
HAL Id: inria-00072009
https://inria.hal.science/inria-00072009

Submitted on 23 May 2006

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

Fast Computation with Two Algebraic Numbers
Alin Bostan, Philippe Flajolet, Bruno Salvy, Éric Schost

To cite this version:
Alin Bostan, Philippe Flajolet, Bruno Salvy, Éric Schost. Fast Computation with Two Algebraic
Numbers. [Research Report] RR-4579, INRIA. 2002. �inria-00072009�

https://inria.hal.science/inria-00072009
https://hal.archives-ouvertes.fr


IS
S

N
 0

24
9-

63
99

   
   

 IS
R

N
 IN

R
IA

/R
R

--
45

79
--

F
R

+
E

N
G

ap por t  
de  r ech er ch e 

THÈME 2

INSTITUT NATIONAL DE RECHERCHE EN INFORMATIQUE ET EN AUTOMATIQUE

Fast Computation With Two Algebraic Numbers

Alin BOSTAN, Philippe FLAJOLET, Bruno SALVY, Éric SCHOST

N° 4579

Octobre 2002





Unité de recherche INRIA Rocquencourt
Domaine de Voluceau, Rocquencourt, BP 105, 78153 Le Chesnay Cedex (France)

Téléphone : +33 1 39 63 55 11 — Télécopie : +33 1 39 63 53 30

���������
	��������������	�������������� 	"!$#&%�')(�*+���-,�./���0(1')*+�

2436587:9<;>=@?A2�BDCFE�G)563858H)H�IKJML�2KN+;KL�OP?QC�9SRUT)7)VW=@2�LYX4Z[CF\�RU56]^=)_S`>;>=@?

aMbYced>f1g1hjiSkmlYnofSpoqsr�nutvnofep
few�texyputezYp){&|�dK}+qsp~nu��zYf
����qy��fewP�Ppor�qs�-n~w-b�d>fm{

�Pxy���+qs�&wP��f<��fmt�bYfm��t�b�f�l@����������h��Stvw-q�}��-f<gy�s�sg<hjgy����xyrsfm{

�^���m�e���Y���y�$� f��Y��q��@qs{-f¡ 6xs{�w>xypor�qs�-n~w�bYd¡{� 8q��>tvqsd>�Yz�w-nolYr¢teq�d>�@qs{-fm�:dKzYp~w-no�Yponutexyw-noq�l+{
x�l��Dteq�d>�@qs{-fm�D{&zYd¡{e£Yx�{M¤¥fepop¦x�{�§-��nuxyd>qsl��>�Y��q���z�tUw�{�¨©qy ªzYlYno«�xy��nux�w-f��+qspo|�l�q�d>nuxypu{e¬

¯®�°²±-³�´ ��µ��y� ��fm{-zYp~w�x�l�we£�tvq�d>�@qs{-fm�©{-zYd¡{e£¶teq�d>�@qs{-fm��d�zYp~w�n~��p~nutmx�w-noqsl�{v£U��nuxyd>qsl����Y�-q���·
z�tvw



�
�ª#&,²��#Q*��������'0��� 'F,��P'¦��� ��	��0(�*�' � �ª#�%��)(�*���	¥��' �

�� ���� � ��� q�z+{��Y��km{-fel�w-qsl�{���fm{ xypor�qs�-n~w-b�d>fm{¦��xy��no�Yfm{��+qszY��pof�tex�potezYpY��z>�Y��q���zYn~w�tvqsdQ·
�@qs{-k<fvw��Yf4puxQ{&qsd>d>f©teq�d>�@qs{-kef�£�xynol�{-nF��zYf1�@q�zY�Ppof�§&�Y��q��YzYn~w���nuxyd¡xyl�w&¨S��f1�@q�po|�l���d>f {
zYl�n~«�x��-nokm{e¬

� ´ �m� ± ��� � �^� �-k {&z�p w�xyl�we£�{-q�d>d>f©tvq�d>�@qs{-kef�£����-q���zYn~wPtvqsd>�+q�{&k�£��Y�-q���z�n w���nuxyd¡x�l�w



� ��������� �
	�� �A���������������������� ��������� 
 ��� �!� � � �"� 
 �
#%$'&)(+*�,.-�/0#1(32 465%&)$'&)46487:9;$'#%< ,1$=76/.2�*?>?@%(.,A-�#1$CB1D32�#1(%E+F8>%&HGI- G?5J,.-K/

L3M�NPORQRSRT�O'U�V�WYX�Z\[]X^[C_`WbadcC_HeJc]fhgC[]ZHi eHjlk�_mad[]Z1no[CkbX�p�eHi qlgno[CkbX^[C_`Wsrtkmp�f eHi X�f i nsc]ueHih[]ql_Yc]qlr�ns[Ck3Xv[C_`Wor"_Hplk�_w2vcC_Jx?WPf f6cC_�y`r ihcCk�[]q�r"X�Z`[KrKplnPe\_{z|[]a}p�q i ~]c]ZHihc]e`W�X^[]f ��uql[Ck3ihc]fh_w�

� ¬������}�?���%�%�8�6�H���
�Ffvw��Q}+f<x�l¡f��²fmtvw-no«�f���fepu�¡x�l��¡pofvw|�¯xyl+���>}+fSd>q�lYnut��@q�po|�lYqsd>nox�pu{ nol:��� �|� £�qy  ��fmr���fef {� x�l���� �-f {&�@fmtvw-no«�fmpo|y¬ � f>xy��fKnol�w-fm�-f {�w�fm�¯nol tvqsd>�Yz�w-nolYr^w-bYfmno���]�R��� ��¡�¢]£¤¡C¥0�¦��§¨�
x�l��>w�bYfeno�����R��� ��¡�¢]£��©¥0ª¬«` �6ª®H�]¯R«`H�l°±�t²+�@£�¤�bYnut�b^xy��f��@q�po|�lYqsd>nox�pu{ q�  ��fmr���fef�³µ´¬¶ � �
��f���lYf �^}�|

��§·��¶¹¸º
» ¼

½ �¿¾¿À`Á�ÂÄÃJÅoÆ x�l�� �©²·��¶Ç¸º
» ¼
À{�¿¾AÁ�ÃJÅCÈ

w�bYf �Y��q���z�tvw�{¦��zYlYl�n~l�r�q�«�fe� xypop�w-b�f ��q�q�w�{�ÁDqy 8�Kx�l���ÃDqy 0�@£ytvqszYl�w-fm�©¤�n~w�b<d�zYp~w�n~��p~nuten w�nofm{U£
nolDx�l¯xypor�fm}Y��x�nut�tvpoqs{-zY��f �^qy m�@¬
É¯qs�-f�r�fmlYfe��xypopo|y£yrsn~«sfel¡x�}Yno«�xy��noxyw-f��@q�po|�lYq�d>nux�p;ÊÌËI�?� ÍIÈ�Î�� £Yq�  ��fers�-fmf�nol±Í pof {-{�w-b�x�l� xyl���qy  ��fmr���fef�n~l+Î pofm{�{Pw�b�xyl+�ª£)¤AfK{�w�z���|[w-b�f4 6xs{�w<tvqsd>�Yz�w�xyw-noq�l[q� �w-bYfQ{-qy·�texypopofm�£RH¯l���l°6£±�}Ïw�K£R¥ ��«t�±Ð'ÑÒ�Wqy �� x�l��A�@£�¤�bYnut�bWnu{©w-bYf^�+qsp~|�lYqsd>nuxyp�qy P��fers�-fmf±³Ó¶ � �
��f���lYf �^}�| ��Ð0Ñ+�©¶ ¸º

» ¼
½ �¨¾ÄÊÔÀ`ÁmÈsÃJÅ Æ È

w�bYfM�Y�-q���z+tUwª�-zYl�lYnolYr�q�«sfe�ªxypop�w�bYfM�-q�q�w�{JÁ[qy ?�>xyl���Ã[q�  �@£�tvqszYl�w-fm��¤�n~w-b�d�zYp~w�n~��p~nuten w�nofm{U¬
aMbYnu{ �+qsp~|�lYqsd>nuxyp £ ¯��6ÏCH�RÏC ��f��+lYfm�^q�«�fe� �@£�b�x�{Anol> 6x�tvwMteq�f�Õ¡tvnofel�w�{ nol>w-bYfS}�xs{&f���fepu���@¬
aMbYf¯qs�+fm��xyw-noq�l¨Ð'Ñ ¤Mx�{Qnol�w-��q���z�tvf � }�|¿ÖA��x¶¤�pofe|:xyl+�Ø×¥x��-pon~wwÙDnolÇÚ �KÛ ¬ aMbYfm| {-bYq�¤¥fm�
w�b�x�w©n~ 3�:xyl��Ü�[x��-f��+qspo|�l�q�d>nuxypu{Mxyl��A�¯nu{���lYn~w-f�£@w�bYfeno�©��nuxyd>qsl��[�Y��q��Yz�tUw©fel���q�|�{�w-bYf
 8qsp~poq�¤�nolYrD�-fmd¡xy��Ý¶x�}YpofQ�Y�-qs�+fm�&w�|6Þ±�±Ð0ÑÒ�Wnu{4n~����fm��z�teno}Ypof�n~ Pxyl�� q�lYpo|�n~ �}@qyw-bß� xyl��Ä�
x��-f<no���-f ��z�tvno}YpofSxyl���w�bYfeno����fmr���fef {�tvqy· �Y��nod>fy¬�×Aqsl�{&f ��zYfel�w-po|�£Yw-bYf�tvq�d>�@qs{-fm�[{-zYd¡{Px�l��
dKzYp~w-no�Yponutexyw-noqyl�{<x��-f[z�{-fm�  8q��¡teq�l�{&w-��z�tvw-nolYrWn~����fm��z�teno}Ypof¡�+qspo|�l�q�d>nuxypu{<q� �puxy��r�f[��fers�-fmf
q�«sfe�3��lYn~w-fà��fmpo��{v£�{-fef�Ú ��£8á�£²gRâ�Û x�l��+Ú gy�lÛ ¬
aMbYf {&f>qs�+fm��xyw-noq�l+{v£¦nolW��xy�-w-nutvz�pox��Steq�d>�@qs{-fm�W{&z�d¡{<xyl�� tvqsd>�+q�{&f �����-q���z�tvw�{e£�xstUw-z+xypopo|
x��Y�+f xy��x�{ª}+x�{-notA{&z�}Y�-qsz�w-nolYf {�n~lKd¡xyl�|©qyw�bYfe��x�por�q���n~w-bYd¡{e£mnol�tepoz���nolYr�teq�d>�Yz�w�x�w�n~qsl�{ ¤�n w�b
x�p~rsfe}Y��xynut4l�z�d�}@fe��{v£ª{&|�dK}+qsponotK{-zYd>d¡x�w�n~qsl
x�l��:{�w�z���|Wqy �ponolYfmx��<�-f tvzY���-fml�w<{-fm��zYfml�tvf {v¬
� f<�Y��fm{-fel�wM{-q�d>fSqy �w-b�fm{-f1xy�Y�Yponutexyw-noq�l+{�nol¤ã�f tUw�n~qsl���¬
äbÏ�¢�å H�l¥'¡��]�l���6ªæ¢�çv{«Hè�Ïw¢C¡C¥0ª¬«H¡�éPaMbYf<�@q�po|�lYq�d>nux�po{3�©§·�^xyl��I��²Ä�^tmxyl[}@f<f�ê��Y��fm{�{&f �¡nol
w�fe��d¡{Aq�  ��fm{-zYp~w�x�lsw�{v£Y{-fefS 8q���nol�{&w�x�l�tvf©Ú � álÛ\Þë � ì À\��§Ä�;Å�À`í8ÅY¶ ��fm{�î0À`�JÀ`í�¾+ï;ÅCÈs�?À{ï;ÅsÅ
xyl��µÀ`��²Ä�;Å�À`í8ÅY¶���f {wî'À{ï0ð��JÀHí}ñ�ï;Å]Èw�}ÀHï;ÅsÅ]òó



� �������	��
���������������������������������
�����������������
 �!�"�$#�%&������')(��"��*+�,*��-
����
aMbYf� 8q���dKzYpux�{ ë � ì xypo�-f x���|[{-bYq�¤0w-b�xyw��:²Ò�¯x�l��+�:§Ò�[b+x¶«�f�teq�f�Õ¡tvnofel�w�{�nol+�@¬KaMbYfe|
x�po{-q¡�Y��q�«�nu��f4xD¤¥x¶|[qy Mtvqsd>�Yz�w-nolYr¡w-bYf {&fQ�@q�po|�lYq�d>nuxypu{e¬/.Pq�¤¥fe«sfe�m£²w-bYnu{�no{SlYq�wSfml�w-no�-fmpo|
{�x�w�no{& 6x�tvw-qs�-|6Þªfe«�fml[z�{&nolYrKw�bYf< 6x�{&w-f {�w�x�por�q���n~w-bYd¡{� 8q��P}�n~«�x��-nux�w�f���fm{-zYp~w�x�lsw�{Ú gsg�£@g��KÛ £+w-bYf
��fm{-zYp~w�x�lsw-· }+x�{-fm��teq�d>�YzYw�x�w�noq�l�b+x�{1teq�d>�Ypof�ê�n~w�|¯qy Mq�����fm�1032 4$5=À76 ÀH³�Å�8:9<;�À � È���ÅsÅà�+fepu�
qs�+fm��xyw-noq�l�{Fnol�}@qyw�bQtmx�{-fm{e¬=.�fe��f>6 À`³�Å�{�w�xyl���{� 8q��ªw-b�f¥l�zYdK}@fe�ªqy ²}�x�{-f3��fepu��q��@fe��x�w-noqsl�{
��fm��zYno��fm�<w�q4tvqsd>�Yz�w�fAw�bYfP�Y��q���z�tvw qy @w�¤Aq<�@q�po|�lYqsd>nox�pu{¦qy )��fmr���fef�³ xyl��)£�xypu{-qY£yw�bYf|����{&w³ Â@?Ktvq�f�Õ¡ten~fml�w�{Pnol[w�bYf����-q���z�tvw�q� �w�¤Aq¡ 8q���d¡xypF�@q�¤¥fe��{-fe��nofm{�rsno«�fel¢xyw��Y��fmtenu{&noq�l¤³[¬
aMbYf<{-|�d�}@q�p�0 2 4$5 nol���nutmx�w-f {Aw-bYf<�Y��fm{-fel+tvfSqy ªp~qsrsx��-n~w-b�d>notAw�fe��d¡{v¬
A�l t�b�x���xstUw-fm�-nu{&w-nut�Ùmfe��qY£CB�«sq���lYnutvnut�b xyl+� a ��x¶«�fe��{-qW{-zYr�rsfm{&w-f � nolÇÚ � â�ÛSx:��nd�²fe��fel�w¡xy��·
�Y��qsxst�b)£¦}�xs{&f ��qsl�w�bYf>z�{-fKq� Aw�bYf>�@q�¤Afm�©{-zYd¡{Sqy ¥w-b�f>�-q�qyw�{Sqy ¥w-bYfQw�¤¥qD�@q�po|�lYqsd>nox�pu{v¬
aMbYfmno��nu��f x¡nu{Pw�qDf�ê��Y�-f {-{�w�bYfQ�+q�¤¥fe�©{&z�d¡{�q� �w-bYfQ��q�qyw�{Sq� b��§Ò�¢xyl��Ä�±²¨�¯nol¢w�fe��d¡{
q� Fw-b�qs{-fSq� J�
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q� �qszY�Fx��Y�Y��qsx�t�bSnu{²w-q�f�ê��Y��fm{�{²w-bYfApon~l�fmxy��po|M�-f tvzY���-fml�wF{&f �sz�fel�tef�qy �w-b�f��+q�¤¥fe� {&zYd¡{¦qy �w-bYf
��q�qyw�{�qy ���Ð'Ñ·�¢x�{�w-bYfKw���xstvfm{�qy bÊML<nol¢w�bYfQ�sz�qyw-nofmlsw©xypor�fm}Y��x��?� ÍIÈ�Î�Hñ0À\�JÀ{Í+ÅCÈs�?ÀHÎ�ÅwÅ�¬
aMbYf�tvqsd>�Yz�w�xyw-noq�l q� �w-bYf {&fDw-��x�tefm{1nu{4}�x�{-fm�:qsl x¢rsfelYfm��x�pondÙ x�w�n~qsl�q� �xyl x�p~rsq���n~w-bYd qy ã�b�q�zY��Ú gs� ÛYw�q�w�bYf�}Yno«�xy��nux�w-f¥texs{&f�¬�aMbYfPx�p~rsq���n~w-bYd ¤AfM�Y��q��@qs{-f¥n~d>���-q�«sfm{)w�bYf��Y��fe«�noq�z�{-po|Ý�lYq�¤�l�tvq�d>��p~f�ê�n w�|�w-q)0�À G ³	6 ÀH³:Å�ÂÔ³ E Å¥q��@fe��x�w�noq�l�{Anol¤�@¬
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aMbYnu{©xyporsq���n w�bYd ¤Aqs�wÝ�{�zYl���fm�1lYq¯x��Y�Yn w�noq�l�x�p x�{�{-zYd>��w-noqsl�{�n~ �w�bYf>}�xs{&f©��fmpo��b�x�{<t�b+xy�-·
xstUw-fm�-nu{&w-nut"Ùefe��qY¬���«�fm�1x¤��lYn~w�f���fepu�²£�w-bYfm|
¤¥q���Ý�z�l���fe�Kx[d>nopo�Wx�{�{-zYd>��w-noqsl)£F¤�bYnut�b nu{
{�x�w�no{s��f �²£� 8q���nol�{&w�xyl+tvfy£�n~ Fw�bYf<q�zYw-�Yz�w���Ð0Ñ+�¡no{�x�lDno���-f ��z�ten~}�p~f��+qsp~|�lYqsd>nuxyp ¬
��zY�M��fm{-zYp~w�{Mxy��f©fel�tmxy��{-zYpux�w�fm�^n~lDw-b�f© 8q�popoq�¤�n~l�r©w-bYfmq���fed¤Þ
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ë � ì «�� ¢��]�l���;�l¡�¢]£��}Ïw�K£R¥ ��«?�à²����.{«��0)°)0�ÀK6 ÀH³:ÅsÅ���� ¢�Ïw¯R«`H�l° ¡�)°±� �J ���!� ¯�¡�"�;¯RÏ$#¯^�K«\¢�ÏC ¡�«HH�&% ¢�Ïw���RÏ�ªæ¯lÏ'�=¢�Ï�«�� ¯l°�³)(ë g ì «�� ¢��]�l���;�l¡�¢]£��6Ï��K£R¥ ��«���²����.{«*�')°	0�À76 ÀH³�Å,+�-/.8ÀH³:ÅsÅ��� ¢�Ï�¯R«`H�l°;¡0�Y ��«*�;¢��"�;¯RÏ$#¯^�K«\¢�ÏC ¡�«HH�������Ô ¡��;�l¡]{«`)ål¢�¯l°}£:ªæ¯lÏ'�=¢�Ï©«*�;¯R°Ò¯lª)ª.«�� ¢©�"¥0ªæ«H �}ª®H��{«`H¢�¡��1�"«*�;¢�Ï��K�^«{¡������²·��(ë â ì «�� ¢��]�l���;�l¡�¢]£:¡C¥0� ��§·�·¥'¡C)°2�:0�À76 ÀH³�ÅwÅ���� ¢�Ï�¯R«`H�l°;¡")°I���� ��3�;¯l¡©�"�;¯lÏ�¯^�4#«\¢�ÏC ¡�«HH�5% ¢�Ï����lÏ�ªd¯lÏ'�=¢�Ï"«�� ¯l°:³�é
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� qyw-f�w-b+x�w1z�{-nolYr!:+x�{&w&:�q�zY��nofe�©aF��xyl+{� 8qs�-d  8q��Sw�bYfQ�+q�¤¥fe�<{-fe��n~f {�dKzYp~w-no�Yponutexyw-noq�lD|�n~fmpu�Y{
0�À76 ÀH³�ÅwÅ:¶ 032 4$5'À`³�Å�£�{-fefAÚ g���£�ã�fmtUw�noq�l áY¬ glÛ ¬ aMb�no{Knod>�Yponofm{1w-b�xywKw�bYf¯xypor�qs�-n~w�bYd¡{<¤¥f
�Y��q��@qs{-fS 8q���w�bYf4teq�d>�@qs{-fm�Dd�zYp~w�n~��p~nutmx�w-noqslQx�l��D 8q���w�bYf4teq�d>�@qs{-fm�D�Y�-q���z+tUw�x��-f<lYf xy��po|
qs��w-nod¡xyp £�n ¬ f�¬ £+w-bYfmno��tvqsd>�Ypof�ê�n~w�|>no{Pp~nolYf xy�m£YzY�¯w�q¡poq�rsx��-n~w�bYd>nutM 6x�tvw-q���{e£+nol�w-bYfK��fers�-fmft³
q� Fw-b�f<q�z�w��Yz�we¬

aMbYfMlYf�ê�w�w�xy}YpofMtvpuxy��nd��fm{¦w-bYfP{&w�xyw-f¥qy @w-bYf�x��&w�q�l4w-bYfP��zYf {�w�noq�l�{�x��Y�Y�-f {-{-fm�4n~l�w-b�no{���x��+fm�e¬
aMbYf©xy��n~w-bYd>few-nutex�p+teq�d>�Ypof�ê�n~w-nof {�xy��fS{&w�xyw-fm�Dnol¡w�fe��d¡{ q� Fw-b�f©�Yfer���fef³ qy Fw�bYf©q�z�w��Yz�w�nol
w�bYf4texs{&f<q�  w�¤¥q>�@q�po|�lYq�d>nuxypu{b��x�l����^qy �f �sz+xypF��fmr���fef � ¶¹�ª£@{-qQw-b�xyw�³µ¶ � E^ò+aMbYf
zYl+{�w�xy���-f ��fmlsw��-|Wtvqs�-��fm{-�+qsl���nolYrDw-q���§¿��nol:xy��}Yn~w-��xy��|¢t�b�xy��x�tvw-fm�-nu{&w-nut<nu{<q�}Yw�xynolYf ��}�|
w�bYf���fm{-zYp~w�x�l�wStvqsd>�Yz�w�x�w-noqsl ë � ì ¬KaMbYfKqyw�bYfe�Sw�¤¥qDfml�w-��n~f {Pnol¢w�bYf>texs{&f�qy  w�bYf>xy��}Yn~w-��xy��|
t�b�x���xstUw�fe��no{&w-nut�x��-f©«�xyponu�>zYl��Yfe��w�bYf1x�{�{&z�d>��w-noq�l+{�qy �aMbYfmq���fed � ¬
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texyw-fm{MqszY�Ptvqsl�w-��n~}�z�w-noq�l¦¬
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� A�l©ã�f tUw�n~qsl4g�£y¤¥f �Y��q��@qs{-f� 6xs{�w�xypor�qs�-n~w�bYd¡{+ 8q�� w-bYfAw-��xyl�{-pux�w�n~qsl�}@fvw�¤¥fefml�x�d>q�lYnut
�+qspo|�l�q�d>nuxyp¶xyl���w�bYf��@q�¤Afm�¦{&zYd¡{¦qy �n w�{)��q�q�w�{e¬&B�fe�@fel���nolYr�qslSw-bYf t�b+xy��x�tUw�fe��nu{�w�not
qy  w-bYf©}�xs{&f���fepu�²£�¤¥fS{-�Ypon~w w�bYf©�Y�-qs}Ypofed nol�w-q1w�¤¥qQtex�{-fm{e£�¤�bYnut�b^xy��f©��fvw�xynopofm�Qnolã�zY}�{-fmtvw-noq�l+{Pg�¬ � x�l��¯g�¬ g�¬

� A�lAã�f tUw�n~qslÜâ>¤¥f4z�{-f1w�bYfm{-f4��fm{-zYp~w�{Pw-q^teq�d>�Yz�w�f1w�bYf�teq�d>�@qs{-fm��d�z�p w�no�Yponotmx�w�n~qsl
nol¢xy��}Yn~w-��xy��|^t�b�xy��x�tvw-fm�-nu{&w-nut�x�l���w-b�f�tvqsd>�+q�{&f �[{&zYd�nol¢t�b�x���xstUw-fm�-nu{&w-nut�Ùefe��q>q��
puxy��r�fPfmlYq�zYrsb)£Yxyl��D¤¥f��Y��fm{-fel�wAw-bYf©f�ê��@fe��nod>fel�w�x�p�}@feb�x¶«�noq��Aqy FqszY��xypor�qs�-n~w-b�d¡{v¬

� A�l¨ã�f tUw-noqsl:�¢¤Af�x��Y�Y�-f {-{©w�bYf^���-qs}Ypofed qy Ptvqsd>�Yz�w-nolYr[w�bYfD�Ynox�d>q�l��W�Y��q���z�tvw�¤Ð0ÑØ�@¬ � fW{&b�q�¤ w�b�x�w�n~w^xyd>q�z�lsw�{Qw-q fe«�xypoz�xyw-nolYr
w-bYf�w-��x�tef¯ 8q���d qsl$w-bYf
{&z+tetvf {-{-no«�fP�@q�¤¥fe��{ q� 1Ê nol^w-bYf<��zYqyw�nofel�w¥x�p~rsfe}Y��x��?� ÍIÈ]Î�{ñ;À`�JÀHÍ+Å]Èw�}À`ÎtÅsÅ�¬¥aMbYnu{
nu{�x>��x��&w�nutvzYpuxy�Mnol�{&w�x�l�tvf<q� �w�bYf4�@q�¤¥fe�P�Y��qy��f tUw�n~qslD���-qs}Ypofed�J�¤¥f4{-q�po«�f©n~w�z�{-nolYr
xKr�fel�fe��xypon Ùmx�w�noq�lQqy �x<§�}�x�}�|s·�{&w-fe���4r�nuxyl�w&·�{&w-fe��¨�xypor�qs�-n~w-b�d"q� Jã�b�q�zY��I {e¬

� ã�fmtvw-noq�l �[���-f {&fmlsw�{1{-fe«�fm��x�p�xy�Y��p~nutmx�w-noqsl�{�q� �w-bYf {&fDtvq�d>�@qs{-fm�
q��@fe��x�w�noq�l�{<x�l��
��fm{�tv��no}+f {�w�¤¥q¡��fepux�w�fm�[��zYfm{&w-noq�l+{�Þ¥w-bYf4 6x�{&wSteq�d>�Yz�w�x�w�n~qsl[qy ���fm{-q�po«�fmlsw�{�xyl��¢qy 
iS��x�f��²f©�+qsp~|�lYqsd>nuxypu{v¬
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aMbYf�Ý�fm|Ww-qWq�zY�>xy���Y�-q�x�t�b:nu{4w-qW�-fm�Y�-f {&fml�wKx
�+qsp~|�lYqsd>nuxyp�}�| w-bYf��@q�¤Afm�K{-zYd¡{�qy �n~w�{
��q�qyw�{4xyl��:teq�l�«�fm��{-fepo|y£Fw-q¢��fmteq�l�{&w-��z�tUw<w�bYf^�@q�po|�lYqsd>nox�pF 8��q�d w-b�fm{-f^�@q�¤Afm�4{&z�d¡{ Jªw-b�no{
nu��f xQno{�xypo�-f x���|^�Y�-f {&fml�w�nol·Ú � â�Û ¬ � fe¤Mw�q�l[ 8qs�-dKzYpux�{M�Y��q�«�nu��f<x¡{�w���x�nor�b�w& 8qs�-¤Mxy���>¤Mx¶|^w�q
d¡x^Ý�f�w�bYfm{-fPtvqsl�«�fe��{-n~qsl�{e£ }YzYw�w-bYfm|4xy�Y��p~|<qslYpo|1nol�t�b�x���xstUw�fe��no{&w-nut.Ùmfe��q ë q���puxy��r�fAfelYqszYr�b ì
x�l��¡b�x¶«sf���z�xs����xyw-nutPteq�d>�Ypof�ê�n~w�|4nol^w-bYf©��fers�-fmf�q� ¦w-b�fS�@q�po|�lYqsd>nox�p ¬�A�lDw-b�no{M{-fmtvw-noq�l)£�¤¥f
��f {-te�-no}@f�qs��w-nod¡xyp²xyporsq���n w�bYd¡{ ë n ¬ fy¬~£�p~nolYf xy�m£szY��w�q�poq�r�xy��n~w-bYd>nutA 6x�tvw-q���{e£�nol^w-bYf<��fmr���fefSqy 
w�bYf<�+qspo|�l�q�d>nuxyp ì  8q��Mw�bYfm{-f<tvqsl�«sfe��{&noqsl�{v¬
aMbYfKw���x�l�{&puxyw-noq�l[ 8��q�d x��@q�po|�lYq�d>nuxyp¦w-q�w-bYf>�@q�¤¥fe�<{&z�d¡{�q� An~w�{S��q�qyw�{Snu{©��zYn~w-fQ{&nod>�Ypof
x�l���nu{©}�xs{&f �Wq�l·�¦fmd>d¡x � }@fepoq�¤5JF 8qs�<w-bYf>qs�Y�@qs{-n w�f>tvq�l�«sfe��{&noq�l¦£²¤¥f>��nu{�w�nolYr�zYnu{-b¯w�¤¥q
tmx�{-fm{e¬&A�l±ã�zY}�{-fmtvw-noq�l>g�¬ � ¤¥fMw-��fmx�wªw�bYf�texs{&fMq� +w�bYf�t�b�x���xstUw-fm�-nu{&w-nut.Ùmfe��qSqs��puxy��r�f¥felYqszYr�b)£
 8qs��¤�bYnut�b4w�bYf�{-q�poz�w-noqsl4nu{ª}�x�{-fm�Kqsl�w�bYf�f�ê�nu{&w-fel+tvfMqy @w-bYf�f�ê��+qslYfel�w�nox�p�qy ¦x©�+q�¤¥fe��{-fe��nofm{e¬
� qyw-fQw�b�x�wKnol t�b+xy��x�tUw�fe��nu{�w�not�Ùefm�-q¯x¢{-nod>n~pux��Pw-��fmxyw-d>fmlsw<nu{<rsn~«sfelWnol¿Ú � ��£mã�fmtUw�noq�l � âY¬ áRÛ
x�l��$nol Ú ��£àã�fmtvw-noq�l � ¬ �^Û ¬ A�l w-bYf
�+q�{&n~w-no«sf[x��-}�n w���x��-| t�b�xy��x�tvw-fe��nu{�w�nut^texs{&f
xyl�� z�l���fe�
{-q�d>fDd>n~pu�:xs{-{-zYd>��w�n~qsl�{e£�q�zY�>{-q�poz�w-noqsl �-fmpon~f {1qsl w�bYfIÖAfm�-pofKÝ¶x�d>��·PÉ¢x�{�{&fm|
x�p~rsq���n~w-bYd[£
{-feftã�zY}+{&f tUw-noqsl�g�¬ g�¬
���R« ¯R«`H�l°8é A�l�w-bYf©��fm{&wPqy Fw�bYnu{�xy�-w-nutvpof�£�¤¥f©¤�n~pop²d¡xRÝsf�z+{&f©qy �w-b�f� 8qspop~q�¤�nolYr4lYqyw�x�w-noqsl?Þ
��� L À��8Å ��fel�qyw-f {�w�bYf� e· w-b�� � �Y¢�Ï�¡]¥0� q� )w-bYf��-q�qyw�{�q� ²�@q�po|�lYqsd>nox�p���ËÜ�?� ��� £sw-b�xyw¥nu{e£
w-b�f1{&zYd"!$#&%�LKÈ�w�xRÝ�fmlDq�«sfe��xypop@w-b�f<�-q�qyw�{Mqy '�[nol �+£+teq�zYl�w�fm�D¤�n w�bDdKzYp~w-no�Yponutvn~w�n~f {v¬

� A  )( nu{)xM�@q�po|�lYq�d>nux�pmnol��?� ��� £¶¤Af�¤���n~w-fª��fe«}À*(tÅ@ 8qs�¦n~w�{JÏw¢�å�¢�Ï]¡�¢U£�l�x�d>fepo||�,+.- 50/2143 (�À�56 Å�¬� aMbYf·ªæ� �=¯lÏC{«*�'�©H��Ï�¢�ål¢�Ï]¡�¢87�-/.:9<;.=}À��8ÅKq� >� Ë �?� �|����fmlYqyw�fm{Qw�bYf¯��x�w-noqsl�xypM�@q�¤Afm�
{-fe��n~f { ? ;.=?À@�BAdÅ? ;C=?À@�6Å ËI�?�d� ���æ�\ò

aMbYf"����{�w©��fm{-zYp~w�bYfepo��{Sz�{Sf {�w�n~d¡xyw-f<w�bYfQtvqs{&w©qy Ateq�l�«�fm��{-noq�l[}+few�¤Afmfel
�+q�¤¥fe�©{&z�d¡{�x�l��
fmp~fmd>fel�w�x��-|Q{-|�d>d>few-��nutP{&z�d¡{v¬
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)A � ,B*-, ����-b 1C * #�D+2 * -�� 4-,/. : , #b 98�:

< Q���=!�KO�L#��	��=Q��hO���&)� N;
��!�^Q��hS>"%�=T�������^T���^Q]O?
@��QlS��^T�
' H ( M;J N�M ��� G F6�I� 
 0�:�( . 2� FE�# *;G * 4-,/. : , #b 98;:

� SvM��=QlS�O����®Q�����S�	���
��1T�������������=O��KT������������
���QlS��vT�
' H ( M;J N�M ��� G F6�I� 
)H : , 5� FE+5��32�%�� 4 �32 * *���-+5�� .�,76 (�-, 98;:
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