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u¨��xzr!|!t�j � ~w|Mj���v��wu�tg|!�wx��!tqj�i�Æ�~wj�j!�»�¼�dÆ(odj���vwpqxzy"
��]± egf!pq~���xzr!|!t�j � j�p��zj�y}|!�wxz�}tqj�i
pqy¥®zxzt»®zj�~:vwf!j�t�pqy!j�u��wp�Ì�j � p�y!��x�ik|!��j�~�~wpq�}tqj�¯�uP®Gpqj�� ¬ oTv�x��_j�~:j�ÑTr[u_vwpqxzy!~ +c°���p�v�v�j�y«pqy u

ß�ß=ê$#&% �('Pÿ
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Í}�dj ��� xzi�u_pqy , u_y � vwf!xz~�j{x_©�u
�wj � r!��j � t�pqy!j�u��Ë~�vw�wr!��v�r!��j�±9egf!j{��x�r!|!tqp�y!�0pq~���jPu�t�pqÌ�j �
v�f!��xzr!�zf�~w|Mj���p�Í[�0vw��u�y!~�|!pq�wu_v�p�xzy�pqy¥vwj���©Bu_��j
��xzy � p�vwpqxzy!~ +B~wj�j � �Pl � , ±

¦ j¨inr!~�v�y}x�v�p���jÎv�f!u_v�v�f!j¨r!~�j¨x�©nu<tqp�y!jPu_��i:x � j�t�©cxz�%ª[rdvwv�j���u�y[u�t»�d~�pq~%°Úu�~
u�tq��jPu � �Ïu �!� �wj�~�~wj � +B~�j�j�©cxz�0p�y!~�v�u�y!��j ��
�
�� , ±��Yx¼°Új�®zj���Æ'v�f!j&xz��pq�zp�y[u�tqp»vÈ��x�©$xzr!�0u_| ¬
|!�wx¥u_�Kf�t�pqj�~0p�ybv�f!j&tqp�y!jPu_�wpqÌ�u_v�p�xzy ¬ v���u_y!~w|!p���u_vwpqxzy�©cxz��inr!tIu�v�pqx�y � j�®�j�t�xz|Dj � p�y2�6u���v)Å
�»�¼���Ë°�f!p��Kfb|!�wx¼®Gp � j�~
u%��xzr}|!tqj � j�pq��j�y!|!��xz�!t�j�i�x�©Wikp�y!pqiku�t���x�ik|!t�j��dp�vÈ��Æ·p�yT®�xzt�®Gp�y!�
v���u_y!~w|!p���u_vwpqxzykpqy¥v�j���©Bu���jÇ��x�y � p�vwpqxzy}~�±ËÅÈy�v�f}pq~(~�j�y!~�j�Æ!v�f}j0|!�wj�~wj�y¥v{|[u�|Mj��Ú��xzy!~�v�p»v�r}vwj�~
v�f!j%yTr!i:j���pq��u�t$��xzr!y¥v�j��w|[u_��v&x�©gvwf!j�ikj�y¥v�pqx�y!j � ©cx��winr!tqu_v�p�xzy�±�egf!j%j�p��zj�y}|!�wxz�}tqj�i
pq~ � pq~w���wj�v�pqÌ�j � r!~�pqy!�%ukÍ[y!p»v�jsj�tqj�ikj�yTv0u�|!|!��x¼�dp�i�u_vwpqxzy·ÆDu_y � p�vw~�~�i�u�t�tqj�~�vY�wjPu_t"|[u���v
j�pq��j�y¥®_u�tqr!j�~'u��wj�u_|!|!�wxP�dpqiku_vwj � �¥�0��x�in�!pqy}pqy!�gug�zj�y!j��wu�tqp�Ì�j � �(uP�Gtqj��Çv��wu�y!~�©cxz�wi u�y �
u�y�ÅÈi:|!tqp���p»v9��j�~�v�u���vwj � �Y�wy!x�t � pM��j�v�f!x � ± Ù p�y[u�t�t��zÆ�~wj�®�j��wu�tDyTr!i:j���pq��u�t[j��d|Mj��wp�ikj�y¥v�~
°�pqtqt}|Dxzp�y¥v�xzr}vPÆGxzy&v�f!j{xzy!j{f[u�y � Æ¥v�f!j{|Dj���©cxz��i�u_y!��j�x�©·xzr!�$u�|!|!��x¼�dp�i�u_vwpqxzy�~��Kf!j�i:j
u�y � Æ�x�yÎv�f!j�x�vwf!j���f[u�y � ÆDv�f!j���xz�!r!~�v�y!j�~w~
x�©Wxzr!�Ytqpqy}jPu���pqÌPu�v�pqx�y ¬ vw��u�y!~�|!pq�wu_v�p�xzy%©cxz� ¬
inr!tIu�v�pqx�y�©cxz�(ª[r}v�v�j��{p�y!~�v�u��!p�tqp�vwpqj�~ � j�v�j���v�p�xzy�±

egf}j$xzrdv�tqp�y!j9x�©dv�f!p�~�|!u�|Dj��'pq~�u�~'©cxztqt�xî°�~�±'ÅÈy�~�j���vwpqxzyn�g°$jWpqy¥v���x � r}��j9v�f!jW~w|Mj���v��wu�t
|!�wxz�}tqj�i u_�wpq~�pqy!��©c��xzi�v�f!j�tqp�y!jPu���pqÌ�u_v�p�xzy ¬ vw��u�y}~w|!p���u_vwpqxzy&©cxz�wisr!tIu_vwpqxzy � j�®zj�tqxz|Mj � p�y
�"u���v�Å � �¼���]±9ÅÈy�~�j���v�pqx�y 
nvwf!pq~g|!��xz�!t�j�i,p�~�u�|!|!��xP�}p�i�u�v�j � r}~wpqy}�ku�~�vKu��!p�tqp�Ì�j � Í[y!p�vwj
j�tqj�ikj�y¥v�i:j�vwf!x � ±{e�xkvwf!pq~Yj�y � uki:p»�dj � ®�u_�wpIu�v�pqx�y[u�t·©cxz��inr!tqu_v�p�xzy�x�©Ëvwf!j � p �·j��wj�y ¬
v�pIu_t�|!�wxz�}tqj�i=p�~Yp�y¥v��wx � r!��j � ±�egf!j)®zj�tqxG��p�vÈ��u�y � |!��j�~w~�r!�wjnu��wj��Dx�vwfÎu�|}|!�wxP�dpqiku_v�j �
r!~wp�y!�¨��xzy¥v�p�yTr!xzr!~&©cr!y!��v�pqx�y!~�°�p�v�f

P1

pqy¥v�j��w|MxztIu_vwpqxzy2|Dj��:j�tqj�ikj�yTv�±<egf!j � pq~w���wj�v�j
©cxz�winr}tIu_vwpqxzy�tqjPu � ~�v�x§u§~�|[u���~wj��zj�y}j���u_tqpqÌ�j � j�p��zj�y¥®_u�t�r!j�~&|!��xz�!tqj�i�±2ÅÈy ~�j���vwpqxzy«l
°Új � jPu�t9°�p»v�f¨v�f!j:tqj�©µv�i:xz~�v)j�p��zj�y¥®_u�t�r!j�~)��xzi:|!r}v�u_v�p�xzy¨x�©Úvwf!pq~
�zj�y!j��wu�tqp�Ì�j � j�p��zj�y ¬
|!�wxz�}tqj�i�± ¦ j��!�wp�j�ª!� � pq~���r!~�~:vwf!j�Å �{�Ç� i:j�vwf!x � u_y � v�f!j��zj�y!j��wu�tqp�Ì�j � �(uP�Gtqj��
v���u_y!~�©cxz��i�± ¦ j
~wr}ikiku��wp�Ì�j�vwf!j0iku�pqy�~�v�j�|}~{x_©6vwf!j��(u¼�Gt�j��%vw��u�y!~�©cxz�wi ����y!xzt � p�u�t ¬
�zxz�wp»v�f!i +Bpqy¥vw�wx � r!��j � p�y ��
z��� , u�y � °$js|}�wx¼®Gp � j)~wxzi:j
pqi:|!tqj�ikj�y¥vKu_vwpqxzy%vwj��Kf!y!p�ÑTr!j�~
©cxz�)vwf!j�iku_vw�wp»� ¬ ®zj���v�xz�)xz|Mj��wu_v�p�xzy!~�± Ù p�y[u�t�t��zÆ�vwf!j�yTr!i:j���pq�Pu_tWj-�d|Dj��wpqi:j�y¥vw~nu���j��wj ¬
|Dxz��v�j � pqyb~wj���vwpqxzy§�d± ¦ j���xzy}~wp � j���vwf!�wj�j�~wp�vwr[u_vwpqxzy!~(��u%~�v���r!��vwr!�wj�p�iki:j���~wj � p�ybu
ª[r!p � u_v{��j�~�v�Æ�u:��u�y¥v�p�tqj�®�j���|!p�|Dj0��xzy¥®zj��Gp�y!�%u�ª[r!p � ª!xî° u�y � u&��j���vKu�y!��r!tIu��g�}�wp � �zj
� j�� �k|!�wx�Í!tqj{r!y � j��Ú°�pqy � j(�Dj���vw~�±�egf!jÇyTr!i:j���pq��u�tD��j�~�r!t�vw~gu��wjY��xzi:|[u���j � vwxs©cxz��ikj��
u�|!|!��x¥u��Kf!j�~Yu_y � j-�d|Dj��wpqi:j�y¥v�u�t � u_v�u}±
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²"³µ´·¶w¸�¹. �½¿¸���³µÄ ³µ½��%¸�´M¸�Ä��  �³� 
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� �§�������0	���
��
�������-
M�¨8 ��/b��#$
�	"�)�</�	"*)������;
¦ j���x�y!~wp � j��&ub~�vwjPu � � ª[r!p �G¬ ~�vw�wr!��v�r!��j�j�ÑTr!pqt�pq�!��pqr!i�±§ÅÈy<vwf!pq~���xzy}Í[��r!��u_vwpqxzy·Æ�vwf!j
~wxzt�p � pq~{tqxG�Pu_vwj � pqy�u � xzi�u_pqy

Ωs ⊂ R
3 °�p�v�f��Mxzr!y � u_��� γ ±(��~Ypqy�i�u_yT��|}�wxz�!t�j�i:~x�©Wu�j���xdj�tIu�~�v�p���p�vÈ��u_vÇt�xî° ��u��KfbyTr!in�Mj��w~�Æ�p�v�pq~Y~wr!���wxzr!y � j � �¥�bu:ª[r!p � pqy

R3 ± ¦ jpqy¥v���x � r}��jÎu���xzy¥v���xzt�®zxzt�r!ikj
Ω ⊂ R3 ��xzy¥vKu�p�y!pqy!�§v�f!jÏ~wxzt�p � ± �Yj�y!��j_Æ{vwf!j�ª[r}p �j�®zx�tqr}vwpqxzy&pq~9��j�~�v��wp���vwj � v�x0v�f!j � x�i�u�p�y

Ωf = Ω−Ω
s ±ËÅÈy&v�f}j{~�j�ÑTr!j�t�°$j{~wj�v

Γ = ∂Ω°�p�v�f
Γ = Γin ∪ Γout

Æ
Γin ∩ Γout = ∅

± �Yj��wj_Æ
Γin

~�vKu_y � ~
©cxz�Çv�f!j:pqy}tqj�vÇ�Dxzr}y � u����
u�y �

Γout

©cxz�(v�f}j)x�r}v�t�j�v��Mxzr!y � u_���zÆ}~wj�j
Í[�zr}�wj&�z±

Ω

Ωf

γ
Γin ΓoutΩs

Ù pq�zr}�wj&���gegf!jn��xzi:|!r}vKu�v�pqx�y[u�t � xziku�p�y
Ω
Æ � j�Í!y!j � �¥��v�f!j�~��G~�vwj�i p�yÏp»v�~{j�ÑTr!pqt�pq� ¬

�wpqr}i,��x�y}Í[�zr!�wu_v�p�xzy

¦ j�u�~w~�r!ikj�vwf!j�ª!r!p � v�x§�Mj�y}j�°gv�x�y!pIu�y<®Gpq~���xzr!~�Æ(f!xzi:xz�zj�y!j�x�r!~:u�y � pqy!��xzi ¬
|!�wj�~w~wp��!tqj_±ËÅöv�~$�Dj�f[uP®Gpqxz�Wpq~ � j�~�����pq�Mj � �¥�kp�v�~�®zj�tqxG��p»vÈ�

u0
u�y � |}�wj�~�~wr!��j

p0
±9�(v$j�ÑTr!p ¬

tqpq�}�wpqr}i�Æ�vwf!j�~�j�Í[j�t � ~s~wu_v�p�~�©µ�bvwf!jk©cxzt�tqx¼°�pqy}��p�y!��x�ik|!��j�~�~wpq�}tqj:¯�uP®Gpqj�� ¬ oTv�x��_j�~nj�ÑGr!u ¬
v�pqx�y!~Ë°��wp»vwv�j�ykp�y&j�r!t�j��wpqu�y���x�y!~wj���®_u_v�p»®zj�©cxz�wisr!tIu_vwpqxzyspqy�v�f!j�r!y&�Gy}xî°�y���xzy!p»©cr!��u�v�pqx�y
Ω = Ωf ∪ Ω

s �

div

(

u0 ⊗ u0 −
1

ρ
σ(u0, p0)

)

= 0,
p�y

Ωf ,

div u0 = 0,
p�y

Ωf ,

u0 = uΓin
,
xzy

Γin,

σ(u0, p0)n = 0,
x�y

Γout,

u0 = 0,
x�y

γ,

+ � ,

°�p�v�f
ε(u0) =

1

2

[
∇u0 + (∇u0)

T
]
, σ(u0, p0) = −p0 I +2µε(u0),

ß�ß=ê$#&% �('Pÿ
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ρ > 0
~�v�u�y � ~n©cxz�)v�f!j%®�xztqr}ikj�ª!r!p � � j�y!~�p�vÈ�zÆ

µ
©cxz��v�f!j �Tpqy}j�v�p��k®Gpq~���xz~�p�vÈ�2x�©gv�f!j

ª[r!p � Æ
n
©cxz�0v�f!jkr!y!p�v)y!x��wiku�t9®zj���v�xz��xzy

Γ
|Mxzp�yTvwpqy!��p�y!~wp � j

Ωs ÆËu_y � uΓin

©cx��
vwf!j
Í}�dj � ®zj�tqxG��p»vÈ��x�y

Γin

±9oGpqy!��j�Æ¥u_v"j�ÑTr!p�tqpq�}�wpqr}i v�f!j$~�vw�wr!��v�r!��j(pq~"u_vË��j�~�v�Æ�v�f}j(pqy¥v�j���©Bu���j
��xzy � p�v�p�xzy'+�� ,

5

j��d|!��j�~w~�j�~�v�f!j���x�yTvwpqyTr!p»vÈ�Çx�©Gv�f!j9®�j�tqxG��p»vÈ��Í[j�t � u_v�vwf!jËª[r!p �d¬ ~�v��wr}��v�r}�wj
pqy¥v�j���©Bu���j�±9ÅÈy�v�f!j
~wj�ÑTr!j�t�°$j)°�p�tqt·~�r!|!|Mxz~wj
v�f!u_v

u0

u�y �
p0

u���j
~wi:xdx�vwf�©cr!y!��vwpqxzy}~�±
egf}j0j�tIu_~�v�p��Y~�xztqp � r!y � j��(tqu��w�zj � p�~w|!tqu���j�ikj�yTvw~(pq~ � j�~�����pq�Mj � �¥��p»v�~$®�j�t�xd��p�vÈ��u�y �

p�v�~�~�vw�wj�~w~Ëv�j�y!~wx���±"�Y~Ëpqy �»�P���¿Æ�pqy�vwf!pq~6|[u�|Mj���°ÚjÚ°�p�tqtT~wr}|!|Dx�~wjÚvwf[u_v"vwf!j � pq~w|}tIu���j�i:j�y¥v
x�©�v�f!j�~�v��wr}��v�r}�wj�Æ�u���xzr!y � u �Ty!x¼°�y§��xzy}Í!�zr!��u�v�pqx�y

Ωs
0

Æ�pq~Ç�zp»®zj�y§�¥�Îu�t�pqy!j�u�����xzi ¬
�!pqy[u�v�pqx�yÏx�©$ukÍ[y}p�v�jsyGr}in�Dj��Çx�©�®Gpq�!�wu_v�p�xzyÏi:x � j�~

ϕi : Ωs
0 −→ R3, 1 ≤ i ≤ ns ÆpqyÏ~�r!�Kfbuk°ÚuP��v�f[u_vYv�f!j�ikx_v�pqx�y�x_©Ëv�f!j�~�vw�wr!��v�r!��jn�Pu�y��Dj)°��wp»vwv�j�yÎu�~

IΩs
0
+ Φs

pqy
Ωs

0

ÆM°�p»v�f
s ∈ Rns u�y �

Φ = [ϕ1|ϕ2| . . . |ϕns]
pq~Çu

3 × ns iku_v���p»��~�vKu�y � pqy!�:©cxz�{vwf!j�wj � r!��j � i:x � u_t"�[u�~�pq~�±:ÅÈy¨v�f}pq~Ç°Úu¼��Æ�vwf!j&~�vw�wr!��v�r!�wu�t��Dj�f[uP®dp�xz�0pq~ � �wp�®�j�y§�¥�¨�zp�®�j�y
i�u�~�~
u�y � ~�vwp �Dy!j�~�~�xz|Mj��wu_v�x��w~�Æ

M
u�y �
K
��j�~w|Mj���v�p»®zj�t»�z±:egfTr!~�Æ'v�f!j&j�ÑGr!u_v�p�xzy � j ¬

~w����pq�!p�y!�
v�f!j{~�vwjPu � �:j�ÑGr}pqtqp��!�wp�r!i x_©�v�f!j{~�vw�wr!��v�r!��jÇ~wr}�G��j���vÚv�x)ª[r!p � j(�Dj���v�~$pq~W�zp�®�j�y
�T�

Ks0 = −

∫

γ

ΦTσ(u0, p0)n da,
+]� ,

°�f!j���j
s0

~�vKu�y � ~W©cx���vwf!j{�zj�y!j���u�t�pqÌ�j � ��xGxz� � pqy[u_vwj�~�x�©Dv�f!j�~�vw�wr!��v�r!�wu�t � pq~�|!tIu_��j�i:j�y¥v�±
Åöv�j�ÑTr!pqt�pq�!�wu_v�j�~(v�f!j0ª[r}p � tqx¥u � u_vgv�f!j
p�yTvwj���©Bu���j

γ
±

�%Ó 
2¢!¡��������	� ´�½�
[¶ÚÂ}¸�¹-½B³¿Á��dÄ»¸�¹
Áw¸  ¼¶
��
[¶�¹K¶�½�
[¶�ÁK¾�´�� �$�G¹�¸�½]³¿¾�´Ï¸�½Ë½�
[¶�¶����G³µÄ ³���¹-³ ���
Ω
³� ��´·¾��9´ 	�ÂM¹�¾$��Äq¶��  �+ � , ¸�´!� +]� , ¸�¹�¶��G´·ÁK¾ �îÂMÄq¶����  ¼¶K¶:´ ����¶�¹-³¿Áw¸�ÄÚ¶���Â[¶�¹�³���¶�´[½� 

��¶�Äq¾������! )¾��Ú¶�"�¶�¹ 	Y³µ´ �G¶�´·¶�¹w¸�Ä 	Y½�
[¶�¶����d³µÄ ³���¹-³ ��� ÁK¾�´�� �$�d¹�¸�½B³¿¾�´
Ω

�G¶ÈÂ[¶�´!�  �¾�´ ½#
[¶
 �½]¹	�[Á�½ �G¹�¸�Ä ��³� ÈÂMÄ»¸GÁK¶���¶�´[½

s0

	�¸�´!��½#
[¶�´nÂM¹�¾$��Äq¶��  5+ � , ¸�´!��+¿� , ¸�¹�¶  �½]¹�¾�´���Ä��kÁK¾ �¼ÂMÄq¶��
�  ¼¶K¶%$'&�()���

ÅÈykv�f!p�~Ú|[u�|Mj��W°ÚjY©cxd��r!~Úxzykv�f!jYyGr}ikj��wpq��u�t�~wxzt�r}v�p�xzy:x�©�v�f!j{©cxztqt�x¼°�pqy!�
ÑTr[u � �wu_v�p��
j�pq��j�y¥®_u�tqr!j:|!��xz�!tqj�i �nÍ!y � v�f!jk|!r!t�~�u_vwpqxzy

λ ∈ C
Æ6v�f!jk|Dj���v�r}�w�[u_vwpqxzy�®zj�t�xd��p�vÈ�

u :
Ωf −→ C3 Æ·|!��j�~�~wr!��j p : Ωf −→ C

u�y �Î� pq~�|!tIu_��j�i:j�y¥v�|[u���u_ikj�v��wp�ÌPu_vwpqxzy
s ∈ Cns Æ

°�p�v�f
(u, p, s) 6= 0

Æ!~�r!�Kf�vwf[u_v

ÝcÞ�ß�Ýcà



²"³µ´·¶w¸�¹. �½¿¸���³µÄ ³µ½��%¸�´M¸�Ä��  �³� 
³µ´����d³ �4�  �½B¹	��Á�½��d¹�¶�³µ´[½È¶�¹w¸GÁ�½B³¿¾�´ �

∇u0u+∇uu0 − 2ν div ε(u) +
1

ρ
∇p = λu,

p�y
Ωf ,

div u = 0,
pqy

Ωf ,

u = 0,
x�y

Γin,

σ(u, p)n = 0,
xzy

Γout,

u = −λΦs−∇u0Φs,
x�y

γ,

λ2 M s+
(
K+ B0

)
s = −

∫

γ

ΦTσ(u, p)n da,

+�
 ,

°�f!j���j
M
u_y �

K
� j�y!x_v�j�ÆT��j�~w|Mj���v�p»®zj�t»�zÆzvwf!j(vKu�y}�zj�y¥v�pqu�tGi�u�~�~9u�y � ~�v�p �Dy!j�~w~9iku_v���pq��j�~

x�©}vwf!jÚ~�v��wr}��v�r}�wj(u_y �
B0 pq~6u ns×ns �wjPu_tG��j�xzi:j�vw�wpq��iku_v���p»�DÆ��zp�®�j�ys�¥�
v�f}j$©cxzt�tqx¼°�pqy!�j��d|!�wj�~w~�pqxzy �

B0
ij =

∫

γ

{
∇σ(u0, p0)ϕjn + σ(u0, p0)

[
I divϕj − (∇ϕj)

T
]
n
}
· ϕi da,

+cl ,

©cxz�
1 ≤ i, j ≤ ns ±oG|Dj���v��wu�t9|!��xz�!tqj�i + 
 , u_�wpq~�j�~Ç©c��xzi v�f}j:t�pqy!j�u��0~�v�u��!p�tqp�vÈ�Ïu�y[u_t��G~wp�~0x�©$vwf!j&ª[r!p �G¬

~�v���r!��vwr!�wj�j�ÑTr!pqt�pq�!��pqr!i=~�vKu_vwj
(u0, p0, s0)

Æ·~�u_vwpq~�©µ�Gp�y!�%j�ÑTr[u�v�pqx�y!~ +�� , u�y � +]� , ±
egf!p�~
j�pq��j�y!|!��xz�!t�j�i °Úu�~ � j���p�®�j � pqy��"u���v{Å � �¼�dÆModj���vwpqxzy 
}± 
�� +B~�j�j�u�tq~�x �»�¼�dÆM�Úf[u�|}vwj���l$� ,
�T�:��xzin�!p�y!pqy!�
v�f}j�� #�p�y!jPu���pqÌ�u_v�p�xzy:����pqy!��pq|!t�j��{u_|!|!�wxzu��Kf +B~�j�j � �z��� , °�p�v�f:v�f!jY�wj���j�y¥v
tqpqy}jPu���pqÌPu�v�pqx�y ikj�v�f!x � � j�®zj�tqxz|Mj � p�y � �Pl!Æ��î���¿Æ(|!u���vwpq��r}tIu���t�� ~�r!p�vwj � ©cx��k|!��xz�!t�j�i:~
pqy¥®zxzt»®Gpqy!�&i:xî®Gp�y!�&�Dxzr}y � u���pqj�~�±ÚÅÈy�v�f!p�~�°ÚuP�zÆ�v�f!j)u��Mx¼®zj�~�v�j�u � ��j�ÑGr}pqtqp��!�wp�r!i ~�vKu�v�j
°�pqtqtM�Mj)��xzy!~�p � j��wj � t�pqy!j�u��wt»��u_~��Gik|dv�x�vwpq�Pu_tqt��:~�vKu��!t�j�Æ!p»©�j�pq��j�y!|!��xz�!t�j�i + 
 ,Ú� xGj�~gy}x�v
f[uP®zj%j�pq�zj�yT®_u�t�r!j�~
°�p�vwf2y!j��¥u_vwp�®zjk�wj�u�t�|[u���v�± �Yx¼°Új�®zj���Æ9v�f!p�~�~�v�j�u � ��~�vKu�v�j&°�pqtqt��Mj
v�j���ikj � r!y!~�vKu��!t�jgp�©[vwf!j���jgj��dpq~�v�~�ÆGu_vËtqjPu_~�vPÆ�xzy!jgj�p��zj�y¥®_u�t�r!jÚ°�p�vwf�y!j��zu_v�p»®zj(��jPu�t!|!u���v�±
�%Ó 
2¢!¡������ � 
 
[¶{½B¹�¸�´  ÈÂM³µ¹w¸�½B³¿¾�´ ��¾ �G´!�¥¸�¹��&ÁK¾�´!��³µ½]³¿¾�´ + 
 ,

5

¸�´!�n½#
[¶Ç¸���¾�"�¶��B¸2�2�G¶��
 �½]³ ��´·¶   �� �:¸�½]¹-³ �

B0 ÁK¾���¶
	-¹�¾��Ê½#
[¶ �G¶K¾���¶�½B¹�³¿Á{³µ´[½È¶�¹�¸GÁ�½]³¿¾�´ ��¶�½��Ú¶K¶�´�½#
[¶����d³ �&¸�´!�
½#
[¶  �½]¹	�[Á�½ �G¹�¶�	�¹�¶�	P¶�¹n½ ¾ $
��� 	�����	�����( 	{¸�´!��½¿¸ �¥¶�³µ´[½È¾�¸GÁKÁK¾ �G´[½(½#
[¶YÂ[¾   �³���Äq¶ ��¾�½B³¿¾�´
¾
	0½#
[¶)³µ´[½È¶�¹�	�¸GÁK¶ �

ß�ß=ê$#&% �('Pÿ



� �Î³��$�[¶�Ä ���
´��G¶�Ä��6¶�¹-´���´!�G¶wº
	"À(¸�½B¹-³¿Á���²�¶�
�¸�ÄµÄq¶KÁ

� � ��; �(	"��#(�
�<�����
���������
�Y©µv�j��Wvwf!j�iku_vwf!j�iku_v�p��Pu�t!u�y[u�t»�d~�pq~W�wj�|Dxz��v�j � pqy��"u���v(Å � �¼�}Æ}odj���v�p�xzy�l��¿ÆT°Új�u �!� ��j�~�~�Æ
pqy%v�f}pq~g~wj���vwpqxzy�Ædv�f!j0Í[y!p»v�jÇj�tqj�ikj�yTv � pq~w���wj�v�pqÌ�u_v�p�xzy�x�©'v�f}j)j�pq�zj�y¥®�u_tqr!jÇ|}�wxz�!t�j�i + 
 , ±
¦ j�Í[�w~�v"��j�°���p�v�j9vwf!j �öª[r!p � |!u���v ��x�© + 
 , p�y)®_u���pIu_vwpqxzy!u�t_©cxz��i u�y � v�f!j�y�°$j$|}�wxz|Mxz~wj$u
~�vKu_�!pqt�pqÌ�j � Í[y!p�vwj�j�tqj�ikj�y¥v(u�|}|!�wxP�dpqiku_v�p�xzy�± Ù pqy!u�tqt»�zÆ_°$j�|}�wx¼®Gp � j�v�f!j{��x��w�wj�~w|Mxzy � p�y!�
i�u_vw�wp ��©cxz��inr!tqu_v�p�xzy�Æ¥°�f!pq�Kf�tqj�u � ~gv�x:u�~w|!u��w~�j��zj�y!j��wu�tqp�Ì�j � j�pq�zj�y¥®�u_tqr!j0|!��xz�!t�j�i�±

����� �
	���
�	���
�����	���������������	���
����
ÅÈy v�f!j�~wj�ÑTr!j�tÇ°ÚjÏ��xzy!~�p � j���©cr!y!��v�p�xzy!~ � j�Í[y!j � pqy �Mxzr!y � j � ~wr}�!~wj�v�~�x�©

R3 Æ{u�y �vKu$�Tpqy}�(®�u_tqr!j�~�p�y0v�f!j���x�ik|!t�j���Í[j�t �
C
±�egfGr}~�Æzu_tqt

Lp
u�y � odxz�Mxztqj�®Ç~w|!u���j�~"u�|}|Dj�u��wp�y!�

pqyÎv�f}pq~0~wj���vwpqxzy§u���jnvKu$�_j�y§u�~
��xzi:|!t�j���®zj���v�xz�
~�|[u���j�~
x�©$©cr}y!��vwpqxzy!~Ç°�p»v�fb��xzik|}tqj��
®�u_tqr!j�~�Æ¥~wj�j � �¼���¿± #�j�v

Ω
�Dj�u_ykxz|Mj�y&�Mxzr!y � j � ~wr!�!~�j�v$x�©

R3 Æz°�p»v�f&tqxG�Pu�t�t�� #�pq|!~��Kf!p�vwÌ��xzy¥v�p�yTr!xzr!~��Mxzr!y � u_���
Γ = Γin ∪ Γout

± ¦ j¨u_~w~wr}ikjbv�f!u_v
Ωs pq~�u y!x�y ¬ j�ik|}vÈ���xzy!y}j���vwj � x�|Dj�y ~wr!�}~wj�v�x�©

Ω
Æ(°�p»v�f«tqxG�Pu�t�t�� #�p�|!~w�Kf!p»v�Ì���xzy¥vwpqyTr!xzr!~:�Mxzr!y � u_���

γ
Æ

u�y � ~wr!�Kf�v�f[u�v
Ω

s
⊂ Ω

Æ[~wj�j
Í[�zr}�wj&�z±
ÅÈy¥vw�wx � r!��p�y!��v�f!j&�Kf[u�y}�zjkx_©$®_u���pIu��!t�j�~

z = −λs
Æ'j�pq��j�y!|!��xz�!t�j�i +�
 , vKu$�_j�~
v�f!j

©cxztqt�xî°�p�y!�Ïvw��u � p»v�p�xzy[u�tW©cxz�wi +c~wj�jÎu�t�~wx§�"u���v�Å �»�P�}Ægodj���vwpqxzy«l!±Ã�d±��(� , ��Í[y �
λ ∈ C

Æ
u : Ωf −→ C3 Æ p : Ωf −→ C

u�y �
s, z ∈ Cns Æ!°�p»v�f

(u, p, s, z) 6= 0
Æ[~wr}�Kf�v�f!u_v

ρ
(
∇u0u+∇uu0

)
− 2µ div ε(u) +∇p = λρu,

p�y
Ωf ,

div u = 0,
p�y

Ωf ,

u = 0,
xzy

Γin,

σ(u, p)n = 0,
xzy

Γout,

u = Φz −∇u0Φs,
x�y

γ,

−z = λs,
(
K+ B0

)
s +

∫

γ

ΦTσ(u, p)n da = λM z.

+]� ,

¦ j
��xzy}~wp � j��gv�f!j0©cxzt�tqx¼°�pqy}�n��xzi:|!t�j���oGxz�Dx�tqj�®�~w|[u_��j�~(�

H1
Γin

(Ωf) =
{
v ∈ H1(Ωf)|v = 0,

xzy
Γin

}
,

H1
Γin∪γ(Ω

f) =
{
v ∈ H1(Ωf)|v = 0,

xzy
Γin ∪ γ

}
,

ÝcÞ�ß�Ýcà



²"³µ´·¶w¸�¹. �½¿¸���³µÄ ³µ½��%¸�´M¸�Ä��  �³� 
³µ´����d³ �4�  �½B¹	��Á�½��d¹�¶�³µ´[½È¶�¹w¸GÁ�½B³¿¾�´ �

u�y � u:t�pqy!j�u��(��xzy¥v�pqyTr!x�r!~�tqp�©µvÚxz|Mj���u�v�xz�

R : H
1

2 (γ)3 −→ H1
Γin

(Ωf)3.
+B� ,

�$�<inr!t»v�pq|}t��Gpqy!�bj�ÑTr[u_v�p�xzy +]� ,
1

�¥�
v ∈ H1

Γin∪γ(Ω
f)3 Æ(pqy¥v�j��z��u�v�pqy}���¥�<|[u���v�~�u�y �vKu$�Tpqy}�kp�yTvwx%u�����xzr}yTvYv�f!j)�Mxzr!y � u_������xzy � p�vwpqxzy!~�Æ[°Új��zj�v{v�f[u�v�j�pq�zj�yT®_u�t�r!j)|!�wxz�}tqj�i

+¿� , ��u�y§�Djn°���p�vwvwj�y�Æ�r}y � j��0®_u���pIu_vwpqxzy[u_t'©cx��wi�Æ�pqybv�f}jn©cxztqt�xî°�p�y!��°ÚuP� �ÇÍ!y �
λ ∈ Cu�y �

(u, p, s, z) 6= 0
p�y
H1(Ωf)3 × L2(Ωf)× Cns

× Cns ~wr}�Kf�v�f!u_v

u− R(Φz −∇u0Φs) ∈ H
1
Γin∪γ(Ω

f)3,

a(u, v) + b(p, v) = λd(u, v), ∀v ∈ H1
Γin∪γ(Ω

f)3,

b(q, u) = 0, ∀q ∈ L2(Ωf),

−z = λs,
(
K+ B0

)
s+

∫

γ

ΦTσ(u, p)n da = λM z,

+]� ,

°�p�v�f�y!x_vKu_vwpqxzy

a(u, v) = ρ(∇u0u+∇uu0, v̄)0,Ωf + 2µ(ε(u), ε(v̄))0,Ωf ,

d(u, v) = ρ(u, v̄)0,Ωf ,

b(p, v) = −(p, div v̄)0,Ωf .

¯{x�v�j0vwf[u_vgv�f}j)~�r!��©Bu_��j
pqy¥v�j��z��u_t�pqy +¿� ,
5

Æ
∫

γ

ΦTσ(u, p)n da,
+ � ,

inr!~�vÇ�Djnv�u$��j�y§p�yÏv�f}j�~wj�y}~)x_©
H− 1

2 (Γ ∪ γ)ns Æ�p]± j_±
vwf!j
i
¬ v�f¨��xzik|Mxzy!j�y¥v0x�© + � , p�~

� j�Í[y}j � u_~
∫

γ

(
σ(u, p)n

)
· ϕi da = 〈σ(u, p)n, χγ(ϕi)〉

H
−

1
2 (Γ∪γ),H

1
2 (Γ∪γ)

,

©cxz�
i = 1, . . . , ns u�y � °�p�v�f

χγ(ϕ) =

{
0

xzy
Γ

ϕ
xzy

γ
.
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�¼� �Î³��$�[¶�Ä ���
´��G¶�Ä��6¶�¹-´���´!�G¶wº
	"À(¸�½B¹-³¿Á���²�¶�
�¸�ÄµÄq¶KÁ

egf!pq~ � j�Í[y!p»v�pqx�y�iku$�_j�~�~wj�y!~wj)�Dj��Pu�r}~wj�Æ[©c��xzi +¿� ,
2
Æ

div σ(u, p) ∈ L2(Ωf),
+ � ,

u�y � vwf!j�y
σ(u, p)n ∈ H− 1

2 (Γ∪γ)
ÆG~wj�j{©cxz�Wpqy!~�vKu�y!��j � �$
��]±ËÅÈy�u � p�~w����j�vwjY©c��u_ikj�°Úxz� �

v�f!p�~"��x�y � p�vwpqxzy � xGj�~"y}x�vË�zj�y!j��wu�tqt»�)f!xzt � ±6egf!j��wj�©cxz�wj_Æz°Új(f!u¼®�j(v�xÇ~�|Dj���p»©µ����pq�zx��wxzr!~�t��
v�f!j � pq~����wj�v�j���xzr}yTvwj���|[u���v%x�© + � , ± �(u�~wp��Pu�t�t���ÆWvwf!jÏp � jPu§��xzy!~�pq~�v�~�p�y«vw�wj�u_v�p�y!�§vwf!j
~wr!��©Bu���j§pqy¥v�j��z��u_t
u�~Ïu ®_u��wpqu_v�p�xzy[u�tY�wj�~wp � r[u�t¿Æ�~wj�j � � � �]±�ÅÈy � j�j � Æ
�¥�Éinr!t»v�pq|}t��Gpqy!�
+¿� ,

1

�¥�
R(ϕi)

Æ�pqy¥vwj��z�wu_v�p�y!� �¥�@|[u���v�~�u�y � vKu$�Tp�y!� pqy¥v�x«u�����xzr}yTv�v�f}jb�Dxzr}y � u����
��xzy � p�v�p�xzy!~�Æd°$j��zj�v

∫

γ

(
σ(u, p)n

)
· ϕi da = a(u,R(ϕi)) + b(p, R(ϕi))− λd(u,R(ϕi)).

+ �¼� ,

�ÚtqjPu_�wt���ÆDvwf!j&�wpq��fTv�f[u�y � ~�p � j�x�© +��¼� , pq~Ç�Mj�v�v�j��
u � u�|}vwj � v�x�u%Í[y}p�v�jsj�tqj�ikj�y¥v � pq~ ¬
���wj�v�p�ÌPu_vwpqxzy�v�f[u_yÏv�f!j�tqj�©µv�xzy}j�±�e6u$�Tpqy}��pqy¥vwx%u�����xzr!y¥v'+ �¼� , ÆD°$js��u�yÎ�wj�°��wp»v�j�+]� , p�y
v�f!j9©cxzt�tqx¼°�pqy!�$°(uP� ��Í[y �

λ ∈ C
u�y �

(u, p, s, z) 6= 0
pqy
H1(Ωf)3×L2(Ωf)×Cns

×Cns

~wr!�Kf�v�f[u_v
u− R(Φz −∇u0Φs) ∈ H

1
Γin∪γ(Ω

f)3,

a(u, v) + b(p, v) = λd(u, v), ∀v ∈ H1
Γin∪γ(Ω

f)3,

b(q, u) = 0, ∀q ∈ L2(Ωf),

−z = λs,
(
K + B0

)
s+ F a(u) + F b(p) = λ

(
M z + F d(u)

)
,

+���� ,

°�p�v�f
F a(u), F b(p), F d(u) ∈ Cns �zp�®�j�y�Æ}©c��xzi + �¼� , Æ!�¥��v�f!jÇ©cxzt�tqx¼°�pqy}�nj��d|!��j�~w~�pqxzy}~��

[
F a(u)

]

i
= a(u,R(ϕi)),

[
F b(p)

]

i
= b(p, R(ϕi)),

[
F d(u)

]

i
= d(u,R(ϕi)),

©Bu��
i = 1, . . . , ns ±

����� � 
�� 
 ����� ��� ��� � �
	�
���
 ��� ��
�� 	�� 
����
ÅÈy�vwf!j
~wj�ÑTr!j�t¿Æ[°$j)°�p�tqt�u�~�~wr!i:j0v�f[u�v

Ωf ⊂ R3 p�~�u:|Mxzt»�d��xzy[u�t � xzi�u_pqy%°�p�vwf�°�f!pq�Kf°Új)u�~�~wxG��pIu�v�j)u��wj���r!tIu��$©Bu�ikp�t��:x�©�v���pIu�y!��r!tIu_vwpqxzy}~
{Th}h>0

+B~�j�j �Ã� � , Æ}~wr!�Kf�v�f[u_v

Ω
f
=

⋃

K∈Th

K, ∀h > 0,
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²"³µ´·¶w¸�¹. �½¿¸���³µÄ ³µ½��%¸�´M¸�Ä��  �³� 
³µ´����d³ �4�  �½B¹	��Á�½��d¹�¶�³µ´[½È¶�¹w¸GÁ�½B³¿¾�´ �z�

°�f!j���j
h
pq~ � j�Í[y!j � �¥�

h = max
K∈Th

hk

Æ!°�p�vwf
hk

vwf!j � pIu_ikj�v�j��Úx�©
K
±

ÅÈy xz� � j���v�x u�|!|!��x¼�dp�i�u_vwjbv�f!j§��xzy¥vwpqyTr!xzr!~�~w|!u���j�~
H1(Ωf)

u�y �
L2(Ωf)

ÆÇ°$j
pqy¥v���x � r}��jÇv�f}j
Í!y!p�vwj � pqi:j�y!~�pqxzy!u�t·~�|[u���j

Vh

� j�Í[y!j � �¥�

Vh =
{

vh ∈ C
0(Ω

f
)| vh|K ∈ P1(K), ∀K ∈ Th

}

,

°�f!j���j
P1(K)

~�v�u�y � ~g©cxz�Úvwf!j
~w|[u_��j
x�©6|Dxzt»�Gy!xzi:pIu�t�~$xzy
K
x�© � j��z��j�j
tqj�~w~gxz�gj�ÑTr[u�t

v�x��z±9egfTr!~�Æ[°$j � j�Í[y!j
v�f}j
©cx�tqtqx¼°�p�y!� � p�~w���wj�vwj�~�|[u���j�~��

Xh = Vh ∩H
1
Γin

(Ωf), Qh = Vh, Vh,0 = Vh ∩H
1
Γin∪γ(Ω

f).
+��¼� ,

ÅÈy<u � pq~����wj�v�j�©c�wu�i:j�°$xz����Æ9v�f!j�xz|Dj���u_vwxz�
R
p�y +]� , pq~n��j�|!tqu���j � �¥� u � p�~w���wj�vwj�tqp»©µv

xz|Dj���u_vwxz�
Rh : Tr(Vh)

3
|γ −→ X3

h.ÅÈy�v�f!j�~�u�i:jY°ÚuP�zÆ}°$jÇpqy¥vw�wx � r!��jÇu
P1

#'u��z��u_y!�zj ¬ |!pqj���j�°�pq~wjYpqy¥v�j��w|MxztIu�v�pqx�ykxz|Mj��wu_v�x��
Ph

xzy
γ

Ph : C0(γ)3 −→ Tr(Vh)
3
|γ,� j�Í[y}j � u�~{v�f!j��wj�~�v���pq��vwpqxzy�xzy

γ
x_©Ëv�f!j���tqu�~w~�pq�Pu_t

P1
#'u��z�wu�y!�zj ¬ |!p�j���j�°�pq~�j�p�y¥v�j���|Dx ¬

tIu_vwpqxzy%x�|Dj���u_vwxz�
Πh

pqy
Ωf ±¦ p»v�f<v�f!p�~&y!x�vKu�v�pqx�y�ÆW°$jÏ��u�y u�|!|!��x¼�dp�i�u_vwj�|!�wxz�}tqj�i +��z� , Æ(�¥�<�wj�|!tIu_��pqy}�¨vwf!j

��xzy¥v�p�yTr!xzr!~{~w|[u_��j�~
H1(Ωf)3 u_y � L2(Ωf)

�¥��v�f!j � p�~w����j�vwj)~�|[u���j�~
Vh

u_y �
Qh

Æ�+B~�j�j
�Ã� � , ± �{j�y!��j�Æ9°$j%xz�}v�u�pqy2vwf!j�©cxzt�tqx¼°�pqy}�Ïu�|}|!�wxP�dpqiku_v�jk|!�wx��!tqj�i �nÍ[y �

λ ∈ C
u�y �

(u, p, s, z) 6= 0
p�y
V 3

h ×Qh × Cns

× Cns ~�r!�Kf�vwf[u_v

u− RhPh(Φz −∇u0Φs) ∈ V
3
h,0,

a(u, v) + b(p, v) = λd(u, v), ∀v ∈ V 3
h,0,

b(q, u) = 0, ∀q ∈ Qh,

−z = λs,
(
K + B0

)
s+ F a

h (u) + F b
h(p) = λ

(
M z + F d

h (u)
)
,

+�� 
 ,

°�p�v�f
F a

h (u), F b
h(p), F d

h (u) ∈ Cns �zp�®�j�y��T�
[
F a

h (u)
]

i
= a(u,RhPh(ϕi)),

[
F b

h(p)
]

i
= b(p, RhPh(ϕi)),

[
F d

h (u)
]

i
= d(u,RhPh(ϕi)),
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©cxz�
i = 1, . . . , ns ±�Y~6°$jÚf[uP®�jgu�tq��jPu � �
|Dxzp�y¥v�j � xzr}v6pqys�"u���v"Å � �¼�dÆ_|[u��wu��z��u_|!fsl!±Ã�d± 
��]Æzu�y � u�~"p»v'°�pqtqt

�Dj&��x�y}Í[�wi:j � �Dj�tqx¼° +cpqy§~wj���v�p�xzy§l!± l , Æ'v�f!j:~wxzt�r}v�p�xzy¨x�©$|!�wxz�}tqj�i + ��
 , Æ6p�y¥®zxzt»®zj�~�u
P1/P1

i:p»�dj � Í[y!p»v�j�j�t�j�i:j�y¥v6u�|!|!��xP�}p�i�u�v�pqx�yÇx�©!t�pqy!j�u��wp�Ì�j � ¯YuP®dp�j�� ¬ oGvwx���j�~6|!��xz�!t�j�i:~
°�p�v�f���pq�zf¥v�f[u�y � ~�p � j)u�y � Ì�j��wx:xz� � j��g��jPu���v�pqx�y�vwj���i�Æ

ρ
(
∇u0u+∇uu0

)
− 2µ div ε(u) +∇p+ rρu = ρf,

pqy
Ωf ,

div u = 0,
pqy

Ωf ,

u = 0,
xzy

Γin,

σ(u, p)n = 0,
xzy

Γout,

u = uγ,
x�y

γ,

+���l ,

°�p�v�f
r ∈ R

Æ
f
u_y �

uγ

�zp�®�j�y � u_vKud±
egf}j�|[u_pq�nx�©�~w|[u_��j�~

P1/P1

ÆW�Kf!xz~wj�y vwx � p�~w���wj�vwpqÌ�j%v�f!j�®zj�tqxG��p�vÈ� u�y � |!�wj�~w~�r!�wj
Í[j�t � ~�Æ¼©Bu�p�t_v�xg~wu_v�p�~�©µ�Yv�f!j # � �b��x�ik|[u�v�pq�}pqtqp»vÈ����xzy � p�vwpqxzy + #'u � �GÌ�f!j�y!~���uP�¥u ¬ �(u��}r!~���u ¬
�Ú�wj�Ì�Ì�p�x�� � pqyd© ¬ ~wr}| �Ç��xzy � p»v�p�xzy , Æd~wj�j � �$
 �]±�Åöv�pq~(°$j�t�t �Gy}xî°�y�v�f[u�vPÆ!p»©�vwf!pq~g��xzy � p»v�p�xzy
� xdj�~ky}x�v�f}xzt � Æ$v�f!j�yTr!ikj��wp��Pu�t�~w�Kf}j�i:jÎ|!�wx � r!��j�~kxz~w��pqtqtqu_v�p�y!�b|!��j�~w~�r!�wj�~ +B~�j�j�©cxz�
pqy!~�vKu�y!��j � �î��� , ±Ëegf!j��È~�v�u��!pqt�pqÌ�j � Í[y!p»v�j�j�t�j�i:j�y¥vWikj�v�f!x � ~ �gxî®�j�����xzi:jYvwf!pq~�|!��xz�!tqj�i�±
egf!js�zxzu�t�pq~gv�xkj�y!f!u�y!��j�~�v�u��!pqt�p�vÈ� +Bpqy¥vw�wx � r!��p�y!� � p �Dr!~wp�xzy , °�p»v�f!xzrdvYr}|!~wj�vwv�p�y!�kvwf!j
��xzy!~�pq~�v�j�y}��� +B~�j�j�� ����� , ±

¦ j(��xzr!t � r!~wjguY��xzin�}pqy[u_vwpqxzy)x�©�~�|[u���j�~Ë~�u�v�pq~�©µ�Gpqy!��vwf!j # � � ��xzy � p»v�p�xzy�Æ��!r}v"vwf!j
yGr}ikj��wpq��u�tMu�|!|!��xP�}p�i�u�v�pqx�ykx�©���xzy¥®zj���vwpqxzy ¬ö� p �Dr!~�pqxzy +Bxz�Ú¯�uP®Gpqj�� ¬ oGvwx���j�~ , j�ÑTr[u_v�p�xzy!~�Æ
°�p�v�f«tqx¼° ¬ xz� � j���|!pqj���j�°�pq~wj�|Mxzt��Gy!xzi:pIu_tq~�Æ9ikuP�<u�t�~wx¨|!�wx � r!��j�~�j�®�j��wj�t��«xz~���pqt�tIu_vwpqy!�
~wxzt�r}v�p�xzy!~�±&�ÊyTr!in�Mj��)x�©(~�vKu��}pqtqp�ÌPu_vwpqxzy�v�j��Kf!y!pqÑTr!j�~sf[uP®�j��Mj�j�y � j�®�j�t�xz|Dj � ©cxz�Çvwf!j
v��wj�u_v�i:j�y¥vgx_©6vwf!pq~(|}�wxz�!t�j�i�Æ}~�j�j0©cxz�(p�y!~�v�u�y!��j � �dÆ����GÆ!lT���¿±Wodp�ikp�tIu�� � p��:��r!t»v�pqj�~(iku¼�
u�|!|MjPu���°�f!j�y � jPu�t�pqy!�
°�p�vwf � x�ikp�y[u_v�p�y!�0�wj�u���vwpqxzy:v�j��wi:~�±Ë�Y�¥u�pqy·ÆG~�xzi:j{vwj��Kf!y!p�ÑTr!j�~
x�©Ë~�vKu��!p�tqp�ÌPu_vwpqxzy%f!u¼®�js�Mj�j�y � j�®�j�t�xz|Dj � ©cxz�gvwf!pq~{|!r!��|Dxz~�j�ÆM�!r}v�©cxz�{|[u���v�pq��r!tIu_�(�Pu�~�j�~
°�f!j���j)vwf!j0�wj�u���vwpqxzy��wj � r!��j�~Yvwx:u&~��Pu�tqu��g��x�y!~�v�u�y¥v � l�
}Æ��¼�GÆM�_ldÆ����¿±

egf}js~�v�u��!p�tqpqÌ�j � ~w�Kf}j�i:j�~Çu_�wj
�zj�y}j���u_tqt��%xz�}vKu_pqy!j � Æ!©c�wxzi�vwf!j)��tIu_~w~wp��Pu�t��)u�t�j�� �Gp�y
ikj�v�f!x � +cy!x�v ¬ ~�v�u��!pqt�pqÌ�j �-, ÆM�¥�Ïu �!� p�y!��u �}� p�vwpqxzy[u_t�v�j���ik~Ypqy¥®zx�t�®Gpqy!�:v�f!js|!�wx � r!��vÇx�©
v�f!j{�wj�~wp � r[u�t�x�©�vwf!j�j�ÑGr!u_v�p�xzy:°�p»v�f�u�y!j�°@v�j�~�vÚ©cr!y}��v�p�xzy&°�f!pq�Kf � j�|Mj�y � ~$xzy%u)tqxG�Pu�t
~�vKu_�!pqt�pqÌPu�v�pqx�y |[u���u_ikj�v�j���Æ

τK > 0
±��Yyd©cxz��vwr!y[u_vwj�t���ÆÚv�x�xzr!�:|!�wj�~wj�yTv �Gy}xî°�t�j � ��j�Æ

v�f!j��wj�pq~Ëy}x�u0~�vKu��!p�tqp�Ì�j � Í!y!p�vwjgj�tqj�ikj�y¥v�ikj�v�f!x � ©cxz�Ëv�f}j � pq~����wj�v�p�ÌPu_vwpqxzy�x�©·uÇ�zj�y!j��wu�t
|!�wxz�}tqj�i x�©�vÈ�d|Mj + �Pl , Æg~wj�j � lzl �¿± egf!j � p�~w����j�vwpqÌPu�v�pqx�y ~��Kf!j�i:jÎv�f[u�vk°$jb|!�wx�|Dxz~�j
f!j���j�pqy�©cxz� +���l , pq~ � pq��j���v�t��%xz�}vKu_pqy!j � ©c��xzi�v�f[u�vY|}�wxz|Mxz~wj � p�y � lT���'©cxz�gvwf!j �Ç~�j�j�y·Û ~

ÝcÞ�ß�Ýcà
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j�ÑTr[u_vwpqxzy!~�u_y � °���p�vwj�~��9Í[y �
(u, p) ∈ V 3

h ×Qh

~�r!�Kf�vwf[u_v

u− RhPh(uγ) ∈ V
3
h,0,

a(u, v) + b(p, v) + b(q, u) + rρ(u, v)0,Ω

+
∑

K∈Th

(

ρ(∇u0u+∇uu0)− 2µ div ε(u) +∇p+ rρu,

τK(ρ∇vu0 − 2µ div ε(v)−∇q)
)

0,K

= d(f, v) +
∑

K∈Th

(

ρf, τK(ρ∇vu0 − 2µ div ε(v)−∇q)
)

0,K
,

∀(v, q) ∈ V 3
h,0 ×Qh,

+��¼� ,

°�p�v�f
τK

v�f!j
~�v�u��!p�tqpqÌ�u_v�p�xzy�|!u���u�i:j�vwj��g|!��x¼®dp � j � pqy!� lT� �]Æ

τK =
hK

2ρ‖u0‖2
ξ(RheK), RheK =

‖u0‖2hK

12ν
, ξ(x) =

{
x

~wp
0 ≤ x < 1

1
~�p

x ≥ 1
.

oGj�®zj���u�t9��jPu�~�xzy!~$��r!~�v�p»©µ�Ïv�f}jnpqy¥v���x � r!��vwpqxzyÎx_©Wvwf!j&u��Mx¼®zj&~w�Kf!j�ikj_± �Çybv�f!j�x�y!j
f[u�y � Æ�°$j&f[uP®zj&j�i:|!t�xî��j � v�f}j�~�u�i:jsv���pIu�y}�zr!tIu�v�pqx�y

Th

pqyÎvwf!j&��xzi:|!r}v�u_v�p�xzyÎx�©
u0u�y �

u
+Bp�vspq~�y!x�v�iku�y � u�v�xz���zÆ9�!r}vn|!��u���v�p��Pu�t , ±begfTr!~�Æ$u�y<u�����r!�wu_v�j���xzi:|!r}v�u_v�p�xzy

x�©gv�f!j�|Dj��wiku�y!j�y¥vnª!xî°
(u0, p0)

u�y � x�©
(∇u0)|γ

Æ9�wj�ÑTr!p��wj�~�uÏ�wj�Í[y!j � ���wp � pqy�vwf!j
®dp���p�y!p�vÈ�&x�©

γ
±9�Y~Ú|Mxzpqy¥vwj � xzrdvgpqy �»�î���¿ÆGv�f!p�~Ú�wj � r!��j�~(v�f}j���x�ik|!t�pq��u_v�p�xzy!~Wu�~w~�xd��pIu_vwj �

°�f!j�y � j�u�tqp�y!��°�p»v�f � xzi:pqy[u_vwpqy!�§�wj�u���vwpqxzy«v�j��wi:~�± ��x��wj�x¼®�j���Æ�~��Kf!j�i:j%+��î� , p�~%u
� pq��j���vÇj��Gv�j�y!~wp�xzy¨x�©$vwf!xz~�j�pqy¥v���x � r}��j � p�y �Ül�
���u�y � � lT� �"©cxz��v�f}j:oGv�x��_j�~
j�ÑTr[u�v�pqx�y!~
°�p�v�f§��x�yT®�j���v�pqx�y�±�ÅÈy§vwf!pq~
°Úu¼��Æ6°$j�f[uP®�j �_j�|}v�v�f!j:�Kf!xzp���j:x�©

τK
©cxz�0vwf!pq~0vÈ�G|Dj:x�©

j�ÑTr[u_vwpqxzy!~Çu�~0|!�wx�|Dxz~�j � pqy � lT���¿± �Çy¨vwf!j�x � j��Çf!u�y � Æ�vwf!jnyTr!i:j��wp��Pu�t6j��d|Mj��wp�ikj�y¥v�~
�wj�|Mxz��v�j � pqy�~�j���v�pqx�yÎ�s°�pqt�t·|Mxzpqy¥v�xzrdv{vwf!j0|Mj���©cx��wiku�y!��j
x�©6~w�Kf}j�i:j + �î� , ±
�%Ó 
2¢!¡��������	� ½W³� . �½]¹�¸�³���½ 	P¾�¹��W¸�¹&�k½È¾ "�¶�¹-³ 		�k½�
}¸�½ +��î� , ³� nÁK¾�´  �³� �½È¶�´[½ �9³µ½#
�½�
[¶  ¼¾ �
Ä��d½B³¿¾�´  n¾
	 +��Pl , �

�W�@�zj�y}j���u_tqpqÌ�pqy!� + �î� , ÆY°$j¨��xzy!~�p � j���pqy!~�v�j�u � x�© + ��
 , v�f}jÎ©cxztqt�xî°�p�y!� � pq~w���wj�v�j
~w�Kf!j�ikj���Í!y �

λ ∈ C
u�y �

(u, p, s, z) 6= 0
pqy
V 3

h ×Qh × Cns

× Cns ~wr!�Kf�v�f[u_v

ß�ß=ê$#&% �('Pÿ
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u−RhPh(Φz −∇u0Φs) ∈ V
3
h,0,

a(u, v) + b(p, v) + b(q, u)

+
∑

K∈Th

(

ρ(∇u0u+∇uu0) +∇p, τK(ρ∇v̄u0 −∇q̄)
)

0,K

= λ

[

d(u, v) +
∑

K∈Th

(

ρu, τK(ρ∇v̄u0 −∇q̄)
)

0,K

]

, ∀(v, q) ∈ V 3
h,0 ×Qh,

− z = λs,
(
K + B0

)
s+ F a

h (u) + F b
h(p) = λ

(
M z + F d

h (u)
)
, +��P� ,

°�p�v�f
[
F a

h (u)
]

i
= a(u,RhPh(ϕi)) +

∑

K∈Th

(

ρ(∇u0u+∇uu0), τKρ∇(RhPh(ϕi))u0

)

0,K
,

[
F b

h(p)
]

i
= b(p, RhPh(ϕi)) +

∑

K∈Th

(

∇p, τKρ∇(RhPh(ϕi))u0

)

0,K
,

[
F d

h (u)
]

i
= d(u,RhPh(ϕi)) +

∑

K∈Th

(

ρu, τKρ∇(RhPh(ϕi))u0

)

0,K
,

©cxz�
i = 1, . . . , ns ±

�%Ó 
2¢!¡������ � ��¾�¹k¶w¸GÁ 

u ∈ V 3

h

�Ú¶ 
}¸�"�¶
u|K ∈ P

3
1(K)

¸�´!��½#
[¶�´
div ε(u)

"�¸�´3�
³� 
[¶  
³µ´

K

�W��~wj�vwv�p�y!�

as(u, v) =
∑

K∈Th

(

ρ(∇u0u+∇uu0), τKρ∇v̄u0

)

0,K
,

bs(p, v) =
∑

K∈Th

(

∇p, τKρ∇v̄u0

)

0,K
,

bts(u, q) = −
∑

K∈Th

(

ρ(∇u0u+∇uu0), τK∇q̄
)

0,K
,

ÝcÞ�ß�Ýcà
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cs(p, q) = −
∑

K∈Th

(

∇p, τK∇q̄
)

0,K
,

ds(u, v) =
∑

K∈Th

(

ρu, τKρ∇v̄u0

)

0,K
,

es(u, q) = −
∑

K∈Th

(

ρu, τK∇q̄
)

0,K
,

|!�wxz�}tqj�i + �¼� , �Pu_yÎ�Dj
°��wp»vwvwj�yÏp�y�vwf!j)©cx�tqtqx¼°�p�y!�&ikxz��j
��xzi:|[u���vY©cxz��i �WÍ[y �
λ ∈ Cu�y �

(u, p, s, z) 6= 0
p�y
V 3

h ×Qh × Cns

× Cns ~wr!�Kf�v�f[u_v

u− Rh(Φz −∇u0Φs) ∈ V
3
h,0,

a(u, v) + b(p, v) + b(q, u) + as(u, v) + bs(p, v) + bts(q, u) + cs(p, q)

= λ
(
d(u, v) + ds(u, v) + es(q, u)

)
, ∀(v, q) ∈ V 3

h,0 ×Qh,

− z = λs,
(
K+ B0

)
s+ F a

h (u) + F b
h(p) = λ

(
M z + F d

h (u)
)
.

+��¼� ,

��� � � 	���� 
�� ����� � � ��	���
����
ÅÈy<vwf!pq~�|!u���u�����u�|!f·Æ$|!��xz�!t�j�i + �î� , p�~��wj�©cxz�winr}tIu_vwj � pqy vwj��wi:~�x�©Yi�u�v��wp���j�~�± egf!p�~
°�pqtqt"u�tqt�x¼° r!~0vwx�j-�}|}tqpq��p�vwt�����xzi:|!r}vwj:p»v�~0~�xztqr}vwpqxzy}~�± #�j�v

nf = nf(h)
v�f!j&yTr!in�Mj��

x�©6®�j���v�j���x�©6v�f!j0vw�wpIu_y!�zr!tqu_v�p�xzy
Th

xzy�vwf!j
ª[r!p ��� xziku�p�y�± ¦ j)pqy¥vw�wx � r!��j0vwf!j0Í[y!p�vwj
j�tqj�ikj�y¥v���jPu�t'�[u�~�pq~

{φi}
3nf

i=1

u�y �
{ψi}

nf

i=1

x_©
V 3

h

u_y �
Qh

�wj�~w|Mj���v�p�®�j�t»�z±�egfTr!~�ÆDjPu��Kf
j�tqj�ikj�y¥v

(u, p) ∈ V 3
h ×Qh

�Pu�y��Dj0°���p�vwvwj�y�u�~

u =

3nf

∑

j=1

ujφj, p =

nf

∑

j=1

pjψj,
+�� � ,

°�p�v�f
uj, pj ∈ C

± ¦ j{pqy¥v���x � r}��j{u�tq~�x0v�f!j�©cxztqt�x¼°�pqy!�0~�r!�!~wj�v�~$x�©
I = {1, . . . , 3nf} ⊂

N
�

IΩf

= {i ∈ I|
� ± x!± © ±

i
pq~gy!x_v�xzy

Γ ∪ γ}, IΓout = {i ∈ I|
� ± x!± © ±

i
pq~gxzy

Γout},

IΓin = {i ∈ I|
� ± x!± © ±

i
pq~gxzy

Γin}, Iγ = {i ∈ I|
� ± x!± © ±

i
pq~gxzy

γ},

ß�ß=ê$#&% �('Pÿ
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u�y � v�f!j�y�°$j � j�y!x_v�j
nΩf

=
��u�� �

(IΩf

), nΓout =
��u�� �

(IΓout), nΓin =
��u�� �

(IΓin), nγ =
��u�� �

(Iγ).
�W��~wr!�}~�v�p»v�r}vwpqy!� +�� � , pqy +��¼� ,

2

°$j��zj�v
3nf

∑

j=1

uja(φj, v) +

nf

∑

j=1

pjb(ψj, v) +

3nf

∑

j=1

ujb(q, φj) +

3nf

∑

j=1

ujas(φj, v)

+

nf

∑

j=1

pjbs(ψj, v) +

3nf

∑

j=1

ujb
t
s(φj, q) +

nf

∑

j=1

pjcs(ψj, q)

= λ





3nf

∑

j=1

ujd(φj, v) +
3nf

∑

j=1

ujds(φj, v) +
3nf

∑

j=1

ujes(φj, q)



 ,

∀(v, q) ∈ V 3
h,0 ×Qh.

+�� � ,

¦ j � j�y!x�v�j)�¥�
uΩf

∈ CnΩ
f Æ
uΓout ∈ CnΓout

Æ
uΓin ∈ CnΓin

j�v
uγ ∈ Cnγ v�f!j � j��z�wj�j�~

x�©(©c�wj�j � x�i x_©
u
��xz���wj�~w|Mxzy � p�y!�!ÆË��j�~w|Mj���v�p»®zj�t»�zÆ"vwxÏ~�f[u�|Mjk©cr!y!��v�p�xzy!~sp�y

IΩf Æ
IΓout

Æ
IΓin

u�y �
Iγ
±ËÅÈy�v�f!j�~wj�ÑTr!j�t�°ÚjÇ°�p�tqtDu�~w~�r!i:j�v�f[u�v(v�f!j�~wf[u�|MjÇ©cr!y!��v�p�xzy!~

{φi}
3nf

i=1

u���j
xz� � j��wj � p�yk~�r!�Kf%u0°(uP��vwf[u_v�v�f!jgÍ[��~�v � j����wj�j�~$x_©·©c�wj�j � x�i4��xz���wj�~w|Mxzy � vwx

uΩf ÆTy!j��Gv
v�x
uΓout

Æ[y!j��Gv�v�x
uΓin

u�y � Í[y[u�t�t��kv�x
uγ
±

�W�0vKu$�Tpqy}�Yp�y
+ � � ,
v = φi

Æ�°�p�v�f
i ∈ IΩf

∪IΓout
Æzu_y �

q = ψi

Æ�°�p�vwf
i = 1, . . . , nf Æ°Új
xz�}v�u�pqy�u

(nΩf

+ nΓout + nf)× (4nf + 2ns)
i�u_vw�wp �%j-�}|}�wj�~�~wp�xzyÏx�©�vÈ�G|Dj





AΩf

1 AΓout

1 AΓin

1 Aγ
1 B1 0 0

AΩf

2 AΓout

2 AΓin

2 Aγ
2 B2 0 0

BΩf

BΓout BΓin Bγ C 0 0















uΩf

uΓout

uΓin

uγ

p

z

s











= λ





DΩf

1 DΓout

1 DΓin

1 Dγ
1 0 0 0

DΩf

2 DΓout

2 DΓin

2 Dγ
2 0 0 0

EΩf

EΓout EΓin Eγ 0 0 0















uΩf

uΓout

uΓin

uγ

p

z

s











.
+¿�_� ,

ÝcÞ�ß�Ýcà
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ÅÈy�v�f}j)~wu�i:jÇ°(uP�zÆ��¥��~�r!�!~�vwp�vwr}v�p�y!� + � � , pqy�+ �î� ,
4
°$j
�zj�v

(
K+ B0

)
s+

3nf

∑

j=1

ujF
a
h (φj) +

nf

∑

j=1

pjF
b
h(ψj) = λ



M z +

3nf

∑

j=1

ujF
d
h (φj)



 ,

°�f!pq�Kf�tqj�u � ~(v�x�vwf!j0©cxztqt�xî°�p�y!�niku_v���p»��j��d|!��j�~w~�pqxzy�x�©6~wpqÌ�j
ns × (4nf + 2ns)

�

[

FΩf

a FΓout

a FΓin

a Fγ
a Fb 0 K + B0

]











uΩf

uΓout

uΓin

uγ

p

z

s











= λ
[

FΩf

d FΓout

d FΓin

d Fγ
d 0 M 0

]











uΩf

uΓout

uΓin

uγ

p

z

s











.
+¿�G� ,

egf}j(v���u_y!~w|!p���u_vwpqxzy�pqy¥v�j���©Bu���j(��x�y � p�vwpqxzy�+��î� ,
1

pq~6vKu$�_j�y&j��d|!t�pq��p»v�t»�
xzy�jPu��Kf&p�yTvwj�� ¬
©Bu���j�®zj���v�j-�DÆ

xi

ÆGx�©Dv�f!j�v���pIu�y!��r!tIu_vwpqxzy·±�egf}j��wj�©cxz�wj_ÆG°$j�x��}vKu�p�y:vwf!j�©cxztqt�xî°�p�y!�Çiku_v���p»�
j��d|!�wj�~w~�pqxzy�x�©"~�pqÌ�j

(nΓin + nγ)× (4nf + 2ns)
�

[

0 0 I 0 0 0 0

0 0 0 I 0 −G0 G1

]











uΩf

uΓout

uΓin

uγ

p

z

s











= λ

[

0 0 0 0 0 0 0
0 0 0 0 0 0 0

]











uΩf

uΓout

uΓin

uγ

p

z

s











,
+¿��� ,

°�p�v�f�vwf!j0©cxztqt�xî°�p�y!�ny!x_vKu_vwpqxzy �
[
G0

]

ij
= [ϕj]

y!�
(i) (x

y¥®
(i)), i ∈ IΓin j = 1, . . . , ns,

[
G1

]

ij
= [∇u0ϕj]

y!�
(i) (x

y¥®
(i)), i ∈ Iγ j = 1, . . . , ns.

ß�ß=ê$#&% �('Pÿ
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�Yj���j�Æ�y!�
(i) ∈ {1, 2, 3}

p�~Çv�f!j&��x�ik|Mxzy!j�yTv)x�©Wv�f}j&®�j�t�xd��p�vÈ�b��xz�w��j�~w|Mxzy � pqy!��v�x�vwf!j
®zj�t�xd��p�vÈ� � j��z�wj�jkx_©(©c�wj�j � xzi

i
ÆËu�y � y¥®

(i) ∈ {1, . . . , nf}
v�f!j:tIu��Mj�t9x_©(v�f!j&®zj���vwj��

°�f!j���j)vwf!jÇ®zj�tqxG��p�vÈ� � j��z��j�j
x�©�©c�wj�j � xzi
i
t�pqj�~�Æ}©cxz�

i = 1, . . . , 3nf ±ÅÈy�~�f!xz��vPÆdv�u$�Tpqy!�spqy¥v�x�u_����x�r!y¥v +��î� ,
3

°�p�vwf +¿�_� , Æ +¿�d� , u�y � +]�z� , °Új0xz�dvKu�p�ykv�f!u_v
v�f!j � p�~w����j�vwj)|}�wxz�!t�j�i +��î� , pq~gj�ÑTr!p»®_u�tqj�yTvgvwx�v�f!j0©cxzt�tqx¼°�pqy!�s�zj�y!j���u�t�pqÌ�j � j�p��zj�y¥®_u�t�r!j
|!�wxz�}tqj�i x�©6~wpqÌ�j

n = 4nf + 2ns �9Í[y � λ ∈ C
u�y �

0 6= x ∈ C
n ~wr!�Kf�v�f[u�v














AΩf

1 AΓout

1 AΓin

1 Aγ
1 B1 0 0

AΩf

2 AΓout

2 AΓin

2 Aγ
2 B2 0 0

0 0 I 0 0 0 0

0 0 0 I 0 −G0 G1

BΩf

BΓout BΓin Bγ C 0 0
0 0 0 0 0 − I 0

FΩf

a FΓout

a FΓin

a Fγ
a Fb 0 K + B0














︸ ︷︷ ︸

A













uΩf

uΓout

uΓin

uγ

p

z

s













︸ ︷︷ ︸

x

= λ














DΩf

1 DΓout

1 DΓin

1 Dγ
1 0 0 0

DΩf

2 DΓout

2 DΓin

2 Dγ
2 0 0 0

0 0 0 0 0 0 0
0 0 0 0 0 0 0

EΩf

EΓout EΓin Eγ 0 0 0
0 0 0 0 0 0 I

FΩf

d FΓout

d FΓin

d Fγ
d 0 M 0














︸ ︷︷ ︸

B













uΩf

uΓout

uΓin

uγ

p

z

s













︸ ︷︷ ︸

x

+¿��
 ,

egf}j)iku_vw�wpq��j�~
A
u_y �

B
u��wj0��jPu�t]Æ}~w|!u��w~�j�Æ�y!xzy ¬ ~��Gi:ikj�v��wp��Çu�y � Æ!pqy�i:xz~�v(x�©'v�f!j

u�|!|!t�pq�Pu�v�pqx�y!~�ÆËx_©Ytqu��w��j%~wp�Ì�j�± Ù xztqt�xî°�p�y!��vwf!j � #�p�y!jPu���pqÌ�u_v�p�xzy2�9��pqy!��pq|!t�j���u�|!|!��x¥u��Kf
� j�®�j�tqx�|Dj � p�y��6u���v'Å
�»�P�dÆ�~wj���v�p�xzy 
��¿Æîp�y�ugt�pqy!j�u���~�v�u��!p�tqp�vÈ�Yu�y!u�t��G~wp�~�v�f!j��zxzu�t�p�~�v�xgÍ[y �
j�pq��j�y¥®_u�tqr!j�~Y°�p»v�fby!j��¥u_v�p»®zjn��jPu�t�|[u���v0pqyÏxz� � j���v�x � j�vwj���v
p�y!~�v�u��!p�tqp�vwpqj�~�±{eW�G|!p��Pu�t�t��zÆ
u�tqi:xz~�vÚu�t�tDj�pq�zj�yT®_u�t�r!j�~Úx�© +]�$
 , f[uP®zj
|Dx�~wp�vwp�®�j��wj�u�t·|!u���v�u_y � xzy!t»��un~�i�u_tqt�yTr!in�Mj��
���wx�~w~Yvwf!jnp�i�u���pqy[u�����u��dp�~�±�egf!j���j�©cxz��j�Æ·vwx � j�v�j���v
u:~�vKu_�!pqt�p�vÈ���Kf[u_y!�zj�ÆMv�f!j�pqy¥v�j��wj�~�v
tqpqj�~(pqy���xzik|}r}v�p�y!�nv�f!j0©cj�° j�p��zj�y¥®_u�t�r!j�~g°�p�vwf�~wiku�tqt�j�~�v(�wjPu_t�|[u���vP±

ÅÈy<v�f}j�y!j��Gv:~wj���v�p�xzy�Æ�°Új�°�p�tqt � jPu�t(°�p»v�f v�f}j�yTr!i:j���pq��u�tgu�|!|}�wxP�dpqiku_v�p�xzy2x�©�u
~wiku�tqt$yGr}in�Dj�� +B��x�ik|[u_�wj � v�x

n
, x_©�~�xztqr}vwpqxzy}~�x�©Yvwf!j��zj�y}j���u_tqpqÌ�j � j�p��zj�y}|!�wxz�}tqj�i

+¿�$
 , ±9e�xn©cr!tqt»�&j��d|!tqx�p�vÚvwf!jÇ~�|[u��w~�j0�Kf[u��wu���vwj��(x�©�vwf!jÇiku_v���pq��j�~�Ædp�vW°�pqt�tD�MjÇ����r!��pqu�t�v�x
r!~wjÇi:j�vwf!x � ~Ú°�f!p��Kf�xzy!t��:p�yT®�xzt�®�jÇxz|Mj��wu_v�p�xzy!~Úx_©�vÈ�d|Mj0iku_v���p»� ¬ ®�j���vwxz�W|!�wx � r!��v +Bp]± j_±

ÝcÞ�ß�Ýcà
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³µ´����d³ �4�  �½B¹	��Á�½��d¹�¶�³µ´[½È¶�¹w¸GÁ�½B³¿¾�´ � �

°�f!pq�Kf � x�y!x�v � j�~�v���xî��vwf!js~�|[u��w~�p�vÈ� , ± Ù xz�{pqy!~�vKu�y!��j�ÆM~wr!�}~w|[u���j�p�vwj���u�v�pqx�y�i:j�vwf!x � ~
xz�g����y!xzt � p�ikj�v�f!x � ~ ��
}Æ 
 ����u��wjÇ®�j�����u_|!|!�wx�|!�wpqu_v�j_±

� � ���)��� �0�
�������=#Ú*�; /���
��0
'��*s�
ÅÈyÎv�f!p�~�~wj���vwpqxzyÏ°$jn°�pqt�t�©cxztqt�xî° v�f!jnp � jPu_~�x�© �
u��w�wu_v � � ���9u�y � #'j�f!xzr!��ÑÎu�y � od��x�v�v
� 
z���¿±9ÅÈykv�f!p�~$~�j�y!~�j�Ædvwf!j�t�j�©µvwikxz~�vWj�pq��j�y¥®_u�tqr!j�~$x_© +]�$
 , °�pqt�t[�Dj�u�|!|!��x¼�dp�i�u_vwj � r!~wp�y!�
u�y¨p�v�j���u_vwp�®�j�u�tq��xz�wp»v�f!i ��x�in�!pqy}pqy!��u��zj�y!j��wu�tqp�Ì�j � �(u¼�Gt�j��Îvw��u�y!~�©cxz�wi u�y � u�y¨ÅÈi ¬
|!tqp���p�vW��j�~�vKu���v�j � ����y!xzt � pM��j�vwf!x � +BÅ ���0� , ±degf!p�~Úu_tq�zxz��p�vwf!i4pq~9©cr!t�t�� � j�®zj�tqxz|Mj � p�y
� 
z���¿±6egf!pq~6�Kf!xzp���jÚp�~[��r}~�v�p»Í[j � Æzxzy�vwf!jÚx�y!jÚf[u_y � Æz�¥�
v�f!j$|!�wx¼®�j�y�|Mj���©cx��wiku�y!��jWx�©!vwf!j
Å �{�Ç� i:j�v�f}x � Æ'p�ik|!t�j�i:j�y¥v�j � pqy¨v�f!j:�Ç�{�D�{����t�pq�!�wu���� � 
¥���¿Æ6u�y � xzy�vwf!j:x�v�f!j��
f[u�y � ÆD�¥��vwf!js��j�~wr}t�v�~Yx�© #�j�f!x�r!��Ñ�u�y � oG��x�v�v ��
z����°�f!pq�KfÎ|Mxzp�yTvYxzr}vYv�f!j�j �:��p�j�y!���
x�©6vwf!j�p���u�tq��xz�wp»v�f!i�±

ÅÈykv�f!j{©cxztqt�xî°�p�y!�
|[u��wu��z��u_|!f!~�°Új�°�p�tqt[�!��pqj�ª!� � j�~����wp��Dj{v�f!jYÅ �{�Ç� i:j�v�f}x � u�y �
v�f!j:�zj�y}j���u_tqpqÌ�j � �(u¼��j�t»�§vw��u�y}~�©cxz��i�± ¦ j:°�p�tqt9~�r!ikiku���pqÌ�j�vwf!j�iku�pqy¨~�v�j�|}~nx�©Úvwf!j
�(u¼�Gt�j���v���u_y!~�©cxz��i ���wy}xzt � p6u�t��zxz�wp»v�f!i � 
z� �"|!��x¼®dp � j � °�p»v�fÎ~�xzi:jspqi:|!t�j�i:j�y¥vKu_vwpqxzy
v�j��Kf}y!pqÑTr!j�~Yr!~�j � pqy�v�f!j
yTr!i:j���pq�Pu_t�j��d|Mj��wp�ikj�y¥v�~��wj�|Dxz��v�j � p�y�~wj���v�p�xzyÎ�G±

� ��� � � � � ��	���
�� � 		� 	�
 ����
 � ��	�� � ����� �
� ��xzik|}tqpq��u_v�p�xzybpqy§|!��xz�!tqj�i +¿�$
 , p�~)vwf!j:~wpqy}�zr!tIu_�wp�vÈ�Ïx�©giku_v���p»�

B
±�egf!pq~)pqi:|!t�pqj�~

v�f[u_v +¿�$
 , f[u�~(©cj�°Új��(v�f[u�y
n
j�pq��j�y¥®_u�tqr!j�~ � � �}Æ!� �¿±9egf!j0i:pq~�~wp�y!�nj�p��zj�y¥®_u�t�r!j�~�Æ}�Pu_tqtqj �

� pqydÍ[y!p�vwj��(j�pq��j�y¥®_u�tqr!j�~ � � �dÆGlT� �]Ædu��wj � j�Í!y!j � u�~Wv�f!jYÌ�j��wxnj�pq�zj�yT®_u�t�r!j�~Wx�©�vwf!j�p�y¥®zj���~wj
|!�wxz�}tqj�i

Bx = ωA x, ω =
1

λ
.


Wu_�Kf�Ì�j��wx&®_u�tqr}j0x�©
ω
��x��w�wj�~w|Mxzy � ~�v�x:u�y�p�y}Í[y!p»v�j0j�p��zj�y¥®_u�t�r!j0x�© +]�$
 , ±

oGpqy!��jkiku_v���p»�
B
x�© +¿��
 , f[u�~)xzy!j:�!tqxG� �bx�©g��xztqr!i:y!~)u�y � vÈ°Úx��!tqxG� �T~sx�©Ú�wx¼°�~

Í[tqt�j � °�p�vwfÉÌ�j���xz~�Æ�j�pq��j�y!|!��xz�!t�j�i +]�$
 , f!u�~�v�f!��j�j �Tpqy � ~�x�©�pqydÍ[y!p�vwjÎj�p��zj�y¥®_u�t�r!j�~�±
egf!jn|!r!��js|!��j�~�~wr!��j�~0��x��w�wj�~w|Mxzy � vwx

nf ��x�tqr!i:y!~{x�©�Ì�j��wxz~�±�egf!jsvÈ°$x�x�vwf!j��Y�z�wxzr}|!~x�©Ëp�y}Í[y!p»v�j0j�p��zj�y¥®_u�t�r!j�~�Æ
nΓin + nγ

Æ���xzikj0©c��xzi,v�f}j)j-�d|!tqp���p�v � pq~w���wj�v�j
v��wj�u_v�i:j�y¥v{x�©
v�f!j��Mxzr!y � u����Ï��xzy � p�v�p�xzy!~Yxzy

Γin

u_y �
γ
Æ�°�f!pq�Kf§u���j�y!x�v0p�ik|}tqpq��p�vwt���p�y!��xz��|Dx���u_vwj �

pqy�v�f!j � p�~w���wj�vwj
~w|[u���j
V 3

h

±
�Yt�vwf!xzr!�zf�vwf!j
pqy}Í[y}p�v�j�j�pq��j�y¥®_u�tqr!j�~�u��wj
y!x_vgv��wr}j)j�pq�zj�y¥®�u_tqr!j�~{x_© +¿��
 , Æ!p�y�|!��u�� ¬

v�pq��j�ÆTv�f!j�����u�y%p�yTvw�wx � r!��j�yTr!i:j��wp��Pu�t � p��k��r!t�vwpqj�~ � � �dÆd�}Æ�
�l!Æ�
z� �]± ¦ f!j�y%°Úxz� �Tpqy!�np�y

ß�ß=ê$#&% �('Pÿ
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Í[y!p�vwjÇu���p�vwf!ikj�v�p���Æ¥v�f!j0iku_vw�wp»�
B
p�~Úx�©µvwj�y�|Mj���v�r!���Dj � ~wxnv�f!u_vgp�vÚi�uP�:�Mj���x�ikj��Èy!x�v ¬

~wpqy}�zr!tIu_� �K± 
9pq��j�y¥®_u�tqr!j�~)°�p»v�f�u�®�j�����tqu��w��j:i:x � r!tqj)+Bu�y � |Dj��wf[u_|!~�°�p»v�f§y!j��¥u�v�p�®�j
�wjPu_t!|[u���v , iku¼�nu�|!|MjPu��Ë°�f}pq�Kf:u��wj_ÆTx�©M��xzr!��~wj_Ædp��w�wj�tqj�®�u_yTv"©cxz�"v�f}j{~�vKu��}pqtqp»vÈ��u�y[u�t»�d~�pq~�±

Åövwj��wu_v�p»®zj)ikj�v�f!x � ~g©cxz�gy!xzy�~��Gi:ikj�v��wp��0|!�wx��!tqj�ik~�Æ[~wr!�KfÏu�~Y~�r!�!~�|[u���j�p�vwj���u�v�pqx�y
u�y � ����y!xzt � p¿Æ}��u�y!y!x_vY�Mj)u�|!|!t�pqj ��� pq��j���vwt��kv�x�v�f!j
�zj�y!j��wu�tqp�Ì�j � j�pq��j�y!|!��xz�!t�j�i +]�$
 , ±
�Új�©cxz��j0°Új
inr!~�v�v���u_y!~�©cxz��i,|!��xz�!t�j�i +]�$
 , p�y�u&~�v�u�y � u_� � |!�wx��!tqj�i�x�©�v�f!j0©cxz��i

T x = θ x .
+]�_l ,

egf!j � p �:��r!t»vÈ�<y!x¼°=pq~(��vwx��Kf}xz~wj
T
± Åöv:pq~�°Új�tqt �Ty!x¼°�y v�f!u_v:p�v�j���u_vwp�®�j�i:j�vwf!x � ~

ÑGr}pq� �Tt��)|!��xî®Gp � j(�zxGx � u�|!|!��xP�}p�i�u�v�pqx�y!~�v�x�°$j�t�t ¬ ~�j�|[u_��u_vwj � j�pq�zj�yT®_u�t�r!j�~�±"ÅÈyn��j�y!j���u�t]Æ
v�f!j�~wjsj�pq�zj�y¥®�u_tqr!j�~ � xky!x�v{iku_v��Kf�°�p�v�f�v�f!x�~wj)x�©9~wiku�t�tqj�~�v��wj�u�t'|[u���v�±gegfTr!~

T
inr!~�v

~�u_vwpq~�©µ��~wxzi:jk¸
ÂM¹-³¿¾�¹-³D|!��xz|Mj���vwpqj�~��
� i�u�v��wp � ¬ ®zj���vwxz�(|!��x � r}��v�~�Æ T y

Æ[~wf}xzr!t � �Mj
�Pu����wpqj � xzr}v{j �:��p�j�y¥v�t»���
� v�f!j��wj0p�~�u �Ty!x¼°�y�v��wu�y!~�©cx��wiku_v�p�xzy%�Mj�vÈ°$j�j�y�v�f!j
~�xztqr}vwpqxzy}~(x�© +]�$
 , u�y � +]�_l , �
� v�f!j
j�pq�zj�yT®_u�t�r!j�~(°�p»v�f�~wiku�t�tqj�~�vg�wj�u�t�|[u_��v�x�© +]�$
 , u���j
i�u�|}|Dj � vwx�v�f!j
j�p��zj�y ¬®_u�tqr!j�~&x�© +¿�_l , °�f}pq�Kf u_�wj�jPu�~�pqt�� u�|!|!��x¼�dp�i�u_vwj � �¥�<v�f!j�p�vwj���u�v�p�®�j�ikj�v�f!x �
|Dj���©cxz��ikj � xzy +¿�_l , ±

egf}j(��xzi:|!t�pq�Pu�v�pqx�y�u_~w~wxG��pqu_v�j � vwx�v�f!j$~wp�y!�zr!tqu��wp»vÈ�0x�©[v�f}jÚiku_v���p»�
B
u_tq~wxY�wj�~�v���pq��v�~

v�f!j��Kf!xzp���j�x�©{v�f!j�v��wu�y!~�©cx��wiku_v�p�xzy
T
± ¦ j�inr!~�v:r!~�j��wu_v�p�xzy[u�t$v���u_y!~�©cxz��i�u�v�pqx�y!~�Æ

y[u�i:j�t���Æ"p»vnpq~�y!j���j�~�~�u���� v�xÎp�y¥®zj���v�|!��xz�!tqj�i +¿�$
 , ±ÎÅÈy v�f}pq~�©c�wu�i:j�°$xz����ÆË~�vKu�y � u�� �
�Kf!xzpq��j�°�f!j�y ��xzi:|!r}vwpqy!�bt�j�©µv�i:xz~�v&j�pq��j�y¥®_u�tqr!j�~�x�©Ç|}�wxz�!t�j�i:~�tqp ��j�+¿��
 , u��wj�~�f!p�©µv ¬
pqy¥®zj���vYu�y � �zj�y!j��wu�tqp�Ì�j � �(uP�Gtqj���v���u_y!~�©cxz��i�u�v�pqx�y�Æd~�j�j �»�¼�GÆ���
GÆ 
z�}Æ�� � �¿±

ÅÈy:v�f!j{~wj�ÑTr!j�tM°Új�°�pqt�t[u�~w~�r!i:jYv�f!u_v.+¿�$
 , f[u_~
m
j�pq�zj�y¥®�u_tqr!j�~

{λi}
m
i=1

ÆG°�f}pq�Kfk°$j
~wr!|!|Mxz~�j�xz� � j���j � °�p�vwf�p�y!����jPu�~�pqy!�&xz� � j��gx_©6vwf!j�p��g�wjPu_t�|[u���vw~�Æ

Re(λ1) ≤ Re(λ2) ≤ . . . ≤ Re(λm).
#�j�v

α ∈ C
Æ[°�p�v�f

α 6= λi

©cxz�
i = 1, . . . , m

± �$��~wr!�dv���u_��v�p�y!�
αBx

©c�wxzi=�Mx�v�f
~wp � j�~�x�© +]�$
 , °$j)��j�v

(A−αB) x = (λ− α) B x .
�$��inr!t»v�p�|!t��Gpqy}��v�f}pq~gp � j�y¥v�p»vÈ�%�¥�

(A−αB)−1 Æ}°Új)xz�}v�u�pqy

(A−αB)−1 B
︸ ︷︷ ︸

TSI(α)

x =

(
1

λ− α

)

︸ ︷︷ ︸

θ

x .
+]�z� ,

ÝcÞ�ß�Ýcà
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egf!jÇiku_v���p»�
TSI(α) = (A−αB)−1 B

Ædpq~Ú��u�tqt�j � ~wf!p»©µv ¬ p�y¥®zj���vÚvw��u�y!~�©cxz�wiku_vwpqxzy�±6egf!j
j�pq��j�y¥®zj���v�x��w~Úx_©�+¿�$
 , u�y �

TSI(α)
u_�wj{p � j�yTvwpq��u�t¿± �Yj�y!��j_Ædv�f}jYj�pq�zj�yT®_u�t�r!j�~

λ
x�©�+]�$
 ,

u�y �
θ
x�©

TSI(α)
Æ!u��wj
�wj�tIu_vwj � �¥�%v�f}j
©cx�tqtqx¼°�p�y!�nj��d|!��j�~�~wpqx�y �

λ = α +
1

θ
, θ =

1

λ− α
.

+¿�_� ,

�W� ~wj�tqj���v�p�y!�Îv�f}j�~�f!p�©µv +Bxz�n|Mxzt�j ,
α
y}jPu��nvwf!j�pqiku��zp�y[u����§uî�}p�~�Æ9v�f}j�tqj�©µv ¬ i:xz~�v

j�pq��j�y¥®_u�tqr!j�~0x�© +]�$
 , ��u�y¨�Dj&iku�|!|Mj � xzy¥vwx�vwf!xz~�j:x_©
TSI(α)

°�p�vwfbtIu����zj�~�v0iku��zy!p ¬
v�r � j_± �Yx¼°$j�®zj���Æ�~wp�y!��j

A
u�y �

B
u���j���jPu�t�iku_v���pq��j�~�Æ$u�y � pqy«xz� � j��:vwx �_j�j�| v�f!j

��xzi:|!r}v�u_v�p�xzykp�y%�wj�u�tDu��wp»v�f!i:j�vwpq��Æ¥°$j�°�pqt�t�y!x�v(��xzy!~�p � j��Úv�f!jYr!~wj�x�©'��xzi:|!t�j��k~wf!p»©µv�~�Æ
�!r}v{�zj�y}j���u_tqpqÌ�j � vwf!j
~wf!p»©µv ¬ p�y¥®zj���vgv��wu�y!~�©cx��wiku_v�p�xzy�±

#�j�v
α1, α2 ∈ R

�Mj0~wr!�Kf�v�f[u_v

α1 < α2, α1 6= λi, i = 1, . . . , m.
+]�z� ,

�$��~wr}�}v��wu���vwpqy!�
α2 B x

©c�wxzi �Dx�vwf�~wp � j�~�x�© +]�$
 , °$j�xz�dvKu�p�y

(A−α2 B) x = (λ− α2) B x .

#'j�v�r!~�~wr!|!|Mxz~�j§vwf[u_v
x
p�~�u�yÉj�pq��j�y¥®zj���v�x��Ïu�y �

λ
u_y j�pq�zj�yT®_u�t�r!jbx�©�+]�$
 , ± �$�

inr!t�vwpq|!t»�Gpqy!���T�
(A−α1 B)−1 °$j���j�v

(A−α1 B)−1(A−α2 B)
︸ ︷︷ ︸

TC(α1, α2)

x = (λ− α2) (A−α1 B)−1 B
︸ ︷︷ ︸

TSI(α1)

x =

(
λ− α2

λ− α1

)

︸ ︷︷ ︸

θ = c(λ)

x .
+]� � ,

egf!j
i�u_vw�wp �

TC(α1, α2) = (A−α1 B)−1(A−α2 B),
+]� � ,

pq~'v�j���ikj � �zj�y}j���u_tqpqÌ�j � �(u¼�Gt�j��)v���u_y!~�©cxz��i�Æ_~wj�j �»� �}Æz�_� �]±"egf!j(~��Pu�tqu��w~
α1

u_y �
α2

u��wj_Æ
�wj�~�|Dj���vwp�®zj�t���Æ��wj�©cj����wj � v�xYu�~'|Dx�tqjWu�y � Ì�j��wx�x_©}v�f}jWvw��u�y!~�©cxz�wiku_vwpqxzy�±�e���u_y!~�©cxz��i�u�v�pqx�y
+¿� � , p�~Úu)�zj�y!j���u�t�pqÌ�u_v�p�xzy&x�©�v�f}j�~�v�u�y � u_� � �(uP�Gtqj��&v���u_y!~�©cxz��i�°�f!j���j

α1 = −α2

Æd~�j�j
�»� � Æ[l$�]±

Ù ��xzi +]� � , °$jY��u�y&jPu�~�pqt»� � j��wp�®�j(v�f!jg©cxzt�tqx¼°�pqy}�Çtqj�ikiku}Æ���p�®Gpqy!�Yv�f!j��wj�tIu_vwpqxzy}~wf!p�|
�Dj�vÈ°Új�j�y�vwf!j0Í[y!p»v�j
j�p��zj�y¥®_u�tqr}j�~gx�© +]�$
 , u�y � vwf!xz~wj
x�©

TC(α1, α2)
Æ[~wj�j�� � ���]±

ß�ß=ê$#&% �('Pÿ
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�WÓ 
 
2¢�� ��� ²'¶�½
α1, α2 ∈ R

 �¸�½B³� �		�_³µ´��
+]�z� , � 
 
[¶'Â}¸�³µ¹
(λ, x)

³� (¸�´�¶�³��G¶�´  ¼¾�Ä��G½]³¿¾�´
¾
	 +¿�$
 , ³ 	)¸�´!��¾�´[Ä��:³ 	

(θ, x)
³� )¸�´2¶�³��G¶�´  ¼¾�Ä��d½B³¿¾�´§¾
	

TC(α1, α2)
	 ��
[¶�¹�¶

θ = c(λ) =
λ− α2

λ− α1

, λ = c−1(θ) =
α1θ − α2

θ − 1
.

+ 
�� ,
 �¶�¹�¶�	

c
³� �¸ ��³ �P¶KÁ�½]³¿¾�´§¾
	

C− {α1}
³µ´

C− {1}
�

egf}j{iku�p�ynpqy¥v�j��wj�~�v�x�©Mv�f!jg��j�y!j���u�t�pqÌ�j � �(uP�dt�j��nvw��u�y}~�©cxz��i tqp�j�~Ëp�ynv�f!jg|}�wxz|Mj���v�pqj�~
x�©Úvwf!jk�}p ��j���v�p�xzy

c
u_y � vwf!j:�wxzt�j:x_©(|[u��wu�i:j�v�j��w~

α1
u�y �

α2
pqy¨v�f!p�~
i�u�|}|!pqy!�}±kÅÈy

|[u���vwpq��r!tIu���Æ[f!x¼° � x�vwf!j���u��Dj���v�v�f}j�°Úu¼��v�f}jsj�p��zj�y¥®_u�t�r!j�~{x�© +¿�$
 , u���jsiku�|!|Mj � v�x
v�f!xz~�j�x�©

TC(α1, α2)
± �
u��w�wu_vPÆzp�y �»� ���¿ÆT|!��x¼®dp � j�~Wu0��x�ik|!t�j�vwj(~�vwr � �&x�©Mv�f!p�~Ëiku�|!|!p�y!�

+B~wj�j)u�tq~�x � �d��� , ±
egf}jkiku�pqy¨|!��xz|Mj���vwpqj�~)x_©Úv�f}j:��j�y!j���u�t�pqÌ�j � �(uP�Gtqj��bv��wu�y!~�©cx��wi ��u�y2�Mj&~wr!i:i�u ¬

�wpqÌ�j � pqy�vwf!j0©cxztqt�xî°�p�y!�svwf!j�xz��j�i �
��� ÓG× ¡ Ó 
 � � ���
	�¢!¡î¡î¢} �� ��
�
���� ²'¶�½

α1, α2 ∈ R
�9³µ½�


α1 < α2

	
¸�´!�
θ = c(λ)�9³µ½#


λ ∈ C− {α1}
� 
 
[¶�´

Re(λ) <
1

2
(α1 + α2)

³ 	�¸�´!��¾�´[Ä��k³ 	
|θ| > 1,

Re(λ) ≥
1

2
(α1 + α2)

³ 	�¸�´!��¾�´[Ä��k³ 	
|θ| ≤ 1.

egf}j�u��Dx¼®�jg�wj�~�r!t�v�p�ik|}tqpqj�~�v�f[u_v"v�f!jgj�pq�zj�yT®_u�t�r!j�~"x�©�+]�$
 , t»�dp�y!��x�y&vwf!j(t�j�©µv9x�©[vwf!j
~�v��wu�pq��fTvWt�pqy!j{��j

(λ) = (α1 +α2)/2
pqy&v�f!jY��xzi:|!t�j��:|!tqu�y�ÆGu��wj{iku�|!|Mj � vwxsj-�dvw�wj�ikj

j�pq��j�y¥®_u�tqr!j�~gx�©
TC(α1, α2)

±
��xz�wj
|!��j���p�~wj�t��zÆ!°$j
f[uP®zj
v�f!j0©cxzt�tqx¼°�pqy}�n��xz��xztqtqu���� +B~�j�j�� � ��� , �

� × ¡ × 1 1c¢!¡ Ô � � � ²'¶�½
λ1, λ2, . . . , λm

½È¾ ��¶:½�
[¶�¶�³��G¶�´ "�¸�Ä��[¶  %¾
	 +¿�$
 , ¾�¹&�G¶�¹K¶�� �9³µ½#

³µ´·Á�¹K¶w¸  �³µ´��&¹�¶w¸�Ä}Â}¸�¹�½� � 
�¸ �¥¶)¸�´b³µ´!�G¶��

1 ≤ k < m
 ��[Á 
�½�
}¸�½

Re(λk) < Re(λk+1)
�

²�¶�½
α1, α2 ∈ R

 �¸�½B³� �		�_³µ´�� +¿�z� , �9³µ½�

1

2
(α1 + α2) = Re(λk+1),

½#
[¶�´
θi = c(λi) /∈ B(0, 1), i = 1, . . . , k,

θi = c(λi) ∈ B(0, 1), i = k + 1, . . . , m.
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egf}j&u��Dx¼®�j:��xz�wx�tqtIu_����~wr}�z�zj�~�v�~)u%~�vw��u_vwj�����©cxz�Ç�Kf!xGxz~�pqy!��|[u_��u�i:j�vwj��w~
α1

j�v
α2~wr!p»vKu��!t�jÚ©cxz�Wu�����j�t�j��wu_v�p�y!�Çv�f!j���xzy¥®zj����zj�y}��jYvwx

θ1 = c(λ1)
±"ÅÈy � j�j � Æ

α1

u�y �
α2

iku¼�
�DjY�Kf!xz~wj�y�pqyk~wr!�Kf�u
°(uP�:v�f[u_vWv�f}j�Í[�w~�v(r!y¥°Úu�y¥v�j � j�pq��j�y¥®_u�tqr!j_Æ

θk+1

+c°�p»v�f
k ≥ 1

, Æ
pq~&tqxG�Pu_vwj � xzy vwf!j�r!y!p�v:��pq�w��tqj

B(0, 1)
u_y � vwf[u_v&v�f!j � pq~�vKu�y}��j�x�©�vwf!j � xzikp�y[u�y¥v

j�pq��j�y¥®_u�tqr!j
θ1 = c(λ1)

©c�wxzi
B(0, 1)

pq~�iku��dpqiku�t]± ÅÈy x�vwf!j��:°Úx�� � ~�Æ{r}y � j��:v�f!j
fT�G|Mx�v�f}j�~wp�~%x�©
t�j�i:i�u%+Bl}± 
 , Æ(°ÚjÏf[uP®zjÎv�x�i�uî�}p�ikp�Ì�j

|θ1|
�wj�~w|Mj���v�v�x

α1

u�y �
α2~wr!�G��j���vwj � vwx:vwf!j
��xzy}~�v��wu�pqy¥vw~

α1 + α2

2
= Re(λk+1), α1 < α2.

+ 
d� ,
ÅÈy�v�f}j)��u�~wj0°�f!j��wj

λ1

pq~g��jPu�t]Æ}v�f}j
©cx�tqtqx¼°�p�y!�ntqj�ikikusf!x�t � ~ +c~wj�j � � � � , �
�WÓ 
 
2¢�� � � �
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�� � � �¼Â¥Â[¾  ¼¶

λ1 ∈ R
� ²'¶�½

1 ≤ k < m
 ��[Á 
 ½#
}¸�½

Re(λk) < Re(λk+1)
¸�´!�

κ > 1
¸ ��³�"�¶�´Ï¹K¶w¸�Ä�´ ������¶�¹ � � 	 �Ú¶)½ö¸ �¥¶

α1 = Re(λk+1)−
κ+ 1

κ− 1
(Re(λk+1)− λ1),

α2 = Re(λk+1) +
κ+ 1

κ− 1
(Re(λk+1)− λ1),

½#
[¶�´
κ = |θ1| ≥ |θ2| ≥ . . . ≥ |θk| > 1 = |θk+1| ≥ |θi|, i = k + 2, . . . , m.

ÅÈy2v�f!p�~s��u�~wj_Æ
θ1
i�uP�§�Mj�iku � j%u_~stIu_�w�zjku�~�°Úu�y¥v�j � �T�§p�y!����jPu�~�pqy!�

κ
± �Yx¼°$j�®zj���Æ

°�f!j�y
λ1

pq~���xzi:|!tqj-��vwf!jsvwf!j�xz���Îp�~�tqj�~w~Ç~wu_v�p�~�©Bu���v�xz���zÆM°ÚjY��r!~�v0f[uP®zjnvwf!jn©cxzt�tqx¼°�pqy!�
�wj�~�r!t�v +c~wj�j � � �dÆM�_��� , �
�WÓ 
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}¸�½

λ1 = x1 + iy1

�9³µ½�

x1 <

Re(λk+1)
� � 	

α1 = Re(λk+1)−
√

(Re(λk+1)− x1)2 + y2
1,

α2 = Re(λk+1) +
√

(Re(λk+1)− x1)2 + y2
1,½#
[¶�´5½#
[¶ �:¸��z³�� ��� ¾
	

|θ1|
 ��&� �P¶KÁ�½ ¶�� ½ ¾ ½#
[¶�ÁK¾�´  �½]¹�¸�³µ´[½� + 
}� , ³� §¸�½B½ö¸�³µ´·¶�� � � ´

¸2�2��³µ½]³¿¾�´ 	

|θ1| = |θ2| =
1

√

ξ2 + 1− ξ
> 1,

�9³µ½�

ξ =

Re(λk+1)− x1

|y1|
,

¸�´!�
|θi| ≤ 1

	P¾�¹
i = k + 1, . . . , m

�

ß�ß=ê$#&% �('Pÿ
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egf}jÚu��Mx¼®zjWtqj�ikiku(pqi:|!tqp�j�~·vwf[u_v'v�f}j$j-�dvw�wj�ikjW�Kf[u��wu���vwj���x�©
θ1
pq~ � pq��j���v�t����wj�tIu_vwj �

v�x�v�f!j
�wu_v�p�x
ξ =

Re(λk+1)− Re(λ1)

Im(λ1)
.

egf!j)u�|!|!��x¼�dp�i�u_vwpqxzy�x�©
θ1
�Dj���xzi:j�~ � j�tqp��Pu_vwjÇpqy�~wp»v�r[u�v�pqx�y!~(°�f!j���j$�

�z±
|Re(λk+1)− Re(λ1)|

pq~(®�j�����~wiku�tqt �
�d±
| Im(λ1)|

p�~(®zj�����tIu����zj�±
ÅÈyb�Dx�vwfb�Pu�~�j�~�Æ'vwf!jn~�xzr!�zf¥v
j�p��zj�y¥®_u�t�r!j

θ1
pq~{®zj����b��t�xz~wj�v�x%v�f}j�r!y!p�v���p��w��t�j�ÆM°�f!pq�Kf

��xzi:|!tqp��Pu_vwj�~�p�vw~Ë��xzi:|!r}v�u_v�p�xzy�±�ÅÈy � j�j � Æzvwf!jgi�u_pqy � p �Dj��wj�y!��jg��xzi:|[u��wj � v�x�vwf!jg�Pu_~wj
°�f!j���j

λ1

pq~Ç��jPu�t6��xzi:j�~Ç©c��xzi vwf!jn©Bu���vÇv�f[u�v
tqj�i:iku +Bl}± � ,{� xdj�~0y!x�v
j�y!~wr!��j�~0v�f!u_v
θ1
pq~Yu&j��Gv���j�i:j�j�pq�zj�yT®_u�t�r!j)x�©

TC

± ¦ j)j�i:|!f[u�~�pqÌ�j0vwf[u_v{v�f!p�~{p�~�u � p��wj���v���j�~�r!t�v{x�©
r!~wp�y!�:u&�wu_v�p�xzy[u�tMv��wu�y!~�©cx��wiku_v�p�xzy

θ = c(λ)
Æ}y!j���j�~w~wu������Mj���u�r!~wj

B
pq~g~wp�y!�zr!tqu���±

� ��� � ��������	�
�� � ��� ��� � 	�� 
 ��� 
��	� ��
�
 
 � � � � � 	�� �
egf!jYÅÈi:|!t�pq��p»v���j�~�v�u���vwj � ���wy}xzt � pM��j�v�f}x � +BÅ ���0� , Æ � j�®zj�tqxz|Mj � pqy �Ül}�(�]Æd|!��x¼®dp � j�~$u
j �:��p�j�y¥v$u�y � yTr!ikj��wp��Pu�t�t��)~�v�u��!tqj(°ÚuP�n©cxz�9p�ik|!t�j�i:j�y¥v9u0��j�~�v�u���v�Æz°�p�vwf!xzr}v�j-�}|}tqpq��p�vwt��
��xzi:|!r}vwpqy!��u�y!j�° �Y�wy!xzt � p'©Bu���vwxz�wp�ÌPu_vwpqxzy�±�egf!p�~�i:j�vwf!x � ��xzin�}pqy!j�~Yv�f}jn����y!xzt � p¿ÛÜ~
ikj�v�f!x � � 
 ����°�p�vwf�vwf!j
pqi:|!tqp���p»v�t��n~wf!p»©µv�j ��
 � u�t��zxz�wp»v�f!i � lT� �]±

#�j�v&r!~&��xzy!~�p � j��:u
m
¬ ~�vwj�|

(m < n)
����y!xzt � p$©Bu���v�xz��pqÌPu�v�pqx�y x�©�uÎ�wjPu_t

n × ny!xzy ¬ ~��Giki:j�vw�wp��Çi�u�v��wp �
A
Æ[p¿±Üj�±

AV = V H + reT
m,

+ 
z� ,
pqy ~�r!�Kf u2°ÚuP� vwf[u_v

V ∈ Rn×m
f[u_~

m
x���v�f}xzy!xz��i�u�t{��x�tqr!i:y!~�Æ

r ∈ Rn
°�p»v�f

V Hr = 0
ÆËu�y �

H ∈ Rm×m
p�~su�r!|!|Mj�� �Yj�~�~wj�in�Dj��w�biku_v���p»�b°�p»v�f�y!xzy ¬ y!j��¥u�v�p�®�j

tqx¼° ¬È� pqu��zxzy!u�t¿±
� 
 � vÈ�G|Mj�u�tq��xz�wp»v�f!i,°�p»v�fÎj-�d|!tqp���p�vY~wf}p�©µv +B~wj�j �Ül¥��� , �Pu�yÏ�Djsu�|!|!t�pqj � v�x +�
¥� , ±

#'j�v
β ∈ R

u��zp�®�j�y�~wf!p»©µvP± ¦ j0©Bu���vwxz�wp�Ì�j
H − β I = QR

Æ!°�p�vwf
R
r!|}|Dj��(v��wpqu�y!�zr}tIu��

u�y �
Q
r!|!|Mj�� �{j�~w~�j�in�Mj�����xz��v�f!x��zxzy[u�t]±Ëegf!j�y�Æ!©c�wxzi + 
¥� , Æ!°$j)��j�v

(A− β I)V − V (H − β I) = reT
m,

(A− β I)V − V QR = reT
m,

(A− β I)(V Q)− (V Q)(RQ) = reT
mQ,

A(V Q)− (V Q)(RQ + β I) = reT
mQ,

+ 
$
 ,

ÝcÞ�ß�Ýcà
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pqy%~�r!�Kf�us°(uP��vwf[u_vg~�j�v�v�pqy}�
V+ = V Q

u�y �
H+ = RQ+ β I = QTHQ

Æd°$j0xz�}vKu_pqy

AV+ = V+H+ + reT
mQ.

egf!j�i�u_vw�wp �
V+

f[u�~
m
xz��vwf!xzy!x��wiku�t$��xztqr}iky!~�+Bp�vnpq~svwf!j�|!�wx � r!��v&x�©

V
u�y � u�y

xz��vwf!xz�zxzy!u�tËiku_v���p»�
Q
, u�y �

H+
pq~
u�r!|!|Mj�� �Yj�~w~�j�in�Mj���i�u_vw�wp �%+Bp»v
pq~
u���tqu�~w~�pq�Pu_t

|!�wxz|Mj���vÈ��x_©�v�f!j 
 �@©Bu���vwxz�wp�ÌPu_vwpqxzy·Æ¥~wj�j � lT��� , ±9ÅÈy�u �!� p»v�pqx�y�Æ¥v�f!j�Í!�w~�v
m− 2

j�y¥v��wp�j�~
x�©
eTmQ

u��wj0Ì�j��wx}±9egfGr}~�ÆMuny!j�°
m− 1

�Y�wy!xzt � pD©Bu_��v�x��wpqÌ�u_v�p�xzy%��u�y��Dj0xz�dvKu�p�y!j � �¥�
��xzy � j�y!~�pqy!�!Æ[y!u�ikj�t���Æ}�¥��j�ÑTr[u_vwpqy!��vwf!j0Í[�w~�v

m− 1
��xzt�r!i:y!~(x�©6jPu��Kf�~wp � j$�

AV +
m−1 = V +

m−1H
+
m−1 + r+

m−1e
T
m−1.

+ 
_l ,
egf!j���j�©cxz��j�Æ9~wf}p�©µv�p�y!���T�

β
� xGj�~ny}x�v � p�~�vwr!�w�§v�f!j%~�v���r!��vwr!�wj%x_©(v�f!j����wy}xzt � p]Û ~0©Bu�� ¬

v�xz��pqÌPu�v�pqx�y�±�egf!j�iku�p�yb�wj�~�r!t�v)x�©$v�f!p�~
xz|Dj���u_vwpqxzy}~)p�~Çv�f[u�v)vwf!j&Í[�w~�vs��xztqr!i:y¨x�©
V+f[u�~�v�f!j � pq��j���v�pqx�y�x�©

(A− β I)v1

Æ�°�f}j��wj
v1

pq~�v�f!j
Í[��~�vY��xzt�r!iky�x�©��n±[ÅÈy � j�j � ÆD�¥�
inr!t�vwpq|!t»�Gpqy!� +�
�
 ,

2

�¥�%vwf!j
�Pu�y!x�y!pq��u�t·®zj���vwxz�
e1
Æ!°Új
�zj�v

(A− β I)v1 = V+Re1 = (eT1Re1)V+e1.

¦ j:�Pu�y§p�vwj��wu_v�j�v�f}pq~
|!�wxG��j�~w~)�¥��j-�Gv�j�y � pqy!��v�f!j&y!j�°
(m − 1)

¬ ~�v�j�|§©Bu_��v�x��wpqÌ�u_v�p�xzy
+ 
�l , vwx:u

m
¬ ~�v�j�|�©Bu���v�xz��pqÌ�u_v�p�xzy�Ædu�|!|!t»�dp�y!�:u�~wf!p»©µv{u�y � ��xzy � j�y!~�pqy!�!±Wegf!j)|[uP�zx$�¨p�~

v�f[u_v�j�u��Kf�p�v�j���u_vwpqxzy�u_|!|!tqp�j�~Úvwx
v1

u&t�pqy!j�u��(|Mxzt��Gy!x�ikpqu�t�pqy��sÆ�u�y � °�f}j��wj
v�f}j)��xdx_v
x�©9v�f!p�~Y|Mxzt»�dy}xzikpqu�t�pq~{v�f!jsu�|!|!t�pqj � ~wf}p�©µvP±Yegf!j�~�j�p � j�u�~���u�yb�Mjs�zj�y!j��wu�tqp�Ì�j � v�xkvwf!j
u�|!|!t�pq�Pu�v�pqx�y%x�©

p
pqi:|!tqp���p�v$~wf}p�©µv�~�±WoGvKu_��v�p�y!�n©c�wx�i=u

k
¬ ~�v�j�|�����y!xzt � p·©Bu���v�xz��pqÌPu�v�pqx�y

AVk = VkHk + rke
T
k ,

°Új
j��Gvwj�y � v�f!p�~(©Bu���vwxz�wp�ÌPu_vwpqxzy%vwxku
(k + p)

¬ ~�v�j�|�����y!xzt � p·©Bu���v�xz��pqÌPu�v�pqx�y

AVk+p = Vk+pHk+p + rk+pe
T
k+p.

+ 
z� ,
egf!j�y�Æ

p
pqi:|!tqp���p�v{~�f!p�©µvw~

{βj}
p
j=1

i�uP���Djnu�|!|!t�pqj � v�x%v�f}jn©Bu���vwxz�wp�ÌPu_vwpqxzy�ÆM�wj�~wr!t»v�p�y!�
pqy�u�y!j�° ©Bu���vwxz�wp�ÌPu_vwpqxzy

AV +
k+p = V +

k+pH
+
k+p + rk+pe

T
k+pQ,

°�p�v�f
V +

k+p = Vk+pQ
Æ
H+

k+p = QTHk+pQ
u�y �

Q = Q1Q2 . . . Qp

Æ!°�p�vwf
Qj

v�f}j)r}| ¬
|Dj����Yj�~w~wj�in�Mj��w�)xz��v�f!xzy}xz�wiku�tGi�u_vw�wp �s��j�~�r!t�vwpqy!�Ç©c��xzi vwf!j(©Bu���v�xz��pqÌPu�v�pqx�ysx�©

Hh+p−

ß�ß=ê$#&% �('Pÿ
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βjI
©cxz�

j = 1, . . . , p
±s�4y}j�°

k
¬ ~�v�j�|¨�Y�wy!xzt � p6©Bu_��v�x��wpqÌ�u_v�p�xzyÏ��u�y¨�Dj�x��}vKu�p�y!j � �¥�

j�ÑTr[u_vwpqy!��v�f}j
Í!�w~�v
k
��x�tqr!i:y!~(xzy�jPu_�Kf�~�p � j5+B~�j�j�� l!��� , �

AV +
k = V +

k H
+
k + r+

k e
T
k .

+ 
�� ,
¦ j��Pu�y�p�v�j���u_vwjsu_|!|!t��Gp�y!�

p
~�vwj�|!~Yx�©Ëv�f}js����y!xzt � p¿ÛÜ~{u�tq�zx��wp�vwf!i,vwx�j��Gvwj�y � vwf!j)©Bu_� ¬

v�xz��pqÌPu�v�pqx�y +�
z� , v�xbuÏy}j�°
(k + p)

¬ ©Bu���vwxz�wp�ÌPu_vwpqxzy + 
z� , Æ"vwf!j�y<u_|!|!t��Gp�y!�Ï~�f!p�©µvw~nu�y �
��xzy � j�y!~�pqy!�!±

�Y~�°$jÎikj�y¥v�pqx�y!j � u_�Dx¼®zj_Æ�jPu��Kf@p�ik|!t�pq��p�v&u�|}|!tqp��Pu_vwpqxzy«x�©
u2~�f!p�©µv
βj

�wj�|}tIu���j�~
v�f!j�pqy!p»v�pIu_t·®zj���v�x���Æ

v1

Æ·�¥�Ïu:®�j���vwxz�Çp�y�v�f}j � pq��j���v�pqx�y�x�©
(A− βj I)v1

±YegfTr!~�Æ�u_©µv�j��
u�|!|!t�pq�Pu�v�pqx�y�x_©

p
pqi:|!tqp���p»vg~wf!p»©µv�~{°Új��zj�v

v1 ← ψ(A)v1

ÆM°�f!j���j
ψ
p�~Çu

p
¬ v�f � j��z��j�j

|Dxzt»�Gy!xzi:pIu�t�°�p�v�f§�wxGx�vw~
{βj}

p
j=1

±�egf}j��Kf!xzp���j&x�©$v�f!j:~wf!p»©µv�~�Æ"u�y � f!j�y!��j:v�f!j:��x�y ¬
~�v���r!��vwpqxzy&x�©Dv�f!j�|Mxzt��Gy!x�ikpqu�t¿Æ�pq~9i:x�v�p»®_u_v�j � �T��vwf!jg©Bu���v�vwf[u_v�p�©M°$j{�Kf}xdxz~�j�u_~W~�f!p�©µvw~
v�f!j(j�pq�zj�y¥®�u_tqr!j�~6v�f!u_v�u���j � r}yT°Úu�y¥v�j � �KÆz°$jg�Pu_y�j(�Dj���vwp�®�j�t��)Í[t»v�j���v�f!jÚ~�vKu_��v�p�y!��®�j���vwxz�
v1

~�xÏv�f!u_vnp»v�°�p�tqt9�Mj��wp��Kf pqy§v�f!j � pq��j���vwpqxzy§x�©gvwf!j �ö°(u�y¥vwj � �kj�p��zj�y¥®�j���vwxz�w~�± �Çy!j
|Dxz~�~wp��!tqjg~�f!p�©µv�~�j�tqj���vwpqxzy:~�vw��u_vwj�����p�~9v�f!j�~wx)�Pu_tqtqj � � j��}u���vÚ~�f!p�©µv�~�v��wu_v�j������ +B~�j�j �Ül!�(� , Æ
°�f!j���j&vwf!j

(k + p)
j�p��zj�y¥®_u�tqr}j�~0x�©

Hk+p

u_�wj�|[u���v�p»v�pqx�y!j � p�yTvwx�u�~wj�v)x�©
k
°Úu�y¥v�j �

u�y � uÏ~�j�vsx�©
p
r!y¥°Úu�y¥v�j � j�tqj�ikj�yTvw~�±�egf!j

p
r!y¥°Úu�y¥v�j � j�pq�zj�y¥®�u_tqr!j�~nu���j�r!~�j � u�~

v�f!jY~wf!p»©µv�~Wpqykvwf!j���j�~�vKu���v�pqy}�!±Ëegf!p�~Úpq~Wj�ÑTr!p»®_u�tqj�yTvWv�x��wj�~�vKu_��v�p�y!��vwf!j��Y�wy!x�t � p[©Bu���v�xz� ¬
pqÌPu�v�pqx�yÏ°�p�vwf¨u�t�pqy!j�u�����xzin�!p�y[u_vwpqxzy�x�©$vwf!j&u�|!|}�wxP�dpqiku_v�jnj�pq�zj�y¥®zj���v�xz��~)u�~w~�xd��pIu_vwj �
°�p�v�f%vwf!jÇ°Úu�y¥v�j � j�pq�zj�yT®_u�t�r!j�~�± ¦ j0y}x�v�p���j�vwf[u_v(vwf!j0r!~wj0x_©6p�ik|}tqpq��p�vw~W~�f!p�©µvw~gx�©'Ì�j��wx
+B~wj�j�� 
�l}Æ 
z� � , pq~gj�ÑTr!p»®_u�tqj�yTvgvwx&|Dj���©cxz��ikp�y!��~wr!�}~w|[u���j�p»v�j���u_vwpqxzy�xzy

Vk

±

� � � � � � � ��	���
�� � 		� 	�
 ����
 � ��	�� � ����� � ��� � � 	���������
 ��� �
ÅÈy&vwf!pq~"|[u���u_�z��u�|}fn°Újg~�r!ikiku���pqÌ�jWv�f!j�u_tq�zxz��p�vwf!i °Új�r!~�j(©cxz�"vwf!j�u�|!|!��xP�}p�i�u�v�pqx�ysx�©
v�f!jnt�j�©µvwikxz~�v�j�pq�zj�y¥®�u_tqr!j�~�x�© +¿�$
 , ±Çegf}pq~0u�t��zxz��p�v�f}i�Æ!©cr!t�t�� � j�®zj�tqxz|Mj � �¥� #�j�f!xzr!��Ñ
u�y � od��x�vwv"pqy � 
z���¿Æ���xzin�}pqy!j�~"~wf}p�©µv ¬ pqy¥®zj���v"u�y � ��j�y!j���u�t�pqÌ�j � �(uP�Gtqj���vw��u�y!~�©cxz�wiku_vwpqxzy!~
°�p�v�f�u�y�Å ���0� ikj�v�f!x � ±�oGf!p�©µv ¬ pqy¥®�j���vWp�~$r!~�j � vwxs�zj�v(u
Í[�w~�vgu�|}|!�wxP�dpqiku_v�p�xzy&x�©·vwf!j
~w|Mj���vw�wr!i u�y � pq~�u_tq~wx r}~wj � vwx«|}r!�wp»©µ� vwf!jb~�v�u���vwpqy!� ®�j���vwxz��u�y � v�f}jb��xzi:|!r}vwj �
j�pq��j�y¥®zj���v�x��w~�Æ�~�j�j � 
�l �¿±

ÅÈy�v�f!j)~wj�ÑTr!j�t
k
~�vKu�y � ~{©cxz�gvwf!j�yTr!is�Dj��Yx�©Ë~wxzr!��fTv ¬ u_©µvwj���j�p��zj�y¥®_u�t�r!j�~ +

k � n
,

u�y �
k + p

+
p > 0

, ©cxz�%v�f!j¨yTr!in�Mj���x�©���x�ik|!rdv�j � �Y�wy!xzt � p�®�j���vwxz�w~ +Bp]± j_± v�f}j
� pqi:j�y!~�pqxzy�x�©"v�f!j �0���Gtqx¼®MÛ ~Y~wr!�}~w|[u���j , ± ¦ j � j�y!x�vwjs�¥�

θ
u_y �

x
vwf!jnu_|!|!��x¼�dp�i�u_vwj

j�pq��j�y¥®_u�tqr!j�~gu�y � j�pq�zj�yT®�j���v�xz��~{x_©
TSI

u�y �
TC

± �Yj�y!��j_Æ
λ = c−1(θ)

~�v�u�y � ~(©cxz�$v�f!j
��xz���wj�~�|Dx�y � pqy}�ku_|!|!�wxP�dpqiku_vwj0j�pq��j�y¥®_u�tqr!j0x_©6vwf!j
xz�wp��zpqy[u_tD|!��xz�!t�j�i +]�$
 , ±
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egf}jÚu�t��zxz��p�v�f}i ��xzrdv�tqp�y!j�~�vwf!j #�j�f!xzr}��Ñ
u�y � od��x�vwv�Û ~ �0j�y!j���u�t�pqÌ�j � �(u¼�Gt�j��Çvw��u�y!~ ¬
©cxz�wi Å ���0� u�tq�zx��wp�vwf!i�±:ÅÈy§v�f!p�~)u�tq�zx��wp�vwf!i�Æ�~��Gin�Mxzt

♦
pqy � p��Pu_vwj�~0v�f}jk~�v�j�|}~s|!��x ¬

®dp � j � �¥�%v�f}j)���Y�M�{��� tqp��!��u_��� +B~wj�j ��
z�GÆ 
¥� � , ±
� Ó������
♦ v1 ∈ R

n
��u�y � xzi�r!y}p�vKu_����®�j���v�xz�

|!r!�wp»©µ� �
v1 ← TSI(0)v1

♦
��xzi:|!r}vwj

θ1, . . . , θk+p

©c��xzi�u
(k + p)

¬ ~�v�j�|�����y!xzt � p·©Bu���v�xz��pqÌPu�v�pqx�y%x�©
TSI

λi ←
1

θi

Æ
i = 1, . . . , k + pxz� � j��

λi

°�p�vwf�pqy!���wjPu_~wpqy}���wjPu_t�|[u���vw~
♦ v1 ∈ Rn

��u�y � xzi�r!y}p�vKu_����®�j���v�xz�
v1 ← TSI(0)v1¡ Ó��9Ó ¢} 
��xzi:|!r}vwj

α1
u�y �

α2
©c��xzi

λ1
u�y �

λk+1
+Bt�j�i:i�u_~(l!±Ülku_y � l}± � ,

♦
��xzi:|!r}vwj�u

(k + p)
¬ ~�v�j�|�����y!xzt � p·©Bu���v�xz��pqÌPu�v�pqx�y%x�©

TC

♦
r!| � u_v�j

v1

�¥��pqi:|!t�pq��p»v$u�|!|!t�pq�Pu�v�pqx�y%x�©
p
~�f!p�©µvw~

♦
��xzi:|!r}vwj

θ1, . . . , θk+p

�¥��j-�dvwj�y!~�pqxzy�v�x:u
(k + p)

¬ ~�vwj�|�©Bu���vwxz�wp�ÌPu_vwpqxzy
λi ← c−1(θi)

Æ
i = 1, . . . , k + pxz� � j��

λi

°�p»v�f�pqy}���wj�u�~wp�y!�&�wj�u�t�|[u���v�~
+]u , ��x�yT®�j����zj�y!��j�vwj�~�v{xzy

θi

tIu����zj�~�v�pqy�iku��zy!p»v�r � j
� �   � 1

k
ÁK¾�´ "�¶�¹ �G¶��%¶�³��G¶�´ "�¸�Ä���¶  

♦
��xzi:|!r}vwj
j�pq��j�y¥®zj���v�x��w~

xi

��xz�w��j�~�|Dxzy � pqy!��vwx&vwf!j
��xzy¥®�j��w��j � j�pq�zj�yT®_u�t�r!j�~
xz�}vKu_pqy�j�p��zj�y¥®zj���vwxz�w~{x�©

(A,B)
�¥��|!r!��p�©µ�Gpqy!�&�

xi ← TSI(0)xiÓ�� Ø
	�

��������������������� � !#"$�&%(')� *,+�-/. '1032)465879� !;:<. '1=
%
>?0

� � � ��� 0@� �P� ���A��Ó��B��Ó��DC ¢31 � Ó �
�0y}��j0v�f!j � xzikp�y[u�y¥vgj�pq�zj�yT®_u�t�r!j�~�x�©

TC(α1, α2)
u���j0��xzy¥®�j��w��j � Æ�p�v�p�~gy!j���j�~�~�u�����v�x

�Dj{�Pu�rdv�pqx�r!~WvwxnuP®zx�p � j�pq�zj�y¥®�u_tqr!j�~W°�f!p��Kf�u���jYy!x_vÚx�©�~wiku�tqt�j�~�v���jPu�t�|[u_��vP±9egf}pq~ �Gp�y �
x�©Ër!y}��j���vKu�p�y¥vÈ����xzi:j�~�©c�wxzi�vwf!j)©Bu_��v{v�f[u_v�Æ�r!y}©cxz��v�r!y[u�v�j�t»�zÆ[v�f}j�tqu��w�zj�~�v{j�p��zj�y¥®_u�t�r!j
x�©

TC(α1, α2)
p�y iku��zy!p»v�r � j � xGj�~�y!x�v%y}j���j�~w~wu��wp�t�� ��xzp�y!��p � j�°�p»v�f vwf!jÏt�j�©µv�i:xz~�v

j�pq��j�y¥®_u�tqr!j�~gx�© +]�$
 , ±�Åöv�p�~gpqi:|Dxz��vKu�y¥v(vwx&y!x�v�p���j0v�f!u_vgv�f!j��wj
pq~�y!x�vwf!j�xz����uP®_u�pqtqu��!tqj
v�xg®zj��wp�©µ�Y°�f!j�vwf!j��'v�f}jWt�j�©µv ¬ i:xz~�v·j�pq��j�y¥®_u�tqr!j�~�f[uP®zjW�Dj�j�y
��x�ik|!rdv�j � Æ_~�j�j �»� �}Æ�
z�}Æ¼� ���]±
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ÅÈyÏu�yÎu�vwv�j�ik|dv{vwxkx¼®�j��w��xzi:j)vwf!pq~ � ��uP°��[u_� �MÆMpqy ��
z���]Æ/#�j�f!xzr!��Ñ�j�v�od��x�v�v�p�y¥v��wx ¬
� r!��jYu
u �!� p»v�p�xzy[u�tGv�j�~�vWxzy:vwf!j���xzi:|!r}vwj � j�p��zj�y¥®_u�tqr}j�~�ÆGu_©µvwj��9~�v�j�| +]u , p�y:u�tq�zx��wp�vwf!i
�z± �Çy!��j�vwf!j � xzi:pqy[u_yTvÇj�pq��j�y¥®_u�tqr!j�~'+Btqu��w�zj�~�v0p�y¨i�u���y!p�vwr � j , x�©

TC(α1, α2)
f[uP®zj

u�����j�|}v�u��!tqjÇu�|!|!��x¼�dp�i�u_vwpqxzy}~�ÆT°Új0xz� � j��$v�f!j
k+ p

j�pq�zj�yT®_u�t�r!j�~Úpqy � j�����jPu�~�pqy!�&xz� � j��
x�©$vwf!j�p��
ikx � r!t�p¿±negf!j�y2°$jk��xzik|}r}v�j�v�f}j:��xz�w��j�~�|Dxzy � pqy!��j�p��zj�y¥®_u�t�r!j:u�|!|!��x¼�dp�i�u ¬
v�pqx�y!~Úx�© +¿��
 , u�y � x�� � j��Úv�f!j�i p�y � j����wj�u�~wp�y!��xz� � j��(x�©�vwf!j�p��(�wj�u�t·|!u���vw~�±9Åö©'v�f!j��wjÇp�~
u�ykj�pq�zj�y¥®�u_tqr!j�pqy�vwf!jY|!u�� ��u��zj�x�©·vwf!j

p
~�i�u_tqtqj�~�v�p�y:iku��zy}p�v�r � j(°�f!pq�Kfk��xz���wj�~w|Mxzy � ~

v�xnu)j�p��zj�y¥®_u�tqr}j�pqy&v�f}j�|[u�� ��u���jÇx�©�vwf!j
k
°�p�v�fk~wiku�tqt�j�~�v$��jPu�tM|[u���vPÆT°ÚjYpqy!���wj�u�~wj{v�f!j

yGr}in�Dj��
k
x_©"��j�ÑTr!j�~�v�j � j�p��zj�y¥®_u�tqr}j�~�±�egf!j)yTr!i:j��wp��Pu�t·j��d|Dj��wp�ikj�yTvw~Y��u��w��pqj � x�r}v{pqy

� 
z���'~wf!x¼°$j � v�f!j
j(�Dj���v�p»®zj�y}j�~w~Yx�©"vwf!pq~g~�v��wu_v�j����z±

� � � � � � � �'¡ �B× ��� Ó��B��Ó���C ¢31 � Ó �
Ù ��xzi t�j�i:i�u(l!±»�$vwf!jW�zj�y!j���u�t�pqÌ�j � �(u¼�Gt�j��
v��wu�y!~�©cx��wi iku�|!~�v�f!jWpqydÍ[y!p�vwj�j�pq��j�y¥®_u�tqr!j�~
x�© +¿�$
 , xzy�vwx

+1
±Úegf!j�~wjsj�pq�zj�y¥®�u_tqr!j�~Yu_�wj
y!x�v{�wj�tqj�®�u_yTv{©cxz�(vwf!j�~�vKu��}pqtqp»vÈ��u�y!u�t��G~wp�~

�!r}vPÆ�p�y�|!�wu���vwpq��j�ÆMu��wj
t�p ��j�t��%vwxk�Mj)��xzi:|!r}vwj � ±(ÅÈy � j�j � ÆM©c��xzi +�
z� , u�y � ~wpqy}��j
α1 <

α2

Æ[p»©
θ = 1 + δ

°�p»v�f
δ > 0

~�i�u_tqt¿ÆTv�f}j�y

λ = c−1(θ) =
1

δ
(α1(1 + δ)− α2),

�Dj���xzi:jbtIu����zjÎp�y@i�u���y!p�vwr � jÏ°�p»v�fÉy!j��zu_v�p»®zj¨�wj�u�tÇ|[u���vP±4egfTr!~�ÆÇv�f!p�~%j�p��zj�y¥®_u�t�r!j
��xzr!t � �Mj�vKu���j�y¨p�yTvwx�u�����xzr!y¥v0p�yÏv�f}jsr!| � u_vwjnx�©

α1
u�y �

α2
± #�j�f!x�r!��ÑÏu�y � od��x�vwv�Æ

pqy ��
z���]Æ�|!�wxz|Mxz~�jnv�f[u_v
x�y§j�u��Kf§p�v�j���u_vwpqxzyÎu�tqt��wj�u�t
θi

°�f!pq�Kf�u���j���tqx�~wjsvwx
+1

inr}~�v
�Dj�j��d��t�r � j � ±Çegf!j��Ïu�t�~wx�j-�d��tqr � jn~wr}�Kfb~w|!r!��pqxzr}~�j�p��zj�y¥®_u�t�r!j�~{°�f!j�yb~�jPu����Kf!pqy!�k©cxz�
|Dxz~�~wp��!tqj0i:pq~�~wpqy}�nj�p��zj�y¥®_u�tqr}j�~�±

� � � � � � 
 � 1 � £ �  n� � ���  ¼�
¦ j
f[uP®zj�y!x�vwpq��j � vwf[u_v�v�f}j)iku�p�y � p �:��r}t�vÈ��p�y�xzr}�{j�pq�zj�y!|!��xz�!tqj�i,��xzikj�~{©c��xzi vwf!j
j��dpq~�v�j�y}��j�x�©Mpqy}Í!y!p�vwj(j�p��zj�y¥®_u�tqr}j�~�± ¦ jg��xzr!t � v�����v�x
|!r!��p�©µ�

v1
°�p»v�fnv�f}j�u�|!|!t�pq�Pu�v�pqx�y

x�©Mpqi:|!tqp���p�v'~�f!p�©µvw~Ëx�©
+1
± �Yy}©cxz��v�r!y!u_v�j�t��zÆzvwf!j(j-�}|Mj���pqi:j�y¥v�~9|Mj���©cxz�wi:j � p�y � 
�� �[~�f!x¼°

v�f[u_v$v�f!p�~Wvwj��Kf!y}pqÑTr!jÇ��u�y��zp�®�j��[u � �wj�~wr!t»v�~�± #�j�f!xzr!��Ñ�u�y � od|Mj�y!��j�Æ!p�y ��
}���]Æd|Mxzpqy¥vwj �
xzr}v"vwf[u_v�v�f!jÚu�|!|!t�pq��u_v�p�xzy�x_©[~wf!p»©µv�~6��xz���wj�~�|Dx�y � pqy}��v�x{®zj����n�zxGx � u�|}|!�wxP�dpqiku_v�p�xzy!~'x�©
v�f!jÇj�pq�zj�y¥®�u_tqr!jÇ��u�y�pqy¥vw�wx � r!��j�pqy!~�vKu��!p�tqp»v�pqj�~ � r!jÇvwxnv�f!jÇ��xzr!y � pqy!�nj��w��xz�w~�± #�j�f!xzr!��Ñ
j�vsod��x_vwv)pqy � 
�� ��~wf}xî°$j � v�f[u_v
vwf!j�u_|!|!tqp��Pu_vwpqxzyÏx�©

p
~wf}p�©µv�~
x�©

0
�zp�®�j:��xzy!~�pq~�vwj�y¥v�t»�

�zxdx � �wj�~�r!t�vw~�±9egf!p�~Úp�~$j�ÑGr}p�®_u�tqj�y¥v$vwxs|Mj���©cx��wiÊ~wr!�}~w|[u���jÇp�vwj��wu_v�p�xzy:°�p»v�f
TC(α1, α2)
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± ¦ p»v�f v�f}pq~��Kf!xzp���j%vwf!j�j(�Dj���v�~&x�©{v�f!j�~�|!r!�wp�xzr!~�j�pq�zj�yT®_u�t�r!j�~nu��wj�~�v��wx�y!�zt��
u_vwvwj�yTr[u_vwj � ±

� � � � � �D ¼¢!¡¼  ���A� ��¢ Ô 1 Ó¥Ô �   Ó ¡î¢}  �B×�� �
egf!j�pqy}©cxz��i�u�v�pqx�ys��x�yTv�u�pqy}j � pqy�v�f!jg~�vKu���v�p�y!�0®zj���v�xz��p�~9���wr}��pIu_t!©cxz�"v�f}j{|Mj���©cxz�wiku�y!��j
x�©�v�f!j�����y!xzt � p¿ÛÜ~nu�t��zxz��p�v�f}i�±¨�(v&jPu_�Kf �(uP�Gtqj�� p�vwj���u�v�pqx�y2°Új���u�y<pqi:|!�wx¼®zj

v1
�¥�

vKu$�Tpqy}�:p�y¥v�xku�����xzr!y¥vYvwf!j
pqy}©cx��wiku_v�p�xzy%|!��xî®Gp � j � �T��vwf!j)tIu�~�vYp»v�j���u_vwpqxzy�±W��xz�wj)|!�wj ¬
��pq~�j�t»�zÆË°$j%�Pu�y v�u$��j

v1

pqy2vwf!j%p�yT®_u���pIu�y¥vs~wr!�!~�|[u���j�u�~w~�xd��pIu_vwj � v�xÎvwf!j%��xzy¥®zj����zj �
j�pq��j�y¥®_u�tqr!j�~�±9egf!j��wj�©cxz�wj_ÆM~�j�j���
 � �]Æ�u_©µv�j��gjPu��KfÏ�(uP�dt�j���p»v�j��wu_v�p�xzy�°$j�~�j�v

v1 ←
l∑

i=1

wi, v1 ←
v1

‖v1‖
,

°�f!j���j
{wi}

l
i=1

~�vKu�y � ~{©cx��Yukod�KfTr!�{�[u�~�j�x�©6v�f!j
p�yT®_u���pIu�y¥v�~�r!�!~w|!u���jsu�~w~�xd��pIu_vwj � v�x
v�f!j
j�p��zj�y¥®_u�t�r!j�~(°�f!p��Kf�f!u¼®�j���xzy¥®zj��w�zj � pqy�vwf!j
|!�wj���j � pqy!�:p�vwj���u�v�pqx�y�±

� � � � 	���� 
���� � � 
 ����� ����� 	 � 
 � 
 � �	� ����	���
����
ÅÈy u_tq�zxz��p�vwf!i �zÆ�j�u��KfÉ~wf!p»©µv ¬ pqy¥®zj���v�|!r!��p�Í[��u_v�p�xzy ~�v�j�|5xz�%�Y�wy!x�t � pY~�v�j�| ��j�ÑTr!p��wj�~�Æ
�wj�~�|Dj���vwp�®zj�t���Æ6u�iku_v���p»� ¬ ®�j���v�xz�Ç|}�wx � r!��v

y = TSI(α1) x
x��

y = TC(α1, α2) x
Æ � j ¬

|Dj�y � pqy}��xzy¨v�f}j&vw��u�y}~�©cxz��i�u_vwpqxzybp�y�|}�wxz�z��j�~�~�±��(v
vwf!pq~
|Mxzpqy¥vPÆ'p»v
pq~
pqi:|Dx���vKu_yTv�v�x
|!�wx¼®Gp � j0vwf!jÇ©cxztqt�x¼°�pqy!�np � j�y¥vwp�vÈ�

TC(α1, α2) = (A−α1 B)−1(A−α2 B)

= (A−α1 B)−1 [(A−α1 B) + (α1 − α2) B]

= I+(α1 − α2)(A−α1 B)−1 B

= I+(α1 − α2) TSI(α1).

egf!j���j�©cxz��j�Æ'xzy¨jPu��Kf§����y!xzt � pË~�vwj�|§xz�0|!r!��p�Í[��u_v�p�xzyb~�vwj�|�Æ�°$j&f[uP®zj&v�x�|Mj���©cx��wi vwf!j
i�u_vw�wp � ¬ ®zj���v�x��)|}�wx � r!��v

y = TSI(α1) x
±%ÅÈy u�j�ÑTr!p»®�u_tqj�y¥v)°(uP��Æ6°$j�f[uP®zj:v�x�~wxzt»®zj

v�f!j0©cxzt�tqx¼°�pqy!�stqpqy}jPu��$~��G~�vwj�i �

(A−α1 B) y = B x .
+ 
¥� ,

ß�ß=ê$#&% �('Pÿ
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ÅÈy�v�f!j%~�j�ÑTr!j�t$°$j�°�pqt�tWp�y¥v�j���|!�wj�v�u�y � � j�Í!y!j�uÏi:j�vwf!x � ©cxz�
v�f!j%��j�~�xztqr}vwpqxzy§x�©
v�f!p�~Ë~��G~�vwj�i4�!u�~wj � x�y&vwf!j(iku_v�f}j�iku_v�p��Pu�tGu�y[u_t��G~wp�~ � j�®�j�t�xz|Dj � pqy&�"u_��v9Å��»�P���¿Æ_°�f!pq�Kf
�Pu�y��DjÇ®Gp�j�°$j � u_~Yu��zj�y!j��wu�tqp�Ì�j � u �!� j � iku�~w~�|!��xd��j � r!��j�± #�j�v{r!~�~wj�v

x =











fΩf

fΓout

fΓin

fγ

q

h

g











∈ R
n, y =











uΩf

uΓout

uΓin

uγ

p

z

s











∈ R
n.

�{©µv�j��{j�tqp�ikp�y[u_v�p�xzy:x�©
z
�¥�%v�f}j
Í}©µv�f�tqpqy}jÇx�© +�
¥� , Æ

z = −g − α1s
Æ�+�
¥� , ��j � r!��j�~

v�x









AΩf

1 −α1 DΩf

1 AΓout

1 −α1 DΓout

1 AΓin

1 −α1 DΓin

1 fΓin Aγ
1 −α1 Dγ

1 B1 0

AΩf

2 −α1 DΩf

2 AΓout

2 −α1 DΓout

2 AΓin

2 −α1 DΓin

2 fΓin Aγ
2 −α1 Dγ

2 B2 0
0 0 I 0 0 0

0 0 0 I 0 α1 G0 + G1

BΩf

−α1 EΩf

BΓout −α1 EΓout BΓin −α1 EΓin Bγ −α1 Eγ C 0

FΩf

a −α1 FΩf

d FΓout

a −α1 FΓout

d FΓin

a −α1 FΓin

d Fγ
a −α1 Fγ

d Fb K+ B0 +α2
1 M










×









uΩf

uΓout

uΓin

uγ

p

s









=










DΩf

1 fΩf

+ DΓout

1 fΓout + DΓin

1 fΓin + Dγ
1 fγ

DΩf

2 fΩf

+ DΓout

2 fΓout + DΓin

2 fΓin + Dγ
2 fγ

0

−G0 g

EΩf

fΩf

+ EΓout fΓout + EΓin fΓin + Eγ fγ

FΩf

d fΩf

+ FΓout

d fΓout + FΓin

d fΓin + Fγ
d fγ + M(h− α1g)










.
+ 
 � ,

��~9pqy:oGj���vwpqxzy�l}± ��x�©D�6u���v�Å � �¼����+c|!�wx��!tqj�i +�
�
 , x�©D�6u���v�Å�pq~"vwf!jg� � 
2j�ÑTr!p�®_u�t�j�y¥v9x�©
+ 
 � , , °$j � j���xzi:|Dxz~�jÚv�f}j(~wxzt�r}v�p�xzysx_©Mvwf!j(|!��j���j � p�y!�0|!�wx��!tqj�i u_~

(u, p) = (u1, p1)+
(u2, p2)

± �$�«�!t�xd� � �
u�r!~�~wpqu�y j�tqp�ikp�y[u_v�p�xzy x�©Yv�f!j�ª[r!p � ~�r!�!|!��xz�!tqj�i�Æ
(u1, p1)

p�~
~wxzt�r}v�p�xzy�x�©�v�f!j0Í[��~�v�©cxzr!�gt�pqy!j�~gx�© + 
 � , r!~wj � °�p»v�f

s = 0
�
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






AΩf

1 −α1 DΩf

1 AΓout

1 −α1 DΓout

1 AΓin

1 −α1 DΓin

1 fΓin Aγ
1 −α1 Dγ

1 B1

AΩf

2 −α1 DΩf

2 AΓout

2 −α1 DΓout

2 AΓin

2 −α1 DΓin

2 fΓin Aγ
2 −α1 Dγ

2 B2

0 0 I 0 0
0 0 0 I 0

BΩf

−α1 EΩf

BΓout −α1 EΓout BΓin −α1 EΓin Bγ −α1 Eγ C















uΩf

1

uΓout

1

uΓin

1

u
γ
1

p1








=








DΩf

1 fΩf

+ DΓout

1 fΓout + DΓin

1 fΓin + Dγ
1 fγ

DΩf

2 fΩf

+ DΓout

2 fΓout + DΓin

2 fΓin + Dγ
2 fγ

0

−G0 g

EΩf

fΩf

+ EΓout fΓout + EΓin fΓin + Eγ fγ







.

+ 
 � ,

odpqi:pqtqu�����Æ_°$jÇpqy¥v���x � r!��j{j�t�j�i:j�y¥vKu����&~wxzt�r}v�p�xzy!~�x�©�vwf!j�Í[�w~�vÚ©cxzr!�Wtqp�y!j�~�x�©.+�
 � , +cª[r}p �
~wr!�!|}�wxz�!t�j�i , °�p�vwf�r}y!p�v���pq�zf¥v�f[u�y � ~�p � j








AΩf

1 −α1 DΩf

1 AΓout

1 −α1 DΓout

1 AΓin

1 −α1 DΓin

1 fΓin Aγ
1 −α1 Dγ

1 B1

AΩf

2 −α1 DΩf

2 AΓout

2 −α1 DΓout

2 AΓin

2 −α1 DΓin

2 fΓin Aγ
2 −α1 Dγ

2 B2

0 0 I 0 0
0 0 0 I 0

BΩf

−α1 EΩf

BΓout −α1 EΓout BΓin −α1 EΓin Bγ −α1 Eγ C















wΩf

j

wΓout

j

wΓin

j

w
γ
j

qj








=







0
0
0

−(α1 G0 + G1)ej

0






,

+Blz� ,

°�p�v�f
ej

vwf!j
j
¬ v�f���u�y!xzy!p��Pu�tD®zj���v�xz�{x�©

Rns ±Ù ��xzi v�f!jgu_�Dx¼®zjÚ��xzy!~�p � j���u_vwpqxzy}~6°$jg|!�wxz|Mxz~�j$v�f}jÚ©cxztqt�x¼°�pqy!�{ikx � r!tqu��'�wj�~wxzt�r}v�p�xzy©cxz�(v�f!j
t�pqy!j�u��g~��G~�vwj�i + 
z� , ± Ù xz�
α1

�zp»®zj�y�Æ!°Új)~�v�u���v{�¥��©Bu���v�xz��pqÌ�p�y!�nv�f}j)iku_vw�wp»��x�©
+ 
 � , xz�$x�©�+Blz� , ±Ëegf}j�~wx�tqr}vwpqxzy:x�©�vwf!j�j�tqj�i:j�y¥v�u����&|!��xz�!t�j�i:~ +cl¥� , u�y � vwf!j���j�~�p � r[u_t��xzi:|!r}v�u_v�p�xzy!~

Fij(α1) =










[

FΩf

a −α1 FΩf

d FΓout

a −α1 FΓout

d FΓin

a −α1 FΓin

d Fγ
a −α1 Fγ

d Fb

]










wΩf

j

wΓout

j

wΓin

j

w
γ
j

qj



















i

,

°�p�v�f
i, j = 1, . . . , ns Æ�u�tqt�xî°,r!~�vwx2��x�ik|!rdv�j�vwf!j

ns ��xztqr!i:y!~:x�©0v�f}jÏpqydª[r!j�y}��ji�u_vw�wp �
F(α1)

Æ � j�~����wp��!pqy}�
vwf!j{�wj�vw�wx¥u_��v�p�xzy&x�©·vwf!j�ª[r!p � xzy&v�f!j{~�vw�wr!��v�r!��j{°�f}j�ykvwf!j

ß�ß=ê$#&% �('Pÿ
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ª[r!p � p�~Ç~wj�v
pqy¥v�x�i:x�vwpqxzy�v�f!��xzr!�zfbv�f}j�~�v���r!��vwr!��u_t � pq~�|!tIu_��j�i:j�y¥v
s
±)egfTr!~�Æ�°$j:��u�y

©Bu���vwxz�wp�Ì�jnv�f}jkiku_v���p»�Îx�©$vwf!j:��xzy � j�y!~�j � |!��xz�!t�j�i�Æ�x��}vKu�p�y!j � u_©µvwj��
j�t�pqi:pqy[u�v�pqx�yÏx�©
(u2, p2)

pqy�v�f!j
tqu�~�v�t�pqy!jÇx_© + 
 � , �

K+ B0 + F(α1) + α2
1 M .

�(vËv�f!p�~Ëtqj�®zj�t¿Æzv�f}jg��xzi:|!r}v�u_v�p�xzysx�©
(u, p)

p�~"pqi:i:j � pqu_v�j_± �Çy�v�f}j(xzy!jgf[u_y � Æ
(u1, p1)�Pu�y��Dj0x��}vKu�p�y!j � �¥��~wx�t�®Gpqy!� +�
 � , ±9egfTr!~�Æ[©c�wxzi,vwf!j
�wj�~wp � r[u�t

r =
[

FΩf

a −α1 FΩf

d FΓout

a −α1 FΓout

d FΓin

a −α1 FΓin

d Fγ
a −α1 Fγ

d Fb

]









uΩf

1

uΓout

1

uΓin

1

u
γ
1

p1









−
[

FΩf

d fΩf

+ FΓout

d fΓout + FΓin

d fΓin + Fγ
d fγ

]

,

°Új
xz�}v�u�pqy�vwf!j0ª[r!p � t�x¥u � u_vgvwf!j
pqy¥v�j���©Bu���j�± �$��~�xzt�®Gpqy}�nv�f!j
��x�y � j�y}~wj � |!�wxz�}tqj�i
(
K+ B0 + F(α1) + α2

1 M
)
s = − r + M(h− α1g),

+cl!� ,
°Új
�zj�v

s
± �Çy!��j

s
pq~g��xzik|}r}v�j � Æ!°Új
xz�dvKu�p�y

(u2, p2)
©c��xzi

(u2, p2) =
ns

∑

j=1

sj(wj, qj),

u�y � v�f!j�y�°�p»v�f
(u1, p1)

°Új
Í[y[u_tqt��k��x�ik|!rdv�j
(u, p)

±
�Út�jPu���t���ÆD°$j���xzr!t � ~wj�|[u��wu_v�j�t����!r!pqt � v�f}jni�u�v��wp���j�~

A
u�y �

B
u�y � vwf!j�yb©Bu���v�xz� ¬

pqÌ�j
A−α1 B

± �{x¼°Új�®zj���Æ(v�f!p�~n°Úx�r!t � pqi:|!t»�zÆ�xzy v�f!j�xzy}j�f!u�y � Æ$u§tqu��w��j��n��xz~�v:x�©
©Bu���vwxz�wp�ÌPu_vwpqxzy�Æ'u_y � xzy§v�f!jkx�v�f}j��)f[u�y � Æ"u�t�xz~w~
pqy§v�f!j:i:x � r}tIu��0�Kf[u_��u���v�j���x�©Úvwf!j
~wxzt�r}v�p�xzy�±ÎÅöv�p�~s°$j�tqt��Ty!x¼°�y«vwf[u_vnvwf!j%i:x � r}tIu���p�vÈ�¨x�©{u�y<u_tq�zxz��p�vwf!i pqi:|!tqp�j�~)�wj�tqp ¬
u��!pqt�p�vÈ�§u�y � ��xz�!r!~�v�y!j�~w~�± ÅÈy v�f!j�yTr!i:j���pq�Pu_tÚj��d|Mj���pqi:j�y¥v�~���j�|Mxz��vwj � pqy ~�j���v�pqx�y �GÆ
v�f!j�yTr!ikj��wp��Pu�t��wj�~wxzt�r}v�p�xzy«x�©Çv�f}jÏtqp�y!jPu_��~��G~�vwj�i:~%�wj�~wr!t»v�pqy}�§©c��xzi v�f!j�ª[r!p � ~wr}� ¬
|!�wxz�}tqj�i:~�pq~{|Dj���©cxz��ikj � r}~wpqy}�kv�f}j �Ç� Ù �D�{����|[u�� ��u���j
+Bu¼®_u�p�tIu��}tqjÇ©cxz� � x¼°�y!t�x¥u �
xzy������ �����	��

��������������
�������
�� , ±�egf!p�~Ç|[u�� ��u���jnpqi:|!tqj�ikj�y¥v�~Yu�yÎf¥�G�!�wp � u�tq�zx��wp�vwf!ir!y!p�©c��xzy¥vKu�t��_inr!t»v�p»©c�wxzy¥vKu_t�©cxz�)v�f!j � pq��j���vn�wj�~wxzt�r}v�p�xzy§x�©�~w|[u_�w~wj�tqpqy}jPu��
~��G~�v�j�i:~�Æ�~�j�j
�»�z���¿± egf!j¨�wj�~�xztqrdv�pqx�y@x�©�vwf!jb��x�y � j�y}~wj � |!�wx��!tqj�i +Bl}� , Æ{x�©�~wiku�tqtY~wpqÌ�j�ÆYpq~%��jPu�t ¬
pqÌ�j � r!~wp�y!�:u&~�vKu�y � u�� � # � ©Bu���vwxz�wp�ÌPu_vwpqxzy·Æ}u�~gp�ik|}tqj�i:j�y¥vÚpqy�v�f!j #����D�{��� t�pq�!�wu����
+]uP®_u�pqtqu��!tqj{©cxz� � x¼°�y!t�x¥u � xzy������ �����	��
��������	������
��	���
 "! , ±

ÝcÞ�ß�Ýcà



²"³µ´·¶w¸�¹. �½¿¸���³µÄ ³µ½��%¸�´M¸�Ä��  �³� 
³µ´����d³ �4�  �½B¹	��Á�½��d¹�¶�³µ´[½È¶�¹w¸GÁ�½B³¿¾�´ 
�


ÅÈy�vwf!j�y!j��GvW~wj���v�p�xzy�°Újg°�p�tqt}|Mxzp�yTvËxzr}v9v�f}jg|Dj���©cxz��i�u�y}��jgx�©Du�t��zxz�wp»v�f!iÊ�g©cxz�"vwf!j
��xzi:|!r}v�u_v�p�xzy�x_©Ëv�f!j�tqj�©µv�i:xz~�v{j�p��zj�y¥®_u�t�r!j�~Yx�© +¿�$
 , Æ�°�f!j�yb|Mj���©cxz�wi:pqy!��vwf!jsiku_v���p»�
®zj���v�xz��inr}t�v�p�|!tqp��Pu_vwpqxzyku�~ � j�~w����pq�Mj � u��Mxî®�j�±

� � ��; �(	"��#(�
� ���%/b�(	6��; ���&
��
ÅÈy«vwf!pq~�~�j���vwpqxzy<°$j���j�|Mxz��v&vwf!j�yGr}ikj��wpq��u�t(��j�~wr}t�v�~&xz�dvKu�p�y!j � p�y<vwf!�wj�j�~�pq�zy}p�Í[��u�y¥v
vÈ°Úx ¬ö� pqi:j�y}~wpqx�y[u�t'v�j�~�v
�Pu�~�j�~�± ��©W��xzr!��~wj_Æ�v�f!��j�j ¬ö� pqi:j�y}~wpqx�y[u�t�j��d|Dj��wp�ikj�yTvw~0�Pu�y¨�Mj
u �!� ��j�~w~�j � °�p�vwfÎxzr!�Çu�|!|!��x¥u��Kf�ÆD�T�Ï|!�wx¼®Gp � pqy!�:v�f!jn��xz�w��j�~�|Dxzy � pqy!��tqpqy}jPu���pqÌ�j � ª[r}p �
~wxzt»®zj���±

egf}j�~wj�yTr!i:j���pq��u�t'j��d|Dj��wp�ikj�yTvw~�°�pqt�t�u�tqt�xî° r!~�vwx�|Mxzpqy¥vYxzr}vPÆDxzyÏvwf!jsxzy}jsf[u�y � Æ
v�f!j
|Mj���©cx��wiku�y!��j0x_©"v�f}j)|}�wxz|Mxz~wj ��� pq~w���wj�v�pqÌ�u_v�p�xzy�~w�Kf}j�i:j�+��¼� , u�y � Æ[x�y�vwf!j)x�v�f!j��
f[u�y � Æ9vwf!j%j �:��pqj�y}��� x�©�vwf!j%tqp�y!jPu_�wpqÌ�u_v�p�xzy ¬ v���u_y!~w|!p���u_vwpqxzy¨u_|!|!�wxzu��Kf � j�®�j�t�xz|Dj � p�y
�"u���vÇÅ �»�P���¿±�ÅÈyÏv�f!j�©cxztqt�xî°�p�y!�:|[u���u_�z��u�|}f!~Y°$jn��x�ik|[u_�wjsx�r!�ÇyTr!i:j��wp��Pu�t'��j�~wr}t�v�~Yv�x
©cxz�wi:j���u�|}|!�wx¥u_�Kf!j�~�u�y � v�x:j��d|Dj��wp�ikj�yTv�u�t � u_v�u:��xzi:pqy!��©c�wx�i,°�pqy �G¬ v�r}y!y!j�t�j-�d|Dj�� ¬
pqi:j�y¥v�~�±

� ��� � � ��� 
 ������� � ��	 
 � 	 
�� 	 � 
���
 ��� ��� � � 	�� � � � �
ÅÈy v�f!p�~n|[u��wu��z��u_|!f2°$j%°�pqtqt���xzy!~wp � j��nvwf!j%~�vKu��!p�tqp»vÈ�¨|!�wxz�}tqj�i x�©{uÎ��pq�zp � v�r}�Dj%p�i ¬
ikj��w~wj � pqy�u�p�y!��x�ik|!��j�~�~wpq�}tqj�®Gpq~w��xzr!~)ª[r!p � u_v��wj�~�vP±�egf!j�ª!r!p � pq~)��xzy¥v�u�pqy!j � pqy�u
v�f!��j�j ¬ö� pqi:j�y}~wpqx�y[u�t"��uP®dp»vÈ�b��x�yTv�u�pqy}pqy!�%vwf!j�v�r!�Mj�±&Åöv
pq~
u_~w~wr}ikj � vwf[u_v
v�f!jnvwr!�Mj:p�~
j�tIu_~�v�p��Pu�t�t���ikxzr}yTvwj � +µ°�p�v�f�~�vwp �Dy!j�~�~

k > 0
, pqyn~�r!�Kf&uY°ÚuP��vwf[u_vËp»v"��u�y�xzy!t»�0®Gpq�!�wu_v�j

pqy u�vw��u�y}~�®zj��w~�j�|!tIu�y}j%|Dj��w|Mj�y � pq��r}tIu��
v�xÏvwf!j�vwr!�Dj_±§��xz��j�x¼®zj���ÆWu��dpIu�tWj(�Dj���v�~&u���j
y!x�vY��xzy!~�p � j��wj � ±�egf!j�y�Æ�v�f}js|!��xz�!tqj�i=pq~�~�vwr � p�j � p�y�vÈ°$x � p�ikj�y!~wp�xzy!~��wj�~�v���pq��v�pqy}�kp»v
v�x&u�y¥�%x_©�v�f!j0~�j���vwpqxzy}~�Æ

Ω
Æ!x_©�vwf!j0�PuP®Gp�vÈ�kv�f[u�v�u��wj�|Dj��w|Mj�y � p���r!tqu��$vwxnv�f!jÇvwr!�Mj�Æ!~�j�j

Í[�zr!��j)�d±ËÅÈy�v�f!j0~�j�ÑTr!j�t
Ωf ~�v�u�y � ~g©cxz�Wv�f!j � xzi�u_pqy%~�j���vwpqxzy�xG����r!|!p�j � �¥��v�f}jÇª[r!p � Æ

Ωs ©cxz��vwf!j$vw��u�y!~�®zj��w~�u_t}~wj���vwpqxzy�x�©!v�f}j$v�r}�Dj_Æ γ ©cxz�'v�f!jW~wj���vwpqxzynx_©!v�f!j�ª[r!p �d¬ ~�v���r!��vwr!�wjpqy¥v�j���©Bu���j�Æ[u�y �
Γ = ∂Ω

©cxz�(vwf!j
~wj���v�p�xzy�x�©6vwf!j
�PuP®Gp�vÈ���Mxzr!y � u�����±
¦ j)u�~w~�r!i:j
vwf[u_vgvwf!jÇª[r!p � u_y � vwf!j
~�vw�wr!��v�r!��j�u_�wj
u_v�j�ÑGr}pqtqp��!�wp�r!i pqy%v�f}pq~g��x�y ¬

Í[�zr!�wu_v�p�xzy�±@oGpqy!��j�vwf!j�ª!r!p � pq~ku_v:�wj�~�vPÆ$°Új�f[uP®zj
u0 = 0

u�y �
p0 = 0

± egf!j���j ¬
©cxz�wj_Æ9j�pq��j�y!|!��xz�!t�j�i + 
 , ��j � r}��j�~&v�x%+c~wj�j�u�tq~�x �»�¼�dÆWodj���v�pqx�y«l}±��z±»��� , �:Í[y �

λ ∈ C
Æ

u : Ωf −→ C2 Æ p : Ωf −→ C
u�y �

s ∈ Cns ÆD°�p�vwf ∫

Ωf

p dx = 0
u�y �

(u, p, s) 6= 0
Æ

ß�ß=ê$#&% �('Pÿ




�l �Î³��$�[¶�Ä ���
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�¸�ÄµÄq¶KÁ

Γ

Ωf

γΩs

k

k

Ù p��zr!��j
���9egf!j)~wj���v�p�xzy
Ω

~wr!�Kf�v�f[u_v

−2ν div ε(u) +
1

ρ
∇p = λu,

pqy
Ωf ,

div u = 0,
pqy

Ωf ,

u = 0,
xzy

Γ,

u = −λs,
xzy

γ,

λ2ms+ ks = −

∫

γ

σ(u, p)n da.

+Bl¥� ,

�Yj���j�Æ
m > 0

pq~(vwf!j
i�u�~�~gx�©"vwf!jÇv�r}�Dj_±
egf}pq~si:x � j�t�|!��xz�!tqj�i�Æ���x�r!|!tqp�y!��v�f!j%oGv�x��_j�~nj�ÑTr[u_v�p�xzy!~
°�p�vwf�v�f}xz~wj%x_©�u���pq�zp �

�Dx � �%p�y�v���u_y!~wtqu_v�p�xzy�ÆT°(u�~{u�t��wj�u � �%|}�wxz|Mxz~wj � u_y � ~�v�r � pqj � p�y � � �]Æ!©cxz�(vwf!j � j�vwj���ikp ¬
y[u_v�p�xzy�x�©"vwf!j�®Gpq�}��u_vwpqxzy�©c�wj�ÑTr!j�y!��pqj�~�x�©�u&v�r!�Mj)��u�� ��pqi:i:j��w~�j � pqy�u&®Gp�~w��x�r!~Yª[r}p �
u_v��wj�~�vPÆ[~�j�j�u�tq~�x � ��� �
��� ÓG× ¡ Ó 
 ����� �
� ×D� £z¢ ��� �'¡�� ����� 1B¢ � £ � ¢!¡�Ø � ��
 
 � � 
 
[¶� ÈÂ[¶KÁ�½B¹���� ¾
	 +BlT� ,
ÁK¾�´  �³� �½  )¾
	
¸%ÁK¾ �d´[½¿¸���Äq¶0³µ´���´[³µ½È¶ ���}¸�´[½]³µ½��%¾
	�ÁK¾���ÂMÄq¶��&´ ������¶�¹� ��
G³¿Á 
ÏÁK¾�´ "�¶�¹ �G¶�½ ¾
³µ´���´[³µ½ ��� �§¾�¹K¶K¾�"�¶�¹ 	W½�
[¶n¶�³��G¶�´ "�¸�Ä��[¶  
}¸�"�¶
½�
[¶ 	P¾�ÄµÄq¾��9³µ´��0ÂM¹�¾KÂ[¶�¹-½]³¿¶  	�

� �
Re(λi) > 0, ∀i ≥ 1;


 � 
 
[¶�¹�¶n¶��z³� �½  )¸�½ ��¾  �½ 	P¾ �d¹n¶�³��G¶�´ "�¸�Ä��[¶  �9³µ½�
�´·¾�´3�Bº�¶�¹�¾�³��:¸ ��³µ´M¸�¹	�ÇÂ}¸�¹�½��

ÝcÞ�ß�Ýcà



²"³µ´·¶w¸�¹. �½¿¸���³µÄ ³µ½��%¸�´M¸�Ä��  �³� 
³µ´����d³ �4�  �½B¹	��Á�½��d¹�¶�³µ´[½È¶�¹w¸GÁ�½B³¿¾�´ 
¥�

� � � 	
Im(λ) 6= 0

	W½�
[¶�´

|λ| ≤

√

k

m
.

� yTr!ikj��wp��Pu�tG~�vwr � ��x�©�|}�wxz�!t�j�i +BlT� , °(u_~9�Pu����wpqj � xzr}vËpqy � � �]±Ëegf!jg|!��xz�!tqj�i °(u�~�u_| ¬
|!�wxP�dpqiku_v�j � °�p�vwf�u

P2/P1
Í[y}p�v�j�j�tqj�ikj�y¥v � p�~w����j�vwpqÌPu�v�pqx�y�x�©�vwf!j
oGvwx���j�~{j�ÑTr[u_v�p�xzy!~�±

egf!j�yTr!ikj��wp��Pu�t6j��d|Dj��wp�ikj�yTvw~Çxz�}v�u�pqy}j � v�f}j�y¨��xz���wxz�Mxz�wu_v�j)v�f!j���j�~wr}t�v�~�x�©�v�f!j�xz�wj�i
�d±���±

egf}j�xz��j�i �d±»�kj�y!~wr}�wj�~)v�f[u�v)vwf!j&j�p��zj�y¥®_u�tqr}j�~
x�©5+Bl¥� , f[uP®zj:|Dx�~wp�vwp�®�j:��jPu�t9|!u���v�±
egf!j���j�©cxz��j�Æ�v�f!j)~�vwjPu � ��j�ÑGr}pqtqp��!�wp�r!i,p�y�°�f}pq�KfÏvwf!j)ª!r!p � u�y � ~�v���r!��vwr!�wjsu��wj�u_v{�wj�~�v
pq~{tqpqy}jPu���t���~�v�u��!t�j�ÆMy[u�i:j�t���ÆMvwf!js®Gpq�}��u_vwpqxzy!~{x�©Ëvwf!jsvwr!�Djnu��wj � u�i:|Dj � �¥��vwf!j�ª[r}p �
®dp�~w��xz~wp»vÈ�z±

ÅÈy�xz� � j��$vwxs®_u�tqp � u_v�jgvwf!j � p�~w���wj�vwpqÌ�u_v�p�xzyk~��Kf!j�i:j + �î� , u_y � v�f}jÇu�t��zxz�wp»v�f!i,�zÆG°$j
f[uP®zj0vKu$�_j�yÏu��¥u�p�y�v�f!j
yTr!i:j���pq�Pu_t�j��d|Mj��wp�ikj�y¥v�~��wj�|Dxz��v�j � �¥���Úxzy}�Pu&u�y � � r!����y�p�y
�Ã� �]± �Çr!�$yGr}ikj��wpq��u�t�j��d|Mj��wp�ikj�y¥v�~$°$j���jÇ|Mj���©cx��wi:j � �_j�j�|!pqy!��v�f!jY~�u�i:jY��j�xzi:j�vw��� �9u
��tqx�~wj � �PuP®Gp�vÈ�

Ω = (−3, 3)× (−3, 3)
°�p�vwf�u:|Mj���©cxz��u_vwpqxzy

Ωs = (−1, 1)× (−1, 1)
Æ

u�y � r!~wp�y!�
P1/P1

Í[y}p�v�j0j�tqj�ikj�yTvw~�±
e�x � pq~����wj�v�p�Ì�j�v�f!j�ª[r}p �§� xziku�pqy

Ωf = Ω − Ω
s Æ'°$j:f[uP®zj:��xzy!~�p � j��wj � ©cxzr!�Çvw�wp ¬

u�y!�zr!tqu_v�p�xzy!~n��j�|!��j�~�j�y¥v�j � pqy Í[�zr}�wj 
}± ��~:pqy � ���]Æ$vwf!j � j�y!~�p�vÈ�
ρ
Æ�v�f}j �Tp�y!j�iku_v�p��

®dp�~w��xz~wp»vÈ�
ν
u�y � vwf!jkiku�~�~)x_©Úvwf!j:vwr!�Mj

m
°Új��wj&Í}�dj � vwx

1
± Ù xz�
jPu��Kf§v���pIu�y!��r!tIu ¬

v�pqx�y�Ædvwf!j0tqj�©µv ¬ i:xz~�v(j�p��zj�y¥®_u�t�r!j�~gx�© +¿�$
 , °Új��wj�u�|!|!��xP�}p�i�u�v�j � ©cx��(~wj�®zj��wu�t�®_u�tqr!j�~(x�©
k
�&�}± �}�zÆ"�}±���ÆÚ�zÆ(�P�Ïu�y � �¼�z�}±�egf!j%yTr!in�Mj���x�©g��j�ÑTr!j�~�v�j � j�pq�zj�y¥®�u_tqr!j�~�°Úu�~sÍ}�dj �
v�xÎ�¼�ku�y � vwf!j � p�ikj�y!~wp�xzyÏx_©Ëv�f!j �
���Gtqx¼®�~wr!�!~�|[u���jnv�x 
z�d± Ù p�y[u�tqt»�zÆ!vwf!j�vwxztqj���u�y!��j
©cxz�Yvwf!j&�{p»v�Ì�j�~�vwpqiku_v�j�~Y°Úu�~

10−6 +c~wj�j � 
z��� , ± �0yÎvwf!jsÍ[y}j��0�z��p � Æ�Í[�zr!��j 
3+ �3, ÆDvwf!j
��xzi:|!r}v�u_v�p�xzy!~(v�xGx��kpqy�uP®zj��wu��zj
vÈ°Úxkp�vwj���u�v�pqx�y!~(x�©Ë�(uP�dt�j���u�y � l:ikp�yTr}v�j�~{x_©9�(� �
v�pqi:jnxzy§u ��� ��pq~�r[u�tqp�Ì�j � ���z��°$xz���T~�v�u_v�p�xzy�±&ÅÈy�u �!� p»v�pqx�y�Æ·v�f}j:��j�tqu_v�p»®zjn��j�~wp � r[u�t�~
‖Ax−λB x ‖

Æ}°�p�vwf
‖ x ‖ = 1

Æ}°Úu�~Y�Mj�vÈ°$j�j�y
10−7 u�y � 10−15Åövnpq~sp�ik|Mxz��vKu�y¥v)v�xÎy!x_v�pq��jkvwf[u_vPÆ9p�y � ���]ÆËv�f!j�u_r}v�f!x��w~nf[uP®�j���xzi:|!r}vwj � u�t�t�vwf!j

j�pq��j�y¥®_u�tqr!j�~gx�©'v�f!j � pq~w���wj�v�pqÌ�j � |!��xz�!tqj�i�ÆGv�f[u�vg°(u�~ � xzy!j0°�p�vwf%v�f!j0|[uP��x$�¨x�©�r!~wp�y!�
®zj����b��xzu��w~�j:i:j�~�f!j�~�±nÅÈy¨Í[�zr!��j�~0l�v�x � °$j:��j�|Mxz��v�Æ�©cxz�0jPu_�Kf¨®_u�t�r!j�x�©

k
Æ�vwf!j&�wj�u�t

|[u���v"x�©�v�f!jÚ��xzi:|!r}vwj � tqj�©µv�i:xz~�v"j�p��zj�y¥®_u�tqr}j(u�~9u�©cr}y!��vwpqxzynx_©[v�f!jgi:j�~�f�~�v�j�|
h
±6egf!j

� u�~wf}j � t�pqy!j0��j�|!��j�~�j�y¥v�~�vwf!j
ikx��wj)u�����r!��u�v�j0®_u�tqr!j
|!��x¼®dp � j � pqy!� � �¿Æ[p»v{��xz���wj�~�|Dx�y � ~
v�x�ub�î� � vw�wpIu_y!�ztqj�~Çi:j�~wf·± ¦ j&��u�y¨y!x�v�p���j +µ©cxz�0~wiku�t�t

h
, u%tqp�y!jPu�����xzy¥®zj��w�zj�y!��j:x�©

v�f!j)u�|!|}�wxP�dpqiku_v�p�xzy!~(u_y � u��zxGx � u_�z�wj�j�i:j�y¥v�x�©6�Dx�vwf�yTr!i:j���pq��u�t��wj�~wr!t»v�~�±

ß�ß=ê$#&% �('Pÿ
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� ì�� ���Wë¿ç]÷ ì-ê ��óÃè�é ��� ��� ��� ë¿ç]÷ ì-ê ��ó èwé

� ñ�� ÿ�ÿ�� � ë¿ç]÷ ì-ê ��ó èwé � í	� %�� � � ë¿ç]÷ ì-ê ��óÃè�é
Ù pq�zr!��j 
&�9e��wpIu_y!�zr!tqu_v�p�xzy!~Úx_©6vwf!j0ª[r!p ��� x�i�u�p�y

Ωf
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²"³µ´·¶w¸�¹. �½¿¸���³µÄ ³µ½��%¸�´M¸�Ä��  �³� 
³µ´����d³ �4�  �½B¹	��Á�½��d¹�¶�³µ´[½È¶�¹w¸GÁ�½B³¿¾�´ 
¥�

��� ���������

��� �������	��


��� ���������

��� �������	��


��� ���������

��� �������	��


��� ������


� ��� 
 ��� � ��� � ��� � � ��� 
 ��� � ��� �

���������������������! �"
#  ���$�%'&)(+*���,��

- � (λ1)

h

Ù pq��r!�wj0l��9�Y|!|!��x¼�dp�i�u_vwpqxzy}~(x�©"�{j
(λ1)

©cxz�
k = 0.01

��� ���������

��� �������	��


��� ���������

��� �������	��


��� ���������

��� �������	��


��� ������


� ��� 
 ��� � ��� � ��� � � ��� 
 ��� � ��� �

���������������������! �"
#  ���$�%'&)(+*���,��

- � (λ1)

h

Ù pq��r!�wj
� �9��|!|!��xP�}p�i�u�v�pqx�y!~(x�©"�{j
(λ1)

©cxz�
k = 0.1

ß�ß=ê$#&% �('Pÿ
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��� ���	�

��� ������


��� ���	�

��� ������


��� ���	�

��� ������


��� ��


� ��� 
 ��� � ��� � ��� � � ��� 
 ��� � ��� �

h

- � (λ1)

������������� �������! �"
#  ���$�% &)(+*���,��

Ù pq�zr!��j
�&�9��|}|!�wxP�dpqiku_v�p�xzy!~(x_©Ë��j
(λ1)

©cxz�
k = 1

��� ����


��� �	�

��� ����


��� �	�

��� ����


��� 


��� 
	��


��� 
��

� ��� 
 ��� � ��� � ��� � � ��� 
 ��� � ��� �

- � (λ1)

h

�!�������������������� �"
#  ��!$�%'&)(+*!��,��

Ù p��zr!��j)���9��|!|}�wxP�dpqiku_v�p�xzy!~(x�©"��j
(λ1)

©cxz�
k = 10
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²"³µ´·¶w¸�¹. �½¿¸���³µÄ ³µ½��%¸�´M¸�Ä��  �³� 
³µ´����d³ �4�  �½B¹	��Á�½��d¹�¶�³µ´[½È¶�¹w¸GÁ�½B³¿¾�´ 
 �





�� �


�� 



�� �


�� �


�� 



�� �

� ��� 
 ��� � ��� � ��� � � ��� 
 ��� � ��� �

- � (λ1)

h

���������������������� �"
#  ���$�%'&)(+*���,��

Ù p��zr!�wj � �9��|!|}�wxP�dpqiku_v�p�xzy!~(x�©"��j
(λ1)

©cxz�
k = 100

ÅÈy¨vKu_�!tqj���°Új:f[uP®zjk�wj�|Dxz��v�j � vwf!j��¼��t�j�©µvwikxz~�v0j�p��zj�y¥®_u�t�r!j�~
��x��w�wj�~w|Mxzy � p�y!��v�x
xzr!�6Í!y!j��6�z�wp � +cÍ!�zr!�wj 
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M s̈+ C ṡ+ K s = fg,
+Bl¥� ,

ÝcÞ�ß�Ýcà



²"³µ´·¶w¸�¹. �½¿¸���³µÄ ³µ½��%¸�´M¸�Ä��  �³� 
³µ´����d³ �4�  �½B¹	��Á�½��d¹�¶�³µ´[½È¶�¹w¸GÁ�½B³¿¾�´ lT�

°�p�v�f
M
u�y �

K
v�f!j

ns×ns iku_vw�wpq��j�~�x�©[iku�~w~"u�y � ~�v�p �·y!j�~w~"u�y � s, fg ∈ Rns v�f!jW®zj�� ¬
v�xz��~$x�©��zj�y!j���u�t�pqÌ�j ��� pq~w|}tIu���j�i:j�y¥v�~$u�y � ª!r!p � tqx¥u � ~$xzy:v�f!jYpqy¥v�j���©Bu���j�ÆG�wj�~w|Mj���vwp�®�j�t���±
egf!jgyTr!ikj��wp��Pu�tG��xzi:|!r}v�u_v�p�xzy!~6�wj�|Mxz��v�j � p�y � 
z� �[u���j(�[u�~�j � xzynvwf!j�u�~w~�r!i:|}v�p�xzysv�f!u_v
v�f!j�~wjÇª[r!p � tqx¥u � ~gu_v(vwf!jÇª[r!p �d¬ ~�v���r!��vwr!�wjÇp�y¥v�j���©Bu���j_Æ

fg

Æ}�Pu�y��MjÇj��d|!��j�~w~�j � pqy%v�j��wi:~
x�©Ëu �!� j � iku�~w~�Æ�u �!� j ��� u_ik|!p�y!�&u�y � u �}� j � ~�vwp �Dy!j�~�~�Æ�p¿±Üj�±

fg = −Ma s̈− Ca ṡ− Ka s,
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i�u_vw�wp���j�~n°�p»v�f«�wj�~w|Mj���v:v�x¨v�f}j�©c��j�ÑTr!j�y}���«x�©�vwf!j�ikx_v�pqx�y�±<egf!jÏu �!� j � i�u�v��wp���j�~
Ma

Æ
Ca

u�y �
Ka

u��wj���tIu_~w~wp��Pu�t�t��¨xz�dvKu�p�y!j � r}~wpqy}�Ïv�f!jk©cxz�w��j � xz~���pqt�tIu_vwpqxzy¨i:j�vwf!x � Æ
~wj�j � 
z�dÆ'l¥�dÆ�lT���]±�egf!j�~�v���r!��vwr!�wjkpq~)~wr!�G��j���vwj � v�xÏu�©cxz����j � ~wp�yGr}~wxzp � u�t9xz~���pqt�tIu_vwpqxzy
u�y � vwf!jnu_�Dx¼®zjnu �!� j � i�u�v��wp���j�~�u���j���xzi:|!r}v�j � �¥��ikj�u�~wr!��pqy!�:v�f!j��wj�~wr!t»v�pqy}�:ª[r}p �
pqy¥v�j���©Bu���j)t�x¥u � x¼®zj���u�Í}�dj � yGr}in�Dj���x�©Ë|Mj���pqx � ~�±WÅÈy ��
¥� ��vwf!pq~�p�~ � xzy!j)yTr!ikj��wp��Pu�t�t��
©c�wxzi vwf!jÏ~�xztqr}vwpqxzy x�©Çvwf!jÏp�y!��xzi:|!��j�~w~�pq�!t�jÏ¯YuP®dp�j�� ¬ oGvwx���j�~�j�ÑTr[u�v�pqx�y!~�Æ(°�f!j��wjÏvwf!j
pqy¥v�j���©Bu���j�ikx�vwpqxzyÏpq~ÇvKu���j�y§pqy¥vwx�u�����xzr!y¥v
®dpqu�v��wu�y!~w|}pq��u�v�pqx�yÎ�Dx�r!y � u����b��x�y � p�vwpqxzy}~
+B~wj�j ��
¥�dÆ���l�� , ± Åöv�p�~�y!x�vwpq��j � Æ�pqy � 
z� �¿Ægvwf[u_v�vwf!j�~�jÎª[r!p � ��xzi:|!r}v�u_v�p�xzy!~k�Dj���xzi:j
®zj����Ïj-�d|Dj�y!~wp»®zjn°�f!j�y � jPu_tqpqy}�:°�p»v�fÎf!p��zf�©c��j�ÑTr!j�y!����xz~w��pqt�tIu_vwpqxzy!~ + ��
z�:ikp�yGrdv�j�~{x�©
��xzi:|!r}vwpqy!�nvwpqi:j�©cxz�(v�f}�wj�j
xz~���p�tqtIu�v�pqx�y�|Mj��wp�x � ~ , ±

�Çy!��j�v�f}j0u��Mxî®�jÇu �}� j � iku_v���pq��j�~Úf!u¼®�jÇ�Mj�j�y���xzi:|!r}v�j � Æ}j�ÑTr[u_v�p�xzy +clT� , �Pu�y��Mj
�wj�°���p�v�v�j�y�u�~

(M+ Ma)s̈+ Ca ṡ+ (K+ Ka)s = 0.
+clT� ,

egfGr}~�Æ�vwf!jb~�v�u��!pqt�p�vÈ� u�y[u_t��G~wp�~%�Pu�yÉ�MjÎ�Pu_�w�wp�j � xzr}v%�T� ��xzi:|!r}vwpqy!� p»v�~%f!u��wi:xzy!p��
~wxzt�r}v�p�xzy!~�Æ

s(t) = se−λt
°�p�vwf

s ∈ Cns u�y �
λ ∈ C

± 
9ÑTr!p�®_u�t�j�y¥v�t»�zÆT°Új0��u�y���x�ik|!rdv�j
v�f!j
�wxGx�vw~gx�©6vwf!j0©cxztqt�x¼°�pqy!�n�Kf!u���u���v�j��wpq~�v�p��0|Dxzt»�Gy!xzi:pIu�t �

det
(
λ2(M + Ma)− λCa +(K+ Ka)

)
= 0.

ÅÈy&v�f}pq~Ë|[u_��u��z�wu�|!f�°$j{p�y¥v�j�y � vwx
�wj�|}�wx � r!��jgvwf!j�i�u�p�yn~�v�u��!p�tqp�vÈ��|!��j � p���v�p�xzy!~Ëx�� ¬
vKu�p�y!j � �¥�
�6u�� � x�r!~w~�pq~'u�y � ��j�y!x�r0pqy ��
¥�dÆ�
¥���¿Æîr!~�pqy!�gvwf!j9tqp�y!jPu���pqÌ�u_v�p�xzy ¬ vw��u�y}~w|!p���u_vwpqxzy
u�|!|!��x¥u��Kf � j�®zj�tqxz|Mj � p�ys�6u���v"Å�� �¼���]± Ù xz��v�f!j$~�u$�_j(x�©[~�pqi:|!tqp���p»vÈ�zÆîu�y � ©cxztqt�x¼°�pqy!� ��
¥� �]Æ

ß�ß=ê$#&% �('Pÿ



l¥� �Î³��$�[¶�Ä ���
´��G¶�Ä��6¶�¹-´���´!�G¶wº
	"À(¸�½B¹-³¿Á���²�¶�
�¸�ÄµÄq¶KÁ

°ÚjÇ°�p�tqtM��xzr!|}tqj�vwf!jÇª[x¼° p�y¥v�xnv�f}jÇ|!pq|Mj�°�p»v�f%v�f}jÇÍ[�w~�vgv�f!��j�j0i:x � j�~(x�©6un�Pu_yTvwpqt�j�®zj��
�Dj�u�i�i:x � j�tqp�y!��vwf!j
|!pq|MjÇ°(u_tqtq~�±

ÅÈy<v�f}j�~�j�ÑTr!j�t�°$j�°�p�tqt � jPu�tg°�p�vwf«u§��u�y¥v�pqt�j�®�j��&|!pq|Mj�x�©Ytqj�y}��v�f
L
u�y � °�p � v�f

l
Æ{��x�yT®�j��Gpqy}� u_y@f!xzi:xz�zj�y}j�xzr!~�pqy!��xzik|}�wj�~�~wp��!tqj�®dp�~w��xzr!~%ª[r!p � x�© � j�y!~wp»vÈ�

ρ
u�y �

�Gp�y!j�iku_vwpq�$®Gp�~w��x�~wp�vÈ�
ν
Æ¥~wj�jgv�f!jgÍ[��r!�wj0�Pl}±�#�j�v�r!~9��xzy!~�p � j��Ëv�f!j(©cxzt�tqx¼°�pqy}��|[u��wu��Mxztqp��

®zj�t�xd��p�vÈ��|!�wx�Í!tqj0xzy�v�f!j0p�y!tqj�v��Dx�r!y � u����
Γin

�

uΓin
(y) = 6U

y

l

(

1−
y

l

)

, y ∈ [0, l],

°�f!j���j
U
~�v�u�y � ~(©cxz�$v�f!j0i:jPu�y%®�j�t�xd��p�vÈ�%x_©�vwf!jÇª[x¼°
±9egf!j
��x�r!|!tqj � ª[r!p �d¬ ~�v��wr}��v�r}�wj

~��G~�vwj�i�j��df!pq�}p�v�~{u:~�v�j�u � ��j�ÑTr!p�tqp��!�wp�r!i,~�vKu_vwj
(u0, p0, s0)

~�u�v�pq~�©µ�Gpqy!�:j�ÑTr[u_vwpqxzy}~ + � ,
u�y � +¿� , Æ[p¿±Üj�±

∇u0u0 − 2ν div ε(u0) +
1

ρ
∇p0,

p�y
Ωf ,

div u0 = 0,
p�y

Ωf ,

u0 = uΓin
,
xzy

Γin,

σ(u0, p0)n = 0,
x�y

Γout,

u0 = 0,
x�y

γt ∪ γb,

K s0 = −

∫

γt∪γb

ΦTσ(u0, p0)n da.

+Bl � ,

�%Ó 
2¢!¡�� ��� � ��¾�¹�¸� ���� ��¶�½]¹-³¿Á "�¶�Äq¾¼Á�³µ½���ÂM¹�¾'��Äq¶ �ö¹�¶  ÈÂ[¶KÁ�½
½È¾§½#
[¶�ÂM³ÃÂ[¶�¸��z³� �b½#
[¶
� �G³ ��Äq¾�¸2�k³� �¾KÂ¥Â[¾  �³µ½È¶n¾�´Î½�
[¶ �W¸�ÄµÄ  � 
 
[¶�¹�¶�	P¾�¹K¶�	Ë½#
[¶)¹�¶  ��GÄ ½ö¸�´[½

∫

γt∪γb

ΦTσ(u0, p0)n da = 0,

¸�´!�:½�
[¶�´
s0 = 0

� � ´Ï½�
G³� sÁw¸  ¼¶Ç½#
[¶����G³ � �G¾��:¸�³µ´
Ωf ¸�½�½�
[¶s¶����G³µÄ ³���¹-³ ��� ³� ��´·¾��9´ �

egf}jÏ~�v�u��!p�tqp�vÈ� u�y[u�t»�G~wpq~&x�©Yv�f!p�~kj�ÑTr!pqt�pq�!��pqr!i ~�v�u_v�j��Pu�y �Dj��Pu_�w�wp�j � xzr}v:r!~wp�y!�
v�f!j�tqpqy}jPu���pqÌPu�v�pqx�y ¬ vw��u�y!~�|!pq�wu_v�p�xzy¨©c��u�i:j�°$xz���<p�yTvw�wx � r!��j � p�y �6u���v�Å �»�P���¿± �{j�y!��j�Æ
v�f!j�~�vwr � �<x�©{v�f}j�t�pqy!j�u��n~�v�u��!p�tqp�vÈ��x�©

(u0, p0, s0)
�wj � r!��j�~:vwx§vwf!j�u�|!|!��xP�}p�i�u�v�pqx�y

x�©gv�f!j�tqj�©µvwikx�~�v�j�pq��j�y¥®_u�tqr!j�~nx�©�|!��xz�!t�j�i + 
 , Æ9p¿±Üj�± �:Í!y �
λ ∈ C

Æ
u : Ωf −→ C

2 Æ

ÝcÞ�ß�Ýcà



²"³µ´·¶w¸�¹. �½¿¸���³µÄ ³µ½��%¸�´M¸�Ä��  �³� 
³µ´����d³ �4�  �½B¹	��Á�½��d¹�¶�³µ´[½È¶�¹w¸GÁ�½B³¿¾�´ lT�

Ù pq��r!�wjn�¼���W��j�~�fÏx�©�v�f}j
ª!r!p ��� xziku�p�y
Ωf u_v�j�ÑTr!p�tqp��!�wp�r!i

p : Ωf −→ C
u�y �

s ∈ C
ns Æ}°�p»v�f

(u, p, s) 6= 0
Æ[~wr!�Kf�v�f[u_v

∇u0u+∇uu0 − 2ν div ε(u) +
1

ρ
∇p = λu,

pqy
Ωf ,

div u = 0,
p�y

Ωf ,

u = 0,
xzy

Γin,

σ(u, p)n = −∇σ(u0, p0)Φsn,
xzy

Γout,

u = −λΦs−∇u0Φs,
xzy

γt ∪ γb,

λ2 M s+
(
K+ B0

)
s = −

∫

γt∪γb

ΦTσ(u, p)n da.

+Bl � ,

�%Ó 
2¢!¡�� ��� � � ´b½#
G³�  ÈÂ[¶KÁ�³ �(Á�Áw¸  ¼¶�	$½#
[¶&¾ �G½]Äq¶�½ ��¾ �d´!�¥¸�¹	�
Γout

³� ��¾$��³µÄq¶ � 
 
[¶�¹�¶ �
	P¾�¹K¶�	 �Ú¶ � �  �½)³���Â[¾  ¼¶Ï¸ �µ½B¹w¸�´  ÈÂM³µ¹�¸�½B³¿¾�´ � ��¾ �G´!�¥¸�¹	�«ÁK¾�´!��³µ½B³¿¾�´ ��
G³¿Á 
«½¿¸ �¥¶  �³µ´[½ ¾
¸GÁKÁK¾ �d´[½
½�
[¶�½]¹�¸�´  ÈÂ[¾�¹-½�½È¶�¹ �

∇σ(u0, p0)Φsn
	:ÁK¾���³µ´�� 	-¹�¾�� ½�
[¶�Ä ³µ´·¶w¸�¹�³»º¼¸�½B³¿¾�´5¾
	

½#
[¶�� �G¾)´·¾�½�
G³µ´�� � ��¾ �G´!�¥¸�¹	�&ÁK¾�´!��³µ½B³¿¾�´%³µ´�½�
[¶9Â[¶�¹-½ �G¹(��¶��{ÂM¹K¾$��Äq¶�� �  ¼¶K¶ÚÀg¸�¹-½ � $
��� ()���
�{~wp�y!�§vwf!j � pq~����wj�v�p�ÌPu_vwpqxzy«~w�Kf!j�ikj +��¼� , v�f!j�u��Mxî®�jÏj�pq�zj�y!|!�wx��!tqj�i �Dj���xzi:j�~ku

�zj�y!j���u�t�pqÌ�j � j�pq��j�y¥®_u�tqr!j:|!��xz�!tqj�i x�©ÚvÈ�G|Mj +]�$
 , ±�Åövw~st�j�©µv�i:xz~�v
j�pq��j�y¥®_u�tqr!j�~���u�y �Mj
u�|!|!��x¼�dp�i�u_vwj � r!~wp�y!��u�t��zxz�wp»v�f!i �z±9ÅÈy%xzr}�ÚyTr!i:j��wp��Pu�t���xzik|}r}vKu_vwpqxzy}~W°$jÇf[uP®zj0�Kf}x ¬
~wj�y�v�f}j
©cx�tqtqx¼°�p�y!� � u_v�u}Æ!��j�|Mxz��vwj � pqy!� 
z��� �

L = 1
i
, m = 160

�0�
/
i 2,

E = 1.5× 109 �"u , ρ = 1000
�0�
/
i 3,

l = 0.04
i
, M = 40

�0�
/
i 2,

I = 1.0053× 10−8 i 4, ν = 5× 10−5 i 2/
~
.

��~{pqyÏiku�y¥��~�vwr � p�j�~{x�©��"u � � xzr}~w~wp�~ ��
¥� �]Æ�v�f!j�u��Mxî®�jsiku�~w~�®_u�tqr}j�~{��xz���wj�~�|Dx�y � vwx%u
i�u�~�~(��u�v�pqx

β = M/(M +m)
x�©

0.2
±ËÅÈy�u �!� p�v�p�xzy�ÆTv�f!j�ikj�u�y%®zj�tqxG��p�vÈ�

U
+cpqy%i

/
~ ,

v�xGx��kvwf!j0©cxztqt�xî°�p�y!�s®_u�t�r!j�~(�
0
Æ
0.614

Æ
1.228

Æ
1.842

Æ
2.456

Æ
3.07

u_y �
3.684

±
egf}jÏª[r!p � � xziku�p�y p�y!~wp � j�vwf!jÎ|!p�|Dj�°Úu�~ � p�~w���wj�vwpqÌ�j � r!~�pqy!� u

4000
vw�wpqu�y!�zt�j�~

ikj�~wf�Æd~wj�jYÍ[�zr!��js�î�d± Ù x��$j�u��Kf%®_u�tqr!j{x�©
U
°$jÇ��xzi:|!r}vwjYvwf!jYª[r}p � ~�vKu_vwjÇu_vÚj�ÑTr!pqt�pq� ¬

�wpqr}i
(u0, p0)

r!~�pqy!�:u
P2/P1

¯Yu¼®Gp�j�� ¬ oGv�x$��j�~�~�xzt�®�j�� +B~�j�j
Í[�zr!��j��¼� , ±

ß�ß=ê$#&% �('Pÿ



l � �Î³��$�[¶�Ä ���
´��G¶�Ä��6¶�¹-´���´!�G¶wº
	"À(¸�½B¹-³¿Á���²�¶�
�¸�ÄµÄq¶KÁ

Ù pq�zr}�wj)�¼�&����j�tqxG��p�vÈ�&iku��zy}p�v�r � j�u�vÚv�f}jÇ�wj�©cj��wj�y!��j0j�ÑTr!pqt�pq�!��pqr!i ©cx��
U = 3.684

i �_~

�%Ó 
2¢!¡�� ��� � � ³µ´·ÁK¶n½#
[¶ ���d³ �§ÁK¾���Â �G½¿¸�½]³¿¾�´<¸�¹�¶�Áw¸�¹-¹-³¿¶��¨¾ �G½ �2 �³µ´��b¸
P2/P1

��³� �
Á�¹K¶�½B³»º¼¸�½B³¿¾�´ ¾
	 +Bl � , 	
�Ú¶�Áw¸�´%�G¶#��´·¶k¸ ��¹� �½
¶���ÂMÄ ³¿Á�³µ½�¸�Â¥ÂM¹�¾ �z³��:¸�½]³¿¾�´ ¾
	&½�
[¶�¸2�2�G¶��
 �½]³ ��´·¶   �:¸�½B¹-³ �

B0 �G¶#��´·¶��&³µ´ +cl , �
ÅÈy u�tq�zx��wp�vwf!i �Ïvwf!jÏyTr!is�Dj���x�©
��j�ÑTr!j�~�v�j � j�pq�zj�y¥®�u_tqr!j�~k°Úu�~�Í}�dj � vwx �}ÆÚvwf!j

� pqi:j�y!~�pqxzy§x�©(vwf!j �0���dt�x¼®¨~wr!�!~�|[u���j%v�xb�_�Ïu�y � v�f!j��{p»v�Ì:j�~�vwpqiku_v�j�~)vwxztqj���u�y}��j&v�x
10−6 ± Ù xz�Yj�u��KfÎ®_u�tqr}j�x�© U ÆMv�f!jsikj�u�yÏ��xzik|}r}vKu_vwpqxzy!u�t�v�p�ikj0°Úu�~ 
�i:pqyTr}vwj�~{xzybu��� ��pq~wr!u�tqp�Ì�j � �_�z�s°Úx����T~�v�u_v�p�xzy�°�p»v�f 
:�(uP�dt�j���p»v�j��wu_v�p�xzy!~�±

ÅÈy&vKu_�!tqj�~ 
0vwx �0°$j�f[uP®zj{�wj�|Dxz��v�j � Æz©cxz�9jPu_�Kf:®_u�t�r!jgx�©
U
Æ¥vwf!j(Í[�w~�vW~wiku�tqt�j�~�vË�wjPu_t

|[u���v)j�pq�zj�yT®_u�t�r!j�~)u�y � v�f}jk��xz�w��j�~w|Mxzy � pqy!���wj�~wp � r[u�tq~�±�egf!p�~���j�~�r!t�vw~)|Mxzp�yTv)xzrdv)vwf!j
~wj�y}~wp�vwp�®Gp�vÈ��x�©�v�f}j�u�|!|!��x¼�dp�i�u_vwpqxzy}~6x�©�vwf!jgpqiku��zp�y[u����Ç|[u���v�±Ëegf!p�~Ë|!f!j�y!xzi:j�y!xzy�°Úu�~
u�tq��jPu � ��u�y!y}xzr!y!��j � pqy�|[u��wu��z��u_|!f�l!±»�zÆ!~wj�j)u�tq~�x � 
z�dÆ�� ���]±9ÅÈy � j�j � Æ!vwf!j
j�pq��j�y¥®_u�tqr!j�~
x�©'+¿��
 , °�p�vwf§tqu��w��jnpqiku��zp�y[u�����|[u_��v�~)u���j�i�u_|!|Dj � v�x�j�p��zj�y¥®_u�tqr}j�~
x�©

TC

��tqxz~�jnv�x
v�f!j
r!y!p»v���p��w��t�j�ÆG°�f!pq�Kf�u��wj � p��:��r!t»vgv�x:u�|!|!��xP�}p�i�u�v�j�±

λ ‖Ax−λB x ‖
1.371× 10−3 + 9.662× 10−1i


}±Ã���z�
×10−15

1.371× 10−3 − 9.662× 10−1i

}±Ã���z�

×10−15

7.945× 10−3 + 6.069i
�d±Ã����


×10−11

7.945× 10−3 − 6.069i
�d±Ã����


×10−11

1.966× 10−2 + 17.01i
�}±Ã� � l

×10−7

1.966× 10−2 − 17.01i
�}±Ã� � l

×10−7

e6u��!t�j 
&� 
9pq�zj�yT®_u�t�r!j�~{u�y � ��j�~�p � r[u_tq~(©cxz�
U = 0

i �_~
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²"³µ´·¶w¸�¹. �½¿¸���³µÄ ³µ½��%¸�´M¸�Ä��  �³� 
³µ´����d³ �4�  �½B¹	��Á�½��d¹�¶�³µ´[½È¶�¹w¸GÁ�½B³¿¾�´ l �

λ ‖Ax−λB x ‖
1.907× 10−1 + 16.93i

�z±Ã�_l!�
×10−8

1.907× 10−1 − 16.93i
�z±Ã�_l!�

×10−8

2.060× 10−1 + 5.988i
�z±��P��l

×10−10

2.060× 10−1 − 5.988i
�z±��P��l

×10−10

2.392× 10−1 + 9.718× 10−1i
�d±Ül�
¥�

×10−12

2.392× 10−1 − 9.718× 10−1i
�d±Ül�
¥�

×10−12

e"u��}tqj0l�� 
9pq��j�y¥®_u�tqr!j�~{u�y � �wj�~wp � r[u�tq~g©cxz�
U = 0.614

i �_~

λ ‖Ax−λB x ‖
3.713× 10−1 + 16.67i

�z± 
¥�z�
×10−5

3.713× 10−1 − 16.67i
�z± 
¥�z�

×10−5

3.854× 10−1 + 5.698i
l!±Ã�z� �

×10−9

3.854× 10−1 − 5.698i
l!±Ã�z� �

×10−9

5.067× 10−1 + 9.871× 10−1i

}± ��lT�

×10−11

5.067× 10−1 − 9.871× 10−1i

}± ��lT�

×10−11

e"u��}tqj)��� 
9pq��j�y¥®_u�tqr!j�~{u�y � �wj�~wp � r[u�tq~g©cxz�
U = 1.228

i �_~

λ ‖Ax−λB x ‖
4.829× 10−1 + 5.191i

�d± � � �
×10−13

4.829× 10−1 − 5.191i
�d± � � �

×10−13

5.304× 10−1 + 16.17i
�G±Ã� �z�

×10−6

5.304× 10−1 − 16.17i
�G±Ã� �z�

×10−6

8.627× 10−1 + 1.067i
�z± ��
}�

×10−13

8.627× 10−1 − 1.067i
�z± ��
}�

×10−13

e"u��}tqj
�&� 
9pq��j�y¥®_u�tqr!j�~{u�y � �wj�~wp � r[u�tq~g©cxz�
U = 1.842

i �_~

ß�ß=ê$#&% �('Pÿ
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λ ‖Ax−λB x ‖
3.220× 10−1 + 4.476i

�}± �¥�z�
×10−14

3.220× 10−1 − 4.476i
�}± �¥�z�

×10−14

6.577× 10−1 + 15.43i
l}±���
d�

×10−8

6.577× 10−1 − 15.43i
l}±���
d�

×10−8

1.495 + 1.288i
��±Ã��l�


×10−14

1.495− 1.288i
��±Ã��l�


×10−14

e"u��}tqj)��� 
9pq��j�y¥®_u�tqr!j�~{u�y � �wj�~wp � r[u�tq~g©cxz�
U = 2.456

i �_~

λ ‖Ax−λB x ‖
−3.477× 10−1 + 4.000i

�d±Ã��� �
×10−14

−3.477× 10−1 − 4.000i
�d±Ã��� �

×10−14

7.243× 10−1 + 14.39i
�z±Ã�$
}�

×10−10

7.243× 10−1 − 14.39i
�z±Ã�$
}�

×10−10

2.675 + 1.295i
�d± �_�¥�

×10−14

2.675− 1.295i
�d± �_�¥�

×10−14

e"u��}tqj � � 
9pq��j�y¥®_u�tqr!j�~{u�y � �wj�~wp � r[u�tq~g©cxz�
U = 3.070

i �_~

ÝcÞ�ß�Ýcà



²"³µ´·¶w¸�¹. �½¿¸���³µÄ ³µ½��%¸�´M¸�Ä��  �³� 
³µ´����d³ �4�  �½B¹	��Á�½��d¹�¶�³µ´[½È¶�¹w¸GÁ�½B³¿¾�´ �d�

λ ‖Ax−λB x ‖
−1.026 + 4.181i

�d± �z�G�
×10−15

−1.026− 4.181i
�d± �z�G�

×10−15

6.633× 10−1 + 12.93i
�z±Ã�z���

×10−12

6.633× 10−1 − 12.93i
�z±Ã�z���

×10−12

3.930 + 6.927× 10−1i
��±Ã��
��

×10−14

3.930− 6.927× 10−1i
��±Ã��
��

×10−14

e"u��}tqj �&� 
9pq��j�y¥®_u�tqr!j�~{u�y � �wj�~wp � r[u�tq~g©cxz�
U = 3.684

i �_~

egf}j%tqj�©µv�i:xz~�v�j�p��zj�y¥®_u�tqr}j�~�Æ"y[u�i:j�t���Æ6vwf!j%~wiku�t�tqj�~�v � u�ik|}pqy!��|!�wx¼®Gp � j � �¥�2x�r!�
yGr}ikj��wpq��u�tg��x�ik|!rdvKu_vwpqxzy!~:u���j���xzi:|[u���j � vwx§vwf!xz~�jÏxz�}v�u�pqy}j � �T�«�6u�� � xzr!~w~�pq~�u�y �
�{j�y!xzr � 
¥�TÆ 
¥���'p�y�Í[�zr!��j:�¼�d± ¦ j
��u�y�y}x�v�p���jÇv�f}j)��xdx � u��z��j�j�i:j�y¥v{x�©6xzr!����x�ik|!r ¬
vKu_vwpqxzy!~Yu�y � vwf!xz~�j�x�©W�{j�y!xzr�±0egf}j�~wjn®_u�t�r!j�~�u��wjnu�tqp»vwv�t�j�t�x¼°Új��Yv�f!u�yÎv�f!x�~wjnx�©9vwf!j
�"u�� � xzr!~�~wpq~
i:x � j�t¿± �Yx¼°$j�®zj���Æ6u�tqt6v�f!p�~Ç��r!��®zj�~s�zp»®zj���x�ik|[u_��u��!t�jn~�v�u��!p�tqp�vÈ����j�~wr}t�v�~�±
�4ª[r}vwvwj��0p�y!~�v�u��!pqt�p�vÈ��p�~0|!�wj � pq��v�j � p�yÎv�f!j��wu�y!�zj�x�©�ª[x¼° ®zj�t�xd��p�vwpqj�~

U ∈ [2.5, 3.5]
±

Ù pq�zr}�wj0�î�0~wf!x¼°�~Úu
vÈ�G|!p��Pu�t[~�p�v�r!u_v�p�xzy&x�©Dª!r}vwvwj��Wpqy!~�vKu��!p�tqp»vÈ�z±�ÅÈy � j�j � ÆGp�©Mv�f!j�®zj�tqxG��p�vÈ�
x�©�v�f!j�ª[x¼°4p�~
u�r!�zi:j�y¥vwj � �z��u � r[u�t�t���v�f!j � u_ik|!p�y!�%x�©Wv�f}j:x�~w��p�tqtqu_v�p�xzy!~{pqy!���wjPu_~wj�~�±
�Yx¼°Új�®zj���Æ$°�p»v�f ©cr!��v�f!j���pqy!���wjPu_~wj�pqy vwf!j%ª[x¼°,®�j�tqxG��p»vÈ�zÆWuÎ|Mxzpqy¥v�p�~��wjPu_�Kf!j � ©c�wxzi
°�f!j���j{vwf!j � u�i:|!pqy!�0x_©Dvwf!j�~��G~�vwj�i � j����wj�u�~wj�~(u��¥u_pqy�Æ � xî°�y:v�x
y!j��¥u_v�p»®zj +Br}y!~�v�u��!tqj ,
®�u_tqr!j�~�±

� �

� ��� 


�

��� 


�

� ��� 
 � ��� 
 
 
�� 
 � ��� 
 �

U

- � (λ1)

� %�� "� �*������ �
- ���� �*

�!����������� ����� �� �"

Ù pq��r!�wjn�¼�����{j�u�t�|[u���v�x�©�v�f!j
tqj�©µv�i:xz~�v(j�pq��j�y¥®_u�tqr!j�� � u�i:|!pqy}�

ß�ß=ê$#&% �('Pÿ
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� ��� ��� �

�

��� ��� �

��� ������	

��� ������	 �

��� ������


� ��� 
 ��� � ��� � ��� 
 	
x

� �
(w)�����������������������������! ����#"%$&�����

Ù pq�zr}�wj�� � �Ë�{j�u�t�|[u���v�x�©6vwf!j � pq~�|!tIu_��j�i:j�y¥v�p�y�vwf!j
r!y!~�vKu��!t�j
ikx � j�©cxz�
U = 3.070

� ��� ��� �

�

��� ��� �

��� ������	

��� ������	 �

��� ������


� ��� 
 ��� � ��� � ��� 
 	

' �
(w)

x

���(�����������&�����)�������! ����&"%$&�����

Ù pq�zr}�wj&� �&�(ÅÈiku��zp�y[u�����|[u���v�x�©"v�f!j � pq~�|!tIu���j�i:j�y¥vYpqy�v�f!j�r!y!~�v�u��!t�jsi:x � j
©cxz�
U =

3.070

ÅÈykÍ[�zr!��j�~Ç� � u�y � � �)°$jÇf[uP®zjÇ��j�|Mxz��vwj � Æd�wj�~w|Mj���vwp�®�j�t���Ædvwf!jÇ�wj�u�tDu�y � p�i�u���pqy[u����
|[u���vkx�©Çvwf!j�r!y!~�v�u��!t�jÏi:x � j +µ©cxz�

U = 3.070
, ± Ù pqy[u�t�t���ÆWp�y Í[��r!�wjÏ���}ÆÚ°$jÎf[uP®�j

�wj�|Mxz��v�j � u&��xzi:|[u���pq~wx�y��Mj�vÈ°$j�j�yÏv�f}j
©c��j�ÑTr!j�y!��p�j�~�x_©6vwf!j�r}y!~�v�u��!tqj
i:x � jÇ©cxz��jPu��Kf
®�u_tqr!j(x_©

U
± ¦ jg�Pu_y:p�iki:j � pIu_vwj�t��Ç|Dxzp�y¥v9xzr}vËvwf!jg�zxGx � u_�z�wj�j�i:j�y¥v9x�©Mv�f!j�~wjg��j�~wr}t�v�~�±

ÝcÞ�ß�Ýcà



²"³µ´·¶w¸�¹. �½¿¸���³µÄ ³µ½��%¸�´M¸�Ä��  �³� 
³µ´����d³ �4�  �½B¹	��Á�½��d¹�¶�³µ´[½È¶�¹w¸GÁ�½B³¿¾�´ �$


�

��� 


�

��� 






�� 


�

��� 


�

� ��� 
 � ��� 
 
 
�� 
 � ��� 
 �

U

� � (λ)

������������� �������! �"
- ���! �*

� % � "! �*!����� �

Ù p��zr!��j
���&� Ù �wj�ÑTr!j�y!����x�©6vwf!j
r!y!~�vKu��!t�j0ikx � j

� � � � 
�� 	 ��� � 
 ��� ��� 	 ��
��	� ��
�� � 	�� � 
�	 � � 	 � 
	� � ���
� ���
ÅÈy<vwf!pq~�|!u���u�����u�|!f °$j � jPu�t$°�p�v�f vwf!j�u�j���xdj�tIu�~�v�p���ª[r}v�v�j���p�y!~�v�u��!p�tqp�vÈ��u�y!u�t��G~wp�~nx�©
�!tqr&� ¬ �Mx � pqj�~�p�y�u�~�v�jPu � �s°�p�y!�!±"��xz�wjÚ|!�wj���pq~�j�t»�zÆ�°$j�u �!� ��j�~�~"v�f!jÚ|!�wxz�}tqj�i x�©[ª!r}vwvwj��
pqy!~�vKu��!p�tqp»v�pqj�~nx�©
|!��pq~�i�u_vwpq�����Gt�pqy � j��w~:°�p�v�f �wj���vKu�y}�zr!tIu_�k~�j���vwpqxzy·Æ�u�y � �Kf!xz� �

c
v�x

v�f!p�� �Gy}j�~w~
d
�wu_v�p�x:j�ÑTr[u�t�v�x:l!Æ�p¿±Üj�± c

d
= 4

Æ�~wj�j)Í[��r!�wjs�d�z±$egf!pq~�~wp�ik|}tqj0~wj���vwpqxzy�f[u�~
�Dj�j�y��Kf!xz~wj�yÏ�Mj���u�r!~wj)~wj�®zj���u�t'j��d|Mj���pqi:j�y¥vKu�t � u_vKu&u���j
u¼®_u�p�tIu��}tqj�� l¥�}Æ}lT� �]±

ky

Γin

Γin

Γin

y

Γout
xU Ωs

Ωf

kθ

γ

Ù pq�zr}�wj
�d�$� Ù tqr!p �d¬ ~�v���r!��vwr!�wj0��xzy}Í[�zr}��u_vwpqxzy�u_v{j�ÑGr}pqtqp��!�wp�r!i

ß�ß=ê$#&% �('Pÿ
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�Y~Úi:j�y¥v�p�xzy!j � u��Mx¼®zj_Ædª[r}v�v�j��Úpq~Wu)~wj�t»© ¬ j-�}��p�vwj � x�~w��p�tqtqu_v�xz���np�y!~�v�u��!pqt�p�vÈ�spqy&°�f!pq�Kf
v�f!j&ª[r!p � u�j��wx � �Gy[u�i:pq�n©cxz����j�~�|!rdvsj�y!j������¨pqy¥v�x�v�f}jk~�v��wr}��v�r}�wj%u_y � |}�wxz�z��j�~�~wp�®�j�t»�
pqy!���wjPu_~wjËv�f}j�u�ik|}tqp�vwr � j6x�©Tv�f!j�i:x�v�p�xzy�±�Åöv���xz�w��j�~w|Mxzy � ~�vwx�u�y}j��¥u_vwp�®�j � u�i:|!pqy!�(u�y �
xd����r!��~Úu_v$u�y¥��®�j�tqxG��p»vÈ�&u��Mx¼®zj�v�f!jgª[r}v�v�j��$�Mxzr!y � u�����±Ëegf!pq~W��t�jPu���t�� � pq~�v�pqy}�zr!pq~�f!j�~�p»v
©c�wxzi�®zx���v�j-��~�f!j �!� pqy!�np�y!~�v�u��!p�tqp�vwpqj�~�Æz°�f!p��Kf�u��wj0u_~w~wxG��pqu_v�j � °�p�vwf�u�ª[x¼°5pqy}~�vKu_�!pqt�p�vÈ�
u�y � u���pq~�jk°�f!j�y v�f!j:©c�wj�ÑTr!j�y!���2x�©gv�f}j�~wf}j � ®zxz��v�j-� p�y�v�f}j�°(u���j%��xzpqy!��p � j�~�°�p»v�f
v�f!j�y[u_vwr!��u_tÚ©c�wj�ÑGr}j�y!��� x_©Yvwf!j�~�v���r!��vwr!�wj_± ��xz�wj�xî®�j���ÆÚ®zxz��v�j-� ¬ j��d��p»v�j � xz~���pqt�tIu_vwpqxzy
y!j�®�j���|}�wx � r!��j � p�®�j����zj�y¥v0u_ik|!t�p�vwr � j�~�± Ù xz�{uki:xz��j � j�vKu�p�tqj ��� j�~w���wpq|dv�pqx�y�x�©"v�f!j�~wj
u�j���xdj�tIu�~�v�pq��|!f!j�y}xzikj�y[u�v�f!j
�wj�u � j��{��u�y��wj�©cj��gv�x � l¥���]±

ÅÈy � l¥�}ÆdlT� �]Æ ¦ u�~wf}pqÌ�r2¶�½$¸�Ä �9pqy¥®zj�~�vwpq�¥u_vwjÇj��d|Mj���pqi:j�y¥vKu�t�t��&v�f}j0u�j���xdj�tIu�~�v�p���pqy}~�vKu ¬
�!pqt�p�v�p�j�~(x_©9~wj�®zj��wu�tË|!��pq~�i�u_vwpq�0���dt�pqy � j��w~{°�p�vwfÏ�wj���v�u�y!�zr!tqu���~wj���v�p�xzyÎp�yÏu�f}jPuP®Gpqy!�kxz�
pqy§u�vwxz�w~�pqxzy!u�tËi:x � j_± ¦ j�°�pqt�tË��x�y!~wp � j��
f!j��wj&v�f!j�pq�Ç°�pqy � vwr!y!y!j�t�©c��j�j&xz~���pqt�tIu_vwpqxzy
j��d|Dj��wp�ikj�yTvw~�±9ÅÈy%vwf!j�©c�wj�jÇxz~���pqt�tIu_vwpqxzy&i:j�vwf!x � v�f!j�®�j�t�xd��p�vÈ�kx�©�v�f!j�r!y!p�©cx��wi�ª[x¼°

Upq~9pqy}���wj�u�~wj � ~�v�j�|k�¥��~�v�j�|ku�y � Ædu�v�jPu��Kf:~�vwj�|�ÆTv�f!j�~�v��wr}��v�r}�wj�pq~9�zp»®zj�yku
~wiku�t�t}pqy}p�v�pqu�t
f!jPuP®Gpqy!��x��(�wx�v�u_v�p�y!� � pq~w|}tIu���j�i:j�y¥v�u�y � t�j�v(vwx��zx!±Ëegf}j0�zx¥u�tDf!j���j0pq~$vwx�xz�}v�u�pqy�vwf!j
ikj�u�y<tqpqi:p�v)���d��tqp���u�ik|}tqp�vwr � jkx�©Yvwf!j�©c�wj�j�xz~w��pqtqtqu_v�p�xzy u_~&ub©cr}y!��vwpqxzy<x�©{v�f!j%ª!xî°
®zj�t�xd��p�vÈ��±

ÅÈy�Í[�zr!��j�~9���$+]u , u�y � �z�$+B� , °$jÚ��j�|Mxz��v�Æ��wj�~w|Mj���v�p�®�j�t»�zÆ�vwf!j$©c��j�jÚx�~w��p�tqtqu_v�p�xzy0�wj�~wr!t»v�~
xz�}vKu_pqy!j � �¥� ¦ u�~wf!p�Ì�r ¶�½g¸�Ä �(pqy � l¥�dÆ�lT���¿Æ[©cxz�{u&�wj���vKu�y}�zr!tIu_�{���Gtqpqy � j���x�©"��u_vwpqx�l�p�y
u�f!j�u¼®Gp�y!��u�y � us�wx�v�u_v�p�y!�)ikx � j�±"ÅÈy�v�f!j�~wj�Í!�zr!�wj�~�Æ}vwf!j�x�� � p�y[u_v�j{pq~Wv�f!j�u�i:|!tqp»v�r � j
x�©Yvwf!j�tqpqi:p�vs���G��t�j�u�y � vwf!j�u��!~���pq~�~�u¨v�f!j � p�ikj�y!~wp�xzy!tqj�~w~n®�j�tqxG��p»v�p�j�~ U

fyd

u�y � U
fθd

Æ
°�f!j���j

fy

u_y �
fθ

~�v�u�y � Æ}�wj�~�|Dj���vwp�®zj�t���Æ!©cxz�Úv�f}jÇy[u_vwr!��u�tD©c�wj�ÑTr!j�y!���%x�©'v�f!j0~�v��wr}��v�r}�wj
pqy v�f}j�f!jPuP®Gpqy!�§u�y � v�xz��~wpqx�y[u�tÚi:x � j�±§ÅÈy<�Dx�vwf Í[�zr!��j�~nv�f}j�~��Gin�Mxzt

♦
p�y � p��Pu_vwj�~

v�f!jY�wj�~�xzy[u�y}��j0~w|Mj�j � Æ}y!u�ikj�t���ÆGvwf!jÇr!y!p»©cxz�wi4ª!xî°É®�j�tqxG��p»vÈ��°�f!j���jÇv�f!j{©c�wj�ÑGr}j�y!���%x�©
v�f!j:~wf!j �!� p�y!��®�xz��vwj��2pqy¨v�f!j&°(u���j%��xzpqy!��p � j�~0°�p�v�f§v�f!j:y[u_vwr!��u_t�©c��j�ÑTr!j�y!����x�©Úvwf!j
~�v���r!��vwr!�wj)pqy%vwf!j
��xz���wj�~w|Mxzy � p�y!�ki:x � j�±

Ù pq�zr!��j��z�$+Bu , ~�f!x¼°�~�vÈ°$xY��j��zp�xzy!~�x�©Gp�y!~�v�u��!pqt�p�vÈ�{x�©G°�f!pq�Kf
xzy}jWp�~�pqy0vwf!jË®Gpq��p�y!p�vÈ�Yx�©
v�f!jÇ��j�~�xzy[u�y!��j
~w|Mj�j � ± ¦ u�~�f!pqÌ�r2¶�½Ú¸�Ä �qÆdpqy � l¥� �]Æ!|Mxzpqy¥vwj � xzr}vÚv�f[u_v(p�©�v�f}jÇ~�vw�wr!��v�r!�wu�t
� u�i:|!pqy!�b�Mj���xzi:j�~:tIu����zj%v�f!j�~wj�vÈ°Úx��wj��zpqxzy}~ � pq~wu�|!|MjPu���± egfTr!~�ÆÚv�f!j��<��xzy}��tqr � j �
v�f[u_vkv�f!j�~wjÏvÈ°$x r!y!~�vKu��}tqjÏ��j��zp�xzy!~k��xz���wj�~�|Dx�y � v�x2®�xz��vwj�� ¬ ~�f!j �}� pqy!� p�y!~�v�u��!p�tqp�vwpqj�~�Æ
u�y � vwf[u_vÇy}x%v���uP®�j��w~�jnª[r}v�v�j���xd����r!��~�± �ÇyÎv�f}jsx�vwf!j��Çf!u�y � ÆD~wj�j � lT���¿Æ·Í!�zr!�wjn�z�$+c� ,
pqy � p��Pu_vwj�~�v�f[u_v"®zxz��v�j�� ¬ j��d��p»v�j � xz~���p�tqtIu�v�pqx�y)°Úu�~9y!x�v"xz�!~�j���®�j � pqynvwf!jÚ©c�wj�j(xz~���pqt�tIu_vwpqxzy
j��d|Dj��wp�ikj�yTvw~�ÆTu�y � v�xz��~wp�xzy[u�tTª[r}v�v�j��"�Pu�y � j�®zj�tqxz|�©c�wx�i uÇp�y!p�vwpIu�t¥x�~w��p�tqtqu_v�p�xzy
x�©�~wiku�tqt
u�ik|}tqp�vwr � j_±�ÅÈys~wf}xz��v�Æ�u�|!�wp�~wiku_v�p��Ë�[u��'x�©}��u_vwpqxgl{�Pu�y�y!x�v�~wr��·j���ª[rdvwv�j��'pqy�u{f!j�uP®dp�y!�
ikx � j0�!r�v�f}pq~��Pu�y�v�u$��j)|!tIu_��j0pqy�unv�x��w~wp�xzy[u�tDikx_v�pqx�y�±
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U

fyd

h0

d

��� ��


��� ���

��� ���

��� ���

� 
 ���
♦

� ì ��þ'èwì���÷Ãê � �(òPíîè

� ���
U

fθd

θ0




���

�
��� 
	�♦

��� ���dò�çöéB÷Ãò�ê�ì�ó �Úò¼í¼è
Ù pq�zr}�wj
�z� � 
Ë�d|Mj���pqi:j�y¥vKu�t'u_ik|!t�p�vwr � j�x_©6vwf!j
tqpqi:p�v$���G��tqj�Æ[��j�|Mxz��vwj � pqy!� l¥�}Æ!lT���

ß�ß=ê$#&% �('Pÿ
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	"À(¸�½B¹-³¿Á���²�¶�
�¸�ÄµÄq¶KÁ

ÅÈynvwf!pq~�|[u��wu��z�wu�|!fs°$jgu�p�i v�xÇ��j�|!��x � r}��jÚvwf!jgu��Mx¼®zj(j-�}|Mj���pqi:j�y¥vKu_td��j�~wr}t�v�~6r!~wp�y!�
v�f!jgt�pqy!j�u��wp�ÌPu_vwpqxzy ¬ v��wu�y!~w|}pq��u�v�pqx�y0ikj�v�f!x ��� j�®�j�t�xz|Dj � p�y&�"u���v�Å � �¼���[u�y � v�f!jgyTr!i:j�� ¬
pq�Pu_t�u�y[u�t»�G~wpq~gp�y¥v��wx � r!��j � pqy�~�j���vwpqxzy}~ 
&u�y � l&x�©�v�f!j
|!��j�~wj�y¥vÇ|[u�|Mj���±W¯�u�i:j�t»�zÆdvwf!j
Í[y!p�vwj0j�t�j�i:j�y¥v{u�|!|!��xP�}p�i�u�v�pqx�y +��¼� , ��xzis�!pqy!j � °�p�v�f�u_tq�zxz��p�vwf!i �
©cx��(v�f!j0t�j�©µv�i:xz~�v
j�pq��j�y¥®_u�tqr!j0��xzi:|!r}vKu�v�pqx�y�±

¦ j���xzy!~�p � j��Úu�ykj�tqu�~�vwpq�Pu_tqt��sikx�r!y¥v�j � �wpq��p � |!�wp�~wiku_v�p��g���Gtqp�y � j��W°�p»v�f���j���vKu�y!��r ¬
tIu��(~�j���v�pqx�y�p�iki:j���~wj � pqy�unv��wu�y!~�®�j���~wj)pqy!��xzik|}�wj�~�~wp��!tqj�ª!xî°
± ¦ j
u�~w~�r!i:j
vwf[u_v(vwf!j
~�v���r!��vwr!�wj��Pu�y x�y!t��b®Gpq�}��u_vwj�xzy u�v���u_y!~�®�j��w~�j�|!tIu_y!jk|Mj���|Dj�y � p���r!tqu��)vwxÏv�f}j�|!��pq~wi
u�y � uî�}pqu�tgj(�Dj���v�~�u_�wj�y!x�vk��xzy!~�p � j��wj � ± �Yj�y}��j�Æ(vwf!jÏ|}�wxz�!t�j�i p�~:~�v�r � pqj � pqy<vÈ°Úx
� pqi:j�y!~�pqxzy}~�±Ú�Y~Yp�y � l¥�}Æ�lT���¿Æ[°$j�°�p�tqt���xzy}Í[y!j�xzr!�{~�vwr � ��v�x&®zj���v�p��Pu�t�u�y � v�x��w~wp�xzy[u�t
�Dx � �§ikx_v�pqx�y!~�±�ÅÈy2vwf!j�~�j�ÑTr!j�t¿Æ

Ωf ~�v�u�y � ~s©cx��)vwf!jkvÈ°$x ¬È� pqi:j�y!~�pqxzy[u_t � xzi�u_pqy§xd� ¬��r!|!p�j � �T��vwf!j)ª!r!p � u�y �
Ωs ©cx��{vwf!j���j���vKu�y!��r!tIu���~�j���vwpqxzy�x�©"vwf!j)|!�wp�~wi�°�p�vwf��wu_v�p�x

c

d
= 4

Æ[u�y �
γ
� j�y!x�vwj�~�v�f!j0ª[r}p �d¬ ~�v���r!��vwr!�wj
p�yTvwj���©Bu���j_±

#�j�v9r!~9��x�y!~wp � j��9uYr!y!p�©cx��wi ª[x¼° ®�j�t�xd��p�vÈ�
uΓin

= (U, 0)T xzynv�f!jÚpqy!t�j�v6�Dxzr}y � u����
Γin

Æ�~�j�j$Í!�zr!�wj(�d�z± Ù xz�6t�x¼° ��j��Gy!xzt � ~"��j��zp�ikj�~�Æîv�f!j$��xzr!|}tqj � ª[r!p �d¬ ~�v��wr}��v�r}�wjÚ~��G~�v�j�i
j��df!pq�}p�v�~Wu)~�v�j�u � �:j�ÑTr!p�tqp��!�wp�r!i ~�vKu_vwj

(u0, p0, s0)
~wu_v�p�~�©µ�Gpqy!�)j�ÑTr[u�v�pqx�y!~ + � , u�y � +¿� , Æ

p¿±Üj�±

∇u0u0 − 2ν div ε(u0) +
1

ρ
∇p0,

p�y
Ωf ,

div u0 = 0,
p�y

Ωf ,

u0 = uΓin
,
xzy

Γin,

σ(u0, p0)n = 0,
x�y

Γout,

K s0 = −

∫

γ

ΦTσ(u0, p0)n da.

�Yj���j
s0 = (y0, θ0)

T ∈ R2 ÆT°�p�v�f y0
v�f!j{®zj���v�p��Pu�t � p�~w|!tqu���j�ikj�y¥vÚu_y �

θ0
vwf!j���x�vKu�v�pqx�y

u��wxzr}y � vwf!js��j�y¥v�j���x�©9iku�~�~Yx�©"v�f!j�~�v���r!��vwr!�wj_±YÅÈyÎu �!� p»v�pqx�y�Æ!v�f!j)i:x � u_t��[u�~wp�~
Φ
p�~

�zp�®�j�y��¥�
Φ =

[(
0
1

)
∣
∣

(
0 −1
1 0

) (
x
y

)]

.

�%Ó 
2¢!¡�� ����� � ³µ´·ÁK¶&½�
[¶��G´[³ 	P¾�¹�� �{¾�� ³�  ���� ��¶�½B¹�³¿Á�	Y½�
[¶:¹�¶  ��dÄ ½¿¸�´[½
¾
	&½�
[¶ ���d³ �
Äq¾�¸2�  �¸�½$½�
[¶)³µ´[½È¶�¹�	�¸GÁK¶

∫

γ

ΦTσ(u0, p0)n da = 0,
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¸�´!�k½#
[¶�´
s0 = 0

�

egf}jÏ~�v�u��!p�tqp�vÈ� u�y[u�t»�G~wpq~&x�©Yv�f!p�~kj�ÑTr!pqt�pq�!��pqr!i ~�v�u_v�j��Pu�y �Dj��Pu_�w�wp�j � xzr}v:r!~wp�y!�
v�f!j�tqpqy}jPu���pqÌPu�v�pqx�y ¬ vw��u�y!~�|!pq�wu_v�p�xzy¨©c��u�i:j�°$xz���<p�yTvw�wx � r!��j � p�y �6u���v�Å �»�P���¿± �{j�y!��j�Æ
v�f!jk~�v�r � �§x�©(v�f}j�tqp�y!jPu_�)~�vKu��}pqtqp»vÈ�bx�©

(u0, p0, s0)
��j � r!��j�~svwxÏv�f}jk��xzik|}r}vKu_vwpqxzy§x�©

v�f!jbt�j�©µv�i:xz~�v%j�p��zj�y¥®_u�t�r!j�~%x_©�|}�wxz�!t�j�i + 
 , ÆYp]± j_± �§Í[y �
λ ∈ C

Æ
u : Ωf −→ C2 Æ

p : Ωf −→ C
u�y �

s ∈ C2 Æ}°�p»v�f�u�y � (u, p, s) 6= 0
Æ!~wr}�Kf�v�f!u_v

∇u0u+∇uu0 − 2ν div ε(u) +
1

ρ
∇p = λu,

p�y
Ωf ,

div u = 0,
pqy

Ωf ,

u = 0,
x�y

Γin,

σ(u, p)n = 0,
xzy

Γout,

u = −λΦs−∇u0Φs,
x�y

γ,

λ2 M s+
(
K+ B0

)
s = −

∫

γ

ΦTσ(u, p)n da.

+¿�_� ,

�Y~wp�y!��vwf!j � pq~�����j�v�p�ÌPu_vwpqxzy�~w�Kf!j�ikj + �î� , vwf!j�u��Mx¼®zj�j�pq�zj�y!|!�wx��!tqj�i �Mj���xzikj�~0u%�zj�y ¬
j���u_tqpqÌ�j � j�pq�zj�y¥®�u_tqr!j�~0|!�wxz�}tqj�i�x�©�vÈ�G|Dj)+]�$
 , ±�egfTr!~�Æ�p»v�~Çt�j�©µvwikxz~�vÇj�pq�zj�yT®_u�t�r!j�~Y°�pqtqt
�Dj)u�|!|}�wxP�dpqiku_v�j � r!~wp�y!�:u�tq�zx��wp�vwf!i��z±

� r!�wp�y!��xzr!�(yTr!i:j���pq��u�tD��xzi:|!r}vKu�v�pqx�y!~$°$j0f[uP®zjÇÍ}�dj � vwf!j�©cxzt�tqx¼°�pqy!�)|[u��wu�i:j�v�j��
®�u_tqr!j�~��

ρ = 1.293
�0����i 3 Æ ν = 5× 10−5 i 2 �_~�Æ c = 4

i�Æ
d = 1

i�Æ

M =

(
m 0
0 Iθ

)

, K =

(
ky 0
0 kθ

)

, ky = mw2
y, kθ = mw2

θ ,

°�p�v�f
m = 100

�
�}Æ
Iθ = 100

�0��i 2 u�y � fy = fθ = 10−4 �YÌ_±��Ytqt�ª[x¼° ��j��zp�ikj�~
u��wj
tqx¼° ~w|Mj�j � ÆMvwf!j��wu�y!�zj
x�©Ë�{j��Gy!xzt � ~YyTr!in�Mj��

Ud/ν
°(u�~ �Ü�}Æ � ���¿±$ÅÈyÏ~�r!�KfÎu&°(uP�

v�f[u_v�Æ}u_~(pqy �Ül¥�dÆdlT���¿ÆG°ÚjÇ��x¼®zj���u���u�y!��j�x�© � p�ikj�y!~wp�xzy!t�j�~w~�®zj�tqxG��p»v�pqj�~$�Mj�vÈ°$j�j�y
0
u�y �

40
±
egf}j)ª[r}p ��� xziku�pqy

Ωf u���xzr!y � v�f!j � j�� ��~�j���v�pqx�y�°Úu�~ � pq~����wj�v�p�Ì�j � r!~wp�y!�ku�y�r}y ¬~�v���r!��vwr!�wj � ikj�~wf&x�©D�z��l � v��wpqu�y!�zt�j�~�Æz~wj�j(Í[�zr!��j{�$
}± Ù xz�6jPu��Kf�®_u�t�r!j(x�©
U
vwf!jg~�vwjPu � �

ª[x¼°
(u0, p0)

°Úu�~g��xzik|}r}v�j � r}~wpqy}�&u
P2/P1

¯�uP®Gpqj�� ¬ oGvwx���j�~�~wxzt»®zj�� +cÍ[�zr}�wj)�_l , u�y �
P1/P1

j�tqj�ikj�yTvw~�©cxz��vwf!j�~�v�u��!p�tqp�vÈ��u_y[u�t��G~�pq~�±)ÅÈy¨u�t��zxz�wp»v�f!i + � , v�f}jnyTr!in�Mj��0x�©W�wj ¬
ÑGr}j�~�vwj � j�pq�zj�yT®_u�t�r!j�~�°Úu�~�Í}�dj � v�xÏ�P�}ÆMvwf!j � pqi:j�y!~�pqxzy�x�©Ëvwf!j �0���Gt�xî®�~�r!�!~�|[u���j�v�x

ß�ß=ê$#&% �('Pÿ
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Ù pq�zr}�wj
�$
��9e6��pIu�y!��r!tIu_vwpqxzy�x�©6vwf!j0ª[r!p ��� xzi�u_pqy�u_v�j�ÑGr}pqtqp��!�wp�r!i

Ù pq��r!�wj
��l��9ÅÈ~wx ¬ ®_u�tqr!j�~gx�©�v�f!j0ª[x¼°
x−

®zj�tqxG��p»vÈ��u_v�j�ÑTr!p�tqp��!�wp�r!i�©cxz�
U = 4

i �_~


z��u�y � vwf!j:�{p»v�Ì�j�~�v�p�i�u�v�j�~0vwxztqj���u�y!��j�v�x
10−6 ± Ù xz�
jPu��Kf§®_u�tqr!j�x_© U Æ�vwf!j&ikj�u�y��xzi:|!r}v�u_v�p�xzy[u�tMv�pqi:j�°Úu�~)��
:i:pqyTr}vwj�~gxzy�u���� ��pq~wr!u�tqp�Ì�j � �_�z�n°Úxz� �T~�vKu�v�pqx�y�°�p»v�f

�:�(uP�Gtqj���p�vwj��wu_v�p�xzy!~�±
Ù pq�w~�vPÆG°Új0��xzy!~wp � j��g|}�wxz�!t�j�i +¿��� , °�p�vwf%v�f!j0��pq�zp � �Mx � ��xz~���p�tqtIu�v�pqy}��p�y�p�v�~$f!jPuP® ¬

pqy!��i:x � j_±�ÅÈy§Í[�zr!��j%�z��°Új:f[uP®zjk|!tqx_vwv�j � vwf!j � u�i:|!pqy!��x�©Úv�f!j:~��G~�vwj�i�Æ"y[u_ikj�t��zÆ
v�f!jY�wjPu_tM|!u���vÚx�©�v�f}j�tqj�©µv ¬ ikxz~�v�j�p��zj�y¥®_u�tqr}j�Ædu�~(u
©cr!y!��vwpqxzykx�©�vwf!j � p�ikj�y!~wp�xzy!t�j�~w~9®�j ¬
tqxG��p�vÈ��±godp�y!��j���j

(λ1)
xzy!t���vKu$�_j�~�|Mxz~�p�v�p»®zj
®_u�tqr!j�~{°$js��xzy!��tqr � j
v�f!u_vYvwf!j)�wj�©cj��wj�y!��j

j�ÑTr!pqt�pq�!��pqr!i p�~Ë~�v�u��!t�j�Æ¥p¿±Üj�±6y!x�vËª!r}vwvwj��9xG����r}�w~9pqynvwf!j(�wu�y!�zjgx�©My!x�y ¬È� p�ikj�y!~wp�xzy[u�t¥®�j ¬
tqxG��p�vwpqj�~

[0, 45]
ÆGu�~�|!��j � p���vwj � �T� ¦ u�~�f!pqÌ�r¨¶�½Ë¸�Ä �9p�y �Ül¥� �¿±Ë�Y~�ikj�yTvwpqxzy}j � u��Dx¼®�j�Æ¥v�f!j
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®zxz��v�j�� ¬ ~wf!j �!� pqy}��p�y!~�v�u��!pqt�p�vÈ�
xz�}~wj���®zj � p�y �Ül¥� ��u��wj(u�~w~�xd��pIu_vwj � °�p�vwfnª[x¼° ~�j�|[u��wu_v�p�xzy
u��wxzr}y � v�f!j)�Dx � ��Æ!y[u�i:j�t»�zÆ}°�p»v�f�u&ª!xî° pqy!~�vKu��}pqtqp»vÈ�z±Ëegf}pq~�pq~�u�r!y!~�v�j�u � ��|!f!j�y!xzi ¬
j�y[u
v�f[u_vW��u�y�y!x_v$v�u$��j{|!tIu_��j{pqy:xzr!��tqx¼°@~�|Dj�j � ©c�wu�ikj�°Úx�����±ËÅÈy � j�j � ÆGv�f!j�ª[r!p � ª!xî°
pq~{~�vKu_�!tqj
°�p�vwf!xzr}vYpqy¥v�j���©Bu���j�i:x�vwpqxzy +B~�j�j�Í!�zr!�wjn�_l , ±{egf}j��wj�©cxz�wj_ÆD®�xz��vwj�� ¬ ~�f!j �!� pqy!�
pqy!~�vKu��!p�tqp»v�pqj�~$��u�y�y!x�v��Mj)��j���xî®�j���j � °�p»v�f�xzr!��u�|}|!�wx¥u_�Kf�±

U

fyd

- � (λ1)

� ��� �������

� 
 � � ��


�


 � � ��


��� �������

��� �������	


��� ������


��� ������
�


��� ����� �

� 
 ��� ��
 
�� 
�
 �	� ��
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Ù pq�zr}�wj)�z������jPu_t�|[u���vYx_©6vwf!j
tqj�©µvwikx�~�vgj�pq�zj�yT®_u�t�r!j'+Bf}jPuP®Gpqy!�&i:x � j ,

� ��� �����

� ��� �������

� ��� �������

� ��� �������

� ��� �����
	

�

��� �����
	

��� �������

� � ��� �
� 	�� 	�� ��� �
� ��� �
�

- � (λ1)

U

fθdÙ p��zr!�wj)�_�&���{j�u�t�|[u_��v{x�©�v�f!j
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