where

1 0 --- Og

U(TR,T) _ | Or is the design matrix associated to y;j.
: .. OR
Orp - Or 1g

Therefore, fi is the density of Gaussian distribution with mean p = [ )gﬂ k ] and
T

Fk T]?U :|

variance matrix X = )
'r,f U T,f Idr
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Thus, we have

K
Zzzk lIl pk +Zzzzk 11’1 fk y17€z |0k))

™~

10,ply,§,z) =
=1 k=1 i=1 k=1
I K
= Y > zun(p) + Z z zikh(Bkys, £F)) (3.17)
i=1 k=1 =1 k=1
where
h(Oelys, &) = —%(TR +T)In(2m) — %TRln(az) - %Tm(ﬁz)
1 (yi = X8 —ULH) (yi — XBi — UEF)
2 o2
1(&8) (&b
-3 . (3.18)
E step

At iteration ¢ > 0, this step consists of computing the expectation of the complete log-
likelihood knowing the observed data and the current value of the parameter 69, pldl, [q]
representing the iteration index. In the L2M mixture context it is

Q(0,pe,ply = E (l(G,ply, z,€)|y, 6 ,p["])

I K
= ZZtE“ ) In(py)
fa

1=1 1
I K

+ 305 49 (k) El(8k Ly, £6)ly, 6] (3.19)
=1 k=1

where

P i (33163
S Al Ayl

denotes the conditional probability that y; arises from component Cj.

Since (£%)'(¢%) and (y; — UEF) are sufficient statistics for the complete model (see for
instance [16]), there is no need to compute the expectation E (1(6,ply, z, £)ly, 0 ,p[‘ﬂ). To
proceed to the maximization of Q(6,p|0l%,pl), in the M step, we only need to compute
the conditional expectation of those sufficient statistics (£¥) (€¥) and (y; — U€F), knowing
observed data y; and a current value for the parameters 6191 and pld (cf. [3]).

7 (k) = P(i € Celys, 019, p) = (3-20)
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It is done easily because, knowing that y; € Cy, following Trottier [19] p. 49, we get

E(eF efly;, 619) = 7i(yi — XBi) T, UU' T, (yi — XBr)
+Rr? — it (TUU") (3.21)
and
E(y; — UtF|ys,019) = X By, + 0T H(yi — X Br). (3.22)
M step

This stage consists of finding the values maximizing Q(6, |99,
to

pgcq+1] —

M-

, for  Jk=1,... K,

=1

and to solve the following log-likelihood equations for parameters 8,72, k = 1,.. .,

parameter g2

S gy 2By €y 019

i=1 9B ’
~ o) o DBk Lyi, €Dy, 019) _
th () 67_ ]
=1 k

and
I

S

i=1 k=1

6‘02

]:0.

7l4). From (3.19), it leads

(3.23)

K and

(3.24)

(3.25)

(3.26)

Using the conditional expectations of the sufficient statistics (18) and (19), it leads to the

following explicit formulas:

o2lat+1] ~ Zzt[lﬂ [ (vi _Xﬂk ) 1[ ]FIZI[Q] (yi — X’BLQ])
i=1 k=1
+RTo?4 04[q1tr(r,;1[‘1])] , (3.27)
I
2(g+1] 1 S () [ (5 — X8 T 0T Ty, — X0
7] = 0 d.q.x i
Ty k) S &
+r 2 g ol )]  fork=1,...,K, (3.28)
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I
1 ol —1 .
TS g Z;tg‘ﬂ(k) |20 (X" %) X Wy, - Xl + ] 1<k < K.
1=1"z 1=
(3.29)

Remarks:

e In this paper, we focused for simplicity on model E2-M2. The generalization to alter-
native models is straightforward. For instance, we give hereunder the M step formulas
for the model E2-M3 that we experiment in Section 4. In the M step, parameters
(Bi, 72, 0}) are updated as follows for k=1,..., K

I
2[g+1]  _ 1 [q] 4q] glaly polap-ild [a]
M = s W) [0 (v — XY T 1 e gy — Xl
TRZZ 1 z ( ) =1
+RTo — a;:[q]tr(r,;l[q])] , (3.30)
Tlf[(Hl] _ 1 it[q](k) [ 4[0]( Xﬂ ) UUF 1[(1]( Xﬁ[q])
Ty k) =
+rr2 — g gy )] (3.31)
I
1 .

G E=

e We have presented the EM algorithm for a L2M mixture model using the ML method
for estimating the vector parameter §. An alternative method for estimating the
parameters of an L2M model is the restricted maximum likelihood (REML) method,
which can be regarded as method of estimation the variance components by maximizing
the marginal likelihood obtained by integrating the likelihood over the fixed effect
parameter 5. In the mixture context, we do not consider REML estimation. Actually,
it seems that there is no sensitive difference between EM and REML estimates in
L2M (see [16], Section 6.7) and considering REML estimation in this context would
involve technical complications without providing the ML estimation of the fixed effect
parameters S, k = 1,..., K. This is a real drawback because maximum likelihood
value enters the composition of useful criteria as BIC to select a model (see Section
4.2). Thus, we think that there is little to gain by considering REML estimation in
the L2M mixture context.

4 Numerical Experiments

In this section, we report the results of numerical experiments on both simulated and real
data sets. Simulation experiments are aiming to assess the ability of the EM algorithm to
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correctly estimate L2M mixture parameters. Experiments on a real data set is aiming to
highlight the interest of L2M mixture model for clustering repeated data.

4.1 Monte Carlo experiments

For each Monte Carlo experiment, we generated 100 samples from each type of simulated
data. Two E2-M2 mixture models, denoted (A) and (B) in the following, have been simu-
lated. In both cases, I is fixed to 200, the number 7' of instants was three and the number
R of repetitions is four and a three component M2 mixture is considered. The mixing pro-
portions were p; = 0.3,p2 = 0.5 and p3 = 0.2. Fixed effect parameters were §; = (0,0,2)’,
B2 = (~1,0,-1)" and B3 = (1,2,0)". The random effect variances were 72 = 0.2,72 = 0.5
and 72 = 1. Models (A) and (B) only differ by the error measure variance: For model (A),
it is 0?2, = 2 and o7, = 3 for model (B).

Table 1 displays the mean and into parentheses the standard error of the estimate pa-
rameters obtained with the EM algorithm described in Section 3.2. For all the data sets,
the EM algorithm has been initiated from an hierarchical clustering designed with the Ward
criterion [21]. Table 2 provides the correct classification rate using the maximum a posteriori
(MAP) decision rule from the estimate parameter values ﬁ,é obtained with EM. This deci-
sion rule consists of assigning allt/_}ie measures of statistical unit 4 to the mixture component

k(i) such that k(i) = argmaxy t;(k) where E(?) = P(i € Cilyi, P, é\)

Table 1 shows that both models provide sensible estimation of the model parameters.
As expected, the estimation accuracy depends on the random effect variances: the greater
the variance is, the greater the estimation standard error is. In the same manner, Table 2
shows that the error classification rate increases with the random effect variances. And, as
o2 increases(model (B)), the imprecision of the parameter estimates increases even if the
mean estimates remain good. In the same way, by comparing the results in Table 2 for

models (A) and (B), we note that the correct classification rate decreases when o2 increases.

To assess the importance of repetitions for estimating L2M mixture models, we carry
out additional Monte Carlo experiments. They consist of 100 replications of model (A) but
the number of repetitions is R = 2 instead of R = 4. We denoted (A’) this occurrence of
model (A). The results for model (A’) in Table 2 clearly show that the correct classification
rate increases with the number of repetitions. This confirm us in the opinion that it is
important to take account properly of repetitions to get relevant clustering structures for
highly variable data sets.

4.2 Application to microarray data

Microarrays [4] are one of the latest breakthroughs in experimental molecular biology, which
offer the ability to measure the expression levels of thousands of genes simultaneously. Re-
sults from multiple experiments are represented by an expression matrix in which each col-
umn represents a single microarray experiment and each row represents the expression vector
for a particular gene. Clustering of gene expression profiles is used to find co-regulated and
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Parameter Model Component 1 Component 2 Component 3
(1) || fixed effects t =1 BE=0 B =-1 B =1
(2) (A):02=2 0029 (0.124) | -1.007 (0.125) | 1.071 (0.274)
(2) (B): 02 =3 | 0.019 (0.141) | -1.044 (0.156) | 1.035 (0.420)
(1) || fixed effects t = 2 Bi=0 B2=0 B3 =2
(2) (A): 02 =2 |-0.008 (0.131) | 0.004 (0.131) | 2.061 (0.373)
(2) (B): 02 =3 | -0.009 (0.163) | -0.014 (0.163) | 2.030  (0.401)
(1) || fixed effects t = 3 Bl =2 B2 =-1 B3 =0
(2) (A):o?=2| 1.994 (0.153) | -0.992 (0.123) | 0.008 (0.256)
(2) (B): 02 =3 | 1.970 (0.208) | -0.999 (0.165) | -0.037 (0.330)
(1) || proportions p1 =0.3 ps = 0.5 p3 = 0.2
2) (A): 02 =2 0301 (0.030) | 0.501 (0.041) | 0.197 (0.045)
(2) (B): 02 =3 | 0.308 (0.043) | 0.487 (0.060) | 0.204 (0.069)
(1) || random effects =02 =05 =1
(2) (A):o2=2| 0211 (0.092) | 0484 (0.117) | 0.901 (0.270)
(2) (B): 02 =3 | 0.216 (0.134) | 0.449 (0.153) | 0.866 (0.303)
error measure
(A): 02 =2 2.005  (0.069)
(B): 0% =3 2.995  (0.095)

Simulated parameter values.
Mean and (standard error) for parameter estimations.

Table 1: Parameter estimation values for EM from 100 simulated models (A) and (B).

Simulation || Cluster 1 Cluster 2 Cluster 3
model (A) 91.70 93.62 76.35
model (B) 88.43 88.84 71.12
model (A’) || 85.38 86.18 65.45

(A) Correct classification rate with R = 4 repetitions and o2 = 2.
(B) Correct classification rate with R = 4 repetitions and o2 = 3.
(A”) Correct classification rate with R = 2 repetitions and o2 = 2.

Table 2: Correct classification rates from 100 simulations for models (A), (B) and (A’).

functionally related groups. Among the most used methods, we can cite hierarchical classi-
fication [6], self-organizing maps [17] and the K-means method [18]. More recently, Yeund
et al. [23] and Gosh et al. [9] based their approach on multivariate Gaussian mixture.

But, Lee et al. [10] show that any single microarray experiment is subject to substantial
variability and that replicates provide a more reliable analysis of gene expression. However,
previous clustering studies of genes expression profiles did not consider this variability prob-
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lem and did not use the replicate information. The methodology we present was especially
developed for this problem: Owing to the important number of genes, gene effect can be
regarded as a random effect. We first give a technical presentation of the considered data
set.

4.2.1 The data

After an injury, rapid regeneration of the epithelium is critical to maintain barrier function.
The complex process of wound healing involves several steps, including spreading of the cells
at the wound edge, migration, and eventually proliferation of the surrounding cells. This
process may be disturbed by various factors, such as free radicals, proteases, inflammatory
cytokines, which prolong the inflammatory state, and perpetuate a "non-healing" state.

We used the ¢cDNA microarray technology to profile wound healing after a mechanical
epithelial injury. The wound was performed using an helicoidal scarificator. The data sets
we considered concern the study of human keratinocytes treated with SB203580 drug, a
specific inhibitor of the p38 MAP kinase activity. This application concerns 999 genes (or
999 probes on the chips more exactly). The aim is to analyze expression profiles for a cinetic
of T' = 4 times (30 min., 90 min., 180 min. and 360 min. after the cells have been wounded).
For each time of the cinetic, the principle of the experiment consists of incorporating the
Cy5 fluorophor in the test sample of mRNA (wounded and treated) and the Cy3 in the
reference sample (no wounded and no treated). Moreover, for each experiment, duplications
are realized in order to obtain two measures for a given gene. These duplications are obtained
by designing two spots on the glass with the same probe. So, for each gene, we got R = 2
repetitions for the couple of measures (Cy5, Cy3). In the next paragraph, we detail the
pretreatment we made.

Pretreatment Before clustering gene expression profiles, two stages appeared to be nec-
essary.

o Data normalization
To delete some variability sources due to technical and biological problems, data are
normalized following the approach proposed by Yang et al. [22]. This normalization
allows a correction depending on intensity level of the spot and is different for each
print-tip used to set down the probes on the glass.

o Detecting differentially expressed genes
For detecting differentially expressed genes, we opt for the approach of Newton [14].
This empirical Bayes approach presents the interest of providing the posterior proba-
bility that a gene is differentially expressed. More precisely, along a line described in
[11], a score function is designed for each gene in [—1,1]. A negative score means that
the gene is down regulated, while a positive score means that it is induced. Thus, we
get an easily interpretable and standardized score avoiding the drawbacks of measur-
ing differential expression with the gene expression ratios. Actually, the computation
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of those ratios needs a standardization exaggerating gene values with small variations
in time. This problem has been discussed by several authors (including [20, 5]) when
using the Student statistic to identify differentially expressed genes.

A gene is declared differentially expressed if for at least one measure at any time it is
declared differentially expressed according to the Newton procedure [14]. For this data set
I = 58 genes out of 999 are declared differentially expressed. The L2M mixture models were
performed on those I = 58 genes since the 941 remaining genes are of no interest for the
gene expression profiles study.

4.2.2 The cluster analysis

In cluster analysis, the user is facing two problems: He has to choose a clustering criterion
and to decide how many clusters they are. One of the advantages of model-based cluster
analysis is that it provides principled statistical approaches to compare different solutions. It
gives systematic guidance for choosing a relevant model and number of clusters. For instance
some of the most employed criteria for choosing the number of clusters have been conceived
in the finite mixture context (see for instance [8]). One of the most performing criteria for
choosing a mixture model is the BIC (Bayesian Information Criterion) (see for instance [7],
[15]). BIC criterion has been defined in a non informative Bayesian framework to approxi-
mate the integrated likelihood of a model. For a model M, BIC (a criterion to be minimized)
is the opposite of the maximum of the log-likelihood for model M plus (vpr/2) In(n), vm
being the number of free parameters in model M, and n being the sample size. On another
performing criterion in the cluster analysis context is the ICL (Integrated Completed Like-
lihood) criterion which is an ¢ la BIC approximation of the integrated complete likelihood
(see [2] or [13], Sections 6.10 and 6.11).

For data at hand, we compare the performances of 63 different L2M mixtures: The
nine models Ei-Mj, for ¢ = 1,2,3 and j = 1,2,3 have been considered with K = 2 to
K = 8 components. Table 3 displays the BIC and ICL values for the model E2-M3. Tt
can be noticed that for all the other models, BIC and ICL values were greater than 240.
Thus, both criteria strongly support model E2-M3. From this table, it appears that both
criteria indicate that the K = 4 component model can be preferred and that the K = 5
solution can also be interesting. The parameter estimations for K = 4 are given in Table
4. We observe that the third class contains only the two highly up regulated genes included
in the data set by biologists in order to control the experiment. Thus, we apply all the
models after discarding these two genes. It appeared that ICL and BIC criteria proposed
on this modified data set a E2-M3 model with three components identical to the previous
components of the four component solution. Consequently, we conclude that the E2-M3
classification we selected is stable and robust against outliers.

On Figure 1, the four clusters obtained from the MAP operator for model E2-M3 are
depicted according to a representation suggested by Eisen [6]. It makes appear the up
regulated genes in red and the down regulated in green. Moreover, for each cluster all the
repetitions of the genes are represented.
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2 3 4 5 6 7 8

clusters | clusters | clusters | clusters | clusters | clusters | clusters

BIC 251.45 214.19 189.41 192.90 206.70 201.50 242.83

ICL 243.82 208.15 183.13 187.42 202.53 199.12 241.64

Table 3: BIC and ICL criteria for model E2-M3
Parameter 3 Cluster random effect error

proportion standard deviation = measure
Cluster 1 = (0.073,0.321,0.416,0.347) p1 = 0.367 71 = 0.078 o =0.018
Cluster 2 ﬂg = (-0.057,—-0.19,-0.313, —0.517) | p2 = 0.195 > = 0.066 o =0.004
Cluster 3 = (0.763,0.928,0.997,0.955) p3 = 0.034 3 = 0.01 o = 0.000
Cluster 4 ﬂ4 = (—0.122,-0.023, —0.156,—0.075) | ps = 0.403 74 = 0.053 o =0.063

Table 4: Parameters estimations for clustering.

Before clusterin
e

i

Cluster 1

AR

~ 1

Cluster 2

Cluster 4

Figure 1: Expression profiles clustering.

With results of Table 4, this figure deserves two types of remarks. The first one concerns
the biological interpretation and the second one the measurements quality and the similarity

of genes expression profiles for a cluster.

e Clusters 1 and 2 are in opposition especially at third and fourth instants. Cluster 1 is
characteristic for up regulated genes whereas genes in cluster 2 are increasingly down
regulated with time.
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Cluster 3 contains only the two highly up regulated genes included in the date set by
biologists in order to control the experiment.

Cluster 4 contains the genes whose expression does not seem different between the two
experimental conditions.

e Clusters 1 and 2 have larger random effect standard deviation. This suggests that for
those clusters the random effect is more significant. The Eisen representation shows
that there are differences between these cluster members. But standard deviation
error is smaller than random effect. We conclude that in these clusters, we have good
measurements reproducibility but some differences appear between the gene expression
profiles. (The clusters dispersion is not explained by variability measurements but by
different profiles of genes.)

Cluster 4 has the largest standard error deviation. This expresses a bad reproducibility
of measurements. Consequently, it is difficult to interpret this cluster from a biological
point of view.

Finally, it is of interest to see what happen if the variability is restricted to a mean effect
neglecting the possible random effects. The following Table 5 provides the BIC and ICL
values for this mixture model we called E0-M3. It is remarkable that both criteria highly
decrease as K increases. It shows that this model is irrelevant for this data set and could
lead to unreliable clustering of the genes since it does not take account of differences in the
gene variability.

2 3 4 5 6 7 8
clusters | clusters | clusters | clusters | clusters | clusters | clusters
BIC 415.11 401.59 349.01 328.59 355.95 317.14 285.12
ICL || 414.38 | 400.65 | 348.14 | 326.45 | 353.01 | 315.37 | 284.22

Table 5: BIC and ICL criteria for model EQ-M3

5 Discussion

A mixture of L2M models has been proposed and estimated with the EM algorithm. It can
be useful in situations where repeated measures are available. In a cluster analysis context,
it is expected to lead to more reliable clustering structures since it allows to take profit of
the powerful L2M methodology in the mixture framework. And, in many situations, it could
be crucial to distinguish the statistical units according to their variability.

In microarray data analysis it could have many applications and could become a reference
method for clustering gene expression profiles when the variability is important. Moreover,
using the BLUP (Best Linear Unbiased Predictor), see [16], can be useful to build realistic
profiles, providing a precise representation of each gene it its cluster.
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In Psychometry, it could be also a quite useful tool for cluster analysis since most of the
data sets in psychometry are efficiently analyzed with random effects models.

As we have seen, the L2M mixture model can lead to numerous models which can be
powerful in specific situations. This is the reason why, it is important to propose a reliable
way to select an honest model. In this paper, we have proposed to choose a L2M mixture
with the BIC criterion, or the ICL criterion when cluster analysis is the main concern. First
experiments show encouraging results for those criteria. Notice that, in the application on
microarray data, AIC criterion [1] has systematically selected 8 components. This tendency
of AIC to overestimate the number of components has been confirmed on simulated data.

Moreover, the interpretation of L2M mixture models can lead to subtle interpretations,
useful for the practitioners since they are sophisticated models without needing many pa-
rameters. (For instance mixture components can have the same fixed effects but different
random effects, etc)
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