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Abstract: In this paper we present a method to prove automatically initial negative prop-
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interpretation. Induction is performed in a classical way using cover sets and rewriting.
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Preuve de conjectures négatives dans les théories
équationnelles par induction et interprétation abstraite

Résumé : Dans cet article, nous présentons une méthode dédiée & la preuve de propriétés
négatives dans le modéle initial de spécifications équationnelles. Cette méthode combine &
la fois I'induction et l'interprétation abstraite. L’induction est effectuée de fagon classique
en utilisant des ensembles couvrants. L’interprétation abstraite est effectuée a 1’aide d’un
ensemble d’équations supplémentaires dont le role est d’approcher le modéle initial en un
modeéle abstrait. Comme dans les méthodes dédiées & la preuve de conjectures positives, la
spécification équationnelle est orientée en un systéme de réécriture terminant, confluent et
complet.

Mots-clé : Théories équationnelles, preuve par induction, interprétation abstraite, réécri-
ture
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1 Introduction

In the field of automatic deduction, the proof of (positive) inductive theorems on equational
specifications has already been widely investigated [Red90), [KZ95, [BR95, [Com94, [CNIS,
(GS92]. Starting from an equational specification € and from an equation s = t those
techniques try to prove that s = t is true in the initial model of € and thus prove that
s =t is true in every Herbrand model. This implies that s = ¢ is an inductive theorem of
E. As far as we know, the proof of negative theorems has not been investigated f. What we
intend to do here is to prove that a disequality s # t is true in the initial model of E, using
induction and rewriting. Furthermore, it is also possible to combine induction with abstract
interpretation to simplify some proofs. In this particular setting, abstract interpretations
can be defined in a very simple, general and sound way with some ’approximating’ additional
equations.

Like positive ones, negative theorems are of great interest in verification. In particular,
they permit to prove some unreachability properties in equational specifications. This has
already been investigated in [GVTT01, IGK0O0|] with the Timbuk tool for proving security
properties on cryptographic protocols. However, in these works, all the proofs are achieved
thanks to abstract interpretation only. Now, we aim at combining abstraction with induc-
tion. This work is a first step in that direction.

In section @ we recall the definitions of equational theories. In section B we recall the
definitions of rewriting systems, Herbrand models and, complete equational specifications
and cover sets. In section Hl we present the deduction system for negative theorems as well
as an example. In section Bl we show how to use abstract interpretation with the same
deduction system. Finally, in section , we conclude on the combination of induction and
abstract interpretation and some tracks for possible enhancements.

2 Equational Theory

2.1 X-algebra

Definition 1 (sorted signature) A sorted signature denoted by ¥ = (S,F) is given by a
non-empty set of sorts S and a set of ranked functions symbols F. A function symbol f with
an arity n is denoted by

f:Slx...xSn—>$n+1 (HSO,SZGS(OSZS’H,))

S1 X ... x 8y is the domain of f and S,41 its co-domain. A symbol of constant is a symbol
with arity 0.

We suppose that there exists at least one element of each sort.

1Except in Musser’s approach where disequalities of the form s # t are encoded into of the form eq(s,t) =
false [Mns8&0].
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4 Thomas Genet & Valérie Viet Triem Tong

Definition 2 (X-algebra) For a given signature ¥ = (S,F), a X-algebra is a set A such
that for every function symbol f:

f:Sl X ... XSn—)Sn+1
There exists a function f in As, X ... x As, A5, f is called interpretation of f in A.

Definition 3 (Terms) Let X' be a countable set of variables, and ¥ = (F,S) a signature,
T(F,X) denotes the set of well-formed and well-typed terms over (£,X) and is defined by
induction: A variable is a term, ift; : S1, ..., tn : Sy are some terms and f : Sy X... XS, —
Sn+1 s a symbol of rank n then f(t1,...,t,) is a term of sort Sp41.

For a term ¢ the set of variables that occurs in ¢ is noted Var(t). A ground term is a
term such as Var(t) = 0. The set of ground terms is noted 7(F). A term is linear if each
variable occurs only one time. A substitution ¢ is a mapping from X to 7 (F, X), its domain
dom(o) is {z € X|zo # z}.

T(F,X) and T(F) are ¥ — algebra called ¥ — algebra of terms with variables and
3 — algebra of ground terms.

Definition 4 (equation) An equation is a pair of terms (I,r) denoted by (I = r). The
variables are assumed to be universally quantified.

2.2 theory of equality

Definition 5 (equational theory) For a given set of equation & over a sorted signature
Y = (F,X), the equational theory of € is the set of equality that can be deduced from & and
the theory of equality:

1. Reflezivity
F(u=u)

2. Symmetry
(u=v)F (v=u)

3. Transitivity
t=u), w=v)F (t=v)

4. Congruence
Vi8S % ... x8,—8nt1 and Yuy € Sorty,...u, €S, v1 € Sorty,...,v, €Sy,
(ug =wv1),..., (up =vp) F (f(u1,---un) = flvr,...vn)

5. Substitutivity
(u =) F (uo = vo) for every substitution o

INRIA



Proving Negative Conjectures on Equational Theories 5

3 Rewriting systems and equational logic

Definition 6 A position p for a term t is a word over N, the set of positions is denoted by
Pos(t) and is defined by:

e Pos(t) =€eifte X
o Pos(f(t1,...,tn)) ={e}U{ip|1<i<nandp € Pos(t;)
A position p of a term t is strict if the subterm on position p is not a variable.

For a term ¢ and a position p in ¢, the depth of p is the length of p, the size of ¢ is equal
to the maximum depth of the positions of ¢.

Definition 7 (Context) A context is a term C[] in T (FU{0O}, X') where the new constant
symbol O appear only one time. For every context C[], and every term t, C[t] denotes the
term obtained by replacing O by t in C]].

Definition 8 (Rewriting system) A rewriting system is a pair (X, R) where ¥ is a sig-
nature and R a set of rules of the form l—r where , r € T(F,X), l is not a variable
and Var(r) C Var(l). For a given rewriting system R = {l;—r;}ic1, we denote =¢ the
equational theory induced by the set of equations € = {l; = r;}.

A substitution ¢ is a mapping from X to T (F,X), its domain dom(o) is {z € X|zo # z}.
For two terms £,t', a position p of ¢, a rule [—r and a substitution o, we say t is rewritten
in ¢’ (which is denoted by t—xt') iff t|, = lo and t' = t[ro],. R induces a rewriting relation
—7 on terms whose reflexive transitive closure is noted —7.

A term t is said to be in normal form (with respect to a given rewriting system R) if there
exist no term t’' such that ¢ —x t, it is also called irreducible, otherwise t is said reducible.

Theorem 1 (Birkhoff) Let R = {l;—r;}icr be a rewriting system and € = {l; = r;} the
equational theory induced. For all terms u and v, u =¢ v iff there exists an finite sequence
of terms tg,...t, such that tg = u, t, = v and for every 1 < i < n — 1, we have either
ti_>7?.ti+1 ort; <n ti+1.

3.1 Herbrand model

Definition 9 (X-congruence) A Y-congruence over a X-algebra A is a equivalence rela-
tion = over A such that Vf : &1 x ... X §,—=Sny1 and Ya, € Sorty,...a, € Sp, b1 €
Sorty,...,b, €Sy, € A,

(a1 Ebl/\.../\anEbn):>(f(a1,...an) Ef(bl,bn)

For a given rewriting system R and € the equational theory induced, the smallest X-
congruence =¢ over T (F) is the smallest congruence such that u =¢ v if and only if there is
a ground substitution ¢ and an equation I = r of the equational theory of € verifying u = lo
and v = ro. The quotient of the set of terms is denoted by 7 (F)/=, -

RR n~°4576



6 Thomas Genet & Valérie Viet Triem Tong

Definition 10 A Herbrand model of a given equational theory € = {u; = v1,...,un, = vp},
is a model M of theory of equality (def. B) whose domain is the set of terms T (F,X) such
that M checks the formula u; =vi A ... AUy = Uy.

Let € be a theory, an equation (u = v) is an inductive consequence (or inductive theorem)
of € iff every Herbrand model M of £, M checks u = v. In particular, such an equation holds
true in all Herbrand models iff 7(F)/=, checks it. The set of all inductive consequences of
€ is called inductive theory of €.

3.2 Specification

Definition 11 Let ¥ = (S, F) be a signature, a subset C of F is called set of constructor
symbols for a given theory & if for every term t € T(F), there is a term u € T(C) such that
t =g u. A set of constructors is called free iff for all distinct terms s,t € T(C), s #¢ t.

A constructor is free if there are no rules like ¢(c1,...c,)—d in R. We interest here to
theories where all constructors are free.

A specification is a pair (X, R) where ¥ is a signature and R a rewriting system over ¥.. A
specification is said sufficiently complete regards to a set D of symbols called defined symbols
if € =X\ D is a set of constructors for €. This is generally undecidable except when R is
linear, confluent and terminating and R protect constructor: if there is a rule [—r such that
1 € T(C,X) then r € T(C, X). A sufficiently complete specification generated a congruence
=¢ over 7 (F) whose set of representatives is 7 (C).

3.3 Cover

Definition 12 (cover set) A finite set C of irreducible terms of sort s is a cover set for s
with regards to R iff for all ground term g of sort s there is a term t € C and o substitution
T such that g =¢ tr.

A cover-substitution is a substitution that associates to each free variable an element of a
cover set.

Definition 13 (Cover) Lett € T(F,X) and z a variable, Cover(t,z) is the set of terms
obtained by applying every cover-substitution to x, x is said "expanded" in Cover(t,zx)
and is denoted by T and every other wvariable is duplicated. If x does not appear in t,
Cover(t,z) = {t}

More precisely:

1. ¥, is ordered, every element is associated to a number corresponding to its order.

2. Cover(t,z) = {t{z — c(w_lz,,w_n’)} | ¢ € ¥, where ¢ is numbered by i and ¢ :
S1 X ... X 8=8Snt1}. In c(wrt, ..., wRY), every w; (j =1...n) is a fresh variable
and every expanded variable §* is replaced by 75

INRIA



Proving Negative Conjectures on Equational Theories 7

By extension, if C = {t; = ta,...tn = tnt1 (Where = denotes = or #), Cover[C,z] =
{Cover[t; = ta,z],...,Cover[t, = tpnt1,2]}.

Example 1 Consider the specification over {Plus : nat—nat, Minus : nat—nat, S :
nat—nat, 0 : nat}, where Plus, Minus are defined symbols and S,0 constructor symbol-
s.

Minus(0,z) — 0 (3.1)
Minus(z,0) — =z (3.2)
Minus(S(z),S(y)) — Minus(z,y) (3.3)
Plus(0,y) — y (3.4)
Plus(S(z),y) — S(Plus(z,y)) (3.5)

. The set Cover(Plus(z, Minus(y,z'?)), z)

N—r
~~
W

[
N—r
—

Y nat 48 ordered in the following way {(0,1
18!

{Plus(0, Minus(0,z'?1)), Plus(S(z*), Minus(y,z**?))

Definition 14 (recurrence position) Let f be a defined symbol, the set of recurrence
position for f is the set of positions u verifying:

o cither there is a rule [—r in R such that f is the top symbol of | and the subterm of |
on position u is not a variable

o or there is a rule =1 in R such that f is the top symbol of I and the subterm of I on
position u is a variable x such that [ is not linear on x.

4 Initial properties

For a theory € sufficiently complete, where all constructors are free, we are interested in
properties P of T(F,X)/=,, with P on the form ¢; # ¢, universally quantified (¢;,t2 €
T(F,X)). Let z be a variable of sort s such that = appears in t; and Jut;|, =z and uis a
recurrence position for ¢;, we denote t; by t;[z]. We divide the set of elements of sort s in
Y in two parts X, ,,, and ¥

Srec”

o if there is a finite set of ground irreducible terms of sort s then X contains all

elements of ¥ N € of sort s and ¥ =0

Srec

Sbase

e else X, . contains elements of ¥ N € of sort s whose arity is 0 and ¥ contains

elements ¥ N € of sort s whose arity is n > 0.

Srec

Proving Vo t10 # t20, classically consists in

e First proving that {t1[z0pese] 7 t2[Z0base]}

RR n~°4576



8 Thomas Genet & Valérie Viet Triem Tong

o Assuming that {¢1[z] # t2[z]}; holds for any terms z and proving that {t1[z0rec] #
t2 [xo-rec]}

where {t[zop.se]} denotes the set of terms obtained by replacing z in t[z] with every
elements in X, and {t[zo,c.|} denotes the set of terms obtained by replacing z in t[z]
with all possible f(u1,...,u,) such that f : S X ... X §,—Sn41 € Xs,.. and one term wu;
of sort S; = S is replaced by T and others by fresh variables. The induction variable z is
expanded into Z in order to prevent case reasoning on z after induction.

For the general case of induction, we propose here to use the dual reasoning: we prove
that t1[xopase] # t2[T0base], and
we show that if ever t; [xoyc.|=t2[Z0re] then it was already true for # [z]=t2[z].

4.1 deduction system

We present our deduction system (figure ELI)) based on a set Z of inference rules over the
tuple (L, HR,C_, Cy) where L is a set of rules [—r such that | = r is an inductive theorem,
H R contains the recurrence hypothesis and starts empty, C is a set of positive conjectures
and C_ a set of negative conjectures.

Definition 15 An Z-derivation is a sequence
(Lo, HRy, Co,—,Co,4) bz (L1, HRy,C1,—,C1 ) b1 oo bz (L, HR,, Cp ., C )

A I-derivation is successful if it ends with (L, HR,,0,0).

4.2 Correction

Theorem 2 Let R be a rewriting system, and € the equational theory associated, over a
sorted signature Y. such that all constructors are free and R is sufficiently complete. C_ a
set of conjectures of the form t; # to (universally quantified), and Cy a set of conjectures
of the form t1 = to (universally quantified). If there exists a successful Z-derivation starting
with (L,0,C_,Cy) for any set L of rules l—r such that | = r is an inductive theorem of &
then C_ is a set of negatives properties of T(F)/=, and C4 a set of equational theorem.

Proof 1 Assume that there existsn such that (L,HR,C_,Cy) V% (L,,,HR,,0,0), we prove
by induction on n that C_ is a set of negatives properties of T(F)/=, and Cy a set of
equational theorem under induction hypothesis HR.

1. If (L, HR, C_, C4) F1 (L, HR, 0, 0) then

o either (L, HR, {f(8) # 9(83)}, 0) Fz (L, HR, 0, ) with f,g € C, f # g and
the rule elim - have been applied. Since all the constructors are free, we know
that f(t_f) Ze g(t_g)) in T(F,X)/=,. Hence, f(t_f) # g(t_;) is a negative property
of T(F) /= -

INRIA



Proving Negative Conjectures on Equational Theories 9

1. rules for simplification by rewriting:
(= and # are supposed to be commutative)

simplify1

(L,HR,C_U{t1 #t2},C4) Fz (L,HR,C_ U {t] #t2},Cy) if ti—rt]

simplify2
(L,HR, C_, C+ U {tl = tz}) l‘_’[ (L,HR, C_,C+ U {tll = tz})

’iftl—)RULt/lOT‘(tl = tll) € HR
simplify3
(L,HRU{t; =t2},C_,Cy) bz (L,HRU{t] = t5},C_,C) (if ti—>ruLt])

2. a rule of elimination for negatives conjectures:

elim -

(L,HR,C_ U{f(&) # 9(8)},Cy) bz (L,HR,C_,Cy) (f, g €C, f # g)
3. a rule for tautology:

elim +
(LaHR) C—aC-l- U {t: t}) }_I (L,HR,C_,C+)

4. a rule for simplifying positive conjectures:
simp +
(L,HR,C-,C4 U{f(&) = f(8)}) Fz (L, HR,C_,CL U{H = B}) (f € €)
5. a rule about free constructors symbols:

constr
(L,HRU{f(&) = f(£3)},C-,C4) k1 (L, HRU{f(t:) = f(t2)} U{H = T},C-,C4) (f € €)
6. a rule for case reasoning

case

(L,HR,C_,C4) k1 (L,Cover[HR, z], Cover[C_, z], Cover[Cy, x])

(for = a non-expanded variable)
7. arule for applying recurrence reasoning (z induction variable)

rec

(L7 HR, c-u {tl[m]) 7é tz[x])}, C+)
Fz
n ousre (L HRU{t[20ve] = ta[oopec]}, Co U {t1[200ase] # tal20vase]}, C U {t1[5] = ta[2]})

Figure 1: Inference system Z
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e or (L, HR, 0, {t = t}) Fz (L, HR, 0, 0), in that case C1 is a set of tautology
and in particular a set of equational theorem.

2. We assume that for all sets of conjectures C_ and Cy, if (L, HR,C_, Cy) F%
(L, HR,,, 0, ®) then C_ is a set of negatives properties of T(F)/=, and C+ a set
of equational theorem under induction hypothesis HR. We show that the property hold
true for n+1. We reason by case over the first rule used: there is only two non-trivial
case:

case (L,HR,C_,Cy) F1 (L,Cover[HR,z], Cover[C_,z],Cover[Cs,z]) F% (L, HRp41, 0, 0)
(for x a non-expanded variable) by definition of Cover, for any termt, Cover(t, x)
is the set of terms obtained by applying every possible cover-substitution to x.
First case: if x does not appear in HR, C_ or C4 then the sets do not change.
Hence C_ and C4 are respectively sets of negative and positive properties of
E. Second case: if x appear in HR, C_ or Cy, by definition of Coverlt,z], if
g € T(F) such that 3o g = to then o' 3" € Cover[t,z] such that g = t'o’.
This means that for every equation in HR, C_ or C4, there exists a set of e-
quivalent equation in in Cover[HR,z], Cover[C_,x] or Cover[Cy,x]. Clearly
if (L,Cover[HR,z], Cover[C_,z],Cover[C,z]) F% (L, HRpt1, 0, 0) then C_
is a set of negatives properties of T(F)/=, and Cy a set of equational theorem
under induction hypothesis HR.

rec (L,HR,C_ U {t1[z]) # t2[z])},Ct+ Fz (L,HR U {t1[T0rec] = t2[T0rec]},C- U
{tl[fa'base] 75 t2[fa'base]},0+ U {tl[f] = tz[f]}) I—S_L— (L, HRn—i—l: @, @) We have
(L,HR U {t1[Torec] = t2[Torec]},CL,CL UCY) F} (L, HRyy1, 0, 0) hold true
by induction hypothesis. This correspond to dual induction reasoning described
before.

4.3 Proof example

Example 2 Consider the theory & defined on example O over natural number, and the
congecture P = Plus(z, S(y)) # Minus(z,y).
First note that this conjecture is not true in all herbrand model: consider the Herbrand model
My of €, verifying S(S(0)) =0, for x =0 and y = S(0) we have:
Plus(z,S(y)) = Plus(0,5(5(0))) = S5(S(0)) =0
Moins(z,y) = Moins(0,5(0)) =0
P is not verified !
We prove that P is an initial property of T(F)/=, using the inductive theorems Minus(u, S(v) =
Minus(Minus(u,v),S(0) and the commutativity of Plus: Plus(u,v) = Plus(u,v)
We start from

o L = {Minus(u,S(v)) + Minus(Minus(u,v), S(0), Plus(u,v) > Plus(u,v)}
e HR=1

INRIA



Proving Negative Conjectures on Equational Theories 11

o C_={P}
.C+:®

According to the definition[I4) the set of recurrence position for Plus(z,S(y) is reduce to
{e.1}, Plus(z,S(y))|c1 = z. This variable is of sort nat, Xpna is ordered in Xpar,,,. = {0}
and Ypot,.. = {S}.

Starting with (L,0,{Plus(z, S(y)) # Minus(z,y)}, )

We apply rec

o HR = {Plus(20,cc, S(y)) = Minus(v0,c,y)} = {Plus(S(72), S(y)) = Minus(S@, S(y)))}

o CL ={Plus(z0sase, S(y)) # Minus(xopase, y)} = {Plus(0,S(y)) # Minus(0,y)}

o Cy = {Plus(, S(y)) = Minus(z?,y), }

We apply case on y

e HR = {Plus(S(z*'),S(0)) = Minus(S(z**),0), Plus(S(@*?),S(S@?))) = Minus(S(z?),S([¥?))}
o C_ = {Plus(0,5(0) # Minus(0,0), Plus(0,S(S(¥?)) # Minus(0,S(¥*))}

e Cy = {Plus(z*!,5(0)) = Minus(x**,0), Plus(x?,S(S(7?))) = Minus(x*2,S(7?))}

using the rule simplifyl C'_ can be reduced in {0 # S(0),0 # S(H?)} which is reduced
in O thanks to the rule elim-.

o HR = {Plus(S(@*!),S5(0)) = Minus(S(@*1),0), Plus(S(x*?2),S(S(@?))) = Minus(S(z*?),S(%?))}
e C. =0
e Cy = {Plus(z*',5(0)) = Minus(*',0), Plus(z*?,S(S(@?))) = Minus(z*2, S(7%))}

Now we use stmplify3 for reducing the first part of HR:
Plus(S(z*1),S(0)) = Minus(S(z*'),0) -r S(Plus(@**'),S(0)) = Minus(S(z*'),0)
S(Plus(z*1'),S8(0)) = Minus(S (_2 1), 0) =1 S(Plus(S(0),z*1)) = Minus(S(z* 1),0)
S(Plus(S(0),z2%1)) = Minus(S(z*1),0) = S(S(Plus(0,z%1))) = Mmu (S(z?1),0)
S(5(Plus (0,7 *1))) = Minus(S(@**),0) - S(S(@*') = Minus(S(@**),0))
and S(S(z*') = Minus(S(x*1),0)) = S(S(@*!)) = S(z*1)

and at the same time we use simplify2 for reducing Cy :
(Plus(z*',S(0)) = Minus(z*>!,0)) =% (S@*!) =z*1)

o HR={S(S(z*!)) = S(@*1), Plus(S(z*?), S(S(7%))) = Minus(S(**),S(7*))}
e CL =90
o Cp ={S@*") =7, Plus(z*?,5(S(7*))) = Minus(@*?*,S(7*))}

now we can apply the rule constr

RR n~°4576



12 Thomas Genet & Valérie Viet Triem Tong

o HR = {S@") = 7", Plus(S(3>?), S(S(7?))) = Minus(S(@?), S@?))}
«C. =0
o Oy = {S@E*) = 7*L, Plus(z*2, S(S(2))) = Minus(z*2, S(7%))}

the rule simplify2 allows us to conclude on the first part of Cy: S(@*') = 2! cor-
responds to the induction hypothesis: this means that if ever there exists T>' such that
Plus(S(z*1),8(0)) = Minus(S(x*1),0) (€ HR) then S(S(z>1)) = S(@*1), S(z*!) = 72!
and Plus(z*1,5(0)) = Minus(z*1,0) (€ C4)

e HR = {S(@*') = 2%, Plus(S(z*?),S(S(¥?))) = Minus(S(Z*?), S[®*))}
e C. =0
e O = {Plus(z*2,5(S(7%))) = Minus(@*?,5(7%)}

using the following rewriting sequence, which corresponds to the application of the rule
stmplify2

Minus(Z*2, S(@?)) =1 Minus(Minus(z*2,%%),5(0)) > mr Mznus(Plus(S(f2 2) S(S@?
Mizus(}f’(Pl;;s(fQ'z,S(S@Z)))),S(O)) — Minus(Plus(z*?,S(S(5?))),0) — Plus(z*?%,S(S(y
we finish wit

)
2

,5(0)) =
))

o HR={S(@*!) = S(z*'), Plus(S(z*?), S(S(¥%))) = Minus(S(z**), S (7))}
o CL =10

o O} = {Plus(z*?,S(S(7))) = Plus(@**,5(S(7*)))}

and the rule elim-+ allows us to conclude the second case:

e HR = {S(@*1) = S(z*1), Plus(S(z*?), S(S(¥?))) = Minus(S(z*>?),S([¥H?))}
e CL =0

e Cy =0

We succeed in reducing (L, 0, { Plus(z, S(y)) # Minus(z,y)},0) into (L, HR,, D) thanks
to theorem[d, P is a property of T(F)/=, -

INRIA
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5 Using abstract interpretation

One of the most interesting property of the negative conjectures is that if they hold in a
Herbrand model ’bigger’ than the initial model then they also hold in the initial model.
Indeed, if &’ = EU A where A is a non empty set of ’approximating’ equations, then if s # ¢
is valid in the initial model of & then s # t is also valid in the initial model of €. This
property is of great use for proving inductive theorems by abstract interpretation using the
same set of deduction rules Z. Note that, in this setting, every abstract interpretation given
as a set of equations is necessarily sound.

Example 3 Let E be the following equational specification:

Plus(0,z) =

Plus(S(z), ) S(Plus(z,y))
Mult(0,z) =

Mult(S (x),y) = Plus(y, Mult(z,y))

Let Mult(z,x) # S(S(0)) be the negative theorem we want to prove, i.e. prove that there
exist no natural number x such that 2> = 2. This can be shown ezxactly in the same way
as it is done in Example [, but it can also be shown using abstract interpretation of this
specification on the abstract domain {0, one,two, sup2} where sup2 represent {3,4,...}. In
order to do this, it is enough to complete the previous specification together with the following
set A of additional ’approximating’ equations for the abstract interpretation:

as well as two other equations in order to make completion converge: {Plus(z,0) =
x, Plus(z,S(y)) = S(Plus(z,y))}. Note these last equations are inductive theorems of the
specificationt. On all those equations, the completzonE converges and produces a terminating
and confluent term rewriting system: Rqpp-

2but we do not need to prove it, for the same reason as adding A is correct.
3we used either CiIME [CMMU] and Waldmeister [HT] for our experimentations.

RR n~° 4576



14 Thomas Genet & Valérie Viet Triem Tong

S(0) — one

S(sup2) — sup2

Plus(0,z) — z

Plus(z,0) —» x

s(one) — two

Mult(0,z) —» 0

S(S(S(x))) — sup2

s(two) — sup2
Plus(S(z),y) — S(Plus(z,y))
Plus(z,S(y)) — S(Plus(z,y))
Plus(on z) = S(z)
Plus(two, z) — S(S(z))
Plus(sup2,z) — sup2
Plus(z,one) — S(z)
Plus(z,two) — S(S(z))
Plus(z, sup2) — sup2
Mult(S(z),y) = Plus(y, Mult(z,y))

Mult(one,z) = x

Mult(two,z) — Plus(z,x)

Mult(sup2,z) — Plus(z, Plus(z, x))

Plus(z, Plus(z, Plus(z,z))) — Plus(z, Plus(z,x))

Plus(z, Plus(z, Plus(z, Mult(y,x)))) = Plus(z, Plus(z, ))
Mult(z,0) - 0

Note that in this system, the definitions of functions Plus and Mult on the abstract domain
{0, one, two, sup2} have been automatically computed by the completion. In particular, the
term rewriting system is also complete with regards to the abstract version of sort nat and
its new set of free constructors {0, one, two, sup2}. Now, we can start the deduction process
from the following initial state:

e L=10

e HR=1

o C_ = {Mult(z,z) # S(S(0))}
«Ci=10

We have a unique recurrence variable x which is of sort nat and X4, ... = {0, one, two, sup2}
and Tpat,.. = 0. Thus starting with (0,0, { Mult(z,z) # S(S(0))},0), we apply rec and we
obtain:

e L =90

INRIA



e (C_ = {MUlt(.’L'O'base,-TUbase) # S(S(O))}
= {Mult(0,0) # S(S(0)),
Mult(one, one) # S(S(0)),
Mult(two, two) # S(S(0)),
Mult(sup2, sup2) # S(S(0))}

oC_,_:@

Then by several applications of rule simplifyl, the equation of C_ are deterministically
normalized by Rapp and the proof state becomes:

o L =90

e HR=10

o C_ = {04 two,
one # two,
sup2 # two,
sup2 # two}

[ ] C+ = w

Finally several applications of rule elim - retrieve one by one all those equations since their
constructors are free and we end on proof state (0,0,0,0), proving the initial theorem.

6 Further work

In this work we have proposed a technique for proving negative theorems on equational
specifications by induction and abstract interpretation. The use of both induction and
abstract interpretation should be investigated further in the case where there are several
induction variables in a disequation to prove. In this case, it is also possible to combine
abstract interpretation and induction in the same proof, i.e. instead of performing two
inductions on the two variables, use one induction on the first variable and use abstract
interpretation on the second one. This can already be done using our technique but only in
some particular cases. In particular, the abstract interpretation should not involve induction
variables. For instance, assume that we want to prove a property on some lists of naturals,
this could be done by using an induction on the list structure and an abstract interpretation
on the naturals. Conversely, using an abstract interpretation for the list structure and
an induction on the naturals, may also lead to an abstract interpretation of the naturals
invalidating the induction. We are still investigating this aspects in order to relax those
constraints and use the combination of the two techniques in every cases.
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What should be also investigated is if proving negative properties of equational specifi-
cation may offer a way to find axiomatisation for the smallest Herbrand model of a theory.
This would be useful in proof techniques like “inductionless induction” [CN9S].

INRIA
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