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t�sps � o��}��q|s�u�o�i�~£t^�vop~�opx!� ¦�e|i�x � iPt�s�opx!��¦�o�u�e=h}wµ©co�x!� � wyhjt�o�x!~�Ä)t�x � wyxÑuve!i�w�u�e!i��
eZt�x � Ä�t�u�{!�vwµ©Go � o�x!�&t&�vop��wy�vwyq|~(h�t�u�e!i�h�t^uvop��t�s°t^xZt�s��G~�op~fw�¥6o�uv~f~vwys�q|u�o�wyx!~�Ã

dfe|i¿wyq|uvspopx|izw^¥�u�e!o�~${!t�{Di��§o�~§t�~)¥bwysps�wµ¦�~�Ã ) x�~vi���u�o�wyx��cÄT¦§iXopx¢u���w � q!��izu�e!izÀZq!o �GÁ
~�u���q!��uvq!�vi}opx¢uvi���t^��u�o�wyxº{!�vw��!spi�h q!x � i��;~�u�q � � t�x � o�uv~;hjt^uve!i�hjt^u�o��Pt�s � i�~v����op{|uvopwyx°Ã
�2izq!~vi�u�e|iX��sIt�~�~vop��t�s�t����!o�uv��t������9q!spi�� Á � t�����t�x!��i;ÉB� � �)Ë ¥bwy�vhmq|sIt^uvopwyxr¥bw���uve!i�ÀZq!o � Ã
nci���u�opw�x 
r{!��wª©Go � i�~ft��yi�x!i���t�s�opÍ�i � «6¬®°¯v±�²-¬´³µ±�¶\¬¸·�%¹$²-¬®°»�¬½¼M¾p¯)t�{!{|�vw¢t��Ke�{!t���uvop��q|sIt���s��
~vq!o´u�i � ¥bwy�;{!�vwy�|spi�h}~
opx¢©yw�s�©Gopx!��h}wª©Go�x!���Mwyq!x � t��vo�i�~�Ã�dfe|op~;op~�t��Ke!opi�©yi � ¥b�vwyhÆuve!i
spopx|iPt���opÍPt�u�opw�x Á uv��t�x!~�{!op�vt^u�o�wyx�h}i�uve!w �Ò� i�©yi�s�wy{Mi � o�xÈÎ ÏyÏyÄ�Ïª�ªÐ\Ã�×6opxZt�s�s���Ä!opx�~vi���u�o�wyx k
¦§i%{|�vwµ©Go � i�tÒh�t�u�e!i�h�t^uvop��t�s ~�uvq � �2w�¥(u�e|i � o�ÅDi���i�x¢u�opt�s�i�o��yi�x!{|�vwy�!s�i�h � i�ÖZx!i � o�x
~vi���u�o�wyx 
|Ã"dfe|op~9op~ � wyx!i(�¢�r{!�vwµ©Gopx!�¿uveZt^u uve!ifi�o��yi�x¢©^t�s�q!i�~ w^¥Muve!op~"~v{Mi���uv��t�s|{!�vwy�|spi�h
�Pt�x �Mirw��|uKt�o�x!i � ¥b�vwyh uve!ir�KeZt^��t���u�i���op~�u�op�
©^t�spq|i�~�w^¥�t�~v{Mi���o�ÖZ����wyh}{Zt���u¿wy{Mi��vt^u�w��
t���uvopx!��opx�t��zops��Di���u
~v{!t���i^Ã�dfe|op~
sIt�~�u;�vi�~�q!s�u;¦§t�~mt�s��vi�t � �ºt�x|x!wyq!x!��i � t^~rt��!�vo�i�¥
x!w�u�i
o�xºÎ´ÏPk^Ð¸Ã
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¬®����c¬ � � ��¶B²	��»�¶��c²�¯�¬®Z¶Â¯�²v±G»�¶B¬¸·� �

� � ��#9.�������#(�;�=/�	6*�������<
dfe!i¿h}w � i�spo�x!�
w�¥�ÀZq!o �cÁ ~�u��vq|��u�q|�vi�o�x¢u�i��vt���uvopwyxj~��G~�uvi�h}~(q!x � i��(spt��v�yi � o�~v{!spt���i�hji�xTuv~
opx¢©ywys´©yi�~�Ä'opxºt%�yi�x!i��vt�s ¦§tµ��Ä�u�e!i£��wyq!{!s�opx!��w�¥�uÂ¦$w�¥bw��vhmq!spt^u�o�wyx!~���uve!i&~vwys�o � ��sIt�~�~vo Á
�Pt�s�s��¿uv�viPt�u�i � opx�sIt��y�vt�x!�yopt�x¿¥bwy��hmq!sIt�u�opw�x�Äªt�x � u�e!i)ÀZq!o ��� i�~�����op�Mi � �¢��t�xm�X�v�!o´u��vt����
� t^�y��t�x|�yoIt�x���q|spi���oIt�xaÉB� � �)Ë$¥bwy��hmq!sIt�u�opw�x�Ã ) x�u�e|op~(~�i���uvopwyx�¦$i
opx¢u���w � q|��i¿u�e|i0hji Á
�KeZt�x!o��Pt�s�{|�vwy�!s�i�h�q|x � i���~�u�q � ��t^x � o�u�~fhjt^uve!i�hjt^u�o��Pt�s � i�~�����op{|uvopwyx�Ã

����� �	��
���������
�2i ��wyx|~vo � i���t ~�wyspo � spwG�Pt^uvi � t^u�u�oph}i

t ≥ 0
o�x t � wyhjt�o�x

Ωs(t) ⊂ R3 ¦�o´u�e
�Dwyq|x � t����

Γs(t)
Ã��X~zo�x�h�t�x¢��{!�vwy�|spi�h}~fw�¥"t�i���wci�sIt�~�u�o���o�uÂ�jt^uzs�wª¦ �Òt��Ke�xTq!hm�Mi���~�Ä

o�u&op~}~vq|�v�vw�q!x � i � �¢� t ÀZq!o � o�x
R3 Ã ��i�o�x¢u��vw � q!��i�t���w�xTuv�vwysf©�wyspq!h}i

Ω ⊂ R3��wyx¢uKt^opx!o�x!�2u�e|ia~vwys�o � t^u�i�t��Ke u�oph}i
t ≥ 0

Ã dfe!iºx!w�uKt�u�opw�x
∂Ω

~�uKt�x � ~�¥bw���u�e!i
�Dwyq|x � t�����w�¥

Ω
Ã �zi�x!��i�ÄZu�e!i
ÀZq!o � i�©yw�spq|uvopwyx�op~f��i�~�u��vo���uvi � uvw£u�e!i � wyhjt�o�x

Ωf(t) =
Ω − Ω

s
(t)
Ã ) x�uve!i
~vi�ÇTq!i�s�¦§i;~vi�u

Γ = ∂Ω
t�x �

∂Ωf(t) = Γ ∪ Γs(t),

~�uKt^x � ~f¥bwy�(u�e|i
À!q!o ��� wyhjt�o�x��Dwyq|x � t����yÄZ~vi�i;Ö!�yq!�vi��cÃ

x(·, t)

Ωf
0

Γ

Ωf(t)
Γs

0 Ωs(t)

Γ

Ω0

Ωs
0

Ω

Γs(t)

×6op�yq!��i
� ��0i�wyh}i�uv�vo�� � i�~�����op{|uvopwyx

��i�t�~�~vq!h}i�u�e|i%ÀZq!o � uvwa�Di%ÕXi�¦fuvwyx!opt�xÈ©Gop~v��wyq!~�Ä)e|wyhjw��yi�x!i�wyq!~£t^x � opx!��wyh Á
{!�vi�~v~vo��!spi^Ã ) u�~��Di�eZtP©Gopwy�
op~ � i�~v����op�Mi � �T� o´u�~0©yi�spwG��o�uÂ� t^x � {!��i�~�~vq!��i�Ã�dfe!i�i�sIt�~�u�o��
~vwys�o � q!x � i��"sIt^�v�yi � o�~v{!spt���i�hji�xTuv~6o�~ � i�~v���vo��Di � �¢��o´u�~'©yi�spwG��o�uÂ�;t^x � o�uv~'~�u���i�~�~"u�i�x!~vwy��Ã
dfe!i(��spt�~v~�op��t�sc��wyx!~�i���©^t^uvopwyxrsItP¦�~ w�¥Zuve!i§��wyx¢u�opxTq!q|h h}i��KeZt�x|op��~ � �vo´©yi§uve!i(i�©ywys�q|u�o�wyx
w�¥6uve!i�~�i�q|x!¨Tx!wµ¦�x!~�Ã
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dfe!i£ÀZq!o � ~�uKt^uvi&~�t^uvop~�Ö!i�~¿u�e|i&¥bw�spspwµ¦�o�x!��o�x!��wyh}{!��i�~v~�op�!s�i£Õ�tP©Gopi�� Á nGu�wy¨^i�~
i�ÇTqZt�u�opw�x!~
¦��vo�u�u�i�x�o�x�i�q!s�i��vopt�x���w�x!~vi���©^t^u�o´©yi
¥bwy�vhrq!sIt^uvopwyx �

∂uE

∂t |x
+ div

[

uE ⊗ uE − 1

ρE
σ(uE, pE)

]

= 0,
o�x

Ωf(t),

div uE = 0,
o�x

Ωf(t),

É ÏªË

¦�e!i���i
ρE
Ä

uE
t�x �

pE
~�uKt^x � Ä(��i�~v{Mi���u�o´©yi�s´�yÄ(¥bwy�£uve!i�À!q!o � � i�x|~vo�uÂ��Ä§©yi�spwG��o´uÂ� t�x �

{!�vi�~v~vq|�vi�Ã ) x�t �!� o´u�opw�x�Äcuve!i0ÀZq!o � ~�u��vi�~v~�u�i�x!~vwy��o�~f�yo�©�i�x��T�

σ(uE, pE) = −pE I +2µε(uE),

¦�o�u�e
µ
u�e|i � �cx!t�hjo��¿©Gop~v��wy~vo´uÂ��w�¥�u�e!i0ÀZq|o � t�x �

ε(uE) =
1

2

[
∇uE + (∇uE)T

]
,

u�e!i
~�uv��t�o�x���t^uvi¿u�i�x|~vwy��Ã
�%Ù 2�!������� �"!  ¶$#Z¯ �µ¯&% �Z¯�¾ ∂

∂t |a

��¶¸±� � �('P·�²r¶$#Z¯£¶B¬ ��¯ �G¯�²-¬$)�±�¶B¬$)�¯j·K¼Z¯�²�±�¶Â·�² �¢¯K¯Â¼ �
¬®��Ò¶*#Z¯ �Â¼|±G»K¯+)�±�²-¬B± � ¾p¯-,B±/.1032c¯%�54 !  ±(�(��¬®¶B¬¸·� 	�¶$#Z¯ � � � ¬® �G¯627,

E

.���¶¸±� � �8'P·�²&¶*#Z¯
¯ �c¾p¯�²-¬B±� �G¯ �µ»�²-¬½¼M¶B¬¸·�94

) x}t¿ÀZq!o �cÁ ~�u���q!��uvq!�vifo�xTuvi��vt���uvopwyxr¥b�vt�h}i�¦$wy�v¨;u�e!ifi�©ywys�q|u�o�wyx£w�¥�u�e!i(À!q!o �&� wyhjt�o�x
Ωf(t)

op~�opx � q!��i � �¢��u�e!i�~�u���q!��uvq!��t^s � i�¥bwy��h�t^uvopwyx�uve!�vwyq|�ye�uve!i;À!q!o �cÁ ~�uv�vq!��u�q!��i�o�x Á
u�i���¥Bt���i

Γs(t)
Ã ) x � i�i � Ä��¢� � i�ÖZx|o�u�o�wyx�¦$imeZtP©�i

Ωf(t) = Ω − Ω
s
(t)
ÃXdfe!o�~�~�q!�y�yi�~�u�~

u�w��Ke!t���t���u�i��vopÍ�i
Ωf(t)

u�e!��wyq!�yeÒt�hjt�{Òt^��u�o�x!��o�x t&Ö|�ci � �vi�¥bi���i�x!��i � wyhjt�opx�Ãfdfe|op~
t�{!{!��w¢t��Ke£op~6q!~vq!t�sps´��q|~vi � ¥bw��6u�e|i(~vwys�o ��� wyhjt�opx

Ωs(t)
Ä¢�¢��hji�t�x!~ w�¥Zuve!i(spt��y��t^x!�yoIt^x

¥bwy�vhmq|sIt^uvopwyxÒÎ½�cÄ�Ïµ�ªÐ\Ã
�0o�©�i�x;t(hjt^u�i��voIt^s��vi�¥bi���i�x!��i)��wyx|ÖZ��q!��t^uvopwyx¿¥bw��°u�e!i�~�wyspo �

Ωs
0 ⊂ Ω

¦�o�uve0�Dw�q!x � t����
Γs

0

Äy¦§i(u�t�¨�i
Ωf

0 = Ω−Ω
s

0

t^~ u�e!if��i�¥bi���i�x!��i(ÀZq!o � ��wyx|Ö!�yq!��t�u�opw�x�Ã"dfe!i�x�Äyu�e|if{!�vi�~vi�x¢u
��wyx¢u���wys�©ywys�q!h}i

Ω = Ωf(t) ∪ Ω
s
(t)

¦�ops�s��Di � i�~v����op�Mi � �T��t&~vh}wcw^u�e�t�x � o�x���i���u�o´©yi
h�t�{ �

x : Ω × R+ −→ Ω
(x0, t) 7−→ x = x(x0, t).

�2i
~vi�u
xf = x|Ωf

0

t�x �
xs = x|Ωs

0

Ä!~�q!�Ke�uveZt^u�Î´Ï;:�Ð �
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¬®����c¬ � � ��¶B²	��»�¶��c²�¯�¬®Z¶Â¯�²v±G»�¶B¬¸·� �

� ¥bwy� x0 ∈ Ωs
0

Ä
xs(x0, t)

��i�{!��i�~vi�x¢u�~�u�e!i�{Mwy~vo´u�opw�x£t^u uvoph}i
t ≥ 0

w�¥�u�e!i�hjt^u�i��voIt^s
{Dw�opx¢u

x0

Ã�dfe!op~f��wy�v��i�~�{Dwyx � ~zuvw£u�e!i
��spt�~v~�op��t�s�sIt^�y��t�x|�yoIt�xjÀZwµ¦
Ä
� u�e!iÒ� � �Óhjt�{

xf op~ � i�ÖZx!i � ¥b��wyh
xs
|Γs

0

ÄXt�~�t�x5t����!o�uv��t���� i-�Gu�i�x|~vopw�x5wµ©�i��
� wyhjt�opx

Ω
f

0

Ä!¦�e!op�Ke�{!�vi�~vi���©yi�~
Γf

0 = Γf = ∂Ω
Ã

) x�~�e!wy��u�Ä!u�e!i0� � � h�t^{
x
op~f�yo´©yi�x��¢�

x(x0, t) = Ext(xs
|Γs

0
)(x0, t), ∀x0 ∈ Ω

f

0,

x(x0, t) = xs(x0, t), ∀x0 ∈ Ω
s

0.
�Xi���i�Ä�� � �Gu��
�vi�{!�vi�~vi�x¢uv~�t�x�i��Guvi�x!~�opwyx�wy{Mi���t�u�wy�(¥b��wyh

Γs
0

u�w
Ω

f

0

~�q!�Ke�uveZt^u
Ext(xs

|Γs
0
)|Γf

0
= IΓf

0
.

�%Ù 2�!������� ��� ¯ �µ¯�¶
Ω0 = Ωf

0 ∪ Ω
s

0

± �
¶$#Z¯
²�¯*'P¯�²�¯�°»K¯ �G· �}±�¬® 	)±� �
Ω = Ωf(t) ∪

Ω
s
(t)

��¶¸±� � �1'P·�²
¶*#Z¯f¼M²�¯ �µ¯�Z¶(»K·�;0 ���G²v±�¶B¬¸·�º±�¶)¶\¬ ��¯
t > 0

4
�%Ù 2�!���������  #Z¯m·K¼Z¯�²�±�¶Â·�²

Ext
»v±� � ¯ �G¯*0�°¯%��±�² � ¬®¶B²�±�²�¬®¾��}¬® ��¬ �G¯

Ωf
0

4
dfe|op~�h�t�{;t�s�spwµ¦�~�q!~'u�w�u��vt�x!~v{Mwy��u�uve!i�ÀZq!o � i�ÇTqZt�u�opw�x!~$É�ÏªË��Zt��K¨0uvwzuve!i��vi�¥bi��vi�x!��i

� wyhjt�opx
Ωf

0

ÄXspi�t � opx|�Èu�wÑu�e!iº��sIt�~�~vop��t�s�o�x!��w�hj{!��i�~�~vop�|spiaÕXtµ©Go�i�� Á nGu�w�¨�i�~�i�ÇTqZt�u�opw�x!~
¦��vo�u�u�i�x�o�x�� � � ��wyx!~�i���©^t^uvo�©�i
¥bw��vhmq!spt^u�o�wyx Î Ï :^Ð\Ä!~vt^u�o�~�ÖZi � �¢�

u : Ωf
0 × R+ −→ R3t�x �

p : Ωf
0 × R+ −→ R

�

∂Ju

∂t |x0

+ div0

{

J

[

u ⊗ (u − w) − 1

ρ
σ(u, p)

]

F−T

}

= 0,
opx

Ωf
0,

div0(JuF−T ) = 0,
opx

Ωf
0,

É\�yË

¦�e!i���i;uve!i0ÇTqZt�x¢u�o´u�opi�~
F
Ä
J
Ä
w
t���i � i�ÖZx|i � �¢� �

F = ∇0x =
∂x

∂x0

, J = det(F ) > 0, w =
∂x

∂t |x0

.

t�x � ¦�e!i���i
ρ = ρE

ÉB��wyx!~�uKt�x¢u-Ë-ÄMt�x �
u
t�x �

p
t^�vi0u�e!i;� � � ©�i�spwG��o´uÂ��t�x � {!��i�~v~�q!�vi

� i�ÖZx|i � �¢�%uv��t�x|~v{Mwy��uzt�~��
u(x0, t) = uE(xf(x0, t), t), p(x0, t) = pE(xf(x0, t), t).

�%Ù 2�!�������
	 �°²�· � ¶$#Z¯ �G¯*0�Z¬®¶\¬¸·�j·
'
x
	
w|Ωs

0

²�¯Â¼M²�¯ �µ¯�Z¶ �9¶*#Z¯"�µ·�¾ ¬ ��)�¯�¾p·µ»�¬®¶�� 	�� #Z¯�²�¯v± �
w|Ωf

0

��¶÷±� � � 'P·�²z¶*#Z¯ ���c¬ ��»K·�Z¶B²K·�¾ )�·�¾�� ��¯ )�¯�¾p·µ»�¬®¶ � 	� #G¬¸» # � � �|±�¾®¾�� ��¬ �¿¯�²�� '-²�· �Ì¶*#Z¯
� �G¬ � )�¯�¾p·µ»�¬®¶ �

u
¬® ��¬ �G¯

Ωf
0

4
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����� ��� ��� ���/��� ��� � �
dfe!i�i�©ywys�q|u�o�wyx w�¥;u�e!i ~�uv�vq!��u�q!��i�o�~��KeZt���t^��u�i��vo�Í�i � �¢� o�u�~�h}w�u�o�wyx

xs Ã ��ia¦�opsps
�yi�x!i���t�s�s�� ��w�x!~vo � i��£u�e|i��Pt�~�i É\t^u&s�iPt�~�um¥bwy�mwyq|�£h�t^uve!i�hjt^uvop�Pt^s$t^xZt�s��G~�op~�Ä�~�i�i�t�sp~�w
Î��|Ä"Ïµ�cÄ��^k�Ð®ËX¦�e|i��vi&u�e|i£~�u���q!��uvq!��t^s � op~�{!sIt���i�h}i�x¢u
op~0��o�©yi�x�Ä't���wyq!x � t�¨Gx|wª¦�x ��w�x Á
ÖZ�yq!�vt^u�o�wyx�Ä0�¢� t spopx|iPt�����w�hm�!opx!t^u�o�wyx w^¥&t ÖZx!o´u�i�xGq|hm�Di��Òw�¥£©Go��!��t^uvopwyx5h}w � i�~
ϕi : Ωs

0 −→ R3, 1 ≤ i ≤ ns Ä|opx�~vq!�KeÒtm¦(tP��u�e!t^u

xs(x0, t) = x0 +
ns

∑

i=1

si(t)ϕi(x0), ∀x0 ∈ Ωs
0,

¦�o�u�e
s(t) = {si(t)}1≤i≤ns ∈ R

ns Ã �Xi�x!��i^Ä
xs = IΩs

0
+ Φs

o�x
Ωs

0

Ä$¦�e|i��vi
Φ =

[ϕ1|ϕ2| . . . |ϕns]
op~)t

3×ns hjt^u���o´�r~�u�t�x � o�x!�0¥bwy� u�e!iz�vi � q!��i � h}w � t�s|�!t�~vo�~�Ã ) x&u�e!o�~¦(tP�yÄyuve!i§~�u���q!��uvq!��t�sc�Di�eZtP©Gopwy�6op~ � �vo´©yi�x£�¢���yo�©�i�xmhjt�~�~ t�x � ~�u�o´Å°x|i�~v~"wy{Di���t^uvwy�v~�Ä Mt�x � K ��i�~v{Mi���u�o´©yi�s´�yÃ6dfeGq|~�Äyu�e|i§i�ÇTqZt�u�opw�x!~ � i�~v���vo��!opx!�zu�e!i$hjw^u�opw�x;w^¥!u�e!i$~�uv�vq!��u�q!��i�Ä
t��vwyq|x � t}¨Tx!wµ¦�x���wyx|Ö!�yq!��t�u�opw�x�Ä!�vi � q!��i;uvw

Ms̈ + Ks = fg,
É�
¢Ë

¦�o�u�e
fg ∈ Rns uve!i
�yi�x!i���t�s�opÍ�i � spw¢t � ©yi���u�wy��Ä��yo�©�i�x��¢�

[fg]i =

∫

Γs
0

fΓs
0
· ϕi da0, 1 ≤ i ≤ ns,

t�x � ¦�e|i��vi
fΓs

0
∈ R

3 ~�u�t�x � ~�¥bw��zuve!i�~�q!��¥Bt^��i�¥bw��v��i � i�x|~vo�uÂ��t�{|{!spo�i � wyxÒu�e|ir~�uv�vq!� Áu�q!�vt�s��Mwyq!x � t^����o�x�o´u�~f��i�¥bi���i�x!��i���wyx|ÖZ��q!��t^uvopwyx°Ã

���	� ��� ��� 
 ��
 � ��	�
 � 
� � � �
dfe!iº��wyq!{|spopx|�Ñ�Di�uÂ¦§i�i�x uve!iº~vwys�o � t�x � u�e|iºÀ!q!o � op~���iPt�s�opÍ�i � u�e!��wyq!�ye ~�uKt�x � t�� �
�Dwyq|x � t����j��wyx � o´u�o�wyx!~$t^u§uve!i�ÀZq!o �cÁ ~�u���q!��uvq!�viXopx¢u�i���¥Bt���i

Γs
0

Äcx!t�hji�s���ÄGuve!i�¨Topx|i�hjt^u�o��
��wyx¢u�o�xTq!o�uÂ��w�¥6uve!i0©yi�spwG��o�uÂ��t�x � u�e!i
¨Topx|i�u�o��0��wyx¢uvopxTq!o�uÂ�%w�¥6uve!i
~�uv�vi�~�~rÎ Ï :^Ð �

u = ẋs,
wyx

Γs
0,

fΓs
0

= Jσ(u, p)F−Tn0,
wyx

Γs
0,

ÉbkTË

ßbà�á�ßbâ
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¦�e!i���i
n0
~�uKt�x � ~ ¥bwy�6uve!i§q!x|o�u x|wy�vhjt�sT©yi���u�wy�"wyx

Γs
0

{Dw�opx¢u�o�x!��o�x!~vo � i
Ωs

0

Ã ��wy��i�wµ©yi���Ä
¦§i�i�x � wµ¦ uve!i�À!q!o � i�ÇTqZt^uvopwyx|~z¦�o´u�e�t���o��vop�Ke|spi�u��Mwyq!x � t�������wyx � o´u�o�wyx�wyx

Γin

t�x �
t�x�wyq|u�s�i�u���wyx � o´u�opw�x�wyx

Γout

ÄZo\Ã i^Ã

u = uΓin
,
w�x

Γin,

σn0 = 0,
wyx

Γout,

¦�o�u�e
Γ = Γin ∪ Γout

t�x �
Γin ∩ Γout = ∅ Ã) x�~vq!h}hjt�����Ä!u�e!i;��wyq|{!spi � {!��wy�!spi�h�Ä!¦�o´u�e�t�x�� � � ¥bwy�vhrq!sIt^uvopwyx%¥bw���uve!i
ÀZq!o � Ä

op~f�yo´©yi�x��¢� �

∂Ju

∂t |x0

+ div0

{

J

[

u ⊗ (u − w) − 1

ρ
σ(u, p)

]

F−T

}

= 0,
o�x

Ωf
0,

div0

(
JuF−T

)
= 0,

o�x
Ωf

0,

u = uΓin
,
wyx

Γin,

σ(u, p)n0 = 0,
w�x

Γout,

u = Φṡ,
w�x

Γs
0,

Ms̈ + Ks = −
∫

Γs
0

JΦTσ(u, p)F−Tn0 da0,

xs = IΩs
0
+ Φs, xf = Ext(xs

|Γs
0
),

(u, s, ṡ)|t=0 =
(
u0, s0, s1

)
,

É\�yË

¦�o�u�e
F
Ä
J
t�x �

w
t^~ � i�ÖZx|i � opx É\�yË�Ã �zi��vi^Ä

(u0, s0, s1)
~�u�t�x � ~(¥bwy�$u�e!i0o�x!o�uvoIt�s!ÀZq|o �

©yi�s�wc��o�uÂ�%t�x � u�e!i
opx|o�u�opt�s�~�uv�vq!��u�q!�vt�s � op~�{!sIt���i�h}i�x¢uzt�x � ©�i�spwG��o´uÂ�yÄZ��i�~v{Mi���u�o´©yi�s´�yÃ

� � �������0	�����
�������-M�
) x=uve!op~£~�i���u�opw�x ¦$i�¥bwc��q!~&wyxÑu�e!i�~�uKt��!o�spo´uÂ�yÄ u�wº~�h�t�s�s§{Mi���u�q!���Zt^u�o�wyx!~�Ä$w�¥z~��c~�u�i�hj~
��wyq!{|spopx|��t%ÀZq!o � t�x � t%~�u���q!��uvq!�vi^Ã}��wy�vi£{|�vi���op~�i�s���Ä'wyq!�¿{!��wy�!s�i�h � iPt�s�~¿¦�o�u�e uve!i
spopx|iPt��f~�uKt��!o�spo´uÂ��t�xZt�s´�G~vop~�w�¥ ~��G~�uvi�h}~¿opx¢©yw�s�©Gopx!�}t}�vi � q!��i � ~�u���q!��uvq!�viroph}hji��v~vi � o�x
t�xaopx!��wyh}{!�vi�~v~vo��!spi
©Gop~���wyq!~¿À!wª¦
Ã ��im¦�ops�s���i�x!i���t�s�opÍ�i;u�e!i£��sIt�~�~vo��Pt�s9«6¬®°¯v±�²�¬´³µ±�¶B¬¸·�
¹§²-¬®°»�¬½¼M¾p¯;t^{!{!�vwyt��Ke�Ä�~vi�iaÎ´Ïµ��Ð¸Ä9q|~vopx|�Òu�e!i�spopx|iPt���opÍPt�u�opw�x Á uv��t�x!~�{!op�vt^u�o�wyxÒuvi��Ke!x!o�ÇTq!i�~
� i�©�i�spw�{Di � o�x�Î ÏyÏyÄ°Ïª��Ð\Ã

á�á ì��� �����
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� ��� ��� ���
�
�  �/�
� � � ��� � � � ��	 
 � � ��� �  ��	 
 � 
� � � �
� i�u

(u0, p0, x0)
�Di�t�~�u�i�t � �£��wyq!{!s�i � ÀZq!o �cÁ ~�u���q!��uvq!�vi(i�ÇTq!ops�op�!��opq!h ~�uKt^uvi�Äy¦�o�uve

xs
0 =

IΩs
0

+ Φs0
t^x �

s0 ∈ Rns Ã ×Z�vwyh É\�yË&¦$i wy�|u�t�opx u�eZt�u
(u0, p0, x0)

~�t^uvop~�Ö!i�~juve!i
¥bwysps�wª¦�o�x!�m~�u�iPt � ����w�q!{!spi � {|�vwy�!s�i�h

div0

{

J0

[

u0 ⊗ u0 −
1

ρ
σ(u0, p0)

]

F−T
0

}

= 0,
o�x

Ωf
0,

div0

(
J0u0F

−T
0

)
= 0,

o�x
Ωf

0,

u0 = uΓin
,
wyx

Γin,

σ(u0, p0)n0 = 0,
w�x

Γout,

u0 = 0,
w�x

Γs
0,

xs
0 = IΩs

0
+ Φs0, xf

0 = Ext(xs
0|Γs

0

),

Ks0 = −
∫

Γs
0

J0Φ
Tσ(u0, p0)F

−T
0 n0 da0,

É � Ë

¦�e!i���i
F0 = ∇0x0

t�x �
J0 = det F0

Ã
��i�~�i�u

Ωs = xs(Ωs
0)
u�e|i���w�x|ÖZ�yq!�vt^u�o�wyx2w^¥fu�e!ij~�u���q!��uvq!�vi%t^umi�ÇGq|opspo��!�vo�q!h�Ä�o�x

~vq!�Keat£¦§tµ��uveZt^uPÄ�t�¥®u�i�� � i�¥bwy�vhjt^uvopwyx�w�¥6u�e!i;opx¢u�i���¥Bt���i�Ä!uve!i���wyx¢u���wys�©ywys�q!hji
o�x�uve!i
ÀZq!o � Ébq!~vi � o�xÑu�e!i�� � � ¥bwy�vhrq!sIt^uvopwyxZË
o�~£�yo�©�i�x=�¢�

Ωf = Ω − Ω
s Ã �2i�t�s�~vwa~�i�u

γ = ∂Ωs ÄGu�e!izÀZq!o �cÁ ~�u��vq|��u�q|�vi�o�x¢u�i���¥Bt���iXt^u§i�ÇTq!ops�op�!��opq!h�Ã'dfeTq!~�Ä!~�opx!��i Ωf op~)¨Tx!wµ¦�x�Ä�T�auv��t�x|~v{Mwy��uvopx!�2É � Ë�uvw�uve!op~0x!i�¦���w�x|¥vo��yq!�vt^u�o�wyx�Ä�u�e|i}��i�¥bi��vi�x|��i�~�uKt^uvi
(u0, p0, x0)�Di���wyh}i�~

(u0, p0, I)
¦�e!o��Ke�~vt^u�o�~�ÖZi�~fu�e!i0¥bwys�spwµ¦�opx!�rq!x!��w�q!{!spi � {|�vwy�!s�i�h �

div

(

u0 ⊗ u0 −
1

ρ
σ(u0, p0)

)

= 0,
o�x

Ωf ,

div u0 = 0,
o�x

Ωf ,

u0 = uΓin
,
wyx

Γin,

σ(u0, p0)n = 0,
w�x

Γout,

u0 = 0,
w�x

γ,

Ks0 = −
∫

γ

ΦTσ(u0, p0)n da.

É\�yË

ßbà�á�ßbâ



«"¬®°¯v±�² ��¶¸± � ¬®¾ ¬®¶��%±�M±�¾�� ��¬��
¬®����c¬ � � ��¶B²	��»�¶��c²�¯�¬®Z¶Â¯�²v±G»�¶B¬¸·� ÏyÏ

�Xi���i�Ä
n =

F−Tn0

‖F−Tn0‖
�vi�{|�vi�~�i�x¢u�~;u�e!i}q!x!o´u;x!wy�vhjt�s"©�i���u�wy�;wyx

γ
ÉB{Mwyo�xTuvopx!��o�x!~vo � i

Ωs Ë-Ã
) x u�e|i ~vt�h}i ¦(tP�yÄX¦§iº�Pt^x � i�~v���vop�Miº{!�vw��!spi�h É¸��ËjuKt�¨Topx|�

Ω = Ωf ∪ Ω
s t�~

�vi�¥bi��vi�x!��im��wyx|ÖZ��q!��t^uvopwyx°ÄMo\Ã i^Ã��T� � i�ÖZx!opx|�ju�e|ir� � �@hjt�{Òo�x
Ω
opx|~�u�i�t � w^¥

Ω0

ÄD~�i�i
¥vo��yq!�vi 
|Ã

��i � i�x!w�uvi��¢�
δs ∈ Rns ÄTu�e!i � i����vi�i�~§w�¥°¥b�vi�i � wyh w�¥�uve!iX~�u���q!��uvq!�vi¿o�xjuve!op~)x!i�¦

��wyx|Ö!�yq!��t�u�opw�x�Ã dfeTq!~�ÄZ¦$i � i�ÖZx!i
u�e|i;~�u���q!��uvq!��t�s�h}w�uvopwyx�t^~

xs = IΩs + Φδs,
o�x

Ωs,

t�x � u�e!i
h}w�u�o�wyx�w�¥�u�e!i
��wyx¢u��vw�s�©ywys�q!hji0w^¥6uve!i0ÀZq!o � t�~

xf = Ext(xs
|γ).

�%Ù 2�!��� ��� � ��·�² ��¬ ��¼M¾ ¬ 0(»v±�¶\¬¸·��¼ �G²÷¼Z· �µ¯ ��	�±6'-¶Â¯�²�¶B²�±� �Â¼Z·�²-¶X·�
Ω
	 �§¯ #|± )�¯ �¢¯Â¼M¶

¶*#Z¯ ��±���¯0°·�¶÷±�¶B¬¸·��'P·�²0¶*#Z¯���«�� �}±�¼
x
	)¶*#Z¯ �G¯*'P·�² �}±�¶B¬¸·� ��²�±(��¬¸¯�Z¶

F = ∇x
	)¶*#Z¯

¶\²�±� �*'P·�²	�}±�¶\¬¸·����±G»K· � ¬B±�
J
±� �%¶*#Z¯}¯62y¶Â¯� ��¬¸·�Ñ·K¼Z¯�²�±�¶Â·�² 4 � ¯ #|± )�¯£±�¾ �µ· �¢¯Â¼M¶§¶*#Z¯

��±���¯ ��· �¢±�¾ �G¯ )�¯�¾p·K¼ ��¯�Z¶ 'P·�²&¶*#Z¯ ��¶B²	��»�¶��G²v±�¾$��¬��Â¼M¾´±G»K¯ ��¯�Z¶ 4��;· �§¯ )�¯�² 	 �§¯�»K· �c¾ �
� �µ¯�¶ �§· ��¬ �¿¯�²�¯�Z¶ �G¯ )�¯�¾p·K¼ ��¯�Z¶ ��¶Â· �G¯ �µ»�²�¬ � ¯�	j·� ¶*#Z¯ ·�°¯ #|±� � 	&¶$#Z¯ ��¶B²	��»�¶��G²v±�¾
��·�¶\¬¸·� 	$±� ��·�a¶*#Z¯m·�¶$#Z¯�² #|±� � 	�¬®¶��f¼Z¯�²�¶��G² � ±�¶B¬¸·� � 4

� o´u�e}u�e!o�~$�Ke!w�op��i^Äc��wyq!{!s�i � {|�vwy�!s�i�h�É\�yË-ÄT¦��vo´uvuvi�x%o�x}uve!i�x!i�¦ �vi�¥bi��vi�x!��i���wyx|Ö!� Á
q!��t^uvopwyx

Ω
ÄZ�Mi���wyh}i�~
∂ρJu

∂t
+ div

{
J [ρu ⊗ (u − w) − σ(u, p)]F−T

}
= 0,

opx
Ωf ,

div
(
JuF−T

)
= 0,

opx
Ωf ,

u = uΓin
,
wyx

Γin,

σ(u, p)n = 0,
wyx

Γout,

u = Φδ̇s,
wyx

γ,

Mδ̈s + K(s0 + δs) = −
∫

γ

JΦTσ(u, p)F−Tn da,

xs = IΩs + Φδs, xf = Ext(xs
|γ), F = ∇x, J = det F,
(

u, δs, δ̇s
)

|t=0
=
(
u0, s0, s1

)
.

É :¢Ë
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Ωf
0

Ω0

Ω

γ
Ωs

Φs0 Φδs

Φs
Ωf(t)

Ωs(t)

Ω

ΓinΓin

Γin

Ωf

Ωs
0 Γs

0 Γout
Γs(t) Γout

Γout

×"op��q!�vi 
�)�§e!t�x!�yi
w�¥6��wyxcÖZ�yq!�vt^u�o�wyx

��i�¥bwc��q!~&wyx=u�e!i�spo�x!iPt^�m~�u�t��!ops�o�uÂ�2t�xZt�s´�G~vop~£w^¥�u�e|i�~�u�i�t � �=i�ÇTq!o�spo��!�vo�q!h ~�uKt�u�i
(u0, p0, I)

¦�o�uve��vi�~�{Di���uzu�w&~vhjt�s�s°{Mi���uvq!�v�!t^u�o�wyx!~�t���u�opx|�£wyx�u�e!i
opx|o�u�opt�sM��wyx � o�u�o�wyx!~�Ã
� i�u�q!~f~vq|{!{Dw�~vi

(u0, p0, I)
u�w£�Mi0i��c{Mwy~vi � uvw&t&~�h�t^spsM{Di���u�q|�v�Zt^uvopwyx

(δu0, δs0, δs1)t^uzopx!o´u�oIt^sMuvoph}i�Ã�dfe!op~�{Mi���u�q!���Zt^u�o�wyx��yi�x|i���t�u�i�~Xt&��wyq!{|spi � q!x!~�u�iPt � ��~�u�t^u�i
(u, p, x)¦�e!op�Ke�~�t^uvop~�ÖZi�~�É :yË$¦�o�u�e�uve!i0¥bwysps�wª¦�o�x!�mo�x!o�uvoIt�sM��wyx � o�uvopwyx

(
u0, s0, s1

)
= (u0 + δu0, δs0, δs1).

×���wyhÔÉ :yË�ÄD¦$im��t�x wy�|u�t�opxÒtjx!w�x Á s�opx!i�t�����wyq!{|spi � {|�vwy�!s�i�h �ywµ©�i��vx|opx!��uve!irÀZq|��u�q!t Á
u�opw�x!~

(δu, δp, δx) = (u, p, x) − (u0, p0, I).
É��¢Ë

�$� ~vq!{|{Dwy~�opx!�=u�e!t^u�uve!i�~�i2�yi�x!i��vt^u�i � ÀZq|��u�q!t^u�o�wyx!~��vi�hjt�o�x5~�h�t^sps�¥bwy��t�x¢�@uvoph}i
t > 0

Ä(¦$i ��t�x x!i��yspi���u�uve!i e!o��ye w�� � i��ju�i��vh}~�Ã5dfeTq!~�Ä�¦§iÒwy�|uKt^opx t spo�x!iPt���opÍ�i �
{!�vwy�|spi�h � �vo�©Go�x!�!ÄGt^u§Ö!�v~�u§wy� � i���ÄTu�e|i�ÀZq!��u�qZt^uvopwyx|~$w�¥�uve!i���wyq!{!s�i � ~��G~�u�i�h�Ã9�(u$u�e!o�~
{Dwyo�x¢uPÄ$¦$iÒq|~vqZt�s�s��Ño�x¢u��vw � q!��iÒt^x!w�u�e|i�� � i�ÖZx|o�u�o�wyx opx=u�e!i�spopx|iPt��£~�uKt��!o�spo´uÂ�2u�e|i�wy���
Î´Ïª�µÐ¸ÄZ�¢��~�q!{!{Mwy~vo�x!�£u�eZt^u�i�t��KeÒs�opx!i�t��§ÀZq|��u�q!t^u�o�wyx

(δu, δp, δx)
�Pt�x��Mi;w��|uKt�o�x!i � �¢�

~vq!{Mi���{Dwy~�o�uvopwyx w�¥0ÀZq!��u�qZt^uvopwyx|~�w�¥0uÂ�G{Mi
(v, q, t)e−λt Äf��t�sps�i � °·�²	�}±�¾ ��· �G¯ ��Ã��)�

ßbà�á�ßbâ
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~vq!�!~�u�o´u�q|uvopx!�
u�e!o�~�sIt�~�u$i-�c{!�vi�~v~vo�wyx%o�x}uve!iXs�opx!i�t��vo�Í�i � ��wyq!{!s�i � i�ÇTqZt^uvopwyx!~�ÄG¦$i�w��|uKt�o�x
u�eZt^u

(λ; v, q, t)
op~"t�xmi�o��yi�x|{Zt�op��w�¥Zuve!i(~v{Mi���u��vt�s|{!��wy�!s�i�h t�~v~�wc��oIt^uvi � uvw�u�e!i§��wyq!{|spi �

spopx|iPt��({|�vwy�!s�i�h�Ã
��Ù������ � �bÝ�� � � �  #Z¯£¼Z¯�² �}±�°¯�Z¶ ��¶¸±�¶ ¯

(u0, p0, I)
¬��º»v±�¾®¾p¯%�2¾ ¬®°¯v±�²-¾��2± � � ��¼M¶Â·�¶\¬��

»v±�¾®¾�����¶¸± � ¾p¯�	6¬ 'X¶$#Z¯ �Â¼Z¯K»�¶\²�±�¾�¼M²�· � ¾p¯ � �G·µ¯ �z°·�¶�#|± )�¯0¯�¬��G¯� )�±�¾���¯ � �9¬®¶$#}°¯ �¢±�¶\¬$)�¯z²�¯v±�¾
¼|±�²�¶ 4  #Z¯�¼Z¯�²	�}±�°¯�Z¶ ��¶¸±�¶ ¯m¬��%»v±�¾®¾p¯%��¾ ¬®°¯v±�²�¾�� �G ��¶¸± � ¾p¯�	�¬ 'm¶$#Z¯�²�¯%¯62y¬���¶ ��	z±�¶f¾p¯v± ��¶ 	
·�°¯m¯�¬��G¯� )�±�¾���¯ �9¬®¶*#�°¯ �¢±�¶B¬$)�¯
²�¯v±�¾|¼|±�²-¶ 4
) xa~ve!wy��uPÄMu�e!o�~¿�yi�x|i���t^s"t�{|{!�vw¢t^�Ke�Ä�¨Tx!wµ¦�x t�~�«6¬®°¯v±�²-¬´³µ±�¶\¬¸·� ¹$²-¬®°»�¬½¼M¾p¯zopxÑÎ Ïª�ªÐ\Ä�i�x Á
t��!spi�~¿u�w��vi � q!��i}uve!i£~�u�t��!ops�o�uÂ��{!�vw��!spi�h u�w�uve!i&{!�vwy�|spi�h w�¥ � i�uvi��vh}opx|imu�e!i&i�o��yi�x Á
©�t^spq!i�~fw�¥ t&~v{Mi���o�ÖZ�
~�{Di���u��vt�s�{!��wy�!spi�h�Ã

Õzi�©�i���uve!i�s�i�~�~�ÄT¦§i�hmq!~�u�{Dw�opx¢u9wyq|u9uveZt^u uve!i���wyh}{!s�i��co�uÂ��w�¥�u�e!ifs�opx!i�t��vo�Í�i � {!�vw�� Á
spi�h�Ä'opx�{Zt���uvop��q!sIt��¿uveZt^u�w�¥(i�op�yi�x!{!��wy�!spi�h�Ä�~�uv�vwyx|�ys�� � i�{Mi�x � ~rwyx�uve!i}À!q!��uvqZt^u�o�wyx
� i�ÖZx|o�u�o�wyx�Ã ) u�o�~z~�u��vt�op�ye¢u�¥bwy��¦§t�� � uvw&©�i���o�¥®�yÄZ~�i�ijÎ´Ï �|ÄM����Ð�¥bw��fopx!~�uKt�x!��i�Ä!uveZt^u�uKt�¨To�x!�
É �¢Ë£t�~£ÀZq!��u�qZt�u�opw�x � i�ÖZx!o´u�opw�x=¦$i�wy�|uKt^opx t s�opx!i�t��vo�Í�i � {|�vwy�!s�i�h ¦�e|i��vi�u�e!i�ÀZq|o �
i�ÇTqZt^uvopwyx!~X~�uvopsps � i�{Mi�x � wyx�u�e!i�opx¢u�i���¥Bt���irh}w�u�o�wyx�Ã �Xi�x!��i^Ä�opx�u�e!o�~X~�i�x!~�i�Ä�o�uv~X��wyh Á
{!spi-�|o´uÂ�%o�~f~voph}opspt���u�w&u�e!i0¥bq!s�s°x!wyx Á spo�x!iPt^�({!�vw��!spi�h�Ã

) xju�e!izx!i��Gu§{Zt���t^�y��t�{|e!~�ÄT¦§iX¦�opspsc¥bwc��q!~§wyx�t�x!i�¦ � i���o�©^t^uvopwyx}w�¥°uve!i;«6¬®°¯v±�²-¬´³µ± �
¶\¬¸·�Ñ¹$²�¬®°»�¬½¼M¾p¯�ÃÒdfe!op~r¦�o�sps)�Di��Zt�~vi � opx2uve!i%s�opx!i�t��vo�ÍPt^uvopwyx Á u��vt�x!~v{|op��t�u�opw�x hji�u�e!w �
� i�©�i�spw�{Di � o�x Î´ÏyÏ^Ä(Ïª��Ð\Ä�{Zt���u�op��q!sIt^�vs�� ~�q!o�uvi � ¥bwy�m{!��wy�!s�i�h}~mopx¢©yw�s�©Gopx!�ah}wµ©Gopx!� � w Á
h�t�o�x!~�Ã;dfeTq!~�Ä�¦$i£¦�opsps��Mi&t��!spi�u�w��vi���wµ©yi��rt%s�opx!i�t��vo�Í�i � ��wyq|{!spi � {|�vwy�!s�i�h�Ä°¦�e!i��vi
u�e!i;spo�x!iPt��fÀZq|o � i�ÇTqZt^u�o�wyx!~Xt��vi�opx � i�{Mi�x � i�x¢u¿w�¥ uve!i
ÀZq!o �GÁ ~�uv�vq!��u�q!��iro�xTuvi���¥Bt���i;hjw Á
u�opw�x�Ã ) x � i�i � Ä(uve!iÒ��wyq!{!s�opx!�a¦�o´u�e uve!iÒs�opx!i�t��vo�Í�i � ~�wyspo � i�ÇTqZt^u�o�wyx!~}op~&{Mi���¥bw��vh}i �
©copt�uv��t�x|~v{!o���t^uvopwyx opx¢u�i���¥Bt���ij��wyx � o´u�o�wyx!~0¦�e!ops�i&¨�i�i�{!opx|�at�Ö|�ci � ÀZq!o �2� wyhjt�o�x�Ã ) x
w�u�e!i��X¦$wy� � ~�Ä°¦$irÖZxZt^sps���w��|uKt�o�x t�xÒi�op��i�x!{!��wy�!s�i�h¤w�¥�h}opx!o�h�t�s°��wyh}{!spi-�co�uÂ�yÃX×Z�vwyh
t&hjt^uve!i�hjt^u�o��Pt�sM{Mwyopx¢u�w�¥�©Gopi�¦
Ä!uve!op~f��t�x��Di0©Gopi�¦§i � t�~zt£�KeZt�x|�yi�w^¥6©^t���oIt��!s�i�~�Ã

� � � ���
� ��� �/�	� � ��� 
��

) x%u�e!o�~§{Zt��vt��y�vt�{!e�¦$i¿q!~�i¿u�e!iXspopx|iPt���opÍPt�u�opw�x Á uv��t�x!~�{!op�vt^u�o�wyxmh}i�uve!w � opx¢u���w � q|��i � o�x
Î´ÏyÏ^ÄT~vi���u�o�wyx%�ªÐ�ÉB~�i�iXt�sp~�wjÎ Ïª�TÄG�Ke!t�{|u�i��(�ªÐ®Ë-Ã ×"o��v~�u)t�u)t�sps\Ä�¦§izhmq!~�u9¦��vo´u�ifu�e!i���wyq!{!s�i �
{!�vwy�|spi�h É :¢Ë(opx�©^t��vopt^u�o�wyxZt�sM¥bwy�vh�Ã �)��hmq!s�uvop{!s´�Gopx!��É :¢Ë(�T�

(v̂f , t̂) ∈ D(Ω)4 × R
ns Ä

�T��opx¢uvi��y�vt^u�o�x!�j�¢��{Zt���u�~�o�x�uve!i�ÀZq|o � i�ÇGq!t^u�o�wyx!~¿t^x � �¢��u�t�¨Topx!�jopx¢u�w�t�����wyq!x¢u�uve!i
�Dwyq|x � t���� ��w�x � o�uvopwyx|~�ÄX¦$iºwy�|u�t�opx uve!ia¥bwysps�wª¦�o�x!��©^t���oIt^uvopwyx!t�sz¥bw��vhmq!spt^u�o�wyx �ºÖZx �

á�á ì��� �����
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u : Ωf × R+ −→ R3 Ä p : Ωf × R+ −→ R
t�x �

δs : R+ −→ Rns ~�q!�Ke�uveZt^u
∫

Ωf

∂Jρu

∂t
· v̂f

1 dx −
∫

Ωf

J [φ(u, σ(u, p))− I1 ρu ⊗ w]F−T : ∇v̂f dx

+

∫

γ

Ju ·
(
F−T n

)
v̂f

2 da +

∫

γ

(Jσ(u, p)F−Tn) · (Φt̂ − v̂f
1) da

+ (Mδ̈s) · t̂ +
(
K(s0 + δs)

)
· t̂ = 0, ∀(v̂f , t̂) ∈ D(Ω)4 × R

ns

,
É�ÏP�¢Ë

{!�vwµ©Go � i � ¦�o´u�e�u�e|i;�Mwyq!x � t����%��wyx � o�u�o�wyx!~
u = uΓin

,
w�x

Γin,

σ(u, p)n = 0,
wyx

Γout,

u = Φδ̇s,
wyx

γ,

É�Ï�ÏªË

t�x � ¦�e!i���i;uve!i0ÀZqc��¥bq|x!��uvopwyx!~zt���i0�yo�©�i�x��¢�

φ(u, σ) = I1(ρu ⊗ u − σ) + I2 ⊗u, I1 =







1 0 0
0 1 0
0 0 1
0 0 0







, I2 =







0
0
0
1







,

v̂f =

(
v̂f

1

v̂f
2

)

: Ω −→ R
4, xs = IΩs + Φδs, xf = Ext(xs

|γ).

) x&uve!i�~�t�h}i(¦§tµ��ÄGuve!i��vi�¥bi��vi�x!��i�~�u�iPt � �&{!�vw��!spi�h É¸��Ë"�Pt�x&�Mi�¦���o�u�u�i�x&o�x&¦$iPt^¨r¥bwy�vh
t�~ �

−
∫

Ωf

φ(u0, σ(u0, p0)) : ∇v̂f dx +

∫

γ

σ(u0, p0)n · (Φt̂ − v̂f
1) da + K(s0) · t̂ = 0,

∀(v̂f , t̂) ∈ D(Ω)4 × R
ns

.
É�Ïµ�yË

dfe|ir¥bwysps�wµ¦�opx!�&~�uvi�{ao�x�u�e|irspo�x!iPt^�vopÍ�t^u�o�wyx�op~�u�e|i � i�Ö!x!o�uvopwyx�w�¥9u�e|i�ÀZq!��u�qZt�u�opw�x!~
(δu, δp, δx)

ÄZw�¥ uve!i;{Di���u�q|�v�Mi � ~�uKt^uvi
(u, p, x)

t��vw�q!x � uve!i;i�ÇTq!ops�op�!��opq!h
(u0, p0, I)

Ã
��~�opx Î ÏyÏ�Ð\Ä!u�e!i�~vi
ÀZq!��u�qZt^uvopwyx|~�t��vi � i�ÖZx!i � �¢�

x = IΩ + δx,
o�x

Ω,

u(IΩf + δx) = u0 + ∇u0δx + δu,
o�x

Ωf ,

p(IΩf + δx) = p0 + ∇p0δx + δp,
o�x

Ωf ,

É�Ï 
¢Ë

ßbà�á�ßbâ



«"¬®°¯v±�² ��¶¸± � ¬®¾ ¬®¶��%±�M±�¾�� ��¬��
¬®����c¬ � � ��¶B²	��»�¶��c²�¯�¬®Z¶Â¯�²v±G»�¶B¬¸·� Ïª�

t�x � ¦�e!i���i
δxs = Φδs, δxf = Ext

(
xs

|γ

)
− IΩf .

�§wyhj{!t��vi � uvw}uve!i;uv��t � o�u�o�wyxZt�s � i�ÖZx|o�u�o�wyx�Ä!q|~vi � opx�Î´Ïª�GÄ�Ï �|ÄM���^Ð\ÄZu�e!i;x!wyx Á ~�u�t�x � t^� �
� i�ÖZx|o�u�o�wyx�É�Ï 
¢Ë6uKt�¨^i�~�i��c{!s�op��o�u�s´�ro�x¢u�w;t�����wyq!x¢u�u�e!ifuv��t�x!~�{Dw���u�w�¥Mu�e!if��i�¥bi��vi�x|��iz~�uKt�u�i
� q!i0u�w&u�e!i
ÀZq!o ��� wyhjt�opx�h}w�u�o�wyx�ÄZt^x � uve!i
opx¢u���opx!~�op�0{Mi���u�q!���Zt^u�o�wyx

(δu, δp)
w�¥�u�e!i

ÀZwµ¦ Á ÖZi�s � t^ufu�e|i;x|i�¦ ~�{Zt^u�opt�s�{Mwyopx¢u
(x0 + δx)

Ã
�%Ù 2�!��� �����  #Z¯}¶Â¯�²	� K(s0)

±�¼¢¼Z¯v±�²-¬®��Ò¬®Ñ¶*#Z¯�¯&% �|±�¶\¬¸·� É�Ïª��Ë�»K·�²-²�¯ �Â¼Z·� � �}¶ ·
¶*#Z¯(²K¯ ��¬ ���|±�¾(��¶\²�¯ � �f¬®Z¶B²�· ����»K¯%�0¬®������ 	 �µ¯K»�¶\¬¸·���54��	� 4 ! ¶6¯&% �G¬®¾ ¬ � ²v±�¶Â¯ �f¶$#Z¯ ��¶Â¯v±(��� ���c¬ �
��¶\²�¯ � �10(¯�¾ ��·� ¶$#Z¯;¬®Z¶Â¯�²*'�±G»K¯ 4

�X~£q!~vq!t�s¸Ä uve!i�spo�x!iPt���opÍ�t^u�o�wyxº��wyq!s � �Di��Pt����vopi � wyq|um¦�o´u�eÑ��i�~v{Mi���u£u�w uve!i�x!i�¦
q!x!¨Tx!wµ¦�x

(δu, δp, δx)
Ä|�¢��~vq!�|uv��t���u�o�x!�ru�e|i0�vi�¥bi��vi�x!��i0{!��wy�!s�i�h É�Ïª�yË9¥b�vwyhÌu�e|i¿{Di�� Á

u�q!���Di � {|�vwy�!s�i�h É�Ïµ�yË-ÄZt^x � u�e!i�x��T��x!i���spi���u�o�x!�mu�e!i0e|op�ye%w�� � i��(u�i���hj~�Ã9dfe!op~§spiPt � ~
q!~fu�w£u�e!i0¥bwys�spwµ¦�opx|�m��wyq|{!spi � s�opx!i�t��({!��wy�!s�i�h Î ÏyÏ�ÄZ~�i���u�opw�x �cÃ 
^Ð �
∫

Ωf

ρ ˙δu · v̂f
1 dx

−
∫

Ωf

(
∂φ

∂u
(u0, σ(u0, p0))δu +

∂φ

∂σ
(u0, σ(u0, p0))δσ(δu, δp)

)

: ∇v̂f dx

+

∫

γ

(∇u0δx
s + δu) · nv̂f

2 da

−
∫

Ωf

{
φ(u0, σ(u0, p0))

[
I div δx − (∇δx)T

]
+ ∇φ(u0, σ(u0, p0))δx

}
: ∇v̂f dx

+

∫

γ

[(∇σ(u0, p0)δx
s + δσ(δu, δp))n − σ(u0, p0)η(δxs)] · (Φt̂ − v̂f

1) da

+ (M δ̈s + K δs) · t̂ = 0, ∀(v̂f , t̂) ∈ D(Ω)4 × R
ns

.
É�Ï�kTË

�Xi���i�Ä

δσ(δu, δp) = −δp I +2µε(δu), ε(δu) =
1

2

[
∇δu + (∇δu)T

]
,

~�uKt^x � ¥bw��%u�e!iºspo�x!iPt^�vopÍ�i � ÀZq|o � ��wyx|~�u�o´u�q|uvo�©�i sptP¦
Ä
M

t�x �
K
¥bwy�%uve!iºspo�x!iPt���opÍ�i �

h�t�~�~�t^x � ~�u�o�ÅDx!i�~v~�w�{Di���t^uvwy�v~}t���wyq!x �
Φs0

Ä$¦�e!op�Ke ¦$i�¦�o�sps(~�q!{!{Mwy~viÒ~��Ghjh}i�uv�vo��

á�á ì��� �����
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t�x � {Mwy~vo´u�o´©yi � i�ÖZx!o´u�i^Ä�t�x �
η(δx) = −

[
I div δx − (∇δx)T

]
n
��i�{!��i�~vi�x¢u�~�Ä't�u�ÖZ��~�u

wy� � i���Ä!uve!i;©^t���oIt^uvopwyx�w�¥"uve!i�~�q!��¥Bt^��i0©yi���u�w�� −n da
Ã ) uzwyx!s´� � i�{Di�x � ~Xwyx�uve!i
u���t^��i

w�¥
δx

w�x
γ
ÄZ~�i�i}Î �^k�Ð\Ã

) x t �|� o�uvopwyx�Ä6u�e!i%�Mwyq!x � t����2��wyx � o�uvopwyx!~%É�ÏyÏµË�Ä9wyx!��i%¦��vo´uvu�i�x=t^umÖZ��~�u&wy� � i��£o�x
u�i���hj~fw^¥

(δu, δp, δs)
Ä|�vi � q!��i;uvw

δu = Φδ̇s −∇uΦδs,
w�x

γ,

δu = 0,
wyx

Γin,

δσn = 0,
wyx

Γout.

É�Ïµ�yË

��i���i���wª©�i��£wyx�u�e!i}Ö|�ci � opx¢uvi���¥Bt^��i
γ
uve!i�~�w �Pt^spspi � uv��t�x|~v{!o���t^uvopwyx �Dw�q!x � t����

��wyx � o�u�o�wyx!~ºÉb~vi�i Î ÏyÏyÄ�Ïª�ªÐIË�Ã�Õzi�©�i���uve!i�s�i�~�~�Ä¿u�e|i ~�i���wyx � ©ywys�q!hjiao�x¢u�i�����t�sXopx É�Ï�kTË
��wyx¢uKt^opx!~ � op~�u��vo��!q|uvi � uvi��vh}~�o�x

Ωf � i�{Mi�x � opx!��w�x δx
Ã ) xaw�u�e!i���¦$wy� � ~�Ä°u�e|irspo�x!iPt^�

ÀZq!o � i�ÇTqZt^uvopwyx|~�Äzt�~j¥bw��}uve!iÒ{Mi���u�q!���Di � wyx!i�Äf~�u�o�sps � i�{Mi�x � wyx u�e|i�ÀZq!o � � wyhjt�o�x
hjw�uvopwyx°Ã ) x%��wyx¢u���t^~�u(¦�o´u�e%u�e|i�spo�x!iPt^�vopÍ�t^u�o�wyx&{Di���¥bwy��hji � opx Î´Ï �cÄ!����Ð¸ÄGu�e!o�~ � o��j��q!s�uÂ�
�Pt�x��Di;wµ©yi�����wyh}ire|i��vi;�¢��q!~vo�x!�%t&~vo�hj{!s�o�ÖZi � ©yi���~vo�wyxÒw�¥ spi�h}hjt%Ïropx�Î ÏyÏ�ÄM~vi���u�o�wyx
�cÃ �ªÐ¸Ã
�)Ù  2� � �
	������ � �bÝ ��� � Ù � ��� � Þ Ù
	���)Ù�� � ' ' Ù  �� ����������� ��·�²§¯v±G» # � ��·µ·�¶$# ��¬�� �
¼M¾´±G»K¯ ��¯�Z¶

δx ∈ C1(Ω
f
)3 ±� �Ò¯v±G» #!� ��·µ·�¶$#!�µ·�¾��c¶B¬¸·� 	

(u0, σ(u0, p0)) ∈ C1(Ω
f
)3 ×

C1(Ω
f
)3×3 	f·
'
¶*#Z¯ ���G¬ � � � � ¼M²�· � ¾p¯ �

∫

Ωf

φ(u0, σ(u0, p0)) : ∇v̂f dx = 0, ∀v̂f ∈ D(Ωf)4,

�§¯m· � ¶÷±�¬®a¶$#|±�¶

−
∫

Ωf

{
φ(u0, σ(u0, p0))

[
I div δx − (∇δx)T

]
+ ∇φ(u0, σ(u0, p0))δx

}
: ∇v̂f dx

=

∫

γ

[φ(u0, σ(u0, p0))η(δx) − (∇φ(u0, σ(u0, p0))δx)n]·v̂f da, ∀v̂f ∈ D(Ω)4.

É Ï � Ë
� ����� � � nci�i;{!��wcw�¥�w�¥6spi�hjhjt%Ï
opx Î ÏyÏ�ÄZ~�i���uvopwyx��cÃ½��Ð\Ã

�nGq!�|u��vt���uvopx!��x!wµ¦
Ä§¥b�vw�h É�ÏPkTË-Ä§u�e|i�s�opx!i�t��vo�Í�i � ��w�xT©�i���u�i � {|�vwy�!s�i�h É Ï � Ë�Ä(t�x �
~vopx|��i

∂φ = −∂(I1 σ)+∂(I2 ⊗u)
wyx

γ
Ä�¦§i§wy�|uKt^opx
u�eZt^u6u�e!i)ÀZq!��u�qZt^uvopwyx

(δu, δp, δs)
Ä

ßbà�á�ßbâ



«"¬®°¯v±�² ��¶¸± � ¬®¾ ¬®¶��%±�M±�¾�� ��¬��
¬®����c¬ � � ��¶B²	��»�¶��c²�¯�¬®Z¶Â¯�²v±G»�¶B¬¸·� Ïª�

� i�ÖZx|i � �¢� É�Ï 
yË-Ä|Ö!xZt�sps´�&~�t^uvop~�ÖZi�~(uve!i�¥bwys�spwµ¦�opx!�
©^t��vopt^u�o�wyxZt�sZs�opx!i�t��){!�vwy�|spi�h ÉBo�x � i Á
{Di�x � i�x¢uXw�¥�u�e!i
i��Guvi�x!~�opwyx�h�t^{

δxf Ë �
∫

Ωf

ρ ˙δu · v̂f
1 dx

−
∫

Ωf

(
∂φ

∂u
(u0, σ(u0, p0))δu +

∂φ

∂σ
(u0, σ(u0, p0))δσ(δu, δp)

)

: ∇v̂f dx

+

∫

γ

(
∂φ

∂u
(u0, σ(u0, p0))δu +

∂φ

∂σ
(u0, σ(u0, p0))δσ(δu, δp)

)

n · v̂f da

+

∫

γ

[(∇σ(u0, p0)δx
s + δσ(δu, δp))n − σ(u0, p0)η(δxs)] · (Φt̂) da

+ (M δ̈s + K δs) · t̂ = 0, ∀(v̂f , t̂) ∈ D(Ω)4 × R
ns

,
É�Ïµ�yË

��wyh}{!spi�u�i � ¦�o´u�e�u�e|i;�Mwyq!x � t����%��wyx � o�u�o�wyx!~
É Ïª�yË-Ã
) x£~�q!h}h�t����yÄ^t�~ o�x%Î ÏyÏyÄ�~�i���u�opw�x}�cÃ 
�Ð¸Ä�u�e!i$spopx|iPt���opÍPt�u�opw�x;e!t�~"�Mi�i�x£�Pt����vopi � wyq|u"�¢�

~vq!�|uv��t���u�o�x!��uve!i}~�u�i�t � � �vi�¥bi���i�x!��i�{!��wy�!spi�h�Ä$É Ïª�yËKÄ t�x � u�e|ijs�opx!i�t��vo�Í�i � ��wyx¢©yi���u�i �
{!�vwy�|spi�h�Ä�É Ï � Ë�Äy¥b��wyh uve!i�{Di���u�q|�v�Mi � {!�vwy�|spi�h�ÄMÉ�ÏP�¢Ë-ÄGt�x � �¢�£x!i��yspi���uvopx!�
e!o��ye&wy� � i��
u�i���hj~�Ã6dfe|op~�spo�x!iPt^�vopÍ�t^u�o�wyxz{!�vwµ©Go � i�~'t(ÀZq!o � {|�vwy�!s�i�h5¦��vo�u�u�i�x;o�x¿Ö|�ci � ��wyxcÖZ�yq!�vt^u�o�wyx
Ωf ÄMt�x � uvw�uKt�s�s��jopx � i�{Mi�x � i�x¢u¿w�¥�u�e!i;i��Guvi�x!~�opwyx�wy{Di���t^uvwy��opx!~�o � i¿uve!i
ÀZq!o ��� wyhjt�o�x
Ωf Ã ) xmt �!� o�uvopwyx°Äªt�~�¦§i)eZtP©yi${!�vwµ©yi � t�x � o�x���wyx¢u���t^~�u'¦�o�uvert���spt�~v~�op�Pt^syspo�x!iPt���opÍ�t^u�o�wyx�Äu�e!iXspopx|iPt���opÍPt�u�opw�x£{Di���¥bwy��hji � opx�t�h}wµ©co�x!� � wyh�t^opx}�vi�ÇTq!i�~�uv~(u�e!iXopx¢u���w � q|��u�o�wyx}w�¥'t
u���t^x!~v{Mwy��uvi � {!�vw��!spi�h¤É�Ï � Ë-Ä¢u�e!t^u�¦§izhmq!~�u$~�q!�|uv��t���u$¥b��wyh u�e|iz{Mi���u�q!���Di � wyx|irÉ Ïµ�¢Ë-Ã

dfe|i¿©�t^�voIt�u�opw�xZt�sZ¥bwy�vhrq!sIt^uvopwyx É�Ïª��Ë)op~§i�ÇTq!o�©^t�s�i�x¢u(uvwmuÂ¦§w&~vq|�!{!�vw��!spi�hj~f��wyq!{!s�i �
t�spwyx|�Xu�e|i$Ö|�ci � o�xTuvi���¥Bt���i

γ
Äy~vi�i0Î´Ï�ÏyÄ�~�i���uvopwyx}�GÃ k�Ð\Ã ) x � i�i � Ä¢�¢�ro�xTuvi��y�vt^u�o�x!�z�T�r{Zt���u�~

¦�o�u�e
t̂ = 0

Ä!uve!i
spo�x!iPt���opÍ�i � ÀZq!o � ~vq!�!{|�vwy�!s�i�h�o�~f�yo�©�i�x��¢�

ρ
∂δu

∂t
+ div

(
ρu0 ⊗ δu + ρδu ⊗ u0 − δσ(δu, δp)

)
= 0,

opx
Ωf ,

div δu = 0,
opx

Ωf ,

{!�vwµ©Go � i � ¦�o´u�e��Mwyq!x � t^������wyx � o´u�opw�x!~

δu = 0,
wyx

Γin,

δσ(δu, δp)n = 0,
wyx

Γout,

δu = Φδ̇s −∇u0Φδs,
wyx

γ.

á�á ì��� �����
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ncoph}opspt��vs´�yÄ¢�¢��uKt�¨To�x!�
v̂f = 0

Ä!u�e!i
spo�x!iPt^�vopÍ�i � ~�wyspo � ~vq!�!{|�vwy�!s�i�h�o�~f�yo�©�i�x��¢�

(M δ̈s+K δs) · t̂ =

∫

γ

ΦT
(
σ(u0, p0)η(δxs)−∇σ(u0, p0)δx

sn− δσ(δu, δp)n
)
da · t̂,

¥bwy��t�sps
t̂ ∈ Rns Ã

dfe|i��vi�¥bwy�vi^ÄZopx�~�uv�vwyx|�&¥bw��vh�Äcu�e|op~fspo�x!iPt^�§��w�q!{!spi � {!�vwy�|spi�h ©yi��vo�Ö!i � �T��u�e!i0ÀZq!� Á
u�qZt^uvopwyx

(δu, δp, δs)
op~f�yo´©yi�x��¢� �

ρ
∂δu

∂t
+ div

(
ρu0 ⊗ δu + ρδu ⊗ u0 − δσ(δu, δp)

)
= 0,

opx
Ωf ,

div δu = 0,
opx

Ωf ,

δu = 0,
wyx

Γin,

δσ(δu, δp)n = 0,
wyx

Γout,

δu = Φδ̇s −∇u0Φδs,
wyx

γ,

M δ̈s + K δs = −
∫

γ

ΦT
(
δσ(δu, δp)n + ∇σ(u0, p0)Φδsn − σ(u0, p0)η(Φδs)

)
da,

(
δu, δs, δ̇s

)

|t=0
=
(
δu0, δs0, δs1

)
. É�Ï;:¢Ë

�z¥®u�i�� � o�©Go�~vopw�x��¢�
ρ
o�xºÉ�Ï;:¢Ë

1

Äc�T��~vi�uvu�o�x!�
ν = µ/ρ

u�e!i�¨Go�x!i�hjt^uvop�X©Go�~v��w�~vo�uÂ��Ä|�¢�
opx¢u���w � q|��opx|�;uve!iz¥bw�spspwµ¦�o�x!�
�viPt^s

ns ×ns h�t�u��vo � B0 Ä � i�ÖZx!opx|��u�e|i�~vi�x!~vo´u�o´©co´uÂ�&w�¥°uve!i¥b�vwyÍ�i�x�~�u���i�~�~Xo�xTuvi���¥Bt���i¿©�i���uvwy��u�w£u��vt�x!~vspt^u�o�wyx�t�x � ��w�uKt^uvopwyx°Ä

B0
ij =

∫

γ

(
∇σ(u0, p0)ϕjn − σ(u0, p0)η(ϕj)

)
· ϕi da, 1 ≤ i, j ≤ ns,

É�Ï �¢Ë

t�x � ~vopx|��i
δu

t^x �
u0

t��vi � o´©yi����yi�x|��ij¥b��i�i^Ä�uve!ij��wyq!{!s�i � {!�vw��!spi�h É�Ï :yË¿u�t�¨�i�~;uve!i
¥bwysps�wª¦�o�x!�mh}wy�vi���wyh}{Zt���uf¥bwy�vh �

ßbà�á�ßbâ



«"¬®°¯v±�² ��¶¸± � ¬®¾ ¬®¶��%±�M±�¾�� ��¬��
¬®����c¬ � � ��¶B²	��»�¶��c²�¯�¬®Z¶Â¯�²v±G»�¶B¬¸·� Ï �

∂δu

∂t
+ ∇u0δu + ∇δuu0 − 2ν div ε(δu) +

1

ρ
∇δp = 0,

opx
Ωf ,

div δu = 0,
opx

Ωf ,

δu = 0,
wyx

Γin,

δσ(δu, δp)n = 0,
wyx

Γout,

δu = Φδ̇s −∇u0Φδs,
wyx

γ,

M δ̈s +
(
K+ B0

)
δs = −

∫

γ

ΦTδσ(δu, δp)n da.

É¸�^�¢Ë

��i§��i���wª©�i��9o�x�É¸�^�¢Ë�uve!i§s�opx!i�t��vo�Í�i � ÕXtµ©Go�i�� Á nGu�w�¨�i�~"i�ÇTqZt^uvopwyx!~6wyxmtzÖ|�ci �£� wyhjt�o�x
{!�vwµ©Go � i � ¦�o´u�e}t¿u��vt�x!~v{|op��t�u�opw�xm�Dw�q!x � t����£��w�x � o�uvopwyx£w�x&uve!ifÖ|�ci � opx¢u�i���¥Bt���i

γ
Ã9×Zwy�

u�e!ij~�u���q!��uvq!�vi^Ä"u�e|i�spo�x!iPt^�vopÍ�t^u�o�wyx o�xTuv�vw � q!��i�~mt�x!wyx Á ~�u�t�x � t�� � �yi�wyh}i�u���op�&u�i��vh w�¥
��t �!� i � ~�u�o´Å°x!i�~v~ �

B0 δs
Ã dfe|i��vi�¥bwy�vi^Äcuve!iXw��|uKt�o�x!i � {!�vw��!spi�h�t�sps�wµ¦�~)q|~)uvw�uKt^¨�i�o�x¢u�w

t�����wyq!x¢u�u�e!i
h}w�u�o�wyx�w�¥�u�e!i
~�uv�vq!��u�q!��i�Ä!¦�e!o�spi0¨^i�i�{|opx!�jt&Öc�|i � À!q!o ��� wyhjt�o�x�Ã
�X~&{Dwyo�x¢u�i � wyq|u&o�x5Î´ÏyÏ�Ð¸Ä�u�e!i�¥bq!x � t�h}i�x¢uKt�sfo � iPtaw�¥zu�e|op~£spo�x!iPt^�vopÍ�t^u�o�wyxÈ��wyhji�~

¥b�vwyhÌu�e!i¿À!q!��uvqZt^u�o�wyx � i�ÖZx!o�uvopwyxaÉ�Ï 
¢Ë-Ä|¦�e!o��Ke�s�iPt � ~§u�wmuve!i¿u��vt�x!~v{|op��t�u�opw�x%opx¢u�i���¥Bt���i
��wyx � o�u�o�wyx É¸�^�¢Ë

5

Ä¿t�x � ¥b��wyh uve!iau���t^x!~v{Mwy��uvi � {!�vwy�|spi�h É�Ï � ËKÄ�¦�e!o��Ke i�xZt��!s�i�~�q!~
u�w�u���t^x!~v{Mwy��u;u�e|i � o�~�uv�vop�|q|u�i � ÀZq!o � i�ÇTqZt^u�o�wyx � i�{Mi�x � i�x!��o�i�~mw�x

δxf u�w�u�e!i}ÀZq!o �GÁ~�u���q!��uvq!�vi
Ö|�ci � opx¢uvi���¥Bt^��i
γ
Ã

� ��� � 
 � � ���/��� 
 ��
� � � � 	 ������� ��� 
 �

×"opxZt^sps���Ä�uve!i�sIt�~�u9~�uvi�{jopxmu�e|i0«6¬®°¯v±�²-¬´³µ±�¶B¬¸·�j¹$²�¬®°»�¬½¼M¾p¯�Ä�~vi�ifÖZ��q!�vi
ÏyÄ¢o�~ u�e!izt�xZt^s��G~vo�~
w�¥6uve!i
eZt���hjwyx|op�¿~�wyspq|uvopwyx|~(w�¥;É\���¢Ë�Ä|o¸ÃÊi�Ã9~vw�spq|uvopwyx!~fo�x%u�e!i0¥bwy��h�w�¥6x!wy��h�t�sDhjw � i�~�Ä

δu(x, t) = u(x)e−λt, δp(x, t) = p(x)e−λt, δs(t) = se−λt,
É¸�GÏªË

¦�o�u�e
λ ∈ C

Ä
u : Ωf −→ C3 Ä p : Ωf −→ C

t�x �
s ∈ Cns Ã

�)��u��vt�x!~�¥bi��v��opx!�(uve!i9i��c{!��i�~�~vopw�x!~(É\�cÏªËDo�x}É¸���yËM¦§i�wy�cuKt�o�x�u�e!i ¥bw�spspwµ¦�o�x!�§ÇTqZt � ��t^uvop�
~v{Mi���uv��t�s�{|�vwy�!s�i�h �

á�á ì��� �����
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∇u0u + ∇uu0 − 2ν div ε(u) +
1

ρ
∇p = λu,

o�x
Ωf ,

div u = 0,
opx

Ωf ,

u = 0,
w�x

Γin,

σ(u, p)n = 0,
wyx

Γout,

u = −λΦs −∇u0Φs,
w�x

γ,

λ2 M s +
(
K+ B0

)
s = −

∫

γ

ΦTσ(u, p)n da,

É¸���yË

¦�o�u�e�q!x|¨Gx|wª¦�x
u
Ä
p
Ä
s
t�x �

λ
t�x � ¦�e!i���i

σ(u, p) = −p I +2µε(u), ε(u) =
1

2

[
∇u + (∇u)T

]
,

t�x �
B0 op~��yo�©�i�x��¢�2É�Ï �¢ËKÃdfe|i��vi�¥bwy�vi^Ä t�~;opx � i�ÖZx!o�uvopwyx 
|Ã½�cÄ'u�e!i}~�u�t��!o�spo�uÂ��{!��wy�!spi�h w�¥§uve!i}��wyq!{|spi � i�ÇTq!o Á

spop�|�vopq|h ~�uKt�u�i
(u0, p0, I)

�Pt�xº�Mim¥bwy�vhmq|sIt^uvi � ¥b��wyh uve!im�Mi�eZtP©Gopw��¿w�¥�u�e!i£~�wyspqcu�opw�x!~
w�¥"uve!irx!i�¦ ��wyq|{!spi � ~v{Mi���u��vt�s'{!�vwy�|spi�hÔÉ\�y�yËKÃ ) xÒu�e|op~f¦(tP��ÄD¦$ir~�u�t^u�i
u�e|i�¥bwys�spwµ¦�opx!�
� i�ÖZx|o�u�o�wyx�Ã
��Ù������ � �bÝ�� � ����� ¯ �9¬®¾®¾ ��±��£¶$#|±�¶�¶*#Z¯r»K· �ª¼M¾p¯%� ��¶ ¯v±(��� ��¶¸±�¶ ¯

(u0, p0, I)
¬��0¾ ¬®°¯v±�²-¾��

± � � ��¼M¶Â·�¶\¬¸»v±�¾®¾�����¶÷± � ¾p¯�	"¬ '0¯�¬��G¯��¼M²�· � ¾p¯ �ÆÉ\�y�yË �G·µ¯ �X°·�¶3#|± )�¯
¯�¬��G¯� )�±�¾��Z¯ � �9¬®¶*#�°¯ � �
±�¶\¬$)�¯%²K¯v±�¾�¼|±�²-¶ 4 �;· �§¯ )�¯�² 	
¶$#G¬�� ��¶¸±�¶ ¯ �9¬®¾®¾ � ¯Ò»v±�¾®¾p¯%� �G ��¶÷± � ¾p¯�¬ '%¶$#Z¯�²�¯Ò¯62y¬���¶���	r±�¶
¾p¯v± ��¶ 	(·�°¯£¯�¬��G¯� )�±�¾��Z¯ �9¬®¶$#�°¯ �¢±�¶B¬$)�¯
²�¯v±�¾c¼|±�²-¶ 4

×Z��wyh t2h�t�u�e!i�h�t^uvop��t�sf{Dw�opx¢u%w�¥0©Go�i�¦
Ä(u�e|i � o��}��q!s�uÂ� x!wµ¦ op~&u�wÈ{!��wµ©yi u�e!t^u
�vi�~�q!s�uv~�w^¥§u�e|ijs�opx!i�t��¿u�e!i�wy���º��i�hjt�opxa©^t�s�o � ¥bwy�0u�e!i}x!wyx Á spo�x!iPt^��u�e!i�wy����Ã ) x2w^u�e!i��v~
¦§wy� � ~�Ä�¦$i£~ve|wyq!s � {!��wµ©yimu�e!t^u
t%spo�x!iPt^�vs���t^~��Ghj{cu�w�uvop�Pt^sps���~�uKt��|spim��wyq!{!s�i � ~�u�t^u�imo�~
~�uKt^�!spirÉBo�xju�e|i¿~vi�x!~vi¿w^¥ � oIt�{!q|x!wµ©!Ë-Ä!t�x � u�eZt�u(trs�opx!i�t��vs´�mq!x|~�uKt^�!spiX��wyq!{|spi � ~�uKt�u�i�o�~
q!x!~�u�t��!s�i�Ã �0i�x|i���t^sps���ÄZu�e!o�~�{!��wcw�¥ ��wy���vi�~�{Dw�x � ~�uvw�u�e!i��vi���op{|�vwG�Pt�s�{Zt���u�w�¥9uve!i}«6¬® �
¯v±�²�¬´³µ±�¶B¬¸·��¹$²-¬®°»�¬½¼M¾p¯�ÄZt�xZt^spwy�yw�q!~(u�w&u�e!i � oIt^{!q!x!wµ© � ~fuve!i�wy��i�h�¥bwy��wy� � opx!t���� � o�ÅDi�� Á
i�x¢u�opt�s�i�ÇTqZt^uvopwyx!~�Äc~�i�irÎ´Ïª�GÄ|� 
cÄc�y��Ð�¥bwy�$t;©�i��v~�opwyxjw�¥�uve!op~�u�e!i�wy�vi�hÌopx}eT� � ��w � �cx!t�hjo��
~�uKt^�!ops�o�uÂ�yÃ6� �vo��ywy�vw�q!~§hjt^u�e|i�hjt^u�o��Pt�sy��q!~�uvo�ÖZ��t^u�o�wyx�¥bwy�$u�e!i0~�i�ÇTq!i�s'w�¥�wyq|�ft�{!{!��w¢t��Ke
¦§wyq|s � �vi�ÇTq!o��vi}t��yi�x!i���t�s�opÍ�t^u�o�wyx w�¥$u�e!i�~vi&u�e!i�wy�vi�hj~0u�w�u�e|i&À!q!o �cÁ ~�uv�vq!��u�q!��ijo�xTuvi�� Á
t���uvopwyxº�Pt^~vi�Ã}dfe!o�~;��wyq!s � �Mi}t�¥bwy��u�e!��wyh}opx!�%uvwy{!op�£w^¥§wyq|�
¦$wy��¨MÄ6t�x � ¦�ops�s x!w�u;�Mi
u��vi�t^u�i � o�x%u�e!o�~�{Zt�{Mi���Ã
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����� ��±� � 	�¬® ¼|±�²-¶\¬¸» �G¾´±�² 	0¶$#Z¯�±�¼¢¼M²�·�±G» #�¼M²�¯ �µ¯�Z¶Â¯%� #Z¯�²�¯�	 �G·µ¯ �j°·�¶��G¯Â¼Z¯� � ·�=¶*#Z¯
��¶\²	�Z»�¶ �G²�¯�·
'm¶$#Z¯%¯&% �!±�¶B¬¸·� � 4��
±���¯�¾�� 	 �§¯�»K· �G¾ � �(�µ¯j±�°·�¶$#Z¯�²���· �G¯�¾�'P·�²£¶$#Z¯ ���c¬ �
·�²%¶*#Z¯ ��¶\²	�Z»�¶ �G²�¯ 4��;¯ )�¯�²-¶*#Z¯�¾p¯ � ��	£· �G²Ò» #Z·�¬¸»K¯�¬�� ��·�¶\¬$)�±�¶Â¯%� � �a¶$#Z¯ �}±�¶*#Z¯ �}±�¶B¬¸»v±�¾
±�M±�¾�� ��¬��6¼M²K· )µ¬ �G¯%�
¬®�¶$#Z¯�°¯62y¶��µ¯K»�¶\¬¸·� 	�±� �;¶$#Z¯� � ��¯�²-¬¸»v±�¾�¯62�¼Z¯�²�¬ ��¯�Z¶��"¼Z¯�²$'P·�²	��¯%�
¬®j¼|±�²-¶ !6!�� �µ¯K¯ ����� �
	 4

� � �
�.���< �0'��#§�;� �;���;�-�%�����§8 ��/a��#$�	 ��< #9.��
	"�;#$'�(	"�K 
� �0'��*r�

dfe!op~X~vi���u�o�wyxÒ{!��wµ©co � i�~�tjÖZ��~�u¿��op�yw��vwyq!~�hjt^u�e|i�hjt^u�o��Pt�s�~�u�q � ��w�¥9uve!irx|i�¦ ~v{Mi���u��vt�s
{!�vwy�|spi�h w��|uKt�o�x!i � opx u�e!i�{!�vi���i � opx!�2~vi���u�o�wyx�Ä�t���op~vo�x!�º¥b�vwyh uve!iÒs�opx!i�t��&~�uKt^�!ops�o�uÂ�
t�xZt�s´�c~�op~�w�¥�ÀZq!o �cÁ ~�u��vq|��u�q|�vi ��wyq!{|spi � ~��G~�u�i�h}~�Ã dfe|i�i�op�yi�x!{!�vw��!spi�h ��wyq|{!spi�~�uve!i
spopx|iPt���opÍ�i � Õ�tP©Gopi�� Á nTu�wy¨^i�~�i�ÇTqZt^uvopwyx|~Xt^x � u�e!wy~�i�w^¥ t£�vi � q!��i � s�opx!i�t��(~�u��vq|��u�q|�vi
©copt
u���t^x!~v{!o���t^uvopwyx��Dwyq|x � t�������wyx � o�uvopwyx!~fw�x�t£Ö|�ci � opx¢uvi���¥Bt^��i�Ã

� ���  � � � � � � � � � � � � � ������ 
 ���

Γ

γΩf Ωs

×"op�yq|�vi¿k ��dfe!i
��wyhj{|q|uKt^uvopwyx!t�s � w�h�t�o�x�Ä
Ω
Ä � i�ÖZx!i � �¢�%u�e|i;~��G~�u�i�h¤opx�o�uv~fi�ÇTq!ops�op� Á

�vopq|h,��w�x|ÖZ�yq!�vt^u�o�wyx

) x u�e!i�~vi�ÇTq!i�s¿¦§iÒ��wyx!~�o � i���¥bq!x!��u�o�wyx!~ � i�ÖZx!i � opx �Mwyq!x � i � ~vq|�!~vi�u�~�w�¥
R3 Äzt�x �uKt�¨Topx|�(©�t^spq!i�~�o�x0u�e!i���w�hj{!s�i���ÖZi�s �

C
Ã�dfeGq|~�Äyt^sps

Lp t�x � ncwy�Mwyspi�©¿~v{!t���i�~"t�{|{Di�t��vo�x!�opx u�e|op~0~vi���uvopwyx t���imuKt�¨^i�x t�~
��wyh}{!s�i���©yi���u�wy�
~�{Zt���i�~
w�¥$¥bq|x!��uvopwyx!~¿¦�o´u�ea��wyhj{|spi��
©�t^spq!i�~�Äª~vi�i�Î � Ð\Ã � i�u

Ω
uvw��Di)t�x;wy{Mi�x
�Dw�q!x � i � ~vq|�!~vi�u"w�¥

R
3 Ä�¦�o´u�e
spwG�Pt�s�s�� � op{!~��Ke!o�uvÍ��wyx¢u�o�xTq!wyq!~m�Mwyq!x � t����

Γ
Ä9~vi�iºÎ½�cÏ�Ð¸Ã ��i�t�~�~vq!h}i�u�e!t^uruve!i���i�i��cop~�u�~£t x!w�x Á i�hj{|uÂ�

��wyx!x|i���uvi � wy{Mi�x�~vq|�!~vi�u
Ωs w�¥ Ω

Ä|¦�o´u�e�spwG�Pt^sps�� � o�{!~v�Ke|o�u�Í���wyx¢u�o�xTq!wyq!~(�Mwyq!x � t����
γ
Ä

t�x � ~vq!�Ke�u�eZt�u
Ω

s ⊂ Ω
Ã � o´u�e�u�e|op~fx!w�u�t^u�o�wyx!~(¦$i
~vi�u

Ωf = Ω − Ω
s Ä|~vi�i
¥�op�yq!��i¿k!Ã
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� x;u�e!i)wyx!i�eZt�x � Ä^¦$i$o�x¢u��vw � q!��i§tf©yi�spwG��o´uÂ�¿ÖZi�s �
u0 : Ωf −→ R3 t^x � t�{!�vi�~v~�q!�viÖZi�s �

p0 : Ωf −→ R
Ä�¦�e!o��Ke2t���i&~vwys�q|u�o�wyxaw�¥§uve!i£¥bwysps�wµ¦�opx!�%~�u�i�t � � Õ�tP©Gopi�� Á nGu�wy¨^i�~

{!�vwy�|spi�h �

∇u0u0 − 2ν div ε(u0) +
1

ρ
∇p0 = 0,

opx
Ωf ,

div u0 = 0,
opx

Ωf ,

u0 = uΓ,
wyx

Γ,

u0 = 0,
wyx

γ,

É¸� 
¢Ë

¦�o�u�e
ε(u0) =

1

2

[
∇u0 + (∇u0)

T
]
,

ρ > 0
~�u�t�x � ~�¥bwy�'u�e!i)©ywys�q!hji�ÀZq!o �m� i�x!~vo´uÂ�yÄ

ν > 0
¥bwy��uve!i§¨To�x!i�hjt^u�o��9©co�~v��wy~vo´uÂ�yÄ¢t�x �

uΓ

¥bwy�9uve!iX{|�vi�~�����op�Mi � ©�i�spwG��o´uÂ�£wyx
Γ
Ã �2i�¦�ops�sZt�~v~�q!h}izuveZt^u

u0

t�x �
p0

t^�viz~vh}wcw�uve
¥bq!x!��uvopwyx|~�Ä�s�i�u¿q|~0~�tP�Ò¥bwy��opx!~�uKt�x!��i

u0 ∈ C2
(
Ω

f)3 t�x �
p0 ∈ C1

(
Ω

f) Ã
��x � wyx uve!i
w�u�e!i��feZt�x � Ä!¦§i;opx¢u���w � q!��i
t£ÖZx!o´u�i0xTq!hm�Mi���Ä

ns ÄZw�¥ � i�¥bwy��hji � h}w � t�s°~�eZt�{Mi�~�Ä

ϕi : Ωs −→ R
3, i = 1, . . . , ns,

u�eZt^uf¦$i
¦�opspsD~vq!{|{Dwy~�i;©�wyspq|hji0{!��i�~�i���©Go�x!�!ÄZo¸ÃÊi�Ã´Ä

∫

γ

ϕi · n da = 0, i = 1, . . . , ns.
É¸��kTË

�Xi���i
n
~�u�t�x � ~m¥bwy��u�e!i�q!x|o�u£x!w��vhjt�s$©�i���uvwy�£wyx

γ
ÉB{Mwyopx¢uvopx!� o�x!~vo � i

Ωs Ë�Ã ) xÈuve!i
~vi�ÇTq!i�s¸Ä!uve!i

3 × ns h�t�u��vo �DÄ

Φ = [ϕ1|ϕ2| . . . |ϕns] ,

~�uKt^x � ~f¥bwy�(u�e|i;��i � q|��i � h}w � t^s��Zt�~�op~�Ã9dfe|i;�Mi�e!tµ©Go�wy�fw�¥�u�e!i
~�uv�vq!��u�q!��i
op~�t�~�~vq!h}i �
u�w%�Mim�KeZt��vt���uvi���opÍ�i � �T��uKt^x!�yi�x¢uvoIt�s�h�t^~v~0t�x � ~�u�o´Å°x|i�~v~

ns × ns hjt^u���op��i�~�Ä M t�x �
K
��i�~v{Mi���u�o´©yi�s´�yÄZ¦�e!o��KeÒt���i0~��Gh}hji�u��vo��
t�x � {Mwy~vo´u�o�©�i � i�Ö!x!o�uvi�Ã

�%Ù 2�!��� 	3� �  #Z¯z²�¯ ���G¾´±�²�¬®¶��r¬ ��¼Z· �µ¯%�£·��¶$#Z¯X²�¯*'P¯�²K¯�°»K¯ �z· �
(u0, p0)

¬��z°·�¶�·K¼M¶\¬��
�}±�¾ 4 � ¯£·�Z¾�� #|± )�¯m» #Z· �µ¯� 	/'P·�² ��¬ ��¼M¾ ¬¸»�¬®¶�� 	"�Â¼|±G»K¯ � � #Z¯�²�¯;¶*#Z¯£»K· ��¼ �G¶÷±�¶B¬¸·� �;¶$#|±�¶
�§¯ �9¬®¾®¾6»v±�²-²	��· �G¶ �}± �¢¯ �µ¯� �µ¯ 4
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� o´u�e%uve!op~ � t^uKt�É\�y�yË$��i � q!��i�~fu�wmuve!i¿¥bwys�spwµ¦�opx!�;~v{Mi���u��vt�s�{!�vw��!spi�h ��ÖZx �
λ ∈ C

Ä
u : Ωf −→ C3 Ä p : Ωf −→ C

t�x �
s ∈ Cns ÄD¦�o�uve ∫

Ωf

p dx = 0
t�x �

(u, p, s) 6= 0
Ä

~vq!�Ke�u�eZt^u

∇u0u + ∇uu0 − 2ν div ε(u) +
1

ρ
∇p = λu,

opx
Ωf ,

div u = 0,
opx

Ωf ,

u = 0,
wyx

Γ,

u = −λΦs −∇u0Φs,
wyx

γ,

λ2 M s +
(
K + B0

)
s = −

∫

γ

ΦTσ(u, p)n da,

É¸���yË

¦�e!i���i
σ(u, p) = −p I +2µε(u)

Ä
µ = ρν

�vi�{|�vi�~�i�x¢u�~�u�e|if¨Go�x!i�hjt^uvop�$©Go�~v��w�~vo�uÂ�rw�¥�u�e!i
ÀZq!o � ÄZt�x �

B0 op~�t£�vi�t�s ns × ns hjt^u���o´�DÄ|�yo´©yi�x��¢�2É�Ï �yË	�

B0
ij =

∫

γ

{

∇σ(u0, p0)ϕjn + σ(u0, p0)
[

I div ϕj − (∇ϕj)
T
]

n
}

· ϕi da,

¥bwy�
1 ≤ i, j ≤ ns Ã

�%Ù 2�!��� 	3� ��� · ��¼|±�²�¯%�0¶ ·(¼M²�· � ¾p¯ ��É\�y�yË 	 �§¯ #|± )�¯z± � � � ��¯%� #Z¯�²�¯(¶*#|±�¶'¶$#Z¯¿¯62y¶ ¯�² �
M±�¾ � · �c �¢±�²	�

Γ
¬�� � ��� »�¬¸¯�Z¶B¾���'�±�²r± �)±��8'-²K· �¤¶$#Z¯���¶\²	�Z»�¶ �G²�¯�	(¬®2·�²#�G¯�²;¶ ·j¬ ��¼Z· �µ¯

±��
¬®²-¬¸» #G¾p¯�¶�»K·� ��¬®¶\¬¸·�a·��¶$#Z¯�¶ ·�¶¸±�¾ ¬®¶ ��·
'
Γ

4  #G¬�����¬ ��¼M¾ ¬ 0(¯ �z¶*#Z¯
±�M±�¾�� ��¬��
¯�M± � ¾ ¬®��
� �;¶Â·�±�¼¢¼M¾��&¶*#Z¯£»�¾´± � ��¬¸»v±�¾�¶$#Z¯K·�²	� 'P·�²���¶Â· �¢¯ �f¼M²�· � ¾p¯ � � ���	� 	�
 � 4

	3� � � � � � � ' Ú � � � Ý� � ÜmÝ�� �!�µ� �  (� 'B�!� Ù�� �  � ' Ù �
� i�u0q!~¿��wyx!~�o � i��0x!wµ¦ uve!im{Zt^��u�o���q!spt�����t�~virw�¥){!�vwy�|spi�h É\�y�yËz¦�e!i��vimuve!irÀZq!o � op~�t^u
�vi�~�u(t�u9u�e!izi�ÇTq!o�spop�|�vopq|h

(u0, p0) = 0
Ä¢u�e!iz~�uv�vq!��u�q!��iXo�~)��op�yo � opx£u��vt�x!~�sIt^uvopwyx�Ä

ns = 3t�x �
Φ = I

Äy¦�o�u�e � opt��ywyx!t�s|hjt^u���op��i�~
M
t�x �

K
Ä
M = m I

Ä
K = k I

Ã �zi���i�Ä
m, k > 0t��vi0��iPt�s��yo´©yi�x � t�uKt|Ã ) x�u�e!o�~f�Pt�~�i0¦§i;eZtP©yi

B0 = 0
Ã �zi�x!��i�ÄZ{!��wy�!spi�h É¸���yË$�Gopi�s � ~
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−2ν div ε(u) +
1

ρ
∇p = λu,

opx
Ωf ,

div u = 0,
opx

Ωf ,

u = 0,
wyx

Γ,

u = −λs,
wyx

γ,

λ2ms + ks = −
∫

γ

σ(u, p)n da,

É¸� � Ë

¦�e!op�Ke opx¢©yw�s�©yi�~0u�e!i�nGu�w�¨�i�~;i�ÇTqZt�u�opw�x!~�Ã&dfe!o�~;¨To�x � w�¥§{|�vwy�!s�i�hÆe!t�~
�Di�i�x�t�sp��iPt � �
{!�vwy{Mwy~�i � t�x � ��wyh}{!spi�u�i�s´�}~�u�q � opi � opxaÎ k�Ð\Äc¥bwy�§uve!i � i�u�i��vh}opxZt^uvopwyxjw�¥�u�e|i�©Gop�!�vt^u�o�wyx
¥b�vi�ÇTq!i�x!��o�i�~�w�¥Dt¿u�q!�Mif��t^�K¨moph}hji��v~�i � opx&t�©Go�~v��w�q!~9ÀZq!o � t�u��vi�~�uPÄT~vi�izt�sp~�w£Î½�ªÐ¸Ã��§w�x Á
� o�uvopwyx É\� � Ë

4
t�s�spwµ¦�~¿u�w�i�s�oph}opxZt�u�i
u�e!i � op~�{!sIt^��i�h}i�x¢u

s
Ä'spi�t � opx|�%u�w�t�{|q!�vi�s�� ÀZq|o �

{!�vwy�|spi�h ¦�o�uve&x!wyx Á spwG�Pt�sG�Dw�q!x � t����£��w�x � o�uvopwyx|~"wyx
γ
Ã ) x�Î k�ÐZo�u op~ ~�e!wµ¦�xju�e!t^u9{!��wy� Á

spi�h É\� � ËfeZt�~¿i�op�yi�xT©^t�s�q!i�~�Ä�t�x � u�e!w�~vim��t�x �Mir�Pt^sp��q|sIt^uvi � ¥b��wyh u�e!i��KeZt���t^��u�i��vo�~�u�o��
©�t^spq!i�~mw�¥Xt ��i���uKt^opxÑ��w�hj{Zt^��u£wy{Mi��vt^u�w���Ã � �c{!s�op��o�umi�~�uvophjt^u�i�~mwyxÈu�e|i�i�op��i�x¢©^t�spq!i�~
t��vi�t^sp~vwÒwy�|uKt^opx!i � Ä �Gopi�s � opx|��u�e!t^umu�e|i��vi�o�~£tÒÖZx!o´u�i%xTq!hr�Di��mw�¥zi�o��yi�x¢©^t�spq|i�~r¦�o´u�e
x!wyx Á Í�i���w�ophjt��yo�xZt����%{Zt���u�Ã;ÕXq!h}i���op�Pt^s"��w�hj{!qcuKt^uvopwyx!~zwyx É¸� � ËzeZtP©�i£�Di�i�xº�Pt����vo�i �
wyq|u�opx Î 
^Ð\Ä!��wy���vwy�Mwy�vt^u�o�x!�mu�e!i0uve!i�wy��� � i�©yi�s�wy{Mi � o�xºÎÊk^Ð¸Ã

�§w�x!~vo � i��;x!wµ¦Ìt�x|i��Guri-�|t�hj{|spi£¦�e!i���ijuve!ij~�u���q!��uvq!�vijop~
�vo��yo � oph}h}i��v~�i � opx�t
{Di��vhjt�x!i�x¢u�ÀZwµ¦

(u0, p0) 6= 0
ÄZ¦�o�uve

ns = 3
Ä
Φ = I

Ä
M = m I

Ä
K = k I

t�x � ¦�e!i��vi
¦§i;x!i���spi���u

B0 t�x � uve!i
�y��t � opi�x¢u�u�i��vh ∇u0

o�x�uve!i0u���t^x!~v{!o���t^uvopwyx���wyx � o´u�o�wyx�Ã�dfe!i
ÇGq!t � ��t�u�op�0i�op�yi�x¢©�t^spq!i0{!��wy�!s�i�h É\�y�yË§�Mi���wyhji�~

∇u0u + ∇uu0 − 2ν div ε(u) +
1

ρ
∇p = λu,

opx
Ωf ,

div u = 0,
opx

Ωf ,

u = 0,
wyx

Γ,

u = −λs,
wyx

γ,

λ2ms + ks = −
∫

γ

σ(u, p)n da.

É¸���yË

dfe!op~f{!��wy�!s�i�h�Ä|opx¢©�wys�©Gopx|�mu�e!i
spo�x!iPt^�vopÍ�i � ÕXtP©co�i�� Á nGuvwy¨�i�~zi�ÇTqZt^u�o�wyx!~�ÄZeZt�~��Di�i�x�{!��w Á
{Dwy~�i � opxÈÎ �y�TÄ°�ªÐ6��i�x!i���t�s�opÍ�o�x!�ÒÉ¸� � Ë(u�w&u�e|ir�Pt^~vi;w�¥�t}uvq!�Mi��vt��K¨�{!sIt���i � opxÒt}���vwy~�~ Á
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ÀZwµ¦
Ã9d6wmw�q!�§¨Tx!wµ¦�spi � �yi^Ä|x!wm��op�yw��vwyq!~$t�xZt^s��G~vo�~§wyx�uve!op~){!��wy�!spi�hÌeZt�~(�Mi�i�x%�Pt����vo�i �
wyq|u�q!x¢u�o�s°u�e|i;{|�vi�~�i�x¢uPÃ

� � � �-��� ����� ���
� � � �/��� �/� � ��� � �	� � ����
��

�2i�t^�vi%x!wµ¦ uKt��K¨Ts�opx!�Òuve!i�hjt^u�e!i�h�t�u�op��t�s)t�xZt�s´�G~vop~�w�¥z{!�vw��!spi�h É\�y�yËKÃ dfe|i�hjt�o�x
{!�vo�x!��o�{!spi���w�x!~vo�~�u�~§opx � i�ÖZx!o�x!�£tr��wyh}{Zt���u$wy{Mi��vt^u�wy�)¦�e!op�Ke��KeZt���t^��u�i��vo�Í�i�~$u�e!i¿~�wyspq Á
u�opw�x!~¿w�¥£É¸�y�yË-Ä�~vi�i�Î k!Ä'�GÄ���Ð\Ãmdfe!i&��spt�~v~�op��t�s6uve!i�wy��� w�¥(nGuvwy¨�i�~;{|�vwy�!s�i�h}~£Î Ï � Ä�:^Ð9t�~
¦§i�sps't�~(ÀZq|o � ��wyx � i�x!~vt^u�o�wyx�u�i��Ke|x!opÇTq!i�~rÎ Ïµ�^Ð�¦�o�sps°�Mi
q!~vi � o�x�u�e!o�~f{Zt���t^�y��t�{|e�Ã

	3� � � � � � �'Ù �!� � 	 �c� �BÝ�� � � Þ@��� � � �
) xmwy� � i��6uvw¿spo�x!iPt^�vopÍ�i9u�e!i$ÇGq!t � ��t�u�op�)u�i��vh opx�É\�y�yË�¦§i§opx¢u���w � q|��i$uve!i§h}w � t�s¢©yi�spwG��o�uÂ�
z = −λs ∈ Cns t�~¿x|i�¦ q!x!¨Tx!wµ¦�x�Ä�~�w%u�eZt�u¿i�o��yi�x|{!�vwy�|spi�hÔÉ\�y�yË��Pt�x �Mim��i�¦��vo´uvuvi�x
t�~ �(ÖZx �

λ ∈ C
Ä
u : Ωf −→ C3 Ä p : Ωf −→ C

t�x �
s, z ∈ Cns Ä�¦�o�uve ∫

Ωf

p dx = 0
t�x �

(u, p, s, z) 6= 0
Ä!~vq|�Ke�u�e!t^u

∇u0u + ∇uu0 − 2ν div ε(u) +
1

ρ
∇p = λu,

opx
Ωf ,

div u = 0,
opx

Ωf ,

u = 0,
wyx

Γ,

u = Φz −∇u0Φs,
wyx

γ,

−z = λs,
(
K+ B0

)
s +

∫

γ

ΦTσ(u, p)n da = λ M z.

É¸� :¢Ë

�2ia¦§t�x¢u�uvw �Ke!t���t���u�i��vopÍ�i uve!iºi�o��yi�x¢©^t�spq|i�~�w�¥ É\� :¢Ëj¥b�vw�h u�e!iºi�op�yi�xT©^t�s�q!i�~�w�¥rt
~v{Mi���o´ÖZ����wyh}{Zt���u)wy{Mi��vt^u�w���Ã �$�}��i�¦��vo´u�o�x!��É\� :¢Ë9opx&u�e!iz¥bwysps�wª¦�o�x!�¿¦§tµ� � ÖZx �

λ ∈ C
Ä

u : Ωf −→ C3 Ä p : Ωf −→ C
t�x �

s, z ∈ Cns Ä!¦�o�u�e ∫
Ωf

p dx = 0
t�x �

(u, p, s, z) 6=
0
Ä!~�q!�Ke�uveZt^u
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∇u0u + ∇uu0 − 2ν div ε(u) +
1

ρ
∇p = λu,

o�x
Ωf ,

div u = 0,
opx

Ωf ,

u = 0,
wyx

Γ,

u = Φz −∇u0Φs,
wyx

γ,

−z = λs,

M−1

[
(
K + B0

)
s +

∫

γ

ΦTσ(u, p)n da

]

= λz.

É¸� �¢Ë

o�ufo�~f��spi�t��(u�e!t^u�É\t^u�s�iPt�~�uf¥bwy�vhjt�s�s��|Ë�{|�vwy�!s�i�hÆÉ¸� �¢Ë§��t�x��Di¿¥bwy��hmq!spt^u�i � opx�u�e!i
��sIt�~ Á
~vop��t�s°¥bwy��h�Ä

A





u
s
z



 = λ





u
s
z



 .

) x�¥Bt^��uPÄ!¦$i0¦�ops�sD¥bwG��q!~�wyx�u�e|i �Âopx¢©yi��v~�i �
{!��wy�!s�i�h�Ä|o¸ÃÊi�Ã´Ä!wyx�ÖZx � opx!�£uve!i
i�op��i�x¢©^t�spq!i�~
w�¥

A−1 �

A−1





u
s
z



 =
1

λ





u
s
z



 ,

�Di��Pt�q!~�i
A−1 ¦�ops�sc�Mift¿��wyhj{!t���u9w�{Di���t^uvwy��Ã �§w�u�e£{|�vwy�!s�i�h}~9t���i(��s�iPt���s��;i�ÇTq!o´©�t^spi�x¢u�Ã

) x � i�i � Äfo�¥
λ 6= 0

op~}~vwys�q|u�o�wyx w�¥ÒÉ¸� �¢Ëruve!i�x
1/λ

op~}t�x i�op�yi�x¢©�t^spq!i�w�¥
A−1 Ä(t�x ���wyx¢©yi��v~�i�s���Ä§o´¥

ω 6= 0
o�~£t�x=i�o��yi�x¢©^t�s�q!i%w�¥

A−1 u�e|i�x λ = 1/ω
op~£t�xÑi�op�yi�x¢©�t^spq!i

opx É¸� �¢Ë-Ä�t�s�¦§tP�G~�¦�o´u�e uve!iº~�t�h}iat�~�~vwG��oIt�u�i � i�op�yi�x|¥bq!x!��u�opw�x�Ã4Õzi�©yi���uve!i�s�i�~v~�Ä¿u�e!o�~
t�{!{!��w¢t��Ke5�vi�ÇTq!o��vi�~�uve!iºopx¢©yi��v~�opwyx5w�¥rt=��i���uKt�o�x5w�{Di���t^uvwy�

A
Äz¦�e!op�Ke5��wyq|s � eZtP©yi

x!wÒo�xT©�i���~viºÉ
λ
��t�x2�Mi�Í�i���wTË�Ã ) x2w�� � i���u�w�wµ©yi�����wyh}ijuve!op~ � o��j��q!s�uÂ��Ä"~�i�i Î �y��Ð\Ä6¦$i

opx¢u���w � q|��i¿u�e|i
¥bw�spspwµ¦�o�x!�m�KeZt�x|�yi
w�¥6©^t���oIt��|spi��

λ = ω − r,
É�
y�¢Ë

¦�o�u�e
r > 0

tÒ��iPt�s$~ve!o´¥®uPÄ"uvw �MijÖ|�ci � t^umtÒ~vq �j��opi�xTuvs���sIt����yi&©�t^spq!i^Ä9t�x �
ω ∈ C~�uKt^x � opx|�È¥bwy��u�e|iax!i�¦ q!x!¨Tx!wµ¦�x�Ã ) x5t�x@opx¢uvq!o�uvo�©yi�¦(tP�yÄz¦§iº��t�x ~�tP� uveZt^u

r
o�~

�Ke!wy~vi�x ��t�u�e!i��}spt��v��i�~�w uveZt^u}u�e!i�ÀZq!o � t^x � ~�wyspo � ~vq!�!{|�vwy�!s�i�h}~�t^�vi�¦§i�sps�{Mwy~vi � Ä
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¬®����c¬ � � ��¶B²	��»�¶��c²�¯�¬®Z¶Â¯�²v±G»�¶B¬¸·� �y�

wy{Di���t^uvwy�
A−1 �Di�opx!��u�eTq!~;¦§i�sps � i�ÖZx!i � Ã �$�auKt�¨To�x!��o�x¢u�w�t�����wyq!x¢u�uve!i}�KeZt�x!�yi}w�¥©�t^�voIt^�!spi�É�
y�¢ËXo�x É¸� �¢Ë-Ä�¦§i}wy�|u�t�opx uveZt^u

(λ; u, p, s, z)
o�~
t�~vwys�q|u�o�wyxaw�¥}É\� �¢Ë�o�¥§t�x �

wyx!s��mo�¥
(ω; u, p, s, z)

op~$t
~vwys�q|u�o�wyxjw^¥°u�e|iX¥bwys�spwµ¦�opx!�0i�op�yi�x!{!��wy�!spi�h �'ÖZx �
ω ∈ C

Ä
u :

Ωf −→ C3 Ä p : Ωf −→ C
t�x �

s, z ∈ Cns ÄZ¦�o�uve ∫
Ωf

p dx = 0
t�x �

(u, p, s, z) 6= 0
Ä

~vq!�Ke�u�eZt^u

∇u0u + ∇uu0 − 2ν div ε(u) +
1

ρ
∇p + ru = ωu,

opx
Ωf ,

div u = 0,
opx

Ωf ,

u = 0,
wyx

Γ,

u = Φz −∇u0Φs,
wyx

γ,

−z + rs = ωs

M−1

[
(
K + B0

)
s +

∫

γ

ΦTσ(u, p)n da

]

+ rz = ωz.

É 
cÏªË

dfe!op~zi�o��yi�x!{|�vwy�!s�i�h�h}w�uvo�©^t^u�i�~(u�e!i � i�Ö!x!o�uvopwyx�w�¥�t&��i���u�t�opx�wy{Di���t^uvwy�
T
Ä!¦�e!op�KeÒ¦$i

¦�opspsDopx¢u���w � q!��i0o�x�uve!i0¥bwysps�wµ¦�opx!�m{!t���t�����t�{!e°Ã

	3� � � � � �9Ù �ª�|� Ý ��Þ Ù�� � � � �BÝ��
�2i
opx¢uv�vw � q!��i¿uve!i �Xo�sp�Mi���u(~v{Zt���i

H = L2(Ωf)3 × C
ns × C

ns

,
t�x � u�e!i
wy{Mi��vt^u�w��

T : (f, h, g) ∈ H −→ T (f, g, h) = (u, z, s) ∈ H1(Ωf)3 × C
ns × C

ns

,

¦�e!i���i
(u, z, s)

op~ � i�ÖZx!i � t�~0uve!i � ~vw�spq|uvopwyx��%É®¥bwy�
r
~vq �j��opi�xTuvs��aspt��v��iµËXw�¥$u�e!i£¥bwys Á

spwµ¦�opx!�£��wyq!{!s�i � {!��wy�!spi�h ÉBw��|uKt�o�x!i � ¥b��wyh É�
|ÏªË�Ë �
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∇u0u + ∇uu0 − 2ν div ε(u) +
1

ρ
∇p + ru = f,

o�x
Ωf ,

div u = 0,
opx

Ωf ,

u = 0,
wyx

Γ,

u = Φz −∇u0Φs,
wyx

γ,

−z + rs = g,

M−1

[
(
K + B0

)
s +

∫

γ

ΦTσ(u, p)n da

]

+ rz = h.

É 
y�yË

�%Ù 2�!��� 	3���  #Z¯ �G �G¯�²-¾��^¬®���¬ �G¯v±}¬®a¶*#Z¯ �G¯*0�Z¬®¶B¬¸·��·
'm·K¼Z¯�²�±�¶ ·�²
T
»K· ��¯ �1'-²�· �

¶*#Z¯ '�±G»�¶;¶*#|±�¶�¬ '
(λ; u, p, z, s)

¬��a± �µ·�¾��G¶B¬¸·� ·
'4É\� �¢Ë 	£¶$#Z¯�
ω = λ + r

��±�¶B¬��*0(¯ �
ωT (u, z, s) = (u, z, s)

	(¶*# �(�
ω 6= 0

±� �
(1/ω; u, z, s)

¬��£±�=¯�¬��G¯��¼|±�¬®²&·
'
T
	f±� �

»K·� )�¯�² �µ¯�¾�� 	�¬ '
ω 6= 0

¬���±� ¯�¬��G¯� )�±�¾��Z¯�·
'
T
¶$#Z¯�

1/ω − r
¬���±� ¯�¬��G¯� )�±�¾��Z¯}¬®

É¸� �¢Ë 4  #Z¯(¼M²�·µ·
'r·
'
¶$#G¬��£¯&% �c¬$)�±�¾p¯�°»K¯ �9¬®¾®¾ � ¯ �G¯�¶¸±�¬®¾p¯%�j¾´±�¶ ¯�² � ¶$#Z¯K·�²�¯ ���94���� 	 4

×Z��wyh É 
y�yË
5 z = rs − g

ÄZ~�wju�e!t^u�¦§i;�Pt�x�i�s�oph}opxZt^uvi
z
o�x�É 
¢�yË-Ã§dfeTq!~�ÄD{!��wy�!s�i�h

É 
¢�yË � i�Ö!x!opx!�
T
�Pt^xa�Dim��i�¥bwy��hmq!spt^u�i � t�~ �z¥bwy��i�t��Ke

(f, h, g) ∈ H
ÖZx �

(u, p, s) ∈
H1(Ωf)3 × L2

0(Ω
f) × Cns ~�q!�Ke�uveZt^u

∇u0u + ∇uu0 − 2ν div ε(u) +
1

ρ
∇p + ru = f,

opx
Ωf ,

div u = 0,
opx

Ωf ,

u = 0,
wyx

Γ,

u = −Φg −∇u0Φs + rΦs,
wyx

γ,
(
K + B0

)
s +

∫

γ

ΦTσ(u, p)n da + r2 M s = M(h + rg),

É 
�
¢Ë

¦�e!i���i
L2

0(Ω
f) =

{

q ∈ L2(Ωf)

∣
∣
∣
∣

∫

Ωf

q dx = 0

}

.

�%Ù 2�!��� 	3�
	 M·�� #Z· � ¶*#|±�¶�·K¼Z¯�²�±�¶Â·�²
T
¬�� �§¯�¾®¾ �G¯*0�°¯%� 	 �§¯ #|± )�¯£¶Â·m¼M²�· )�¯£¶$#|±�¶

¼M²K· � ¾p¯ � É�
 
¢Ë�#|± �£·�°¯�±� ��·�Z¾���·�°¯ �µ·�¾��c¶B¬¸·�94
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¬®����c¬ � � ��¶B²	��»�¶��c²�¯�¬®Z¶Â¯�²v±G»�¶B¬¸·� � �

	3� � ��� �§Ù   � � �  y� ' ' Ù  2�Z�
dfe!i0{!�vwGw�¥'w�¥�i-�|o�~�uvi�x!��i�t^x � q!x!o�ÇGq|i�x!i�~v~�¥bwy�§{!��wy�!s�i�h É 
 
¢Ë)�vi�ÇTq!o��vi�~(u�e!i0o�xTuv�vw � q!� Á
u�opw�x%w�¥'~vw�hji¿{|�vi�s�oph}opxZt^���£��i�~vq|s�u�~�Ã �2i¿~�uKt���u � i���wyh}{Dw�~vopx|�

(u, p)
opxju�e!i¿¥bwys�spwµ¦�opx|�

¦(tP� �

(u, p) = (u1, p1) + (u2, p2) + (u3, p3),
É 
^kTË

¦�e!i���i
(u1, p1)

o�~f~vwys�q|u�o�wyx�w�¥�u�e!i
{!q!��i�s´�%ÀZq!o � {|�vwy�!s�i�h

∇u0u1 + ∇u1u0 − 2ν div ε(u1) +
1

ρ
∇p1 + ru1 = f,

opx
Ωf ,

div u1 = 0,
opx

Ωf ,

u1 = 0,
wyx

Γ,

u1 = −Φg,
wyx

γ,

É 
y�yË

(u2, p2)
op~f~vw�spq|uvopwyx�w�¥

∇u0u2 + ∇u2u0 − 2ν div ε(u2) +
1

ρ
∇p2 + ru2 = 0

opx
Ωf ,

div u2 = 0,
opx

Ωf ,

u2 = 0,
wyx

Γ,

u2 = −∇u0Φs,
wyx

γ,

É 
 � Ë

t�x �
(u3, p3, s)

op~�~�wyspq|uvopwyx�w^¥
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∇u0u3 + ∇u3u0 − 2ν div ε(u3) +
1

ρ
∇p3 + ru3 = 0,

o�x
Ωf ,

div u3 = 0,
o�x

Ωf ,

u3 = 0,
wyx

Γ,

u3 = rΦs,
w�x

γ,

(
K +r2 M + B0

)
s +

∫

γ

ΦTσ(u1, p1)n da +

∫

γ

ΦTσ(u2, p2)n da

+

∫

γ

ΦTσ(u3, p3)n da = M(h + rg).

É 
y�yË
�§spiPt^�vs���Ä�o�¥

(u1, p1)
Ä
(u2, p2)

Ä�t�x �
(u3, p3, s)

t^�vir~�wyspqcu�opw�x!~Xw^¥mÉ�
¢�yË-Ä É�
 � ËXt^x � É�
¢�yË
�vi�~�{Di���uvo�©yi�s���Ä!u�e!i0u���op{!s�i�u

(u, p, s)
Ä � i�ÖZx!i � �¢�2É 
�kTË-Ä!op~f~�wyspqcu�opw�x�w�¥;É 
�
¢Ë�Ã

) x�u�e|i;~�i�ÇTq!i�s'¦$i
¦�opspsDq!~vi
u�e|i
¥bw�spspwµ¦�o�x!�r��i�~vq|s�uPÃ
�)Ù  2� 	 ��� «'¯�¶

v ∈ C1
(
Ω

f)3 ¶ · � ¯r± � ��·µ·�¶*# )�¯K»�¶Â·�² '	�c°»�¶B¬¸·� � #G¬¸» #
��±�¶B¬��*0(¯ �

div v = 0,
¬®

Ωf ,

v = 0,
·�

γ.

±� �
x ∈ H1/2(γ)3 � �Z» #�¶$#|±�¶

∫

γ

x · n da = 0.
É�
 :¢Ë

 #Z¯� �§¯ #|± )�¯

∫

γ

(∇vx) · n da = 0.
É 
 �¢Ë
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¬®����c¬ � � ��¶B²	��»�¶��c²�¯�¬®Z¶Â¯�²v±G»�¶B¬¸·� 
|Ï

� ����� � � �2i0ÖZ��~�uzspo´¥®u
x
¦�o�u�e�tm¥bq!x!��u�opw�x

x̃ ∈ H1(Ωf)3 ~�t^uvop~�¥®�Go�x!�

div x̃ = 0,
o�x

Ωf ,

x̃ = x,
wyx

γ,
∫

Γ

x̃ · n da = 0.

ÉBky�¢Ë

�2i%¦�o�sps)��sIt^�vo�¥®�ºspt^u�i��r¦�eZt^u&¨To�x � w�¥zspo´¥®u�uvwa�Ke!wy~vi�t�x � e!wµ¦Óuvwawy�|uKt^opxÑo�u�Ã�ncopx!��i
div v = 0

t�x �
div x̃ = 0

opx
Ωf ÄZo´ufop~f~�u���t^op�ye¢uv¥bw���¦§t�� � u�w&©yi��vo´¥®��u�e!t^u

div(∇x̃v −∇vx̃) = (x̃i,jvj − vi,jx̃j),i = ∇x̃ : (∇v)T −∇v : (∇x̃)T = 0,

opx D′(Ωf)
Ã �Xi�x!��i^Ä(¦§i��yi�u}u�e!t^u

(∇x̃v − ∇vx̃) ∈ H(div; Ωf)
Ã dfe!i���i�¥bwy��i�Ä§uve!i

�
��i�i�x�¥bwy��hmq!sIt;�co�i�s � ~
∫

Γ∪γ

(∇x̃v −∇vx̃) · n da =

∫

Ωf

div(∇x̃v −∇vx̃) = 0,

~vi�i¿Î´Ï � Ð¸Ã ) x£t �!� o´u�o�wyx�Ä�~vopx|��i
v = 0

t^x �
x̃ = x

wyx
γ
Ä�uve!i§{|�vi���i � o�x!�0o � i�x¢u�o´uÂ�
oph}{!spo�i�~

u�eZt^u

∫

γ

(∇vx) · n da =

∫

Γ

(∇x̃v −∇vx̃) · n da.
ÉBk!ÏµË

) xj~vq!h}hjt�����Äy¦§iXeZtP©yi�~�e!wµ¦�xjuveZt^uPÄTi�t��Ke%spo´¥®u
x̃ ∈ H1(Ωf)3 w�¥ x opx Ωf ©yi��vo´¥®�co�x!�ÉBk¢�¢Ë)~�t^uvop~�Ö!i�~;ÉBk|ÏªË�Ã9d�w&wy�|uKt^opxºÉ�
 �¢Ë�Äc¦§i0eZtP©�if��q!~�ufu�w£��wyx!~�uv�vq!��uXtmspo�¥®u

x̃
Ä|©�i��vo´¥®�Gopx!�

ÉBk¢�¢ËDt�x � ¥bwy��¦�e!o��Ke
uve!i�spi�¥®u�eZt�x � ~vo � i9opxjÉBk!ÏµËD�Pt�x|��i�s�~�Ã �2i9{!��wc��i�i � o�x¿u�e!i9¥bwys�spwµ¦�opx!�
¦(tP� �
~vopx|��i

Γ ∩ γ = ∅ ¦§i&�Pt^x �|q!ops � t�x|i�op��eG�Mwy��e!wcw � Ä ωε

Ä�w�¥
Γ
o�x

Ωf ~vq|�Ke�u�e!t^u
ωε ∩ γ 6= ∅ Ä!~�i�i
ÖZ�yq!��ir�GÃ��i
~vi�u

x̃ = v
opx

ωε

Ã ) x
Ωf − ωε

¦§i0uKt^¨�i
x̃
~�q!�Ke�uveZt^u

div x̃ = 0,
o�x

Ωf − ωε,

x̃ = x,
wyx

γ,

x̃ = v,
wyx

Γε,

á�á ì��� �����




¢� � ¬����Z¯�¾ ���
��G¯�¾��6¯�²-��� �G¯v³
	"¹(±�¶B²-¬¸»��£«�¯��±�¾®¾p¯K»

Ωs γ

Γε

ωε

Γ

ΩsΩf

×"op�yq|�vi
� ��Õzi�o��yeT�Dwy��e!wGw � w�¥
Γ
o�x

Ωf

¦�e!op�Ke��Pt�x��Di;wy�|u�t�opx!i � �¢��~vw�s�©Gopx!�}t&u���t � o�uvopwyxZt^s�nGuvwy¨�i�~�{!��wy�!spi�h�¦�o�uve ��o��vo��Ke!spi�u
�Dwyq|x � t�������wyx � o�uvopwyx!~�Äc¥bwy�fo�x!~�u�t�x!��i

−∆x̃ + ∇q̃ = 0,
opx

Ωf − ωε,

div x̃ = 0,
o�x

Ωf − ωε,

x̃ = x,
wyx

γ,

x̃ = v,
w�x

Γε.

) x � i�i � Ä�~vo�x!��i
div v = 0

ÄZo�x
Ωf Ä�t�x � v = 0

ÄZwyx
γ
Ä!¦$i;��i�u

∫

Γε

v · nε daε = 0,

¦�e!i���i
nε

~�uKt^x � ~�¥bwy�%u�e!i q!x!o´uKt���� x!w��vhjt�s¿wyx
Γε

{Dwyo�x¢u�opx|�Ñwyq|u�~�o � i
ωε

ÃÌdfeGq|~�Ä
¥b�vwyh¤É�
 :¢Ë"¦$i � i � q!��i£ÉB~�i�irÎ´Ï � Ä :^Ð®Ë"uveZt^u)u�e!iXt��Mwª©�i¿nTu�wy¨^i�~§{|�vwy�!s�i�h4e!t�~§t^xjq!x|opÇTq!i
~vwys�q|u�o�wyx

(x, q)
o�x

H1(Ωf−ωε)×L2
0(Ω

f−ωε)
Ã6dfeTq!~�Ä�uve!i§w��|uKt�o�x!i � spo´¥®u

x̃ ∈ H1(Ωf)3~�t^uvop~�Ö!i�~rÉBk¢�¢ËKÃ���w��vi�wµ©�i���ÄM~vo�x!��i
x̃ = v

t�x � ∇x̃ = ∇v
opx

ωε

ÄZuve!i�s�i�¥®uzeZt�x � ~vo � i�o�x
ÉBk!ÏªË§��t�x!��i�sp~�Ä!¦�e!op�Ke���w�hj{!s�i�uvi�~(u�e|i;{|�vwGw�¥ Ã

��§w�x!��i��vx!o�x!�}uve!i
~vwys�q|u�o�wyx�w�¥6{!�vw��!spi�hj~;É�
¢�yË§t�x � É�
 � ËKÄ

∇u0u1 + ∇u1u0 − 2ν div ε(u1) +
1

ρ
∇p1 + ru1 = f,

opx
Ωf ,

div u1 = 0,
opx

Ωf ,

u1 = 0,
wyx

Γ,

u1 = −Φg,
wyx

γ,

ßbà�á�ßbâ
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∇u0u2 + ∇u2u0 − 2ν div ε(u2) +
1

ρ
∇p2 + ru2 = 0

opx
Ωf ,

div u2 = 0,
opx

Ωf ,

u2 = 0,
wyx

Γ,

u2 = −∇u0Φs,
wyx

γ,¦§i
eZtP©yi
u�e|i
¥bw�spspwµ¦�o�x!�m�vi�~vq!s´u �
� � ÙGÝ � Ù  	3��� «'¯�¶

l ∈ L2(Ωf)3 ±� � ξ ∈ H
1

2 (γ)3 �9¬®¶$#

∫

γ

ξ · n da = 0.
ÉbkT�yË

 #Z¯� 'P·�²;±� �
r ≥ 3‖ε(u0)‖0,∞,Ωf

¶$#Z¯�'P·�¾®¾p· �9¬®��0¼M²�· � ¾p¯ �

∇u0w + ∇wu0 − 2ν div ε(w) +
1

ρ
∇q + rw = l,

¬®
Ωf ,

div w = 0,
¬®

Ωf ,

w = 0,
·�

Γ,

w = ξ,
·�

γ,

ÉBk 
¢Ë

#|± ��±� �GZ¬ % �Z¯ �µ·�¾��G¶B¬¸·�
(w, q)

¬®
H1(Ωf)3 × L2

0(Ω
f)
	$¼M²�· )µ¬ �G¯%� �9¬®¶$#�¶*#Z¯�»�¾´± � ��¬¸»

¯ ��¶\¬ �}±�¶Â¯

‖q‖0,Ωf ≤ C1

(
‖l‖0,Ωf + |w|1,Ωf + r‖w‖0,Ωf

)
,

ÉBk�kTË
� #Z¯�²K¯

C1 > 0
²�¯Â¼M²�¯ �µ¯�Z¶ ��±�»K·� ��¶¸±�Z¶ � #G¬¸» #Ñ·�Z¾�� �G¯Â¼Z¯� � ��·�

ρ
	

ν
	

u0

±� �
Ωf 4

��·�²�¯K· )�¯�² 	 032y¬®��
r̃ > 3‖u0‖1,∞,Ωf

	 'P·�²�±� �
r ≥ r̃

�§¯ �G¯�¶ ¶$#Z¯ 'P·�¾®¾p· �9¬®��}¯ ��¶B¬ �}±�¶ ¯ ���

‖w‖0,Ωf ≤ C2

(

1 +
1√
r

)(

‖ξ‖ 1

2
,Γ +

1

r
‖l‖0,Ωf

)

,

|w|1,Ωf ≤ C3(1 +
√

r)

(

‖ξ‖ 1

2
,Γ +

1

r
‖l‖0,Ωf

)

,

ÉBk¢�yË

� #Z¯�²K¯
C2

±� �
C3

±�²�¯§¼Z· ��¬®¶B¬$)�¯r»K·� ��¶¸±�Z¶�� � #G¬¸» #�·�Z¾�� �G¯Â¼Z¯� ��·�
ν
	
u0

	
r̃
±� �

Ωf 4

á�á ì��� �����
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� ����� � ��� i�uzq!~���wyx|~vo � i��fu�e!i0¥bwys�spwµ¦�opx|� �Xo�sp�Mi���u§~v{Zt^��i

H =

{

v ∈ H1(Ωf)3

∣
∣
∣
∣

div v = 0
opx

Ωf

v = 0
wyx

Γ ∪ γ

}

,

{!�vwµ©Go � i � ¦�o´u�eau�e|i
H1(Ωf)3

Á ~vi�hjo�x!wy�vh Éb¥b��wyh uve!i}�6wyo�x!�Pt��#� � ~�o�x!i�ÇTqZt^spo�uÂ�2Î ��Ð9u�e!o�~
~vi�h}opx|wy�vh �Di���wyh}i�~;t�x!wy�vh�Ë�Ä't � o´©yi����yi�x|��i&¥b�vi�i&��wyx¢u�opxTq!w�q!~�s�opx!i�t��¿s�o�¥®u0wy{Mi��vt^u�w��
ÉB~vi�i}Î´Ï � Ð®Ë-Ä

R : H
1

2 (γ)3 −→
{

v ∈ H1(Ωf)3

∣
∣
∣
∣

div v = 0
o�x

Ωf

v = 0
w�x

Γ

}

,

� i�ÖZx|i � ¥bwy�$t�x¢�
ξ ∈ H

1

2 (γ)3 ~�q!�Ke�u�eZt�u ∫
γ

ξ ·n da = 0
Ä!t�x � u�e!iX¥bwysps�wª¦�o�x!�;��wyx¢u�o�x Á

q!wyq!~�~vi�~vÇTq!o�spopx|iPt��(¥bwy��h �

a : (w, v) ∈ H × H −→ a(w, v) = a0(w, v) + r(w, v̄)0,Ωf ∈ C,
¦�o�u�e

a0(w, v) = (∇u0w + ∇wu0, v̄)0,Ωf + 2ν(ε(w), ε(v̄))0,Ωf .
� o�u�e�u�e!o�~¿x!w�u�t^u�o�wyx�Ä°{|�vwy�!s�i�h ÉBk 
yËX�Pt�xa�Mi£�vi�¥bwy�vhrq!sIt^uvi � o�x u�e!i�¥bwysps�wª¦�o�x!�j©^t���oIt Á
u�opw�xZt�sD¥b�vt�h}i�¦$wy�v¨ �9ÖZx �

w ∈ H1(Ωf)3 ~vq!�Ke�u�eZt^u

w − R(ξ) ∈ H,

a0(w, v) + r(w, v̄)0,Ωf = (l, v̄)0,Ωf , ∀v ∈ H.

ÉBk � Ë

dfeGq|~�Ä^¦$i�wy�|u�t�opx¿uveZt^u
ŵ = w−R(ξ) ∈ H

~vwys´©yi�~�uve!i ¥bwysps�wµ¦�opx!�(o�x¢u�i���xZt�s�©�t^�voIt�u�opw�xZt�s
{!�vwy�|spi�h �"ÖZx �

ŵ ∈ H
~�q!�Ke t^~

a0(ŵ, v) + r(ŵ, v)0,Ωf = (l, v̄)0,Ωf − a0(R(ξ), v)− r(R(ξ), v̄)0,Ωf , ∀v ∈ H.ÉBk¢�yË
�(uzuve!op~f{Mwyo�xTu�Ä|¦$i;o�x¢u��vw � q!��i;t&��wyx¢u�o�xGq|wyq!~zt�x¢u�o�spopx|iPt��)¥bwy�vh

L : v ∈ H −→ L(v) = (l, v̄)0,Ωf − a0(R(ξ), v) − r(R(ξ), v̄)0,Ωf ,

ßbà�á�ßbâ
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~vw�uveZt^u){!��wy�!spi�h¤ÉBk¢�yË"uKt�¨^i�~$uve!i�¥bwysps�wª¦�o�x!�¿��sIt�~�~vop��¥bwy��h�t�s�op~�h �°Ö!x �
ŵ ∈ H

~vq|�Ke�t�~

a(ŵ, v) = L(v), ∀v ∈ H.
ÉBk :¢Ë

�$����w�x!~�uv�vq!��u�opw�x�¦$i;eZtP©yi

Re a(v, v) = 2ν‖ε(v)‖2
0,Ωf + Re(∇u0v, v̄) + Re(∇vu0, v̄) + r‖v‖2

0,Ωf .
ÉBk �¢Ë

�$�aq!~�opx!��u�e!i£¥Bt���u
u�eZt^u
u0

op~ � o´©yi����yi�x|��i&¥b�vi�i}t�x � uveZt^u
v
��t�x!��i�sp~;wyx

Γ ∪ γ
Ä'¦§i

wy�|uKt^opx�Äcwyx�uve!i
wyx!i0eZt^x � Ä

2 Re(∇vu0, v̄)0,Ωf = (∇vu0, v̄)0,Ωf + (∇vu0, v̄)0,Ωf

= (∇vu0, v̄)0,Ωf + (v,∇v̄u0)0,Ωf

= (∇vu0, v̄)0,Ωf +

∫

Ωf

(v ⊗ u0) : ∇v̄ dx

= (∇vu0, v̄)0,Ωf −
∫

Ωf

(∇vu0 + v div u0) · v̄ dx

+

∫

Γ∪γ

‖v‖2u0 · n da

= (∇vu0, v̄)0,Ωf − (∇vu0, v̄)0,Ωf

= 0,

É¸�^�¢Ë

t�x � wyx�u�e!i
w�uve!i��feZt^x � Ä

Re(∇u0v, v̄)0,Ωf =
1

2

[

(∇u0v, v̄)0,Ωf + (∇u0v, v̄)0,Ωf

]

=
1

2

[
(∇u0v, v̄)0,Ωf + (v,∇u0v̄)0,Ωf

]

=
1

2

[

(∇u0v, v̄)0,Ωf +
(
(∇u0)

Tv, v̄
)

0,Ωf

]

= (ε(u0)v, v̄)0,Ωf .

É¸�GÏªË

�Xi�x|��i�ÄZ¥b��wyh Ébk �¢ËKÄ�É¸���¢Ë(t^x � É¸�cÏªË-Ä|¦$i��yi�u

á�á ì��� �����
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Re a(v, v) ≥ 2ν‖ε(v)‖2
0,Ωf − 3‖ε(u0)‖0,∞,Ωf‖v‖2

0,Ωf + r‖v‖2
0,Ωf .dfe!i���i�¥bwy��i�Ä(�¢�ÑuKt^¨Go�x!�

r ≥ 3‖ε(u0)‖0,∞,Ωf

t�x � ¥b��wyh �Xwy��x � ~}o�x!i�ÇTqZt^spo�uÂ�@Î½��Ð\Ä$¦$i
� i � q|��i
u�eZt^ufuve!i
~vi�~vÇTq!ops�opx!i�t��(¥bwy��h

a
o�~

H
Á i�sps�op{|uvop��ÄTo\Ã i^Ã�Ä

Re a(v, v) ≥ 2ν‖ε(v)‖2
0,Ωf ≥ α|v|21,Ωf , ∀v ∈ H,

¦�e!i���i
α > 0

~�uKt�x � ~&¥bw��£ta��wyx!~�uKt�x¢u&¦�e!o��Ke w�x!s�� � i�{Mi�x � ~}w�x
ν
t�x �

Ωf Ã � t�� Á
��ops��y��t�h � ~§u�e!i�wy�vi�h Î´Ï � Ð'i�x|~vq!��i�~Xuve!i;i��cop~�u�i�x|��imt^x � q|x!opÇTq!i�x!i�~�~�w�¥

ŵ
t�~�~vwys�q|u�o�wyx

w�¥§ÉBk5:¢ËKÃ ��i$t�sp~�w�wy�|u�t�opx
u�e!t^u
w = ŵ+R(ξ)

o�~"tz~vwys�q|u�o�wyx�w^¥(Ébk � ËKÃ"dfe!i$q!x!o�ÇGq|i�x!i�~v~
w�¥

w
��w�hji�~¿¥b�vwyh ÉBk � Ë�t�x � ¥b��wyh � t�� Á ��ops��y��t�h � ~zuve!i�wy��i�h�Ã ) x t �|� o�uvopwyx�ÄM~vo�x!��i

v�Pt�x!��i�s�~zw�x
Γ ∪ γ

ÄZopx¢uvi��y�vt^u�o�x!�m�¢��{Zt���u�~�opx Ébk � Ë
2

�Gopi�s � ~

(∇u0w + ∇wu0 − 2ν div ε(w) + rw − l, v̄)0,Ωf = 0, ∀v ∈ H.

�§wyx!~vi�ÇTq!i�x¢u�s´�yÄyuve!i���i(i��cop~�u�~�Éb~vi�i0Î :ªÐ¸Ä�{!�vwy{Mwy~�o�u�o�wyx!~�Ïft�x � �Xw�¥Z�Ke!t�{|u�i����¢Ë�t�xrq!x|opÇTq!i
� op~�u��vo��!q|uvopwyx

q ∈ L2
0(Ω)

~vq!�Ke�u�eZt�u

∇u0w + ∇wu0 − 2ν div ε(w) + rw − l = −1

ρ
∇q,

opx
D′(Ωf)3,

‖q‖0,Ωf ≤ c‖∇u0w + ∇wu0 − 2ν div ε(w) + rw − l‖−1,Ωf ,

É¸���yË

¦�e!i���i
c
��i�{!��i�~�i�x¢u�~rt�{Mwy~vo´u�o´©yi£��w�x!~�u�t�x¢u;¦�e|op�Ke wyx!s�� � i�{Mi�x � ~�w�x

ρ
t�x �

Ωf Ã � x
u�e!i;wyx!i;eZt�x � ÄDi�ÇGq!t�spo´uÂ�ÈÉ\�y�yË

1

t�s�spwµ¦�~�q!~zuvw���wyhj{|spi�uvi0u�e!i�{!�vwGw�¥ w^¥ i��co�~�u�i�x!��imt�x �
q!x!opÇTq!i�x!i�~�~Xw^¥6~�wyspqcu�opw�x%¥bwy�
ÉBk 
¢Ë(t�x � Ä|wyx�u�e!i0w�uve!i��fe!t�x � Ä!¥b��wyh É\�y�yË

2

¦$i � op��i���u�s��
wy�|uKt^opxÑu�e!i�i�~�u�o�h�t^uvi ÉBkyk¢Ë�Ã � �|u�t�opx|opx!� uve!i�o�x!i�ÇTqZt^spo�uvopi�~�ÉBkT��Ë

1,2

��i�ÇTq!i�~�u�~jx!wµ¦¤t
ÖZx!i��zt�x!t�s��G~vo�~�Ã
�)�Ò��wyx!~vo � i���opx!�ju�e!i£��iPt�s6{Zt���u�w�¥9u�e|i£i��c{!�vi�~v~�opwyx ÉBk¢�yË�¦�o´u�e

v = ŵ
Ä°t�x � ¥b��wyh

É¸���¢Ë(t^x � É¸�cÏªË$¦$i;wy�|uKt^opx

(ε(u0)ŵ, ŵ)0,Ωf + 2ν‖ε(ŵ)‖2
0,Ωf + r‖ŵ‖2

0,Ωf

= Re
(
(l, ŵ)0,Ωf − a0(R(ξ), ŵ) − r(R(ξ), ŵ)0,Ωf

)

¦�e!op�Ke�oph}{!spo�i�~

ßbà�á�ßbâ
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− 3‖ε(u0)‖0,∞,Ωf‖ŵ‖2
0,Ωf + 2ν‖ε(ŵ)‖2

0,Ωf + r‖ŵ‖2
0,Ωf

≤
∣
∣(l, ŵ)0,Ωf − a0(R(ξ), ŵ) − r(R(ξ), ŵ)0,Ωf

∣
∣

≤
(
‖l‖0,Ωf + r‖R(ξ)‖0,Ωf + ‖∇u0R(ξ)‖0,Ωf + ‖∇R(ξ)u0‖0,Ωf

)
‖ŵ‖0,Ωf

+ 2ν‖ε(R(ξ))‖0,Ωf‖ε(ŵ)‖0,Ωf

≤
(
‖l‖0,Ωf + r‖R(ξ)‖0,Ωf + 3‖∇u0‖0,∞,Ωf‖R(ξ)‖0,Ωf

+
√

3‖u0‖0,∞,Ωf‖∇R(ξ)‖0,Ωf

)
‖ŵ‖0,Ωf + 2ν‖R(ξ)‖1,Ωf‖ε(ŵ)‖0,Ωf

≤
[

‖l‖0,Ωf + r‖R(ξ)‖1,Ωf +
(
3 +

√
3
)
‖u0‖1,∞,Ωf‖R(ξ)‖1,Ωf

]

‖ŵ‖0,Ωf

+ 2ν‖R(ξ)‖1,Ωf‖ε(ŵ)‖0,Ωf .

É¸� 
¢Ë

dfeTq!~�Ä|¥b�vw�hÌuve!i���wyx¢u�o�xGq|o�uÂ�}w�¥
R
ÄT¥b�vwyh

H
1

2 (γ)3 o�x H1(Ωf)3 t^x � �¢��~�q!{!{Mwy~vo�x!�u�eZt^u
r ≥ ‖u0‖1,∞,Ωf

Ä|uve!i
sIt�~�u�opx!i�ÇGq!t�spo´uÂ��w�¥
É¸��
¢Ë$�Go�i�s � ~

− 3‖ε(u0)‖0,∞,Ωf

︸ ︷︷ ︸

r0

‖ŵ‖2
0,Ωf + 2ν‖ε(ŵ)‖2

0,Ωf + r‖ŵ‖2
0,Ωf

≤ 2νc1‖ξ‖ 1

2
,Γ‖ε(ŵ)‖0,Ωf + c2

(

‖l‖0,Ωf + r‖ξ‖ 1

2
,Γ

)

‖ŵ‖0,Ωf

= 2ν c1‖ξ‖ 1

2
,Γ

︸ ︷︷ ︸

2a

‖ε(ŵ)‖0,Ωf

︸ ︷︷ ︸

x

+r c2

(
1

r
‖l‖0,Ωf + ‖ξ‖ 1

2
,Γ

)

︸ ︷︷ ︸

2b

‖ŵ‖0,Ωf

︸ ︷︷ ︸

y

,
É¸��kTË

¦�e!i���i
c1

t�x �
c2

t��vi
{Mwy~vo´u�o´©yi¿��wyx!~�u�t�x¢u�~�u�eZt�uXw�x!s�� � i�{Mi�x � wyx
u0

t^x �
Ωf Ã

�)�2uKt^¨Go�x!� o�xTuvwat�����wyq!x¢u£uve!op~�x!i�¦Óx!w�u�t^u�o�wyx�Ä9t�x � ¥b�vwyh É¸�^k¢Ë-Ä ¦$i�wy�|uKt^opx�uve!i
¥bwysps�wª¦�o�x!�mo�x!i�ÇTqZt�s�o�uÂ�

−r0y
2 + 2νx2 + ry2 ≤ (2ν)(2a)x + r2by.

�2i
�Pt^x���wyhj{|spi�uvi�u�e|i;~�ÇTqZt��vi�~Xe|i��vi^ÄMt�x � u�e!i�x�¦$i
�yi�u

2ν(x − a)2 + r(y − b)2 ≤ 2νa2 + rb2 + r0y
2.

É¸���yË

á�á ì��� �����
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) x u�e!i�~vi�ÇTq!i�s ¦§i�¦�opsps�u�t�¨�i
r > 3‖u0‖1,∞,Ωf

ÄD¦�e!o��Keaoph}{!spo�i�~
r > r0

Ã � x u�e!imw�x!i
eZt�x � Ä!¥b��wyh,o�x!i�ÇTqZt^spo�uÂ�ºÉ¸�y�yËKÄ!¦$i;��i�u

r(y − b)2 ≤ 2νa2 + rb2 + r0y
2,

o¸ÃÊi�Ã´ÄZt^¥®u�i�� � o�©Go�~vopw�x��T�
r

(y − b)2 ≤ 2ν

r
a2 + b2 +

r0

r
y2.

�$�2u�t�¨Topx!� uve!i�~vÇTqZt���i��vwGw�uPÄ�t�x � ~�opx!��i
α2 + β2 + ς2 ≤ (α + β + ς)2 ¥bwy�riPt��Ke

α, β, ς ≥ 0
Ä|¦§i � i � q!��i

|y − b| ≤
√

2ν√
r

a + b +

√
r0

r
y,

¦�e!op�Ke�oph}{!spo�i�~

y ≤
√

2ν√
r

a + 2b +

√
r0

r
y,

u�eZt^u�o�~

y

(

1 −
√

r0

r

)

≤
√

2ν√
r

a + 2b,

o¸ÃÊi�Ã´Ä|ÖZxZt�s�s��

y ≤ 1

1 −
√

r0

r

(√
2ν√
r

a + 2b

)

.
É¸� � Ë

��wy�vi�wµ©yi���Ä�~vopx|��i
r ∈ (r0, +∞) 7−→ 1 −

√
r0

r
,

op~�t�x�opx|���vi�t�~vo�x!�£¥bq!x!��u�opw�x�Ä|¥bwy�fi�t��Ke�Öc�|i �
r̃ > 3‖u0‖1,∞,Ωf ≥ r0

¦§i
eZtP©yi

1 −
√

r0

r
≥ 1 −

√
r0

r̃
, ∀r ≥ r̃.

ßbà�á�ßbâ
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 �

×���wyh É\� � Ë(t�x � uve!i
{!�vi���i � opx!�}�Mwyq!x � ¦§i;t����vo´©yi0u�w£u�e|i
¥bw�spspwµ¦�o�x!�mi�~�u�o�h�t^uvi

y ≤ c3

(
1√
r
a + b

)

, ∀r ≥ r̃.
É\�y�yË

¦�e!i���i
c3 > 0

op~zt£��wyx|~�uKt^xTu�¦�e!o��Ke�w�x!s�� � i�{Mi�x � ~Xwyx
r0

Ä
r̃
t�x �

ν
Ã

) x�u�e|i;~vt�h}i¿¦(tP�yÄZ¥b��wyh É\�y�yË�Äc¦§i;eZtP©yi

2ν(x − a)2 ≤ 2νa2 + rb2 + r0y
2,

u�eZt^u�o�~

(x − a)2 ≤ a2 +
r

2ν
b2 +

r0

2ν
y2.

�$�%uKt^¨Go�x!�£u�e!i0~�ÇTqZt��vi;�vwGw�u�Ä|¦§i
wy�cuKt�o�x

|x − a| ≤ a +

√
r√
2ν

b +

√
r0

2ν
y,

¦�e!op�Ke��Gopi�s � ~

x ≤ 2a +

√
r√
2ν

b +

√
r0

2ν
y.

dfeGq|~�ÄZ¦�o�uve2É\�y�yË(t�x � uve!i
{!�vi���i � opx!�&opx|i�ÇTqZt�s�o�uÂ��¦$i
wy�|u�t�opx�u�e!t^uf¥bwy�
r ≥ r̃

x ≤ 2a +

√
r√
2ν

b + c3

√
r0

2ν

(
1√
r
a + b

)

,

¥b�vwyh ¦�e!i���i;¦$i � i � q|��i

x ≤
(

2 + c3

√
r0

2ν

1√
r

)

a +

( √
r√
2ν

+ c3

√
r0

2ν

)

b.

dfe|op~��Pt�x��Mi¿¦��vo�u�u�i�xÒt�~

x ≤ c4

[
a + (

√
r + 1)b

]
, ∀r ≥ r̃,

É\� :¢Ë
¦�e!i���i

c4 > 0
�vi�{!�vi�~vi�x¢uv~¿t&��wyx!~�uKt�x¢u�¦�e!o��Ke�wyx|s�� � i�{Mi�x � ~zwyx

r0

Ä
r̃
t^x �

ν
Ã

á�á ì��� �����
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dfe|i��vi�¥bwy�vi^Ä6¥b��wyh É¸���yË-Ä§É¸� :¢Ë¿t�x � u�e!i&��w�x!~vo � i���i � x|w�uKt^uvopwyx°Ä'¦$i}eZtP©yi&¥bwy�
iPt��Ke
r ≥ r̃

‖ε(ŵ)‖0,Ωf ≤ c4

[
c1

2
‖ξ‖ 1

2
,Γ + (

√
r + 1)

c2

2

(
1

r
‖l‖0,Ωf + ‖ξ‖ 1

2
,Γ

)]

≤ c5(1 +
√

r)

(

‖ξ‖ 1

2
,Γ +

1

r
‖l‖0,Ωf

)

,
É¸� �¢Ë

‖ŵ‖0,Ωf ≤ c3

[
1√
r

c1

2
‖ξ‖ 1

2
,Γ +

c2

2

(
1

r
‖l‖0,Ωf + ‖ξ‖ 1

2
,Γ

)]

≤ c6

(

1 +
1√
r

)(

‖ξ‖ 1

2
,Γ +

1

r
‖l‖0,Ωf

)

,
É � �¢Ë

¦�o�u�e
c5
t�x �

c6
{Mwy~�o�u�o´©yi;��wyx|~�uKt^xTuv~X¦�e!o��Ke wyx!s´� � i�{Mi�x � wyx

ν
Ä
u0
Ä
r̃
t�x �

Ωf Ã�dfe!ii�~�uvophjt^u�i�~ ÉbkT�yË
1,2

t���i�wy�cuKt�o�x!i � ¥b�vwyh uve!i�¥Bt^��u}u�eZt^u
w = ŵ + R(ξ)

t�x � q!~vo�x!�
�Xwy��x � ~�o�x!i�ÇTqZt�s�o�uÂ�jopx�É¸� �¢Ë-Ä!¦�e|op�Ke���wyh}{!spi�u�i�~(u�e!i
{!��wcw�¥6w�¥�u�e!o�~(u�e!i�wy�vi�h�Ã

�dfe|ir¥bwysps�wµ¦�opx!�&��w��vwys�sIt������Pt�xÒ�Di � op��i���uvs���wy�|u�t�opx|i � ¥b��wyh u�e!i�{!�vi���i � opx!�ju�e!i�w Á
�vi�h�Ã
� Ý � Ý ' 'b�!� Ú 	 ��� «'¯�¶

r̃ > 3‖u0‖1,∞,Ωf

±� �
s ∈ Cns 4 ��·�²

r ≥ r̃
¼M²�· � ¾p¯ � �}É�
¢�yËz±� �

É 
 � Ë #|± )�¯r±� �GZ¬ % ��¯��µ·�¾��G¶\¬¸·�º¬®
H1(Ωf)3 × L2

0(Ω
f)
	�±� � �§¯ #|± )�¯�¶*#Z¯ 'P·�¾®¾p· �9¬®��

¯ ��¶\¬ �}±�¶Â¯ ���

‖u1‖0,Ωf ≤ C4

(

1 +
1√
r

)
(
‖g‖ + ‖f‖0,Ωf

)
,

|u1|1,Ωf ≤ C5(1 +
√

r)
(
‖g‖ + ‖f‖0,Ωf

)
,

‖p1‖0,Ωf ≤ C6

(
1 +

√
r + r

) (
‖g‖ + ‖f‖0,Ωf

)
,

‖u2‖0,Ωf ≤ C4

(

1 +
1√
r

)

‖s‖,

|u2|1,Ωf ≤ C5(1 +
√

r)‖s‖,
‖p2‖0,Ωf ≤ C6

(
1 +

√
r + r

)
‖s‖,

É � ÏªË

� #Z¯�²K¯
C4

	
C5

±�²K¯
C6

±�²�¯f¼Z· ��¬®¶B¬$)�¯m»K·� ��¶¸±�Z¶ �;¶$#|±�¶z·�Z¾�� �G¯Â¼Z¯� ��·�
ρ
	
ν
	
u0

	
r̃
	
Φ±� �

Ωf 4
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� ����� � � ncopx|��i
u1
t�x �

u2
t��vi � o´©yi��v�yi�x!��i
¥b�vi�i�ÄZ¦§i
eZtP©�i;uvwj�Ke!i��K¨�u�e!i
��w�hj{Zt�u�o Á

�!ops�o�uÂ�}��wyx � o�uvopwyx�w�¥6u�e!i¿uv��t���i
wyx
γ
ÉBk¢�yË�Ä!o\Ã i^Ã

∫

γ

(Φg) · n da = 0,

∫

γ

(∇u0Φs) · n da = 0.

dfe!i0ÖZ�v~�uXo � i�x¢uvo�uÂ��o�~fwy�¢©co�wyq!~f�Mi���t�q!~vi^ÄZ¥b�vwyh É\�^kTËKÄ
∫

γ

ΦTn da = 0,

t�x �
g
op~}tº��wyx|~�uKt^xTu}©yi���uvwy��Ã dfe!i�~�i���wyx � wyx|i���t�x �Di�wy�|u�t�opx|i � ¥b�vwyh t � o��vi���u

t�{!{!s�op�Pt�u�opw�x}w^¥'spi�h}hjt;k!Ã½�cÄG¦�o�u�e
v = u0

t�x �
x = Φ|γs

Ã dfe|i0��wy��wyspspt����£e|wys � ~§t^¥®u�i��
� op��i���uzt^{!{!spo��Pt^uvopwyx�w�¥6uve!i�w��vi�h,k!Ã � uvwj{!��wy�!s�i�h}~
É 
¢��Ë(t�x � É 
 � ËKÃ

�dfe|i�t^�Dwµ©yi���w��vwys�sIt����2t^spspwµ¦�~£q!~£uvw ��wyh}{!spi�u�i�s´� � i�u�i��vh}opx!i
(u1, p1)

¥b��wyh uve!i
� t^uKt

f
t�x �

g
Ä|uveGq|~�¦$i;�Pt�x�u��vt�x!~�¥bi��

∫

γ

ΦTσ(u1, p1)n da,

u�w&u�e!i
�vo��ye¢uzeZt�x � ~�o � i;opx�É�
¢�yË
5

ÄZ~vwjuveZt^u�¦$i�wyx|s���eZtP©�i�u�w � i�u�i���hjo�x!i
(u2, p2)

t�x �
(u3, p3, s)

Ã
×Z��wyhÓuve!i
spopx|iPt���o�uÂ�jw�¥

∫

γ

ΦTσ(u2, p2)n da,

¦�o�u�e���i�~v{Mi���uXuvw
(u2, p2)

ÄZt�x � w�¥
(u2, p2)

¦�o�uve���i�~�{Di���u�u�w
s
Ä|¦$i���t�x�¦���o�uvi

∫

γ

ΦTσ(u2, p2)n da,

t�~zt&s�opx!i�t��§¥bq!x|��u�o�wyx�w�¥
s
Ä|o¸ÃÊi�Ã´Ä

∫

γ

ΦTσ(u2, p2)n da = F(r)s,
É � �yË

¦�o�u�e
F(r)

t
ns × ns ��iPt�s6h�t�u��vo �DÄDt^~v~vwG��opt^u�i � u�wj{!�vw��!spi�h É�
 � Ë�t�x � ��o�©yi�x �¢��uve!i

¥bwysps�wª¦�o�x!�mi-�|{|�vi�~�~vo�wyx �

á�á ì��� �����
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Fij(r) =

∫

γ

(
σ(wj, qj)n

)
· ϕi da,

¦�e!i���i
(wj, qj)

op~(u�e|i;q|x!opÇTq!i
~vw�spq|uvopwyx Éb~vi�i
��wy�vwys�sIt�����k|Ã �yË-Ä!w�¥�u�e!i0ÀZq|o � {!�vw��!spi�h

∇u0wj + ∇wju0 − 2ν div ε(wj) +
1

ρ
∇qj + rwj = 0,

opx
Ωf ,

div wj = 0,
opx

Ωf ,

wj = 0,
wyx

Γ,

wj = −∇u0ϕj,
w�x

γ,

É � 
¢Ë

¥bwy�
j = 1, . . . , ns Ã

�%Ù 2�!��� 	3���  #Z¯ '�±G»�¶9¶*#|±�¶ �§¯r»K· �G¾ ��¯62�¼M²�¯ � �0¶$#Z¯ ���G¬ �j¾p·�±(��·� ¶$#Z¯0¬®Z¶Â¯�²$'�±G»K¯;± �
É � �yË 	"¬®º·�¶$#Z¯�² �§·�²#� ��	"¶*#|±�¶ �§¯;»K· �G¾ �j»K·� �G¯� �µ¯X¶*#Z¯ ���c¬ ��¯ �¿¯K»�¶ '-²�· �Ì¶*#Z¯
»K· ��¼ �G¶÷± �
¶\¬¸·�Ñ·
'£± 0�Z¬®¶Â¯r � � � ¯�²}·
'&¯�¾p¯ ��¯�Z¶¸±�² � � �G¬ ���µ·�¾��G¶B¬¸·� ��	(¬�� ��¬®²�¯K»�¶\¾��%²�¯�¾´±�¶Â¯%��¶Â·�¶*#Z¯
± � � � ��¼M¶B¬¸·�È¶$#|±�¶X¶$#Z¯ ��¶\²	�Z»�¶ �G²�±�¾$��¬��Â¼M¾´±G»K¯ ��¯�Z¶f¬�� ��¬$)�¯�=± � � �ª¼Z¯�²÷¼Z· ��¬®¶B¬¸·� ·
'}± 0 �
Z¬®¶ ¯X � � � ¯�²0·
' )µ¬ � ²�±�¶B¬¸·� ��· �G¯ � 4 � 2�¼M²�¯ � ��¬¸·�ÈÉ � �yËX¬��
»�²	��»�¬B±�¾Z¬®�¶$#Z¯ �µ¯&% ��¯�¾�·
'0· �c²
±�¼¢¼M²K·�±G» # 	)±� ��¯62�¼M¾´±�¬® �m· �c²�± � � � ��¼M¶\¬¸·� ·
'�±�²�¯%���Z»K¯%� � ¯ #|± )µ¬¸·�²m·
'
¶*#Z¯ ��¶B²	��»�¶��G²K¯ 4
!  ± ��·�²�¯ �G¯�°¯�²v±�¾§»v± �µ¯�	 'P·�²}¬® ��¶÷±�°»K¯ � #Z¯�²�¯}¶$#Z¯���¬��Â¼M¾´±G»K¯ ��¯�Z¶¿·
'}¶$#Z¯ ��¶B²	��»�¶��G²K¯
��±�¶\¬��*0(¯ �
¶$#Z¯;¾ ¬®°¯v±�²r¯�¾´± ��¶Â· ���^M±��£¬¸»�¯&% �!±�¶B¬¸·� ��	(· �G²m±�¼¢¼M²�·�±G» # �§· �G¾ ��°·�¶ � ¯ )�±�¾ ¬ �54

) x uve!i£~vi�ÇTq!i�s ¦$im¦�ops�s�x|i�i � t�xai�~�uvophjt^u�i;¥bwy�
F(r)

opxÒuvi���hj~¿w^¥
r
Ã
dfe!o�~¿op~zu�e!i

wy�G��i���uzw�¥6uve!i0¥bwysps�wµ¦�opx!�ms�i�h}h�tcÃ
�)Ù  2� 	 ��� «'¯�¶

r̃ > 3‖u0‖1,∞,Ωf

4 �6·�²r¯v±G» #
r ≥ r̃

�§¯ #|± )�¯

‖F(r)‖ ≤ C7(1 +
√

r + r),

�9¬®¶*#
C7

±0¼Z· ��¬®¶\¬$)�¯m»K·� ��¶¸±�Z¶ � #G¬¸» # ·�Z¾����G¯Â¼Z¯� � �m·�
ρ
	
ν
	
u0

	
r̃
	
Φ
±� �

Ωf 4

� ����� � � ×Zwy�
s ∈ R

ns Ä
(u2, p2)

op~%q|x!opÇTq!i�s�� � i�u�i��vh}opx!i � ¥b�vwyh ��w��vwys�sIt����=k!Ã �GÃ
×���wyh�É � �yË9¦$i¿�yi�uPÄchjw � q!s�w�~�wyhjizhmq!s´u�o�{!spo��Pt^uvo�©yif��wyx!~�uKt�x¢u�~§opx � i�{Di�x � i�xTu(w�¥

r
t�x �

(u2, p2)
Ä|uve!i0¥bwysps�wª¦�o�x!�mi�~�u�o�h�t�u�i��

ßbà�á�ßbâ
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‖F(r)s‖ =

∥
∥
∥
∥

∫

γ

ΦTσ(u2, p2)n da

∥
∥
∥
∥

≤ ‖σ(u2, p2)‖H(div;Ωf)

≤ ‖σ(u2, p2)‖0,Ωf + ‖ div σ(u2, p2)‖0,Ωf

≤ ‖p2‖0,Ωf + |u2|1,Ωf + ‖∇u0u2 + ∇u2u0‖0,Ωf + r‖u2‖0,Ωf

≤ ‖p2‖0,Ωf + |u2|1,Ωf + r‖u2‖0,Ωf .
É � kTË

�§wy�vwys�sIt���� k!Ã½��{|�vwµ©Go � i�~ri�~�u�o�h�t^uvi�~0¥bwy� |u2|1,Ωf

Ä ‖u2‖0,Ωf

t�x � ‖p2‖0,Ωf

� i�{Mi�x � o�x!�
wyx

r
t�x �

s
Ã9dfeTq!~�Ä�¥b�vwyhÆÉ � k¢Ë(t�x � É � ÏµË

4,5,6

Ä!¦$i;��i�u

‖F(r)s‖ ≤
[

C6

(
1 +

√
r + r

)
+ C5(1 +

√
r) + rC4

(

1 +
1√
r

)]

‖s‖

≤ C7

(
1 +

√
r + r

)
‖s‖,

¦�e!i���i
C7

op~�t���wyx!~�uKt�x¢u�¦�e!op�Ke;x!i�o�u�e|i�� � i�{Mi�x � ~"wyx
r
Ä
u2

x!wy�
s
Ã6dfeTq!~�Ä^¦$i§��w�hj{!s�i�uvi

u�e!i
{!��wcw�¥�w�¥�u�e|i;s�i�h}h�tcÃ
�Õzwµ¦4spi�u
q!~
uKt�¨^ijt^�¢t�opx uve!i&{!�vw��!spi�hÆw�¥ � i�uvi��vh}opx|opx!�

(u2, p2)
t�x �

(u3, p3, s)
Ã

×���wyh¤É � �yË"¦§iz�Pt^x�i�s�oph}opxZt�u�i
(u2, p2)

opxÒÉ 
y�yË
5

t�x � ÄT�¢�}hmq!s�uvop{!s´�Gopx!�¿�¢�
ρ
i�ÇTqZt^uvopwyx

É 
¢�yË
1

Äµu�e!i�{!��wy�!s�i�h ��i � q|��i�~'u�w��ÖZx �
(u3, p3, s) ∈ H1(Ωf)3×L2

0(Ω
f)×Cns ©yi��vo´¥®�co�x!�

ρ
(
∇u0u3 + ∇u3u0

)
− 2µ div ε(u3) + ∇p3 + rρu3 = 0,

o�x
Ωf ,

div u3 = 0,
o�x

Ωf ,

u3 = 0,
wyx

Γ,

u3 = rΦs,
w�x

γ,
(
K+r2 M + B0 + F(r)

)
s +

∫

γ

ΦTσ(u3, p3)n da

= M(h + rg)−
∫

γ

ΦTσ(u1, p1)n da.

É � �yË

á�á ì��� �����
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�)Ù  2� 	 � � �  #Z¯�²K¯�¯62y¬���¶ �
r > 3‖u0‖1,∞,Ωf

� �Z» #}¶$#|±�¶6¶$#Z¯0»K· �ª¼M¾p¯%�z¼M²�· � ¾p¯ � É � �yË
#|± ��±� �GZ¬ % ��¯ �µ·�¾��c¶B¬¸·� ¬®

H1(Ωf)3 × L2
0(Ω

f) × C
ns 4 !  ±(�(��¬®¶\¬¸·� 	�'P·�²Ò¯v±G» #

r� � �@»�¬¸¯�Z¶B¾��j¾´±�² �G¯�	 �§¯ #|± )�¯0¶*#Z¯£¯ ��¶B¬ �}±�¶ ¯

‖s‖ + |u3|1,Ωf + ‖p3‖0,Ωf ≤ C8

(
‖f‖0,Ωf + ‖g‖ + ‖h‖

)
,

É � � Ë
� #Z¯�²K¯

C8 > 0
¬��r±�»K·� ��¶¸±�Z¶$¬® �G¯Â¼Z¯� �G¯�Z¶§·
'

(u3, p3, s)
±� �

(f, g, h)
4

� ����� � � �2i
o�xTuv�vw � q!��i
uve!i0¥bwysps�wµ¦�opx!� �Xops��Di���uf~�{Zt���i

V =






V = (v, t) ∈ H1(Ωf)3 × C

ns

∣
∣
∣
∣
∣
∣

div v = 0
o�x

Ωf

v = 0
w�x

Γ
v = rΦt

wyx
γ






,

{!�vwµ©Go � i � ¦�o´u�e�u�e|i;x|wy�vh

‖(v, t)‖V =
(
|v|21,Ωf + ‖t‖2

) 1

2 .
� i�u

V = (v, t) ∈ V
Ä�hmq!s�uvop{!s´�Gopx!�mi�ÇTqZt^u�o�wyx2É � �yË

1
�¢�

v̄
t�x � opx¢uvi��y�vt^u�o�x!�&�T��{Zt^��u�~�Ä

¦§i
�yi�u

ρ(∇u0u3 + ∇u3u0, v̄)0,Ωf + 2µ(ε(u3), ε(v̄))0,Ωf + rρ(u3, v̄)0,Ωf

− r

∫

γ

ΦTσ(u3, p3)n da · t̄ = 0.

ÕXwµ¦
Ä^hrq!s�uvop{!s´�co�x!�§i�ÇTqZt^u�o�wyx}É � �yË
5

�¢�
rt̄
t�x � �¢�
t �|� opx!�(uve!i�~�i)uÂ¦$wzsIt�~�u�i��c{!��i�~v~�opwyx|~�Ä

¦§i�wy�|uKt^opx�u�e!i
¥bwysps�wµ¦�opx!�£©^t��vopt^u�o�wyxZt�sM¥bwy�vhrq!sIt^uvopwyx%¥bw��zuve!i���wyq!{!s�i � {|�vwy�!s�i�h É � �yË	�
ÖZx �

(u3, s) ∈ V
~�q!�Ke�uveZt^u

ρ(∇u0u3 +∇u3u0, v̄)0,Ωf + 2µ(ε(u3), ε(v̄))0,Ωf + rρ(u3, v̄)0,Ωf + r
(
K + B0

)
s · t̄

+ r3 M s · t̄ + r F(r)s · t̄ = r M(rg + h) · t̄ − r

∫

γ

ΦTσ(u1, p1)n da · t̄,

∀ ∈ (v, t) ∈ V.
É � �yË
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¬®����c¬ � � ��¶B²	��»�¶��c²�¯�¬®Z¶Â¯�²v±G»�¶B¬¸·� kT�

�2i�opx¢uv�vw � q!��i�ta~�i�~vÇTq!o�spo�x!iPt��m¥bw��vh
A : V × V −→ C

t�x � t�x t�x¢u�ops�opx!i�t���¥bw��vh
L : V −→ C

u�eZt�uzt��vi � i�ÖZx!i � �¢�

A
(
(u, s), (v, t)

)
= ρ(∇u0u + ∇uu0, v̄)0,Ωf + 2µ(ε(u), ε(v̄))0,Ωf + rρ(u, v̄)0,Ωf

+ r
(
K + B0

)
s · t̄ + r3 M s · t̄ + r F(r)s · t̄,

L
(
(v, t)

)
= r M(rg + h) · t̄ − r

∫

γ

ΦTσ(u1, p1)n da · t̄,

¥bwy�
U = (u, s)

t�x �
V = (v, t)

opx
V
Ã ) x;u�e!o�~�¦§tP�yÄ�{|�vwy�!s�i�h É � �yË°uKt�¨^i�~�u�e!i�¥bwysps�wµ¦�opx!�

��sIt^~v~vo��Pt�sD¥bwy�vh �"ÖZx �
U = (u3, s) ∈ V

~�q!�Ke�uveZt^u

A(U, V ) = L(V ), ∀V ∈ V.
É � :yË

� i�u
V = (v, t) ∈ V

Ã �$�mopx¢u�i��y��t^uvopx!�0�¢�£{!t���uv~)o�x
Ωf ÄT�¢�&q!~vo�x!�0u�e!if¥Bt���u9u�eZt^u u0op~ � o�©�i��v��i�x!��i�¥b�vi�i0t�x � ~�opx!��i ‖v‖2u0 ·n

©^t�x|op~ve|i�~(wyx
Γ∪ γ

É®¦§i��vi�h}i�hr�Di��)uveZt^u
u0op~ ~�wyspq|uvopwyx£w^¥Duve!if�vi�¥bi��vi�x!��iz{!��wy�!spi�h É\��
¢Ë6o�x

Ωf Ë-Äy¦§iz�yi�u9uve!i(¥bwys�spwµ¦�opx!��i��c{!�vi�~v~�opwyx~voph}opspt���u�w�É¸���yË �

2 Re(∇vu0, v̄)0,Ωf = (∇vu0, v̄)0,Ωf + (∇vu0, v̄)0,Ωf

= (∇vu0, v̄)0,Ωf + (v,∇v̄u0)0,Ωf

= (∇vu0, v̄)0,Ωf +

∫

Ωf

(v ⊗ u0) : ∇v̄ dx

= (∇vu0, v̄)0,Ωf −
∫

Ωf

(∇vu0 + v div u0) · v̄ dx

+

∫

Γ∪γ

‖v‖2u0 · n da

= (∇vu0, v̄)0,Ωf − (∇vu0, v̄)0,Ωf

= 0.

É � �¢Ë

� i�u
m = min σ(M) > 0

t�x �
k = min σ(K) > 0

Ä ¦�e!i��vi
σ(M)

t�x �
σ(K)~�uKt^x � ÄZ�vi�~v{Mi���u�o�©�i�s´�yÄZ¥bwy�fu�e!i
~�{Di���u���q!h w�¥

M
t�x �

K
Ã �2i0Ö|�

r̃ > 3‖u0‖1,∞,Ωf

t�x �
¦§i0uKt^¨�i

r ≥ r̃
Ã�×Z�vwyhÆÉ¸�cÏªË(t^x � É � �¢ËKÄ!¦§i
wy�cuKt�o�x�uveZt^uf¥bwy�fi�t��Ke

V = (v, t) ∈ V

á�á ì��� �����
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Re A(V, V ) = ρ Re(∇u0v, v̄)0,Ωf + 2µ‖ε(v)‖2
0,Ωf + rρ‖v‖2

0,Ωf

+ r
(
K +r2 M

)
t · t̄ + r Re

(
B0 t · t̄

)
+ r Re (F(r)t · t̄)

≥ ρ(ε(u0)v, v̄)0,Ωf + 2µ‖ε(v)‖2
0,Ωf + rρ‖v‖2

0,Ωf + r
(
k + r2m

)
‖t‖2

+ r Re
(
B0 t · t̄

)
+ r Re (F(r)t · t̄)

≥ 2µ‖ε(v)‖2
0,Ωf − ρ3‖ε(u0)‖0,∞,Ωf‖v‖2

0,Ωf + rρ‖v‖2
0,Ωf

+ r
(
k + r2m −

∥
∥B0

∥
∥− ‖F(r)‖

)
‖t‖2

≥ 2µ‖ε(v)‖2
0,Ωf + r[k + r2m −

∥
∥B0

∥
∥− C7

(
1 +

√
r + r

)

︸ ︷︷ ︸

α(r)

]‖t‖2.

É¸�^�¢Ë
¦�e!i���i uve!iºsIt�~�u�opx!i�ÇGq!t�spo´uÂ� o�~�tÑ��wyx!~vi�ÇTq!i�x!��iÈw�¥�spi�hjhjtÈk!Ã��|Ã �2iau�t�¨�i

r ≥ r̃~vq �}��o�i�x¢u�s´� spt��v�yir~vq!�Ke2t�~
α(r) > 0

Ä�¦�e!o��Ke o�~0{Dw�~v~vo��!spir�Di��Pt�q!~�i£u�e!i � wyh}opx!t^u�o�x!�
u�i���h ���vwµ¦�~0t^u0o�x|ÖZx!o´uÂ��t�~

r2m
Ä°¦�o�uve

m > 0
Ã0dfe!i�x�ÄDu�e!i£spt�~�u�opx!i�ÇGq!t�spo´uÂ��opx=É\���¢Ë

�co�i�s � ~

ReA(V, V ) ≥ 2µ‖ε(v)‖2
0,Ωf + rα(r)‖t‖2 ≥ min {2µ, rα(r)}

(
‖ε(v)‖2

0,Ωf + ‖t‖2
)
.

dfe!op~�Ä!¦�o�u�e �zwy�vx � ~�opx!i�ÇTqZt�spo´uÂ�yÄcoph}{!spo�i�~$uveZt^u
A
op~

V
Á i�sps�op{|uvop��o�uÂ�yÄTo\Ã i^Ã�Ä

Re A(V, V ) ≥ β‖(v, t)‖2
V
, ∀V ∈ C,

¦�e!i���i
β > 0

� i�{Mi�x � ~rwyx
M
Ä
K
Ä
B0 Ä ρ

Ä
µ
Ä
u0

Ä
r
t�x �

Ωf ÃÒ�§w�x!~vi�ÇGq|i�x¢u�s´�yÄ � t�� Á��ops��y��t�h � ~°u�e!i�wy�vi�h �yo�©�i�~'u�e!i)i��cop~�u�i�x!��ift^x � q|x!opÇTq!i�x!i�~�~ w�¥
(u3, s) ∈ V

t�~�~vwys�q|u�o�wyx
w�¥�É � �yËKÃadfe!i�{!��i�~v~�q!�vi

p3

op~rw��|uKt�o�x!i � ¥b�vwyh u�e!i�wy�vi�h k|Ã � Ã��2i�t^sp~vwÒwy�|uKt^opx�uve!i
i�~�uvophjt^u�i

‖(v, t)‖V ≤
‖L‖V′

β
.

dfe!op~fspt�~�u�o�x!i�ÇTqZt�s�o�uÂ����wyhm�|opx!i � ¦�o´u�e�u�e|i;i�~�uvophjt^u�i}ÉbkykTË$¥bwy�
p3

t�x � uve!i
i�~�uvophjt^u�i�~
É � ÏªË

1,2,3
Ä�¥bwy�

u1
t�x �

p1,
t�sps�wª¦ q!~�u�w�w��|uKt�o�x�i�~�uvophjt^u�i�É � � Ë-Ä�¦�e!op�Ke���wyh}{!s�i�u�i�~zuve!i

{!�vwGw�¥ Ã
�

ßbà�á�ßbâ
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	3� � �
	 � � � ��� Ù �   Ù�Ý � � � ÙÒÝ�9Ù �ª�|� Ý �
�2i�t��viXx!wµ¦ ��iPt � �juvwr{!��wª©�i
t�x�i-�cop~�uvi�x!��i
t�x � q|x!opÇTq!i�x!i�~�~f�vi�~�q!s�u$¥bwy�){!�vwy�|spi�h 
 
cÃ
dfe!op~fo�~�uve!i0wy�G��i���uXw�¥�u�e!i0¥bwys�spwµ¦�opx!��u�e!i�wy�vi�h�Ã
� � ÙGÝ � Ù  	3� � �  #Z¯�²�¯�¯62y¬���¶ �

r > 3‖u0‖1,∞,Ωf

� ��» #�¶$#|±�¶$¼M²�· � ¾p¯ � É�
 
¢Ë #|± ��±�
�cZ¬ % �Z¯ �µ·�¾��G¶\¬¸·�

(u, p, s) ∈ H1(Ωf)3 × L2
0(Ω

f) × Cns 4 ! @±(�(��¬®¶B¬¸·� 	1'P·�²�¯v±G» #
r� � �@»�¬¸¯�Z¶B¾��j¾´±�² �G¯�	 �§¯ #|± )�¯0¶*#Z¯£¯ ��¶B¬ �}±�¶ ¯

‖s‖ + |u|1,Ωf + ‖p‖0,Ωf ≤ C3

(
‖f‖0,Ωf + ‖g‖ + ‖h‖

)
,

É¸�GÏªË
� #Z¯�²K¯

C9

¬��r±
¼Z· ��¬®¶B¬$)�¯m»K·� ��¶÷±�Z¶)¬® �G¯Â¼Z¯� �G¯�Z¶§·
'
(u, p, s)

±� �
(f, g, h)

4

� ����� � � ×6op�v~�uPÄ�u�e|i�i��co�~�u�i�x!��i�op~;t � o��vi���u���wyx!~�i�ÇTq!i�x!��i�w�¥ � i���wyh}{Dwy~�o�uvopwyx É 
^kTË
t�x � w�¥£uve!iÈt^�Dwµ©yi2spi�h}hjt�~�Ã ) x � i�i � Ä���wy��wyspspt����@k|Ã � t^spspwµ¦�~�u�w � i�u�i��vh}opx!iºÖZ��~�u
(u1, p1)

Ä�uve!i�x5¦§i � i�Ö!x!i�{|�vwy�!s�i�h É � �yËKÃ�×Z�vw�h spi�hjhjt�~�k!Ã�� t�x � k!Ã�ÏP�Ñ¦$i2��t�x
� i�uvi��vh}opx|i

(u3, p3, s)
Ãm×"opxZt^sps���ÄDw�x!��i

s
¨Tx!wµ¦�x�Ä'¦$i}��t�xº��wyh}{!q|uvi

(u2, p2)
opx É 
 � Ë

¥b�vwyhÓ��wy��wyspspt����jk!Ã½�cÄ!wy�f~�oph}{!s��}¥b�vwyh u�e!i0¥bwys�spwµ¦�opx|�mi��c{!��i�~v~�opwyx

(u2, p2) =
ns

∑

j=1

sj(wj, qj),

¦�e!i���i
(wj, qj)

op~(u�e|i;~�wyspqcu�opw�x�w�¥;É � 
¢Ë-Ã
�)�Ñspo�x!iPt���o�uÂ��opx={!��wy�!spi�h É 
�
¢Ë-Ä)u�e!i�q!x|opÇTq!i�x|i�~v~jw�¥X~vwys�q|u�o�wyxÑ�Pt�x �Mi���i � q|��i �

u�wº{!�vwµ©�i�uveZt^u}{!��wy�!spi�h É�
 
¢Ë�{!��wµ©co � i � ¦�o�uve=Í�i���w � t^uKtawyx!s´�Ñt � hjo´u�~ruve!i%u���o�©GoIt�s
~vwys�q|u�o�wyx�Ã ) x}w^u�e!i��"¦§w�� � ~�ÄT¦$i�~ve!w�q!s � {!��wª©�i(u�eZt�u�o�¥

(u, p, s) ∈ H1(Ωf)3×L2
0(Ω

f)×
C

ns ~�t^uvop~�Ö!i�~

∇u0u + ∇uu0 − 2ν div ε(u) +
1

ρ
∇p + ru = 0,

o�x
Ωf ,

div u = 0,
o�x

Ωf ,

u = 0,
wyx

Γ,

u = rΦs −∇u0Φs,
wyx

γ,
(
K+ B0

)
s +

∫

γ

ΦTσ(u, p)n da + r2 M s = 0,

É¸���yË

á�á ì��� �����
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u�e!i�x
(u, p, s) = 0

Ã
) x=u�e|op~m¦§tµ��Ä§s�i�u&q!~}~vq!{|{Dwy~�i�u�eZt^u

(u, p, s) ∈ H1(Ωf)3 × L2
0(Ω

f) × C
ns op~&t

~vwys�q|u�o�wyx�w�¥;É\�y�yËKÃ)dfe|i�x�¦§i � i�Ö!x!i
(ũ, p̃)

t�~zt&~�wyspqcu�opw�x�w�¥

∇u0ũ + ∇ũu0 − 2ν div ε(ũ) +
1

ρ
∇p̃ + rũ = 0,

opx
Ωf ,

div ũ = 0,
o�x

Ωf ,

ũ = 0,
wyx

Γ,

ũ = −∇u0Φs,
wyx

γ.

�§wy�vwys�sIt����£k!Ã½��i�x|~vq!��i�~(u�e|i�i��co�~�u�i�x!��i
t^x � q!x!o�ÇTq!i�x!i�~v~fw�¥
(ũ, p̃)

Ã ) x�t �|� o�uvopwyx�Ä¢¥b��wyh
É � �yËKÄ!¦$i;��i�u

F(r)s =

∫

γ

ΦTσ(ũ, p̃)n da.

�2i�~�i�u
(û, p̂) = (u, p) − (ũ, p̃)

Ã�dfeTq!~£¥b��wyh É\�y�yË0¦§i�wy�|u�t�opx�u�eZt^u
(û, p̂, s)

o�~£t
~vwys�q|u�o�wyx�w�¥�u�e!i0¥bwys�spwµ¦�opx!�r{!�vwy�|spi�h �

∇u0û + ∇ûu0 − 2ν div ε(û) +
1

ρ
∇p̂ + rû = 0,

o�x
Ωf ,

div û = 0,
opx

Ωf ,

û = 0,
wyx

Γ,

û = rΦs,
wyx

γ,
(
K +r2 M + B0 + F(r)

)
s +

∫

γ

ΦTσ(û, p̂)n da = 0.

dfe!op~0o�~
t���wyq!{!s�i � {!��wy�!spi�h É � �yË�Ä�~�q!{!{!s�opi � ¦�o´u�eºÍ�i��vw � t^u�t|Ã£dfe!i�x�Ä�¥b�vwyh spi�h}hjt
k!Ã�ÏP��¦$i&�yi�u

û = 0
Ä
p̂ = 0

t�x �
s = 0

Ã ) x�{!t���uvop��q|sIt���Ä°u�e!o�~0sIt�~�u0o � i�x¢u�o´uÂ� oph}{!s�opi�~
u�eZt^u

ũ = 0
t�x �

p̃ = 0
Ä|¦�e!o��Ke��yo´©yi�~

u = 0
t�x �

p = 0
Ã

×6opxZt�s�s���Ä�o�x!i�ÇTqZt^spo�uÂ�jÉ\�cÏªË-Ä��yo´©co�x!��u�e!i$��wyx¢u�o�xTq!o�uÂ�
w�¥�w�{Di���t^uvwy�
T
Ä^��wyh}i�~�¥b�vwyh uve!i

i�~�uvophjt^u�i�~�wyx
(u1, p1)

t�x �
(u2, p2)

Éb�yo�©�i�xÒ�¢����w��vwys�sIt����%k!Ã½�yËft�x � ¥b�vwyh o�x!i�ÇTqZt�s�o�uÂ�
É � � Ë§o�x%u�e!i
{!��i���i � o�x!�js�i�h}h�t^~�Ã

�

ßbà�á�ßbâ
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	3� � ��� � �9Ù �ª�|� Ý ��  Ý  � �Z �� �'Ù �P�
×���wyh u�e|i�wy��i�h k!Ã�Ï�ÏyÄywy{Mi��vt^u�wy�

T
op~�¦§i�sps � i�ÖZx|i � ÄTspo�x!iPt^�6t^x � ��wyx¢uvopxTq!wyq!~�¥b�vwyh

H
u�w

H1(Ωf)3×Cns ×Cns Ã ) x�t �|� o�uvopwyx�Ä^~vo�x!��i
H1(Ωf)3×Cns ×Cns

↪→ H
op~�t0��w�hj{Zt^��u

i�hm�Mi �!� opx!�!ÄZuve!i���wyx¢u�o�xGq|o�uÂ��w�¥
T
spiPt � ~zuvw}uve!ir��wyh}{Zt���uvx!i�~�~�w�¥

T
t�~Xt�xÒwy{Mi��vt^u�w��

¥b�vwyh
H
uvw

H
Î ��Ð\Ãºdfe!i%¥bwysps�wµ¦�opx!����spt�~v~�op�Pt^s$��i�~vq|s�uPÄ9��wyx!��i��vx|opx!� uve!i%~v{Mi���u���q!h w�¥

��wyh}{Zt���u�wy{Di���t^uvwy�v~
Î Ï�Ð\Ä!u�e!i�xÒt^{!{!spo�i�~��
� � ÙGÝ � Ù  	3� � � «'¯�¶

H
±� �

T
� ¯�	z²�¯ �Â¼Z¯K»�¶\¬$)�¯�¾�� 	X± ��¬®¾ � ¯�²-¶ �Â¼|±G»K¯}±� �Ò±a»K· ��¼|±G»�¶

·K¼Z¯�²v±�¶Â·�²%·�
H

4  #Z¯}°·� �B³�¯�²�·a¯�¾p¯ ��¯�Z¶ ��·
'}¶$#Z¯ �Â¼Z¯K»�¶B²	� � ·
'
T
±�²�¯�¯�¬��G¯� )�±�¾���¯ �

�9¬®¶*# 0�Z¬®¶Â¯ � �G¾ ¶\¬½¼M¾ ¬¸»�¬®¶��&±� � 	� #G¬¸» #�»v±� ·�Z¾��j»�¾�� ��¶Â¯�²0±�¶�� 4� #Z¯ �µ¯
¯�¬��G¯� )�±�¾���¯ ��±�²�¯
	¸±�¶���· ��¶ 	$±�»K· �GZ¶÷± � ¾p¯
¬®;0�Z¬®¶Â¯ �µ¯�¶ 4�� ¯�²�·j±�¾ �)±�� � � ¯�¾p·��� �¿¶ ·}¶$#Z¯ �Â¼Z¯K»�¶B² � �+4

dfe|i;¥bwys�spwµ¦�opx|�mu�e!i�wy�vi�h �KeZt���t^��u�i��vo�Í�i�~�u�e|i�i�op�yi�xT©^t�s�q!i�~�w�¥�É\� :¢Ë$¥b��wyh�u�e!i
x!w�x Á
Í�i���wji�op�yi�x¢©�t^spq!i�~fw�¥6uve!i
wy{Mi���t�u�wy�

T
Ã

� � ÙGÝ � Ù  	3� � � ��·�²
r
� � �@»�¬¸¯�Z¶B¾�� ¾´±�² �G¯ �§¯ #|± )�¯ ¶*#|±�¶ 	�¬ '

(λ; u, p, s, z)
¬�� ±�

¯�¬��G¯��¼|±�¬®²�·
' É¸� :¢Ë0¶$#Z¯�
(

1

λ + r
; u, s, z

)

,

¬���±�2¯�¬��G¯��¼|±�¬®²�·
'
T
	 �9¬®¶$#�°·� �B³�¯�²K·�¯�¬��G¯� )�±�¾���¯�	�±� ��»K·� )�¯�²��µ¯�¾�� 4

� ����� � � � i�u(q!~§Ö|�
r
t^~§opxju�e!i�wy�vi�hÓk!Ã´ÏyÏyÃ ) ¥

(λ; u, p, s, z)
o�~(tr~�wyspq|uvopwyxjw�¥�É¸� :yË�Ä

¦§ifwy�cuKt�o�x£�T� � i�Ö!x!o�uvopwyxmw^¥°t^x£i�op��i�x¢©yi���u�w���uveZt^u
(u, p, s, z) 6= 0

Ã dfe!op~"oph}{!spo�i�~'u�eZt^u
(u, s, z) 6= 0

Ã ) x � i�i � ÄMw�u�e!i���¦�o�~vi
¦§i;¦§wyq|s � e!tµ©�i�Ä�¥b�vwyh É¸� :¢Ë-ÄZu�eZt^u ∇p = 0
opx

Ωf Äoph}{!s��Gopx|�
p = 0

Ä��Mi���t�q!~�i&uve!i£{!��i�~v~�q!�vi&o�~ � i�Ö!x!i � h}w � q|spw�t%��wyx!~�u�t�x¢uPÃ �2imu�t�¨�i
ω = λ + r

Ã�×Z�vw�h É¸� :¢Ë$¦§i;�yi�u

∇u0u + ∇uu0 − 2ν div ε(u) +
1

ρ
∇p + ru = ωu,

opx
Ωf ,

div u = 0,
opx

Ωf ,

u = 0,
wyx

Γ,

u = Φz −∇u0Φs,
wyx

γ,

−z + rs = ωs,

M−1

[
(
K + B0

)
s +

∫

γ

ΦTσ(u, p)n da

]

+ rz = ωz.
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�Xi�x|��i�ÄZ¥b��wyh � i�ÖZx!o´u�opw�x�w�¥
T
É 
¢�yËKÄ!¦$i;��i�u

ωT (u, s, z) = (u, s, z).
�§q|uPÄ

ω
�Pt�xºx!w�u¿�DimÍ�i���w��Mi���t�q!~�i�Ä�~vo�x!��im¦$i£eZtP©yiX��q|~�u
{!��wª©�i � u�e!t^u

(u, s, z) 6= 0
Ã

dfe!i���i�¥bwy��i�Ä!¦$i���t�x�¦���o�uvi

T (u, s, z) =
1

ω
(u, s, z).

�§wyx!~vi�ÇTq!i�x¢u�s´�yÄ�o�¥
(λ; u, p, s, z)

o�~�t�x�i�op��i�x!~�wyspq|uvopwyx�w�¥;É¸� :¢Ë�Ä|uve!i�x

1

ω
=

1

λ + r
,

op~�t�x�i�o��yi�x¢©^t�s�q!i0w�¥
T
t�x �

(u, z, s)
t�x�t�~v~�wc��oIt^uvi � i�o��yi�x¢©�i���uvwy��Ã

�§w�xT©�i���~vi�s´�yÄZo´¥
ω 6= 0

op~(t^x�i�op��i�x¢©^t�spq!i�w�¥
T
t^x �

(u, s, z)
t�x�t�~�~vwG��opt^u�i � i�op��i�x Á

©yi���u�wy��ÄZxZt�h}i�s´�yÄ

T (u, s, z) = ω(u, s, z),
u�e!i�x�¥b��wyhÓuve!i � i�ÖZx|o�u�o�wyx�w�¥

T
É 
y�yË-Ä!¦$i
�yi�u�uveZt^u

(ωu, ωs, ωz)
~vt^u�o�~�ÖZi�~

ω∇u0u + ω∇uu0 − ω2ν div ε(u) +
1

ρ
∇p + ωru = u,

o�x
Ωf ,

div ωu = 0,
o�x

Ωf ,

ωu = 0,
wyx

Γ,

ωu = ωΦz − ω∇u0Φs,
wyx

γ,

−ωz + ωrs = s,

M−1

[
(
K + B0

)
ωs +

∫

γ

ΦTσ(ωu, p)n da

]

+ ωrz = z.

�X¥®u�i�� � o�©Go�~vopw�x��T�
ω 6= 0

Ä�t�x � �¢� � i�x|w�u�o�x!�
q = p/ω

¦§i;wy�|u�t�opx
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∇u0u + ∇uu0 − 2ν div ε(u) +
1

ρ
∇q =

(
1

ω
− r

)

u,
o�x

Ωf ,

div u = 0,
opx

Ωf ,

u = 0,
wyx

Γ,

u = Φz −∇u0Φs,
wyx

γ,

−z =

(
1

ω
− r

)

s

M−1

[
(
K+ B0

)
s +

∫

γ

ΦTσ(u, q)n da

]

=

(
1

ω
− r

)

z,

¦�e!op�Ke�oph}{!spo�i�~)u�eZt^u
(

1

ω
− r; u,

p

ω
, s, z

)

,

op~�t£~vwys�q|u�o�wyx�w�¥;É\� :¢ËKÃ
) x�~vq|hjhjt�����Ä|u�e|i;i�op�yi�x¢©�t^spq!i�~fw�¥;É¸� :¢Ë(t��vi
o�x%u�e!i0¥bwy��h

λ =
1

ω
− r,

¦�e!i���i
ω 6= 0

o�~�t�x�i�op�yi�x¢©�t^spq!i0w�¥
T
Ã

�
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