
HAL Id: inria-00072002
https://inria.hal.science/inria-00072002

Submitted on 23 May 2006

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

Timed continuous Petri nets and optimization via linear
programming

Bruno Gaujal, Alessandro Giua

To cite this version:
Bruno Gaujal, Alessandro Giua. Timed continuous Petri nets and optimization via linear program-
ming. [Research Report] RR-4583, LIP RR-2002-35, INRIA, LIP. 2002. �inria-00072002�

https://inria.hal.science/inria-00072002
https://hal.archives-ouvertes.fr


IS
S

N
 0

24
9-

63
99

   
   

 IS
R

N
 IN

R
IA

/R
R

--
45

83
--

F
R

+
E

N
G

ap por t  


de  r ech er ch e 


THÈME 1

INSTITUT NATIONAL DE RECHERCHE EN INFORMATIQUE ET EN AUTOMATIQUE

Timed continuous Petri nets and optimization via

linear programming

Bruno Gaujal — Alessandr0 Giua

N° 4583

October, 2002





Unité de recherche INRIA Rhône-Alpes

655, avenue de l’Europe, 38330 Montbonnot-St-Martin (France)
Téléphone : +33 4 76 61 52 00 — Télécopie +33 4 76 61 52 52

���������
	���
�����
�������������������
���������
�� �"!#��������$%�&�'����

(����*)���
����"�

!��'��+��'�,�*����
#+

-�.0/�1�243657/98057:
∗ ;�< :>=@?0?0571�A�.0B43DCE/�5 †

FHG9I�J�K�LNMPO�QSRTKSUWVYXZK�[\RT]YR^[_I�J�KSR

`baTcWd^K�[eF�a_fgc

O\Uihjh7cWaT[ekYK&aTK0lmGjK�amlmGjK�n7o�prqisutvMxwNly[_cWz7K�a0{Y|W}W}@|&M~tWp�h�Ui�WK0R

�Z�'�S�����j�W�W��� n�[TGjf�R�h9Uih7K�a0{���K�l�cWn9RTf�kYK�a�UvkjK�[TKSaTJ�fgnjf�R^[_fgl#[TfgJ�KSk4l�cunu[_f�nrVjcuV9R�`'K�[Ta_fHnjK�[�J�cYkYK��
��G9K�a_K,l�cunY�9f�ly[_RNU�[Nhj��UWl�K0R\UWaTK,RTcW�g�WK0k�zr]#V9RTfgnj�#R�[_Ui[TfgcWn9UWaT]#aTcuVY[Tfgnj��h9UWa_UWJ�K�[TKSa_RS����K�RTGjc���Gjc��
[_cvl�cWJ�hjVY[_K�[TG9K�R�[_Ui[TfgcWn9UWaT]v�9a_f�nj��a_Ui[TK�� cua�UW���%[TamUin9RTf�[TfgcWn9R��rfgUD�gfgnjKSUWa�hja_cW�ua_UWJ�J�fgnj��{'RTc�UWR,[Tc
kjK�[TKSaTJ�fgnjK%[TGjKHcWhj[TfgJ�UW�YaTcuVY[Tfgnj�Nh9UiamUiJ�K�[TK�amR¡[_G9U�[¢J�U�XYfgJ�f�£SK%[_GjK��9a_f�nj�NamU�[TK0R���¤�fgn9UW���g]W{i��KHkYfgR_l�V�RTR
[_GjK"a_K���U�[TfgcWn�R%��f�[TGDkYf�R_l�a_K�[TK&`�K�[_aTf�njK�[mR

¥D¦@§©¨_ª,« ��¬'�W�®­ cun@[Tfgn@V9cWV9RH`�K�[_aTf¡n9K�[_RS{jcuhY[TfgJ�Ui�¯a_cWVY[_f�n9�9{r��fgnjK0Uia�hja_cW�ua_UWJ�J�fgnj�
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å Ìeºm²µ»�ñ ò ²µÎ�º�ô'Ç0²µ·�· ä Î³Ê0²µÃTº ä ² ¶
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� UWn9R�l�K�[�UiaT[Tf�l��gKW{�njcuV9RZl�cWn9RTf�kYQ�a_cWn9R���K0RZa_QSRTKSUWVYX4kYKv`�K�[Ta_f&l�cWn@[_f�nrV9R�[TK�J�h7cWa_fgRTQSR
kjQ�[TKSaTJ�fgnjf�R^[_KSR�kjUWn9RH��K0R��@VjKS�gRH�gKSR\l�cWnj�9fõ[mR�kjUin�RH��K0RHhj�gUul�K0R�R�cunu[�a_QSRTcW�gV9R�K�n�VY[_f��gfgR_Uin@[ekYK0R�aTcuVY[_UW�WK0R
R�[_Ui[TfgcWnjn�UifgaTK0R����ecWV�RbJ�cWn@[_aTcun9Rbl�cWJ�J�K�n@[%l�UW�gl�Vj�gK�ab�gKSRb[_UWVYX�kYKe[_f�amR%K�n�a_Q��uf�J�K\R�[_Ui[TfgcWnjn9UWf�a_K�h7cWVja
[_cWVY[_KSR,��K0R�[_a_UWn9R�f�[TfgcWn�R��rfgU6Vjn hja_cW�ua_UWJ�J�K��gf�njQ0UifgaTKu���ecuV9R�J�cunu[_aTcun9R,UWV9R_R�fbl�cWJ�J�K�n@[�lSUi��l�Vj�gK�a
�gKSR\h9UiamUiJ�I�[Ta_KSRekYK�aTcuVY[_UW�WK��@Vjf'kYcWnjn9K�n@[À�gKSR\J�KSf��g�gK�VjamRe[mUiVYXDkYK,[Tfga_RS����nY��n¯{©njcWV9RÀkYf�RTl�VY[Tcun9Re�gKSR
a_K���U�[_f�cun9R��@Vjf¯K�XYf�R^[_K�n@[eU³�WK0l\�gKSR�a_QSRTKSUWVYXZkYK&`�K�[_aTf�kjfgR_l�a_K�[mR

� « �0� ¨ ��� � �#� O�Q0R�K0UiVYXZkYK"`�K�[Ta_f�l�cunu[_f�nrV9RS{Ya_cWVY[mUi�WKNcWhj[TfgJ�UW�>{Yh9aTcu�WamUiJ�J�U�[TfgcWnZ��fgnjQSUWf�a_K
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FHG9fgR�h9UWh�KSaekYKSUW�gR���f�[TG#[TGjK&hja_cWzj�gK�J cW�'kYK�[TKSaTJ�fgnjf�n9��UWnZcuhY[TfgJ�Ui�¡R^[mU�[_f�cun9Uia_]�J�crkjKÀcW��cWh7K�amU�[_f�cun
� cuaeU�R�]YR�[TK�J kYKSR_l�a_f�z7KSk�zr]ZU�l�cun@[Tfgn@V9cWV9R%[TfgJ�KSk�`�K�[_aTf¡n9K�[S�

FHG9K�J�cYkYKS�¢�%K�l�cun9RTfgkYKSa&fgRN[mU('WKSn6� a_cWJ UWn�UWa�[_fgl���K*) p(+�zr] ­ cWG9K�n-, �.�(/ � � [,l�cun9R�f�R�[_RNci�HU#h9�gUul�K10
[_a_UWn9RTfõ[_f�cun4n9K�[Z��GjKSaTK�[_GjK�UWa_l���K�fg�WG@[S{�[TG9K6J�Uia2'@fgnj� ci��U hj��UWl�K6Uin9k�[_GjKD�9a_f�n9� l�cWV9nu[_K�a�cW�&U
[_a_UWn9RTfõ[_f�cun UWaTK�njcW[,a_KSR�[Ta_fgl�[TKSkv[_c6f�n@[_K��WKSa"��Ui�gVjKSR,zjVY[,J�U³]6[mU('uK�njcWn�njKS�uUi[Tfg�WK�aTK0Ui����UW��VjK0R�{'fE� Ku��{
��K�G9U³�uK"�9Vjf�k��@V9UWn@[Tf�[TfgKSReJ�c��rfgnj��� a_cWJ hj��UWl�K,[Tc#hj�gUul�K�amU�[_GjK�a\[TG9UWn�kYf�RTl�aTK�[TK,[Tc3'uK�n9RS��4 aTKS��K0UWRTK
kjK���U³]

δi

f�RÀUuRTRTcYl�f�U�[TK0k#[Tc�K0UWlmGDhj��UWl�K
pi

{�a_K�h9aTK0R�KSnu[_f�n9��[TGjK,[TfgJ�K�[TG�U�[\[_GjK���VjfgkD[TG9Ui[ÀK�n@[_K�amRe��fg���
RTh7K�n9kZf�nZ[TGjKNhj��UWl�KNz7K�� cWa_K\f�[�l�Uin#z�K&U³��Uifg�gUWzj�gK�[Tc��9a_Ke[TG9KNcuVY[Th9VY[%[_a_UWn9RTfõ[_f�cun9R���wÀn�[_GjK&l�cWn@[_a_UWaT]u{
n9c�kYK���U³]�fgR�UWR_R�cYl�fgUi[TKSkv[_c6[TG9K�[TamUin�R�f�[TfgcWn9RS�65 �eci[_K�[_G9U�[�Uin K �uV9f���Ui�gK�n@[,J�cYkYKS��l�cWVj��k�z7KZ�Wfg�WKSn
UuRTRTcYl�f�U�[_f�nj��U�aTKS��K0UWRTKNkjK���U³]�[Tc�KSUulmGZ[_a_UWn9RTfõ[_f�cun¯� 7
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8�Uia2'@fgnj��fgn
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δ

δ

Mp(τ)

FHfgJ�K

¤�fg�WV9aTK�L39 ���ucW�gVY[TfgcWn�ci�'[TG9K"J�UWa:'rfgnj��f�nDU�l�cunu[_f�nrVjcuV9RH`�K�[_aTf �\K�[

¤'fg�WVja_KZL�kYf�R�h9�gU³]YRNU��WKSaT]DRTf�J�hj�gK�l�cWn@[_f�nrVjcuV9Re[_f�J�K0k�`�K�[_aTf�njK�[N��f�[TG UZkjK���U³]
δ
UWR_R�cYl�fgUi[TKSk���f�[TG

[_GjKNhj�gUul�K&Uin9k#Uin�fgnjf�[Tf�Ui�¡J�Uia2'rf�n9��K	�@V9UW��[_c�cunjK39
M(0) = 1

��G9fglmG#fgRHUWR_RTVjJ�KSk�[_c�UWaTa_f��uKÀUi[b[TfgJ�K
0
fgn�[TGjK"hj��UWl�KW�

FHG9K�K��Wcu��Vj[TfgcWn�K	�@V9U�[_f�cun9R;5 p<7=0>5>q?7N�Wfg�WK�n�fgnA@YKSly[_f�cun |#kjKSR_l�a_f�z7K�Ui�g�¢h�c@RTRTfgzj��K�KS�Wcu��VY[_f�cun9RNci��R�V�lmG
UZnjK�["fgn6[_K�a_J�RNcW���9a_f�nj��l�cuVjn@[TK�amR"9eU��9a_fgnj�#l�cWVjn@[TKSa

Zj(τ)
K�XYhja_KSR_R�K0Re[_GjK�l�VjJ�Vj�gUi[Tfg�WK �@V9Uin@[Tf�[^]

cW�H�9aTfgnj�DcW��[_a_UWn9RTfõ[_f�cun
tj
fgn [TGjK�[TfgJ�KZf�n@[TKSaT��UW�

[0, τ ]
�D¤jcWa�[TGjKZRTfgnj�W�gK�[TamUin9RTf�[TfgcWn ci�H[TG9K�njK�[�f�n
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M(τ) = M(0) − Z(τ)
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p
U��Ë[_K�a�[_f�J�K

0
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J�cYkYKS�>� � [�l�cuVj��k�� cW�g�gc���Uinr] ci�e[_GjKDkjUWRTGjKSk ��fgnjK0R�kjfgRThj��U³]WKSk f�n [TGjK#�9�WV9aTKu� FHGjK	��UWR�R�crcun�UWR
h7cuR_RTf�zj�gK
� 5 ���1� � 7���aTfgnj��h�cu��f�l�]�a_K	�@VjfgaTK0R�[_G9U�[

Zasap(δ) = 1
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δ
[_GjKNJ�UWa:'rfgnj��f�n

[_GjK"hj��UWl�KNf�RHnrVj�g�
M(δ) = 0

5Âz�cu�gk��gf�njK 7y� 4\����ci[TG9K�aH�9a_f�n9��h7cW�gf�l�fgKSRHG9U³�uKÀ�gcWnj�uK�aH�9a_fgnj��kjK���U³]rR 5>Ui�g�
cW[TGjKSaekjUWRTGjK0kZ�gf�n9KSR 7y�

4ÀRTRTVjJ�K\n9c�� [TG9Ui[%[_GjK\��aTfgnj��h�cu��f�l�]
u
fgRHRTV9lmG�[TG�U�[�U��Ë[TKSa�U"[TamUin�R�fgK�n@[b[_GjKNnjK�[HaTK0UWlmGjK0RbU,h�KSaTfgcYkYfgl

J�cYkYKecW�¡cWh7K�amU�[TfgcWn�{WfE� Ku��{u� cWa
τ
RTV
��l�fgK�n@[_��]��gUWaT�uK�[TGjKSaTKeK�XYfgR�[%U"h7K�a_f�cYk

Υ
Uin9k�U"amU�[_K

λj

R�V9lmG�[_G9U�[
� cuaeUi�g�©[TamUin9RTf�[TfgcWn9R

tj
fõ[eGjcu�gk9R

Zu
j (τ + Υ) = Zu

j (τ) + λjΥ
� � n�[_GjfgR\l�UWRTKNfõ[eGjcu�gk9R
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τ→∞

Zu
j (τ)

τ
= λj ,

UWn9k��%K�R_U³]�[_G9U�[�[_GjK�njK�[ÀUWRT]rJ�hj[Tci[_fglSUi�g��]ZaTK0UWlmGjK0R�U�� , ����/����>�=�(�����(� ������� ,�� �( "����� ���NK�njKSa_UW��fg£�fgnj�9{
��K"kYK���njK"U,��aTfgnj��h�cu��f�l�] 5 njcW[Hn9KSl�K0RTR_Uia_fg��]�h7K�a_f�cYkYf�l"7�UuR�� , ����/����>�=�(�����(� ����� f���[TG9K"hjaTKS�rf�cuV9R���fgJ�fõ[
K�XYfgR�[_R�UWn9kZf�RH�9n9fõ[_KW�

�\ci[_KH[TG9Ui[���Gjf��gKeU&��KSU('r�g],R�[_U�[_f�cun9Uia_]"z7K�G9U³�rfgcWa¢f�R¢lmG9UiamUWl�[TK�a_fg£�KSk,zr]�[TG9K�K�XYfgR�[TKSn9l�K�cW����njfõ[_K��9a_f�n9�
amU�[_KSR

λj

� cWa�Ui�g��[_a_UWn9R�f�[TfgcWn�R�{�[TGjK#J�Uia2'@fgnj�6kYcrK0R�njcW[,njKSl�KSR_RTUWaTfg�g]�a_KSUWlmG9KSR"Uin U³�uK�amUi�uK�l�cWn9R�[_UWn@[
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pi

[_GjK"�gf�J�f�[

lim
τ→∞

∫ τ

0 Mi(%)d%

τ
UW�gRTc�K�XYf�R^[mR�UWn9k&fgR¯�9njf�[TKu{³[TGjKSn��%K%RTU³]\[TG9Ui[¯[TGjK%njK�['aTK0UWlmGjK0R¡U �>� �2���
!3/��"� � ���������������#� ,$� �� 
����� ����GjK�n
f�[�f�R�njci[,n9KSl�K0RTR_Uia_]6[_cvkYf�R�[Tfgnj�WVjf�RTG z�K�[^�%KSK�n [_GjK�[^��c�l�UuR�K0R�{���K���fg����zja_f�K��9] V9R�K�[TGjK�UWk³d^K0ly[Tfg�WK
�>� ��������������� ��f�[TGjcuVY[\Uinr]�UukjkYf�[TfgcWn9UW� �uV�Ui�gfõ��lSU�[_f�cun¯�

%'&(% )+*",.-0/213/547698;:<4763,(4>=":<="?A@�/B6
1C,D4�/B6FEG:H*"/5I

4�amU�[TG9K�a�kYf�J©K�a_K�n@[¢l�cunu[_f�nrVjcuV9R¯`�K�[Ta_f@n9K�[�J�cYkYKS�rG9UWR'z7K�K�n�hja_KSRTK�n@[TK0k"f�n )�L0} +Yzr]�O�KSlSUi��kYK%UWn9k @rfg�g�³U
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� cua"Ui�g��[_a_UWn9RTfõ[_f�cun9R���wÀn�l�K�Ui�uUWf�n�{©[TGjK�f�nj�9njf�[TK�RTK�a_�WK�aNR�KSJ�Uin@[Tf�l�RNf�RNUuRTRTVjJ�KSk¯{¡��GjfglmGvfgR&J�cYkYKS��K0k
zr] UWn�KS�WcW�gVY[_f�cun K	�@V9Ui[TfgcWn�ci�\[_GjK�J�Uia2'@fgnj��Vjn9kYKSa�[TGjK�� cuaTJ cW�NkYf J©K�a_K�n@[Tf�Ui�HK	�@V9Ui[TfgcWn9RS{b��G9K�a_K
[_GjK�kYK0l�a_KSUWRTK�a_Ui[TK�ci��[TGjK�J�Uia2'rf�nj�DkYKSh�KSn9kjR&cun�f�[_R"RTfg£�KW�;4\�õ[_GjcWVj�uG cWVja&h9UWh�KSa"fgR�kjKSkYf�l�Ui[TKSk�[Tc
[_GjKDR^[_V9kY]�cW�\[TG9K ­ � � J�cYkYKS�>{%fõ[�f�R�V9RTK�� Vj�H[_cvfgn@[Ta_crkjV9l�KDU�[��gKSUWR�[�f�nY� cuaTJ�UW���g] [TGjKDO�@ J�cYkYK��
z7KSlSUiV9RTKW{'z7K�]Wcun9k�[TG9K#RTVjh�KSa��7l�f�Ui�bkYf J©K�a_K�n9l�KSRS{�[_GjK�a_KZUWaTK�RTcWJ�KZRTf�J�fg�gUWaTf�[TfgKSR"[TG9Ui[�kYK0R�KSaT�uK�z�KSf�nj�
l�cWJ�J�K�n@[TK0k�Vjh�cun¯���¯K�[ÀV9R��9amR�[e�Wfg�WK�Uin�K�XYUWJ�hj��K"cW�'G9c�� [_GjK,O�@�J�cYkYK���K��ucW�g�WKSRS� ­ cun9R�f�kYKSa�[TGjK
n9K�[\fgnD�9�uVjaTK,|j{9��GjKSaTK�[TGjK"[_a_UWn9RTfõ[_f�cun�G�UWR\UZR�h7K�K0k�h9UiamUiJ�K�[_K�a

λ
9%� cWae[_Gjf�R\RT]rR�[TKSJ�[_GjK�J�Uia2'rf�n9�

KS�Wcu��VY[_f�cunZf�R��Wfg�WKSn#zr]�[_GjK"K	�@V9Ui[TfgcWn dM(τ)
dτ

= −λM(τ)
��f�[TG�fgnjfõ[_fgUW��l�cun9kYf�[TfgcWn

M(0) = 1
��GjcuRTK

RTcW�gVY[_f�cun�f�R
M(τ) = e−λτ

� �ecW[TKH[_G9U�[�Vjn9��f 'WKHfgn�[_GjK�hja_K��rfgcWV9R�J�cYkYK��E{Wf�[¢[_U3'WK0R¢Uin�f�nY��njfõ[_KeUiJ�cWV9nu[
cW��[_f�J�K&[Tc�KSJ�hY[^]�hj��UWl�K

p
�

1

86Uia2'rf�n9��fgn
p

FHf�J�K
Mp(τ) = e−λτ

λ

¤'f��uVja_K"| 9�86Uia2'rf�nj��KS�WcW�gVY[_f�cunZfgn#[_GjK"J�cYkYK��¯cW�'O�K0l�UW�gkYK"UWn9k @rf��g��U

� n�z7ci[_G�J�cYkYKS�gReUWn�UukjkYf�[TfgcWn9UW��UWR_RTVjJ�hY[TfgcWn 5Ë[_G9U�[e��K�l�UW����@YF 4\O.7H��UuR�[TG9Ui[eci�¢R�cu���rfgnj��l�cWnj�9fgl�[_R
Ui[�h9�gUul�KSR�zr]ZUuRTRTf��unjfgnj��U$@YF 4�[TfgcWn9UWaT]�O�cuVY[Tfgnj��5 ��Gjf�lmG�fgR�kYK0RTl�aTfgz7KSk�fgn�kYK�[mUifg�¡f�n#[TGjKN� cu���gc���f�n9� 7y�
¤9VjaT[TGjKSaTJ�cWa_KW{W[^�%c�UWkjkYf�[TfgcWn�Ui�9a_KSR�[Ta_f�ly[TfgcWn�R¢ci��O�K0l�UW�gkYKÀUin9k @rfg�g�³U,�%KSaTKe[TG9Ui[%ci�¯l�cWn9RTfgkjK�a_f�nj�"K �@V9Ui�
l�cWnY��fgl�[�njK�[mRbUin�k�cW�¯Ui�g��c���fgnj�"l�cunY�9f�ly[_R�cWnj�g]�Ui[bf�J�J�KSkjfgUi[TK�[_a_UWn9R�f�[TfgcWn�R 9'R�V9lmG�U&a_KSR�[Ta_fgl�[TfgcWn�fgRbnjci[
V�R�K0kZGjKSaTKu�

FHG9K�K��ucW�gVY[TfgcWn�K	�@V9Ui[TfgcWn9Reci��[TGjK ­ � � J�cYkYKS� 5>UWR_R�VjJ�fgnj��[TG�U�[ÀK0UWlmG�[TamUin�R�f�[TfgcWn��9a_KSRÀUWReRTcrcWn6UWR
f�[HfgR�K�n�Uizj�gKSk 7%l�UWn�z7KN��a_f�[�[TKSn#UuR�[_GjKNl�cWVjh9��fgnj��ci��U�l�cWnr�uK�n@[TfgcWn9UW�9�gf�n9KSUiaHRT]rR�[TKSJ ��fõ[_G�U 5 J�f�n�{

×
7

�gfgnjKSUWa\R�]YR�[TKSJ�{7fE� Ku��{7fõ[NfgR\�WKSaT]#KSUWRT]#[Tc�fgJ�hj��KSJ�K�n@[S�\FHG9K�K��ucW�gVY[TfgcWnDK �uV�U�[TfgcWn�R�ci��[TG9K�O�@�J�cYkYKS�>{
cun�[TGjKel�cWn@[TamUia_]W{WlSUin�z�K\��aTf�[�[_K�n�UWR�[_GjK\l�cWVjhj�gfgnj�&ci�¯U&l�cWnr�uK�n@[TfgcWn9UW�jR�]YR�[TKSJ ci�©�gf�njK0Uia�kYf J©K�a_K�n@[Tf�Ui�
K �@V9U�[_f�cun9RN��fõ[_G U 5ÂJ�fgn¯{

×
7N��fgnjK0Uia�RT]rR�[TKSJ�{�Uin9k�Uia_K�J�cWa_K�kYf ��l�Vj��[�[_c�RTcW�g�WKu��wÀnv[TGjK�l�cWn@[TamUia_]W{
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��G9K�n�[_GjKHnjK�[¢f�R���fg�WKHUin�k�z7cWVjn9kjKSk¡{�[_GjK�O�@,J�cYkYKS�Y��K0UWkjR�[_cNUWn,KSUuR�]�l�cWJ�hjVY[mU�[_f�cun,ci�7UNR�[_Ui[TfgcWn9UWaT]
z7K�G�U³�@fgcWa%zr]�J�K0Uin9R�cW��U��gf�n9KSUiaHhja_cW�ua_UWJ�J�fgnj��h9aTcuzj��KSJ 5 �¯`b` 7y{j��G9f��gK\[_GjK ­ � � J�crkjK��©aTK �@Vjf�a_KSR
U�J�cWa_K"l�cuJ�h9��K�XZhja_crl�KSkYV9aTKNz9UWRTKSk#cWnDkY]rn9UWJ�fglNhja_cW�ua_UWJ�J�fgnj�9�

%'&�� � /5? = IN63?	:�� 6�� ,(?	��
��#/51

FHG9K,V9RTK,cW���gfgnjKSUWaÀcua\fgnu[_K��uK�a\h9aTcu�WamUiJ�J�f�nj��� cuaNUWn9Ui�g]YR�f�ReUin�kDh�KSa�� cuaTJ�UWn9l�K�KS��Ui�gV9U�[_f�cunDci��`�K�[_aTf
n9K�[_R&f�R"U#aTf�lmG���K���k6[_G9U�["f�R '@n9c���n�Vjn9kjK�a&[TG9K�n9UiJ�K�ci� �>� ����
1� �
�:�(/��(� �(/�� �>� � ) ��+ � � nv[TGjK�lSUWRTK�cW�
[_f�J�K0k�kjfgR_l�a_K�[_K�n9K�[_RN[_Gjf�R�Uihjh9aTc@UWlmG6�uf��uKSRN�WcrcYk�z7cWV9n9kjR"cun�RTK��uK�amUi�'h�KSa�� cuaTJ�Uin�l�K�J�K0UWRTVja_KSRÀ� cWa
fgn@[TKSaTK0R^[_f�nj�6l��gUuRTRTKSR�ci��njK�[mR ) t�+ � � n�[TGjK#l�UWRTK�cW��l�cWn@[TfgnrVjcWV�R"njK�[mR�{'[_GjfgR�Uihjh9aTc@UWlmG�fgR,K��WKSn�J�cWa_K
V�R�K�� Vj�>{9ci�Ë[TKSn�hjaTc��rf�kYfgnj�,[_GjK"K�XjUuly[���Ui�gVjK&ci��h�KSa�� cuaTJ�Uin�l�KNJ�K0UWRTVja_K	)gLS}j{¡LWL>+ �

FHG9KD�9amR^[�a_KSRTVj��[Zci�&[TG9fgRZh9Uih7K�a0{HfgR#R�Gjc���fgnj��[TG�U�[�[_GjK�hja_cWz9��KSJ ci��l�cWJ�hjVY[_f�nj� [_GjKvR�[_Ui[TfgcWn9UWaT]
z7K�G�U³�@fgcWa&� cua&[TGjK ­ � � J�cYkYK��%l�Uin�UW�gRTcDz�K�RTcW�g�WK0k�zr]�U���fgnjKSUWa�hja_cW�ua_UWJ���FHG9K �¯`�` ��K���aTf�[TK
f�R�RT��fg�WG@[_��]�kjf�J©K�a_K�n@[�� a_cWJ [_GjK�cunjK�V9RTKSkv[Tc6l�cWJ�hjVY[_K�[TGjK�R�[Ta_cWnj�u��]vR^[mU�[TfgcWn�Uia_]6z�KSG9U³�rf�cua&ci�H[TGjK
O.@�J�cYkYKS��9�[TG9K��9amR^[�lSUin�fgn�K J©KSl�[�z7KZR�KSK�n UuR�UD�WKSnjK�amUi�gfg£SU�[_f�cunvcW�H[TGjK���U�[T[TKSaS� � n �ÂUWl�[,fgn cWVja
��`�` ��K\l�cWn9RTfgkjK�a0{@UWJ�cunj�"ci[_GjK�amRS{@UuR�J�Uinr]�K	�@V9U�[_f�cun9RbUuR�[_GjK�a_K\UWaTKeh9�gUul�KSRbf�n�[TGjKNnjK�[mR�{@KSUulmG�cWnjK
l�cWa_aTK0R�h7cWn�kYf�n9��[_c ��fõ[T[T�gK�� R\��U³� � cWae[_GjK��9Vjf�kDK�n@[TKSaTfgnj��[_GjK,h9�gUul�KW�&wÀn�[TGjK�l�cunu[_a_UWaT]u{jfgnD[TGjK �¯`�`
cW��O�K0l�UW�gkYK�UWn9kA@rf��g��U#[TGjf�R"fgnY� cWa_J�U�[TfgcWn�f�R�L�l�cWJ�h9UWl�[TK0k
M�fgn U�RTf�n9�W�gK ��fõ[T[T�gK�� R"��U³� UWR_RTcrl�fgUi[TK0kD[Tc
K0UWlmG�`�0 f�nr��Uia_fgUWn@[S�

4\����[TG9KNRTcW�gVY[TfgcWn�R�ci�¡[_GjK �¯`�`�ci��O�K0l�Ui��kYKNUin9k @Yf��g��U,l�UWnZUi��RTc�z�K\� cWVjn�k�zr]�cuVja��¯`�`�� � n�[TG9KNlSUWRTK
cW�'R�[Ta_V9ly[_VjamUi�g��]��gfg�WK�Uin�kZz7cWVjn�kYKSk�njK�[S{Y� VjaT[TG9K�a_J�cuaTKu{r[TGjK&[^��c�hja_cW�WamUiJ�R%�9n9k#[_GjK�RTUWJ�KNcuhY[TfgJ�Ui�
RTcW�gVY[_f�cun¯��FHG9fgR�Ui�g��c��eR�V9R,[Tc�l�cWn�l��gV9kYK#[TG9Ui[�Ui��[TG9cWVj�uG�[TGjK#[^��c�J�cYkYK���R,G�U³�WKZUv�WKSaT] kYf J7KSaTKSnu[
[_a_UWn9RTf�KSnu[�z7K�G9U³�rfgcWa0{�[_GjK�]�z�cW[TG aTK0UWlmG [TGjK�R_UiJ�KDR�[_U�[_f�cun9Uia_]�z7K�G9U³�rfgcWa0{bfgn�[_GjK6RTK�n9RTK�[TG9Ui[�[TGjK
U³�uK�amUi�uKb�9a_fgnj��amU�[TK\ci�¡KSUulmG�[TamUin9RTfõ[_f�cun�J,V9R�[�R_U�[_fgR�� ],[_GjKÀR_UiJ�KH[^]rh7K\ci�¡K �uV�U�[TfgcWn�R�5ÂRTK�KÀR�K0ly[TfgcWn�t 7y�

�\ci[_K\[_G9U�[�[TGjf�R�aTK0R�V9�õ[HfgR%njcW[�]uK�[�UinjcW[TGjKSa%�uK�amR�fgcWn�cW�¯[TGjKHL^� cW� '�[TGjKScWa_K�JDMe[TG9Ui[HR_U³]YR¢[_G9U�[�� cWaHKSUulmG
U�J�crkjK��H��GjK�a_K�[_GjK#[TfgJ�K�f�R�UuRTRTcYl�f�U�[_KSk [_c6[TG9KZ[_a_UWn9R�f�[TfgcWn�R�[_GjK�a_K#K�XYfgR�[_R�Uin K �@Vjf���UW��KSnu[�J�cYkYK��
��G9K�a_Ke[TG9K\[_f�J�K&fgRHUuRTRTcYl�f�U�[TK0k�[Tc�[TGjKNhj��UWl�KSRS� � nZ�ÂUWl�[S{@[TGjK&kYf J7KSaTKSn9l�KNz7K�[^��K�K�nZ[TGjKÀ[^��c,J�cYkYK���R�fgR
kjK�K�h7K�aÀ[TG�Uin6[_Gjf�RNUWn9k¡{¡UWRÀ��K,G9U³�uK,Ui�gaTK0UWkY]�RTGjc���n¯{7[TGjKSf�aÀ[TamUin�R�fgK�n@[Àz7K�G�U³�@fgcWaÀfgRN�uK�a_]�kYf J©K�a_K�n@[S�
FHG9KÀ�ÂUuly[H[TG�U�[H[TGjK"R�[_Ui[TfgcWn9UWaT]�z7K�G9U³�rfgcWaHci��z7ci[_G�J�cYkYKS�gRHlSUin�z�K"kYK0RTl�aTfgz�K0kZzr]�K�XYUuly[_��]�[_GjK�RTUWJ�K
K �@V9U�[_f�cun9RHl�UiJ�K&[_c�V�ReUWRHU�RTVjaTh9aTf�R�Ku�
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��K�UW�gRTcZRTGjc���[TG�U�[\[_GjK�Uiz7c��WK�J�K�n@[_f�cunjKSk6kjf�J©K�a_K�n9l�K,z7K�[^��K�KSnD[TGjK �¯`b` ��K,��a_fõ[_K�Uin�k�[TGjK�cWnjK
cW�'O�K0l�UW�gkYK"UWn9k @rf��g��U�G9UWR�RTK��uK�amUi�©ci[_GjK�a�fgJ�hj��f�l�Ui[TfgcWn9R�[_G9U�[\UWaTK"kYKS�WKS��cuh�K0kZfgn�[TGjK"h9UWh�KSaS�

¤'fga_R�[T�g]W{bcWVja�Uih9hjaTc@UWlmG lSUin4Ui��R�cvz�KDUih9hj��fgKSk [Tc�njK�[_R�[TG�U�[�Uia_KZnjcW[�R^[_aTV9l�[TVjamUi�g�g]�z7cWV9n9kYKSk4Uin�k
kjcZnjcW[&UukYJ�fõ["F 0Efgnr��Uia_fgUWnu[mR 9Hfgn6[_GjfgR"RTK�n�R�K��%K�l�Uin�Ui��R�c#l�cWJ�hjVj[TK�U���KSU('DR�[_Ui[TfgcWn9UWaT]�z�KSG9U³�rf�cuaS�
@YKSl�cun9kY�g]W{if�[bl�UWn�UW�gRTc&z�K�kYfgaTK0ly[_��]�V�R�K0k�[_c�kYK�[_K�a_J�fgnjK�Uin�cWhj[TfgJ�UW�jR^[mU�[_f�cun9Uia_]N�9aTfgnj�&�WK0ly[_cWa¢UiJ�cWn9�
RTK��uK�amUi��9�z7K�fgnj��UWzj��K&[_c�R�cu���uKÀK ��l�fgK�n@[T�g]�[_GjfgRehjaTcuzj�gK�J�cW�'h9a_Uuly[Tf�l�UW�©aTKS��KS�³UWn9l�K&f�R�{9�%K"z7K��gf�KS�WKu{Y[TGjK
J�UWf�n�l�cWn@[_aTfgzjVY[_f�cun�ci�b[TGjf�R&h9Uih7K�a0�,FHGjfgamkY��]u{¡�%K�RTGjc���[TG9Ui["��Gjf��gK�UinvcWhY[_f�J�Ui�¢R�[_Ui[TfgcWn9UWaT]��9a_f�n9�
�uKSl�[TcWa%Ui�g��U³]YR�l�cWa_aTK0R�h7cWn9k9R�[Tc�U"h9UiaT[Tf�l�V9�gUWa @YF 4\O"{@fgn��WKSnjK�amUi��fõ[�fgR%njci[�aTK0UWlmGjK0k�� aTcuJ [_GjK\fgnjf�[Tf�Ui�
J�UWa:'rfgnj��V9RTf�nj�\[TGjK�RTUWJ�K @YF 4\O kjVjaTfgnj��[_GjK%[TamUin9RTf�KSn@[S��FHGjK%cWhY[_f�J�UW�W[_a_UWn9R�fgK�n@[0{0fE� KW�g{S[_GjK%[TamUin9RTf�KSn@[
[_G9U�[¢�gKSUukjR�UWR�R�crcun�UWR'h7cuR_R�fgzj�gK�[TcÀ[TGjK�cuhY[TfgJ�Ui�YR^[mU�[_f�cun9Uia_]&z�KSG9U³�rf�cua�lSUin�Ui��R�cNz�KHK0UWRTf��g]�l�cuJ�h9VY[TK0k
V�R�fgnj��cWVjaeUWhjhja_cuUulmG¯�

FHG9fgR�h9Uih7K�a'f�R�R�[Ta_V9ly[_Vja_KSk�UuR¡� cW�g�gc��eR�� @rKSl�[TfgcWn�|ehjaTK0R�KSn@[_R¡[_GjKHkYK��9n9fõ[_f�cun9R�UWn9k"njcW[_Ui[TfgcWn9R'UWR��%KS���rUWR
[_GjK�R�KSJ�Uin@[Tf�l�RÀci� ­ cWn@[TfgnrVjcWV9RÀ`�K�[_aTf¢njK�[_R;5 ­ ` �.7NUin�k � K�[_K�a_J�fgnjf�R^[_fgl�FHfgJ�KSk ­ cun@[Tfgn@V9cWV9RN`�K�[_aTf
n9K�[_R�5 � F ­ ` � 7#UWn9k�RTK��WKSa_UW�\hja_cWh7K�aT[TfgKSRS{�J�Uifgnj�g] l�cWn9l�K�a_njfgnj����fg�WKSnjKSR_R�f�R_R�VjK0R�� � n�h9UWa�[_fgl�Vj�gUWaS{
@YVjz9RTKSly[_f�cun�|Y�µq6RTGjc��eR,Gjc���R�V�lmG njK�[mR�{¢V9n9kYK�a�U�@YF�4ÀO�h7cW�gfgl�]�Uia_KZK	�@Vjfg��Ui�gK�n@[,[_cvR�[Ta_V9ly[_VjamUi�g��]
l�cWnY��fgl�[�0E� aTKSKZnjK�[_RS� FHGjK#J�Ui[TK�a_f�Ui�Hhja_KSRTK�n@[TK0k�f�n [TGjf�R�hja_K��gf�J�fgn9Uia_] R�K0ly[TfgcWn�fgR�amU�[_GjK�a�R�fgJ�f���Uia�[Tc
[_GjK�aTK0R�Vj��[_R,hja_KSRTK�n@[TK0k�f�n )�L0} + � @rK0ly[_f�cun�t6�uf��uKSR�[TGjK���fgnjK0Uia,h9aTcu�WamUiJ �¯`�` 5 � 7"[TG9Ui[�l�cWJ�hjVY[_KSR
[_GjK,R�[_Ui[TfgcWn9UWaT]���aTfgnj��amU�[TK0RHci��[TG9K�njK�[0� @YKSly[_f�cun�p�R�Gjc��eReGjc�� [_c�l�cuJ�h9VY[TK"[_GjK"cWhj[TfgJ�UW��a_cWVY[_f�n9�
l�crK ��l�fgK�n@[_R¯f�n,U � F ­ ` � ��GjK�n&[_GjK�]"UWaTK¢njcW[��Wfg�WKSn"z�K�� cWa_K�G9UWn9k¡� � [�Ui��R�c�h9aTK0R�KSnu[mR¯RTK��WKSa_UW��h�c@RTRTfgzj��K
K�Xr[TK�n�R�fgcWn9RS�¢¤'f�n9UW���g] @rK0ly[_f�cun�q�RTGjc��eR�Gjc���[TG9K"hjaTKS�rf�cuV9R�aTK0R�Vj��[_RHl�cWVj��kZz7K�UWk9UihY[_KSkZ� cWaHGjK�V9aTf�R^[_fgl
cuhY[TfgJ�f�£0U�[_f�cun#fgnDkYfgR_l�a_K�[_K&`'K�[Ta_f¡njK�[mR��

4 R�G9cWaT[��WKSa_RTfgcWn ci�e[_Gjf�R,h9UWh�KSa��HUWR,hja_KSRTK�n@[TK0k f�n ) � + � FHGjK�l�Vja_aTKSnu[�h9Uih7K�a�hja_c��@f�kYK0R�U�kYKSK�h7K�a
fgn9RTf��uG@[�cWn,[TGjKHl�cun9kYf�[TfgcWn9R�Vjn9kjK�a���Gjf�lmG�[TG9K%�gf�n9KSUia'hja_cW�ua_UWJ�J�fgnj�\UWhjhja_cuUWlmG"�uf��uKSR¯[TGjK�UWRT]rJ�hY[TcW[Tf�l
h7K�aT� cWa_J�Uin9l�KSR,ci��[TG9K#njK�[S� FHGjK#UuRTRTVjJ�hY[_f�cun9R,V�R�K0k�GjK�a_K#UWaTKZJ�cuaTKZ�WK�n9K�amUi��[_G9Uin�f�n [TGjK�R�G9cWaT[
h�Uih7K�a0��FHG9fgR�h�Uih7K�aeUi��RTc�hja_c��rfgkjKSR�J�cWa_K&kjK�[_UWf��gKSk�hja_crci�ÂR�ci�'[TG9K"J�UWf�n�a_KSRTVj�õ[mR��
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4 
 �(� �����C� ��� ��� , � �>��� , � 5 ­ ` �.7�fgR�U�R�[Ta_V9ly[_VjaTK
N = (P, T, Pre, Post)

{9��GjK�a_K

� P
f�R�U�R�K�[eci�

m
hj��UWl�K0R��

� T
f�ReU�RTK�[�ci�

n
[_a_UWn9R�f�[TfgcWn�R��

� Pre : P × T → R+
0

fgR%[TG9K
pre
fgn9l�f�kYKSn9l�KÀ� Vjn9l�[TfgcWn�[_G9U�[�RTh�K0l�f��9KSR%[TG9KÀ��K�fg�WG@[_R%ci��[TGjK&Uiaml�R

� aTcuJ�hj��UWl�KSR%[Tc�[_a_UWn9RTfõ[_f�cun9R��

�
Post : P × T → R+

0

fgR&[_GjK
post
f�n9l�fgkjK�n9l�K�� Vjn9ly[_f�cun�[TG9Ui[,R�h7KSl�fõ�9K0R&[TG9K��%KSf��uGu[_KSk�Uiaml�R

� aTcuJ�[_a_UWn9R�f�[TfgcWn�Rb[_c�hj��UWl�K0R��

��K�kYKSnjci[_K
C = Post − Pre

[TGjK�fgn9l�fgkYKSn9l�K�J�Ui[Ta_fõX�cW�HU�njK�[S�ZFHG9K�hjaTK0R�K�[�Uin9k�h7cuR�[_RTK�[�ci�HU
n9crkjK

x ∈ P ∪ T
Uia_K"kYK�n9ci[TK0k •x

UWn9k
x• {jaTK0R�h7KSl�[Tfg�WKS��]u�

4 �;���V�(���
! fgRHU,�WKSl�[Tcua
M : P → R+

0

[TG9Ui[HUuRTRTf��un9R¢[_c�K0UWlmG�hj��UWl�KNU,njcWn��@njKS�uU�[_f��uKea_KSUi� �@V9Uin@[_fõ[^]
lSUi�g��K0k �;���V� �¡[TGjK�J�Uia2'rf�n9��ci�bh9�gUul�K

pi

fgR&kYKSnjci[_KSk
Mi

� � nvkjfgR_l�a_K�[_K,`�K�[_aTf�njK�[_RS{©[TGjK�J�Uia2'@fgnj�#fgR
a_K	�@Vjfga_KSk\[Tcez7K�fgnu[_K��uK�a¯��Ui�gVjK0k¡��FHGjK¢�uK�njKSa_UW��fg£SUi[TfgcWnÀ[Tc�a_KSUW�i��Ui�gVjKSR¡]rfgK���kjR¯J�UWn@]NR�fgJ�hj�gfõ��lSU�[_f�cun9R�{0fgn
h�UiaT[Tf�l�Vj��Uia�l�cun9l�KSaTnjfgnj�\[TGjKHa_KSUWlmG�Uizjfg��f�[^]&fgR_RTVjKSR'��Gjf�lmG,z7KSl�cWJ�K�RTfgJ�h9��KH�gf�njK0Uia¢Ui�g�WKSzjamUif�lbl�cun9kYf�[TfgcWn9R
5>R�KSK�hja_cWh7cuRTfõ[_f�cun�L�z7K��gc���7y� 4 ����� ��� �>� , �

〈N, M (0)〉
fgR�UDnjK�[

N
��fõ[_G Uin�fgnjf�[Tf�Ui��J�Uia2'@fgnj�

M(0)
�

�Nfg�WKSn4U ­ ` �
N
��fõ[_G f�n9l�fgkjK�n9l�K�J�Ui[Ta_fõX

C
9DU�`�0 f�nr��Uia_fgUWn@[�f�R�U��WKSl�[Tcua

x ∈ Rm
RTV9lmG [_G9U�[

x 
 0
Uin�k

xT C = 0
�¡U�F 0 f�nr��Uia_fgUWn@[efgRÀU��WK0ly[_cWa

y ∈ Rn
RTV9lmG�[_G9U�[

y 
 0
Uin9k

Cy = 0
�\FHGjK

RTVjhjh7cWaT[\cW�¢U�`�0Efgnr��Uia_fgUWnu[
x
5ÂaTK0R�h¯�g{©F 0Efgnr�³UWaTf�Uin@[

y
7�f�R�[TG9K,R�K�[

||x|| = {pi ∈ P | xi > 0}
5ÂaTK0R�h¯�g{

||y|| = {tj ∈ T | yj > 0}
�

��KZUW�gRTc6kYK���njK#U6F 0 fgn9l�a_KSUuR�K 5 a_KSRTh¯�g{¢F 0 kYK0l�a_KSUuR�K 7ÀUuR,UD�uKSl�[TcWa
y ∈ Rn

R�V9lmG [_G9U�[
y 
 0

Uin9k
Cy 
 0

5 a_KSRTh¯��{
Cy � 0

7��

44�uKSly[_cWa
y
5 fgn�h�UiaT[Tf�l�Vj��Uia�Uin�f�nr��Uia_f�Uin@[ 7�fgR¢R_Uif�k"[_c&z�K � � �>������ ,�f��¡Ui�g�@f�[_R¢l�cWJ�h7cWnjKSnu[mR¢Uia_Kbh7cuRTfõ[_f��uKW{

fE� KW�g{jfõ�
y > 0
�

É æ B¯ÉËì



���������	��

�����������������������! "���$#�� �

4�njK�[\f�R �>� �:��� !(/�� 
2�(� � , 
 � ,��"fõ��[TG9K�a_K"K�XYfgR�[_R\U�kYfgaTK0ly[TK0k�h9U�[_G�� aTcuJ Uinr]#njcYkYK�fgn
P ∪ T

[Tc�KS�WK�a_]
cW[TGjKSa�njcYkYKW�

�H&�� ��,(1C,(4��G?
/5E 
�476
,V8B?

� nZ[TGjf�RHR�V9z9R�K0ly[_f�cun��%KÀaTK0l�UW���©R�cuJ�K\z9UuR�f�lea_KSRTVj��[_R�Uiz7cWVY[�UiVY[_cWnjcuJ�cWV9R.5 fE� Ku��{YVjn@[_f�J�KSk 7bl�cWn@[TfgnrVjcWV9R
`�K�[Ta_f�njK�[_Re� cW�g��c���fgnj� )gLWL>+ �\FHGjK0R�K�aTK0R�V9�õ[mRe��fg���'z�K�V9RTKSkDfgnD[TG9K�� cW�g�gc���f�nj��{9K0R�h7KSl�fgUW���g]Z[_GjcuRTK,lmG9UWa�0
Uuly[_K�a_f�£Sf�nj��[TG9K"J�UWa:'rfgnj��aTK0UWlmG9UWzjf��gf�[^]�hjaTcuh�KSa�[^]u� �eci[_K&[TG9Ui[�[TGjK ­ � � J�crkjK���UWn9k�[_GjK�O�@#J�cYkYK��
lSUin�z�K�RTK�KSn�UuR�kYf J7KSaTKSnu[�[_f�J�K0k#K�Xr[TK�n�R�fgcWn9RHcW��[_GjK�RTUWJ�KNV9n9kYK�a_�g]@fgnj��UiVj[TcWn9cWJ�cWV9R�J�cYkYK��E�

� n�U ­ ` ��[_GjKe�9a_fgnj��ci�¯U&[_a_UWn9RTfõ[_f�cun
tj
f�R�h7cuR_RTf�zj�gKeVjn�kYK�a%J�UWa:'rfgnj�

M
fõ�

Mi > 0
� cWa�Ui�g�

pi ∈ •tj
�

� �'[TG9fgR�f�R�[TG9K�l�UWRTKN[TGjK&[_a_UWn9RTfõ[_f�cunZJ�U³]��9a_K"U �uV�Uin@[Tf�[^]
z
��GjKSaTK

z ≤ min
pi∈•tj

Mi/Pre(pi, tj).
5^L
7

FHG9fgR��9a_fgnj��]@fgK���kjReU�njKS� J�Uia2'rf�n9�
M ′ RTV9lmG#[TG9Ui[

M ′ = M + C(zej)
5>|37

��G9K�a_K
ej

fgR%U&�WKSl�[Tcua���GjcuRTK
j
0>[_G�l�cuJ�h7cWn9K�n@[bf�R�K	�@V9UW�Y[Tc

1
��G9f��gKÀUW���jcW[TGjKSa%l�cWJ�h�cunjK�n@[mR�Uia_K�nrVj���E�

FHG9fgRHf�RekYKSnjci[_KSk
M

(j,z)
→ M ′ �

� �jUHRTK	�@VjK�n�l�K¢ci�r[_a_UWn9R�f�[TfgcWn�R
tj1 · · · tjk

Uia_K���aTK0k\� cua�U �@V9Uin@[_fõ[^]
z1 · · · zk

{�[_GjK�n
M

(j1,z1)
→ M1

(j2,z2)
→

M2 · · ·
(jk ,zk)
→ Mk

����K�RTU³]e[TG9Ui[�J�Uia2'@fgnj�
Mk

fgR¯aTK0UWlmG9UWzj��K¢UWn9k&kYK�njcW[TK�[_GjfgR�zr]
M

(j1,z1)···(jk,zk)
→

Mk

��FHG9KNJ�UWa:'rfgnj�
Mk

R_U�[_fgR��9KSR
Mk = M + Cz

��GjK�a_K

z =

k
∑

i=1

zieji

f�R\U��WKSl�[Tcuae��GjcuRTK
j
0E[TG6l�cuJ�h�cunjK�n@[\f�Re[_GjK,RTVjJ ci��[TG9K��9a_f�n9� �@V9Uin@[Tf�[^]#UuRTRTcYl�f�U�[_KSk#[TcZ[TamUin9RTfõ[_f�cun

tj
f�n�[_GjK�R�K �@VjK�n9l�KW�

4 ­ ` ��f�R � ��� � �3,��"f���Ui�g��J�Uia2'rf�n9�uR�a_KSUulmG9Uizj�gKN� aTcuJ
M(0)

Uia_K"z7cWVjn9kjKSk¡���\ci[TK�[TG9Ui[\fõ�bU�njK�[\f�R
V9n@z7cWV9n9kYKSk�f�[eJ,V9R�[�G9U³�WK"U�F 0 f�n9l�aTK0UWRTKW�
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4 ­ ` � fgR / �� ,Àfõ�%� aTcuJ Ui�g��a_KSUulmG9Uizj�gK�J�Uia2'rf�n9�uRS{�cunjK�lSUinD�9n�k�UZ�9aTfgnj��R�K �uV9K�n9l�K�l�cun@[_Uifgnjfgnj�ZUW���
[_GjK"[_a_UWn9R�f�[TfgcWn�R�� �¯fg�WKSnjKSR_R�cW� ­ ` ��f�Rea_K�J�ci[_K��g]Za_K���U�[TK0k���fõ[_GD��fg�WKSnjKSR_RecW��kYfgR_l�a_K�[_K"njK�[mR 5>R�KSK )gLWL>+
� cua�J�cWa_K&kjK�[_UWf���R 7y� ­ cWn9RTf�kYK�aH[_GjK�l�UuR�K"kYf�R�h9�gU³]uKSk�fgn��9�WV9aTK"tj�

1/2

p1p2

¤'fg�WVja_K"t 9�4��gf��uK ­ ` ���

� n�[TGjf�R�n9K�[S{³z7ci[_G"[TamUin9RTf�[TfgcWn9R�J�U³]À�9a_K�fgnY�9njf�[TKS��]"cW�Ë[TK�n�9¡[TGjK ­ ` � f�R���fg�WKu���ec���K��uK�a©[_GjK%UuRTRTcYl�f�U�[TK0k
kjfgR_l�a_K�[_K%njK�[�fgR¢kjKSUWkj��cYl 'WK0k¡� �\ci[_K�G9c��%KS�WK�a�[TG�U�[�[TGjK

n
0E[TG��9a_f�n9�ÀcW��KSUulmG�[_a_UWn9R�f�[TfgcWn��9a_KSR'�gKSR_R'[TG9UWn

(1/2)n
J�Uia2'rRS�

� � «��b« ���Â��� «��
	���
�	�	�������� � �-�����
(N, M 0) �

� � , � , �;� � � , � 
 � � � / , �$���V����� !��
R(M 0)

� � �

 �(�  ,�� � , � 
 ��� � ����� ,�� ���

(R+
0 )m �

�\ci[_K,[_G9U�[&[TG9fgR&l�cunr�WK�X6RTK�[&fgRNnjcW[�Ui�g��U³]YR\U�l��gcuRTKSk�R�K�[&KS�WKSn6��GjK�nv[TG9K ­ ` � f�R&z�cuVjn9kYK0k¡�,FHGjK
RTK�[

R(M 0)
ci�'[TG9K ­ ` � kYf�R�hj��U³]WK0kZfgn��9�WV9aTK&t�fgRH�uf��uK�n�f�n��9�uVja_KÀp��

1/2

1

1

M 0

p1

p2

¤'f��uVjaTK&p 9�FHGjK"R�K�[eci�'UW����aTK0UWlmG9UWzj��K\�9a_f�nj�@R

� [%fgRbJ�UukYKecW�7[_GjKe�uaTKS]�[Ta_f�Uinj�u��K�K�XYl�K�hY[b[TGjKeh7cWfgn@[
(0, 0)
{u��G9fglmG�f�R�njcW[ba_KSUWlmG�Uizj�gK 5 cWn9��]�aTK0UWlmG9UWzj�gK

V�R�fgnj��Uin�f�nj�9njf�[TK�nrVjJ�z�KSa�ci����aTfgnj�uR 7y�

��K�K�Xr[TKSn9k [_GjK�kYK��9n9fõ[_f�cun�cW�\aTK0UWlmG9UWzjfg��f�[^] z@] R_U³]rf�n9�D[TG9Ui[�Ui�g��J�UWa:'rfgnj�uR�f�n [TGjKDUukYGjK�a_K�n�l�KZcW�
R(M 0)

Uia_KNaTK0UWlmG9UWzj��Ku�'FHG9fgR�l���c@R�K0kZRTK�[�fgR�kjK�njcW[TKSk
R∞(M 0)

�¢��K&��f��g�¯Ui��RTc�K�X@[_K�n9k#[_GjK"kYK��9n9f 0
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[_f�cun6ci�%��fg�WKSnjKSR_R�� 4 ­ ` � fgR / ����� / �� ,Nf��%R�[_UWa�[_f�nj�Z� aTcuJ Uinr]�J�UWa:'rfgnj�Zfgn
R∞(M 0)

{¡cWnjK�l�Uin6�9aTK
UW���©[_GjK&[TamUin�R�f�[TfgcWn9RS�

FHG9K�n9K�[bkYf�R�h9�gU³]uKSk�fgn��9�WV9aTKHtNfgR¢�gfg�WKHzjVY[�njcW[¢��fgJ	0E�gf��uK�R�fgn9l�KHJ�Uia2'rf�n9�
(0, 0)
z7K��gcWn9�uR'[Tc

R∞(M0)5>R�KSKN�9�WVja_K&p 7��

�\nj�gf�'uKvfgn kYf�R_l�a_K�[TKvnjK�[mR�{À[TG9K�R�[_Ui[TK�K	�@V9U�[_f�cun�ci��U njK�[�cW�Ë[TKSn �Wfg�WK0RZn9KSl�K0RTR_Uia_] Uin9k R�V
��l�f�KSnu[
l�cWn9kjfõ[_f�cun9R�� cWa�a_KSUulmG9Uizjfg�gfõ[^]�UuR�R�Gjc���n#f�n�[_GjK&� cW�g��c���fgnj��hja_cWh7cuRTfõ[_f�cun9RS�
� � «��b« ���Â��� «���� � 
�	�	������ � � �������!� � ����
 � � � �(� ��/�/�� �2���3�>���������C� 
 ���	� ,�� � ,�� ��� � � � � � , � , � � ���
� � ���>������ , ��� ���  ���>����� � � � , �

M = M(0) + Cz
�1���

z ∈ (R+
0 )n

� � ��� � �(� /��;� �
M ∈ R∞(M 0)

�

FHG9K�J�UWf�n a_KSR�[Ta_fgl�[TfgcWn�cW�%[_GjK�hja_K��rfgcWV9RNhja_cWh7cuRTfõ[_f�cun�f�R"�Wfg�WKSn�zr]6[_GjK�aTK �@Vjf�a_K�J�KSnu[&[_G9U�["[_GjK�njK�[
UukYJ�fõ[mR�U�h�c@R�f�[Tfg�WK�F 0 f�nr��Uia_f�Uin@[S� 4��%K0U('uK�a�zjVY[\J�cWa_KN�WK�n9K�amUi�©aTK0R�V9�õ[ef�R�[TGjK&� cu���gc���fgnj�9�
� � «��b« ���Â��� «��	� ��
�
 ����� � �$������� � �0����
 � � � �(����/�/�� �:���C�>�������(�3� 
 ��� � ,�� � ,�� � ��� � � �	� � , � ,;, � � �>�
�  , 
1� ���

z
����
 � � � �(�

M = M 0 + Cz
� � , � � �$���V����� !

M ′ ��� 
1/ � � , � � M
� � �?, �>��� ,�� 
 �(�A� ,

� , � 
 � ,�� �

¤'fgn9Ui�g�g]��%K"UW�gRTc�aTK0l�Ui�g�©cWnjK"a_KSRTVj��[H[TG9Ui[e��f��g�¡z�K"V�R�K0k#fgn�[TGjK"h�Uih7K�a0�
� � «��b« ���Â��� «���
 ��
 	�	 � � � � � � ����� � � ����
 � � � ��� ��/�/ � �2���3�>���������C� 
 �(�F� ,�� � ,�� � � � , � �$� ���>������ ,
�;���V�(���
! 
 ���	� , � , ��
 � ,�� ���:��� �Q� � 
 � ���C� ��� ���  ���>����� � � ��� ��� ��� 
 � , ��� , � 
 ��� � ,�� � ,�� �

�H&�� � /B6
/21CE ,(4 ,(? 63,(8 6
,VE /5*�� @��

4 �?, � , �>�	��� � �>��� 
 ����� ,�� � ��� 5 � F ­ ` � 7�fgR�U�h9UWf�a
(N, δ)
{Y��GjKSaTK

N
fgR�U ­ ` ��{jUWn9k

δ : P → N
{

lSUi�g��K0k�aTKS��K0UWRTK,kYKS�gU³]���{¡UWR_RTf��un9ReU�n9cWn �rnjK��@U�[Tfg�WK&�9XrK0k6kYVjamU�[_f�cun�[Tc#KSUWlmGDh9�gUul�KW�NFHGjK,J�UWa:'YR�[_G9U�[
KSn@[TK�abhj�gUul�K

pi

U�[�[_f�J�K
τ
J�V9R^[%aTKSJ�UWf�n���f�[TGjfgn�[TG9Kehj��UWl�KH� cua%UN[_f�J�Ke�uaTK0U�[TKSa¢cWa¢K �uV�Ui�j[_c

δi

z7K�� cuaTK
[_GjK�]#z�K0l�cuJ�K"U³��Uifg��Uizj�gK\� cuaH�9a_f�nj��UWn#cuVY[ThjVj[e[TamUin9RTf�[TfgcWn¯�
�#¦ 
 �Y��� 
 � � � � � � � � �2� , � � , 
 ���3�>� �?, � � � � � �������0� , �>� �>� 
1�������C� ����� � , 
 /����$� ���.��� � ��� 
 �����
�>� �?, � ,�� �

� �"!#� � / ��
 ,�� ��� � ��� , / , ��� , �3, /���� ,%$ � ��/�� �
0
� � �1�(� � � � � , ���	� ,�� ���(� , ��� ��� , ������� � , � � , � ,

��� , � � 
 ��
 / , �$��� � � , � , � �Q� ��� , � / ��
 , � ��� , ��/�/ ��� � ,�� ����� , � � � � � 
 ��� � �������(�6����� / � , �;� � ���
� � , � ,0� �(�'& �H� , �(� ��� � � ��� , � � � � , � ��� � �>��� !�� � ��� � ��� � � � ��� , ����� , ��� � , �> ���/ �
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 ��� � , � � ,�� � � �
� � � � � � � �(� � � , 
 � � , � � � , � � � , �?, � � � �:�(�3�>���������3� 
 ���A� , � , �;�� ,�� ���:�(� � � , � , � � � �(� , � � ���

 � , 
$�(���
! � � ��/�/�� �:�(�3�>���������3� � � � 
 ��� �����C� ��� �.� , � 
2�(� � , � � ,�� � � � �>��� ��/ , �;�:� 
 ,�� �
� ,0�Q� � � ,
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FHG9K\J�Uia2'
Mi(0)

UWR_RTf��unjKSk�zr]�[TGjKÀf�njf�[Tf�Ui�7J�Uia2'rf�nj��{Wf�R%UuRTRTVjJ�KSk�[_c,KSnu[_K�a%hj�gUul�K
pi

U�[b[_f�J�K
τ = 0
{

G9K�n9l�KNf�[e��fg���¡z7K�U³��Uifg�gUWzj��K&U�[H[_f�J�K
τ = δi

��¤jcuaH[TfgJ�KSk�njK�[mR�{Y��K"kYK�n9ci[TKN[_GjK"J�Uia2'@fgnj��ci�'hj�gUul�K
piUi[H[TfgJ�K

τ
UuR

Mi(τ)
�

� nDU � F ­ ` ��{9U�[_a_UWn9RTfõ[_f�cun
tj
J�U³]��9aTKN� cuaeU �@V9UWn@[Tf�[^]

z
U�[�[_f�J�K

τ
cunj�g]�fõ�

z ≤ min
pi∈•tj

Mi(τ
′)/Pre(pi, tj) ∀τ ′ ∈ [τ − δi, τ ].

¤'fgaTfgnj�
tj
� cWa�U �@V9Uin@[Tf�[^]

z
Ui['[_f�J�K

τ
J�crkjfõ�9K0R'[TGjK�J�UWa:'rfgnj�NUuR'� cWa�[_GjK�Vjn@[TfgJ�KSk�njK�[�fgn � �@V9U�[_f�cun9R
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FHG9fgR,[TfgJ�KSk J�cYkYKS�HUuRTRTVjJ�KSR�Uin f�nY��njfõ[_K�RTK�a_�WKSa�RTK�J�Uin@[_fglSR 9�fgn �ÂUuly[,[_GjK�kYK���U³] fgR,[TGjK�R_UiJ�KZnjc
J�Ui[�[TKSabGjc��4J�Uinr]�[Tc3'uK�n9RbUia_K\UWl�[TV9UW���g],hja_KSRTK�n@[bfgn�[TG9K\hj��UWl�KW��F�c�J�cYkYKS�9�9n9fõ[_K\R�KSaT�uK�abRTK�J�UWnu[_fglSR�{
cunjK&njK�K0kjRH[_c�UWkjk�l�cun9R�[TamUifgnu[mRHf�n�[_GjK�njK�[ez@]�Ui�g��c���fgnj��U�J�U�XYf�J�UW� �uV�Uin@[Tf�[^]ZcW��[_c3'WKSn#fgn6U�hj��UWl�K
5 � cWa�K�XYUWJ�hj��K�zr] a_KSl�]rl���fgnj�v[TGjK�hj��UWl�KSR���f�[TG njKS��hj��UWl�KSR�l�cunu[mUifgnjfgnj��Uin UWkYK �uV�U�[TK�nrVjJ,z7K�a�cW�
[_c3'uK�n9R 7y�

FHG9KbK��ucW�gVY[TfgcWn"cW�Y[TfgJ�KSk�n9K�[�fgR�ci�Ë[_K�n,kYK0RTl�aTfgz7KSk"fgn"[TKSaTJ�R�ci�Y[_GjK � �>���
! 
 ��� � � , ��� ci�Y[_GjKb[_a_UWn9RTfõ[_f�cun9R��
� ���%K�UuRTRTf��unD[Tc�K0UWlmG6[_a_UWn9RTfõ[_f�cun

tj
U�l�cWVjn@[TKSa

Zj(τ)
[_G9U�["a_K�hja_KSRTK�n@[_R\[TG9K�l�VjJ,V9�gUi[Tfg�WK �@V9Uin@[Tf�[^]

cW�'J�UWa:'YRH�9a_KSk�zr]Z[TGjK"[_a_UWn9RTfõ[_f�cun#� a_cWJ [TfgJ�K
0
[Tc

τ
{©Uin�k#f�����K"��K�[

Z = [Z1 · · · Zn]T
{9[TGjKSnD[TGjK

J�UWa:'rfgnj��Ui[�[TfgJ�K
τ
lSUin�z�K�kYK�[TKSaTJ�fgnjKSk�zr]�[TG9K�R^[mU�[TK&K �uV�U�[TfgcWn

M (τ) = M(0) + CZ(τ).
5Ât 7

��KÀUWaTK\f�n@[TKSaTK0R^[_KSk�fgn�[_f�J�KSk�njK�[mR�[_G9U�[HaTK0UWlmG 5ÂUi�Ë[TKSa�U��9njf�[TKe[_a_UWn9RTf�KSnu[%cWa%UuR�]rJ�hY[_ci[Tf�l�UW���g] 7�U&��n9Ui�
z7K�G�U³�@fgcWa0�
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(N, δ)
� , �;����� ,�� � , � �


 � � , � , ��� , ��
 � , � � h�KSaTfgcYkYf�l\z7K�G9U³�rfgcWa � � � � , � , , � � �>� ��� , �>��� �
Υ
�(� � � � � ��� , �:�(� ,

λj

����
 �
� � �����1���

τ
����� 
1� , � ��/��;/���� ! , �(� � �1��� ��/�/�� �2���3�>���������C�

tj
��� � �(/ � �

Zj(τ + Υ) = Zj(τ) + λjΥ.

É æ B¯ÉËì



���������	��

�����������������������! "���$#�� L0t

� � � ������������/�/�� � � ���1��� �(/�/ ��/���
 , � pi

��� � �(/ � �

Mi(τ + Υ) = Mi(τ),

� � , � � � , � ,�� �( "����� � � 
 ��/�/ ,��DR�[Ta_cWnj�u��]�h7K�a_fgcrkjfgl*, /Z� , ��� � � 
 ��/�/ ,��D�%K0U('r��]Zh�KSaTfgcYkYfgl �


 � � , � , �<� , ��
 � , � � R�[_Ui[TfgcWn9UWaT]�z7K�G9U³�rfgcWa � � � � , �� , �2� ! ,�� �>���
!��2��� , ��� , ��
 � � / ��� ��� � � ����� ,
!?� , � �=�$��� � � ��� � � � � , � � �1��� ��/�/�� �:�(�3�>�������(�3�

tj
��� � ��/ � �

lim
τ→∞

Zj(τ)

τ
= λj < +∞.

� � � ������������/�/�� � � � �(/Z� � � � , �� , �:� ! , �$���V����� ! � , ��
 � , � � / ���	��� � � ����� , ! � , � �=� ��� � � ��� � � � � , � �
�1��� �(/�/ ��/���
 , �

pi

��� � �(/ � �

lim
τ→∞

∫ τ

0 Mi(%)d%

τ
< +∞,

� � , � � � , � ,�� �( "����� � � 
 ��/�/ ,��DR�[Ta_cWnj�u��]�R�[_Ui[TfgcWn9UWaT] , /�� , ��� � � 
 �(/�/ ,��D��KSU('r�g]�R^[mU�[_f�cun9Uia_] �

�\ci[_KÀ[_G9U�[\U�R�[_Ui[TfgcWn9UWaT]�z7K�G9U³�rfgcWaHf�ReU��WK�n9K�amUi�gf�£0U�[TfgcWn#ci��U�h7K�a_fgcrkjfgl&z7K�G9U³�rfgcWa0�

¤'fgn9Ui�g�g]��%K&J�U('uKN[TGjK&� cu���gc���f�n9��cuzr�@fgcWV�R%cuz9RTK�a_�³Ui[TfgcWn¯�
� � «��b« ���Â��� «���� � � ����� � , � � ��� �;����� ,�� � , �

(N, δ)
� , � 
 � , � � �>� ��������������� � ,�� �� 
����� � ��� �

lim
τ→∞

Z(τ)

τ
= λ.

�(� � / , �
C

� , � � , ��� 
 � �3, � 
 , �;��� �>� � � �
N �

� ! � � , � ������� � ����� 
 � �>���
!��:��� ,  , 
1� ��� � ������
 � � � ���
Cλ ≥ 0

�

� ! � �
λ
� � ����� ��� 
 � , ��� , � � � , � � � � Cλ 
 0 � � � , � � � , � ,�� �� 
����� � � � , ����/����>�=�(�����(� ����� �


 ! � � � � , � ,$� �� 
����� � ���>� �:��� !(/�� �>� ��������������� � � � , � λ
� � � ��� ���  ���>����� � � � � , � � Cλ = 0

�

�>�:�"��� � � ��[TG9K�njK�[�a_KSUulmGjKSR&U�R^[mU�[_f�cun9Uia_]Dz�KSG9U³�rf�cuaS{¯[TGjKSnv� a_cWJ [TGjKZR�[_Ui[TK�K	�@V9Ui[TfgcWn 5Ât 7N�%K�G9U³�uK
[_G9U�[�� cuaeUi�g�¡hj��UWl�K0R

pi

lim
τ→∞

Mi(τ)

τ
= C(pi, ·) lim

τ→∞

Z(τ)

τ
= C(pi, ·)λ.
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U 7;4\R_RTVjJ�KW{�zr]4l�cWn@[TamUWkjfgl�[TfgcWn¯{�[TG�U�[Z[_GjK�a_K6K�Xrf�R�[_R�h9�gUul�K
pi

R�V�lmG [TG9Ui[
C(pi, ·)λ < 0

��FHGjK�n
limτ→∞ Mi(τ) < 0

{r[TG9Ui[efgR�l���K0Uia_��]Znjci[�h7cuR_R�fgzj�gKW�

z 7��¯K�[
pi

z�K�U�hj��UWl�K"R�V9lmG#[TG�U�[
C(pi, ·)λ > 0

�¢FHGjK�n

lim
τ→∞

Mi(τ)

τ
> 0 =⇒ lim

τ→∞
Mi(τ) = +∞ =⇒ lim

τ→∞

∫ τ

0

Mi(%)d% = +∞

UWn9k#V9R�fgnj��[TG9K"aTVj�gK"ci�'��� �ecuhjf�[_Ui�

lim
τ→∞

∫ τ

0 Mi(%)d%

τ
= lim

τ→∞
Mi(τ) = +∞.
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�H&�� � � ) � *�/B6
/21CE ,V4",(? 63,(8963,(E /5* � @#�

4 � � ��������������� �2��� �����
! 5�@YF�4ÀO�7�f�ReU�� Vjn�ly[TfgcWn
ρ : P × T −→ [0, 1]

R�V�lmG�[TG9Ui[
Pre(p, t) = 0 =⇒

ρ(p, t) = 0
5Âf>� KW�g{

ρ(p, t) > 0
cWnj�g]#f��

t ∈ p•
7�UWn9kDRTV9lmG�[TG9Ui[e� cWaNUi�g�

p ∈ P
9 ∑

t∈T ρ(p, t) = 1
� � �

ρ(pi, tj) = ρi,j > 0
{W[_GjK�n�U"� amUWl�[TfgcWn

ρi,j

ci�¡[TG9KÀJ�Uia2'�K�n@[TKSaTfgnj�,h9�gUul�K
pi

f�R�aTK0R�KSaT�uKSk�cWnj�g]�� cWa%[TGjK
��aTfgnj��cW��fõ[mR\cuVY[ThjVj[\[TamUin�R�f�[TfgcWn

tj
UWn9kDl�UWnjnjci[Àz�K �yV9RTKSkQ�À[TcZKSn9Uiz9��K,UWn9k��9a_K,UWn@]�ci[_GjK�aÀcWVY[_hjVY[

[_a_UWn9RTfõ[_f�cun¯�"FHG@V�R�{¡U�@YF�4ÀO RTcW�g�WK0RÀUW����l�cunY�9f�ly[_RÀ[_G9U�[&J�U³]�UWaTf�RTK,fgn6[TG9K�n9K�[&��fõ[_GvU#hjaTK0UWR_R�fg�Wn9KSk
�9XrK0kZh7cW�gf�l�]W�

� nDU;@YF 4\O 0 ­ ` � 5ÂVjn@[TfgJ�K0k 7�[_GjK&�9a_f�nj��K �uV�U�[TfgcWn 5^L 7%fgR�J�cYkYf��9KSk�fgn@[Tc

z ≤ min
pi∈•tj

ρi,jMi/Pre(pi, tj).

�ÀR�fgnj�v[TGjK�[_a_UWn9R�f�[TfgcWn�R��9a_fgnj��l�cWVjn@[_K�amR
Zj(τ)

kYKSR_l�a_fgz�K0k fgn [_GjK�hjaTKS�rf�cuV9R�RTVjz9RTKSl�[TfgcWn9R�UWn9k UuR 0
RTfg�Wnjfgnj� [Tc KSUWlmG hj��UWl�K

pi

U l�cuVjn@[TK�a
Hi(τ)

[TG9Ui[ZaTKShja_KSRTK�n@[�[TGjK �uV�Uin@[Tf�[^] cW�&J�UWa:'YR�[_G9U�[�G9UWR
KSn@[TK�a_KSkZ[TG9K"hj�gUul�KN� a_cWJ [_f�J�K

0
[Tc

τ
5 fgn9l��gV9kYfgnj��[TG9K"f�njf�[Tf�Ui��J�UWa:'rfgnj� 7�{r[TGjK"KS�Wcu��VY[_f�cun#cW�'U�[TfgJ�KSk

@jF�4ÀO 0 � F ­ ` ��lSUin�z�K"��a_f�[�[TKSnDUWR"9

Zj(τ) ≤ min
pi∈•tj

{

ρi,jHi(τ − δi)

Pre(pi, tj)

}

∀tj ∈ T
5 p 7

Hi(τ) = Mi(0) +
∑

tj∈•pi

Post(pi, tj)Zj(τ) ∀pi ∈ P.
5>q37
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4ÀR�f�n�[_GjK �WKSnjK�amUi�Nl�UWRTKvkjfgR_l�V9R_RTKSk�fgn hja_K��rfgcWV9R#R�V9z9R�K0ly[_f�cun¯{e[_GjKvJ�UWa:'rfgnj� U�[�[TfgJ�K
τ
l�Uin z�K

kjK�[TKSaTJ�fgnjKSk#zr]�[_GjK�R^[mU�[_KNK �@V9U�[_f�cun�5>t?7y�

FHG9K,K��ucW�gVY[TfgcWn�[_G9U�[&l�cuaTa_KSRTh�cun9kjRH[_c#lmGjcrc@R�fgnj��[_GjK,K �uV�Ui�gfõ[^]�fgnD[TGjK � �@V9U�[_f�cun65 p<7e��fg�g��z7K�lSUi�g��K0k
��� �2� 5>UWR¯RTcrcWn"UWR¯h�c@RTRTf�z9��K 7©z�K0l�UWV9R�K¢f�[�l�cWa_aTK0R�h7cWn9k9R7[TcH�9a_f�n9�eUH[TamUin9RTf�[TfgcWn"UWR¯RTcrcWn&UWR©[_GjK���VjfgkN[_G9U�[
G�UWRNK�n@[TKSaTK0kD[_GjK�f�n9hjVY["hj��UWl�K0RNz�K0l�cWJ�K0R"U³�³UWf���Uiz9��K,� cWaN[TGjK���aTfgnj�9��FHGjK�l�cWa_a_KSRTh�cun9kYfgnj�#l�cWVjn@[TKSa_R
UWaTK&kYKSnjci[_KSk

Zasap = [Zasap
1 · · · Zasap

n ]T
�

FHG9KÀ[_f�J�K0k��WK�amRTf�cunZci�'hja_cWh7cuRTfõ[_f�cun�|�f�RH�Wfg�WK�n�z7K��gc��"�
� � «��b« ���Â��� «���� � �����C�>� �3, � ����� ��� �>�����

N
�Q� � 
 � � ���;� � � �>������ , ��� ���  ����>���(� � � �����3�>� �?, � �

�;���V�(���
!
M = M(0) + Cz ��� ��� �(�C� � �(/ � ��� !;����� , �

δ

2�(�3�>� �3, � � � , � ��� � 
 ����� ,�� ��� ��� ���*� �����

(N, δ) � � � , � , ,�� � �>� � �$����� ,
τ � � ����� � � /��;��� � � ��� , ! ��� � ��� ,  �(/�� ������� ���.� � , 
2��� � � , �. , 
 �=���

Z(τ)
�
���=� ����� ,

τ
����
 � � � �(�

M(τ) = M
��� �

Z(τ) = z �

�>�:�"��� �
	 ]�UuRTRTVjJ�hY[TfgcWn$4�L 5ÂRTK�KHa_K�J�Uia2'�q37'Ui�g�@[TamUin9RTf�[TfgcWn9R�l�UWn�z7K��9a_KSk¡� �\RTf�nj�&hja_cWh7cuRTf�[TfgcWn�|j{��%K
'rnjc���[_G9U�[N[TG9K�a_K�K�Xrf�R�[_R&UZRTK	�@VjKSn9l�K

(j1, z1), · · · (jk , zk), · · ·
RTV9lmG6[_G9U�[

M(0)
(j1,z1)
→ M1

(j2,z2)
→

M2 · · ·
(jk ,zk)···

→ M
�

	 ]#��UWfõ[_f�nj���gcWn9��K�njcuVj�WG 5ÂkYKSh�KSn9kYfgnj�Zcun�[TGjK���UW��VjK"cW� δ 7y{�UW����J�UWa:'YR�h9aTK0R�KSnu[eUi[e[TfgJ�K 0
z�K0l�cWJ�K

U³��UWf���Uizj�gKW{�UW���gc���fgnj�
tj1
[Tcv�9a_K#U �@V9Uin@[Tf�[^]

z1
��wÀn9l�K#J�Uia2'rf�n9�

M1
f�R�aTK0UWlmGjK0k¡{¢cWn9KZnjKSKSkjR�[Tc

�HUif�[Tfgnj� RTcWJ�K6J�cuaTK�[TfgJ�KvVjn@[Tfg�NUW���NJ�Uia2'YR�fgn
M1
z7KSl�cWJ�KvU³��Uifg��Uizj�gKW��FHGjKSn

tj2
J�U³] ��aTK�U

�@V9UWn@[Tf�[^]
z2
UWn9k�R�c�� cua�[_G¯� �eci[_K&[TG9Ui[�[TGjf�R�KS�WcW�gVY[_f�cunZf�R�njci[�njK0l�K0RTR_Uia_f��g] � � � � �

��K�Uia_KZfgnu[_K�a_KSR�[TK0k�f�n �9n9kYfgnj��cWVY[�f��ÀU � F ­ ` � aTK0UWlmGjK0R�U��%K0U('�R�[_U�[_f�cun9Uia_]�z�KSG9U³�rf�cuaS{�fE� Ku��{bU
l�cWn9kjfõ[_f�cun�f�n ��G9fglmG�[_GjKZJ�K0Uin�nrVjJ,z7K�a�ci�H�9a_fgnj�6ci�eK0UWlmG [_a_UWn9R�f�[TfgcWn

tj
h7K�a,[TfgJ�KZVjnjf�[�aTK0UWlmGjK0R

UuR�]rJ�hY[_ci[Tf�l�UW���g]�U�l�cun9R^[mUin@[���Ui�gVjK39

λj = lim
τ→∞

Z(τ)

τ
.

FHG9K\cWn9��]$'rnjc���n�a_KSRTVj�õ[Hl�cun9l�KSaTnjfgnj�"[_GjKNK�XYfgR�[TKSn9l�KÀci��U�R^[mU�[TfgcWn�Uia_],z7K�G9U³�rfgcWa�� cua @jF�4ÀO 0 � F ­ ` �
f�RH�Wfg�WKSn#fgn�[TGjK&� cu���gc���fgnj�,[_GjK�cuaTKSJ��
�
� ¦r« � ¦ 
�� � 
 
 � ��� � � ���>� �:��� !(/�� 
 ��� � , 
1� ,�� ��� ��� ����� � ��� � � �(��� � �	��� � � � ���>������ , ��� ���  ����>���(� �
�(� � ����
 � � � ��� � � , ��� � ��� � � ,��3, /���� � �� , � , ��
 � 
 ��� 
 � ����� � ����� �C� /�/ � � � , / ���	��� limτ→∞ Zasap

j (τ)/τ
, � � �>� � ��� � � � � � ��� , �
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5 z 7

[ρ3]

[ρ4]α2

α1

p1

¤'fg�WVja_K�q 9 5>U?7 4�hj��UWl�K&��f�[TGDl�cunY�9f�ly[ ��5 z 7%[_a_UWn9R�� cWa_J�Ui[TfgcWnZ[Tc�RTcW�g�WKÀ[TGjK�l�cWnY�9f�ly[�V9RTfgnj��U;@YF�4ÀO"�
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Cỹ = ηCy −Cy′ � 0
{YGjKSn9l�K

ỹ
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
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� « � « � �Â�j� § 	 � � � � � �>� �:��� !(/�� 
2�(� � , 
 � ,�� ��� ��� ���*� ����� � ��� � � �2�������;��/ � ��/�� ������� ���
#���� 5 � 7 ����
 � � � �(�

Cy∗ = 0 � ��� � �(/ � � � � �(�
y∗ � � � � ��� , �(� �

limτ→∞ Zasap(τ)/τ = y∗ �

� �:�
� � � � � y∗ f�RH�9n9fõ[_KW{j[_GjK�nDzr]#hjaTcuh�c@R�f�[TfgcWn L³|Y{ y∗ > 0
� � n�[TGjf�Rel�UuR�Ku{Y[TG9K�cWa_K�J ��K�n9RTVja_KSR

[TGjKHK�Xrf�R�[TK�n�l�KbcW��UWRT]rJ�hY[TcW[Tf�l�amU�[TK0R�UWn9k"[_GjK�aTK0R�Vj��['� cW�g��c��eR�� aTcuJ�h�cuf�n@[ � � ! � ��� cW�j[TG9K%hja_K��rfgcWV9R
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[TGjKScWa_K�J�� � [baTKSJ�Uifgn9R'[Tc,RTGjc�� [TG9Ui[
y∗ lSUinjn9ci[�z7KeVjnrz�cuVjn9kYK0k¡�¢F�c"h9aTc��uKb[_GjfgR%UWR_R�V9J�KH[_G9U�[

y∗ fgRÀVjnrz7cWVjn9kjKSk¡{�[TGjKSnD[TG9K�a_K�Ui��RTc�K�XYfgR�[_R\�9njf�[TK�R�cu��Vj[TfgcWn9R\��fõ[_G Cy′ = 0
�.4e�uUWf�n�{

y′ f�R\U
F 0Efgnr��Uia_fgUWnu[\UWn9k�[TG9K�cWa_K�J ��K�n�R�Vja_KSRe[TGjK,K�XYfgR�[TKSn9l�K,ci���9njf�[TK�UWRT]@J�hY[_ci[_fgl"amU�[_KSRS� ­ �gKSUWaT�g]#U
l�cunu[_a_UukYf�ly[TfgcWn#V9RTf�nj��h7cWfgn@[ � � ! � ��� ci�'[TGjK&[_GjK�cuaTKSJ��

p9�H�vKÀl�Uin9njci[�K�XYl���V�kYK\RTc&�ÂUia¢[_G9U�[¢[_GjK\UWRT]rJ�hY[TcW[Tf�lHaTKS�WfgJ�K���G9fglmG�f�Rbl�cuJ�hjVY[TK0k�zr] �¯`b` 5 � 7¢fgR
cWnj�g]Za_KSUulmGjKSk�UWRT]rJ�hY[TcW[Tf�l�Ui�g�g]W{jfgn�[TGjK,RTK�n�R�K&[_G9U�[ef�[\J�U³]�[mU('WK"UWn�fgnY�9n9fõ[_K,UiJ�cWV9nu[ecW��[_f�J�K
� cWaH[_GjK"a_Ui[TK0RHf�n�[TG9K"njK�[eVjn�kYK�a ���1� � �9a_f�n9��[_c�aTK0UWlmG

y∗ �

qY��FHGjKehj��UWl�KSR
pi

��GjK�a_KH[TG9K�K	�@V9Ui�gf�[^],Gjcu�gkjRS{
M

∗
i = Pre(pi, tj)y

∗
j δi

l�UWn�z�K��rfgK���KSk�UWR¢z7ci[T[T�gK10
njKSl 'YRS� � n9l�aTK0UWRTf�nj��[_GjK�Gjcu�gkYfgnj��[TfgJ�K�fgn6Uinr]�cWn9K"ci�'[TGjK0R�K"hj��UWl�KSR���fg�g�¯aTK0R�V9�õ[efgn6U�kYKSl�aTK0UWRTK
ci�'[TGjK�UuR�]rJ�hY[_ci[Tf�lÀ�9a_f�nj��amU�[_KSR

y∗ �

� � ­ cWGjKSn , �;��/ � hja_c��rfgkYK6U�l�cWJ�hjVY[mU�[_f�cun�ci�N[TGjK�UWRT]@J�hY[_ci[_fgl��9a_fgnj��a_Ui[TK0R�zr]�J�KSUWn9R�cW�"U
h�cu��f�l�]Zfõ[_K�amU�[TfgcWnZc��WK�aHU�kY]rn9UiJ�f�l\hja_cW�ua_UWJ�J�fgnj��h9aTcuzj��KSJ���wÀnZ[TGjK"l�cWn@[TamUia_]���KNV9R�K&�gf�n9KSUia
hja_cW�WamUiJ�J�fgnj�9�ZFHG9K��%cua_R�[,l�UuR�K�l�cuJ�hj��K�XYfõ[^]vci��z�cW[TG�Uih9hjaTc@UWlmGjK0R&fgR�h�cu��]rnjcuJ�f�Ui�E{�UWn9k fgn
hjamUWly[_fgl�KN[TGjKS]Zz7ci[TGDl�cWnr�WKSaT�uK�n9l�K\�WKSaT]��ÂUuR^[�[_c�[TGjK�RTcW�gVY[TfgcWn��
FHGjK�aTK0Ui�rUWkY��Uin@[mUi�WKbci�j[_GjK ��`�` Uihjhja_cuUulmG"fgR�[_GjKb�ÂUuly['[TG9Ui['f�[�fgR'J�cWa_Kb�uK�njKSa_UW�>� � n,�ÂUWl�[S{³�9amR^[
ci��UW���©f�[HlSUin�z7K&Uihjhj�gfgKSk�[_c�n9K�[_R%[_G9U�[�kYc,n9ci[�UWkYJ�f�[HF 0 f�nr��Uia_f�Uin@[_R.5 KW� �9�g{r�%K0U('r�g]�R�[_Ui[TfgcWn9UWaT]
zjVY["njcW[&R�[_Ui[TfgcWn9UWaT] 7y� @rK0l�cun9kY�g]W{¡��f�[TG�J�fgnjcWa&K�X@[_K�n9RTfgcWn9R\[TGjK ��`�` UWhjhja_cuUulmG6l�Uin�Ui��R�c#z�K
Uihjh9��fgKSk#[Tc�njK�[_R���f�[TGDl�cWnY�9f�ly[mR�{jUuR�R�G9c���n#fgn�[TGjK"njK�Xr[\R�K0ly[TfgcWn��

� � 4 �gf�njK0Uia�hja_cW�ua_UWJ R�fgJ�f���UiaH[_c �¯`�` 5 � 7Hl�UWn#z7K�V9RTKSkZ[Tc�l�cWJ�hjVY[_K&[TGjK�R�[_Ui[TfgcWn9UWaT]�z7K�G�U³�@fgcWa
� cWa&[_GjK�J�cYkYKS�¢ci�HO�KSlSUi��kYK�Uin9k�@rf��g��U�z@]�aTKShj�gUul�fgnj�

δi

5Ë[_GjK�GjcW��kYfgnj��[TfgJ�K�cW�%hj��UWl�K
pi

7Àzr]
sj

5Ë[TG9K�J�KSUWn6R�KSaT�rf�l�K"[_f�J�K�ci�¢[TamUin�R�f�[TfgcWn
tj
7��ÀFHGjf�R\f�RÀa_Ui[TGjKSaÀRTVjaTh9aTf�R�fgnj� 5>U�[À�gKSUuR^[\� cWaNV9R27

R�fgn9l�K&[TGjK&[_a_UWn9R�fgK�n@[Hz�KSG9U³�rf�cua�fgRH�uK�a_]�kYf J7KSaTKSnu[efgn�z�cW[TG�J�cYkYK���R��
FHGjK �¯`b`�V�R�K0k,fgn�)�L0} +Y[Tc"l�cuJ�hjVY[TKH[_GjK�R^[mU�[_f�cun9Uia_]"z�KSG9U³�rf�cua�fgR¢RTf�J�fg�gUWa'[Tc"cWV9a_R'zjVY[bU&RTf�n9�W�gK
�¯f�[�[_��K���U³��fgRN��a_fõ[T[TKSn�� cuaNK0UWlmG6`�0Efgnr�³UWaTf�Uin@[$5 fE� Ku��{¯n9ci[&� cWaNKSUulmG�hj��UWl�K
7y{¯UWn9kD[_GjK �¯` [_U3'WKSR
[TGjK�RT�gc��%K0R^[HcWnjKu�
wÀVjaNJ�K�[TGjcYk¡{¡V9nj��f 'WK,[TGjK�Uihjh9aTc@UWlmGDci�bOeKSl�UW�gkjK�Uin�k @rfg����U�kYcrKSRÀnjci[NaTK �uV9f�a_K"[TG�U�[N[TGjK�njK�[
fgRe��fgJ	0E�gf��uK"Uin9k#z�cuVjn9kYK0k¡� � [ekYcrKSRenjci[�K��uK�n�aTK �@Vjf�a_KN[TG9Ui[efõ[eG�UWR�U�h�c@R�f�[Tfg�WK"F 0 f�nr��Uia_f�Uin@[S�

sj��FHGjK�RTcW�gVY[TfgcWn�ci� �¯`�` 5 � 7HlSUin�Ui��R�c�z7K"V9R�K0k#[Tc�l�cuJ�hjVY[TK�RTKSl�cWn9k#cWamkYKSaHUuR�]rJ�hY[_ci[Tf�lN��Ui�gVjKSR
5ÂUi[H�gKSUuR^[�h9UWa�[_fgUW���g] 7���G9K�n�[_GjK�RTcW�gVY[TfgcWn#fgR�njcW[HnrVj�g�

y∗ > 0
{Y��GjfglmG#fgR�[_GjK&J�cuR�[Hfgn@[TKSaTK0R^[_f�nj�
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l�UuR�Ku� � n9kYK�K0k¡{'fõ[�J�U³]�z7K�V9RTKSkv[TcDh�UiaT[Tf�Ui�g��]�kjK�[TKSaTJ�fgnjK�[TG9K�U³�WK�amUi�uK�R�[_Ui[TfgcWn9UWaT]DJ�Uia2'rf�n9�
5 fE� Ku��{�R�cuJ�K&cW�'f�[_Rel�cWJ�h7cWnjKSnu[mR27��
�vK$'rnjc���[_G9U�[N[TGjK�KSUWaT�gfgKSR�[\�9a_f�n9�#h7cW�gfgl�]Dhja_c��@f�kYK0R\UinvcWhY[_f�J�UW��RTcW�gVY[_f�cun6ci� ��`�` 5 � 7 5ÂRTK�K
[TGjK�hja_crci�bcW��[TG9K�cWa_K�J L³q37�� �ec���K��WKSaS{7f�["l�cWVj��k6z7K�[TG9Ui[&J�UWn@]�cW[TGjKSaÀ[_a_UWn9RTf�KSnu[&z7K�G9U³�rfgcWamR
5 �gKSUukYf�n9��[_c�kYf J©K�a_K�n@[�J�UWa:'rfgnj�uR 7�UW�gRTc6]rf�KS�gk [TGjKDR_UiJ�KZ��UW��VjK#� cWa

y∗ �6@rfgn9l�K#��KZG9U³�uKZnjc
l�cunu[_aTcu�\cun [TGjK�R�cu��VY[_f�cun�hja_c��@f�kYK0k�zr] U ��`�`�RTcW�g�WK�a0{H�%K�J�U³]4njcW[ 'rnjc�� ��GjK�[_GjK�a#[TGjK
J�Uia2'@fgnj��hja_c��rfgkYK0kZUuR�U�RTcW�gVY[_f�cun#f�RH[TG9K"J�UWa:'rfgnj��l�cWa_a_KSRTh�cun9kYfgnj��[_c�[TGjK ���1� � h7cW�gfgl�]W�
�vKHUia_K%R�[Tfg�g�uK�Xrh9��cuaTfgnj�\UÀlmG9UiamUWl�[TK�a_fg£SU�[_f�cun&ci�9Ui�g�u[TGjc@R�K�l�UWRTKSR���GjKSaTKb[TGjK�R^[mU�[TfgcWn�Uia_]ÀJ�Uia2'rf�n9�
� cWVjn�k#zr] ��`�` 5 � 7�fgR�[_GjK�R�[_U�[_f�cun9Uia_]�J�Uia2'rf�nj��a_KSUWlmG9KSk#V9R�fgnj��[TG9K � � �2� ��aTfgnj��h�cu��f�l�]u�
4\R�Uin�fgJ�J�KSkYf�U�[_KÀl�cun9RTK	�@VjK�n�l�KecW�¡[TGjK\� cWa_J cW� �¯`�` 5 � 7�{u[TGjKNl�UWRTKe��GjKSaTK\[TGjKÀnjK�[HkYcrKSR%njci[
l�cunu[mUifgn�Uinr]vRT]rn9lmGja_cWnjfg£SUi[TfgcWn 5 [TGjf�R,l��gUuRTR&fgn9l���V9kjKSR,R�[_Ui[TK�J�UWlmG9f�njK0R27Nf�R�UDlSUWRTK���GjK�a_K�[TGjK
R^[mU�[_f�cun9Uia_]�J�Uia2'@fgnj��f�RHVjnjf �uV9K"z�K0l�UiV�R�K&K	�@V9UW��f�[^]�f�RHaTK0UWlmGjK0kZfgn�Ui�g��l�cun9R^[_a_UWf�n@[mR%c��uK�a

M
∗ 7��

�H&(% ���>=",���
�I(/5476 I(,(4"/ 
 1 � 13: �'1�
�E

4 ��fgnjK0Uia'hjaTcu�WamUiJ K	�@Vjfg�³UW��KSn@[�[Tc �¯`�` 5 � 7�lSUin�Ui��RTc\z7Kb��a_fõ[T[TK�n�V9RTf�nj�e[TGjK�cWa_f��uf�n�Ui� @jF�4ÀO 0 � F ­ ` �
〈N, δ, M(0), ρ〉

��fõ[_G�fgn9l�fgkYKSn9l�K&J�U�[_aTf�X
C
�

��K"�WK�[

max 1
T y

s.t.



































Cy ≥ 0

Pre(pi, tj)yj ≤ ρ(pi, tj)Post(pi, ·)y
� cWaeUW���

pi ∈ P : |p•i | > 1, tj ∈ p•i

Mi ≥ Pre(pi, ·)yδi

� cWaeUW���
pi ∈ P

M = M(0) + Cz,

Pre(pi, tj)zj ≤ ρ(pi, tj)[Post(pi, .)z + Mi(0)]
� cWaeUW���

pi ∈ P : |p•i | > 1, tj ∈ p•i5Âs?7
��G9K�a_KÀ[_GjK"��Uia_fgUWzj�gKSRHUia_K

y ∈ (R+
0 )n
{
M ∈ (R+

0 )m
{9UWn9k

z ∈ (R+
0 )n
�

��K�z7K��gf�KS�WK�[TG�U�[�� cuaTJ�Ui�¢h9aTcrci��[TG�U�[ �¯`b` 5 � 7&Uin9k �¯`b`!5Âs?7�Uia_K�l�cWJ�hj�gK�[_K��g]�K	�@Vjfg��Ui�gK�n@[�f�R"njci[
n9KSl�K0RTR_Uia_]W�'��K�R�fgJ�hj��]Z��f��g��l�cuJ�J�KSn@[�[TGjK"J�Uifgn�kYf�J©K�a_K�n�l�KSRS�

¤'fga_R�[T�g]���K&cWz9RTK�a_�WKÀ[TG9Ui[\l�cun9R^[_a_UWf�n@[mR%cW��[_GjKN� cWa_J

Pre(pi, tj)yj ≤ ρ(pi, tj)Post(pi, ·)y
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fgJ�h�c@R�K�[TG9Ui[e[TGjK�cWVY[_hjVY[À�9c�� � a_cWJ U�l�cWnY�9f�ly[Àhj�gUul�K
pi

kYV9K"[TcZ[TGjK"��aTfgnj��cW�'[_a_UWn9RTfõ[_f�cun
tj
{7fE� Ku��{

Pre(pi, tj)yj

{�lSUinjnjcW[�z�K��uaTK0U�[_K�aH[TG�Uin�[TGjK�� a_Uuly[TfgcWn�a_KSRTK�a_�WKSk�� cWa
tj
cW��[_GjK&�9c�� K�n@[TKSaTfgnj��hj��UWl�K

pi

{¢fE� Ku��{'[_GjKZ� amUWl�[TfgcWn
ρ(pi, tj)

ci��[_GjK�[_ci[_UW�bfgnjhjVY[��9c��
Post(pi, ·)y

��FHG9KSRTK#l�cun9R�[TamUifgnu[mR"��K�a_K
fgJ�hj�gK�J�K�n@[TK0k�f�n�[TG9K�R^[_aTV9l�[TVja_K&ci��[TGjK"K �uV9f���Ui�gK�n@[eR�[Ta_V9ly[_Vja_UW���g]Zl�cWnY�9f�ly[H� a_K�K"njK�[

N
�

@YKSl�cun9kY�g]W{jl�cWn9R�[TamUifgn@[_R�ci�'[TGjK&� cuaTJ

Mi ≥ Pre(pi, ·)yδi

UWaTK�R��gf��uG@[T�g]�kjf�J©K�a_K�n@[\� a_cWJ [_GjK�l�cWa_aTK0R�h7cWn�kYf�n9��cWnjK0R\fgn �¯`b` 5 � 7ez7KSlSUiV9RTK,n9c�� K0UWlmG6h9�gUul�K,J�U³]
G�U³�WKNJ�cuaTKN[_G9Uin�cWn9KNcuVY[Th9VY[�[TamUin9RTf�[TfgcWn�Uin9k#�%K&njKSKSk#[Tc�V9RTK&[TG9K�l�cWJ�hj�gK�[_K&�WKSl�[Tcua

y
�

¤'fgn9Ui�g�g]W{jl�cun9R�[TamUifgnu[mR�ci�'[TGjK&� cuaTJ

Pre(pi, tj)zj ≤ ρ(pi, tj)[Post(pi, ·)z + Mi(0)]

KSn9RTVjaTK�[TG9Ui[NUi��RTc�kYVja_f�nj��[TGjK,[TamUin9RTf�KSn@[\cWnj�g]#[TGjK�J�UWa:'�a_KSRTK�a_�WKSk#� cuae[TamUin�R�f�[TfgcWn
tj
J�U³]#z7K,V�R�K0k

[_c��9aTK
tj
� 4\�uUWf�n¯{%[TG9KSRTK�l�cWn9R�[TamUifgn@[_R���K�a_K#fgJ�hj�gK�J�K�n@[TK0k4f�n4[TG9K6R^[_aTV9l�[TVja_KDci�À[TGjKDK �@Vjf���UW��KSnu[

R�[Ta_V9l�[TVjamUi�g��]�l�cWnY��fgl�[�� aTKSKNn9K�[
N
�

�H&�� � / �</5I(:�� E /5476 :�� 
 4 /�� 
�E � I(/

FHG9fgR�� cW�g��c���fgnj�DK�XjUWJ�h9��KZkjKSR_l�a_f�z7KSR�UDJ�UinrVY�ÂUWl�[TVja_fgnj��RT]rR�[TKSJ®��G9K�a_K�h9UiaT[_R"[TG9Ui[�K�n@[_K�a,J�U³]�z�K
a_cWVj[TKSk6[Tc�[TG9aTKSK�kjf�J©K�a_K�n@["hja_crl�KSR_R�fgnj����fgnjK0R���FHGjK��9amR^["�gf�njK 5Âh9U�[_G

t1 − t3
7NcWnj�g]DV9RTKSR&a_KSRTcWVjaml�K0R

� a_cWJ Vjn9fõ[ 4 5Âhj��UWl�K
p2
7y{@[TG9KNRTKSl�cWn9k��gfgnjK	5Âh9U�[_G

t7 − t9
7¢cunj��]�V�R�K0Rba_KSRTcWVjaml�K0R�� a_cWJ Vjnjf�[ 	 5Âhj��UWl�K

p8
7�{Y[TGjK"��UWR�[�cWnjK;5Âh9U�[_G

t4 − t6
7�V9R�K0RHaTK0R�cuVjaml�KSR%� a_cWJ�V9njfõ[�4 UWn9k 	 �

��K\UuRTRTVjJ�K�[TG9K\a_cWVY[_f�nj�"f�RbRTV9lmG�[_G9U�[HUi�g�j[TG9aTKSKe��fgnjK0R�a_KSl�KSf��uKH[TGjKNRTUWJ�KenrVjJ,z7K�a%ci�¡h9UiaT[_R.5 a_cWVY[_f�n9�
Ui[

p6
fgR,L��it�� cWaÀUW���'cWVj[ThjVY[À[TamUin9RTf�[TfgcWn9R 7�Uin�kDl�cWa_a_KSRTh�cun9kYfgnj�W�g]�KSUulmGDaTK0R�cuVjaml�K"f�ReK	�@V9UW���g]�R�G9UWaTK0k

z7K�[^��K�KSnZ[_GjK&[^��c��gfgnjKSRH[_G9U�[�V9RTK"f�[ 5 a_cWVY[_f�nj��Ui[
p2
Uin9k

p8
f�R&L��W|,� cWaeUi�g�¡cWVj[ThjVY[�[_a_UWn9RTfõ[_f�cun9R27��

FHG9KN�uKSl�[TcWa�cW��hj��UWl�K"kYK���U³]YRHfgR�[_GjK&� cW�g��c���fgnj� 9
δ = [2 1 5 20 1 2 7 2 3]T

�

� ���%K&l�cuJ�h9VY[TKÀ[TGjKNK	�@Vjfg��Ui�gK�n@[�l�cWnj�9fgl�[�0E� aTKSK\njK�[HUWn9kZRTcW�g�WK �¯`�` 5 � 7�5ÂcWaHK	�@Vjfg��Ui�gK�n@[T�g]�fõ�'�%KNR�cu���uK
��`�` 5Âs 7�7À�%K�cuzY[_UWf�n Uin�cWhY[_f�J�UW��R�cu��VY[_f�cun���f�[TG

y∗ = 1
11 [1 1 1 1 1 1 1 1 1]T

��FHGjf�R&�WK0ly[Tcua&fgR
UZF 0Efgnr�³UWaTf�Uin@[0� 	 ]�l�cWa_cW�g��Uia_]DL � [TG9K,njK�[Àa_KSUWlmG9KSRHVjn9kjK�a ��� �2� U 5ÂR�[Ta_cWnj�u��] 7�R�[_Ui[TfgcWn9UWaT]�z7K�G�U³�@fgcWa
��f�[TG�amU�[_KSR

λ = y∗ �
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t5

t1

t3

t4 t7

t6 t9

t2 t8

p1

p9p5p3

p2

p4 p7

p6

p8

[1/3] [1/3]

[1/2] [1/2] [1/2] [1/2]

[1/3]

¤�fg�WV9aTK � 9�4 @YF 4\O 0 � F ­ ` �

� � !Z���S����) �'�,������
#+�!���)���	 � ��
 � ��� ���

�\K�a_K&fgR�[_GjK"J�Uifgn#cuzYd^KSl�[Tfg�WK&ci��[TGjK�RTKSl�[TfgcWn 9��Wfg�WKSn#U�kYK�[TK�a_J�f�n9fgR�[Tf�lN[TfgJ�KSk�l�cunu[_f�nrVjcuV9R�`�K�[Ta_f¯njK�[S{
��n9k�[TGjKDz7KSR�[�aTcuVY[Tfgnj� h9UWa_UWJ�K�[TKSa_R

ρ(p, t)
��G9fglmG �Wfg�WK�[_GjKDcWhY[_f�J�UW�\R^[mU�[_f�cun9Uia_] �9a_f�nj� amU�[_KSR

yUul�l�cWamkYf�n9��[TcDU��Wfg�WKSn�cuzYd^KSl�[Tfg�WK�� Vjn9ly[_f�cun
aT y
��f�[TG

a ≥ 0
���vK���fg���bRTGjc�� [_G9U�[&[_GjfgR�hjaTcuzj�gK�J

lSUin�z�K�RTcW�g�WK0k���f�[TGDU�RT��fg�WG@[�J�crkjfõ��lSU�[_f�cun#cW� ��`�` 5 � 7��

� n U � F ­ ` ����GjK�a_K�[_GjK�a_cWVY[_f�nj��h9UiamUiJ�K�[_K�amR"Uia_K�njci[��jXYKSk z7K�� cuaTKSG9Uin9k¯{�[_GjK�[_a_UWn9R^� cuaTJ�Ui[TfgcWn
fgn@[Tc�U#R�[Ta_V9l�[TVjamUi�g��]Dl�cWnY�9f�ly[:0>� a_K�K�njK�[Nf�RNnjci["h7cuR_R�fgzj�gK�z7KSlSUiV9RTK�[_GjK�J�Ui[Ta_fõX

C
�%cuVj�gkvkYK�h7K�n�k�cun

[_GjK"a_cWVY[_f�nj��h9UWa_UWJ�K�[TKSa_RS�

wÀn9K&l�cWVj��kZ[TGjfgn 'ZcW��[_GjK&� cW�g�gc���f�nj��Uih9hjaTc@UWlmGZ� cWaeRTcW�g�@fgnj��[TGjK"cuhY[TfgJ�f�£0U�[_f�cun#hja_cWz9��KSJ*9

LW� ­ GjcrcuRTK&f�njf�[Tf�Ui���³UW��V9KSR�� cWaH[_GjK"a_cWVY[_f�nj��h9UWa_UWJ�K�[TKSa_R�Uia_zjf�[TamUia_f��g]�Uin�k#RTcW�g�WK �¯`b` 5 � 7��

|Y� �\RTK�RTK�n�R�f�[Tfg�rfõ[^]�Uin�Ui�g]rRTf�R�[_KSlmGjnjf �@VjKSR�cWn [TGjK�aTcuVY[Tfgnj�vh9UiamUiJ�K�[_K�amR"[_cvKS�³UW��V�U�[TK#Gjc�� [TG9K�]
R�G9cWVj��k��³UWaT]�fgn�cWamkYK�a�[_c�f�n9l�aTK0UWRTK\[_GjK"amU�[TK0R )�L³|
+ �
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tj� � [TKSa_Ui[TKN[TGjf�R�hja_cYl�K0kYVja_KNV9nu[_f���l�cWnr�uK�a_�WK�n�l�K\f�RHa_KSUWlmG9KSk¡�

�\c��%KS�WKSaS{S[TGjf�R'[TK0lmGjnjf �@VjK%G�UWR'R�KS�WK�amUi�rkYamU³��z9UWl 'YRS�¯¤'f�amR^[_��]u{�fõ[¢J�U³]&njci[���cWa2'Nfgn�[_GjK�R�KSn9RTK�[TG�U�[�[TGjK
cuzYd^KSl�[Tfg�WK,� Vjn9ly[_f�cunvJ�U³]DnjcW[Nz7K�U#l�cWn@[TfgnrVjcWV�Re� Vjn�ly[TfgcWn�ci�b[TGjK�a_cWVY[_f�nj�#h9UiamUiJ�K�[TK�amRS� @YKSl�cun9kY�g]W{
f�[�J�U³]�njcW[,l�cun@�uK�a_�WK,[Tc�[TG9K�cWhY[_f�J�UW��R�cu��VY[_f�cun¯�ZFHGjfgamkY��]u{�f�[,G9UuR"U�a_Ui[TGjKSa"Gjf��uG�l�cWJ�hjVj[_U�[_f�cun9Ui�
l�cWJ�hj�gK�XYf�[^]W�

4\njci[_GjK�a�Uihjh9aTc@UWlmG fgR�[Tc�l�cWJ�K�V9h���fõ[_G�UDnjKS� ��fgnjKSUWa,hja_cW�ua_UWJ G9U³�rfgnj��UWk9kYfõ[_f�cun9Ui��kYK��uaTKSKSR"cW�
� a_K�K0kYcWJ ��GjK�a_KN[TGjK,aTcuVY[Tfgnj��l�cun9R^[_a_UWf�n@[mR�Uia_KNa_K�J�c��uKSk¡��FHGjf�R\lSUin�z7K�kYcWnjK"zr]#V9R�fgnj��[_GjK��WKSa_RTfgcWn
��`�` 5>s?7¢cW�©[TGjKÀhjaTcu�WamUiJ���G9K�a_K�[TGjKÀcWzYd^K0ly[_f��uK�� Vjn9l�[TfgcWn�f�R

aT y
UWn9k�[_GjKea_cWVY[_f�nj��l�cWn�R^[_a_UWf�n@[_RbUia_K

a_K�J�c��uKSk¡� �eK�X@[�[_GjK�cuaTKSJ�RTGjc��eR%[TG9Ui[�[TGjf�ReUih9hjaTc@UWlmG#fgR�l�cWa_aTK0ly[S�
�
� ¦r« � ¦ 
 	 � � �����C� � �?, � � ��� �����

〈N, δ, M(0)〉
� ��� � ��� 
 � �3, � 
 , �;��� �>� �

C � �����C�>� �3, � � / ��� , ���
�;�:�$!��:�(� �	���
! � �2� � / , �

max aT y

s.t.















Cy ≥ 0

Mi ≥ Pre(pi, ·)yδi

�1��� ��/�/
pi ∈ P

M = M (0) + Cz,

5 �?7

�Q� , � , � � ,  ���>��� � / , � ��� ,
y ∈ (R+

0 )n � M ∈ (R+
0 )m � �(� � z ∈ (R+

0 )n � � ��� � �2� �����;��/>� ��/�� �������

(y∗, M∗, z∗)

� ,�� � , � ��� �
� ���*� �����
〈N, δ, M∗, ρ∗〉

� ��� �

ρ∗(pi, tj) =
Pre(ti, tj)yj

∑

tk∈p•

i
y∗

kPre(ti, tk)
∀tj ∈ p•i .

� � � � � , � � � � � � � ���������������	� ,�� �( "�����
y∗ ����
 � � � ���

aT y∗ � � /���� ! , � � � �(�
aT y

�Q� , � ,
y
� � � � ,

�>� ��������������� � ,$� �� 
����� � � � ��� �
� �����������
〈N, δ, M , ρ〉

�Q� , � ,
M

� � �(�C�A� , � 
 � � � / , �$���V����� !
���2���

M(0) � ��� � ρ
��� , ��� �1��� �:����� �:��� �����
!�� �

�>�:�"��� � ¤'fga_R�[T�g]"njcW[TK�[TG9Ui[¢fõ� (y∗, M∗, z∗)
f�R¢UÀRTcW�gVY[TfgcWn�ci� �¯`�`-5 � 7'Uin9k

ρ∗
f�R¢lmGjc@R�KSn�UWlSl�cua_kYfgnj�u��]u{

[_GjK�n
(y∗, M∗, z∗)

f�R¢Ui��R�c&U&R�cu��Vj[TfgcWn�ci� ��`�`-5Âs 7���f�[TG�a_cWVY[_f�n9�
ρ∗
� 	 ]�V9RTf�n9�À[_GjK�RTUWJ�K�a_KSUuR�cunjfgnj�

UuR�fgn�[TGjK�h9aTcrci��ci��[_GjK�cuaTKSJ L0q�h�UiaT[ � � ! {9��K,l�cun9l��gV9kYK&[_G9U�[e[_GjK�a_K�K�Xrf�R�[_ReU�R�[_Ui[TfgcWn9UWaT]�z7K�G�U³�@fgcWa
u
cW��[_GjK @YF 4\O 0 � F ­ ` � ��fõ[_G��9aTfgnj��amU�[TK0R

λ = y∗ �
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@YKSl�cun9kY�g]W{9� cWaÀUWnr]#cW[TGjKSa\a_cWVY[_f�nj�
ρ
{©l�cWn�R�f�kYK�ae[TGjK�UWR_R�cYl�f�U�[_KSk @YF 4\O 0 � F ­ ` �

〈N, δ, M , ρ〉
� 	 ]

V�R�fgnj�&[TG9K\RTUWJ�KeUia_�WVjJ�K�n@[bUuR¢f�n�[_GjKehja_crci�©ci�©[TGjKScWa_K�J L0qNh9UWa�[ � � ! � ��� {rKS�WK�a_],R�[_Ui[TfgcWn9UWaT]�z7K�G�U³�@fgcWacW�\[_GjfgR�n9K�[�f�R�Uin UWkYJ�f�RTRTf�z9��KDRTcW�gVY[TfgcWn4ci� �¯`�` 5Âs 7�Uin9k �;�1���>�������>� UWn4UukYJ�fgR_RTf�zj�gK�R�cu��VY[_f�cun�cW�
��`�` 5 � 7�zjVY[enjcW[enjKSl�KSR_RTUWaTfg��]�cuhY[TfgJ�Ui�¡��f�[TG�a_KSRTh�K0ly[H[Tc�[_GjK"h�KSa�� cuaTJ�UWn9l�KNf�n�kYK�X

aT y
�

FHG9KelmGjcWf�l�K�ci�7[TGjKel�cuR�[¢� Vjn9l�[TfgcWn
aT y
V9RTKSk,[Tc�kYK��9njKH[TG9K�cWhY[_f�J�Ui�9z�KSG9U³�rf�cua�kjK�h7K�n9kjR�cWn�[TGjKel�cWn 0

[_K�Xr[S��FHGjKb[TamUin9R�� cWa_J�U�[TfgcWn"cW��Ue�uf��uK�n�cuzYd^KSl�[Tfg�WKb� Vjn9ly[_f�cun,fgn@[TcÀ[TGjKHl�crK ��l�f�KSnu[mR
aj

J�U³]"R�cuJ�K�[TfgJ�KSR
z7K&[Ta_f�l '@]u��@rV9lmG�hjaTcuzj�gK�J�R�Uia_K"kYK�[mUifg��K0kZfgn ) |�+E�

wÀn9K�J�Uifgn kYa_U³��z�UWl '�ci��[_GjK�cuaTKSJ L � f�R\[_G9U�["f�[,kYcrKSRNnjcW["R_U³]6Uinr]@[TG9f�nj��Uiz7cWVj[À[_GjK�z�KSG9U³�rf�cuaÀcW�
[_GjK,n9K�[\Vjn�kYK�aÀ[TGjK � � �2� h�cu��f�l�]u� � n6h9UWa�[_fgl�Vj�gUWaS{9fõ[&kYcrKSRen9ci[Àh9aTc��uKÀ[_G9U�[À[TGjK�z�K0R^[NaTcuVY[Tfgnj��Vjn�kYK�a
��� �2� f�R

ρ∗
z7KSl�UWV9RTKN��K�kYc�njcW[ 'rnjc�� f�� � � �2� aTK0UWlmGjK0R�UuR�]rJ�hY[_ci[Tf�l&amU�[TK0R��%FHGjK"h�c@RTRTfgzjf��gf�[^]#RTGjc���n

fgn�[TGjK&� cu���gc���fgnj��kjfgUW�WamUiJ�l�UWnjnjcW[Hz7K"K�Xjl���V9kjKSk � �;�>�����>�

asap(ρ∗) =⇒ u∗(ρ∗)

↑ ⇓

asap(ρ) −→ u∗(ρ)

��G9K�a_K
u∗(ρ)
fgR&UinvcWhY[_f�J�UW��Vj��[TfgJ�U�[_K��g]6h�KSaTfgcYkYf�l�z7K�G9U³�rfgcWaNVjn9kYKSaNa_cWVj[Tfgnj�

ρ
Uin�k

v → u
J�KSUWn9R

[_G9U�[
lim inf
τ→∞

aT Zv(τ)/τ > lim inf
τ→∞

aT Zu(τ)/τ,

��G9f��gK
v =⇒ u

J�KSUWn9R�[TG�U�[

lim inf
τ→∞

aT Zv(τ)/τ ≥ lim inf
τ→∞

aT Zu(τ)/τ.

�\c��%KS�WKSaS{u[TGjKSaTK�UWaTK&l�UuR�K0RH��GjK�a_K"R�V�lmG�U�RTfõ[_V9U�[_f�cun#J�U³]�z7K"aTV9��K0k#cuVY[S�
�
� ¦r« � ¦ 
 	 � � � � � � , � � �����$�(/ �1�(/�� ������� � � #���� 5 �?7 � ������
 � � � �(�

aT y∗ = 0
� � , � �1��� �(/�/ �2��� �����
!

ρ � lim infτ→∞ aT Zasap(ρ)(τ)/τ = 0 �

�>�:�"��� � � � aT y∗ = 0
[TGjKSn�fõ[ef�R�KSUuR�]�[_c�R�G9c���V9RTf�nj��[_GjK�R_UiJ�K&aTK0UWRTcWnjfgnj��UuRHf�n�[_GjK"hja_c@cW��cW��h9UWa�[

� � ! � ����� ci�Y[_GjK�cuaTKSJ L³q�[TG9Ui[�[_GjKbnjK�['kYcrK0R�njcW[�UWkjJ�f�['UWnr]NF 0 f�n�l�a_KSUWRTK¢cWa'F 0Efgnr��Uia_fgUWnu[¯��G9cuRTKbR�V9hjh�cua�[fgn@[TKSa_RTKSl�[_R¢[_GjKÀRTVjhjh7cWaT[%cW�
a
� � [HfgR%h�c@RTRTfgzj��Ke[Tc,�uK�njKSa_UW��fg£�K�h9aTcuh�c@R�f�[TfgcWnDLSp,Uin9kZR�Gjc��4[_G9U�[HU"�9a_f�n9�

�uKSl�[TcWa
z
RTUi[Tf�R^�9K0R

zj < B
f��

aj > 0
� � n�h9UiaT[Tf�l�Vj��Uia�� cuaeUi�g�

τ
UWn9k�Ui�g�

ρ
{
Z

asap(ρ)
j (τ) ≤ B

�
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 	 � � � � � � , � , �
N

� �>� � �:�(�
!3/�� 
2�(� � , 
 � ,�� ��� � � ��� � �?,�� � � � , � � � , � � �����$�(/ � ,�� �� 
�����"� � �
�?, � � � �2� � � � �1� ����� ,�� � � 
 � �
� �>��� !

ρ∗
��� �3,�� � ,�� ���	� � , ��� , � ��� � � �
�>� � , �>�$��� , � limτ→∞ aT Zasap(ρ∗)(τ)/τ =

aT y∗ �

�>�:�"��� � � �¡[_GjK\n9K�[ N f�R�R^[_aTcunj�W�g]�l�cWnjnjK0ly[_KSk�Uin�k�z�cuVjn9kYK0k�[TGjKSn���GjKSn�[TGjK @YF 4\O�f�RbKSnY� cWaml�K0k�[TGjK
@jF�4ÀO 0 � F ­ ` ��UukYJ�fõ[mReU�[�J�cuR�[ecWn9K�F 0Efgnr�³UWaTf�Uin@[Hzr]�hja_cWh7cuRTfõ[_f�cunvL³|�UWn9k�njc�F 0Efgn9l�aTK0UWRTKW� �ec��"{
� cuaeUi�g�¡aTcuVY[Tfgnj�

ρ
{r[TGjK ���1� � h7cW�gfgl�]�Vjn9kYKSa

ρ
G9UWR�U�R�[_Ui[TfgcWn9UWaT]�z7K�G9U³�rfgcWa 5ÂRTK�K�l�cWa_cW�g�gUWaT]�L � 7y�¢FHGjf�R

fgJ�hj�gf�K0RH[TG9Ui[

asap(ρ∗) = u∗(ρ∗)

⇓ ⇓

asap(ρ) = u∗(ρ).

�#¦ 
 �Y��� � � � � , 
 ��� 
1/�� �3, � � � �D� , 
 �����(� � ��� � �(�A��� � ���>� ��� �.� � � , �> ���������� � � � , ��� , � ��� � � � � �
� � �(� ��� � � �����$�(/<� , �>��� � � 
 �$� �3, � � �2� , �2��������� 
 �(� ��/ � ��� �#� , , �"�1��� 
 ,�� � � � ��� ���

ρ∗ ��� � � ,  , � �
���.�$��� � , /�/7� , � � , 
 � � , � � �(���;���V�(���
!

M∗ � � �����D� �>� � , � , � 
 � ,�� � ���>�=���>� � � � ��� , �>��� � � 
 �;� �3,

 �(� � �(� � , � , ��
 � ,�� � �>��� ! ��� ���

ρ∗ �

� � �1� 
1� � � � , � , � 
 � � � ��/ ��� � 
 ��� � ���������
M = M(0) + Cz

� � , � ����� � � � , ��� �=�*��
 
 ��� � � � � , �:��� ����� !
� ���2��� , � , ��� � �Q� � 
 � ��� , 
 ����� � � ,�� � � � �>� , �>�����>� ! �

���(�3�>� �3, � � � , 
 � � , � �*� � , � � � ��� / ��� ,�� ��� � !��
� , � �Q� , � , � � , �3, /���� � �1���*�(/�/ � � , ��/���
 , �*��� , � �
�Q� , � , � � , � �2���3�>� , � � � � , � � �(� �1�(/�/�� �

ρ∗ �

� � , � � �����$�(/H� ��/�� ������� � ��� � � � � , 
 ���� , ��� � 
 �����(�
1

T y
� � �;���V�(���
!A� �

y∗ = 1
2 [1 1 2]T � M∗ =

1
2 [3 1 2]T

��� �
z∗ = 1

2 [1 0 4]T � � � � �0��� , / � �$���:��� ����� !
ρ∗

����
 � � � �(�
α = 2/3

��� � � � , � � � , 
1���� ,
� �

1
T y∗ = 2 �

� ��� 
 , � � , � , � � � , � � �(� 
 ��� �=�(��� ��� ������� 
 � �:�(� ��

��������� � � � � � � � � � , � � � $ � , �2�������;��/C�1�(/�� ������� � � �(� ,
� � �(��� � , �2�������;��/��;���V�(���
!

M∗ � ��� , � 
 � ,�� ���:���
M 0

� � � �>��� ! �  , 
1� ���
z∗

��� 
2�(� � ����� � / , � ��� �
� � , �:��� ����� !

ρ∗ �

� � � � , �:��� ����� !
ρ∗

� � � � ,�� ���:��� � � , �>� ���>� � � � , �2�������;��/ � �>���
! � ��/ � 
 � / , � � �	�=�*� �=�(�=�(/ � �>���
!��:�(� ,
���

4/3 �
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a

t2

1 − a

t3

t1

|

t

p3

p2

p1

¤'f��uVjaTK � 9�4 ­ ` ����GjK�a_KN[TGjK&[_a_UWn9RTf�KSnu[�a_K��uf�J�K&R�GjcuVj��k#n9ci[H� cW�g��c�� [TGjK"cuhY[TfgJ�Ui�¡a_cWVY[_f�n9�
ρ∗
�

�"&(% � / �</5I(:�� E /5476 :�� 
 4 /�� 
�E � I(/

��K�[�V9Rbl�cWn@[TfgnrVjKe��f�[b[TG9K\K�XjUWJ�h9��KNkYfgR_l�V�RTRTKSk�fgnZRTVjz9RTKSly[_f�cun�tj�µ|Y� 4\R_R�V9J�K\[TG9Ui[b[_GjK\a_cWVY[_f�n9�"fgR%njci[
�9XrK0k 5>R�KSK"njK�[efgn��9�WV9aTK&s?7��

t1 t4 t7

t3 t6 t9

t2 t8t5

p5p3

p8p2

p1 p4

p9

p6

p7

¤�fg�WV9aTK"s 9 �¢XjUWJ�h9��K"��f�[TG�njc�a_cWVY[_f�nj���jXYK0kZz7K�� cuaTKSG9Uin9k
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�����������������������! "���$#�� t9L

��K,�HUin@[e[_cZJ�U�XYfgJ�f�£SK�[TG9K�[TG9aTcuVj�WGjh9VY[ÀcW�¢[TGjK�njK�[&Uin9k6lmG9c@c@R�K�[TGjK�cWzYd^K0ly[Tfg�WK�� Vjn9ly[_f�cun
aT y =

y3 +y6+y9
��@rcW�g�rf�n9� ��`�` 5 � 7'�%KHcuzY[_UWf�n�[TG9K�cWhY[_f�J�Ui�9a_Ui[TKSR

y∗ = 1
12 [4 4 4 0 0 0 1 1 1]T

UWn9k�[TGjK
l�cWa_aTK0R�h7cWn�kYf�n9��cWhY[_f�J�UW�'a_cWVj[Tfgnj�#f�R

ρ∗(6, 1) = 4/5
{
ρ∗(6, 4) = 0

{
ρ∗(6, 7) = 1/5

{
ρ∗(2, 2) = 1

{
ρ∗(2, 5) = 0

{
ρ∗(8, 5) = 0

{
ρ∗(8, 8) = 1

�

�\ci[_K#[_G9U�[�[_GjfgR�n9K�[�fgR�R�[Ta_cWn9�W�g] l�cWn9njKSl�[TKSk�Uin9k�z7cWVjn9kjKSk�GjK�n9l�K�z@] [TGjKScWa_K�J*L ��[TG9K�cuhY[TfgJ�Ui�
z7K�G�U³�@fgcWaHVjn�kYK�a ���1� � f�R�cWzY[mUifgnjKSk#zr]ZlmGjcrcuRTfgnj�

ρ∗
UWn9k

limτ→∞ aT Zasap(ρ∗)(τ)/τ = aT y∗ �

� � ���#�����¡����	®�"!#��������$%�&�'����
 �	� �#����	b������� 
������

wÀn9K�cW�b[_GjK�J�U�d^cWa"kYamU³��z9Uul 'rR\ci��[TGjK��9V9fgkYf���lSU�[TfgcWn�ci�H`�K�[_aTf¢njK�[_R&f�RN[TG9Ui["[TGjK�a_KSRTVj��[_RNcWzj[_UifgnjK0k
� cuaH[TGjK�l�cWn@[_f�nrVjcuV9RHnjK�[NkYc�njci[\G9cW��kZ� cuaH[TGjK�kYfgR_l�a_K�[_K&cWnjKu�%FHGjf�R�f�R�f�n�h9UWa�[_fgl�Vj��UiaH[TG9K,l�UuR�K&��GjKSn
��K,UWaTK&�ÂUul�KSk���f�[TG6[TGjK�hjaTcuzj�gK�J ci�¢K�nY� cua_l�f�n9��[TGjK,aTcuVY[Tfgnj��h7cW�gfgl�]Z� cuVjn9kD��f�[TG6[TGjK�cuhY[TfgJ�f�£0U�[_f�cun
cW��[_GjK�l�cunu[_f�nrVjcuV9RHJ�cYkYK��E�

FHG9KÀ��a_R�[ekYf���l�Vj�õ[^]#fgR�[_G9U�[�fgnDU�kYf�R_l�a_K�[TK&njK�[�[TGjK"R�[_Ui[TfgcWn9UWaT]�a_cWVY[_f�n9��h9UWa_UWJ�K�[TKSa_R�cW��[TG9K�l�cWn@[_f�n 0
V9cWV9R"n9K�[_R,Uia_K�a_K�h9�gUul�KSk�zr]�a_cWVj[Tfgnj��� Vjn9ly[_f�cun9R"9,KSUulmG�[_c3'uK�n K�n@[TKSaTfgnj�DU�hj��UWl�K

p
fgR�UuRTRTfg�WnjK0kvUWn

cuVY[Th9VY[�[TamUin�R�f�[TfgcWn�UWlSl�cWamkYfgnj�N[Tc,U&a_cWVj[Tfgnj�N� Vjn9ly[_f�cun
rp : N → p•

��FHG9K���fgn '���fõ[_G�[TGjKea_cWVj[Tfgnj�"h9U�0
amUiJ�K�[TK�amR%ci�¯[_GjK"l�cWn@[_f�nrVjcuV9Rbn9K�[�fgR�kjcWnjKNzr]�UWR_R�VjJ�fgnj��[_G9U�[H[_GjKN� Vjn9ly[_f�cun

rp

R�KSn9kjRHU�hjaTcuh�cua�[_f�cun
cW�

ρ(p, t)
[Tc3'uK�n9R�[_c�[TamUin9RTfõ[_f�cun

t
UWRT]rJ�hY[TcW[Tf�l�Ui�g�g] 9

lim
N→∞

1

N

N
∑

n=1

1{rp(n)=t} = ρ(p, t).
5^L0}?7

FHG9fgR¡f�R¯kYcunjKW{S� cWa�K�XjUiJ�hj�gKW{0zr]ÀlmGjcrcuRTfgnj��U � � � 
 � � �>��� 
 ��� ���., �>����� /�/ � ��� � 
 �������
rp

��GjKSaTK
Pr(rp(n) =

t) = ρ(p, t)
��4enjcW[TGjKSa 5ÂkYK�[TKSaTJ�fgnjfgR�[Tf�l"7�h7cuR_RTf�zjfg�gfõ[^]�f�RH[_c�lmG9c@c@R�K&U �>�=�(��� 
2��� , �:��� ����� !���� � 
1�������

rpRTV9lmG#[TG9Ui[�� cWaeUW���
K
{

K
∑

k=1

1{rp(k)=t} = bρ(p, t)Kc.

FHG9KNKS�Wcu��VY[_f�cun#K �@V9U�[_f�cun9RHf�n�[_GjK�kYf�RTl�aTK�[TK"l�UuR�KNz�K0l�cuJ�K

Zj(τ) ≤ min
pi∈•tj

⌊

Ai,j(Hi(τ − δi))

Pre(pi, tj)

⌋

∀tj ∈ T

Hi(τ) = Mi(0) +
∑

tj∈•pi

Post(pi, tj)Zj(τ) ∀pi ∈ P,
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��G9K�a_K
Ai,j(K) =

∑K

k=1 1{ri(k)=tj}
�

��G9K�n�[_GjKHnjK�[�f�R��gfg�WKHUin9k"z7cWV9n9kYKSk¯{�[TGjK��9a_fgnj�\amU�[_Kbci�9[TGjK�[TamUin�R�f�[TfgcWn9RS{
φj = limτ→∞ Zasap

j (τ)/τf�R�RTGjc���n�[Tc�K�XYf�R^[ZUuR�R�crcun4UuR�[TGjK6�gfgJ�f�[
limK→∞ A(K)/K

K�XYf�R^[mR�V9RTf�nj� [_a_UWn9RTfõ[_f�cun�zj�gcYl 'rf�nj�
[_KSlmGjn9f �@VjK0RÀfgn ) � +E� �ec���K��uK�a0{�[_GjK�l�cuJ�h9VY[_Ui[TfgcWn�cW�

φj

RTK�KSJ�RN[Tc�z�K�amU�[_GjK�a&kYf ��l�Vj��[S��FHGjK�a_K�Uia_K
RTK��uK�amUi�©a_KSUWRTcWn�R�� cuaH[TG9Ui[S�

¤'fga_R�[T�g]W{u[TG9K��9a_f�nj�,a_Ui[TK�fgn�[TGjKNkYf�RTl�aTK�[TKel�UuR�KÀkYK�h7K�n9k9R�cWn�[_GjKÀlmG9cWf�l�K�ci�¡[_GjKea_cWVY[_f�n9�"� Vjn9l�[TfgcWn9RS� � n
h�UiaT[Tf�l�Vj��Uia0{W[_GjK&R^[mUifga�lSUWRTKNUWn9k�[TG9K 	 KSaTnjcuVj�g��f7aTcuVY[Tfgnj�@RbJ�U³]�njci[HG9U³�uKe[TG9KNR_UiJ�KNa_Ui[TKSR 5Ë[_GjK�a_K&Uia_K
R�[Ta_cWn9�NKS�rfgkYKSn9l�K0R�[Tc�l���UifgJ�[TG�U�[�� cua���fg�WK\njK�[mR�{W[TGjK\R�[_UWf�a%l�UWRTK�f�RbUi�g�HU³]rR�[_GjKez7KSR�[%a_cWVY[_f�nj�N� Vjn�ly[TfgcWn
R_U�[_fgR�� ]rf�n9��[_GjK�UWRT]rJ�hY[TcW[Tf�lNl�cWn9kjfõ[_f�cun�5�LS}?7:7y�

@YKSl�cun9kY�g]W{'[TG9KZa_KSUWlmG�Uizjfg��f�[^]vl�cWn9kjfõ[_f�cun f�n [TGjK�kYfgR_l�a_K�[_KZl�UuR�KZfgR 'rnjc���n [Tc6z7K�kYf���l�Vj�õ[�[Tc�lmGjKSl '
5 [TGjf�R�f�R�[TGjK"J�UWf�n�a_KSUWRTcWn#��Gr] �¯`�` 5 � 7HkYcrKSRHn9ci[e��cWa2'�GjK�a_K
7��

4\njci[_GjK�a"kYf ��l�Vj��[^]�l�cWJ�KSR\� aTcuJ [TGjK��ÂUuly[&[TG9Ui[S{¡Vjn9��f 'WK���G9Ui[N��K�G�U³�WK,h9aTc��uKSkDfgn�[_Gjf�R&h9Uih7K�aÀ� cWa
l�cWn@[TfgnrVjcWV�RenjK�[_RS{9[_GjK,cuhY[TfgJ�Ui��R^[mU�[TfgcWn�Uia_]Za_K��WfgJ�K�fgnD[TGjK�kYf�RTl�aTK�[TK�lSUWRTK�J�U³]#n9ci[\z7K�a_KSUulmGjKSk�zr]
[_GjK�UWR_Uih6��aTfgnj�Zh7cW�gf�l�]W��FHGjK�K�XjUiJ�hj�gK�fgn6���WVja_K �#f�RNU�R�[TamUifg�WG@[�� cuaT�HUiamk#[TamUin9RT�gUi[TfgcWn6cW�%U�F�K�[Ta_fgR
G9KSUih#[_U3'WKSnZ� a_cWJ ) s�+¯fgn@[Tc�U�`�K�[_aTf¯n9K�[S�

p3

p2

t2

t3

p4

t4

t1

p1

p5

[a] [1 − a]

¤�fg�WV9aTK � 9�4�`�K�[_aTf�njK�[e��f�[TG�a_cWVY[_f�nj�

� �\[TGjK�kYK���U³]YR�fgn [TG9K#hj��UWl�KSR�Uia_K#lmGjc@R�KSn R�V9lmG [TG9Ui[
δ1 = 8/89, δ2 = 32/89, δ3 = 81/89, δ4 =

8/89, δ5 = 0
[_GjK�n#[TGjK&R�[_U�[_f�cun9Uia_]�cWhY[_f�J�UW�7a_cWVj[Tfgnj�,Vjn�kYK�a � � � � fgR

(4, 3, 3, 3)∞
��fõ[_G�U,[TcW[_Ui�©amU�[_K

cW�'s � ��t@|"��Gjfg�gK&[TGjK"cuhY[TfgJ�Ui�¡a_cWVY[_f�nj��h7cW�gfgl�]Zf�R
(4, 3, 3)∞

��f�[TGDU�Gjf��uGjK�a�amU�[_K39¢tj�

� [&f�R\njcW[&kjf���l�V9�õ[N[Tc�hja_c��WK 5¾d^V9R^[&�gc@c?'rf�nj��U�[À[TGjK�K��ucW�gVY[TfgcWn6K �@V9U�[_f�cun9R27�[TG9Ui[À[_GjK��9aTfgnj�#a_Ui[TKSRÀfgn
[_GjK�kYf�RTl�aTK�[TK�l�UuR�K�Uia_K�njci[���Uia_�WKSa\[_G9Uin fgn�[_GjK�l�cunu[_f�nrVjcuV9R"l�UuR�Ku��FHG9K�a_K�� cWa_KW{ �¯`�` 5 � 7ÀhjaTc��rf�kYKSR
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UWn�Vjh9h�KSaNz7cWV9n9k6� cua"U#kYf�R_l�a_K�[TK�njK�[&��f�[TG UZ�jXYKSk6a_cWVj[Tfgnj�#h7cW�gf�l�]W� � [&f�R&Ui��R�c�KSUuR�]�[_c�l�cWn9R�[Ta_V9l�[
K�XjUiJ�hj�gKSRH��GjKSaTKN[TG9K"a_Ui[TKNf�n�[TG9K�kYfgR_l�a_K�[_K"l�UWRTK&fgR�R�[Ta_f�ly[T�g]#RTJ�Ui�g��KSa�[TG9UWn�fgn�[TGjK�l�cWn@[TfgnrVjcWV�R�lSUWRTKW�

¤'fgn9Ui�g�g]W{jcunjK"l�Uin�njcW[TK&[TG�U�[\Uinr]�a_cWVj[Tfgnj��� Vjn9ly[_f�cun�f�n�[TG9K�kYfgR_l�a_K�[_K�l�UuR�K&l�UWn�z7K"fgJ�h9��KSJ�KSn@[TKSk�zr]
V�R�fgnj��R�V9h�KSaT�rf�R�cuaT]�l�cWn@[Ta_cW��5ÂUuRHfõ[ef�RekYcunjK&f�n )gL>+ 7y�

� � ��
�	%)���������


� n�[_GjfgR,h9Uih7K�a,�%K�G9U³�uK�V9R�K0k�R^[_aTV�ly[TV9a_UW��Uin9UW��]YRTfgRN� cua,kYK�[_K�a_J�f�njfgnj�DcuhY[TfgJ�Ui�%R�[_Ui[TfgcWn9UWaT]6l�cWn@[Ta_cW�
h7cW�gf�l�fgKSR�� cWa ­ cun@[Tfgn@V9cWV9RH`�K�[_aTf �\K�[mR��

��K,G�U³�WK,RTGjc���nD[_G9U�[À� cWa&kYKSl�fgRTf�cun 0E� aTKSK�njK�[mR�{©��GjKSaTK,[TGjK�cWn9��]Dl�cun@[Ta_cW�¯h7cW�gfgl�]6l�cun9R�f�R�[_RefgnvkjK�[TKSa�0
J�fgnjfgnj�ÀG9c�� �ÂUWR�[�RTGjcWV9�gk�Ue[_a_UWn9R�f�[TfgcWn�l�cWn�R�VjJ�K%[TGjK%[Tc?'WKSn9R¯[_G9U�[�G9U³�uKbz7K�K�n�a_KSRTK�a_�WKSkN� cua�f�[_R'��aTfgnj�9{
[_GjK"hja_cWzj�gK�J�ci�'l�cWJ�hjVY[_f�n9��[TGjK�R�[_Ui[TfgcWn9UWaT]�z7K�G9U³�rfgcWa�l�UWn#z7K�RTcW�g�WKSkZzr]#U���fgnjK0Uia�hja_cW�ua_UWJ��

��K\G�U³�WKeUi��RTc,l�cun9R�f�kYKSaTK0k,[_GjKÀlSUWRTKefgn���Gjf�lmG�[TGjKNkYKSl�fgRTf�cun�h�cu��f�l�]�Ui��RTc�aTK �@Vjf�a_KSRbR�cu���rfgnj�,U"a_cWVY[_f�n9�
h9aTcuzj��KSJ Uin9k �%K�G9U³�WK�R�G9c���n Gjc�� [Tc l�cuJ�hjVY[TK�Uin�cWhY[_f�J�UW��a_cWVj[Tfgnj��V9RTfgnj��U�kYf J7KSaTKSn@[��gf�n9KSUia
h9aTcu�WamUiJ�J�f�nj��hja_cWzj�gK�J��

4\J�cWnj��UW���9UukYJ�fgR_RTf�zj�gKel�cun@[Ta_cW�Yh7cW�gfgl�f�K0R�{u�%K�G9U³�uK�lmG9UiamUWl�[TK�a_fg£�KSk,f�J�h7cWaT[_UWnu[%hjaTcuh�KSa�[_f�K0R�ci�7[TGjK ��UWR
RTcrcWn�UWRHh7cuR_R�fgzj�gK
�\h�cu��f�l�]Z[TG9Ui[�fgR�h�UiaT[Tf�l�Vj��Uia_��]�a_K��gK���UWnu[�fgn�J�UWnr]�cWhY[_f�J�fg£SUi[TfgcWn�hjaTcuzj�gK�J�R��

� �����H����
#	����

)�L +0����4\��h�Uin Uin9k 	 �<�&UWV�d�Ui�E� @rV9h�KSaT�rf�R�cuaT]�l�cun@[Ta_cW�Hci�\`bK�[Ta_f�njK�[_R�V9RTf�n9�va_cWVY[_f�n9��� Vjn�ly[TfgcWn�R 9
R�[_UWaT��Ui[TfgcWn�U³�WcufgkjUWn9l�K�f�RTRTVjK0R�� ������� �
�2���3� � 
1�������C� ��� � � �>� , � � � � ��� �(� � � � � , �>� , ��� 
�� {
tu} 5Eq37>9 � sWp � � �uqj{@|W}W}W}9�

) |�+0���?4e�gh9Uin�Uin9k 	 ���&UiV�d�UW�>�7wÀhj[TfgJ�UW�YzjV9R¢R_lmGjKSkjVj��fgnj�NV9RTf�nj�"l�cWn@[TfgnrVjcWV9R'`�K�[Ta_fYnjK�[mR���F�K0lmGjnjf�l�Ui�
a_K�h7cWaT[S{ � �ÀO � 4�{7|i}W}@|Y�

) t(+���� ­ UWJ�h�c@R�{ ��� ­ GjfgcW��Uj{9UWn9k�8�� @rfg�g�³U9�%`baTcuh�KSa�[_f�K0ReUin9k�R�[TK0UWkY] 0¹R^[mU�[TK&h7K�aT� cWa_J�Uin9l�K"z�cuVjn9kjR
� cua�`�K�[_aTf©njK�[_RH��f�[TG�Vjnjf �@VjK&aTKSh�K�[Tf�[Tfg�WKN�9a_f�nj��l�cuVjn@[��uKSl�[TcWa0� � n � �:� 
 � � � � � ,�� � � � � � � � ���V� �
�(��� , � �>��� , � � ��� � � , � �1���>�;��� 
 , � � �3, /Z� {9h9UW�WK0RH|jLS} �Y|W|W}j{
	&]WcW[Tc9{��@Uih9UWn¯{©L �us��j� � ¤ 4 ­ �
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tWp � ����� ��/�� � ��� �

) p3+0��� ­ cuGjK�n�{ @©�<�&UiV9z�KSa�[0{bUin9k ��� `�� � V9UWkja_Ui[S� 4e�g�WKSzjamUif�lZRT]rR�[TKSJ Uin9UW��]YRTfgR�ci�À[TfgJ�KSk�`�K�[_aTf
n9K�[_RS� � n �9���NVjn�U³��UWa_kYKSn9Uj{³K0kYfõ[_cWa0{�� �?, ��� �(� , � 
 � { ­ cu���gKSl�[TfgcWn�ci�9[_GjK � RTUuUWl �eK��H[_cWn � n9R�[Tf�[TVY[_KW�
­ UWJ,zja_f�kY�WK �en9f��uK�amR�f�[^]�`�a_KSR_R�{¡L ���Ws9�

) q�+���� � � �g�WKS£., ����/ � wÀn�[TGjK%aTK0UWlmG9UWzjf��gf�[^]\ci�9l�cWn@[TfgnrVjcWV�R¯`�K�[Ta_f@n9K�[_RS�uF�KSlmG9njfglSUi�uaTKSh�cua�[0{��\njfg�WK�amRTfõ[^]
cW���¡UiamUi�Wcu£SU9{@|i}u}u|j�'F�c�Uihjh7KSUWaS�

) � + 	 � �&UWV�d�Ui�jUWn9k	4�� �NfgV9Uj�7wÀhj[TfgJ�UW�YaTcuVY[Tfgnj�&ci�©l�cunu[_f�nrVjcuV9R�[TfgJ�KSk�`�K�[_aTfYn9K�[_RS� � n�� � � � � ���>/ �

 �(�
! � , ��� { 	 Uiaml�KS��cun9Uj{j|W}W}u|j� � ¤ 4 ­ �

) � + 	 �;�&UiV�d�UW�>{�@©���ÀUWUWaS{9UWn9k ��� 86Uifga_KSR_R�Ku� 	 �gcrl 'rfgnj��U�[TamUin�R�f�[TfgcWn�fgn6U�`�K�[_aTf�njK�[0{7UWn9k���G9Ui[\fõ[
[_K��g�gReV9ReUiz7cWVj[Hf�[_R\UWRT]�J�hY[TcW[Tf�lÀz7K�G�U³�@fgcWa0�¢F�K0lmGjnjf�l�UW�¯O�K�h7cWaT[eOeO 0m{ � �\O � 4,{�|i}u}jLu�
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