
HAL Id: inria-00072014
https://inria.hal.science/inria-00072014

Submitted on 23 May 2006

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

Cascadic multigrid for the advection-diffusion equation
Xuejun Xu, Ales Janka, Jean-Antoine Desideri

To cite this version:
Xuejun Xu, Ales Janka, Jean-Antoine Desideri. Cascadic multigrid for the advection-diffusion equa-
tion. [Research Report] RR-4574, INRIA. 2002. �inria-00072014�

https://inria.hal.science/inria-00072014
https://hal.archives-ouvertes.fr


IS
S

N
 0

24
9-

63
99

   
   

 IS
R

N
 IN

R
IA

/R
R

--
45

74
--

F
R

+
E

N
G

ap por t  


de  r ech er ch e 


THÈME 4

INSTITUT NATIONAL DE RECHERCHE EN INFORMATIQUE ET EN AUTOMATIQUE

Cascadic multigrid for the advection-diffusion
equation

Xuejun Xu — Aleš Janka — Jean-Antoine Désidéri

N° 4574

September 2002





Unité de recherche INRIA Sophia Antipolis
2004, route des Lucioles, BP 93, 06902 Sophia Antipolis Cedex (France)

Téléphone : +33 4 92 38 77 77 — Télécopie : +33 4 92 38 77 65

�����������
	��
��������	�����	�������������� ����!��"�#��	��%$'&(�
	*)+�,��	��%$��"-'���.��	��%$

/
021�3�0245/
07698;:�<=1?>�@BAC42DEAF8#@G1HAG4JI�:�4LKNMBOP421RQ�SHTUO=V�SHWXOZY

[]\(^�_a`.bdcfehgi_%j(kml�nogqp?r
`�n"ptsunogq_agmvwlxnwgiptr
y `�vwzhv{nw^U_a`Uv"|�p?_as(kq`�}u`Uv
~;�opx��`�n���sElxki`

��lxs(sGpt�wn y `��o`U|�\(`U�o|�\(`�rB��bH�H�NbRc�eh`Usunw`U_%�G`����t�t�?�.c��X��sElt�t`Xv

���J�U�����(�t�t��� r
nw\(gmv��o`�sGpt�wnU�uno\(`d��l?vw|Ul y gm|��
j(kqnwgi�t�og y _a`�no\(p y � �]�9¡�¢*�E£hgi`�¤�` y ltvZl%¥�p?r(`�¦§¤]lNzt¨
_�j(kqnwgi�t�og y _a`�no\(p y r(pxn�gqrh£tp?kq£hgir(�as(�o`�¦©v{_aphpxno\(gqrE�'pt���o`Uv{nw�ogi|�nwgiptrªv{nw`�sCv��Cgiv y `�«ErE` y ltr y nw`Uv{nw` y gir
no\(`�|Ultvw`¬px­ZlRv{gi_as(ki`��x®¯l y £t`U|�nwgiptru¦ y gq°GjCv{giptr+s(�opt�(ki`�_
±+²tl?|�pt�Eg³lxr y ¡.lxjEvov�¦�eh`Ug y `Uk´vw_apHptnw\(`U�ov
lt�w`'`U_as(kqp�z?` y ±9µ¶\(gqki`¬no\(`
��l?vw|Ul y gm|¬�
j(kqnwgi�t�og y _a`�nw\Ep y giv�£t`U�wzR`�°B`U|*nogq£?`¬­·p?�%�o`�kml�nwgi£t`Ukqz¸v{_'ltkqk
��`�zhr(ptk y v]rhj(_��C`U�ovU�hnw\(`�|�ptrh£t`U�w�?`�rE|�`Z��l�no` y `�nw`U�wgipt��l�no`Uv�¤"\(`Ur
l y £t`X|*nogqp?r�ltr y�y g¹°BjEvwgqp?r
lts(s(�opN}h¦
gi_'l�no`�kizº�ElxkmlxrC|�`a`Ul?|�\Rptnw\(`U�U±¬»Zp�¤´`U£t`��X�B­·pt�%kilt�w�?`��.�"`�zhr(p?k y v�rHjE_%�G`���v��Lno\(`'_a`�no\(p y gq_as(�op�£t`Xv
vwpt_a`U¤"\El�nZltr y lt|�\(gi`�£?`Uv�l¬_d`Xv{\(¦¼gir y `UsC`Ur y `�rHn�|�ptrh£t`U�w�?`�rE|�`.�olxnw`t± � rªno\(`�r(`�}hn½v{nw`�s��E¤�`��w`X|�p?_�¦
_a`Ur y no\El�n´nw\(`��]�º¡¾_a`�no\(p y vw\(ptjEk y �G` y `Uvwgq�?r(` y lxr y no`Uv{nw` y ­·pt�´�Cp?j(r y lt�wzakmlNzt`U�ov³gqr,|�ptr���jErE|*¦
nogqp?r�¤"gqnw\ªl y lxsunogq£?`._d`Xv{\E`Uv"lxr yC¿ p?�]vw`�_agq¦§|�p?lt�ovw`�r(gir(�C±
ÀªÁHÂBÃoÄ%Å ��Æ��t� ��l?vw|Ul y gm|½_%j(kqnwgi�t�og y �h«Er(gqnw`�`Ukq`U_d`UrHnovU�h«Er(gqnw`�£?ptkij(_a`UvU�hl y £t`X|*nogqp?ru¦ y g¹°BjEvwgqp?r

Ç³ÈÊÉNË=Ì{ÍGÎ�ÏCÐBÎ*Ñ"ÒNÓUÌ§ÔoÌ{ÍBÕ�ÔoÌ=ÖN×�Ñ�ÔoÌ=ØÚÙ{Ë{ÛxÐBÖNØÚÉN×�Ë=×;Ü�Ù{Ô�ÝN×�Ñ³Þ�Î�ÏCß�Ù{ØÚ×�ÉNÙ�×�ËwÛtàuÍ á´Í âBÎwãZä�åUæ{çXÛ�âB×{Ø èPØÚÉNéZæ{ê*ê*ê*ë*êXÛ?ÐLÖXØÚÉ�Ôì È·í�îïÈÊÜ+ßUÎ*ÒXÖNØðÔ�Ü�É�Ì=ØÚÒtÎ*ñÚØÚË{Û�ä*ê*ê�òNÛ�óPÎ*ÓXÌ=×´ÝX×{Ë�ôhÓNÙ�ØÚÎ*ñÚ×�ËwÛNâLà¬ç*õXÛxê*ö*ç*ê*ä�ßUÎ*ÒNÖNØðÔ´Ü�É�Ì¼ØÚÒxÎ*ñÚØÚËwÛX÷�ó¼Ô�ÉXÙ{×



� ���*��	����2	��U��� �����J�´���
	�-'�����9�%��� ���{����!��"�#��	��%$'&(�
	*)+�,��	��%$

��� �	��
 � � ®½lxrEv�|�`a�olts(sCp?�{nX�ïkml�_
��nw\(p y `'_�j(k¹nogq�?�wgikikq`'|�l?vw|Ul y g��Hj(` � �º¡��]¢��ï£hj(`¬|�p?_d_a`aj(r(`
_
��nw\(p y `�_%j(kqnwgi�t�ogqkiki`���¥wv{`UrEv�¦§j(r(g��Hj(`*¨"r�� gqrC|�kijElxrHn´ltjE|�j(rE`���n�lxsG` y `�sE����¦¼kigivovolx�t`]p?j y `Z�o`Uv{nw�ogi|�nwgiptrï�
`Xv�n y ��«Er(gi`´`�nJno`Uv{n���` y ltrEv�kq`]|�l?v y � j(rds(�opt�(ki^�_a`´vwgi_dsEkq`"�x® y � l y £?`U|�nwgiptru¦ y gq°GjEvwgiptrï±;��r%junogqkigivw` y `Uv
kigmvwvw`�j(��v y `d²?lt|�p?�(g�p?j y `'¡.lxjEvov{¦©eh`Ug y `�k¼±Z[Jltr y gmv��Hj(`�kil,_
��nw\Ep y `dv�� lN£?^��o`.nw�o^Uv�`��¬|�l?|�`�sGptjE��ki`Uv
rEpt_%�E�w`Xv y `Z�"`UzHrEptk y v;_ap y �����UvU�tvol.£Hgqnw`Xvwvw` y `Z|�ptrh£t`U�w�?`�rE|�`�vw` y �U�t��l y `"kipt��v��Hj(`]k�� l y £t`X|*nogqp?r�`�n³kil
y g¹°BjEvwgqp?r9v�� ���Hj(gikigq�(�o`�rHnX±����Xlxr(_aptgirEvU�CsGptjE��ki`Uv�r(pt_��(�o`Uv y `d�"`�zhr(p?k y vZs(kijEv��t��lxr y v��Ckil,_���nw\(p y `
v�� lx_
��kigqp?�w`dj(r+sG`�j+`�n%lxn{nw`UgqrHn�j(rE`'£Hgqnw`Xvwvw` y `¬|�p?rh£t`��o�t`UrE|�`�gqr y ��sG`�r y lxrHnw` y j+_'lxgikikilt�t`t± �;r(«Erï�
rEptjEv´�w`X|�p?_d_a`Ur y ptrCv��HsCp?j(�]kq`Xv�s(�wp?�(ki^�_a`Uv´p�!�k"� l y £?`U|�nwgiptr y p?_agqr(`?� y `½|�ptj(sEkq`U�´kml%_
��nw\(p y `.lN£t`X|
jEr(`�s(�oph|�� y jE�w` y � l y ltsunolxnwgiptr y `�_'lxgikqkmlx�?`�p?j y `�vw`�_agq¦ y ����l#�'r(`�_a`Ur?nX±
$�Å �X� Ã ��% � ��� �
j(kqnwgi�t�ogikqki`�|�ltvo|�l y g��?jE`t�&��k'��_a`�rHn�v]«Er(gmv��u£?ptkij(_a`Uv�«ErEgivU�El y £t`U|�nwgiptru¦ y gq°GjCv{giptr



���������	��
��
�
������
�����
�������������� ���!��
���"$#%��
 &'�(��
���" )
* + $%�J���'�
�,�³��	���$
��l?vw|Ul y gm|d_%j(kqnwgi�t�og y _a`�nw\(p y¶� �]�9¡�¢-,Ú�/.0,i� ) .´gmv%l
r(`U¤21hgir y px­"_%jEk¹nogq�?�wg y _d`�nw\(p y ±º�´pt_asElt�w` y
¤"gqnw\djEvwjElxkh_�j(k¹nogq�?�wg y _d`�nw\(p y vU�xgqn;�w`	�?jEgq�o`Uv�r(p.|�pHlx��v{`´�t�og y |�pt�o�o`U|*nogqp?rEv�l�n;lxkik(lxr y _alNz��G`]£hgq`U¤´` y
l?v´l.¥{ptr(`�¦¼¤]lNz?¨]_�j(k¹nogq�?�wg y ±43�rEpxnw\E`�� y gmv�nogqrE|�nwgi£t`�­·`Ulxnwj(�o`�pt­ïnw\Egiv�_a`�no\(p y gmv³no\El�n"_apt�o`Zgqnw`U�olxnwgiptrEv
p?r |�p?lx��vw`���ki`�£?`�kmvdlt�w`�sC`U�{­·p?�w_a` y v{p+ltv%nwp¸pt�(nolxgir ki`Uvov�g¹no`���l�nwgiptrCv%p?r «Er(`U�akq`U£t`�kmvU± �Zj(_a`��ogi|Ulxk
`�}usC`U�wgi_a`�rHnov', ) .§�5, b�.Bv{\Ep�¤ nw\Cl�n#no\(giv#_d`�nw\(p y gmv#£?`��oz�`�°B`U|�nwgi£t`]­·pt�´v{`X|�ptr y p?� y `��;`�kikigqsunogi|�s(�wp?�(ki`�_'v�±
��`U|�`UrHnwkizt�"no\(`¸|Ultvo|�l y gi|º_%j(kqnwgi�t�og y _a`�nw\(p y \Cltv��C`U`�r7vwjE|U|�`Uvov{­·j(kqkiz lxs(s(kigi` y nop s(kml�no`R�G`�r y gqr(�
sE�wp?�(kq`U_'v2gqr6,i��b�.§�xnop�ehnwp�1?`Uv2s(�opt�Ekq`U_av2�hz87���lx`Xvwv2lxr y ®�`�\E_d`Uragqr6,Ú� .Elxr y nop.sElx��lx�Gptkigi|�s(�opt�Ekq`U_av
gir9,q�N�/.§±
[]\(`.rhj(_a`��ogm|�lxkBvwgq_�j(kilxnwgiptr�px­�no\(`�l y £?`U|�nwgiptru¦ y gq°GjEvwgiptr¬`	�?jCl�nwgiptr�giv]ldv{gi_as(ki`½kigir(`Ult�´_ap y `�kLpt­: j(g y : p�¤�vU± � r9no\(gmv.�w`UsCp?�{nX�G¤�`a|�ptrCv{g y `��.\(p�¤¾no\(`'|�l?vw|Ul y gm|�_�j(k¹nogq�?�wg y _a`�nw\(p y |�lxrR�C`'lts(s(kigq` y

nopdnw\(`.­·p?kqkip�¤"gqrE�al y £t`X|*nogqp?ru¦ y g¹°BjEvwgqp?r,`��HjElxnwgiptr;=<�>�?8@�ACBD8E F @ GIH JLK MON@ GQP RSK TUMON� �X¢

¤"\E`��o` MWVYXOZ gmv%l
�GptjEr y ` y+y p?_'lxgirï� > giv�nw\(` y g¹°BjEvwgqp?r sElx��lx_a`�no`���ltr y BD gmv.nw\(`�|�ptrh£?`U|*nogq£?`
sClx��lx_a`�no`�� � ¤"gir y ¢*�C�Cptnw\ > lxr y BD |�ptrEv{noltrHn�p?r M ±´��l?v{`Xv´pt­J�?�w`Xl�n]gqrHnw`U�w`Xv�n�|�pt�o�w`Xv{sGptr y nwp >\[^]
� l y £?`U|�nwgiptru¦ y pt_agirEl�no` y s(�wp?�(ki`�_¬¢*±
ehjEs(sCpHv{`Z`��HjEl�nogqp?r � �N¢2giv y gmvw|��w`�nwgL_�` y �hzav{p?_d`�«Er(gqnw`�`Ukq`U_d`UrHn³pt�³«Er(gqnw`�£?ptkij(_a`Zvw|�\E`�_a`"¤"\(gm|�\

�o`Uvwj(kqnov]girªl�kigir(`Ult��lxki�t`��E�oltgi|Z`��HjEl�nogqp?r `Oa @ a GIH a N� �t¢
¤"\E`��o`�bºgmvZnw\(`�_d`Xv{\Cv{gL_�`�pt­ y gmvw|��w`�nwgL_�` yªy pt_'lxgir M ±dc�v{jEltkqkizt�Cnw\E`dv{nwgq°GrE`UvovZ_'l�no�wgq} ` a

gqr � �t¢�giv
vwsElt�ovw`�ltr y pt­�kilt�w�?` y gi_a`�rEvwgiptrï±;»�`U�w`?�hg¹n"gmv�ltkivwp%rEptrEvwzh_d_a`�nw�ogi|�lxr y �El y kiz¬|�p?r y gqnwgiptr(` y ±;®Z`�«Er(`
no\(`�_a`Uvw\���`�zhr(ptk y v]rhj(_��C`U�Zltv´­·ptkikip�¤�v!e

XgfOG bih BD h>kj� ) ¢
»Z`��o`t�-h E h y `�rEpxnw`Xv �;jE|�kig y `UltrFr(p?�w_
± � ­ XgfQ[ ] �Z¤�`¸volNz nw\Elxn�`	�?jCl�nwgiptr � �X¢,gmv y g¹°BjEvwgqp?r
y pt_agqrCl�nw` y �upxno\(`��o¤"gmv{`.gqn�giv"l y £t`X|*nwgiptr y p?_dgirElxnw` y ±
� rR�w`X|�`�rHn½zt`Ult�ovU�Bl¬kipxn�pt­³`�°Bpt�wnov�\ElN£?`��C`U`�rR_al y `�nwp�|�ptrEv{nw�ojE|�n�_%jEk¹nogq�?�wg y ltr y pxno\(`��½gqnw`���l�¦

nogq£?`�_a`�nw\(p y v�­·p?�´no\(`�v{p?kqj(nwgiptr,pt­ïnw\E` y givo|��o`�nog5_U` y vwzuv�no`�_ � �t¢*±³eupt_a`Ol.�ozhkqp�£'vwj(�EvwsElt|�`�_a`�nw\(p y v
lt�w`d|�p?_d_ap?r(kqzªjCv{` y �LkqgL1t`d�t`Ur(`���lxkigL_�` y _agir(gi_altk;�w`Xv{g y jEltk � ¡��ª���³eE¢*�Lno\(`a�(gi|�ptr���jE�?l�no`%�?�ol y gq`UrHn
� 7��]¡�¢*�Nnw\E`��?jCltvwg¹¦§_agqr(girEltkH�o`Uvwg y jElxk �nm �ª�Z¢*�Nno\(`"v�n�lx�(gikig5_U` y �(gi|�ptr���jE�?l�no`´�?�ol y gi`�rHn � 7�gÊ�]¡�eu[i3d7"¢
� |*­�±-,i��.n,q�X� .n,q�?��.Ê¢�±�[]\(`Uvw`alxki�tpt�ogqnw\(_'vZlt�w`�jEvwjElxkikqz
r(ptn½£?`��oz
`��¬|�gi`�rHn�jEr(kq`Xvwv.ltrRlxsEs(�wp?s(�ogilxnw`�s(�o`�¦
|�ptr y g¹nogqp?r(`��.gmv�|�ptrCv�no�wjE|�nw` y nwpªvwsC`U` y j(sRnw\(`'vwptkijunwgiptrRs(�wpu|�`Uvov�± � ro, p .§�5,i�rq�.¼����ltg=�Lµ¶g y kij(r y lxr ys�j jEvw` y eu|�\h¤�lt�t_'n�zhsG`�_a`�nw\(p y nop y `Xv{gi�tr nw\(`�s(�o`U|�p?r y gqnwgiptr(`U��ltr y no\(`�r nw\(`�s(�o`U|�p?r y gqnwgiptr(` y
vwzuv�no`�_'v"lx�o`.v{p?kq£?` y �hz'no\(`%¡��ª���´e�_d`�nw\(p y ±³�ªpt�o`�p�£t`U�U�S7��olt_%�(ki`t�vu�`�z(1,lxr y ~2ltvwgm|�l�1w,ð�r.�jCv{` y
lavwzh_d_a`�nw�ogi|½ptsG`���l�nopt�"ltv"lds(�o`U|�ptr y g¹nogqp?r(`��X±3�kipxn�px­2¤´p?�t1�\Eltv"�G`�`Ur y ptrE`��w`Ukilxnw` y nop'_%j(kqnwgi�t�og y _a`�nw\(p y v]­·p?�"nw\Egiv�n�zHsG`�pt­2sE�wp?�(kq`U_'v�± � r, x .§�y, q .§�z7��olt_%�(ki`t�ï~2ltvwgm|�l�1B�Us�j¸ltr y 7���lx_��(kq`?�{lZ¤]l�1B�L~2ltvwgi|Ul�1ªp?�unoltgqr(` y jEr(g¹­·p?�w_ |�ptrh£t`U�w�?`�rE|�`
îJî¯É�|(ò�}�åoò



b � �����v��"������
	�����
��
�!��

`Xv�nogq_'lxnw`Uv�­·p?���Z¦§|�zu|�ki`�_�j(k¹nogq�?�wg y _a`�nw\(p y v�lts(s(kigq` y nwp�r(p?rEv{zh_a_a`�no�wgm|�ltr y gqr y `�«Er(gqnw`as(�opt�Ekq`U_av
­·p?��l�£�lx�ogq`�n�z�pt­Cvw_dphptnw\(`U�ovJ¤"g¹no\%p?r(`�vw_aphpxnw\Egqr(�½v�no`�sï±;�
pHv�n�px­(no\(`´�o`Uvwj(kqnov2|�gqnw` y lt�Cp�£?`³lx�o`³j(r y `��
no\(`altvov{j(_asunogqp?rºno\El�n½nw\(`'�"`Uzhr(ptk y v½rhj(_%�G`�� Xgf giv½�o`�kml�nwgi£t`Ukqzªvw_'lxkik=�L¤"gqnw\(p?jun.kilt�w�?`�l y £t`U|�nwgiptrï±
��`U|�`UrHnwkizt�Bµ¸ltr(��ltr y s�j ,i�X�/.2s(�o`Uvw`�rHnw` y l¬r(`U¤C1hgqr y px­#gqnw`U�olxnwgi£t`�_a`�no\(p y �Lg¼± `?±Zno\(`d|��wpHvwvZ¤"gqr y
�Ekqpu|�1¬gqnw`U�olxnwgi£t`½_d`�nw\(p y �Enwp y `XlxkL¤"gqnw\�nw\(`�l y £t`X|*nogqp?r y p?_agqrElxnw` y s(�opt�Ekq`U_�±
[]\(`½_'lxgir¬nopts(gm|�pt­ïnw\(gmv��w`UsCp?�{n´giv´nwpd|�p?rEv�no�wjC|*n"lxr y rhj(_a`U�wgm|�ltkqkiz'lxrEltkqz(_�`�|�ltvo|�l y gm|"_%j(kqnwgi�t�og y

_a`�nw\(p y ­·p?�"nw\(`dl y £?`U|�nwgiptru¦ y gq°GjEvwgiptr
`��HjElxnwgiptrª¤"\(gm|�\ª_'lNz�\ElN£?`�kilt�w�?`�l y £?`U|�nwgiptrï± � rºvw`U|*nogqp?r9�u�
¤�`a¤"gqkik#|�p?rEv{nw�ojE|*n�l
|�l?vw|Ul y gm|%_�j(kqnwgi�t�og y lxki�tpt�ogqnw\(_ ­·p?�½nw\(`¬l y £t`X|*nwgiptr(¦ y gq°BjEv{giptrR`��HjElxnwgiptr9¤"gqnw\
²?lt|�pt�(g2p?��¡.ltjEvov�¦�eh`�g y `Uk�gqnw`U�olxnwgiptr¸ltv.v{_aphpxno\(`��.p?rR`Xlt|�\9ki`�£?`�k¼± � r vw`U|*nogqp?r ) �ï¤´`ds(�o`Uvw`�rHn�v{p?_a`
rhj(_a`U�wgm|�ltk"`�}usC`U�wgi_a`�rHnovdnop `�£�lxkijElxnw`
g¹n�v'`��¬|�gq`UrE|�z?±��JgirEltkqkizt��¤´` y �olN¤ vwpt_a`º|�ptrE|�kqjEvwgiptrEvalxr y
�o`�_'lt�t1uv�gqr
vw`U|*nogqp?r
bE±
� � �����J�´���
	��
��������	����2	�� �%�������2	������

�Ept�½v{gi_as(kqgm|�gqn�zt�B¤�`�l?vwvwj(_a` P�� ��� G�� ±�[]\(`U�w`�gmvU�G\Ep�¤´`U£t`��X�ErEp y g �'|�j(kqn�z
nwp,`�}hnw`�r y nw\(`�_a`�nw\Ep y
gir�nw\(gmv"vw`U|*nogqp?r�nwpar(ptr$_�`��opa®Zgi�wgm|�\(ki`�n��Gptj(r y lx�oz,|�p?r y gqnwgiptrEvU±
µ¸`�«E��v{n�v{`�n�vwpt_a`�r(pxn�l�nogqp?rEv]­·pt��kilxnw`U��jEvw`t±'uï`�n������ � � M"! �C`$#%���El?v{` y ehpt�Gptki`�£�v{sClt|�`�¤"gqnw\

no\(`�r(p?�w_ h @ h �&� ��� � G �(' �*)+ ,-+ . � � /
, @0� �21
341
5 !
67 N

¤"\E`��o`98 G �:8�; N E(E�E 80< ! �C`'l�_%j(kqnwgq¦§gqr y `�}L±�µ¶\E`�r>= G@? �L¤´` y `Ur(pxno`A� �&� Z � M"! �hzCB � � M"! lxr y
p?_ag¹n½nw\(`agir y `�}D=9gir9no\(`dr(pt�o_ r(pxn�l�nogqp?rï±EB ;F � M"! |�ptrCv{gmv�n�v½px­#­·j(rC|*nwgiptrCv�girGB ; � M"! no\El�n.£�lxr(gmvw\
p?r TUM ±
ehjEs(sCpHv{`.no\El�nZnw\(` y p?_'lxgir M gmv"�w`U�tj(kmlx�"ltr y HIH # Z � M"! �Cvwpanw\Elxn"nw\(`�vwptkijunwgiptr @ pt­ � �X¢�gmv"girB Z � M"! ±�3Zv @ vwptki£t`Xv � �X¢��(gqnZlxkmv{pd£t`U�wgq«E`Uv

J � @ N D !iG � H N D !LK D H B ;F � M"!tN� bH¢
¤"\E`��o`

J � @iN D !iGNMJ � @ N D ! APO � @ N D ! NMJ � @ N D ! G > ' � F @ E/F�D 1Q3 N
O � @iN D !iG ' � BD E/F @ D 1Q3 N

� H N D ! G ' � H D 1Q3 j
µ¸`�ltvovwj(_a`�no\El�n � bH¢�\El?v"l�jEr(g'�Hj(`�vwptkijunogqp?rï±3�vwvwj(_a`
nw\ElxnARTS N �(U G ]�N jrj!j N # ! �G`ºl �HjEl?v{gq¦§j(r(gq­·pt�o_ nw�ogiltr(�tj(kmlx�ap?�d�o`U|�noltr(�tj(kmlx�dsElt�{nog¹nogqp?rpt­ M ¤"gqnw\+no\(`¬_a`Uvw\ v{gL_�` b-S G bWV ? SYXZV ±[RTS]gmv�pt�(nolxgir(` y �Hz¸|�p?r(r(`U|�nwgir(�
nw\E`¬_ag y sGptgirHnov%px­]nw\(`

È·í�îïÈÊÜ



���������	��
��
�
������
�����
�������������� ���!��
���"$#%��
 &'�(��
���" �

no\(�o`�`�` y �?`Uv�px­�ltkqk�nw�ogmlxr(�?kq`Xv%p?��pt­½|�p?j(rHnw`U�w` y �t`Xv�px­½lxkik��o`U|�noltr(�tki`Uv�gqrPR S�� ; ± µ¸`�l?vwvwj(_a`,no\El�nMM G������	��
 M� ±3ZkivwpE�´�Eltvw` y ptr no\(`
s(�ogq_'lx�oz¸«Er(gqnw`
`�ki`�_a`Ur?n'_a`Uvw\ï�#ki`�n'jEv y `�«Er(`
l y jElxk�vwzuv�no`�_ pt­�«Er(gqnw`
£?ptkij(_a`Z|�p?rHnw�optkC|�`�kikiv�
TS G���� S����� 
��� ; vwjE|�\'nw\Cl�n³no\(`½�Cp?� y `U�ov³px­Lno\(`�|�`�kikiv�lx�o`�sElt�{n�v³pt­ïkqgir(`ZsG`��osG`�ru¦y gi|�j(kilt�"nwp¬«Er(gqnw`%`Ukq`U_a`�rHnZ` y �t`Uv"nw\(`Uz�girHnw`U�ovw`U|�n � |*­�± ��gi�º�X¢�± �(p?�"­·junwjE�w`�s(j(�osCpHv{`Xv��(ki`�n½jEv y `�«Er(`
no\(`�vw`�n"px­;lxkikLgqrHno`��w­Plt|�`Xv��

a
�hz

�
a G��/fSN f GQT�� � � T�����N����G! pt� fOGIT�� � � T M � j3ZkivwpE��­·pt��`Xlt|�\ f>H �

a
ki`�n�jEv y `�«Er(`,l
j(rEg¹n%rEpt�o_altk B"$# nwp f vwjE|�\¸nw\Cl�nD� BD N	B"$# !&% � ±[�(p?��n�¤�p

rE`�gi�t\h�Cp?j(�ogqr(�'|�`�kikiv � � lxr y �'� kq`�nZjEvZltkivwp y `�«Cr(`%l'vwgq�?r�­·jErE|*nogqp?r)( # � � � f G T�� � � T��'�	* ( # � � G ]
gq­ B"$# gmv�nw\(`�`�}hnw`��ogipt�"r(p?�w_'lxkBpt­ T�� � �+( # � � G < ] pxno\(`��o¤"givw`t±
~2lx��lxkiki`�kïnop'nw\E`�«Er(gqnw`�£tp?kqj(_a`�­·jErE|*nogqp?r9v{sClt|�`-, S �Gki`�n�jCv y `�«Er(`�no\(`�«Cr(g¹no`%£?ptkij(_a`%v{sClt|�`-. S

pt­�ltkqkL­·jErE|*nogqp?rEv]s(gi`U|�`U¤"givw`�|�p?rEv{nolxrHn]ptrª|�`Ukqkmv � S� ±;µ¸`�\ElN£t`
/ J10 �2. S !4G / J10 �2, S ! j

µ¶\Egqki`½­·pt��nw\(` y gmvo|��o`�nwgL_Ulxnwgiptr�px­ïno\(` y gq°GjEvwgi£t`�nw`��o_ ¤�`�jCv{`�v{nolxr y lx� y «Er(gqnw`.`Ukq`U_d`UrHn�no`U|�\(rEg'�Hj(`Xv��
no\(`+|�ptrh£?`U|*nogq£?`ªnw`U�w_ \Cltv,nwp �C`?��­·pt�
|�p?rEvw`��o£Nlxnwgi£hg¹n�z ¿ v{nolt�(gikqgqn�z �o`Ul?v{p?rEvU�]­·pt�o_%j(kml�no` y �hz «Er(gqnw`
£?ptkij(_a`Uv�px­Jj(sh¤"gqr y n�zhsC`?±%�(p?�´no\(`½nw��lxrEvwgqnwgiptr,�G`�n�¤�`�`Ur,no\(`�v{sClt|�`Xv�. S�ltr y ,-S�¤�` y `�«ErE`.l �-� ���������3 
 "S� p?sC`U�olxnwpt� # a 4 , S65 . S �hz

#
a
� ) � 8 �87 S� !iG ) � 8 �:9 S� N

¤"\E`��o` 7 S� gmv�no\(`
v�n�lxr y lt� y «Cr(g¹no`,`Ukq`U_d`UrHnd�El?v{gmv�­·jErE|*nogqp?r px­;,-S�lxr y 9 S� giv%nw\E`�v{nolxr y lx� y «Er(gqnw`£?ptkij(_a`.�Eltvwgiv´­·j(rC|*nwgiptrªpt­<. S ±�7�z¬_'l?vwv]kij(_as(gir(�anw`X|�\(r(g��?jE`.ltr y ¡.lxjEvov"[]\(`Upt�o`�_
�h¤´`�\ElN£?`
O � @iN D !iG ' � BD8ErF @ D 1 M>= ' � BD8E/F @ # a D 1 M

= )�? 

@
� #

a D ! � ' ? 
@ BD8E F @ 1 MoG )A? 

@
�:#

a D ! � ' � ? 
@ BD8E B" @ 1	B
G ) ? 


@
� #

a D ! � )# �DCFEHG ? 
@
' # BD8E B"$# @ 1IB j

[Jp y givo|��o`�nog5_U`³no\(`]nw`U�w_KJ # BD�E B" @ 1IB ¤�`�jEv{`"l.v{nolxr y lx� y «ErEg¹no`�£?ptkij(_a`�nw`U|�\Er(g'�Hj(`]¤"gqnw\al.v{gi_as(kq`jEsH¤"gir y : ju},­·j(rE|*nogqp?r)L # �:# a @ ! ±%�Ept� fEH � a �M� S� � f G�� S� �M� S� ¤�`½nw\hjEv"\ClN£t`
' # BD�E B" @ 1IB = ( # � � L # � #

a @ !tN
¤"\E`��o` L # � #

a @ !iGWBD8E B" # �:# a @ !ON j
îJî¯É�|(ò�}�åoò



q � �����v��"������
	�����
��
�!��

[]\E`%v{zh_��Cp?k �:#

a @ ! N _a`XlxrEv�nw\(`�£�ltkqj(`D�:#
a @ ! � �Cgq­ B"$# sCp?gqrHnovZ­·�opt_ � S� nwp � S� � �:#

a @ ! N G � #
a @ ! �

ptnw\(`U�w¤"gmvw`t±
»Z`�rE|�`t�x¤�`�|Ulxr�¤"�ogqnw`]l y gmvo|��o`�nw`]lxrClxkipt� J S � @ S N D S ! nopZno\(`��(gqkigir(`Ult�J­·p?�w_ J � @iN D ! ±0�(p?� @ S N D S H , S

¤�` y `�«Cr(`.nw\(` y givo|��o`�nog5_U` y �(gqkigir(`Ult�]­·pt�o_ J S(� @ S N D S ! 4 ,�S � ,�S 5 � �hz

J S � @ S N D S !4G�MJ � @ S N D S !UA O S(� @ S N D S !tN
¤"\E`��o` O S(� @ S N D S !iG ) ? 


@
�:#

a D ! � )# �DCFE G ? 
@
( # � � L # �:#

a @ ! j
[]\(`Ur�nw\(`.«ErEg¹no`�`�ki`�_a`�rHn��H«Er(gqnw`�£?ptkij(_a`.lts(s(�opN}ugq_'l�nogqp?r¬px­ � bh¢´giv]nopd«Er y @ S H , S vwjE|�\�nw\Elxn

J S � @ S N D S !iG � H N D S !LK D S H , S j� �t¢
[]\E`.|�pt�o�w`Xv{sGptr y gqrE��kigqrE`Ulx��ltkq�?`��(��lxgm|Zvwzuv�no`�_ nwpdnw\(`�sE�wp?�(kq`U_ � �?¢�givM` S M@ S G MH S N� q?¢
¤"\E`��o` M` S gmv´l%v{sElt�ovw`t�?r(ptrCv{zh_a_a`�nw�ogm|"_'l�nw�ogq}B� M@ S giv#nw\(`�£t`U|�nwp?�;­·pt�o_%j(kml�nogqp?r'px­Lno\(` y gmvo|��o`�nw`�v{p?kqju¦
nogqp?r @ S � MH S gmv³no\(`½£t`U|�nwp?��l?vwvwpu|�gml�nw` y ¤"g¹no\ H �hz¬l�v{j(gqnolt�(ki`�# Z ¦§s(�wpt��`U|�nwgiptrï±2»�`U�w`½lxr y nw\(�optj(�?\(ptj(n
no\(`��o`�sGpt�wnU�(¤�`.jEv{` D S N�� S nwp y `Ur(pxno`.­·j(rE|*nogqp?rEv"gir), S ¤"\(giki` MD S N M� S2y `�rEpxnw`.no\(`�gi��£?`U|*nopt�"�o`�s(�o`Uvw`�r(¦
n�l�nogqp?rEv�±
[]\(`�|Ultvo|�l y gi|�_%jEk¹nogq�?�wg y _a`�nw\(p y ­·pt��vwptki£hgqr(� � q?¢]|�ltr��G` y `�«Er(` y l?v�­·ptkikqp�¤�vre
���(�X�t�(Æ	�·� 
 � %·�
���C�
�·Æ5� %�� Å ���·����
 �

� �X¢*±³eu`�n M@��; G@M@ ;X±
� �t¢*±#~�`U�{­·p?�w_ gqnw`U�olxnwgiptrEvU��U G ?vN jLj5j N #

M@ FS G�� SSYXZ; M@ �SYX�; jM@�� 
S G M��� 
S M@ S j
� ) ¢*±³eu`�n M@ �S GQ@ � 
S j
»Z`��o` � SSYX�; y `�r(ptnw`Uv½no\(`'s(�optkiptr(�Hl�nogqp?rº­·�opt_ |�p?lx��vw`%nop�«Cr(`'�t�og y v�� M� � 
S y `�r(ptnw`Uv�� S v�no`�sEv.pt­

�Cltvwgi|½gqnw`���l�nogqp?rEv]v{jC|�\
l?v"²tl?|�pt�Eg=�E¡.ltjEvwv{¦�eh`�g y `�kLgqnw`U�olxnwgiptrEv]lts(s(kigq` y p?r�ki`�£?`�k U�±�Eptkikqp�¤"gir(� ,Ú�/.§�G¤�`%|Ulxkik�l¬|Ultvo|�l y gi|._�j(kqnwgi�t�og y � 3 �0
 � ��� girªnw\E`%`�rE`��o�tz�r(pt�o_ h E h ; G@MJ � E N E ! ;�� Z
p?r�ki`�£?`�kZ#Z�ug¹­2¤´`�p?�unoltgqr��Gpxnw\�no\(`�lt|U|�j(��lt|�zh @ V < @ �V h ; = h @-< @ V h ; N
gi`t± nw\Cl�nanw\(`
gqnw`U�olxnwgi£t`�`��o�wp?��gmv'|�p?_dsClx��lx�(ki`,nop9no\(`ºlxsEs(�wpN}ugi_'l�nwgiptr `��o�wp?�U�#ltr y no\(`
_%j(kqnwgi�t�og y
|�pt_as(ki`�}ugqn�z

lt_aptj(rHn"px­2¤´p?�t1 G�� � " V ! N " V G / J10 �2,WV ! j
È·í�îïÈÊÜ



���������	��
��
�
������
�����
�������������� ���!��
���"$#%��
 &'�(��
���" �

� ­Bno\(`Z_�j(k¹nogq�?�wg y |�p?_as(kq`�}ug¹n�z�giv � � " V�� R�� � " V !��-! �H¤"\(`��o`��¬gmv³l�«(}u` y gir?no`��?`��X�xnw\E`�|�l?vw|Ul y gm|]_%jEk¹nog¹¦
�?�wg y giv " � �����	� ��3 ��
 �-��� ±�E�wp?_ no\(`,�?`�r(`U�oltk;nw\E`�pt�oz¸px­"nw\E`�|�l?vw|Ul y gm|a_%jEk¹nogq�?�wg y y `�£?`�kiptsG` y gir ,i��b�.§�2¤´` 1hr(p�¤ nw\Elxn�gir
�?`�r(`U�oltkEno\(`�rhj(_%�G`��]pt­J�El?v{gm|½g¹no`���l�nwgiptrCv � Sïp?r�`Xlt|�\�kq`U£t`�kB_�jEv�n�vol�nogiv{­·z'nw\E`�­·p?kqkip�¤"gir(�d|�ptr y g¹nogqp?r

� S�

� V-XWS � V N
­·p?��«(}u` y���
 ] � �IV�giv�no\(`½rHjE_%�G`��]px­�g¹no`���l�nwgiptrCv³p?r¬nw\E`�«Cr(`Uv{n�ki`�£?`�k¼±2µR`�|�ltr�|�\(phpHv{` ��SJltv´nw\(`
vw_'lxkikq`Xv�n"girHnw`��?`��"vol�nwgmv{­·zHgir(�dnw\E`�lx�Gp�£t`.|�ptr y g¹nogqp?rï±

C jC

en

i

finite elements

e

v

finite volumes

��gq�?j(�w`a�	e u�gqrE`Ulx�]«Cr(g¹no`�`�ki`�_a`�rHn�_a`Uvw\
lxr y
y jEltkZ� �½�
|�`Ukqkmv
� � ��� �"�2	����%�¸��� �9�"�2	�� ��$%�J�

� r5nw\(gmv
v{`X|*nwgiptrF¤´`R�tgi£t`9vwpt_a`9rhj(_a`U�wgm|�ltkZ�o`Uvwjunov,­·pt�
v{p?kq£hgir(� no\(`¸vwgi_dsEkq`¸l y £?`U|*nogqp?ru¦ y g¹°BjEvwgqp?r
sE�wp?�(kq`U_ <d?�@
ACBD E/F @ G�� gqr M G�� �vNr]�� � � �$N!]��@ � 3 N � !iG���R�� ��� 3�� ? ! @ � 3 Nr] !iG �@ � �vN 5 !zG���R�� ��� 5 � ?�! @ � ]�N 5 !zG �vN
¤"\E`��o` BD G � D"! N D"# !%$ gmvZno\(`al y £?`U|*nogqp?r y gi�w`X|*nwgiptr�� D"! N D"# %
� �CrClx_a`�kiz BD G'& E � ]�Nr] !%$ �B­·pt�.v{p?_a`
& % � ±
[]\(` y gq°BjEv{gi£t`.no`��o_ gmv y givo|��o`�nog5_U` y �Hz,kqgir(`Ult��«Er(gqnw`�`�ki`�_a`Ur?n�vo|�\(`�_a`?�u¤"\(`��o`Ul?v³no\(` y gm|�vw�w`�nwgL_Ul�¦

nogqp?r9pt­³nw\E`a|�ptrh£t`X|*nogq£?`�nw`U�w_ gmv y ptrE`d�hz
«ErEg¹no`d£?ptkij(_a`dvo|�\(`U_d`d¤"gqnw\+v{gi_as(kq`dj(sh¤"gir y gir(�
px­³rhju¦
_a`U�wgm|�ltk : ju}u`Uv � |�­�±��Jgi�E±G�X¢�±�[]\E`"� �³� _a`Uvw\,ltr y nw\(`½|�p?�w�o`UvwsCp?r y gir(� � �½� |�ptrHnw�optk(£?ptkij(_a`Uv´lx�o`
v{nw�ojE|�nwj(�o` y lxr y j(r(gq­·pt�o_ ¤"gqnw\�no\(`�_a`Uvw\u¦§vwgL_�` b S ±

îJî¯É�|(ò�}�åoò



x � �����v��"������
	�����
��
�!��

[]\hjEvU�unw\E`�s(�wp?�(ki`�_ _'l�no�wgq} M` V \El?v�nw\(`.­·p?kqkip�¤"gqrE�av{nw`UrE|�gik

�� � < ] �< ] < b V D !�� A b V � D ! A D # ! < ]� < ] < b V D # �
�� j

�Ept��nw\(`"vwptkijunwgiptr�px­Cnw\(` y gmvw|��w`�nw`]v{zuv{nw`U_��t¤´`�jEvw`´no\(`"|�l?vw|Ul y gm|#_�j(k¹nogq�?�wg y l?v�gqrHnw�op y jE|�` y gqr�nw\(`
sE�w`U£HgiptjCv�vw`U|�nwgiptrEvU±�µR`djEvw`'�]�9¡�¤"gqnw\ #7ki`�£t`Ukiv½lxr y v{nolxr y lx� y ²?lt|�pt�(g � �"gm|�\Elt� y vwptrG¢"gqnw`���l�nogqp?r
p?�½¡.ltjEvwv{¦�eh`�g y `�k�_a`�no\(p y v�l?v�vw_aphpxnw\E`���v�±d3"|U|�p?� y gir(�'nop¬no\(`��?`�r(`U�oltkïno\(`�p?�wz y `�£?`�kiptsG` y gir ,i��b�.¼�
¤�`º|�\(php?vw`
nw\E`ºrhj(_%�G`���px­�v{_aphpxno\(gqrE� v{¤�`�`UsEv'p?r no\(`º«Cr(`Uv{n,�t�og y #�l?v �IV G # Z ±���r nw\(`
girHnw`U�w_a` y gilxnw`.�t�og y v´rhj(_��C`U�"U GC]	N jrj!j N # <o] ¤�`.lts(s(kiz � S G ��� V4X4S	� �IVªvw_apHptnw\(gir(�agqnw`���l�nogqp?rEvU±
[]\(`�s(�optkiptr(�Hl�nwgiptr�ptsG`���l�nopt� � S2gmvZ|�\Ep?vw`�r�nwp¬�G`�l,v�n�lxr y lt� y «ErEg¹no`�¦§`�ki`�_a`�rHnZ�(gikigqr(`Xlx��gqrHnw`U�wsGpx¦

kml�nogqp?rï�ugi`t±;gqn�\Eltv�no\(`.­·ptkikqp�¤"gir(�av�no`�rE|�gqk

]� �� ] ? ]? � ?] ? ] �� j
[]\(` ltgq_ pt­%ptj(�
`�}hsG`��ogi_d`UrHnov�giv�nop p?�Evw`��o£t`ªno\(` y `�sG`�r y `�rE|�`¸pt­�nw\E`+|Ultvo|�l y gi|9_%j(kqnwgi�t�og y

|�ptrh£t`U�w�?`�rE|�`J_a`Xltvwj(�w` y gir�`�rE`��o�tz�r(p?�w_ � B ; ¦§vw`�_agir(pt�o_¬¢Gptr½nw\E`#_a`Uvw\��"`�zhr(p?k y vïrHjE_%�G`��X� y `�«Er(` y
�hz XgfOG h BD h E b V j

���
 �������������������! "�$#&%(')����*,+-�.��/0*1*�#&%3254u�`�najEvd\ElN£t`�lª­·p?j(�{¦§ki`�£t`Uk�|Ultvo|�l y gi|,_%j(kqnwgi�t�og yF� g¼± `t± # G76 ¢%ltr y ki`�n M� � 
S �C` � S v�no`�sEvdpt­�nw\(`
v{noltr y lt� y ²tl?|�pt�Eg � �"gm|�\Elx� y vwptrC¢³gqnw`���l�nogqp?r

3 � � ;98 � ��< MX S M` S ! 3 � A MX S M O N
¤"\E`��o` MX S GC] j : E h M

`
S h X�;; ±[�lx�(ki`Uv��?���Rlxr y ) vw\(p�¤�no\(`
`�r(`U�w�?z¸rEpt�o_ px­�no\(`
`��o�wp?���G`�n�¤�`�`Ur nw\E`
|Ultvo|�l y gi|,_%j(kqnwgi�t�og y

vwptkijunogqp?r9ptrRnw\E`'kq`U£t`�k�#¾lxr y no\(`a`�}(lt|�n y givo|��o`�no`avwptkijunogqp?r9ptrRnw\E`dki`�£?`�k%#¾ltv.l�­·j(rE|�nwgiptr+px­´nw\(`
vw_aphpxnw\Egqr(�'sClx��lx_a`�no`�� � �G_a`Uvw\º�"`�zhr(p?k y v"rhj(_%�G`�� XOf lxr y no\(`%_a`Xv{\u¦©vwg5_U`8bï±"[]\(`�no\(�o`�`�n�lx�(ki`Uv
|�pt�o�w`Xv{sGptr y nwp�no\(�w`U`'s(�opt�(ki`�_'v�|�p?rEvw`U|�j(nwgi£t`�kizª�o`�«Er(` y _d`Xv{\E`UvU±'µR`¬|Ulxr+v{`U`�­·�opt_ nw\(`Xv{`dn�lx�(ki`Uv
no\El�n]¤"\(`Ur Xgf&% � j ] �Hnw\(`.|�p?rh£t`��o�t`UrE|�`Z�olxnw`Zpt­ïnw\E`½|Ultvo|�l y gi|Z_%j(kqnwgi�t�og y,y `�no`��ogqptnol�no`UvU± �;£t`Ur,gq­�¤´`girE|��w`Xltvw`Zno\(`�v{_aphpxno\(gir(�'v�no`�sEv"p?r�`Xlt|�\�kq`U£t`Uk=�uno\(`�|�p?rh£t`��o�t`UrE|�`��olxnw`�|�ltr(r(ptn]gi_as(�op�£t` �Hj(gi|�1hkiz,ltv
¤�`.`�}usG`U|*nX±��gi�tj(�o`%�'vw\(p�¤�v�nw\(`�|�ltvo|�l y gm|�_�j(kqnwgi�t�og y vwptkijunwgiptrCv"¤"g¹no\9²tl?|�p?�(gLg¹no`���l�nogqp?r�­·p?� y gq°G`U�w`UrHnZ_a`Uvw\Xgf rHjE_%�G`���v%lxr y no\(`,`U�w�opt� y giv{nw�ogq�EjunwgiptrEv��C`�n�¤´`U`�r+nw\E`,|�l?vw|Ul y gm|a_%j(kqnwgi�t�og y v{p?kqjunogqp?rEv�ltr y nw\(`
«Cr(g¹no`�`Ukq`U_a`�rHn]ltr y «ErEg¹no`�£?ptkij(_a`�vwptkijunwgiptrEvU± �;£hg y `�rHnwkizt�Hnw\E`½_'lx}hgi_%jE_ `U�w�opt�´giv�|�p?rE|�`UrHnw��l�nw` y gir
no\(`��Gptj(r y lx�oz'kilNz?`���nw\Elxn"­·pt�o_'v]¤"\(`�r Xgf �G`U|�p?_a`Uv]kmlx�o�t`t±
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[Jlt�(kq`.b e�h @ V <9@ �V h ; ­·p?����ltvo|�l y gi|½_%jEk¹nogq�?�wg y ¤"gqnw\º¡.ltjEvwv{¦�eh`�g y `�kLvw_apHptnw\(`U�U�$b+* �t± ) x	x�pt`�¦©�?�
µ¸`�|�\(phpHv{`"no\(`Zrhj(_��C`U�wgir(��pt­ïr(p y `Uv³gqr,nw\(`�sCp?gqrHn"¡.lxjEvov�¦�eh`Ug y `Uk(_a`�no\(p y gir,v{jC|�\¬l�¤�lNz?�tno\El�n

­·p?�%l y £t`U|�nwgiptru¦ y p?_dgirEltr?n.s(�opt�(ki`�_ ¡.lxjEvov{¦©eh`Ug y `�k#ltvwzh_asunwptnwgm|�lxkikizªnw`Ur y v�nopºlxr+`�}(l?|*n%vwptki£t`�� � |*­�±��gi� ) ¢*±3Z�?lxgirï��[�lx�(ki`Uv�bE���"lxr y qZv{\(p�¤¸no\(`#`�rE`��o�tzZrEpt�o_7pt­Hno\(`³`U�w�opt�L�G`�n�¤�`�`Ur�nw\E`³|�l?vw|Ul y gm|2_%j(kqnwgi�t�og y
vwptkijunogqp?r9ptrRnw\E`'kq`U£t`�k�#¾lxr y no\(`a`�}(lt|�n y givo|��o`�no`avwptkijunogqp?r9ptrRnw\E`dki`�£?`�k%#¾ltv.l�­·j(rE|�nwgiptr+px­´nw\(`
vw_aphpxnw\Egqr(�'sClx��lx_a`�no`�� � �G_a`Uvw\º�"`�zhr(p?k y v"rhj(_%�G`�� XOf lxr y no\(`%_a`Xv{\u¦©vwg5_U`8bï±"[]\(`�no\(�o`�`�n�lx�(ki`Uv
|�pt�o�w`Xv{sGptr y nop
nw\(�o`�`'s(�opt�Ekq`U_av�¤"g¹no\ |�ptrCv{`X|�junogq£?`�kizº�w`�«Er(` y _a`Xv{\(`Xv�±
[]\(`¬|�ptrh£t`U�w�?`�rHn½��l�no`Uv�pt­
no\(`�|Ultvo|�l y gi|._�j(kqnwgi�t�og y _a`�nw\(p y vZgqrªno\(gmv�|Ultvw`%lx�o`%l'kig¹nwnwki`%�(gqn½­Pltv{nw`��Znw\Eltrªnw\E`%ptrE`Uv�pt­#|�ltvo|�l y gm|
_�j(kqnwgi�t�og y _d`�nw\(p y v]¤"gqnw\ª²?lt|�p?�(gBv{_aphpxno\(`���v��h�(j(n]¤"\E`�r XOf %P� j ] �?no\(`�|�p?rH£?`��o�t`UrE|�`���l�no`Uv�px­Jnw\(`|Ultvo|�l y gi|�_%jEk¹nogq�?�wg y _a`�nw\(p y v�v{nwgikik y `�no`��ogqp?�olxnw`Xv�±
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[�lx�(ki` qve h @ V < @ �V h ; ­·pt����l?vw|Ul y gm|�_%j(kqnwgi�t�og y ¤"gqnw\º¡.lxjEvov{¦©eh`Ug y `�kïvw_dphptnw\(`U�ovU�$b * ) ± bu�x�t�x`�¦©� )
��gi�tj(�o`]b.vw\(p�¤�vJnw\E`]|Ultvo|�l y gi|´_%jEk¹nogq�?�wg y vwptkijunogqp?rEv�¤"g¹no\'¡.ltjEvov�¦�eh`�g y `Ukhvw_aphpxnw\E`���v�­·p?� y gq°G`U�w`Ur?n

_a`Xv{\ Xgf rhj(_%�G`���v�ltr y nw\(`�`U�w�opt� y gmv{nw�ogq�(j(nwgiptrEv"�G`�n�¤�`�`Ur�nw\(`�|Ultvo|�l y gi|½_%jEk¹nogq�?�wg y v{p?kqjunogqp?rEv"lxr y
no\(`.«Er(gqnw`�`Ukq`U_a`�rHn�lxr y «Er(gqnw`�£?ptkij(_a`�v{p?kqjunogqp?rEvU±
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� r�nw\Egiv;�o`�sGpt�wnU�t¤´`]\ElN£?`�|�ptrEvwg y `��o` y \(p�¤ l½r(`�¤ 1hgqr y pt­C_�j(k¹nogq�?�wg y _d`�nw\(p y �xno\(`Z��ltvo|�l y gi|"�
jEk¹nog¹¦
�?�wg y _a`�nw\Ep yF� �]�º¡�¢���|Ulxr+�C`�lxs(sEkqgi` y nopªnw\(`�l y £?`U|*nogqp?ru¦ y g¹°BjEvwgqp?r+s(�wp?�(ki`�_
±
µR`¬jCv{`,|�ptj(sEkq` y
«Cr(g¹no`�`�ki`�_a`�rHnZltr y «Cr(g¹no`�£tp?kqj(_a`._a`�no\(p y v]nwp'lts(s(�opN}hgi_'l�no`½vwjE|�\ 1Hgir y px­�`��HjElxnwgiptrï±
µ¶\(giki`]nw\(`���l?vw|Ul y gm|��ªj(k¹nogq�?�wg y _a`�nw\Ep y gmv2£t`U�wz�`�°G`X|*nogq£?`´­·p?�;�w`Ukilxnwgi£t`Ukqz�vw_'lxkik(�"`�zhr(p?k y v2rhj(_d¦

�G`���vU�tno\(`�|�ptrh£t`U�w�?`�rE|�`"�olxnw` y `�nw`U�wgipt��l�no`Uv;¤"\(`Ur�l y £t`X|*nwgiptr¬ltr y'y gq°GjCv{giptr�lxs(s(�opN}ugq_'lxnw`�kiz%�ClxkmlxrE|�`
`Xlt|�\ ptnw\(`U�U± »�p�¤�`�£t`U�U��­·p?�dkmlx�o�t`U�d��`�zhr(ptk y v�rhj(_%�G`���v��#nw\(`
_a`�no\(p y gi_as(�wp�£?`Uvdv{p?_a`�¤"\Elxndlxr y
l?|�\(gi`�£t`Xv.l
_d`Xv{\(¦¼gir y `UsC`Ur y `�rHn�|�ptrh£t`U�w�?`�rE|�`%��l�no`t± � r¸nw\E`¬r(`�}hn%v{nw`Usï�J¤�`'�o`U|�p?_a_d`Ur y nw\Elxn�nw\(`
�]�9¡¾_a`�nw\Ep y vw\(ptj(k y �G` y `Uvwgi�tr(` y lxr y nw`Xv�no` y ­·pt���Cp?j(r y lt�wz'kmlNzt`U�ov³gqr
|�p?r���j(rE|�nwgiptr�¤"g¹no\�l y lxsu¦
nogq£?`._d`Xv{\E`Uv"lxr yC¿ p?�]vw`�_agq¦§|�p?lt�ovw`�r(gir(�C±
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,q�!.%��±/3"}u`�kmvov{p?rï� � no`���l�nwgi£t`³euptkijunwgiptr��
`�nw\(p y vU�t��lx_%�E�wg y �t`4cZr(gq£?`���v{gqn�z�~#�w`XvwvU����lt_%�(�og y �t`?�t�rp	pxbC±, ��. ��± 7´p?�wrE`�_'lxr(r
lxr y ~�±E®�`�j : \Elx� y �E[]\E`%|�l?vw|Ul y gm|Z_�j(kqnwgi�t�og y _a`�no\(p y ­·pt�"`�kikigqsunogi|�s(�wp?�(ki`�_'v��
�Zj(_a`��X±C�ªlxnw\ï±���� � �rp	p�qH¢*�G� ) ��¦o�N�t�(±, ) . ��± 7´p?�wrE`�_'lxr(r lxr y ~�±�®Z`Uj : \Elt� y �"[]\(`R|�ltvo|�l y gm|�_�j(kqnwgi�t�og y _a`�no\(p y �"[]\(` x�no\ � r?no`��orEl�¦
nogqp?rElxk.�´ptru­·`U�w`UrE|�`�ptr¶®�pt_'lxgir ®�`U|�pt_asGp?vwg¹nogqp?r �
`�nw\(p y v'­·pt�¬~2lx�wnwgmlxk�®�g¹°B`��o`�rHnogiltk�� �HjEl�¦
nogqp?rEvU�E��±Ú¡½kqp�¤"girEvt1Hg¼�E²E± ~�`��ogmlxju}L����±Úeh\(g¼�G��± µ¶g y kij(r y �E` y vU±q�Eµ¶gqki`�z�lxr y ehptrCv��L�/p�pH�u±, b�. ��±z7�p?�wr(`U_'lxr(r¸lxr y ��±{l.��lxjEvw`t�J�´kmltvovwgi|Ulxk#lxr y ��l?vw|Ul y gm|%_�j(kqnwgi�t�og y ¦�_a`�nw\Ep y pt�tgm|�ltk#|�p?_�¦
sClx�ogivwptrï�u~;�opu|�`U` y gir(�?v�pt­ïnw\(` pxnw\ � r?no`��orEl�nogqp?rElxkï�´ptr(­·`��o`�rE|�`�p?rE®Zp?_'lxgir�®�`U|�p?_asCpHv{gqnwgiptrï�u~�±7J��p?�ov{nol y �E�+± �#vwsG` y ltk=�E®�±$l.`Uzt`UvU�h` y vU±i�C²xp?\(r�µ¶gqki`�z,ltr y ehptrCv�� �����ï�/p�p�xE±, ��.�®�± 7´��lx`Xvwv%lxr y µ�±�®�lt\(_a`�rï��3 |Ultvo|�l y `'_%j(kqnwgi�t�og y lxki�tpt�ogqnw\(_ ­·pt��no\(`�eHnop�1?`Uv�`	�HjEl�nogqp?rEv��
�Zj(_a`��X±C�ªlxnw\ï±i�	��
 � �rp�p	p?¢��G����px¦o�/p?�u±, q�.�²E±U7��olt_%�(ki`t�L®�±{lZ¤]l�1B�Llxr y ²(±L~2ltvo|�gml�1B�Uc�rEg¹­·p?�w_ |�ptrh£t`U�w�?`�rE|�`�px­³_�j(kqnwgi�t�og y ��¦©|�zu|�ki`%gqnw`U�{¦
lxnwgiptrEv�­·p?�dgir y `�«Er(gqnw`ªlxr y r(p?rEvwzH_a_a`�no�wgm|¬sE�wp?�(kq`U_'v��´e � 3��f²(± ��jE_d`U�U±�3ZrElxk¼±i�
��� � �rp�ptbH¢��
���NbSq�¦��N��q ) ±,Ú� .�²E±(7´��lx_��(ki`t���2±	uï`Uz(1G�hlxr y ²(±H~�l?vw|�gil�1B� � nw`U�olxnwgi£t`Zvo|�\(`U_d`Xv2­·pt�´r(ptrCv{zh_a_a`�nw�ogm|�lxr y gir y `�«Er(gqnw`
`Ukqkigisunwgm|.�Cp?j(r y lt�wz,£NltkqjE`�s(�wp?�(ki`�_'v��Ú�ªlxnw\ï±E�´pt_asï±i�	��� � �rp	p ) ¢��B��¦��t�u±, x�.�²E±z7���lx_%�Ekq`?�J²(±ï~2l?vw|�gil�1G�Jlxr y ²(±zsZjï��[]\(`¬lxrEltkqzuvwgiv½pt­�_�j(k¹nogq�?�wg y lxki�tpt�ogqnw\(_'v½­·pt��rEptrEvwzh_�¦
_a`�nw�ogi|�ltr y gir y `�«Er(gqnw`�`Ukqkigisunwgm|.s(�opt�(ki`�_'vU�u�ºl�nw\�±Ú�´p?_ds�±q�	��� � �/p�x	x?¢*� ) x�p�¦§bE�UbE±, p�.gs�±G��lxgJlxr y ��±uµ¶g y kqj(r y �C®�pt_'lxgir y `U|�pt_asCpHv{gqnwgiptr
lxki�tp?�wgqnw\E_av´­·p?��gqr y `�«ErEg¹no`�`�kikqgisunwgm|.s(�opt�u¦
ki`�_'vU�Ce � 3½� � ±Geu|�g¼±CeHn�l�nwgmv{nU±G�´p?_dsEjunU±i����� � �/p�pH�t¢*�(�xb ) ¦��t��x(±,i�U��.½µ�±�»Zlt|�1h�(jCvw|�\ï� � nw`U�olxnwgi£t` ehptkijunwgiptr px­ u�lt�w�?`¸ehsElt�ovw` ehzuv�no`�_'v
px­
� �HjEl�nogqp?rEv�±�ehsE�wgir(�t`U�{¦�;`U�wkmlx�C�v7�`��okqgirï�L�rp	pxbC±,i�t�!.��d±�eultl y � � no`���l�nwgi£t`¸�
`�no\(p y v�­·pt�ªehsElx��vw` uïgir(`Xlx��euzhv{nw`U_'v��½~;µFeF~#j(�(kigivw\(gir(�¶�´p?_asElxrhzt�7�pHv�noptrï�E�w3%�ï�rp	p�qE±,i�X��. ��±�µ+lxr(�.lxr y ²E±/s�jï��3 |��op?vov�¦§¤"gir y v{nw�ogqs��(kqpu|�1.gqnw`���l�nogq£?`´_a`�nw\(p y ­·p?�;|�ptrh£?`U|*nogqp?ru¦ y pt_agirEl�no` y
sE�wp?�(kq`U_'v��Ee � 3½� ²(±Ce(|�g¼±C�´pt_as(junX±q��
�� � �rp	p?¢��vqxb	qx¦nq	q?�(±,i� ) .���±´eh\Eltg y j(�wp�£B�´eupt_a`
`Uv{nwgi_alxnw`Xvapx­Zno\(`ª��l�nw`
pt­½|�p?rh£t`��o�t`UrE|�`¬­·pt�anw\E`º|�ltvo|�l y gm|�|�ptr���j(�Hl�no`
�?�ol y gi`�rHn"_d`�nw\(p y �B�´pt_asï±E�ªlxnw\ï±$3Zs(s(kigi|t±q���������ªÅ����	� � �rp	p�q?¢��B�rq(��¦o���h�?±,i��b�.��2±�eh\(g]lxr y s�± s�jï�³��ltvo|�l y gi|a_�j(kqnwgi�t�og y _a`�no\(p y ­·pt��no\(`,`Ukqkigisunwgm|'s(�opt�(ki`�_
� �#ltv{n{¦§µ¸`Ul�na²(±
�Zj(_a`��X±C�ªlxnw\ï±i��� � �rp	p�pH¢*�B�rp	p�¦��x��pE±,i�X��.��2±Ceh\(g�ltr y s%±vs�jï�G��ltvo|�l y gm|�_�j(kqnwgi�t�og y _a`�nw\Ep y ­·p?�"sElx��lx�Gptkigi|�s(�opt�(ki`�_'vU�us(�o`�s(�ogqrHnX�L�rp�p	p(±,i�rq�.�²E±�s�jï�(3¶r(`�¤¶|�kil?vwv;pt­Lg¹no`���l�nwgi£t`"_a`�nw\(p y v#­·pt�#r(p?rEvw`�kq­Pl y ��p?gqrHn#pt�³gqr y `�«Er(gqnw`�s(�opt�(ki`�_'vU�?e � 3��
²E± �Zj(_a`��X±v3�rEltk=±i��
	� � �rp�pH�t¢��u��x(��¦nqE� ) ±

È·í�îïÈÊÜ



���������	��
��
�
������
�����
�������������� ���!��
���"$#%��
 &'�(��
���" �N�

����$�����$����

����� �U� Å Æ��J�x��� Å�� �


 � �t�E�U�?�(Æ �P� 
 � %Ê�
� �E�
�·Æ7� %�� Å �
�Ê��� 
 �

� � ��
 Á ���P�t� % Á����#Á �
� 
 Á	� �U� �) ±q� ��l?vw|Ul y gm|.�º¡ ¤"gqnw\º²?lt|�pt�(gïvw_apHptnw\(`U�´±.±�±.±�±�±.±�±.±�±½±�±.±�±�±.±�±.±�±.±�±�±½±�± x) ± � ��l?vw|Ul y gm|.�º¡ ¤"gqnw\º¡.ltjEvwv{¦�eh`�g y `�kïvw_aphpxnw\E`���v ±.±�±.±�±½±�±.±�±�±.±�±.±�±.±�±�±½±�± �?�
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