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∗ MONQP G�R PTSUN D#F�V PTWYX ;>G †

Z []\�^,_-`$acbedf^hg]ikjYlmdonIpq_�l(nsrtlmdo^,dkuvjwlvdfnsp
x _�uvyeuzlv\K^,_Ku({�nI^,r]io_�|t_Ku
}O~mnw��_�l������������

��jsr]r�nI~zl x _�~m_K{�[�_�~�{�[]_�pT��`B�s�s��a ��{�lmns�]~m_&�w�s�B�-a��s��r�jw�I_Ku

���.�K���Y ]¡s�s¢ �£p¤lm[]dfu,~m_�rTns~vlK¥§¦3_<jw~m_/dope¨s_Hu�lmdo�BjYlmdop]�©lv[]_<peg]^,_K~vdk{�jsi jsr]r]~mnª|tdo^�jYlmdonIp�nw«-jwp¬nsrtlmd®
^�jsi¯{�nIpIlm~vnIi(r]~mns�]if_�^°dope¨snIio¨edfp]�±lv[]_©_�¨snIiog]lvdfnsp�nw«&j²p]_�¦ lmnsp]dkjwp³¨edkuv{�nsg�u,dfp�{�ns^,r]~m_Kumuzdf�]if_�´�g]d x
x _Kum{�~mdo�T_ x �ey$lv[]_��¯jª¨edf_�~v£bBlmnsµI_Ku�_K¶Bg�jwlvdfnsp�uK·�Z []dfu§}§¸�¹ºuvytu�lm_�^»dfu x dkuv{�~v_�lvdf¼�_ x g�uzdfp]�hj&ifnY¦�ns~ x _�~
½ p]d®lm_(_�if_�^,_�pBlOdfp�uzr�jI{�_({�nIg]r]if_ x ¦(d®lm[¾j-¿�jw�I~mjsp]�s_�£À-jsio_K~vµedfp�uv{�[�_�^,_�«Áns~�lv[�_(p]nsp]ifdfp]_Kjs~Oj x ¨I_K{�lmdonIp
nIr�_K~mjwlvnI~K·�Â±_&dopBlv~mn x g�{�_-j$«Ág�ioi x dfum{�~m_�lm_&iodfp]_Kjs~vdf¼�_ x um{�[]_K^$_�lm[�jYl�dku(g�uv_ x lvn�{�ns^,r]gtlm_-lv[]_��I~mj x do
_KpBl¯nw«Ej��sdf¨s_Kp<{�nIuzl(«Ág]p�{�lvdfnsp<�ey/_�p�uvg]~mdop]��dolmu¯{�nsp�uzdku�lm_�p�{�ys· Ã¯uvdop��¾�s~�j x df_�pBl(��jIuz_ x nIrtlvdf^,do¼HjYlmdonIp
jsio�Ins~md®lm[]^�u�¥e¦�_&jw~m_-js�]if_�lmn x _KjsiÄ¦(d®lm[/l�¦3n�´�g]d x ´�nY¦Å{�nspBlv~mnsi5r]~mns��io_K^,u�Æ
Ç ·(¸¯~�jw�,~m_ x g�{�lvdfnspqjw~mnsg�p x j$^,nY¨edop��${�yBifdfp x _�~H¥
�t·(jwp¾d x _KpIlmd ½ {�jYlmdonIp�ns«5«Èjw~v ½ _Ki x ¨s_�ifnt{�dol�y�g�uzdfp]��lm[]_�µBp�nY¦(io_ x �s_�ns«5lv[]_�´�g]d x ifnIj x nsp�j�~m_K{�l�jwpt
�sg]ikjw~(��iogtÉ���n x yI¥t«Áns~(�Tnwlm[ ½ |e_ x jwp x ^,nY¨Bdfp]�,{�nIp ½ �sg�~mjwlvdfnspÄ·

Ê<ËBÌ#ÍmÎhÏ �YÐ.�s¢ ��jª¨edo_K~z�bBlvnIµs_Hu§_H¶Ig�jYlvdfnsp�u�¥]��¿Ä¹º«Áns~m^hg]ikjYlmdonIpÄ¥tnsr]lvdf^,jsiÄ{�nIpIlm~vnIi?¥]¿�jw�I~mjsp]�s_�
À-jsio_K~vµedfp

∗ ÑÁÒ.ÓÄÑÕÔ�ÖÈ×#Ô.ÑÁØ-Ô.Ò�Ù�Ú�Ò.Û#×TÖÈ×5Ú�Ó�Ø-ÑÈ×ÄÜsÝKÞ�ß�à�áãâkä�å.áãâãâãÞzæzç èYé�êªëÈÞzæÈì>Þ£íªî.áãïªëÈáðàHç ñfë
† ò à�ówé�ë>àmì?é�áãë?Þ�×#Þ�ï�ì?ë>à�âtôHÞzæ�Ûté�ï�ì?æ.Þ£ì.×#õYà�êªæ?æ>ö�Þ�ævÝYÞ�ß�à�áãâkä]Ø&à�ëÁ÷Äà�ïBç Ø-é�êªóªà�øùõªáãë>î.âãøzúwø�ç ñoë



� ������������� �&�������
	h��9��('��(*,+/	-�����h��'09/� � 	¯����� �Ä!5"$���&%��(' �/	&�
+¾�.������'�	-������� 9/� '��8����
	�' 9�� ���,�±� 2 	�1��.	��/1��3!54 	���� �.%,���

��	 ��
� 	 ¢ ¸�jwp�u {�_�~�jwr]rTns~vlK¥ep]nIg�u§p�nsg�u�dfpIl���~m_KumuznIp�u��hg]p�r]~mns�]if\�^,_ x _�{�nspBlv~��sif_¯nIrtlvdf^�jwi#rTnsg]~
g�p±uvytu�lm\�^,_h´�g]d x _�_�p��K{�nIg]if_�^,_�pBl-dop�{�ns^,r]~m_Kumuzdf�]if_ x �K{�~mdol-r�jw~-io_Hu��K¶Bg�jYlmdonIp�u x _��¯jª¨edf_�~v£bBlmnsµI_KuK·
�3_�uvytu�lm\�^,_ x�� ¹§¸�}0_Kuzl x dkuv{�~���lvdku��q_�p�gtlmdoifdkuvjspIl�g]p]_<^���lm[]n x _ x�� ��i���^,_�pBl�u ½ p]dku x _<��jIu x _K�s~��
{�nsg]r�i��K_���g]p]_�^���lv[]n x _ x _ ¿�js�s~�jwp]�I_��À-jwif_�~mµBdfp�r�nIg]~�if_3lv~�jwdolv_�^,_KpIl x _�i � nsr���~�jYlm_�g]~ x _ {�nspe¨I_K{�lmdonIp
p�nsptùiodfp��Hjwdf~v_I· ��nIg�u x �K{�~vdf¨snIp�u¾g�pÅum{�[���^�j�ifdfp��Kjs~vdku���lvnwl�jwif_�^,_�pBl x dkuv{�~v_�l/j ½ p x _²{�jwik{�g�io_K~ x _
«Èj! �nIp¤{�nIp�uzdkuzlmjwpBlm_�if_/�I~mj x df_�pBl x�� g]p]_�«Ánsp�{�lvdfnsp�p]_�ifio_ x _<{�n!"tl,iod���_#�©ikj�r�[Bytuvdf¶Bg]_ x gºr]~mns�]if\�^,_s·
�¯nsg�u&lv~�jwdolvnsp�u�¥�jwifns~�u�¥ x _�g]|²jsr]r]ifdf{KjYlvdfnsp�u x _�{�nspBlv~��sif_,_�p�p]nIg�uhjsr]r]g]yBjwpBl�uzg]~ x _Ku�jwif�snI~vdolv[]^,_Hu
x$� nIrtlvdf^,dfumjYlmdonIp�«ÁnIp x �Ku(uvg]~(if_�{�jsif{�g]i x gq�s~�j x df_�pBl-Æ
Ç ·(�%� x g�{�lmdonIp x _&ifj�lv~�jwdfp��K_-jsgtlvnIg]~ x�� g]p<uznIiod x _&{�yeifdop x ~vdk¶Bg]_-_�p/~vnslmjwlvdfnspÄ¥
�t· g]p�r]~mns�]if\�^,_ x�� d x _�pBlvd ½ {KjYlvdfnsp x _�{�nsp x d®lmdonIp�uEjwg]|�ifdo^,dolv_Ku§_�p¾js^$nIpBl&�-r�jw~vlvdf~ x _(ikj&{�nsp�p�jwdku�
uvjsp�{�_ x _Hu(_�É#ns~vlmu�´�g]d x _Ku(uvg]~(g]pqr]~mn ½ i5~m_K{�lmjwp��sg]ikjwdf~v_I¥e_�pq{�nsp ½ �sg]~�jYlmdonIp ½ |t_&nIg�^,ns��doif_s·

' Ï �H� Í ¡)( 	 �/¢ �K¶Bg�jwlvdfnsp�u x _��¯jª¨edo_K~z�bBlmnsµs_Hu�¥B«ÁnI~v^�g]ifjwlvdfnspq�¯¿�¹�¥�{�nspBlv~��sif_-nsrtlmdo^�jwi>¥]^���lm[]n x _ x _
¿�jw�I~mjsp]�s_�£À-jsio_K~vµedfp
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>@?6A �K� Ï Ð 
.¡w�;B Ï A C

D '  ]��E Ë �¤ t��B?¡s �(�� Ë �K��B AGF C
�]· Ç �3nIpBlvdfpBg�nsg�u({�nIuzl�«Ág�p�{�lmdonIp/�I~mj x df_�pBl�·&·-·&·-·&·&·-·&·-·&·�·&·-·&·&·-·&·-·&·-·&·&·�·&· �
�]· � À�~�j x do_KpIl(��jIuz_ x nIrtlvdf^,do¼HjYlmdonIp/uzlv~�jYlm_��syq·&·-·&·&·-·&·-·&·�·&·-·&·&·-·&·-·&·-·&·&·�·&· Ç �

�]· �]· Ç �3nspY��g]�BjYlm_��I~mj x df_�pBl�^,_�lv[]n x ·-·&·-·&·&·-·&·-·&·�·&·-·&·&·-·&·-·&·-·&·&·�·&· Ç �
�]· �]· � H�g�jsuvd®£��_K¦ lvnIp�jwif�snI~vdolv[�^,u6·&·-·&·-·&·&·-·&·-·&·�·&·-·&·&·-·&·-·&·-·&·&·�·&· ÇIÇ

IKJ E ËML   F �Y  AGF ËsÍ6N  �( Ë �<OPB ARQ ¡<E Ë � ËTSùÏ �¾��E ËMU  'VPB Ë � Í Q � Ï O Ë � Ë-W 
� ]��B Ï A � >-I
= · Ç Z df^,_ x dkuv{�~v_�lvdkuvjwlvdfnsp�·-·&·-·&·-·&·&·�·&·-·&·-·&·&·-·&·-·&·�·&·-·&·&·-·&·-·&·-·&·&·�·&· Ç =

= · Ç · Ç �£pIlm~vn x g�{�lvdfnsp ·&·-·&·-·&·&·�·&·-·&·-·&·&·-·&·-·&·�·&·-·&·&·-·&·-·&·-·&·&·�·&· Ç =
= · Ç · � Z do^,_�uv_�^,d® x dkuv{�~v_�lv_ ½ ~�u�l(ns~ x _K~�{�[�jw~�js{�lv_�~mdku�lmdf{Ku3um{�[]_�^,_ ·-·&·-·&·-·&·&·�·&· Ç =
= · Ç · = Z do^,_�uv_�^,d® x dkuv{�~v_�lv_-uz_H{�nIp x nI~ x _�~({�[�jw~�js{�lv_K~vdku�lmdf{Ku3um{�[]_K^$_$·&·-·&·-·&·&·�·&· Ç `

= · � btr�jYlmdfjsiÄjwr]r]~mnª|tdo^�jwlvdfnsp ·-·&·-·&·&·�·&·-·&·-·&·&·-·&·-·&·�·&·-·&·&·-·&·-·&·-·&·&·�·&· Ç<X
= · �]· Ç �£pIlm~vn x g�{�lvdfnsp ·&·-·&·-·&·&·�·&·-·&·-·&·&·-·&·-·&·�·&·-·&·&·-·&·-·&·-·&·&·�·&· Ç<X
= · �]· � Z []_-} Ç ù�]g]�]��io_�Yª} Ç uvr�js{�_-·�·&·-·&·-·&·&·-·&·-·&·�·&·-·&·&·-·&·-·&·-·&·&·�·&· Ç �

= · = btr�jYlmdfjsiÄjwr]r]~mnª|tdo^�jwlvdfnsp�ns«�lm[]_�{�[�js~mjI{�lv_K~vdkuzlvdk{¯{�g�~v¨I_ ·&·�·&·-·&·&·-·&·-·&·-·&·&·�·&· Ç�Z
= · ` H�g�j x ~�jYlmg]~v_�~mg]io_Hu�·&·-·&·-·&·-·&·&·�·&·-·&·-·&·&·-·&·-·&·�·&·-·&·&·-·&·-·&·-·&·&·�·&· Ç �
= · X ¹O|Blm_�p�uvdfnsp/lvn$lv[�_�{�jsuv_-nw«�j,^$nY¨edfp]� x ns^�jwdfp ·&·-·&·-·&·�·&·-·&·&·-·&·-·&·-·&·&·�·&· Ç �

= · X · Ç �¯¿Ä¹º«ÁnI~v^�g]ifjwlvdfnsp ·&·-·&·&·�·&·-·&·-·&·&·-·&·-·&·�·&·-·&·&·-·&·-·&·-·&·&·�·&· Ç �
= · X · � ¸¯dkuv{�~v_�lvdf¼Kjwlvdfnsp³·&·-·&·-·&·&·�·&·-·&·-·&·&·-·&·-·&·�·&·-·&·&·-·&·-·&·-·&·&·�·&· �s�

[]\ BÈ�H¡w� Ë � Ë (�B A Ë  t��B�^s ]��B Ï A   A Ð³Ð�B?�K¡s� Ë � Ë ¡ Ï ��� S 
 A ¡w�;B Ï A_F �Y ]ÐGB Ë A � D`>
`�· Ç ¿�dop�_Kjw~mdf¼�_ x/x dkuv{�~v_�lv_&uvyeuzlv_K^ ·-·&·&·�·&·-·&·-·&·&·-·&·-·&·�·&·-·&·&·-·&·-·&·-·&·&·�·&· �I�

`�· Ç · Ç ¿Ädfp]_Kjs~vdf¼�_ x uvdo^,r]if_&��js{�µBlm~mjI{�µBdfp]� ·-·&·&·-·&·-·&·�·&·-·&·&·-·&·-·&·-·&·&·�·&· �I�
`�· Ç · � ¿Ädfp]_Kjs~vdf¼�_ x uvg]�T{�yt{�ifdop]����js{�µBlv~�js{�µedfp]� ·&·-·&·-·&·�·&·-·&·&·-·&·-·&·-·&·&·�·&· � =

`�· � ¿�dop�_Kjw~mdf¼�_ x j x jwrtl�jYlvdf¨s_���jI{�µIlm~mjI{�µedop]� ·-·&·-·&·&·-·&·-·&·�·&·-·&·&·-·&·-·&·-·&·&·�·&· �w`
`�· �]· Ç �w¸ {�jIuz_ ·&·&·-·&·-·&·-·&·&·�·&·-·&·-·&·&·-·&·-·&·�·&·-·&·&·-·&·-·&·-·&·&·�·&· � X
`�· �]· � = ¸ {�jIuz_ ·&·&·-·&·-·&·-·&·&·�·&·-·&·-·&·&·-·&·-·&·�·&·-·&·&·-·&·-·&·-·&·&·�·&· � Z

`�· = �£^,r]if_�^,_KpIl�jYlmdonIp/g�uzdfp]�,��jw~myt{�_KpIlm~vdk{�{�nens~ x dfp�jYlm_Ku±·&·-·&·�·&·-·&·&·-·&·-·&·-·&·&·�·&· � Z
`�· = · Ç }O~vns��_K{�lvdfnsp/g�uzdfp]�,��js~vyt{�_KpBlv~mdf{�{�nens~ x dfp�jYlm_Ku�·-·&·�·&·-·&·&·-·&·-·&·-·&·&·�·&· �s�
`�· = · � ¸¯_K~vdf¨YjYlvdf¨s_-ns«�lv[�_&r]~vns��_K{�lvdfnsp/g�uzdfp]�,��js~vyt{�_KpBlv~mdf{�{�nens~ x dfp�jYlm_Ku ·&·-·&·&·�·&· = Ç
`�· = · = iodfp]_Kjs~vdf¼Kjwlvdfnsp�nw«�lm[]_ x dkuv{�~v_�lv_&um{�[]_�^,_&dfp�uzd x _&��bt� = ·-·&·&·-·&·-·&·-·&·&·�·&· = �

`�· ` ¸�dkuv{�~v_�lv_&ifdop]_Hjw~mdo¼K_ x uzytuzlv_�^ ·-·&·&·�·&·-·&·-·&·&·-·&·-·&·�·&·-·&·&·-·&·-·&·-·&·&·�·&· = `
ab? �dc( Ë � Ë A �H t��B Ï A I$e

X · Ç �¯nsp]ifdfp]_Kjs~�jwp x iodfp]_Hjw~mdo¼K_ x �¯jª¨edo_K~z�bBlmnsµs_Hu3uvnsif¨s_K~mu¯·&·-·&·�·&·-·&·&·-·&·-·&·-·&·&·�·&· = �
X · Ç · Ç ��be� = ·&·-·&·&·-·&·-·&·-·&·&·�·&·-·&·-·&·&·-·&·-·&·�·&·-·&·&·-·&·-·&·-·&·&·�·&· = �
X · Ç · � ¿�À-��bt�z��fEb ·-·&·-·&·-·&·&·�·&·-·&·-·&·&·-·&·-·&·�·&·-·&·&·-·&·-·&·-·&·&·�·&· = Z

X · � ��r]lvdf^$df¼Kjwlvdfnsp/~vnIgtlvdfp]_Hu ·-·&·-·&·&·�·&·-·&·-·&·&·-·&·-·&·�·&·-·&·&·-·&·-·&·-·&·&·�·&· = Z
X · = }Ejs~mjsioif_�i x df~m_K{�l(^,n x _�uzlv~�jYlv_K�sy ·&·�·&·-·&·-·&·&·-·&·-·&·�·&·-·&·&·-·&·-·&·-·&·&·�·&· = �

Ó�Ó ï�g9h6i!j!k
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eK\ BÈ�H¡w� Ë � Ë F �Y ]ÐGB Ë A ��¡ Ï � c
��K ]��B Ï A I�
��· Ç ��jIuz_-ns«�}�nsdkuz_Kg]dfioif_-´�nY¦ ·-·&·-·&·&·�·&·-·&·-·&·&·-·&·-·&·�·&·-·&·&·-·&·-·&·-·&·&·�·&· = �

��· Ç · Ç f�ifnY¦ lm~mjI{�µedop]�,{�nIpBlv~mnsi#r]~mns�]if_�^ ·-·&·&·-·&·-·&·�·&·-·&·&·-·&·-·&·-·&·&·�·&· = �
��· Ç · � ¸¯_K~vdf¨YjYlvdf¨s_&{�[]_H{�µedop]�/Æ�lv[�_&dopBlv_K~muv_K{�lvdfnspqjwif�snI~vdolv[]^0{Kjsuv_ ·-·&·-·&·-·&·&·�·&·6`B�
��· Ç · = bedo^,r]if_�{�nIpBlv~mnsiTlv_Hu�l¯{Kjsuv_ ·�·&·-·&·-·&·&·-·&·-·&·�·&·-·&·&·-·&·-·&·-·&·&·�·&·6`e�
��· Ç · ` x _�~mdo¨Yjwlvdf¨s_-{�[]_K{�µedfp]�qÆO{�jsuv_�nw«.lv[]_�uvg]�#{�yt{�ifdop��$��js{�µBlv~�js{�µedfp]�hr]~mnt{�_ x g]~m_/·&·6`I`

��· � Z [�_ x ~vdf¨s_Kp/{Kjª¨ed®l�y�·&·-·&·-·&·-·&·&·�·&·-·&·-·&·&·-·&·-·&·�·&·-·&·&·-·&·-·&·-·&·&·�·&·6` X
��· �]· Ç ¸¯_ ½ p]dolvdfnspqnw«.lv[]_-r]~mns��io_K^ ·&·-·&·-·&·&·-·&·-·&·�·&·-·&·&·-·&·-·&·-·&·&·�·&·6` X
��· �]· � ��nsp] x doÉ#_�~m_�pBlvdkjw�]dfifd®l�y,dfioifg�uzlv~�jYlvdfnsp,«ÁnI~§lm[]_-j x jsrtlmjwlvdf¨s_¯��js{�µBlv~�js{�µedfp]��uv{�[�_�^,_¤` X
��· �]· = ¸¯dkuv{�~v_�lv_-�s~�j x do_KpIl({�nIp�uvdfuzlv_Kp�{�y¾g�uzdfp]�$lv[]_�uvg]�#{�yt{�ifdfp]�,��js{�µBlv~�js{�µedfp]��jsio�Inw

~vdolv[]^ ·-·&·&·-·&·-·&·-·&·&·�·&·-·&·-·&·&·-·&·-·&·�·&·-·&·&·-·&·-·&·-·&·&·�·&·6`B�
��· �]· ` �£pt´�g]_Kp�{�_&ns«�lv[�_�uzr]ifdolzlvdfp]��r�js~mjs^,_�lv_K~�·&·-·&·-·&·�·&·-·&·&·-·&·-·&·-·&·&·�·&· X]Ç
��· �]· X be_K{�nsp x ns~ x _�~(¿.À um{�[]_�^,_&jwp x dfpBlv_��I~mjwlvdfnsp/~vg�io_�·&·-·&·&·-·&·-·&·-·&·&·�·&· X `

Cb\ �Y  F � Ë Ð 
.¡w�;B Ï A  ]� Ï 
 A Ð  �� Ï �H t��B A�F ¡ Ì (�B A Ð Ë � a�e
Z · Ç �3nIpBlv~mnsi#r]~mns�]if_�^ uv_�lvlvdfp]�
·&·-·&·&·�·&·-·&·-·&·&·-·&·-·&·�·&·-·&·&·-·&·-·&·-·&·&·�·&· X �
Z · � ��jIuz_-ns«.j�uvdop]�Iio_-[�js~v^,nIp]df{�jwp��sg]ikjw~ ¨s_Kiont{�d®l�yU·&·-·&·-·&·�·&·-·&·&·-·&·-·&·-·&·&·�·&· X/Z

Z · �]· Ç �3nspBlvdfpeg]nsg�u�nIrtlvdf^�jwi�{�nspBlv~mnsi ·-·&·-·&·&·-·&·-·&·�·&·-·&·&·-·&·-·&·-·&·&·�·&· X/Z
Z · �]· � ��g]^,_�~mdk{�jwi5_�|tr�_K~vdf^,_�pBlmu¯·&·�·&·-·&·-·&·&·-·&·-·&·�·&·-·&·&·-·&·-·&·-·&·&·�·&· X �

Z · = ��jIuz_-ns«.uv_�¨s_K~mjsi#[�jw~m^,nsp]dk{�u)·-·&·&·�·&·-·&·-·&·&·-·&·-·&·�·&·-·&·&·-·&·-·&·-·&·&·�·&· �I�
�K? Ð Ë A ��B��.¡I t��B Ï A Ï S�S  t� Í � Ë (ÈÐ�� Ï 
 A Ð. t� Ì ¡ Ï A Ð�BÈ��B Ï A � S � Ï �

��
�B?Ð ( Ï  ]Ð.� Ï A �( 
��Å� Ï ÐGB Ë � eP>
��· Ç }§~vnI�]io_K^)uv_�lvlvdfp]�Iu6·&·-·&·-·&·-·&·&·�·&·-·&·-·&·&·-·&·-·&·�·&·-·&·&·-·&·-·&·-·&·&·�·&· �B�
��· � Z [�_&~v_H{�lmjsp]�sg�ifjs~�{�yBifdfp x _�~�·&·-·&·&·�·&·-·&·-·&·&·-·&·-·&·�·&·-·&·&·-·&·-·&·-·&·&·�·&· �s`
��· = � jw~m^,nsp]dk{�r�_K~zlmg]~v��jYlvdfnsp/nw«�lv[]_&dfpt´�nY¦Å¨s_Kiont{�dol�y ·&·-·&·�·&·-·&·&·-·&·-·&·-·&·&·�·&· � X
��· ` btyBpBlm[]_�lmdf{-ifnIj x ·-·&·&·-·&·-·&·-·&·&·�·&·-·&·-·&·&·-·&·-·&·�·&·-·&·&·-·&·-·&·-·&·&·�·&· �I�
��· X �¯~v��d®lm~mjs~vy�[�js~v^,nIp]df{�ifnIj x u
·-·&·&·�·&·-·&·-·&·&·-·&·-·&·�·&·-·&·&·-·&·-·&·-·&·&·�·&· � Z

K? Ð Ë A ��B��.¡I t��B Ï A Ï S�S  t� Í � Ë (ÈÐ�� Ï 
 A Ð. t� Ì ¡ Ï A Ð�BÈ��B Ï A � S � Ï �
��
�B?Ð ( Ï  ]Ð.� Ï A � Ï VPB AGF �( 
��Q� Ï ÐGB Ë � e�
��· Ç }§~vnI�]io_K^)uv_�lvlvdfp]�Iu6·&·-·&·-·&·-·&·&·�·&·-·&·-·&·&·-·&·-·&·�·&·-·&·&·-·&·-·&·-·&·&·�·&· �I�
��· � ��_Kuv[/^,nY¨I_�^,_�pBl(jwif�sns~mdolv[]^�·-·&·&·�·&·-·&·-·&·&·-·&·-·&·�·&·-·&·&·-·&·-·&·-·&·&·�·&· Z �
��· = ¸�dkuv{�~v_�lv_&�s~�j x do_KpIl({�nIp�uvdfuzlv_Kp�{�y ·&·�·&·-·&·-·&·&·-·&·-·&·�·&·-·&·&·-·&·-·&·-·&·&·�·&· Z =
��· ` � jw~m^,nsp]dk{�r�_K~zlmg]~v��jYlvdfnsp/nw«�lv[]_&dfpt´�nY¦Å¨s_Kiont{�dol�y ·&·-·&·�·&·-·&·&·-·&·-·&·-·&·&·�·&· Z'Z

>���� Ï A ¡!( 
.��B Ï A �$I

ÑÁÒ.ÓÄÑÕÔ
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2 ��'Ä� �����¬��1�+����('

Ç �s¸ r]~mnw��_H{�lvdfnsp/jwifnsp]��j$�sdf¨s_Kp�¨I_K{�lmns~ ·-·&·-·&·&·-·&·-·&·�·&·-·&·&·-·&·-·&·-·&·&·�·&· � X
� }§~vns��_K{�lmdonIp�nIp�lm[]_&_ x �s_-nw«Ej�lv~mdfjsp]�sif_�·-·&·-·&·&·-·&·-·&·�·&·-·&·&·-·&·-·&·-·&·&·�·&· �s�
= = ¸ r]~mnw��_H{�lvdfnsp�·-·&·&·-·&·-·&·-·&·&·�·&·-·&·-·&·&·-·&·-·&·�·&·-·&·&·-·&·-·&·-·&·&·�·&· � Z
` }§~vns��_K{�lmdonIp�nIp�lm[]_&_ x �s_-nw«Ej�lv_�lm~mjs[]_ x ~vnIp ·&·&·-·&·-·&·�·&·-·&·&·-·&·-·&·-·&·&·�·&· �s�
X ��r]lvdf^$df¼Kjwlvdfnsp�lvnensi�u�lm~vg�{�lvg]~m_ ·&·&·�·&·-·&·-·&·&·-·&·-·&·�·&·-·&·&·-·&·-·&·-·&·&·�·&· = Z
� }Ejs~mjsioif_�iÄuzlv~�jYlm_��sy,«ÁnI~ lv[]_&�I~mj x df_�pBl {�ns^,r]gtl�jYlmdonIp�·&·-·&·�·&·-·&·&·-·&·-·&·-·&·&·�·&· = �
Z }�nIdfuv_�g]dfifio_ f.ionY¦ x ns^�jsdop²·-·&·-·&·&·�·&·-·&·-·&·&·-·&·-·&·�·&·-·&·&·-·&·-·&·-·&·&·�·&·6` Ç
� f.df~muzl�ns~ x _K~ {�nspe¨s_K~v�I_�p�{�_¯ns«�lv[�_ ½ p]dolv_ x doÉT_K~v_Kp�{�_&�I~mj x df_�pBl3«ÁnI~ lv[]_&}�nIdfuv_�g]dfifio_ f.ionY¦ ` Ç
� ��r]lvdf^$df¼Kjwlvdfnsp/r]~mne{�_Kumu�«Áns~ lm[]_&}�nsdkuz_Kg]doifif_�´�nY¦&·¯·-·&·-·&·�·&·-·&·&·-·&·-·&·-·&·&·�·&·6` =
Ç � Z�~�js{�µedop��${�nIuzl�«Ág�p�{�lmdonIp x _K{�~m_KjIuz_�«Áns~ lm[]_&}�nsdkuz_Kg]dfioif_�´�nY¦&·�·-·&·&·-·&·-·&·-·&·&·�·&·6` =
ÇIÇ f.df~muzl�jwp x uz_H{�nsp x nI~ x _�~¾uvg]�T{�yt{�ifdop]����js{�µBlv~�js{�µedfp]�Iu$uv{�[�_�^,_<�s~�j x df_�pBl�{�[]_H{�µedop]�

¦(dolv[/lm[]_-lv[]_Kns~m_�lmdf{KjwiÄuvionIr�_�«Áns~ lm[]_&}�nsdkuz_Kg]dfioif_�´�nY¦ ·-·&·�·&·-·&·&·-·&·-·&·-·&·&·�·&·6`I`
Ç � f.df~muzlOns~ x _K~�¿�jw�I~mjsp]�s_�£À-jsio_K~vµedfp�uv{�[]_K^,_ jsr]r]ifdo_ x lvn-lv[�_ x ~vdf¨s_Kp${Kjª¨ed®l�y&´�nY¦��À�~�jY

x do_KpIl¯{�nsp�uvdku�lm_�p�{�y�{�[]_K{�µedfp]�$¦(d®lm[q��be� = ·&·-·&·&·-·&·-·&·�·&·-·&·&·-·&·-·&·-·&·&·�·&·6`B�
Ç = f.df~muzl§nI~ x _K~§jwp x uz_H{�nIp x ns~ x _�~§¿�jw�I~mjsp]�s_�£À-jsio_K~vµedfp�um{�[]_�^,_¯jsr]r]ifdo_ x lvn&lm[]_ x ~mdf¨s_�p

{Kjª¨ed®l�y�´�nY¦³�À�~�j x df_�pBl�{�[]_K{�µedfp]� ·�·&·-·&·-·&·&·-·&·-·&·�·&·-·&·&·-·&·-·&·-·&·&·�·&·6` Z
Ç `

l2
p�ns~m^0nw«�lv[]_ x ~mdf¨s_�pq{�jª¨edol�y�jYl�uzlv_Hj x y�uzlmjwlv_ ·-·&·-·&·�·&·-·&·&·-·&·-·&·-·&·&·�·&·6`B�

Ç<X
l2
p�ns~m^0nw«�lv[]_&ifdop�_Kjw~mdf¼�_ x/x ~mdo¨I_�pq{�jª¨edol�y¾jYl¯uzlv_Kj x y�uzlmjwlv_ ·-·&·&·-·&·-·&·-·&·&·�·&·6`B�

Ç � btr]iodolzlmdop���r�jw~�jw^,_�lm_�~ _��¾{�do_Kp�{�y�«Áns~ lv[�_�uz_H{�nsp x nI~ x _K~(¿�À uv{�[]_K^,_�¦(dolv[
∆t = 0.2

X �
Ç�Z btr]iodolzlmdop���r�jw~�jw^,_�lm_�~ _��¾{�do_Kp�{�y�«Áns~ lv[�_�uz_H{�nsp x nI~ x _K~(¿�À uv{�[]_K^,_�¦(dolv[

∆t = 0.05
X =

Ç � �3nI^,r]gtlmjwlvdfnsp�jsi5^,_Kuv[qjs~vnIg]p x lv[]_�{�yBifdfp x _�~7·&·-·&·-·&·�·&·-·&·&·-·&·-·&·-·&·&·�·&· X �
Ç � = ¸�{�nIpBlvnsg�~�r�ionsl�nw«�lm[]_�{�nBu�l «Ág]p�{�lvdfnsp

j(ρ, Se)
·-·&·-·&·�·&·-·&·&·-·&·-·&·-·&·&·�·&· �I�

�s� �s¸�{�nIpBlvnsg�~�r�ionsl�nw«�lm[]_�{�nBu�l «Ág]p�{�lvdfnsp
j(ρ, Se)

·-·&·-·&·�·&·-·&·&·-·&·-·&·-·&·&·�·&· � Ç
� Ç ¸�~�jw�,_�¨Insifgtlvdfnsp�«Áns~ x doÉT_K~v_KpBl¯{�nspBlm~vnIiTr�jw~�jw^,_�lm_�~�u ·-·&·�·&·-·&·&·-·&·-·&·-·&·&·�·&· �B�
�I� ¿�d®«Õl�_K¨snIiogtlmdonIp�«ÁnI~ x doÉT_K~v_KpIl¯{�nspBlv~mnsi#r�js~mjs^,_�lv_K~mu ·&·-·&·�·&·-·&·&·-·&·-·&·-·&·&·�·&· � =
� = � nI~zlm_�|�uv[]_ x]x dfp]�,dop/lv[�_&g]p�{�nIpBlv~mnsifio_ x {Kjsuv_�·&·&·-·&·-·&·�·&·-·&·&·-·&·-·&·-·&·&·�·&· � =
�w` � nI~zlm_�|�uv[]_ x]x dfp]�,dop/lv[�_&nsrtlmdo^�jwi�{�nspBlm~vnIioif_ x {�jsuv_ ·-·&·�·&·-·&·&·-·&·-·&·-·&·&·�·&· � =
� X ��r]lvdf^$df¼Kjwlvdfnsp/r�jw~�jw^,_�lv_�~�u�_�¨Insifgtlvdfnsp ·-·&·-·&·&·-·&·-·&·�·&·-·&·&·-·&·-·&·-·&·&·�·&· �s`
�s� ��r]lvdf^,jsi�¸�~mjs�hlmdo^,_&_�¨Insifgtlvdfnsp� = [�jw~m^,nsp]dk{�u({Kjsuv_ ·&·�·&·-·&·&·-·&·-·&·-·&·&·�·&· � X
� Z ��_Kjwp x ~�jw�,_�¨Insifgtlvdfnsp] = [�js~v^,nIp]df{Ku {�jsuv_ ·&·&·-·&·-·&·�·&·-·&·&·-·&·-·&·-·&·&·�·&· �I�
�s� �3nBu�l «Ág]p�{�lvdfnspq�I~mj x do_KpBl x _K{�~m_KjIuz_� = [�jw~m^,nsp]dk{�u({Kjsuv_6·�·&·-·&·&·-·&·-·&·-·&·&·�·&· � Z
�s� ¿�d®«Õl¯jsp xqx ~�jw��«Áns~ lv[�_��(`,~v_H{�lmjsp]�sg�ifjs~ {�yeiodfp x _K~ ·&·-·&·�·&·-·&·&·-·&·-·&·-·&·&·�·&· �I�
= � }§~v_Huvuvg]~m_�r�~vn ½ io_�«ÁnI~ lv[]_��(`,~m_K{�lmjwp��sg]ikjw~ {�yeifdop x _�~ ·-·&·�·&·-·&·&·-·&·-·&·-·&·&·�·&· �I�
= Ç �3nIpBlv~mnsi#r�jw~�jw^,_�lv_�~�u x g]~mdop��$nIrtlvdf^,do¼HjYlmdonIp/uzlv_Kr�u�·&·-·&·�·&·-·&·&·-·&·-·&·-·&·&·�·&· Z �
= � ¸�~�jw�,[]dku�lmns~my,§dop�d®lmdfjsiÄ�sg]_Huvu jsp x ½ p�jwiÄ{�nspBlv~mnsi/·-·&·-·&·�·&·-·&·&·-·&·-·&·-·&·&·�·&· ZtÇ
='= À�~�j x do_KpIl x _H{�~m_KjIuz_ x g]~mdop��$nIrtlvdf^,do¼HjYlmdonIp/uzlv_Kr�u<·-·&·-·&·�·&·-·&·&·-·&·-·&·-·&·&·�·&· Z �
= ` ¿�d®«Õl�[�dfuzlvnI~vy�Odfp]dolvdkjwiÄ�Ig]_Kumu(jwp x ½ p�jwi�{�nspBlv~mnsi�·&·-·&·-·&·�·&·-·&·&·-·&·-·&·-·&·&·�·&· Z =
= X �3nIpBlv~mnsi#r�jw~�jw^,_�lv_�~�u x g]~mdop��$nIrtlvdf^,do¼HjYlmdonIp/uzlv_Kr�u�·&·-·&·�·&·-·&·&·-·&·-·&·-·&·&·�·&· Z `
= � �3nBu�l «Ág]p�{�lvdfnsp x _H{�~m_KjIuz_ x g]~mdop���nsrtlmdo^,df¼KjYlmdonIp/uzlv_Kr�u)·&·�·&·-·&·&·-·&·-·&·-·&·&·�·&· Z2X
= Z À�~�j x do_KpIl x _H{�~m_KjIuz_ x g]~mdop��$nIrtlvdf^,do¼HjYlmdonIp/uzlv_Kr�u<·-·&·-·&·�·&·-·&·&·-·&·-·&·-·&·&·�·&· Z �
= � ��_Kuv[/¨I_�~vlvdk{�_Hu3rTnIuvdolvdfnspqjYl(l�� �Iu��Áif_�«Õl
	(jwp x

t = 16s
�Á~mdo�I[Il
	�·&·-·&·�·&·-·&·&·-·&· Z2Z

Ó�Ó ï�g9h6i!j!k



� 3 �����4�6( � ��+ ���6(!�#������� 	��	� 	��
� ��+���	2�7-���

= � f.df~muzl�jsp x uv_K{�nIp x ns~ x _�~�¿�jw�I~mjsp]�s_�£À-jsio_K~vµedfp�um{�[]_�^,_hjsr]r]ifdo_ x lvn�lv[]_�^,nY¨edfp]���(`
r�~vn ½ io_�3À�~�j x df_�pBl lv_Hu�l�·-·&·-·&·&·�·&·-·&·-·&·&·-·&·-·&·�·&·-·&·&·-·&·-·&·-·&·&·�·&· Z �

`B� �¯^,r]iodolvg x _h{�nIpBlv~mnsi#r�jw~�jw^,_�lv_�~ x g�~vdfp]�$lv[]_&nIrtlvdf^,do¼HjYlmdonIp/uzlv_Kr�u ·-·&·-·&·-·&·&·�·&· Z �
` Ç f�~v_H¶Bg]_�p�{�y�{�nIpBlv~mnsi#r�jw~�jw^,_�lv_�~ x g�~vdfp]�$lv[]_&nIrtlvdf^,do¼HjYlmdonIpquzlv_Kr�u ·-·&·-·&·-·&·&·�·&· �I�
`e� �3nBu�l «Ág]p�{�lvdfnspq�T_�[�jª¨edfnsg]~ x g]~vdfp]�$lv[�_&nsrtlmdo^,df¼KjYlmdonIp/uzlv_Kr�u�·-·&·&·-·&·-·&·-·&·&·�·&· � Ç
` = À�~�j x do_KpIl(ns«�lm[]_�{�nBu�l «Ág]p�{�lvdfnspq�T_�[�jª¨edfnsg]~ x g]~mdfp]�$lv[]_&nIrtlvdf^,do¼HjYlvdfnspquzlv_�r�u
·&·�·&· �B�

ÑÁÒ.ÓÄÑÕÔ
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�£p�lv[�_�ikjsuzl l�¦3n x _H{�j x _KuK¥Ilm[]_-peg]^h�T_�~(ns«.uzlvg x df_Ku({�nsp�{�_�~mp]dfp]�hnIrtlvdf^�jwiÄ{�nIpBlv~mnsi#r]~mns�]if_�^ «ÁnI~3´�g]d x
^,_H{�[�jwp]dk{�u¾[�jsu�¶Ig�df{�µeify¤dfp�{�~m_KjIuz_ x · ��p�lm[]_<lm[]_�nI~v_�lvdk{�jwi�r�nIdopBl�ns«&¨Bdf_�¦&¥�uvdf�sp]d ½ {�jspBl�j x ¨Yjwp�{�_Ku
[�jª¨s_,��_K_�p�~m_Kjsiodf¼�_ x dfp²lv[�_ x _�~mdf¨ªjwlvdfnsp²nw«(nIrtlvdf^�jwifd®l�y±uzytuzlv_�^�u�� Ç ¥ Ç ����ns~�dfp²lv[�_�{�nIpIlm~vnIioikjw��doifd®l�y
r�~vnIr�_K~zlmdo_Hu¯dfpe¨s_Kuzlvdf�Ijwlvdfnsp�� ÇsÇ ¥ = �t¥ Ç `��>·hÂ³d®lm[�lm[]_,dop�{�~m_Kjsuvdfp]��rTnY¦3_K~�ns«3{�nI^,r]gtlvdfp]�<{�jsr�jw��doifd®lmdo_Hu�¥
peg]^���_K~mu�nw«Opeg]^,_�~mdf{Kjwi�uzlvg x do_Hu�[�jª¨I_&��_K_�p©{�nsp x g�{�lm_ x � = �e¥�`�¥T�w`]¥T�s�t¥5�w���ù·(�<nIuzl¯nw«�lm[]_Kuv_h¦�ns~mµtu
dfpe¨snIio¨I_ ½ p]d®lm_ x doÉT_K~v_Kp�{�_hum{�[]_K^$_Hu�«Áns~(lm[]_&lmdo^,_ x dkum{�~m_�lvdf¼Kjwlvdfnsp/nw«.lv[]_��¯jª¨edo_K~z�bBlmnsµs_Hu uzytuzlv_�^q·3�£p
lm[]dku.js~zlmdf{�io_I¥Y¦3_�r]~mnsrTnIuv_Olmn x dfum{�~m_�lmdo¼K_Olv[�_�p�nsp]ifdop�_Kjw~v£j x ¨I_K{�lmdonIp&nsrT_�~�jYlmns~�dfpe¨snIio¨I_ x dfphlm[]_ �¯jª¨edo_K~z
belvnsµI_Ku�uvytu�lm_�^6g�uvdop���lv[]_${�[�jw~�js{�lv_K~vdku�lmdf{�^,_�lm[]n x dfpIlm~vn x g�{�_ x �ey�� = �>·�Z []dfu¯^,_�lv[�n x dfu¯��jsuv_ x nIp
lm[]_ {�ns^,r]g]lmjYlmdonIp�nw«T{�[�jw~�js{�lv_�~mdku�lmdf{�r�jwlv[�u.dfphnI~ x _K~Älmn�jsr]r]~mnª|edf^�jYlm_Elv[]_�^�jYlm_�~mdfjsislmdo^,_ x _�~mdo¨Yjwlvdf¨s_s·
Z [�_�g�uv_�nw«�lv[�dfu�jwif�snI~vdolv[]^	� ���.dfpBlv~mn x g�{�_Hu�uznI^,_&lv_H{�[]p]dk{�jwi x d ��{�g]iolvdf_Ku¯j x]x ~m_Kumuz_ x dop<lm[]dku�r�jsr�_K~K·
��p�{�_¾lm[]_ x dfum{�~m_�lm_�ifdop�_Kjw~mdf¼�_ x uzytuzlv_�^ dku�_Kuzlmjw��iodkuz[�_ x ¥Odolmu$uvnsifgtlvdfnsp¬_�pBlv_K~muhlv[]_q{�nI^,r]gtlmjwlvdfnsp�ns«
{�nIuzlO«Ág]p�{�lvdfnsp¾�I~mj x df_�pBlmuEdfpe¨snIio¨I_ x dop,lm[]_¯nIrtlvdf^,do¼HjYlmdonIp�ionensr�¦([�df{�[�^,dfp]do^,df¼�_Hu3j&�Ido¨I_�p�nI�t��_K{�lvdf¨s_s·
Z�¦�n x d®É#_�~m_�pBl�jwr]r�iodk{�jwlvdfnsp�u(js~v_-j x]x ~v_Huvuv_ x Æ

 ��p]_,{�nsp�{�_�~mp]dfp]��lm[]_ x ~mjs��~m_ x g�{�lvdfnsp©js~vnIg]p x j�~vnslmjwlvdfp]��{�do~�{�g]ikjw~�{�yeifdop x ~vdk{�jsi��Tn x y<g�uvdop]�
d®l�uOjwp��sg]ikjw~E¨I_�ifne{�d®l�yI·�Z []dkuEr]~mns��io_K^�[�jsu��T_�_Kp¾jwif~v_Hj x y-lm~v_HjYlm_ x �By$uz_K¨s_K~mjsiejsgtlv[�ns~�u�� �s�t¥I�w���>·
��g]~��InIjwiEdku&^�jwdfp]ify�lmn<¨ªjsiod x jwlv_�nsg�~�jwr]r]~mnIjI{�[��ey±jwp�jsioytuvdop]�/dolmuhjs�]dfiodol�y©ns« x _Hjwifdop��/¦(dolv[
p]nsp]?lm~vdf¨edfjsiÄ{�nspBlm~vnIiTr�~vnI�]io_K^0�T_�p�{�[]^�js~vµtuK·


 Â�_�jsifuvn x _Kjsit¦(d®lm[$jsp�d x _�pBlmd ½ {KjYlmdonIp�r]~mns��io_K^ lv[�jwlE^,jªyh_�pBlv_K~�jsp$js_�~mne_�ikjsuzlvdk{§uzlmjw��doifd®l�y�lvnensi
x _Kum{�~mdf��_ x dfp�� = `�>·��ùl&{�nsp�uvdku�l�u�dfp�lv~myBdfp]��lvn/d x _�pBlvdo«Áy<«Èjw~v ½ _�i x �Tnsg]p x jw~my�{�nIp x dolvdfnsp�u�«Á~mns^
lv[]_hµBp�nY¦(io_ x �s_&ns«�´�g�d x ifnIj x u�lvdf^,_�[]dku�lmns~my�nIp�j,�sdf¨s_�pq�]ifgtÉ±��n x y/dop ½ |e_ x ns~�r�~v_Huv{�~vdf��_ x
^,nY¨Bdfp]�&{�nIp ½ �Ig]~mjwlvdfnspÄ·�Z []_ ½ p�jsi�jwr]r�iodk{�jwlvdfnsp,uz[]nIg]i x �T_ lv[]_�js_�~mne_�ikjsuzlvdk{3uzlmjs�]doifdol�yhjwp�jsioytuvdfu
nw«E{�df¨edoi5_Kp]�sdfp]_�_K~vdfp]��uvg]r�_K~z£uzlv~mg�{�lmg]~v_Hu�� = �t¥��e¥ Ç ���ù·

� � 	-��8/���
	-�����	���'����Ä�����/1

¿�_�l�g�u-{�nsp�uzd x _�~�j�´�g�d x dfp�uvd x _$j ½ |t_ x�x nI^�jwdfp
Ω
¦(d®lm[©�Tnsg]p x jw~my

∂Ω = Γc ∪ Γs ∪ Γin ∪ Γout

·
�ùl�dfu x dkuv{�~vdf��_ x �ey�dolmu¯¨s_�ifnt{�dol�y/jsp x dolmu�r�~v_Huvuvg]~m_

(u, p)
uznIiogtlmdonIpqnw«Elv[�_&«ÁnsifionY¦(dfp]�¾��jª¨Bdf_�~v�bBlvnIµs_Ku

uvytu�lm_�^q¥






































∂tu +∇u · u− ν∆u +∇p = 0, Ω
div(u) = 0, Ω
u = g, Γc

u = 0, Γs

σ(u, p) · n = 0, Γout

u = u∞, Γin

u(t = 0) = u0, Ω

� Ç 	

¦([�_�~m_
ν
uzlmjsp x u�«Áns~ lm[]_&µedop�_�^�jYlmdf{�¨edfum{�nBuzdol�y�jsp x

u∞
dku lm[]_-«Èjw~ ½ _�i x ¨s_�ifnt{�dol�ys·EZ []_�¶Bg�jspIlmd®l�y

σ(u, p) = −p I+ν(∇u +∇T u)

Ó�Ó ï�g9h6i!j!k
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uzlmjsp x u�«ÁnI~ lv[]_-´�g�d x uzlv~m_Kumu�lv_�p�uznI~�dfp�uvd x _
Ω
¥]¦(d®lm[

(∇u)ij = ∂jui = ui,j

·
Z [�_�jwdf^ nw«&lm[]dku�r�jwrT_�~/dfu�lvnº{�nspBlm~vnIi�lv[�_��T_�[�jª¨edfnsg]~�nw«�lm[]_�´�g]d x lv~mnsg��s[�lv[�_±{�nspBlv~mnsi

g
nIp

Γc

¥ �ey�^,dfp]do^,df¼�dfp]��j±�sdf¨s_Kp¬{�nBu�l,«Ág]p�{�lvdfnsp
J
x _�rT_�p x dop]��nIp¤lm[]_�{�nIpBlv~mnsi

g
jwp x nsp¬lv[�_�u�l�jYlv_

uvnsifgtlmdonIp
(u(g), p(g))

·�Z []dku�{�nIuzl�«Ág]p�{�lvdfnsp�^�jªy�~v_Kr]~v_Huz_KpBl¯j¾�sdf¨s_Kpqns�t��_H{�lvdf¨s_h~v_Kifjwlv_ x lmn�uvr�_H{�d ½ {
{�[�jw~�js{�lm_�~mdfuzlvdk{�«Á_Kjwlvg]~m_Ku¯nw«�lv[]_h´�g]d x ´�nY¦ �Á_I· �¾lv[]_ x ~mjs��nsp�j��Ido¨I_�p�uvg]~v«Èjs{�_I¥]lm[]_�¨snI~zlmdf{�d®l�y�io_K¨s_Ki?¥
lm[]_ x dku�l�jwp�{�_�lvn�j,�sdf¨s_Kp¾lmjs~v�I_�l
	�· � _Kp�{�_&¦�_&jw~m_�dfpBlv_K~v_Hu�lm_ x dop<uvnsif¨Bdfp]��lv[]_-«ÁnIioifnY¦(dfp]�,r]~vnI�]if_�^q¥

min
g∈Uad

J(u(g), p(g))
�?� 	

¦([�_�~m_
(u(g), p(g))

umjYlmdfu ½ _Hu§lm[]_��¯jª¨edf_�~v£belvnsµI_Ku�uzytuzlv_K^ � Ç 	�jsumuznt{�dkjYlm_ x lvn,lv[�_�{�nspBlm~vnIi
g ∈ Uad

·
�£p/lm[]_&jwr]r]ifdk{�jYlmdonIp�uK¥t¦3_&uv[�jwifi x _KjsiÄ¦(dolv[qr�jw~vlvdk{�g�ifjs~ {�nIuzl «Ág]p�{�lmdonIp�u(ns«�lv[�_-«ÁnsifionY¦(dfp]�$l�yer�_I¥


 Z []_q{�nIuzlhlmn�nY¨I_�~�{�nI^$_,lm[]_ x ~mjs�©nIp�lv[]_quvnsifd x dfpBlv_K~z«ÈjI{�_�nI~hlmn©lm~mjI{�µ±j��sdf¨s_Kp²´�g]d x ifnIj x
lmjs~v�I_�lK¥

J(u, p) =

∫ T

0

∣

∣

∣

∣

(∫

Γs

σ(u, p) · n d Γ

)

· e1 − Fd(t)

∣

∣

∣

∣

2

d t
� = 	


 Z []_&^,_Kjsp/um¶Bg�jw~m_-¨ªjsiog�_�lmn�j,�sdf¨s_�p�lmjs~v�I_�lK¥

J(u, p) =

∫ T

0

∫

Γout

(u− ud)
2 d Ω d t

�È` 	

¸�df~vdk{�[]if_�l3�Tnsg�p x jw~my�{�nIpIlm~vnIi]«ÁnI~§lm[]_���jª¨edo_K~z�bBlvnIµs_HuOuzytuzlv_K^»[�jsu3��_K_�p�j x]x ~m_Kumuz_ x nsp�lm[]_�lv[]_Kns~m_�lz
dk{�jsi5io_K¨s_Ki5dop�� Ç �t¥�� X �Ädop/lm[]_h�w¸ {Kjsuv_s·EZ []dku(dfu(j$p]nIp�lm~vdf¨edfjsi5r]~mns�]if_�^q¥t_KuvrT_K{�dkjwifify�{�nIp�{�_K~vp]dfp]��lv[]_
~m_��Ig]ikjw~md®l�yqnw«3lv[]_��Tnsg�p x jw~my�{�nIpBlv~mnsi�� Ç ���ù·$Â±_¾uv[�jwifiEp]nwl�j x]x ~m_Kumu�uvg�{�[²jwp�dfumuzg�_$dfp±lv[]dku-r�jsr�_K~K¥
uvdfp�{�_/¦3_/¦(dfioi(g�uv_/~v_K�sg]ikjw~,{�ikjsumuz_Huhns«�{�nspBlv~mnsikuhdfp�lm[]_<jwr]r�iodk{�jwlvdfnsp�uK·º��g]~,^�jwdfp¤dfpBlv_�~m_Kuzl,[]_�~m_s¥
dku�lvn x _Kum{�~mdf��_/[]nY¦�lm[]_<{�nspBlmdopeg]nIg�uh�I~mj x df_�pBl$ns«�lv[�_q{�nIuzl�«Ág�p�{�lmdonIp

J
{Kjwp¤�T_qns�tl�jwdfp]_ x g�uvdop]�

lm[]_�uznIiog]lvdfnsp±nw«(j�ifdop�_Kjw~mdf¼�_ x ´�g]d x uzytuzlv_K^/·,�£p²jquz_H{�nsp x uzlv_KrÄ¥Ä¦�_,uv[�jsioi x _Huv{�~vdf�T_,jq{�nspBlvdfpeg]nsg�u
nIrtlvdf^,do¼HjYlmdonIp/jsio�Ins~md®lm[]^���jsuv_ x nsp/lm[]_�{�nIpIlmdopeg]nIg�u��s~�j x df_�pBl

∇J
·

����� ���	��
�������	�������	��
���������
���	��� �"!$#���%&��


¿�_�l�g�u�{�nIp�uzd x _K~�lm[]_({�nspBlm~vnIis¨Yjw~mdfjs�]if_
g
jsu�lv[�_3_Kio_K^$_KpBl.ns«�jwp � dfio�T_�~vlOuzr�jI{�_

Uc

·(' jIuzdk{§{�nspBlvdfpeg]nsg�u
«Á_Hjsuvdo��io_�jsio�Ins~md®lm[]^�u$«Áns~¾^,dfp]do^,df¼�dfp]�²lv[�_<«Ág]p�{�lvdfnsp�jsi

j(g)
def
= J(u(g), p(g))

jw~m_<��jsuv_ x nspºlm[]_
_K¨Yjwifg�jYlmdonIp¬ns«¯lv[�_<«Ág]p�{�lvdfnsp�jsi(�s~�j x df_�pBl¾jw�Bjwdfp�u�l�jw~m�]dolv~�jw~my x df~v_H{�lvdfnspºdfp�uzd x _

Uc

· Z [�~vnIg]�s[¬lv[]_
r�jwrT_�~H¥t¦3_&uv[�jwifi5g�uv_-lv[]_-«ÁnIioifnY¦(dop���~m_Kuvg]iolK¥
J E ËeÏ � Ë � >*) 79�,��+ ��6��������	��

j(g)
� ( 3�+��%� 	�+-, :�� . �����6�$����	 �6� � � ���87 ���6(��9���� �%�

g ∈ Uc

��� �6�����	�
:�������6�������

δg ∈ Uc

	���:
����( :'�6�!����	�������� � (�.2�����6� � �
�879� �6�����4� � ���/. �/,6� ���6(�(������ �

〈j′(g), δg〉Uc
= 〈∂(u,p)J(u(g), p(g)), (z(δg), q(δg))〉, ∀δg ∈ Uc

� X 	

ÑÁÒ.ÓÄÑÕÔ



���������
	����������������������	��������! #"$�%��&'�!()��*�+�	���������(,+-(!���/.10�	�.2��	��-.'�� !3�	��4����&����5�
�6�879�;:<( �
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(z(δg), q(δg))

def
=
(

D
D g

(u, p)
)

(g) · δg
(!�%	�� :�( �6���1��7��
� ����� 	��!���;� : (!�#	��#� ��7 �� 7d� ( (6��� + �������

��� ��7�� � ��� ��	��!���;��:)�)	��;���6�! #" �#�;&2�6( (	�<(!�#��� �







































∂tz +∇u(g) · z +∇z · u(g)− ν∆z +∇q = 0, Ω
div(z) = 0, Ω
z = δg, Γc

z = 0, Γs

σ(z, q) · n = 0, Γout

z = 0, Γin

z(t = 0) = 0, Ω

�È� 	

Z [�_�iodfp]_Kjs~vdf¼�_ x uvytu�lm_�^ dku�j/«ÁnI~v¦ jw~ x dfp±lvdf^$_�ifdfp]_Kjs~�j x ¨I_K{�lmdonIpt x d®É#g�uvdonIptù~v_Hjs{�lmdonIp�r]~mns�]if_�^q·¾�ùl
p�_�_ x u&lv[�_�µep]nY¦(if_ x �I_¾nw« lv[�_�nI~vdf�sdfp�jwiO´�g]d x ´�nY¦

u(g)
¦([�df{�[�dku$uzrT_K{�d ½ {�lvn©p�nsptùiodfp]_Hjw~h{�nspBlv~mnsi

r�~vnI�]io_K^�u�·��ù«�¦�_-¦�jspBl�lmn,d x _KpBlvdo«Áy�lv[]_-«Ág�p�{�lmdonIp�jwi5�I~mj x do_KpBlK¥e¦3_-p]_K_ x lvn,_�¨Yjsiog�jwlv_�lv[�_&iodfp]_Kjs~vdf¼�_ x
´�nY¦ «Áns~,_�¨I_�~my x do~m_K{�lvdfnsp

δg ∈ Uc

·º�3nIp�{�_K~vp]dfp]�©lv[]_ x dkuv{�~v_�lvdf¼Kjwlvdfnsp�dkuvuvg]_I¥Elv[]dku,{�jsp¤if_Kj x ¨s_K~vy
¶Bg]dk{�µeioy-lmn�_�|tr�_Kp�uzdf¨s_ {�nI^,r]gtlmjwlvdfnsp�uK·�f�ns~.lv[�dfu.~m_Kjsuvnsp�¥HrT_�nIr]if_�g�uzg�jsioify&g�uv_�jsp�j x ��nsdfpBl�{�nspBlvdfpeg]nsg�u
«ÁnI~v^�g]ikjYlvdfnsp�dop±ns~ x _K~�lmnqg�uz_�jq{�nIpBlv~mnsiEuzr�js{�_$nw« jw~m�]dolv~�jw~my�uzdf¼�_I¥�jsu x _Huv{�~vdf��_ x dfp±lv[]_$«ÁnIioifnY¦(dop��
lm[]_�nI~v_K^q¥

J E ËeÏ � Ë � D ) 79� ��+ � �������� 	��
j(g) =

1

2

∫ T

0

∫

Γout

(u(g) − ud)
2 d Ω d t

� ( � ���� 7��6� :�� . �����6�$����	 �6� �
� ���87 � �!(���� �� �#�

g ∈ Uc

	�� : ����( .2��	2:����6�$� � ( .2���<��� ��� �879� �6�����4� � ���-.M�/,!�����6( (!����� �

∇j(g) = −σ(ϕ, π) · n|Γc×(0,T )
� Z 	

��7��6� �
(ϕ, π)

(!�%	���:<( �6������7��)	':��������$� (!�#	��#� ��7-���7 � ( (6��� + �������5��� �879� 	2:���������� �)	��;���6�! #" �#�;&2�6( (	�<(! 
�%��� �







































−∂tϕ−∇ϕ · u(g) +∇T u(g) · ϕ− ν∆ϕ +∇π = 0, Ω
div(ϕ) = 0, Ω
ϕ = 0, Γc

ϕ = 0, Γs

σ(ϕ, π) · n = u(g)− ud, Γout

ϕ = 0, Γin

ϕ(t = T ) = 0, Ω

�È� 	

Z [�_¾j x ��nIdopBlhr]~mns��io_K^ dku�jq��js{�µe¦ jw~ x ifdfp]_Kjs~hj x ¨I_K{�lvdfnspt x doÉTg�uvdfnsptù~v_Hjs{�lvdfnsp©uvytu�lm_�^q·/��u&«ÁnI~&lv[]_
ifdfp]_Kjs~vdf¼�_ x uzytuzlv_K^/¥Edol,p]_�_ x u�lm[]_/µBp�nY¦(io_ x �s_¾ns«�lv[�_�r]~mdf^,jsi�uzlmjwlv_

u(g)
dop�nI~ x _�~�lvn©�T_quznIio¨I_ x ·

�3nIpBlv~�jw~myqlvnqlv[�_¾iodfp]_Hjw~mdo¼K_ x u�l�jYlv_�¦([�df{�[�{�jsp²��_¾j x ¨Yjwp�{�_ x dop±lmdo^,_¾¦(dolv[²lm[]_¾uznIiog]lvdfnsp
u(g)

ns«
lm[]_�uzlmjwlv_�r]~vnI�]if_�^q¥slm[]_-j x ��nIdopBl3uvytu�lm_�^ [�jsu�j ½ p�jwi�lvdf^$_-{�nIp x dolvdfnspÄ¥B¦([]dk{�[¾^,_Kjsp�uOlm[�jYl�d®l [�jIuElvn
�T_huvnsif¨s_ x nIp�{�_�lv[]_$�¯jª¨edo_K~z�bBlmnsµs_Hu uzytuzlv_�^ [�jIu��T_�_�p�uvnsif¨s_ x ·�be_�¨I_�~�jwi�jsgtlv[�ns~�u([�jª¨s_&�T_�_Kp<g�uvdop]�
lm[]dku&«Áns~m^hg�ifjwlvdfnsp±dop�nI~ x _K~&lvn�uvnsif¨s_¾{�ns^,r]if_�|�´�g]d x ´�nY¦»{�nspBlv~mnsiEr�~vnI�]io_K^�u�� �s�t¥�`e�e¥����>·q�£p²lv[�dfu
r�jwrT_�~H¥Y¦3_ ¦(dfioitp]nslEg�uz_ uvg�{�[$jsp�jsr]r]~mnIjs{�[�jwp x r]~m_�«Á_�~Ej x df~v_H{�lEjwr]r�~vnBjs{�[�dfpe¨snsif¨edop��¯lm[]_ iodfp]_Kjs~vdf¼�_ x
uvytu�lm_�^q·

Ó�Ó ï�g9h6i!j!k
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��l�lv[�dfu(uzlmjs�s_s¥euv_�¨s_K~mjsi�nIrtlvdf^,do¼HjYlmdonIp�u�lm~mjwlv_K�sdf_Ku�{�jwp���_&{�nsp�uvd x _�~m_ x ¥B¦3_�[�jª¨I_�{�[]nenIuv_�p¾lvn$dope¨s_Hu�lmd®
�BjYlm_&lv[]_hg�uz_�nw«�l�¦�n¾d®lm_�~�jYlmdo¨I_&nsrtlmdo^,df¼KjYlmdonIp<r]~mne{�_ x g�~v_Hu lv[�jwl�^�jªy/p]_�_ x nsp]ify/lv[]_h{�ns^,r]gtl�jYlmdonIp
ns«�lm[]_�{�nBu�l «Ág]p�{�lvdfnspq�s~�j x do_KpIl�jwl _Hjs{�[/^,dop]df^,do¼HjYlmdonIpquzlv_KrÄ·EZ []_ ½ ~�u�l(nIp]_&dfu ~m_�«Á_K~v_ x jIu�lv[]_�{�nspt
��g��sg�jwlv_$�s~�j x df_�pBl�jsio�Ins~md®lm[]^ dop�lv[]_,{�nIpBlv_�|el-nw«§p�nsp]ifdop�_Kjw~�(p]nsp�{�nspe¨I_�|qnsrtlmdo^,df¼KjYlmdonIp©r]~mns��io_K^,u
jsp x dku�g�uvg�jwifioy�uv_�_Kp�jsu�j ½ ~muzl ns~ x _�~�nsrtlmdo^,df¼Kjwlvdfnsp�jsio�Ins~md®lm[]^q·�Z [�_�uv_K{�nsp x nIp]_�dfu�~m_�«Á_�~m_ x jsu3lv[]_
' f.À&b$^$_�lv[]n x jsp x ��_KionIp]�IuElvn&lm[]_¯uv_K{�nIp x ns~ x _�~3¶Ig�jsuvd®£��_K¦ lvnsp,nIrtlvdf^,do¼HjYlvdfnsp�jsio�Ins~md®lm[]^�uO{�ikjsumu�·
Â±_�uv[�jwifi x _Kum{�~mdf��_-�Tnwlv[<uzlv~�jYlm_��sdf_Ku�dfp/lv[]_&p]_�|el¯uz_H{�lvdfnsp/dfpqjsp/js��uzlv~�js{�l(uv_�lzlmdop���·

D�� D���> � Ï A� 
 F  t� Ë F �Y ]ÐGB Ë A � � Ë ��E Ï Ð
¿�_�l(g�u�{�nsp�uvd x _�~�lv[�_-«ÁnsifionY¦(dfp]��jw��uzlv~�js{�l�^,dfp]df^$df¼Kjwlvdfnspqr]~mns�]if_�^q¥

{

u ∈ H,
j(u) ≤ j(v), ∀ v ∈ H

�È� 	

¦([�_�~m_
H
u�l�jwp x uO«ÁnI~3jwp � doif�T_�~vl�uvr�js{�_¯jwp x

j : H → R
dfu�j x doÉ#_�~m_�pBlvdkjw�]if_(«Ág]p�{�lvdfnsp�jwiTnsp

H
·EZ []_

�3nIpY��g]�Ig�jYlm_�À�~mj x df_�pBl$jsio�Ins~md®lm[]^�jsr]r]ifdo_ x lvn�r]~mns�]if_�^ �È� 	�{Kjwp��T_ x _Huv{�~vdf�T_ x dfp�lm[]_¾«ÁnIioifnY¦(dop��
^�jsp]p]_�~H¥


 bBlv_Kr 0

�3[]nenIuv_
u0 ∈ H

{ bensif¨s_�«ÁnI~
g0 ∈ H,

uzg�{�[�lm[�jYl
(g0, v)H = H∗ < j′(u0), v >H , ∀ v ∈ H

Â�_�uv_�l

w0 = g0


 bBlv_Kr n + 1
f]nI~

n ≥ 0
¥t¦�_-jIuvuvg]^,_�lv[�jwl

(un, gn, wn)
dfu�jwl(nsg]~ x dkuvr�nBuvjsi?¥]jsp x ¦�_&uz_K_�µ�«ÁnI~

(un+1, gn+1, wn+1)
lv[�jwp]µtu�lvn,lm[]_-«ÁnsififnY¦(dop]�,uzlv_�r�u-Æ

Ç · ¿�dop�_�uz_Hjw~�{�[ÄÆE�3nI^,r]gtlv_
ρn

uvg�{�[/lv[�jYlK¥

(LS)

{ benIio¨I_�«ÁnI~
ρn ∈ R,

uvg�{�[�lv[�jwl
j(un − ρnwn) ≤ j(un − ρwn), ∀ ρ ∈ R

Â±_�uv_�l

un+1 = un − ρnwn,

ÑÁÒ.ÓÄÑÕÔ
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�]·(À�~�j x do_KpIl�{�ns^,r]gtl�jYlvdfnsp±Æ
{ bensif¨s_�«Áns~

gn+1 ∈ H,
uzg�{�[�lv[�jYl

(gn+1, v)H = H∗ < j′(un+1), v >H , ∀ v ∈ H

= ·��3nIpe¨s_�~m�s_Kp�{�_¯lv_Hu�lHÆ
�ù« ‖gn+1‖

‖g0‖ ≤ ε
¥elv[]_�uvnsifgtlvdfnsp/dku(�sdf¨s_Kp��ey

u = un+1

g�p]io_HuvuK¥t¦�_�{�ns^,r]g]lv_-nsp]_-ns«�lm[]_-«ÁnsifionY¦(dfp]�,¶Bg�jwpBlvdolvdf_KuK¥
j 	

γn =
‖gn+1‖2

‖gn‖2
,
f.io_�lm{�[]_K~z£�(_�_K¨s_Hu

� 	

γn =
(gn+1, gn+1 − gn)

‖gn‖2
,
}�nIifjI{�µI£�(df�]df\�~m_

Z [�_�pÄ¥]¦�_&uz_�l

wn+1 = gn+1 + γnwn

`�·��ùlm_�~�jYlmdonIp�ifnensr±ÆE¦3_&uv_�l
n := n + 1

¥]¦�_-{�ns^,_-��js{�µ¾lvn�u�lm_�r
n + 1

·
Z [�_�dfpB¨I_Kuzlvdf�Ijwlvdfnsp�nw«(lm[]_�{�nspe¨s_K~v�I_�p�{�_�nw«(lm[]_<�3nIpY��g]�BjYlv_��s~�j x df_�pBl�jsio�Ins~md®lm[]^ ¦ jsu�rT_�~v«Áns~m^$_ x
nIp�lv[�_/dfp ½ p�d®lm_ x do^,_�p�uzdfnsp�jsi3if_�¨I_�i3«Áns~�¶Bg�j x ~mjwlvdk{�{�nIpe¨s_�|±«Ág]p�{�lvdfnsp�jsifuK·�Â±_/~m_�«Á_K~hlmn��ã� Z ��«ÁnI~$j
~m_�¨edf_�¦»nw«�uvg�{�[²~v_Huzg]iolmuK·qZ []_Kuv_�~v_Huzg�i®l�uh{�jsp]p]nsl���_�jsr]r]ifdo_ x dop�nIg]~h{Kjsuv_s¥�uzdfp�{�_�¦�_ x _HjwiO¦(dolv[�j
p�nspt£{�nIpB¨I_�|5¥sp�nsptùiodfp]_Hjw~O«Ág�p�{�lmdonIp�jwi>·§bBlvdfifi?¥ensp�lv[]_�peg]^,_�~mdf{KjwiTr�nIdopBl nw«�¨edf_�¦�lm[]_&� À ^$_�lv[]n x [�jsu
uv[]nY¦(p��I~v_HjYl§{�nIpe¨s_�~m�s_Kp�{�_ «Á_HjYlmg]~v_HuOdfp¾^�jwpey,jwr]r]ifdk{�jYlmdonIp�uK¥Bjsp x r�jw~vlvdk{�g�ifjs~vify�«ÁnI~3nIrtlvdf^�jwi�{�nspBlv~mnsi
ns«�´�g�d x ^,n x _�iku �ã� = ¥��s���ù·

D�� D�� D � 
. ]��B Í U<ËBÎ � Ï A  �( F Ï ��BÈ��E���
f�ns~3¨s_�~my,ifjs~v�I_(nsrtlmdo^,df¼Kjwlvdfnsp¾r]~mns��io_K^,u3dfpB¨Insif¨edop]�h¨s_�~my�´�jYl3«Ág]p�{�lmdonIp�jwikuK¥Bdol [�jsu§��_K_�p�uv[]nY¦(p�lm[�jYl
lm[]_,� À�^$_�lv[]n x {�jwp�{�nspe¨I_�~m�s_&¨s_K~vyquvionY¦(ifys·��£p�ns~ x _�~¯lvn/{�df~m{�g]^h¨I_�pBl¯lm[]dfu�dkuvuvg]_s¥#dol�[�jwr]rT_�p�u¯lvn
�T_�g�uz_�«Ág]i#lvn$g�uv_�¶Bg�jIuzdo£��_�¦ lmnsp¾^,_�lv[]n x u3lv[�jYl(^�jªy,uv[]nY¦ uv_K{�nsp x ns~ x _�~�{�nspe¨I_�~m�s_�p�{�_�r]~mnsrT_�~vlvdf_Ku
p�_Kjw~§lv[]_�nsr]lvdf^hg]^q·3��p]_�r�nBuvuvdo��io_�{�[]nsdk{�_�dku3lv[]_�g�uv_¯ns«Älv[]_ ' f�À&b�^,_�lv[]n x jIu x _Kum{�~mdo�T_ x �ey�¿Ädfgt
�¯nt{�_ x jwiEdfp�� = Ç �ù·¾Z []dku-^,_�lv[�n x dku-��jsuv_ x nsp�lv[�_¾jwr]r]~mnª|tdo^�jwlvdfnsp�ns«§lv[�_¾{�nIuzl-«Ág]p�{�lvdfnsp � _Huvuvdfjsp
dfpe¨s_K~muv_§g�uvdfp]�&j¯~�jwp]µ&nIp]_ r�_K~zlmg]~m��jYlmdonIphnw«Td x _�pBlvdol�y x _ x g�{�_ x «Á~vnI^Ulv[]_(�I~mj x do_KpBl�µep]nY¦(if_ x �I_s·�Z [�dfu
^,_�lv[]n x ¦�jIu uzg�{K{�_Huvuz«Ág]ifioy�jsr]r]ifdo_ x lvn,nsrtlmdo^�jsi�{�nIpIlm~vnIi#nw«.��jª¨edo_K~z�bBlvnIµs_Hu3_H¶Bg�jYlmdonIp�u�dop � `�ù¥ �ã�w���ù·

Ó�Ó ï�g9h6i!j!k
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Â±_�{�nIp�uzd x _K~�lm[]_�jw��uzlv~�js{�l�^,dfp]do^,df¼Kjwlvdfnsp±r]~vnI�]if_�^ �?� 	�·1f]nI~
(u, v) ∈ H × H

¥�¦3_,{�nIp�uzd x _K~�lm[]_
_Kio_K^,_�pBl

u⊗ v ∈ L(H)
x _ ½ p�_ x jsu�«ÁnIioifnY¦�u�¥

(u⊗ v)(w) =< w, v >H u, ∀w ∈ H
� _�p�{�_�lv[]_ ' f�À&b/jsio�Ins~md®lm[]^�~v_Hj x u(jIu�«ÁnsifionY¦�uK¥

 bBlv_Kr 0

Æ3�3[]nenIuv_
u0 ∈ H

¥
H0 ∈ L(H)

{ bensif¨s_�«ÁnI~
g0 ∈ H,

uzg�{�[�lm[�jYl
(g0, v)H = H∗ < j′(u0), v >H , ∀ v ∈ H


 bBlv_Kr n + 1
f]nI~

n ≥ 0
¥t¦�_-jIuvuvg]^,_�lv[�jwl

(un, gn, Hn)
dku�jwl nIg]~ x dkuzrTnIumjwi>¥]jwp x ¦�_&uz_K_�µ�«ÁnI~

(un+1, gn+1, Hn+1)
lv[�jsp]µtu�lvn,lm[]_-«ÁnsifionY¦(dfp]�,u�lm_�r�u-Æ

Â�_�uv_�l
dn = −Hn · gn

¥
Ç · ¿�dop�_�uz_Hjw~�{�[ÄÆE�3nI^,r]gtlv_

ρn

uvg�{�[/lv[�jYlK¥

(LS)

{ bensif¨s_�«Áns~
ρn ∈ R,

uvg�{�[/lv[�jYl
j(un + ρndn) ≤ j(un + ρdn), ∀ ρ ∈ R

Â±_�uv_�l

un+1 = un + ρnwn,

�]·(À�~�j x do_KpIl�{�ns^,r]gtl�jYlvdfnsp±Æ
{ bensif¨s_�«Áns~

gn+1 ∈ H,
uzg�{�[�lv[�jYl

(gn+1, v)H = H∗ < j′(un+1), v >H , ∀ v ∈ H

= ·��3nIpe¨s_�~m�s_Kp�{�_¯lv_Hu�l�ÆE�ù« ‖gn+1‖
‖g0‖ ≤ ε

¥elm[]_�uvnsifgtlvdfnsp/dfu �Ido¨I_�p/�ey

u = un+1

g�p]io_Huvu rT_�~v«Áns~m^ uzlv_Kr
4
·

`�· � _Kumuzdkjwp/g]r x jYlm_�Æ
Â±_�uv_�l

sn = un+1 − un

jsp x

yn = gn+1 − gn

Z [�_�pq¦3_&{�ns^,r]gtlm_

Hn+1 = Hn +
dn ⊗ dn

< dn, sn >H

−
Hn · sn ⊗Hn · sn

< Hn · sn, sn >H

X ·��ùlm_�~�jYlmdonIp�ifnensr±ÆE¦3_&uv_�l
n := n + 1

¥]¦�_-{�ns^,_-��js{�µ¾lvn�u�lm_�r
n + 1

·

ÑÁÒ.ÓÄÑÕÔ



���������
	����������������������	��������! #"$�%��&'�!()��*�+�	���������(,+-(!���/.10�	�.2��	��-.'�� !3�	��4����&����5�
�6�879�;:<( Ç =

� � 8/� 2 	h1&�.	h��1��3!54 	���� �.%���� "��8����
�
�Y�&� ��8/� � 	¯����� �Ä!5"$���&%��('
�(*,+�	-�.�����/'

�£p�lv[�dfu-r�js~mjs�s~�jwr][�¥�¦�_$uv[�jsioi x _Huv{�~vdf��_$nsg�~-uzlv~�jYlm_��Iyq«Áns~�lv[]_ ½ p�d®lm_ x do^,_�p�uzdfnsp�jsiEjwr]r]~mnª|tdo^�jwlvdfnsp
ns«�lm[]_�uznIiog]lvdfnsp/nw«.lv[]_���jª¨Bdf_�~v�bBlvnIµs_Ku�uvyeuzlv_K^q¥t��jsuv_ x nspqj�¿�js�s~�jwp]�I_��À-jwif_�~mµBdfp�uv{�[�_�^,_s·

����� ����� % #���� ���"% 
��� ! 
"���	�

I ��> ��> ?6A ��� Ï Ð
�¡s��B Ï A
Z [�_�¿�jw�I~mjsp]�s_�£À-jsio_K~vµedfp�uv{�[�_�^,_ ¦�jIu ½ ~muzlEdopBlm~vn x g�{�_ x �ey '�_�p�¶Bg�� � = ��jsp x dfu�^�j x _(nw«Tlv[]_�{�ns^��]d®
p�jYlvdfnspqns«�lm[]_h{�[�js~mjI{�lv_K~vdkuzlvdk{�u�^,_�lv[�n x ¦(dolv[�j�u�l�jwp x js~ x ½ p]dolv_�>_Kio_K^,_�pBl�«Áns~m^hg�ifjwlvdfnspÄ·§Z [�_�^�jwdfp
d x _Hj¾nw«Elm[]dku¯^,_�lm[]n x ifdo_Hu¯dfp<lm[]_h«ÈjI{�l�lv[�jwl¯lv[�_�nIr�_K~mjwlvns~ ∂

∂t
+ u.∇

^�jªyq��_hlvg]~mp]_ x dfpIlmn�j�lmnwl�jwi
x _�~mdo¨YjYlmdo¨I_ d

dt

g�uvdop���j$¿�jw�I~mjsp]�sdkjwp�«Áns~m^hg�ifjwlvdfnspÄ· � nY¦�_�¨I_�~H¥wlv[�dfu ¿�js�s~�jwp]�Idfjsp$«Áns~m^hg]ikjYlmdonIp�dfu3nsp]ify
¨Yjsiod x jsionIp]�±lv[]_<{�[�js~mjI{�lm_�~mdfuzlvdk{�u${�g]~m¨s_Hu,nw«�lv[]_<r�js~zlmdf{�g]if_s·³Z []dku¾{�g]~m¨s_Hu,jw~m_ x _Huv{�~vdf�T_ x �By¤lv[]_
«ÁnIioifnY¦(dfp]��_H¶Bg�jYlmdonIp�u�Æ

{

d

dτ
χ(τ ; t, x) = u(τ, χ(τ ; t, x)), τ ∈ [0, t]

χ(τ = t; t, x) = x x ∈ Ω

� Ç � 	

nI~ _K¶Bg]df¨ªjsio_KpBlvify©Æ

χ(τ ; t, x) = x +

∫ t

0

u(τ, χ(τ ; t, x))dτ
� ÇsÇ 	

� _�p�{�_s¥tlm[]_&{�[�jw~�js{�lv_K~vdku�lmdf{Ku�^$_�lv[]n x {�nIp�uvdfuzlmu�dfp/rT_�~v«Áns~m^,dop���lm[]_-«ÁnsififnY¦(dop]�,uzlv_�r�u&Æ
Ç ·(¸¯_ ½ p]_/jwp�jwr�r]~vnª|tdf^�jYlvdfnsp�um{�[]_�^,_�«ÁnI~�lm[]_q��jsg�{�[ey©r]~mns�]if_�^ � Ç � 	�·©bensif¨edop]��lv[]dkuhuvytu�lm_�^
io_Hj x u�lmn¾jwpqjwr]r�~vnª|tdf^,jwlvdfnsp�nw«�lm[]_�{�[�js~mjI{�lv_K~vdkuzlvdk{�{�g]~v¨I_KuK·

�t·(¸¯_ ½ p]_qjqlvdf^,_/jsr]r]~mnª|tdo^�jYlmdonIp±um{�[]_K^$_�«Áns~hlv[]_�lvnwl�jwi x _�~mdf¨ªjwlvdf¨s_¾nIr�_K~mjwlvnI~�g�uvdop]��lv[]_qjwrt
r]~mnª|edf^�jYlm_-{�[�jw~�js{�lm_�~mdfuzlvdk{¯{�g]~m¨s_KuK·

= ·�bensif¨s_�lm[]_&~v_Huzg�i®lmdop]�,�I_�p]_K~mjsiodf¼�_ x bBlmnsµs_Hu(uzytuzlv_K^/·
��Ë �� t�<O >*) 79� ������ %� ��� ��	�����	��!� ��� �879� �)	��;���6�! #" �#�;&2�6( (	�<(!�#��� � ( 7 ��:2:2���
���1��7���� 	�+��7 � � ��� �6�4���
���
	�� � 	���:
�879�,.'��� ����	�� ���;� : "$�%��&'�6( (	�<(!�#��� � ( � ��� ��	���

I ��> � D J B � Ë � Ë �dB Í Ð�B?�K¡s� Ë � Ë �.�Y��� Ï �ªÐ Ë ��¡<E� ]�ª �¡w� Ë ��BÈ�K��B?¡s�¾�H¡<E Ë � Ë
Â±_�uv_�l

(un, pn, gn)(x) = (u, p, g)(x, tn), x ∈ Ω̄

tn = t0 + n∆t, t0 = 0, tN = T

Ó�Ó ï�g9h6i!j!k
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Â±_q{�nsp�uzd x _�~�lv[�_q{�[�jw~�js{�lm_�~mdfuzlvdk{¾{�g]~v¨I_�jIuvuvnt{�dkjYlv_ x lvn�lv[�_�´�nY¦ ½ _�i x
u
jIu�lm[]_<uznIiogtlmdonIp�nw«�lv[]_

��jsg�{�[ey�r�~vnI�]io_K^ � Ç � 	�· � _�p�{�_s¥#g�uvdfp]�¾lm[]_${�[�jwdfp�~vg�io_I¥�¦�_h�I_�l¯lm[]_�«ÁnsifionY¦(dfp]�¾_�|er�~v_HuvuvdonIpq«Áns~�lv[]_
lmdo^,_ x _K~vdf¨YjYlmdo¨I_�ns«�lm[]_-´�nY¦ ½ _�i x

u
jsionIp]�,j${�[�jw~�js{�lm_�~mdfuzlvdk{�{�g]~m¨s_$¥

d

dτ
u(τ, χ(τ ; t, x))|τ = ∂τu(τ, χ(τ ; t, x))|τ +∇u(τ, χ(τ ; t, x)) · u(τ, χ(τ ; t, x))

f�ns~
t = tn+1, tn ≤ τ ≤ tn+1

¥(¦�_ x _ ½ p]_<lv[�_ ½ ~�u�lv>nI~ x _K~¾jwr]r�~vnª|tdf^,jwlvdfnsp¬nw«-lv[]_�lvnwl�jwi(lmdo^,_
x _�~mdo¨YjYlmdo¨I_ �$' jI{�µB¦ jw~ x ¹Og�io_K~¯uv{�[�_�^,_ 	�¥

d

dτ
u(τ, χ(τ ; t, x))|τ=tn+1

=
u(tn+1, x)− u(tn, χ(tn; tn+1, x))

∆t
Z [�_�{�[�js~mjI{�lm_�~mdfuzlvdk{�«Ánenwl

χ(tn; tn+1, x)
dku�{�ns^,r]gtlm_ x «Á~vnI^ � ÇsÇ 	Äg�uzdfp]��lm[]_�«ÁnsifionY¦(dfp]��ifdfp]_Kjs~ x dkum{�~m_�lv_

dfpBlv_K~vrTnsikjYlmdonIp©Æ

χ(tn; tn+1, x) = x−∆tun(x)
� Ç � 	

bt_�lzlmdop��
χn(x) = χ(tn; tn+1, x)

¥.¦3_ ½ p�jsioify�nI�tlmjsdop�lv[]_,lmdo^,_¾uv_�^,do x dkum{�~m_�lv_ ½ ~�u�l&nI~ x _K~&�¯jª¨edo_K~z
belvnsµI_Ku uvyeuzlv_K^ �?uz_K_ � Ç ���Ä«Áns~ lm[]_-«Ág]ifiÄr]~mnBns« 	�Æ























1
∆t

un+1 − ν∆un+1 +∇pn+1 = 1
∆t

un ◦ χn, Ω
div(un+1) = 0, Ω
un+1 = gn+1, Γcyl

σ(un+1, pn+1) · n = 0, Γout

un+1 = un+1
∞ , Γin

� Ç = 	

¦(dolv[
ut=0 = u0

· ��p]_©ns«hlv[�_��I~v_HjYlv_Hu�lqj x ¨YjspIl�jw�I_©nw«hlv[]dku/«Áns~m^hg]ikjYlmdonIp dku�lm[�jYl<ikjw~m�s_<lmdo^,_
uzlv_Kr�u�^�jªy���_�g�uz_ x dop©{�nspY��g�p�{�lmdonIp<¦(d®lm[qlv[]_$¿�jw�I~mjsp]�s_�£À-jsio_K~vµedfp¾^,_�lm[]n x ·�Ã�p]ifdfµs_�dolmu¯¹Og]if_�~mdfjsp
{�nsg]pBlm_�~mr�jw~vlK¥Hlv[�_ ¿�jw�I~mjsp]�sdkjwp&«ÁnI~v^�g]ikjYlvdfnsphdfu�p]nslE~v_Hu�lm~vdk{�lm_ x ¥wjwl�if_KjIu�l.lv[�_�ns~m_�lmdf{KjwifioyI¥Y�eyhjwpey�� f�¿O·
� nY¦3_K¨s_K~K¥Y¦�ns~mµedop]��¦(dolv[,ifjs~v�I_�lvdf^$_�uzlv_Kr�uE^�jªy�dfp x g�{�_�ikjw~m�s_�pBg�^$_K~vdk{�jsi x dkuvuvdor�jYlvdfnsp�·.�¯p$dfp�{�~v_Hjsuv_
ns«�lm[]_&ns~ x _�~ ns«�lm[]_-lvdf^,_ x df{�~v_�lvdf¼Kjwlvdfnspquv{�[]_K^,_-{Kjwp/_�¨I_�pBlvg�jsioify¾~m_ x g�{�_�lv[]dku nY¨s_K~ x dfumuzdfr�jwlvdfnspÄ·

I ��> � I J B � Ë � Ë �dB Í Ð�B?�K¡s� Ë � Ë � Ë ¡ Ï A Ð Ï �YÐ Ë �¾¡<E� ]�ª �¡w� Ë ��BÈ�K��B?¡s���K¡<E Ë � Ë
Z [�_$uv_K{�nsp x nI~ x _�~-¿�jw�I~mjsp]�s_�£À-jsio_K~vµedfp�^,_�lv[]n x ¦�jIu¯dfpBlv~mn x g�{�_ x �ey '3nIg]µedo~�_�l&jwi�� ���§jwp x dfu-jsp
_�|elv_�p�uzdfnsp/nw«�lv[]_ ½ ~�uzl�ns~ x _�~(um{�[]_�^,_s·E��u(��_�«Áns~m_s¥tif_�l�g�u x _ ½ p]_-lm[]_-lvnslmjsi x _�~mdo¨Yjwlvdf¨s_,Æ

d

dτ
u(τ, χ(τ ; t, x))|τ=tn+1

=
3u(tn+1, x)− 4u(tn, χ(tn; tn+1, x)) + u(tn−1, χ(tn−1; tn+1, x))

2∆t

�¯nY¦ ¦�_-p]_�_ x lmn�{�ns^,r]g]lv_-l�¦�n,uv_�l�u nw«�{�[�jw~�js{�lv_�~mdku�lmdf{Ku3r�jYlv[�u-Æ
{

χn
1 = χ(tn; tn+1, x) = x−∆t(2un − un−1)(x)

χn
2 = χ(tn−1; tn+1, x) = x− 2∆t(2un − un−1)(x)

ÑÁÒ.ÓÄÑÕÔ
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Z [�_�pÄ¥]¦�_-�s_�l�lm[]_-lvdf^,_�uz_K^,d® x dkuv{�~v_�lv_&uz_H{�nIp x nI~ x _�~(�¯jª¨edf_�~v£bBlmnsµI_Ku�uzytuzlv_�^ � �� � Ç ���>¥






























3

2∆t
un+1 − ν∆un+1 +∇pn+1 =

1

∆t

[

2un ◦ χn
1 −

1

2
un−1 ◦ χn

2

]

, Ω

div(un+1) = 0, Ω
un+1 = gn+1, Γcyl

σ(un+1, pn+1) · n = 0, Γout

un+1 = un+1
∞ , Γin

� Ç ` 	

Â±_,^�jªy<p]nwlm_�lm[�jYl-lm[]_,�s_�p�_�~�jwi.«Áns~m^ nw«3lv[]_¾uv_K{�nsp x ns~ x _�~-uv{�[�_�^,_,dfu-uvdo^,dfifjs~�lmn/lv[]_�nIp]_�g�uz_ x
«ÁnI~�lm[]_ ½ ~muzl/nI~ x _�~�um{�[]_K^$_I·»�¯r�jw~vl�«ÁnI~v^ lm[]_±{�ne_��¾{�df_�pBl�ns«&lv[]_±^�jsumu�^�jwlv~md®| jwp x lv[]_�l�¦�n
uv_�l�uEnw«Ä{�[�js~mjI{�lm_�~mdfuzlvdk{�u.r�jwlv[,p]_�_ x _ x lmn&r�_K~z«ÁnI~v^ lv[]_�{�ns^,r]g]lmjYlmdonIp,nw«#lv[]_¯~vdf�s[BlO[�jsp x uzd x _(«ÁnI~Elv[]_
uv_K{�nsp x ns~ x _�~H¥ª��nslv[,¿�js�s~�jwp]�I_�À-jwif_�~mµedop�«Áns~m^hg]ikjYlmdonIp�u.^,jªy&�T_(uznIio¨I_ x g�uzdfp]��lv[]_(umjw^,_�r]~vnt{�_ x g]~m_s·
�¯_�¨I_�~vlv[]_Kio_HuvuK¥tlv[�_�~vdf�s[Bl�[�jsp x uvd x _�{�ns^,r]g]lmjYlmdonIp/«Áns~(lm[]_�uv_K{�nsp x ns~ x _K~(dfu¯^hg�{�[q^,ns~m_�{�r]gqlmdo^,_
{�nsp�uvg]^,dfp]�(lv[�jwp-lv[�_ ½ ~�u�l.ns~ x _�~���_H{�jwg�uz_Odfp�uzlv_Hj x ns«Blm~mjI{�µedop]� lm[]_§r�jw~vlvdk{�if_Og�uvdop]��nsp]_§¨s_�ifnt{�dol�y ½ _�i x
nY¨I_�~(j$lvdf^,_�rT_�~mdon x nw«

∆t
¥tlv[]_�uz_H{�nsp x nI~ x _K~(¦(doifi�~m_K¶Bg]df~m_-jsp]nwlm[]_�~ lm~mjI{�µedop]�$nY¨s_K~�j�lvdf^$_hr�_K~vdfn x

ns«
2∆t

·OZ []dku ^�jªy�uvg]��uzlmjwpBlmdfjsioify�uvionY¦ x nY¦(p�lm[]_�{�[�js~mjI{�lv_K~vdkuzlvdk{�u3r�jYlm[/{�nsp�uzlv~mg�{�lmdonIp�r�~vnt{�_ x g]~m_s·
�£p�{�jsuv_Elm[]_§lm~mjI{�µedop]�(r�~vnt{�_Huvu�dfu�rT_�~v«Áns~m^$_ x ¦(d®lm[hrTnens~�peg]^,_K~vdk{�jsiIjs{K{�g]~�js{�ys¥ªuznI^,_§peg]^,_�~mdf{KjwiI_�~m~vnI~
^�jªy¾df^,r�jwdf~ lv[�_&¦([]nsif_�´�nY¦Å{�ns^,r]gtl�jYlvdfnsp�·�Z [�dfu(dkumuzg]_-¦(dfioi���_ x dkum{�g�umuz_ x dfp/lv[]_-p]_�|el¯uz_H{�lvdfnsp�·

��� � � ��!(
"� !�� ! � ��� ������� !(
"� �	�

I � D���> ?6A ��� Ï Ð
�¡s��B Ï A
� _�~m_�¦�_ x _Huv{�~vdf��_$uz_K¨s_K~mjsiÄr�nIdopBl�u�lm[�jYl�^hg�uzl��T_�[�jwp x if_ x {�jw~m_�«Ág�ioify�dfp�nI~ x _K~�lmn�{�nI^,r]gtlv_$j�~m_KjY
uvnsp�jw�]if_�peg]^,_K~vdk{�jsiÄjwr]r]~mnª|tdo^�jwlvdfnsp�ns«�lm[]_��¯jª¨edf_�~v£bBlmnsµI_Ku�uzytuzlv_�^q·
Â³[�_�pqlv[�_�¨edfum{�nBuzdol�y�{�nIp�uzlmjwpBl

ε
dfu¯uz^�jwifi>¥]lv[�_h�¯jª¨edf_�~v£benIµs_Hu3_H¶Bg�jYlmdonIp�u(jw~m_�u�lm~vnIp]�sify¾p]nIptùiodfp]_Kjs~K·

Z [�dfu3do^,r]ify¾jhuv_�¨I_�~m_¯~m_Kuzlv~mdf{�lvdfnsp�nY¨I_�~Olm[]_�lvdf^$_-uzlv_�r�¥B��gtl3lm[]_�g�uz_�nw«5lm[]_-{�[�jw~�js{�lv_�~mdku�lmdf{KuE^,_�lv[�n x
^�jªy&nY¨I_�~�{�ns^,_Elm[]dku x d �¾{�g]i®l�yI¥IjIu�ifnsp���jIu�lm[]_({�[�jw~�js{�lv_K~vdku�lmdf{Ku�r�jYlv[$dku.{�ns^,r]gtlm_ x {�nI~v~m_K{�lvifys·�Z [�_�pÄ¥
lm[]_(dfp�{�nI^$r�~v_Huvuvdo��io_ {�nIp�u�lm~mjsdopBlO{�nIpt«Á_�~�u�lv[]_���jª¨edo_K~z�bBlvnIµs_Hu�_H¶Ig�jYlvdfnsp�u�¦(d®lm[,j-uzlv~mnsp]�&umj x]x io_ rTnsdfpIl
{�[�jw~�js{�lm_�~H·$Z [�dfu&df^,r]ifdo_Hu-lv[]_�¨I_�ifnt{�dol�y�jwp x lv[�_�r]~v_Huvuvg]~m_h«Ág�p�{�lmdonIp�jwi§uvr�jI{�_Ku�lmn<��_¾{�[�nIuv_�p©¦(dolv[
{Kjw~m_s·��£p�ns~ x _�~�lmn�{�ns~m~m_K{�lmioy�{�nsrT_(¦(dolv[,lv[�dfu x d �¾{�g]i®lH¥slm[]_�¿&'�'¬{�nsp x d®lmdonIp � �s��� �ã�s���T^hg�uzlO�T_¯uvjwlvdku�
½ _ x ·E�ù«

Xh

jsp x
Mh

jw~m_¯lm[]_ x dfum{�~m_�lmdo¼K_ x uzr�jI{�_Hu§«ÁnI~�lv[]_&¨I_�ifne{�d®l�y�jsp x lm[]_-r]~m_Kumuzg]~m_�~v_HuzrT_K{�lvdf¨s_�ifys¥
lm[]_�p�¥t«Áns~�jsioi

v ∈ Xh

jwp x
p ∈Mh

Æ

inf
p∈Mh\Qh

sup
v∈Xh

|(∇.v, p)|

||v||Xh
||p||Mh

≥ γ > 0
� Ç<X 	

¦(dolv[
Qh = {q ∈ Mh|(q,∇.v) = 0 ∀v ∈ Xh}

jwp x
γ
dku�j¾{�nsp�uzlmjspBl¯dop x _�rT_�p x _�pBl�ns«

h
·�� uv_�l

ns«�uzr�jI{�_HuhumjYlvdkuz«ÁyBdfp]�<lm[]dkuh{�nIp x dolvdfnsp�^�jªy���_�«Ánsg]p x dop � `I��� jsp x � �s���ù·©��^,nsp��<lv[]_K^q¥E¦3_�uv[�jsioi
g�uz_�lv[�_�rTnsr�g]ifjs~(} Ç ù�]g]���]io_�Yª} Ç uvg]��uvr�js{�_s¥t¦([]dk{�[�dku�lv[�_�uz^�jwifif_Kuzl uvg]��uvr�js{�_&uvjwlvdku�«Áyedfp]�hlm[]_&¿&'�'
{�nsp x d®lmdonIpÄ·

Ó�Ó ï�g9h6i!j!k
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I � D�� D J E Ë�� > Í �
�����( Ë���� > ��c� ]¡ Ë
¿�_�l�g�u�uzg�r]r�nBuz_-lm[�jYl

Ω ∈ R
d dku�j�rTnsifyB[�_ x ~�jwiÄuv_�lH¥�jwp x io_�l�g�u¯{�nsp�uvd x _�~�j d−

uvdo^,r]if_�|/r�jw~vlvdolvdfnsp
Th

ns«
Ω
·�Â±_$uvg]r]rTnIuv_�lv[�jwl

(Th)h≥0

uvjwlvdku ½ _Ku�u�l�jwp x js~ x [eyBrTnwlm[]_Kuvdku¯dfp�nI~ x _�~�lvn x _ ½ p�_,j ½ p]dolv_
_Kio_K^,_�pBl «Èjw^,doify � �I���ù·
Â±_�uv_�lK¥

P 1
h =

{

φ : Ω→ R / φ|K ∈ P
1, ∀ K ∈ Th

}

f�ns~
k ∈ Th

¥.¦3_¾{�nsp�uvd x _�~
{λi}1≤i≤d+1

¥�lm[]_���jw~myt{�_KpIlm~vdk{,{�nens~ x dfp�jYlm_Ku-¦(dolv[²~m_Kuvr�_H{�l&lvnqlm[]_
d−uvdf^$r�io_�|

K
·EÂ±_&dopBlm~vn x g�{�_�lv[]_&�]g��]�]if_-«Ág]p�{�lmdonIp

bK =
d+1
∏

i=1

λi

jsp x ¦3_&uv_�l

P b
K = vect{bK}

Â±_ x _ ½ p]_�jwpqjwr�r]~vnª|tdf^�jYlvdfnsp�uzr�jI{�_-r�jsdo~(��jIuz_ x nIp�lm[]_�jw�TnY¨s_-uvr�js{�_s¥

Xh =

{

v ∈ (C0(Ω))d, v|K ∈
(

P
1 ⊕ P

b(K)
)d

, ∀ K ∈ Th

}

� Ç � 	

Mh = P 1
h

⋂

C0(Ω)
� Ç�Z 	

��Ë �� t�<O D

� ) 79�)� �;:2�6(�� �����4���1������( ���
Mh

	���� :2��� ��� : 	<( �879���<���!�#�/,T� � �879� (!�������4��, �

� ��7�� ����:'�!(������6� �6�
�6�$��( � � Xh

	���� :2��� ����: 	<( �����!�#�/, 	�� : � (6� ��	��	�2��6�$��� � ��� ��7�� (!��� � �4�/, �

� (Xh, Mh)
(�	���� (�� �6( ��7��,0
	�	 ���� :��������������������� 	 ��� ��� � 

Â±_&dfpIlm~vn x g�{�_�lv[]_-«ÁnIioifnY¦(dfp]�h«Ág�p�{�lmdonIp�jwi�uvr�jI{�_KuK¥

V =
{

v ∈ (H1(Ω))d, v = 0
nIp

Γin ∪ Γs, v · n = 0, Γlat

}

Q = L2(Ω)
Â±_�uv_�l

Vh = X3
h ∩ V

jsp x
Qh = Mh ∩Q

¥�jwp x ¦�_&ionenIµ�«Áns~
(un+1

h , pn+1
h ) ∈ X3

h ×Qh
uznIiogtlmdonIp

ns«�lm[]_-«ÁnsifionY¦(dfp]��uvyeuzlv_K^ Æ


























1

∆t
(un+1

h , vh) + ν(∇un+1
h ,∇vh)− (pn+1

h , div vh) =
1

∆t
(un

h ◦ χn
h, vh), ∀ vh ∈ Vh

(div un+1
h , qh) = 0, ∀ qh ∈ Qh

un+1
h = Πhgn+1, Γcyl

σ(un+1
h , pn+1

h ) · n = 0, Γout

un+1
h = Πhun+1

∞ , Γin

� Ç � 	
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«ÁnI~ lv[]_ ½ ~muzl(ns~ x _�~(um{�[]_�^,_&jwp x










































3

2∆t
(un+1

h , vh) +ν(∇un+1
h ,∇vh)− (pn+1

h , div vh)

=
2

∆t
(un

h ◦ χn
1,h, vh)−

1

2∆t
(un−1

h ◦ χn
2,h, vh)

∀ vh ∈ Vh

(div un+1
h , qh) = 0, ∀ qh ∈ Qh

un+1
h = Πhgn+1, Γcyl

σ(un+1
h , pn+1

h ) · n = 0, Γout

un+1
h = Πhun+1

∞ , Γin

� Ç � 	

¦([�_�~m_
χn

h

uzlmjsp x u$«Áns~¾jspºjsr]r]~mnª|tdo^�jYlmdonIp¤ns«¯lv[�_�{�[�jw~�js{�lv_�~mdku�lmdf{¾«ÁnBnsl¾{�ns^,dfp]�±«Á~vnI^ rTnsdfpIl
x ∈

Ω
· ¹E|tdku�lm_�p�{�_±jsp x g�p]df¶Bg]_Kp]_Kumu�~v_Huzg]iolmu�nw«hlv[]_²uznIiog]lvdfnsp ns«hr]~mns�]if_�^ � Ç � 	�jwp x � Ç � 	¾js~v_�¦3_Kioi

µep]nY¦(p�¥E¦([]_�~m_KjIu�~m_��sg�ifjs~vdol�y©~m_Kuvg]iolmu$jw~m_¾dop�uzg]~m_ x �By²lm[]_�¿ '�'»{�nsp x d®lmdonIpÄ·�Z []_ x _�lmjsdoikuhns«�lv[�dfu
jsr]r]~mnª|tdo^�jYlmdonIp¾¦(dfioiÄ�T_�uvr�_H{�d ½ _ x dfp�lm[]_&p]_�|Bl�uv_K{�lvdfnspÄ·

��� � � ��!(
"� !�� ! � ��� ������� !(
"� �	� � � 
���% ����! �"!$��
% � ���-
"��� � �����	%

��u�u�l�jYlv_ x �T_�«ÁnI~v_I¥wuz_K¨s_K~v_3~v_Hu�lm~vdk{�lmdonIp�u�nIp�lm[]_¯� f.¿�^�jªy&��_ ~m_�ikjY|t_ x g�uzdfp]��lv[]_(¿�jw�s~�jwp��s_��À-jwif_�~mµedop
um{�[]_K^$_I· � nY¦3_K¨s_K~K¥�¦([]_�p�ikjw~m�s_�lvdf^$_,uzlv_�r�u�js~v_�g�uz_ x ¥5{�nI^$r�gtlvdfp]�¾lm[]_,{�[�jw~�js{�lv_�~mdku�lmdf{Ku(r�jYlm[�_��,
{�do_KpBlvify¾��_H{�nI^$_Hu({�~mg�{�dkjwi>·�Â�_�uv[�jsioi5p]nY¦ x _Kum{�~mdf��_-lm[]~v_K_-��js{�µBlv~�js{�µedfp]��um{�[]_K^$_Hu�¥
j 	/bedf^$r�io_&��jI{�µBlv~�js{�µedop���Æ
Z []dku dfu�lm[]_&uzdf^,r]io_Hu�l�jsio�Ins~md®lm[]^ «Áns~({�[�js~mjI{�lv_K~vdkuzlvdk{�u3r�jYlm[/jsr]r]~mnª|edf^�jYlmdonIpÄ·�Z []_�«Á_K_�l�nw«�lv[]_
{�[�jw~�js{�lv_K~vdku�lmdf{Ku jw~m_-{�ns^,r]gtlm_ x g�uvdop��,lv[]_-«ÁnIioifnY¦(dop���«ÁnI~v^�g]ikjw_s¥tnI�tlmjsdop�_ xqx df~v_H{�lvify¾«Á~mns^ lv[]_
{�[�jw~�js{�lv_K~vdku�lmdf{�r�jwlv[ x _ ½ p�d®lmdonIp±Æ

χn
h(x) = x−∆t · un

h(x), x ∈ Ω

� _K~v_I¥slm[]_�{�[�js~mjI{�lm_�~mdfuzlvdk{�r�jYlm[¾dfu3{�nIp�uzd x _K~v_ x lvn��T_�j�uzlv~�jwdf�s[BlOifdop�_�«Á~mns^ lv[]_�u�l�jw~vlvdfp]��rTnsdfpIl
x
lvn²dolmu$«Ánenwl

χn
h(x)

· Z�[�dfu�jsio�Ins~md®lm[]^q¥Elv[]nIg]�s[º¨s_K~vy�uvdf^$r�io_qr]~mnY¨ed x _ x ¦�_q[�jª¨s_qj±�snen x
r�jw~vlvdk{�g�io_¯lv~�js{�µedop���jwif�sns~mdolv[]^q¥Br�_K~z«ÁnI~v^�uO��j x ify,¦([]_�p�lm[]_�lvdf^$_�u�lm_�r¾dku3~v_Kifjwlvdf¨s_�ify$ifjs~v�I_s·.�£p
«Èjs{�lK¥.¦([]_�p²lm~mjI{�µBdfp]��lv[]_�r�jw~vlvdk{�if_Ku-dfp�j ½ p]dolv_¾_Kio_K^$_KpBlh^,_Kuv[Ä¥�nIp]_¾uz[�nsg]i x p]nwl(��g]^,r²lmnBn
^�jwpey±{�_�ififu$jYl�nsp�{�_¾dop¤ns~ x _�~hlvn�_Kp�uzg�~v_�{�nsp�uvdku�lm_�p�{�ys· � _Kp�{�_I¥�lv[]dku$jwif�sns~mdolv[]^�uz[]nIg]i x ��_
g�uv_ x nsp]ify¾¦([]_Kp<uz^�jwifi#lvdf^,_�u�lm_�r�u(js~v_-g�uv_ x ·

� 	qbeg]�#{�yt{�ifdfp]����js{�µBlm~mjI{�µBdfp]��Æ
¸¯_Kr�_Kp x dfp]�©nIp±lv[]_ x dfum{�~m_�lm_¾¨s_Kiont{�dol�y ½ _Ki x

un
h(.)

¥.lm[]_¾ikjsuzl�jwr]r�~vnª|tdf^,jwlvdfnsp±^�jªy©�T_¾^,ns~m_
ns~&if_Kumu�js{K{�g]~�jYlm_s¥�uvrT_K{�dkjwifify�d®« lm[]_¾{�[�jw~�js{�lv_K~vdku�lmdf{h«Ánenwl

χn
h

dku-«Èjw~�«Á~vnI^ d®l�u&ns~mdf�sdfp�rTnsdfpBl
x
·

� _Kp�{�_&dol�^�jªy¾��_�{�nspe¨s_Kp]df_�pBl3lmn�r�_K~z«ÁnI~v^)j�~m_ ½ p]_�^,_�pBl(nw«Euvg�{�[/jsp/jsr]r]~mnª|tdo^�jYlmdonIp©Æ
Z []_�{�[�js~mjI{�lv_K~vdkuzlvdk{¾«Ánenwl

χn(.)
dfu�jsr]r]~mnª|tdo^�jYlm_ x �By¤lv[]_<_�|elv~m_�^,_qr�nIdopBl¾nw«-j±r�nIioye�snIp�jwi

{�g]~m¨s_-ns«�lvdf^,_&io_Kp]�wlm[
∆t

¦(dolv[q¨s_K~zlm_�|
(χn

0 = x, . . . , χn
m = χn(x))

uvg�{�[/lv[�jwlK¥

χn
i+1 = χn

i −∆ti · u
n(χn

i ))
¦(d®lm[ m

∑

i=1

∆ti = ∆t

Ó�Ó ï�g9h6i!j!k
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Z []_ ^�jY��ns~ x ~�jª¦(��jI{�µ�ns«�lm[]_(ifjIu�lEum{�[]_�^,_ dfu.lm[�jYlEdolO~v_H¶Bg]do~m_KuK¥Ynsphlv[]_ x dfum{�~m_�lm_3if_�¨I_�i>¥Ylvn-[�jª¨I_
jwp�_ �¾{�df_�pBl�_Kio_K^$_KpBl�uv_Kjw~�{�[]dfp]�,lvnenIi�«ÁnI~�lv[�_�¨I_�ifne{�d®l�y ½ _Ki x dfpBlv_K~vrTnsikjYlmdonIp�jYl�_Hjs{�[�uvg]��uzlv_Kr
r�nIdopBl�u

χn
i

·,Z []dfu�^�jªy<�T_$_K¨s_Kp�^,ns~m_¾�3}§Ã lvdf^$_�{�nsp�uvg]^,dop���do«�¦�_$g�uz_ = ¸ g�p�u�lm~vg�{�lvg�~v_ x
^,_Kuv[]_KuK·�Â³[�jwlmuv^,ns~m_s¥Älm[]_�uvg]� x do¨edkuzdfnsp²r�js~mjs^,_�lv_K~&dfu�p]nwl�^,_Kuv[t x _�rT_�p x _�pBl�jsp x ^,jªy���_
_KjIuzdfioy�nY¨s_�~�uvdo¼K_ x ¦(dolv[]nIgtl�p]_H{�_Kumumjw~mdoify�dop�{�~m_Kjsuvdfp]�hlm[]_�js{K{�g]~�js{�y�io_K¨s_Ki5nw«

χn(.)
·

{ 	�� x jwr]lmjYlmdo¨I_-��js{�µBlv~�js{�µedfp]��Æ
�¯uOuzlmjwlv_ x r�~v_K¨Bdfnsg�uzifys¥wdolO^�jªy��T_(g�uz_�«Ág]i]lmn-nY¨s_�~�{�nI^,_§lm[]_(g�uv_(nw«5jwp$_�if_�^,_�pBl§uv_Kjw~�{�[]dfp]��lvnensi
¦([]dfio_-g�uvdop��$g�p�u�lm~vg�{�lvg�~v_ x ^,_Kuv[]_Hu�·EZ []dku ^�jªy���_ x nIp]_-�By�g�uzdfp]��lv[]_�«ÁnIioifnY¦(dop��$um{�[]_�^,_&jsu
dop � `I���3Æ
Z []_�{�[�js~mjI{�lv_K~vdkuzlvdk{¾«Ánenwl

χn(.)
dfu�jsr]r]~mnª|tdo^�jYlm_ x �By¤lv[]_<_�|elv~m_�^,_qr�nIdopBl¾nw«-j±r�nIioye�snIp�jwi

{�g]~m¨s_�ns«3lmdo^,_¾if_�p��wlv[
∆t

¦(d®lm[�¨s_K~zlm_�|
(χn

0 = x, . . . , χn
m = χn(x))

¦([�_�~m_
x ∈ K0

h

uzg�{�[
lv[�jwlK¥
Ç ·

χn
i+1 = χn

i −∆ti · u
n(χn

i )
¥

�]·
∆ti

dku�uvg�{�[/lv[�jwl
χn

i , i ∈ [1, m− 1]
��_KionIp]�Iu(lvn,lv[�_�_ x �I_&nw«.lv[]_�uzdf^,r]io_�|�ns«

Ki
h

jwp x
m
∑

i=1

∆ti = ∆t
·

�ùl(«ÁnsifionY¦�u�lm[�jYlH¥]dfp/_Hjs{�[�_�if_�^,_�pBlK¥]lv[]_�{�[�js~mjI{�lm_�~mdfuzlvdk{¯r�jYlv[/dku�jwr]r�~vnª|tdf^,jwlv_ x �ey�j,u�lm~mjsdo�I[Bl
iodfp]_�g�pIlmdoi�lv[]_¯_ x �I_(dfu§~v_Hjs{�[]_ x ·�� {�ns^,r]if_�lm_ x _Kum{�~mdfrtlvdfnsp,nw«#lm[]_Kuv_�jwif�snI~vdolv[]^ ^�jªyh�T_(«Ánsg]p x
dop � Ç ���ù·
��Ë �� t�<O I
� �� ( � � �1	 � (����
��� ��7��1(���*6+���� ���879�
���$�#���!�
� :���	��%�,�������$��(

χn
i+1

�	�� � � ������� ��: 	�( �879�
������������������ 	��4���-. ��7�� ��� ��%���

un(χn
i )

��� ��7��)��:�./�1� � �879� (!�������4��,
Ki

h


� ��6���
	 � � �,������79	<(!���;��: ��7�	��G��7��������
� ��	��!����������� :2�%�9��� :�( ��� �879� ./�����
�6���	�)� ����7����
�!(�7

	�� : ��7�� ���6� ������ � � ���4:
un

h(.)


�  	 ���	�+-(��)����	2:'	 ���#	������;��� ��� ��7�� �$+ � ����� � �,(!+��6 %�����
� (!�%�#� (,� ( � ��� �/,-	2���� �  ������������� � :


����� ����! #��"!(
"���"% � � � %&�

�3nI^,r]gtlvdfp]�-lm[]_�~mdo�I[IlO[�jwp x uvd x _(ns«#lv[]_�¿�jw�s~�jwp��s_��À-jwif_�~mµedop�uzytuzlv_�^ _�|]js{�lvifyhdkuE_�|elm~v_K^$_Kioy�_�|trT_�pt
uvdf¨s_s·�Z []_�~m_�«ÁnI~v_I¥t¦3_�uv[�jsioiÄg�uz_hj¾À-jsg�umu�¶Bg�j x ~�jYlmg]~m_¯«ÁnI~v^�g]ifj�·§�£pBlv~mn x g�{�dop]�,lm[]_&«Èjs^$dfify�nw«§À-jsg�uvu
rTnsdfpBlmu

(αi, ζi)i∈I

¥t¦3_&[�jª¨s_

(un
h ◦ χn

h, vh)K =
∑

i∈I

αiu
n
h(χn

h(ζi)) · vh(ζi)

Â±_&{�jsp�uv_�_�lv[�jwl�lm[]_&{�[�jw~�js{�lv_K~vdku�lmdf{�r�jYlm[�¦(dfioi5�T_&{�nI^$r�gtlv_ x «Á~mns^�_Hjs{�[/À-jsg�umu§rTnsdfpBlK·E�ùl «ÁnsifionY¦�u
lm[�jYl,dfp�{�~m_KjIuzdfp]�<lm[]_�peg]^���_K~$ns«�À-jwg�umu�r�nIdopBlmu�dfp¤ns~ x _K~�lvn±~m_Kjs{�[�[�do�I[]_�~,js{K{�g]~�js{�y�¦(dfioi�~m_Kuvg]i®l
dfp¬jsp�dfp�{�~m_KjIuz_¾ns«�lv[�_�peg]^���_K~�ns«�{�[�jw~�js{�lv_K~vdku�lmdf{Ku&r�jwlv[�uK·�Z []dfu�^�jwµI_Kuhlv[]_q{�[�jw~�js{�lv_K~vdku�lmdf{$«Á_K_�l
ifnt{�jwlvdfnsp/r]~vnt{�_ x g]~m_�_�¨s_Kp�^,nI~v_-_�|trT_�p�uvdf¨s_s¥t_HuzrT_K{�dfjsioify¾¦([]_Kpqifjs~v�I_¯lmdo^,_�uzlv_�r�u(jw~m_�g�uz_ x ·
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χn

h

:2�;�6(,����� ��� ��6(�(6	��!��� � ���6� ���/. �#�
��7���:2�#.2���������
��� � ��:'��� �6	��)��� � � � �879� :�� (�6�����%�
(���	2��

Xh

����7��
+ � ���� :�����������	�� (!�%	 ����� ��� � ���1��7�� �/,-	2�� 0�	�.2��	��-.'�� 
3�	��4�6��&���� (� 7��6�
�
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�6�879�;:
� � 	':<( �%� 	 �����:�������������	�� � (��%	 ���4� (6�79���
�	� � ���87T������ %� ��� ��	�� � � 0  %� �4&'�
���� :�����������( � (���� � � � � 	�� : � � � � �6��� �
�����):2���#	���� ( � ��)� � ���<��� � �879�6(6�����9(!�%	 ����� �������!( �
	 � ��� ����:�+� ��: �
�879��+2.;7 � ��� �����������6� �
���6�
������:�� ��� +-(!���/. 	
�4	���./���$+ � ����� ���
3�	�+-(�( �9��������(�

����� � ��
%&��� ���	� 
 � 
���% ��!$��% � � ! � � ������� #���� !$���

Â±_¯^�jªy�p]nY¦³{�[�jwp]�I_ lv[]_�r]~mns�]if_�^ {�nIp ½ �sg�~mjwlvdfnspÄ·��£p x _�_ x ¦3_�{�nsp�uzd x _�~§lv[�jwlOlv[�_�´�g]d x¾x nI^�jwdfp�dfu
p�n�^,ns~m_ ½ |t_ x ¥t�]g]l({Kjwp�^$nY¨I_�¦(dolv[/r]~m_Kum{�~mdo�T_ x _�¨InsifgtlvdfnspÄ·.Â±_�p�nwlv_-�ey

Ωf
t

lv[�_�^,nY¨edfp]� x nI^�jwdfp
jwl¯lmdo^,_

t > 0
·�Â�_$_�p x nY¦Ålm[]_,uzytuzlv_�^6¦(dolv[±j�uzlvdk{�µedop]����nIg]p x js~vy<{�nIp x dolvdfnsp©jwl¯lm[]_h´�g]d x ùuvnsifd x

dfpBlv_K~z«ÈjI{�_s¥

u(x, t) = ẋs, (x, t) ∈ Γs
t × (0, T )

�?�s� 	
Â±_&^�jªy¾nsp�ioy x _Kjwi5dfp/lv[]_�uv_K¶Bg]_Ki5¦(d®lm[q~vdf�sd x �Tn x y x dfuvr]ikjs{�_K^,_�pBl ½ _�i x uK¥td?· _

xs(x0, t) = d(t) + Q(t) (x0 − xG),
nsp

Γs
0

�>� Ç 	
¦([�_�~m_s¥

Q(t) = Q0

(

cos θ − sin θ
sin θ cos θ

)

uzlmjsp x u¯«Áns~�lv[�_�~mnwl�jYlvdfnsp©nsrT_�~�jYlvnI~�jsp x
xG

lv[�_${�_�pBlv_K~�ns«§^�jsumu¯ns«Olv[�_$uvnsifd x ·�Z []_�{�nsg]r]if_
(u, p)umjYlmdfu ½ _Hu§lm[]_��¯jª¨edf_�~v£belvnsµI_Ku�_K¶Bg�jwlvdfnsp�u�dfpq^$nY¨edfp]� x ns^�jsdopÄ¥































∂tu +∇u · u− ν∆u +∇p = 0, Ωf
t

div(u) = 0, Ωf
t

u = ẋs, Γs
t

σ(u, p) · n = 0, Γout

u = u∞, Γin

u(t = 0) = u0, Ω

�>�s� 	

I � a���> � L�� S>Ï � � 
(È ]��B Ï A
Z [�_�r]~m_�¨edonIg�u(«ÁnI~v^�g]ikjYlvdfnspqdku¯p�nwl�{�nspe¨s_Kp]df_�pBl�dop©¨Bdf_�¦Uns«Od®l�u�jsr]r]~mnª|edf^�jYlmdonIpÄ· �£p x _�_ x ¥�lv[]_hlv_�^$
rTns~�jwi x _�~mdo¨YjYlmdonIp¬r�jw~vl

∂t|x∈ Ωf
t

dku¾{�ns^,r]gtlm_ x ¦([]dfio_ ½ |tdfp]�±lv[]_�uzr�jwlvdkjwi(¨Yjw~mdkjw�]if_
x
dop³j±lvdf^,_�

x _�rT_�p x _KpBl x ns^�jsdop
Ωf

t

·3Z []_KpÄ¥�dfp/lv[]_�p�_�df�s[e��nIg]~m[]nen x nw«�lm[]_&^,nY¨Bdfp]���Tnsg]p x jw~my
Γs

t

¥�d®l�^,jªy���_
x d �¾{�g�i®l(lmn x _ ½ p�_-jsp<jwr]r]~mnª|tdo^�jwlvdfnsp¾ns«�uvg�{�[qj x _�~mdo¨YjYlmdo¨I_s·
� uznIiogtlmdonIp�{�nIp�uzdkuzlmu�dfp<dfpIlm~vn x g�{�dfp]��j�^�jwrqlm[�jYl�¦(doifi�lv~�jwp�uz«Áns~m^0lm[]_&lv_K~v^

∂t|x∈ Ωf
t

dfpBlvn�j�lv_�^$
rTns~�jwi x _�~mdo¨Yjwlvdf¨s_(lm_�~m^ jwlOlvdf^,_

t ≥ 0
¥sµs_K_�r]dfp]�&lm[]_�uvr�jI{�_�¨Yjw~mdkjw�]if_ ½ |t_ x dfp�j x ns^�jwdfp�¦([]dk{�[ x ne_Ku

p�nwl x _�rT_�p x _�pBl¯nIp�lm[]_-lvdf^,_&¨ªjs~vdkjw��io_
t
·

Ó�Ó ï�g9h6i!j!k
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�£p�nI~ x _�~Elmnh¦�ns~mµh¦(dolv[�j�¿�jw�I~mjsp]�sdkjwp x _Kum{�~mdor]lvdfnsp�nw«#lm[]_�uvnsifd x�x yBp�jw^,df{s¥I¦�_¯{�[]nenBuz_�jsp�dope¨Yjw~mdfjspBl
^,nY¨edfp]�©�Tnsg]p x jw~my²^,jsr¬jsionIp]�

Γs
t

· � _Kp�{�_I¥§¦�_�dfpBlv~mn x g�{�_�lv[]_/«ÁnsififnY¦(dop]��^�jwr]r]dfp]��«Èjw^,dfioyI¥E«Áns~
0 ≤ τ < 0

¥

Aτ
t : Ω

f
(τ) −→ Ω

f
(t)

ξ 7−→ x = Aτ
t (ξ)

uvg�{�[�lv[�jwl

Aτ
t (ξ) ∈ Γs

t , ∀ξ ∈ Γs
0

Â±_�uv_�l
xf = Aτ

t (ξ)
«Áns~

ξ ∈ Ωf (τ)
jsp x

xs def
= Aτ

t (ξ)
«ÁnI~

ξ ∈ Γs(τ)
· Z []_�pqlm[]_��¯¿�¹³^,jsr<{�jwp

�T_ x _Huv{�~vdf��_ x jIu�«ÁnsifionY¦&¥

xf (ξ, t) = Ext(xs)(ξ, t), ∀ξ ∈ Ωf (τ),

xs(ξ, t) = d(t) + Q(t) ξ, ∀ξ ∈ Γs(τ).

� _�~m_s¥
Ext

~m_�r]~m_Kuv_�pBlmu jspBy�_�|elv_Kp�uzdfnsp/nsrT_�~�jYlmns~�«Á~mns^
Γs(τ)

lmn
Ωf (τ)

r]~m_Kuv_�~m¨Bdfp]�
Γf
∞

·
wτ (x, t) =

∂Aτ
t (ξ)
∂t

∣

∣

∣

ξ∈Ωf (τ)

¦(d®lm[
x = Aτ

t (ξ)
¥�u�l�jwp x u�«ÁnI~ lv[]_���¿Ä¹�¨s_Kiont{�d®l�yI·

�£p�lv[]_&uv_K¶Bg]_Ki?¥e¦�_�¦(dfioi5p�nwl x dfuzlvdfp]�Ig]dfuv[/��_�l�¦3_K_�p�jh«Ág]p�{�lvdfnsp x _ ½ p]_ x dop
Ωf (τ)

ns~
Ωf (t)

¥]µI_�_�r�dop]�
dfp<^,dop x lv[�jwl�lv[]_Ky/js~v_�{�nsp]p�_K{�lm_ x lm[]~vnIg]�s[/lm[]_h�¯¿�¹³^�jwr

(Aτ
t )0<τ<t

· Ã¯uvdop���lv[]_,�3[�jwdfp��(g]if_s¥
¦�_-^�jªy�u�l�jYlm_�lm[]_-«ÁnsififnY¦(dop]�,d x _�pBlmd®l�yI¥

∂u(x, t)

∂t |ξ∈Ωf (τ)
=

∂u(x, t)

∂t |x∈Ωf (t)
+∇u(x, t) · wτ (x, t),

«ÁnI~
x = Aτ

t (ξ), ∀ξ ∈ Ωf (τ)
�?� = 	

�ùl¯jsioifnY¦�u�g�u�lvn�nI�tlmjsdop�lv[�_�u�lm~vnIp]�$��¿Ä¹�«ÁnI~v^�g]ifjwlvdfnsp�nw«.lv[]_-´�g�d x £uzlv~mg�{�lmg]~v_&{�nsg]r]if_ x uvyeuzlv_K^q¥






































∂u

∂t |ξ∈Ωf (τ)
+∇u · (u− wτ )− ν∆u +∇p = 0, Ωf

t

div(u) = 0, Ωf
t

u = ẋs, Γs
t

σ(u, p) · n = 0, Γout

u = u∞, Γin

u(t = 0) = u0, Ω

�>�Y` 	

I � a�� D \ B?�K¡s� Ë �;B�^s ]��B Ï A
Z [�_¯�¯¿�¹²«Áns~m^hg]ikjYlmdonIp$ns«#lv[]_��¯jª¨edo_K~z�bBlmnsµs_Hu�uzytuzlv_�^»dfp�^$nY¨edfp]� x nI^,jsdop,[�jIu§j&uvdo^,dfifjs~3uzlv~mg�{�lmg]~m_
{�ns^,r�js~v_ x lvn�lv[�_ ½ |t_ x$x ns^�jwdfp�{Kjsuv_s·.Z []_(nsp]ify x doÉT_K~v_Kp�{�_ dku.lv[]_({�nspe¨s_H{�lvdfnsp�¨s_Kiont{�dol�y ½ _Ki x ¦([]dk{�[
dku&uv[]d®«Õlm_ x �ey<lv[�_¾�¯¿Ä¹U¨I_�ifne{�d®l�y ½ _�i x · � _�p�{�_,lv[�_,¿�jw�I~mjsp]�s_,À-jwif_�~mµBdfp²uv{�[]_K^,_${Kjwp±��_¾jsr]r]ifdo_ x
jsp x lm[]_&{�[�jw~�js{�lv_�~mdku�lmdf{�{�g]~m¨s_Ku3jw~m_¯��jI{�µBlv~�js{�µs_ x lv[�jsp]µtu§lmnhlm[]_ ½ _�i x

un−wn
·OZ []dku�io_Hj x u§lvn�lv[]_

«ÁnIioifnY¦(dfp]�$uv_�^,do x dfum{�~m_�lm_-uvytu�lm_�^�uK¥
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 f.do~�u�lv>nI~ x _�~({�[�jw~�js{�lv_K~vdku�lmdf{�uv{�[�_�^,_,Æ






















1
∆t

un+1 − ν∆un+1 +∇pn+1 = 1
∆t

un ◦ χn
u−w, Ωn+1

div(un+1) = 0, Ω
un+1 = wn+1, Γs

n+1

σ(un+1, pn+1) · n = 0, Γout

un+1 = un+1
∞ , Γin

�>� X 	

¦([]_�~m_
χn

u−w(x) = χ(tn; tn+1, x)
u�l�jwp x u¯«Áns~-j�{�[�jw~�js{�lm_�~mdfuzlvdk{�«Ánenwl�ns�tl�jwdfp]_ x lm[]~mnsg]�I[<lv[]_

{�[�jw~�js{�lv_K~vdku�lmdf{©r�jYlm[
χ(tn; tn+1, x)

¦([]dk{�[ dkuq{�ns^,r]g]lv_ x «Á~vnI^ � ÇIÇ 	�g�uzdfp]�¬lv[]_±«ÁnIioifnY¦(dop��
«Áns~m^hg]ikjw_ ��ifdop�_Kjw~ x dfum{�~m_�lm_�dfpBlv_K~vrTnsikjYlmdonIp 	�Æ

χ(tn; tn+1, x) = x−∆t(un − wn)(x)


 be_K{�nsp x >nI~ x _K~({�[�jw~�js{�lv_�~mdku�lmdf{�uv{�[]_K^,_$Æ






























3

2∆t
un+1 − ν∆un+1 +∇pn+1 =

1

∆t

[

2un ◦ χn
u−w,1 −

1

2
un−1 ◦ χn

u−w,2

]

, Ωn+1

div(un+1) = 0, Ω
un+1 = wn+1, Γs

n+1

σ(un+1, pn+1) · n = 0, Γout

un+1 = un+1
∞ , Γin �>�w� 	

¦(d®lm[/lv[]_-«ÁnIioifnY¦(dop��,uv_�l(ns«�{�[�js~mjI{�lm_�~mdfuzlvdk{(«Á_K_�lK¥
{

χn
u−w,1 = χ(tn; tn+1, x) = x−∆t(2(un − wn)− (un−1 − wn−1))(x)

χn
u−w,2 = χ(tn−1; tn+1, x) = x− 2∆t(2(un − wn)− (un−1 − wn−1))(x)

� � ��'�§������� �����/�(	&������	-��������	��/9 9/��'�3������� 3�h'5� �Y+/��§�����h� 1&��	�9/�m!
�(���

�£p�ns~ x _�~�lvn�rT_�~v«Áns~m^ nsg]~.nsrtlmdo^�jsie{�nspBlv~mnsieuzlv~�jYlv_K�syI¥H¦�_�p]_�_ x lvn-{�nI^,r]gtlv_3lv[�_��I~mj x df_�pBl�ns«]lv[]_ {�nBu�l
«Ág�p�{�lmdonIp/¦(dolv[<~m_KuvrT_K{�l lmn���nIg]p x js~vy¾¨I_�ifnt{�dol�y ½ _�i x ·§Z [�dfu(^�jªy¾�T_ x nIp]_-�ey�g�uvdop��,lv[]_ x _K~vdf¨YjYlmdo¨I_
(z, q)

ns«Älv[]_-uzlmjYlm_�¨Yjs~vdkjw�]if_
(u, p)

¦(d®lm[�~m_Kuvr�_H{�l�lvn
g ∈ Uad

·3�3nsp�{�_�~mp]dfp]�&lm[]_-pBg�^$_K~vdk{�jsiTjsr]r]~mnª|e
df^�jYlmdonIp¾nw«Älm[]_�nsrtlmdo^,df¼KjYlmdonIp¾r]~mnt{�_ x g]~v_I¥slm[]_�~m_¯_�|tdfuzlmu�^�jwdfp]ify�l�¦�n�uzlv~�jYlm_��Ido_HuE«Áns~ {�nI^,r]gtlvdfp]��lv[]_
{�nIuzl «Ág]p�{�lmdonIpq�s~�j x df_�pBlKÆ
Ç ·(¸¯_ ½ p]_�jspqjsr]r]~mnª|tdo^�jYlmdonIp¾nw«.lv[�_�{�nspBlmdopeg]nIg�u�iodfp]_Kjs~vdf¼�_ x r�~vnI�]io_K^q·
�t·(¸¯_ ½ p]_�j,ifdop�_Kjw~mdf¼KjYlmdonIp�ns«�lv[�_ x dfum{�~m_�lmdo¼K_ x u�l�jYlm_&r]~vnI�]if_�^q·

��p/lm[]_&iodf^,d®l�{�jsuv_
(h, ∆t)→ 0

¥]�Tnwlm[quvytu�lm_�^�u(¦(dfioi.{�nIpB¨I_�~m�s_�lvn,lm[]_�{�nIpIlmdopeg]nIg�u ifdop]_Hjw~mdo¼K_ x uvyeuz
lm_�^q·§�¯_�¨s_K~zlm[]_�if_KumuK¥]uzdfp�{�_-¦�_�uz[�jwifi5r�_K~z«ÁnI~v^ jspqnsrtlmdo^,df¼KjYlmdonIp x _Kum{�_�pBl¯jsio�Ins~md®lm[]^q¥B�Tnwlm[<uzytuzlv_�^�u
^�jªyq«Ág]~mp]dkuz[ x doÉ#_�~m_�pBl x _Kum{�_KpBl x do~m_K{�lvdfnsp�uK¥Ädfp x g�{�dop]� x doÉ#_�~m_�pBlh{�nIpB¨I_�~m�s_Kp�{�_�r]~vnIr�_K~zlmdo_Hu�·$�£p±lv[]_
uv_K¶Bg]_Ki?¥s¦3_(^�jªy x _Kum{�~mdo�T_(uzg�{�[�jsp,jsi®lm_�~mp�jYlmdo¨I_s·�Â�_�¦(dfifi]nsp]ify x _Kjwit¦(dolv[ ½ ~muzlzùns~ x _�~E{�[�js~mjI{�lm_�~mdfuzlvdk{
ifdfp]_Kjs~vdf¼�_ x uv{�[�_�^,_KuK¥Ouzdfp�{�_�lm[]_/uv_K{�nsp x >nI~ x _K~�{Kjsuv_ x _K~vdf¨s_Huh_Hjsuvdoify±«Á~vnI^ lm[]_ ½ ~�u�lv>nI~ x _K~�{Kjsuv_�jsu
uv[]nY¦(p/��_�«Áns~m_s·
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Z [�_�r�~vnt{�_ x g]~m_-¦([]df{�[q{�nIp�uvdfuzlmu dfpÄ¥
Ç · x dkuv{�~v_�lvdf¼�dfp]�$lv[]_�uzlmjwlv_-r]~mns�]if_�^q¥
�t·�lv[]_Kpqiodfp]_Kjs~vdf¼�dfp]�$lv[�_ x dfum{�~m_�lm_-r]~vnI�]if_�^q·

¦(dfifi�r]~mn x g�{�_h¦([�jwl�¦�_h{�jsioi�lv[]_�iodfp]_Hjw~mdo¼K_ x<x dkuv{�~v_�lv_�r]~vnI�]if_�^ �È¿�¸�} 	�·Ä¿Ä_�l�g�u x _Kum{�~mdo�T_�lm[]dku¯r]~mnw
{�_ x g�~v_-«ÁnI~�lv[�_h�¯jª¨edf_�~v£bBlmnsµI_Ku�r]~mns�]if_�^q· Â�_�uz_�l

(ui
h(g), pi

h(g))0≤i≤Nt

lv[]_�uznIiogtlmdonIpqnw«�lv[]_h«Ág]ifi®
x dfum{�~m_�lm_-��jª¨edo_K~z�bBlvnIµs_Hu3uvytu�lm_�^ jIuvuvnt{�dkjYlv_ x ¦(dolv[/lv[�_�{�nspBlm~vnIi5¨ªjs~vdkjw��io_

g
·

Â±_&¦�nsg]i x ifdfµs_�lvn,_�¨Yjsiog�jwlv_-lm[]_�«ÁnsifionY¦(dfp]��¶Bg�jwpBlvdolvdf_KuK¥

(zi
h(δg), qi

h(δg)) = (
Dui

h(g)

Dg
· δg,

Dqi
h(g)

Dg
· δg)

f�ns~-lm[�jYl�r]g�~vrTnIuv_s¥5lm[]_�nsp�ioy x d �¾{�g�i®l�y�dfu-lmn x d®É#_�~m_�pBlmdfjwlv_,lv[�_,«ÁnsifionY¦(dfp]�/lv_K~v^q¥Ädfpe¨snsif¨s_ x dfp±lv[]_
~mdf�s[Bl([�jwp x uvd x _&ns«�lm[]_&�s_Kp]_�~�jwifdo¼K_ x bBlvnIµs_Ku(uvytu�lm_�^q¥
(

D(un
h ◦ χn

h(g))

Dg

)

· δg =
D(un

h)

Dg
(χn

h(g)) · δg +∇un
h(χn

h(g)) ·
D(χn

h(g))

Du
·

(

D(un
h)

Dg

)

· δg
�>� Z 	

Â±_&~m_K{�jsioiTlm[�jYl
zn

h =
D(un

h)

Dg
· δg

¥tlv[�_�pq¦3_-�I_�l

(

D(un
h ◦ χn

h(g))

Dg

)

· δg = zn
h(δg) ◦ χn

h(g) +∇un
h(χn

h(g)) ·

(

(Dχn
h(g))

Du

)

· zn
h (δg)

�?�s� 	

Z [�dfu�lm_�~m^ dfpB¨Insif¨s_Hu¯lm[]_ x _K~vdf¨YjYlvdf¨s_,ns«3lm[]_¾{�[�jw~�js{�lv_K~vdku�lmdf{�«Ánenwl�¦(dolv[²~v_HuzrT_K{�l&lvn/lv[�_¾{�nspe¨I_K{�lmdonIp
¨I_�ifnt{�dol�y ½ _Ki x dfpqlv[]_ x do~m_K{�lvdfnspqnw«�lm[]_�ifdop]_Hjw~mdo¼K_ x ¨s_Kiont{�d®l�y ½ _�i x · � _�p�{�_ x _Kr�_Kp x dfp]�¾nIp�lm[]_h{�[�js~z
jI{�lm_�~mdfuzlvdk{�u���js{�µBlm~mjI{�µBdfp]�¾r�~vnt{�_ x g]~m_s¥#¦�_�^�jªy<�s_�l x d®É#_�~m_�pBl x _�~mdo¨Yjwlvdf¨s_$_�|tr]~m_Kumuzdfnsp�uK·&Z []dku�dkumuzg]_
¦(dfifiÄ��_&dfpe¨s_Hu�lmdo�BjYlv_ x dfp/lv[]_�uv_K¶Bg]_Ki?·

[ ��> ��> L B A Ë  t��B�^ Ë Ð³�;B �dc( Ë �� ]¡;O5���Y ]¡;OPB AGF
�£p/lm[]dfu(uvdf^$r�io_�{Kjsuv_s¥t¦�_�~m_K{Kjwifi#lv[�jwl lv[]_�{�[�js~mjI{�lm_�~mdfuzlvdk{�«Ánensl

χ(z)
dfu(jsr]r]~mnª|edf^�jYlm_ x �ey/j�ifdfp]_s¥

χ(z) = x−∆t · z(x)

�ùl(«ÁnIioifnY¦�u�_KjIuzdfioy¾lv[�jwlK¥

Dχ

Dz
· δz = −∆t · δz(x)

Z [�_�p/¦3_&�I_�l
(

D(un
h ◦ χn

h(g))

Dg

)

· δg = zn
h(δg) ◦ χn

h(g)−∆t · ∇un
h(χn

h(g)) · zn
h(δg)

�?�s� 	
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Â±_ ½ p�jsioify¾p]_K_ x lvn�uvnsif¨s_�lv[�_�«ÁnIioifnY¦(dfp]�,iodfp]_Kjs~vdf¼�_ x r�~vnI�]io_K^q¥


















































































1

∆t
(zn+1

h , vh) + ν
(

∇zn+1
h ,∇vh

)

− (qn+1, div vh) =

1

∆t
[(zn

h (δg) ◦ χu,n
h (g), vh)−∆t · (∇un

h(χu,n
h (g)) · zn

h(δg), vh)] , ∀vh ∈ Vh

(

div zn+1
h , qh

)

= 0, ∀ q ∈ Qh

zn+1
h = Πh

(

δgn+1
)

, Γs

zn+1 = 0, Γin

(z0
h, vh) = (Πh(δu0), vh), ∀vh ∈ Vh

� = � 	

��Ë �� t�<O a ) 79� � ��� ��	��!���;��: (	�<(!�#��� ���$�<��� �<�6( ��7�� �%�6�!�
∇un

h(χu,n
h (g)

�)� �� �879� .���	':��������1� � �879�
�����4������ � � ��:

un
h

�6��	�� +�	��%� : 	�� ��7�� �79	���	2��%�6�!� (!����)�6�;���
χu,n

h (g)
�� �%�9��� :����/. ��� �879�5�79������ � �

	��2����� ,'���
	�������� (���	2��6( � ��7 � ( �#���!� �
	 � �����1����� ��� �4�6(�( � �������	 ����+ � � :


��Ë �� t�<O e 	 ����7 � ���� %� ����� 	���	���:
� ����� 	��!���;� : (	�<(!�#��� �	�� ��� �����8�6���!�
� :T	2:��<	�� ����/. ��� �����
���

��� ��� ��(!� �������+ �#� ��7��)�	�� 	2��#���!� (!���� �6���6� �

� � � �879���5����	�� +�	��#����7��):�� . �����6�$� �� 7 4( ��������� ����: ��� ��7�� ./��� ����	�� ���;��: "$�%��&'�!( (	�<(!�#����( �

� � ��	���� ��� � � (���� ���)��7�� � ��� ��	�� (	�<(!�#���)( 

[ ��> � D L B A Ë  t��B�^ Ë Ð³� 
��§¡ Ì ¡!(�B AGF �� ]¡;O5���Y ]¡;OPB AGF
Â±_�~v_H{�jwifi]lm[�jYl�lv[�_¯«Ánenwl nw«.jh{�[�js~mjI{�lv_K~vdkuzlvdk{�{�g]~m¨s_

χ(z)
jIuvuvnt{�dkjYlm_ x lvn�¨s_H{�lvnI~ ½ _�i x

z
dfu3�sdf¨s_Kp¾�eys¥

χm

¦([]_�~m_

χi+1 = χi −∆ti · z(χi),

m
∑

i=1

∆ti = ∆t

χ0 = x, x ∈ Ω

� = Ç 	

� _�p�{�_s¥�lv[]_ x _�~mdo¨YjYlmdo¨I_&nw«�lv[�_h{�[�jw~�js{�lv_K~vdku�lmdf{�«Ánenwl�dfu(�Ido¨I_�pq�ey�lm[]_&«ÁnI~v^�g]ifj
δχ

def
=

Dχ(z)

Dz
· δz =

Dχm(z)

Dz
· δz

¥t¦(dolv[

{

δχi+1 = δχi −∆ti · δz(χi)−∆ti · (∇z(χi) · δχi) ,
δχ1 = −∆t0 · δz(x), x ∈ Ω

� = � 	
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Z [�_�p/¦3_&�I_�lK¥
(

D(un
h ◦ χn

h(g))

Dg

)

· δg = zn
h(δg) ◦ χn

h(g) +∇un
h(χn

h(g)) · δχn
m,h

� =2= 	

¦([�_�~m_






δχn
i+1,h = δχn

i,h −∆ti · z
n
h (χn

i,h)−∆ti∇un
h(χn

i,h) · δχn
i,h,

δχn
1,h = −∆t0 · z

n
h (x), x ∈ Ω

� = ` 	

Â±_ ½ p�jsioify¾p]_K_ x lvn�uvnsif¨s_�lv[�_�«ÁnIioifnY¦(dfp]�,iodfp]_Kjs~vdf¼�_ x r�~vnI�]io_K^q¥


























































































1

∆t
(zn+1

h , vh) + ν
(

∇zn+1
h ,∇vh

)

− (qn+1, div vh) =

1

∆t
[(zn

h (δg) ◦ χu,n
h (g), vh) + (∇un

h(χu,n
h (g)) · δχn

h, vh)] , ∀vh ∈ Vh

(

div zn+1
h , qh

)

= 0, ∀ q ∈ Qh

zn+1
h = Πh

(

δgn+1
)

, Γs

zn+1 = 0, Γin

(z0
h, vh) = (Πh(δu0), vh), ∀vh ∈ Vh

� = X 	

��Ë �� t�<O C ������� � � �79�;�<(�� �#�)	 �'� ��� ,2���
	��%� ��7��������4������ ��+-(!���/.,0 	�.���	��/.2��	��
P1

� �����%� ���4���1������(�
) 7��6�d��� ��	' 7 (!��� � �4�/, � �879� .2��	2:����6�$�

∇uh

� (1 ���9(!�%	���� � �879	�� �1��	��9(��879	�� ��7�� .���	':�������� ���
uh

� (
:�� (� ����������+���+-(
	�� ��	2�7 (���� � � ��, �����%���8�6	2��!(� � � �
	 � ./�6� ������+��6� �!(
� � ����� ���
�879� �9��������( χi,h

� (
� ���	��%��: ���)�6	2��!( � � 	�.������6� �#����� 	2��:������

Kh

 ) 7-� ( �
	 � 	�� �1��(�� � ���<��� ����+ � � �6+ � � � � ����: �#�,�9	 �
	����%����������� ��� �879�6(6��(!���/.2+ �4	��!�������6( ��7�	�� �1	 � � � ��:�+� ����+ �
���!�� 	���	��!�%���6	2���()��� �879� (6��� + ������� � � �879�
� ��� ��	��!���;��: :�� (�6�����%� (	�<(!�#��� 
��� � �)�79�;�<(��1	)7 � .;7��6�! �����:2����� �����%�����4���1����� �1���879�;:�� �879�6(�� (!���/.2+ �4	��!�������6( �1	 � :�� (�	 �'�9��	���
��Ë �� t�<O � �!�_����:'�6�T�%�5	��<����: �4	���.'� �<����#��� � ���4: (!�#����	�./� � ��7��  ������+ �#	�������� � � ��7��T� ��� ��	��!���;��:
�79	���	2��%�6�!� (!���� :���������������

δχn
h

�	�� ��� �9���8�6���!�
��:)���T�879� ����+ ������� ��7-���7 ��+ ���4:)�879�,� ���� %� ������	�� �79	��! 
	'6�%���!� (����� 6+ �!���!(� �!� ��7 � () 	�(��	� �879�������%�6�!�
��:���	��#� �9��������(

χn
i,h

:'� ����� ����� : �#� ��� (!�#������: 

��� � � ����% ! � ��� %&#�!$#�! ��
 !(
"� ��% ��! ��� 
 � ! ���������

�£p/lm[]_&{�jsuv_s¥tns«�lm[]_�j x jwrtl�jYlvdf¨s_-jwif�snI~vdolv[�^/¥Blm[]_-«Ánenwl�dku�u�lmdoifi5�sdf¨s_Kp��eyI¥
χm

¥t¦(d®lm[

χi+1 = χi(z)−∆ti(z) · z(χi),
χ0 = x, x ∈ Ω

� = � 	
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M

e

D

P

a

A

���������
	����������������	����
�����! �"������# �����$�	%�!$�	��&�����

')(�	+*, -�����/.0��12	���	����&	!��34��(5 -�
m
 ��5.

{∆ti}1≤i≤m

.0	%�2	%��.�34���6��(�	+���7 ���3��2�����98�	%":.
z ;=< (��:�7(*�����(>�? �.�.@3���*�	A	&BC���7 #�&��*������
 -�
������3D ��5.E.��F1G	%�
	%�>���: �H���"��F��I!J���	�3K��������3�L

MONQPRNTS P0UWV�X�Y�Z
�����,�
(�	[3
 �\�	@��]93K��*���"����%�F��I ;D< 	^85�
3K�+	&B0��": ����_(�� <`< 	^*�����(>�+�2	%��]a���
*b�
(�	c.0	�����$- -�
�����d��]A��(�	
 �.� ����
 -�
��$�	e�7(5 ��7 ����
	%�
��3K���:�e3��7(�	�*�	 < ����(@�
	�3��5	f���)���#�
(�	g$�	f�������)8�	%":. z(.)

���@ ,���h�� �3�	�L
ij	&�g��3g�%����3���.�	%� ;  !"�����	 D(A, a)

���
R

2 .0	%8���	�.[HCIc E�5�����>� A(xA
1 , xA

2 )
 ���.k E$�	f�������

a(a1, a2)
< (�	%�
	l�
(�	9�&�C���
.0���� ���	�3m ��
	A����$�	��!���+�
(�	g������(���������*, �"2	%�5�&"���.0�: ��E]a�7 �*�	 (O, i, j)

Lmno����3��:.0	%�
�����# 
�2�����>�

M(xM
1 , xM

2 )
���

R
2 ;C< 	?"��C��\4]a���o�
(�	p���
����	f���
�����,�5�����>� P

��]q�5�����>�
M

���
D
 �"������4 g$�	����
���

e ∈ R
2 ;�< (��:�7(E�� ��EH5	g�:.0	����
�F85	�.@ �3 P = P

R
2((A, a), e; M) r 3�	%	g�����5L)�4s�Lt ZCuvuvXwSyxlz7z�{0|/}Q~C�#�a���-���-�7�&���-�

e
}:zl~G�-�o�7�-�F}Q~2�7�-�A���

a � �a���&~@�T�0���G�����%�7�%��}T��~�����}Q~�����}:zA���&���%���
|#}Q~2�����7�!�&�,�T�0���&�-�Q������}Q~>�^�
�&�2���&z7z7}T��~ �

OP = OM +

(

MA ∧ a

e ∧ a

)

· e r��C� s
t ZCuvuvX[P�xlz7z�{0|/}Q~C�/�a���-�=���7�%�����

e
}:zp~G�-���
����}Q~2�7���p���

a � �T�0�A���&��}Q�-�-��}Q���4���?�T�0���G�����%�7�%��}T��~#����}Q~��
P = P

R
2((A, a), e; M)

�7��~�z�}T���%���7�w��z+�9�7{0~G�&��}T�-~_���,�T�0�g�2�����%�7�&��}Q���^��}Q���7�&��}T�-~
e
}:z!�
��~���}Q~�{���{Cz

��~2� }:z?��}Q�-�&~w�&� �T�0�o�&�-�Q������}Q~>�¡�
�&�2���&z7z�}T�-~ �
d(OP )

de
=

(

MA ∧ a

(e ∧ a)2

)

·
[

(e ∧ a) I+e · (a⊥)∗
] r���¢ s

��}Q�T�
a∗ = (a1, a2)

�-~2�
(a⊥)∗ = (−a2, a1) £¤A¥-¦q¦2§A¨A©��p�% ��!H2	g	� �3K��"�I+��H0�7 �����	�.!��3��������
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=
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bj(x− ρm · e) < −ε

�6���
j 6= m

��./�
�%�1(!�#�%�
5
 �

� )�6� (6��(����
χ = x− ρm · e

	�� :1" ) ��� 
�  "����

m← m + 1
	�� :).'� ��	2�&
�%�1(!�%�#�
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[ � I � D \ Ë ��B8V] t�;B8V Ë©Ï S ��E Ë c�� Ï  Ë ¡s��B Ï A 
.��B A�F �� t� Ì ¡ Ë A ����B?¡�¡ ÏÄÏ �YÐ�B A  ]� Ë �
¿�_�l¾g�u��sn²��jI{�µ�lvn�lm[]_<ns~mdf�sdfp�jwi(r]~mns��io_K^ nw«&{�nI^,r]gtlvdfp]�²lm[]_ x _K~vdf¨YjYlvdf¨s_q¦(dolv[³~m_Kuvr�_H{�l�lmn�lv[]_
{�nspe¨s_H{�lmdo¨I_¯¨s_Kiont{�d®l�y ½ _Ki x nw«�lv[]_&{�[�js~mjI{�lm_�~mdfuzlvdk{(«Ánenwl(jsumuvne{�dfjwlv_ x lvn$lm[]_&j x jsrtlmjwlvdf¨s_���js{�µBlv~�js{�µedfp]�
um{�[]_K^$_I· f�ns~$lv[]dku,r]g]~mrTnIuv_s¥§¦�_qp]_�_ x lmn x d®É#_�~m_�pBlvdkjYlm_/lv[]_qr]~m_�¨edfnsg�u$r]~mnw��_H{�lvdfnsp¤«Áns~m^hg]ikj�¦(dolv[
~m_KuvrT_K{�l lmn,lv[]_-¨s_H{�lmns~

e ∈ R
3 ·

L3Ë � ��   0 ���
χ
(��%	���:<( �6�����879�
�	��!�%�!(!��	�� ��;����:���� 	��#�6( � �)�879��� ��������6������� ��� ���������

M
���

∂K


) 7��)��;����:���� 	��%�
χ
� (�:�� . �6����������	 ���4� �6���

e ∈ R
3 \ I

	���:��

(

d(bχ)

de

)

· δe = −ρ∗(e) · b(δe) +

(

ρ∗(e) ·
(b(δe))m

(be)m

)

· be
�Á` Z 	

��7��6� �
I
� ( (!+��7 �879	����6���

e ∈ I

χ(e) ∈
��:�./�)���

∂K

� � ÏÄÏ S ¢ Ã¯uvdop��,lv[]_&d x _�pBlmd®l�y
bχ = bx− ρ∗ · be

¥t¦�_��I_�l
(

d(bχ)

de

)

· δe = −

(

dρ∗(e)

de
· b(δe)

)

· be− ρ∗ · b(δe)
�Á`B� 	

Ã�uzdfp]�
ρ∗ =

(

(bx)m

(be)m

) ¥t¦�_ x _ x g�{�_�lv[�jwl

(

dρ∗(e)

de
· b

)

· δe = −
bxm · (b(δe))m

(be)2m

= −ρ∗(e) ·

(

(b(δe))m

(be)m

)

«Á~mns^
¦([]dk{�[ ¦�_ x _ x g�{�_�lv[]_ x _�~mdf¨ªjwlvdf¨s_�d x _KpBlvdol�ys·
2
� uzlv~�jwdf�s[Blv«Áns~m¦�js~ x {�nIp�uv_K¶Bg]_�p�{�_©dku�lv[]_

«ÁnIioifnY¦(dfp]��~m_Kuvg]iolK¥
L3Ë � ��  >��

dχ

de
· δe = −ρ∗(e) ·

[

δe−

(

(b(δe))m

(be)m

)

· e

]

�È`I� 	

Z [�_�pÄ¥Tnsp�{�_&lv[�_�r]~mnw��_K{�lvdfnsp<nIpqlv[]_�_ x �s_hnw«
K
[�jIu(�T_�_�p x nsp]_I¥�¦�_h{Kjwp�{�nI^,r]gtlv_�lv[]_�iodfp]_Kjs~vdf¼�_ x

{�[�jw~�js{�lm_�~mdfuzlvdk{�«ÁnenwlEdfphlm[]_ x df~v_H{�lvdfnsp
δe
¥ª«ÁnI~.lv[]_ µep]nY¦(if_ x �I_3ns«]lv[]_ ��js~vyt{�_�pBlv~mdf{3{�nens~ x dfp�jYlm_Ku�nw«�lv[]_

dfp]dolvdkjwi.r�nIdopBlH¥�lm[]_hr]~mnw��_H{�lmdonIp�u�lm_�r
ρ∗(e)

jwp x lm[]_$��jw~myt{�_�pBlm~vdk{&{�nens~ x dfp�jYlm_Ku(ns«�lv[]_$r�_K~zlmg]~m��jYlmdonIp
x do~m_K{�lvdfnsp

δe
·$�£p�«ÈjI{�lH¥Änsp]ify<lm[]_,��jw~myt{�_�pBlm~vdk{�{�nens~ x dop�jYlv_Hu¯ns«3dfp x _�|

m
r]ikjªy©j�~mnsif_s¥�¦([]_�~m_

m
dku

lm[]_&dfp x _�|/uznIiogtlmdonIp�ns«�lm[]_�jwif�snI~vdolv[�^ x _Kum{�~mdo�T_ x dfp/~m_�^�js~vµ ÇIÇ ·

Ó�Ó ï�g9h6i!j!k



= � 3 �����4�6( � ��+ ���6(!�#������� 	��	� 	��
� ��+���	2�7-���

[ � I � I (�B A Ë  t��B�^I t��B Ï A Ï S ��E Ë ÐGBÈ�H¡w� Ë � Ë �H¡;E Ë � Ë B A �;BÈÐ ËTU Q ?�I
Z [�_�r�~v_K¨Bdfnsg�uEu�lm_�r�uEjsioifnY¦�u.g�u�lvn-ifdop�_Kjw~mdf¼�_�lv[]_�«Ág]ifi x dfum{�~m_�lm_ jsr]r]~mnª|tdo^�jYlmdonIp�nw«Tlv[�_ ��jª¨edo_K~z�bBlvnIµs_Hu
uvytu�lm_�^°g�uz_ x dop�uzd x _qlv[�_�{�nI^,r]gtlmjwlvdfnsp�jsi(~v_Huz_Hjw~�{�[º{�n x _���be� = ·QZ [�dfu�uv{�[]_K^,_<[�jsu,lm[]_©uvr�_H{�dkjwi
«Á_HjYlmg]~v_-ns«.g�uvdfp]��jwpqj x jsrtlmjwlvdf¨s_���js{�µBlv~�js{�µedfp]��{�[�jw~�js{�lm_�~mdfuzlvdk{�jwif�sns~mdolv[]^q·


 U  2VPB Ë � Í Q � Ï O Ë � S 
( (�ÐGBÈ�H¡w� Ë � Ë �H¡<E Ë � ËqÆ
¦3_&ifnensµ,«ÁnI~

(un+1
h , pn+1

h ) ∈ X3
h ×Qh

uznIiogtlmdonIp�ns«�lm[]_-«ÁnsifionY¦(dfp]�,uzytuzlv_K^/¥



















































1
∆t

(un+1
h , vh) + ν(∇un+1

h ,∇vh)− (pn+1
h , div vh) = 1

∆t
(un

h ◦ χu,n
h , vh), ∀ vh ∈ Vh

(div un+1
h , qh) = 0, ∀ qh ∈ Qh

un+1
h = Πhgn+1, Γs

un+1
h = Πhun+1

∞ , Γin

� X � 	
¦([]_�~m_

χu,n
h = χu,n

m,h

uzlmjsp x uE«ÁnI~§jwp¾jsr]r]~mnª|tdo^�jYlmdonIp,nw«#lv[]_�{�[�jw~�js{�lv_�~mdku�lmdf{3«Ánenwl {�ns^,dfp]�-«Á~mns^
r�nIdopBl

x ∈ Ω
{�ns^,r]gtlm_ x g�uvdop]�,lm[]_�«ÁnsifionY¦(dfp]��um{�[]_�^,_s¥


 �,Ð�  c.�K ]��B8V Ë �� ]¡;O5���Y ]¡;OPB A�F �K¡<E Ë � Ë<Æ

χu,n
i+1,h = χu,n

i,h − ρi · u
n
h(χu,n

i,h ),

χu,n
0,h = x, x ∈ Kh

� XtÇ 	

¦(d®lm[

ρi =

(

(bχu,n
i,h )mi

(bun
h(χu,n

i,h ))mi

)

,
dop/lm[]_-«Á~mjs^,_

Ki
h

� X � 	

Z [�_�pÄ¥]dol�dku r�nBuvuvdo��io_�lvn�_Hu�l�jw�]ifdkuz[�lv[]_�uzlv~mg�{�lvg]~m_-nw«�lm[]_ �È¿�¸¯} 	 r]~mns�]if_�^q¥
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 L B A Ë  t��B�^ Ë Ð�Ð�B?�K¡s� Ë � Ë c�� Ï �( Ë � Â±_$ifnensµ<«ÁnI~
(zn

h , qn
h)
uvnsifgtlvdfnsp±nw«3lv[]_,«ÁnIioifnY¦(dop���ifdop�_Kjw~

uzytuzlv_K^/¥


















































































































1

∆t
(zn+1

h , vh) + ν
(

∇zn+1
h ,∇vh

)

− (qn+1, div vh) =

1

∆t

[

(zn
h (δg) ◦ χu,n

h (g), vh) +

(

∇un
h(χn

h(g)) ·

(

Dχu,n
h (z)

Dz
· zn

h(δg)

)

, vh

)]

,

∀vh ∈ Vh

(

div zn+1
h , qh

)

= 0,
∀ q ∈ Qh

zn+1
h = Πh

(

δgn+1
)

, Γs

zn+1 = 0, Γin

(z0
h, vh) = (Πh(δu0), vh),
∀vh ∈ Vh � X = 	

¦(d®lm[/lv[]_-«ÁnIioifnY¦(dop��,{�[�jw~�js{�lm_�~mdfuzlvdk{ x _�~mdo¨YjYlmdo¨I_&uv{�[]_K^,_s¥

 L B A Ë  t��B�^ Ë Ð³ ]Ð� 9c��H t��B�V Ë �. ]¡;O5�K�ª �¡�OPB A�F �K¡<E Ë � Ë

Dχu,n
h

Dun
h

(χu,n
h ) · zn

h = (δχu,n
m,h)) · zn

h

� X ` 	

¦(d®lm[


























(δχu,n
i+1,h) · zn

h = (δχu,n
i,h ) · zn

h − [(δρi) · z
n
h ] · un

h(χu,n
i,h )

−ρi ·
[

∇un
h ◦ χu,n

i,h

]

· (δχu,n
i,h ) · zn

h − ρi · z
n
h (χu,n

i,h ),

δχu,n
1,h = − [(δρ0) · z

n
h ] · un

h(x)− ρ0 · z
n
h (x), x ∈ Kh

� X2X 	

¦(d®lm[

ρi =

(

(bχu,n
i,h )mi

(bun
h(χu,n

i,h ))mi

)

,
dop/lm[]_-«Á~mjs^,_

Ki
h

� X � 	

jwp x

(δρi) · z
n
h = −ρi

(

(bzn
h (χu,n

i,h ))mi

(bun
h(χu,n

i,h ))mi

)

,
dfp�lm[]_-«Á~�jw^,_

Ki
h

� X'Z 	
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��Ë �� t�<O >9D�) 7 � ( 	�� .'���!����7 � � ( ����� �5��	�� ��: � � � �M	<(�(!+ �
� ��7�	�� �879� � ������� ��%� :T�9��������( ��� ��	' 7
(!��� � �4�/, :'�1� ��� ����<(�( �879��� :�.'�)� �

∂K
 ) 7 � (,� ( 	)(!�������/. 7�� �9����7��!(!� ( � ��+ � ��7�� � ��� ��	 ����� ��� � �6���,��7 � (

�%� �;�6+ � � ( � ��	�&

��Ë �� t�<O > I � �)+��7)(!��� ���/./��� � �!(!���!+�6������� �6�����879���4	<(!� 	�� ./���!���87-� �#� �9���8�6���!� � ���������9(!��:'� � " � �
� (��879	�� � �,����� � 79	���� 	

P
1 	��2����� ,'���
	�������� �6��� ��7�� �����4������ ���G�87-� (��
��	��9(��879	�� ��7�� .2��	':�������� ∇uh

� (
:�� (� ����������+���+-()��� � 	' 7M(!��:2�
��� �879�)(!��� � �4�/,

K ∈ Th

 ) 7-� ( �	�+-(��6( ��7��
	2:'	 � �%	�������� ��	2�&�����	2�&����/.
(��79���1�5�%� � � ������ �:�� . �����6�$����	 �6� �5���9(!��:2�M� " � �  �8� � � �79�;�<(�� 	 7-� .<79���! �����:'�6� � �$���#� ���4���1�����
	��2����� ,'���
	�������� � �87-� ( � ����� � ��� ��� �879�1�	<(�� � ���<���5� � � � � ���4�6�)( 	�� ��7�� ��:�.'�
��� �879�)�<���!�%��, �	�� (!�������
� �6�
	����  � � � �����`(�7�� �_��� �879� (�� *�+����P��7�� &���� : � � ��+ �
���!�� 	��-� � � ���4�6�)( ��7�	�� 	��!� (��!( � ���87 (!+��7M	��
��� � � �6�
�6�$�#	�������� ����(���:'� � " � � 

����� � ��� ���"% 
% ������% ! � ��� %&# � 	���
% �

��u x _Kum{�~mdf��_ x r�~v_K¨Bdfnsg�uzifys¥e¦�_�^�jªy¾�T_&dfpIlm_�~m_Kuzlv_ x dfp<j x d®É#_�~m_�pBl�r]~mnt{�_ x g]~v_�¦([]dk{�[<{�nsp�uzdku�l�u dop�¥
Ç · iodfp]_Hjw~mdo¼Kdop]�$lm[]_�u�l�jYlm_�r�~vnI�]io_K^q¥
�t·�lv[]_Kp x dfum{�~m_�lmdo¼Kdop���lm[]_&ifdop]_Hjw~mdo¼K_ x r]~mns�]if_�^q·

Z [�dfu(if_Kj x u lmn,lv[]_ x dfum{�~m_�lm_�ifdfp]_Kjs~vdf¼�_ x r�~vnI�]io_K^ �?¸�¿�} 	�·T¿Ä_�l�g�u x _Huv{�~vdf��_-lm[]dku�r]~mnt{�_ x g]~v_�«ÁnI~(lv[]_
��jª¨edo_K~z�bBlvnIµs_Hu§r]~mns��io_K^/·
Â±_-[�jª¨s_�jwif~v_Hj x y,_Hu�l�jw�]ifdfuv[¾lm[]_&u�lm~vg�{�lvg�~v_�nw«Älm[]_&{�nIpIlmdop�nsg�u3iodfp]_Hjw~mdo¼K_ x r�~vnI�]io_K^�¦(d®lm[�~m_KuvrT_K{�l�lvn
¸�df~vdk{�[]if_�l(��nIg]p x js~vy�{�nsp x d®lmdonIp�uK·.Â±_�uv_�lK¥

(z(δg), q(δg)) =

(

D(u, p)

Dg

)

· (δg)

uzlmjsp x «ÁnI~Olv[�_�uzlmjYlm_ x _K~vdf¨YjYlmdo¨I_KuO¦(dolv[�~v_HuzrT_K{�l§lvnhlv[]_�r�jw~�jw^,_�lv_�~
g
dfp¾lm[]_¯rT_�~vlvg]~m��jwlvdfnsp x df~v_H{�lmdonIp

δg
·EZ []_ x df~v_H{�lvdfnsp�jwi x _K~vdf¨YjYlvdf¨s_Hu jw~m_-uvnsifgtlmdonIp�ns«�lv[�_-«ÁnsifionY¦(dfp]�$iodfp]_Kjs~(_�¨Insifgtlvdfnspquzytuzlv_K^/¥































∂tz +∇u · z +∇z · u− ν∆z +∇q = 0, Ω
div z = 0, Ω
z = 0, Γs × (0, T )
σ(z, q) · n = 0, Γout

z = δg, Γin

z(t = 0) = 0, Ω

� X � 	

Z [�_�^�jsdopqdkuvuvg]_-dfu(lv[]_�{�[]nIdf{�_�ns«�lm[]_-lvdf^,_ x dkuv{�~v_�lvdf¼KjYlmdonIp¾«ÁnI~ lv[]_�js��nY¨I_�uvytu�lm_�^q·
¿�_�l(g�u(dfpBlv~mn x g�{�_&jIu r]~v_K¨edonIg�uzify,lv[�_�uznIiogtlmdonIp

χu
nw«.lv[�_-«ÁnsifionY¦(dfp]�¾��jwg�{�[ey¾r]~mns��io_K^/¥

{

d
dτ

χu(τ ; t, x) = u(τ, χu(τ ; t, x)), τ ∈ (0, t)
χu(τ = t; t, x) = x

� X � 	

Ã�uzdfp]�$lv[�_�{�[�jwdfp�~mg]if_s¥tdol¯{�jsp/�T_&_KjIuzdfify¾u�l�jYlv_ x lv[�jwl(lv[]_�«ÁnsififnY¦(dop]�,d x _�pBlmd®l�y�[]nsi x u�lv~mg]_I¥
d

dt
(z ◦ χu) = ∂tz +∇z · u

�È�I� 	
� _�p�{�_�lv[]_&ifdop�_Kjw~mdf¼�_ x uvyeuzlv_K^ {�jspq��_&¨edf_�¦�_ x jsu(j,{�nI^h�]dfp�jwdkuvnsp�ns«�¥
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Ç ·(j�bBlvnIµs_Ku nIr�_K~mjwlvnI~K¥
{

−ν∆z +∇q
div z = 0

�t·(j$iodfp]_Kjs~�j x ¨I_K{�lvdfnsp/nsrT_�~�jYlvnI~K¥

d

dt
(z ◦ χu)

= ·(jwp x j$~m_Kjs{�lvdfnsp�nsrT_�~�jYlvnI~K¥

∇u · z

Z [�_�ikjsuzl3nIr�_K~mjwlvns~�dkuOlm[]_-µs_�y,r]~mns��io_K^»dfp�lv[]_ x _�~mdf¨ªjwlvdfnsp¾ns«�_��¾{�do_KpIl(jwr�r]~vnª|tdf^�jYlvdfnsp¾um{�[]_K^$_¯«Áns~
lm[]_�ifdop]_Hjw~mdo¼K_ x �¯jª¨edf_�~v£bBlmnsµI_Ku-uzytuzlv_K^/¥.uzdfp�{�_ x _�rT_�p x dop]�<nIp±lv[]_¾uvdo�Ip�jwp x lv[]_�uzdf¼�_,nw«

∇u
¥�lv[�dfu

lm_�~m^ ^�jªy�j x]x j±p]nsptùrTnIuvd®lmdo¨I_ x dkuvuvdfr�jYlmdonIp¬{�nIpBlv~mdo�]g]lvdfnspº~v_Huzg]iolvdfp]�±dop�jwp¬g]p�uzlmjs�]io_qpeg]^,_�~mdk{�jwi
um{�[]_K^$_I·
f�ns~�lv[�_�lmdo^,_,�T_�dfp]��¥�jIu�~v_Kr�nI~zlm_ x dfp � Ç ��>¥#lm[]_�~m_,dfu�p]nq_ ��{�do_KpBl-uzlv~�jYlm_��sdf_Ku�dfp©nI~ x _K~�lvnqu�l�jw�]dfiodf¼�_
lm[]_-~v_Hjs{�lvdfnsp�lm_�~m^

∇u · z
· f�ns~3lv[�jwl(~v_HjsuvnspÄ¥B¦3_-uvg]�s�I_Kuzl3lmn�g�uv_-jwp/_�|tr]ifdf{�d®l x _�¨I_�ifnsr]^,_KpIl nw«�lv[]dku

lm_�~m^)dfp<lm[]_ x dkum{�~m_�lvdf¼KjwlvdfnspÄ·�Z [�_�p�g�uvdfp]��j ½ ~muzlzùns~ x _�~�{�[�jw~�js{�lm_�~mdfuzlvdk{&um{�[]_�^,_h{�nsg]r]if_ x ¦(dolv[©lv[]_
umjw^,_ ½ p�d®lm_¯_�if_�^,_KpIl�u�lm~mjwlv_��Iyhg�uv_ x «ÁnI~Olm[]_�uzlmjwlv_�r]~mns��io_K^/¥I¦3_¯ns�tl�jwdfp,lv[]_(«ÁnIioifnY¦(dfp]�&«Ág]ifi x dkum{�~m_�lv_
r�~vnI�]io_K^q¥














































































1
∆t

(zn+1
h , vh) + ν(∇zn+1

h ,∇vh)− (qn+1
h , div vh) = 1

∆t
(zn

h ◦ χu,n
h , vh)

−(∇un
h · z

n
h , vh), ∀ vh ∈ Vh

(div zn+1
h , qh) = 0, ∀ qh ∈ Qh

zn+1
h = Πh(δgn+1), Γs

zn+1
h = 0, Γin

(z0
h, vh) = 0, ∀ vh ∈ Vh
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� � � �q�����
�(����	-�.�����

�£p�lv[�dfuEuv_K{�lvdfnspÄ¥Y¦�_ x _Kum{�~mdo�T_(uznI^$_ x _�lmjwdfiku.js��nIgtl�lv[]_ df^,r]io_K^,_�pBlmjwlvdfnsphns«�lm[]_ ¦([]nsif_3nIrtlvdf^,do¼HjYlmdonIp
uzlv~mg�{�lvg]~m_s¥Odfp�{�iog x dop]��lv[�_q��jª¨edo_K~z�bBlvnIµs_Huhuvnsif¨s_�~�uK¥�lm[]_qnsrtlmdo^,df¼Kjwlvdfnsp¤~mnsg]lvdfp]_Ku$jwp x lv[]_qr�js~mjsioif_�i
x do~m_K{�l ^,n x _�uzlv~�jYlm_��sy,«ÁnI~ lv[]_&�I~mj x df_�pBl {�ns^,r]gtl�jYlmdonIpÄ·

����� � �	� ������% ! ��!$��# ������% ! � ��� %&#�� ! ��� % ��� ��
� � % ��� � � �	%&� �

a���> ��> U QP?�I
Z [�_¾��be� = uvnsif¨s_K~�dku&j = ¸ uz_H¶Ig�_�pBlvdkjwiE�£p�{�ns^,r]~m_Kumuzdf�]if_��¯jª¨edo_K~z�bBlmnsµs_Hu¯_H¶Bg�jYlmdonIp�u&uznIio¨I_�~-g�uv_ x jYl
�����(����·��ùl�dfu(j
f�ns~vlv~�jwp Z'Z {�n x _s·��ùl�u(^�jwdfp�«Á_HjYlvg�~v_Hu(jw~m_�ifdku�lm_ x ��_KionY¦ Æ


 ^,d®|t_ x ½ p�d®lm_&_�if_�^,_�pBl�} Ç >�]g��]�]if_<Yª} Ç «ÁnI~ lv[]_�uvr�jwlvdkjwi x dkuv{�~v_�lvdkuvjwlvdfnspÄ·

 be_�^,do>ikjw�I~mjsp]�sdkjwp �È¿�js�s~�jwp]�I_��À-jwif_�~mµedop�^,_�lm[]n x 	 df^,r]iodk{�dol(lvdf^,_ x dkuv{�~v_�lvdkuvjwlvdfnsp

 �¯¿�¹ {�jwr�jw�]if_¯«ÁnI~ ´�g]d x YYuzlv~mg�{�lvg]~m_-dopBlv_K~mjI{�lmdonIpÄ·

Z [�dfu¾{�n x _<dfu¾��jsuv_ x g]rTnsp³uvnsif¨Bdfp]��jYl¾_Hjs{�[¬lvdf^,_©u�lm_�r³j²�s_Kp]_�~�jwifdf¼�_ x bBlmnsµs_Hu,r]~mns�]if_�^°¦(d®lm[�j
r�~v_H{�nsp x d®lmdonIp]p]_ x �3nspw��g]�Ijwlv_��À�~�j x df_�pBl�jsio�Ins~md®lm[]^ «Áns~-lm[]_¾bt{�[eg]~&{�ns^,r]if_�^,_KpIl&uvyeuzlv_K^q·,be_�lzlmdop]�
Ah

lvn,�T_-lv[]_&^�jwlv~md®|�jIuvuvnt{�dkjYlm_ x lmn$lv[]_&nIr�_K~mjwlvns~ D
Dt
− ν∆

¥�jsp x
Bh

lm[]_&^�jYlm~vdo|�jsumuvne{�dfjwlv_ x lvn
lm[]_&nsrT_�~�jYlmns~

∇
¥]lm[]_�uzytuzlv_K^0lvn,�T_huvnsif¨s_ x ^�jªy¾�T_&¦(~vdolzlm_�p<jsu�j$ifdop�_Kjw~�uvytu�lm_�^)nw«.lv[]_-«ÁnIioifnY¦(dop��

«ÁnI~v^ Æ
{

AhUh + BhPh = Fh

BT
h Uh = 0

¦([�_�~m_
Uh

jwp x
Ph

js~v_�lv[]_ x dkum{�~m_�lv_$¨s_Kiont{�d®l�y�jsp x r�~v_HuvuvdonIp�g]p]µep]nY¦(p�u�·$Z []_�Ã�¼Kjª¦ j¾^,_�lv[]n x dfu
��jsuv_ x g]r�nIpq¦(~vdolvdfp]�$lv[]dku�uvytu�lm_�^0nIp]ioy�¦(d®lm[�lm[]_&r]~m_Kumuzg�~v_�g]p]µep]nY¦(p

Ph

·E�ù«�¦3_&uv_�l&Æ

Uh = A−1
h [Fh −BhPh]

lm[]_&^,n x d ½ _ x uzytuzlv_K^0^�jªy¾��_&¦(~mdolzlv_Kp�dfp/lv[]_-«ÁnIioifnY¦(dfp]�$«Áns~m^ Æ

MhPp = BT
h A−1

h Fh

Z [�_/^�jwlv~md®|
Mh = BT

h A−1
h Bh

dku�{�jwifif_ x lv[]_©bt{�[eg]~¾{�ns^,r]if_�^,_�pBl¾jwp x dku�uvyB^,^,_�lm~vdk{/r�nBuzdolvdf¨s_
x _ ½ p]dolv_�jwp x ¦�_�ifi#{�nsp x d®lmdonIp]p]_ x jwp x lm[eg�uO^�jªy$��_�g�uz_ x jsu3j&r]~m_K{�nsp x dolvdfnsp�_�~H·.Z []_¯iodfp]_Kjs~3uvytu�lm_�^
dku-lm[]_�p�uvnsif¨s_ x g�uvdop���jqb�b���� ùr]~v_H{�nIp x dolvdfnsp]_ x � À ^,_�lv[�n x · f]nI~&^,ns~m_�dopt«ÁnI~v^�jwlvdfnsp�uK¥�uv_�_ � = Z �
jsp x � = ���>·
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OPTIMIZATION CODE

Control

Flag

Gradient

Cost

Flag

Flag

Gradient

Cost

Control

New Control

Flag

DRIVER

NAVIER_STOKES CODE

f.df�sg]~m_ X Æ§��rtlmdo^,df¼KjYlmdonIp�lmnensi�uzlv~mg�{�lmg]~m_

a���> � D L NTU Q ?�D�� Q
¿.À-��be�z�2fEb<dku�jq�w¸ ¿�jw�s~�jwp��s_��À-jwif_�~mµedopq{�n x _$¦�_ x _K¨s_KionIr�_ x©x g]~mdfp]��nIg]~-}O[�¸�·5�ùl�dfp�{�ifg x _Hu�lv[]_
^�jsdop-«Á_HjYlvg�~v_HuÄnw«���be� = uvg�{�[hjIuÄ} Ç  '�g]�]��io_�Yª} Ç ^,do|Blm_ x «ÁnI~v^�g]ikjYlvdfnsp�¥ª¿�jw�I~mjsp]�s_�£À-jsio_K~vµedfp�^,_�lv[�n x
¦(dolv[ j x jwr]lmjYlmdo¨I_q��js{�µBlv~�js{�µedfp]�©^,_�lv[]n x u�jwp x jwikuvn�´�g]d x ùuzlv~mg�{�lmg]~m_�jwif�sns~mdolv[]^�uK· � nY¦�_�¨s_K~,lv[]_
uvg]�#{�yt{�ifdfp]����jI{�µBlv~�js{�µedop���^$_�lv[]n x dfu-jwikuvn¾do^,r]if_�^,_KpIlm_ x jwp x lm[]_$iodfp]_Kjs~�uvytu�lm_�^6dku�uvnsif¨s_ x g�uvdop]�
j�u�l�jwp x js~ x À-����¹3b<^,_�lm[]n x ��jIuz_ x g]r�nIp<lv[�_�ber�js~muv_�µedol¯iodf�]~�jw~my x _K¨s_KionIr�_ x �By���·5btjIj x�� ¦(dolv[
jsp ��¿�Ã¯Z r]~m_K{�nsp x d®lmdonIp]_�~H·�Z []_²��¿�Ã¯Z r]~v_H{�nIp x dolvdfnsp]p]_K~�dkuqjwpÅ�£p�{�nI^$r�io_�lv_²¿�Ã «Èjs{�lvns~mdkuvjwlvdfnsp
¦(dolv[�j x ~mnsr]r]dfp]�²u�lm~mjwlv_K�sys·ºZ []dku�^,_Hjwp�u$lm[�jYlH¥3¦([]_KpºjIuvuv_�^��]ifdop]�©lv[]_<��¿�Ã ^,jwlv~md®|�g�uz_ x jIu$j
r�~v_H{�nsp x d®lmdonIp]_�~H¥ª_�if_�^,_�pBl�u�g]p x _K~�j��Ido¨I_�p x ~mnsr�lvnIio_K~mjsp�{�_�jw~m_3df�sp�ns~m_ x ·�Z [�_ {�ns^,r]if_�lm_ x _Kum{�~mdortlmdonIp
ns«�lm[]dfu�r]~v_H{�nIp x dolvdfnsp]dfp]��jwif�snI~vdolv[]^�^�jªy¾�T_-«Ánsg�p x dop�� ` Ç �ù·

��� � � ��
� � ��� !(
"� �	� � �	��
"����%&�

��u x _Kum{�~mdo�T_ x dfp�uv_K{�lmdonIp��t¥B¦3_¯g�uz_��s~�j x df_�pBlO��jIuz_ x ^,_�lm[]n x uOdfp¾ns~ x _K~Olvn�uznIio¨I_(lv[]_�^,dop]df^,do¼HjYlmdonIp
r�~vnI�]io_K^ �?� 	�·�Z [�_�~m_�_�|tdfuzlmu&jq[eg]�I_�jw^,nsg]pBl�ns«�~m_Kuv_Kjs~m{�[±u�lmg x df_Ku�{�nsp�{�_�~mp]dop���lm[]_ x _K¨s_�ifnsr�^$_KpBl
ns«(_��¾{�df_�pBlhnIrtlvdf^,do¼HjYlvdfnsp�jsio�Ins~md®lm[]^�u&jwp x ~mnsg]lvdfp]_Ku � = �t¥ X �>·<Z []_¾^�jw��ns~�_�ÉTnI~zlhdku&lmn��]g]dfi x nsrt
lmdo^,df¼Kjwlvdfnsp±lvnensiku-lm[�jYlh{Kjwp²��_�g�uz_ x �ey±jwpey©nIp]_,¦(d®lm[]nsgtl x _�_Kr±µep]nY¦(p�io_ x �s_,nw«�lv[�_¾g]p x _K~vifyedop��
nIrtlvdf^,do¼HjYlmdonIpqjsio�Ins~md®lm[]^�u�·�Z []_Kuv_&lmnBnIifu¯jw~m_&¨s_�~my¾r]~�jYlmdf{Kjwi>¥�uvdop�{�_-lv[�_�r�jw~�jw^,_�lv_�~¯nw«.lv[]_�~vnIgtlvdfp]_Ku
[�jª¨s_��T_�_Kp<lvg]p�_ x lmn�~m_KjI{�[/nIrtlvdf^�jwi._��¾{�df_�p�{�ys¥#_I· �¾�IionI��jwifdf¼KjYlmdonIpqdfumuzg�_hg�uvdop���ifdop]_$uz_Hjw~�{�[qdfu�nsp]_
ns«�lm[]_&[�jw~ x _Hu�l(r�js~zl lvn,lmg]p]_I·
f�ns~¯lv[]_Huz_�~m_KjIuznIp�uK¥�¦�_h{�[]nIuv_-lvn�¦3nI~vµ�¦(d®lm[<l�¦�n¾nsrtlmdo^,df¼Kjwlvdfnsp<~mnsgtlmdop]_Hu(lm[�jYl�[�jª¨s_&�T_�_Kp���_Kp�{�[t
^�js~vµI_ x �ey�lv[�_�nsr]lvdf^$df¼Kjwlvdfnsp�{�ns^,^hg]p�d®l�y©«Áns~�jI{�j x _�^,dk{�jwp x r]~�jYlmdf{Kjwi§jsr]r]ifdf{KjYlmdonIp�u�·qÂ±_¾[�jª¨I_
g�uz_ x lm[]_-«ÁnsifionY¦(dfp]�,~mnsgtlmdop]_Hu-Æ

� õ�ì?ì?úBä Ù�Ùv÷Ä÷Ä÷Oç øzæzç êªß(ïBç Þ�ôªêwÙmëÈÞ�æ>Þzà�ëÈøùõwÙ�à�ëÈúYà�Ù�ÜHÛwÔ�Ó�Ü	��Ñ�
�Ùmæ>úYà�ëÈæ��á ìvç õ�ì?ß(â
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DRIVER

N_S flow
L_N_S flow

N_S flow
L_N_S flow

N_S flow
L_N_S flow

N_S flow
L_N_S flow













g1

g2
���

gNc−1

gNc













∇J =













∂g1
J

∂g2
J
���

∂gNc−1
J

∂gNc













∂g2J ∂gNc−1J ∂gNc
J∂g1J

δgNc
δg1 δg2 δgNc−1

f.do�Ig]~m_-��ÆE}Ejw~�jwifio_Ki#uzlv~�jYlm_��Iy,«Áns~ lv[�_&�s~�j x df_�pBl�{�nI^$r�gtlmjwlvdfnsp


 Z []_�� À�}§¿�Ã�b � ~vnIgtlvdfp]_ ��jIuz_ x nIphlm[]_�{�nIpY��g]�Ijwlv_ �s~�j x do_KpIl�^,_�lm[]n x$x _Kum{�~mdo�T_ x dop �ã� Ç �]¦(dolv[
j$¨s_�~my¾_ ��{�do_KpBl�iodfp]_&uz_Hjw~�{�[�r]~mnt{�_ x g]~m_s·


 Z []_h¿Ä ' f�À&be '��-~mnsgtlmdop]_&¦([�df{�[<dku(��jIuz_ x nIp<j���nIg]p x {�nsp�uzlv~�jwdfpBl(¶Bg�jIuzdo£��_�¦ lmnsp/^,_�lv[�n x
¦(d®lm[ ' f.À&b�g]r x jYlv_&~mg]if_ x _Kum{�~mdo�T_ x dfp�� Z ¥�` = �ù·

��u x _Kum{�~mdf��_ x dfp f.do��· X ¥�¦�_,nsp]ify�p]_K_ x lvnq«Ág]~mp]dkuz[�lv[�_¾{�g]~m~v_KpBl&{�nspBlv~mnsi>¥#lv[�_�¨ªjsiog�_�nw«§lm[]_¾{�nBu�l
«Ág�p�{�lmdonIp�jwp x d®l�u�jIuvuvnt{�dkjYlm_ x �s~�j x do_KpIlE«ÁnI~§lm[]_�nsrtlmdo^,df¼KjYlmdonIp�~vnIgtlvdfp]_HuOlmnhrT_�~v«Áns~m^/· � _Kp�{�_�¦�_¯{�jsp
_Hjsuvdoify,{�[�jwp]�I_�_�dolv[�_�~3lv[]_�´�g]d x uvnsif¨s_�~�uOnI~Olm[]_�nIrtlvdf^,do¼HjYlmdonIp¾uznIio¨I_�~�u�·��¯u�jh{�nsp�uv_K¶Bg]_Kp�{�_I¥s¦�_¯[�jª¨I_
jwl(nsg]~ x dkuvr�nBuvjsiÄjwp/_�¨snIiog]lvdf¨s_�lvnensi#lm[�jYl¯{Kjwp/��_&_Hjsuvdoify¾g]r x jwlv_ x dfp�lm[]_-«Ágtlmg]~v_I·

��� � � ! �"!�� ��%�� #�� �"% ��
�� ��#�% ��
�"!(
% � 	

��u�uzlmjYlm_ x �T_�«Áns~m_s¥�¦3_�{�[]nBuz_�lmn�{�nI^$r�gtlv_-lm[]_�{�nBu�lv?«Ág]p�{�lvdfnspq�I~mj x do_KpBl g�uzdfp]�,lv[�_�iodfp]_Hjw~mdo¼K_ x u�l�jYlv_
{�ns^,r]gtl�jYlmdonIp¾g�uvdop]�hlv[]_�ifdop]_Hjw~mdo¼K_ x¾x dfum{�~m_�lm_��¯jª¨edf_�~v£belvnsµI_KuOuvytu�lm_�^ x _Huv{�~vdf�T_ x dfp�uv_K{�lvdfnsp¾`�·�Z [�dfu
^,_Hjwp�u3lv[�jYl(lv[�_�peg]^���_K~(nw«.iodfp]_Kjs~vdf¼�_ x uvytu�lm_�^�u�lvn�uvnsif¨s_�dfu _H¶Ig�jwiTlvn$lv[�_�{�jw~ x dfp�jwi#ns«�lv[�_-{�nspBlv~mnsi
uvr�jI{�_s·$Z []dku x ~mjª¦(��js{�µqdfu���jsifjsp�{�_ x �eyqlm[]_$«Èjs{�l&lm[�jYl-lm[]_,iodfp]_Kjs~vdf¼�_ x uvytu�lm_�^ {Kjwp©�T_¾j x ¨ªjsp�{�_ x
«ÁnI~v¦ jw~ x dfp�lvdf^$_&¦(dolv[qlm[]_-p]nsp�iodfp]_Kjs~�u�l�jYlm_-{�ns^,r]gtl�jYlmdonIp �?uz_K_&�(_�^�jw~mµ�� 	�·
Â±_ElmnBnIµ�j x ¨YjwpBlmjs�s_Ens«Blm[]dku�uvd®lmg�jYlmdonIp&�ey�j x nsrtlmdop���j(r�jw~�jwifif_�is{�ns^,r]gtl�jYlvdfnsp&ns«elv[]_3iodfp]_Kjs~vdf¼�_ x u�l�jYlv_
(zh, qh)

·.�ùlmu�^,_Kjsp�u�lv[�jwl�¦�_ p]_�_ x lmn�uvr�jª¦(p
Nc

ifdop�_Kjw~mdf¼�_ x u�l�jYlm_�{�ns^,r]gtl�jYlvdfnsp�u.{�ns~m~v_HuzrTnsp x dop���lvn
lm[]_

Nc

x do~m_K{�lvdfnsp�u.nw«�lv[]_({�nspBlv~mnsieu�l�jYlm_ uvr�jI{�_s·Gf]nI~E_Kjs{�[$uzr�jª¦(p]_ x lmjsuvµ#¥Y¦3_({�ns^,r]gtlm_ uv_K¶Bg]_KpBlvdkjwifioy
lm[]_§p�nsptùiodfp]_Hjw~�uzlmjwlv_§jsp x lm[]_§ifdop�_Kjw~mdf¼�_ x uzlmjwlv_§«Áns~�_K¨s_K~vy�lvdf^,_3uzlv_�r �Èuv_�_ f.df��·.� 	�·�Z []dku�jª¨Insd x uÄifnt{�jwi
uzlvnI~mjs�s_Ons«tlv[]_({�[�js~mjI{�lm_�~mdfuzlvdk{.«Á_�_�lEjsp x ifnt{�jwie¨I_�~vlvdk{�_Ku�dope¨Insif¨s_ x dophlv[]_ {�[�jw~�js{�lv_K~vdku�lmdf{O��js{�µBlv~�js{�µedfp]�
r�~vnt{�_ x g]~m_s·±Z []dfu$uzlv~�jYlv_K�sy±dfu�~m_Kuzlv~mdf{�lv_ x �By±lm[]_�peg]^���_K~�ns«¯r]~mne{�_KumuznI~hjYl$nsg]~ x dkuzrTnIumjwi jwp x dfu
{�nsp�uvd x _�~m_ x jsuEj ½ ~�uzl§u�lm_�r,lvnY¦ jw~ x u._��¾{�do_KpIl§uzlv~�jYlm_��Iy&«Áns~Elm[]_�{�nIpBlv~mnsitnw«T´�g]d x uvyeuzlv_K^�u�· � nY¦�_�¨I_�~H¥

� õ�ì?ì?úBä Ù�Ùv÷Ä÷Ä÷ÄÖÕïªÞ�é�ævç ß(ø�ævç à�ïHâkç ��é��ªÙmïªÞ�é�æ£Ùmæ>é�â ��Þ�ëÈæ£Ù
	.×��3ä ×Äå�Û ò 	�ÜªÙ
 õ�ì?ì?úBä Ù�Ùv÷Ä÷Ä÷ÄÖÕïªÞ�é�ævç ß(ø�ævç à�ïHâkç ��é��ªÙmïªÞ�é�æ£Ùmæ>é�â ��Þ�ëÈæ£Ù
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jIuvuvg]^,dfp]�©¦�_�[�jª¨I_
Nc

r]~vnt{�_KumuznI~muK¥�lm[]_<{�nI^$r�io_�|edol�y²nw«�lm[]dku$jsr]r]~mnIjI{�[�dfu,jwif^,nIuzl�_H¶Ig�jwi�lvn�lv[]_
{�ns^,r]if_�|tdol�y¾nw«�j�p�nsptùiodfp]_Hjw~�jwp x ifdop�_Kjw~mdf¼�_ x ´�nY¦¤��nsdfpIl�{�ns^,r]gtl�jYlvdfnsp�·

� � ��'�§������� 1&��	�9����(�h� 3�h� �q+���	-�����h�

�£p�lv[]dku,uz_H{�lvdfnsp�¥E¦3_/uz[�jsioi�jwp�jsioytuv_�lv[�_/jI{�{�g�~mjI{�y²jwp x {�nsp�uvdku�lm_�p�{�y�ns«(lv[]_ x dkuv{�~v_�lv_��I~mj x df_�pBlhdfp
uvns^,_-uzdf^,r]if_�´�g]d x ´�nY¦Q{�nsp ½ �sg]~�jYlmdonIp�uK¥Ip�js^,_�ify,lv[]_-}�nsdkuz_Kg]dfioif_&jwp x lv[]_ x ~mdf¨s_�p/{�jª¨edol�y,´�nY¦&· f]ns~
�Tnwlm[�{Kjsuv_KuK¥T¦�_�{�ns^,r�js~v_�nIg]~ x dfum{�~m_�lm_��I~mj x df_�pBl�lvn�lv[�_ x doÉ#_�~m_�pBlvdkjwiE¶Bg]nwlmdo_KpBl�jwr�r]~vnª|tdf^�jYlvdfnsp<ns«
lm[]_&�s~�j x do_KpIlH·

����� ��! � % � � � ����� %&��� � ��%������

¿�_�l�g�u ½ ~�u�lh{�nsp�uvd x _�~�jwp²nIr�_Kp�~v_H{�lmjsp]�sg�ifjs~�´�g]d x�x ns^�jwdfpÄ¥�¦([�_�~m_�¦3_�df^,r�nBuz_�r�js~mjs��nIiodk{$dop]´�nY¦
�Tnsg�p x jw~my�{�nsp x dolvdfnsp�u�¥td>· _

(u, p)
dfu(uvnsifgtlmdonIp�ns«�lm[]_-«ÁnsifionY¦(dfp]�,�¯jª¨edf_�~v£bBlmnsµI_Ku�uzytuzlv_�^q¥























∂tu +∇u · u− ν∆u +∇p = 0, Ω
div(u) = 0, Ω
u(ρ, x, t) = 4ρ(t)x(h− x)/h2, Γin

σ(u, p) · n = 0, Γout

u(t = 0) = 4ρ(0)x(1− x)/h2, Ω

�?�I� 	

f.df~muzl(io_�l�g�u�jIuvuvg]^,_s¥Blv[�jYl
ρ ∈ R

dku�{�nIp�uzlmjwpBlH·�Z [�_-uvnsifgtlmdonIp/ns«�lm[]_�jw�TnY¨s_-uzytuzlv_K^0dfu��sdf¨s_�p/�ey#Æ

u(x, t) = 4ρx(h− x)/h2

Â±_huv[�jwifiÄp]_K_ x dfpqlv[]_huv_K¶Bg]_Ki5lvn¾{�ns^,r]gtlm_-lv[]_ x _�~mdo¨Yjwlvdf¨s_&nw«.lv[�_hu�l�jYlm_&¨ªjs~vdkjw��io_
(u(ρ), p(ρ)

¦(d®lm[
~m_KuvrT_K{�lElmn

ρ
¥Idol§dkuO�sdf¨s_Kp,�Byhlv[]_�{�nsg�r]io_

(z, q)
uznIiog]lvdfnsp,nw«#lv[�_(«ÁnsifionY¦(dfp]�-ifdop]_Hjw~mdo¼K_ x �¯jª¨edf_�~v£belvnsµI_Ku

uvytu�lm_�^q¥






















∂tz +∇u · z +∇z · u− ν∆z +∇q = 0, Ω× (0, T )
div(z) = 0, Ω× (0, T )
σ(z, q) · n = 0, Γout × (0, T )
z = 4δρx(h− x)/h2, Γin × (0, T )
z(t = 0) = 4δρx(h− x)/h2, Ω

�?� = 	

¿�doµI_�lv[]_&p]nIptùiodfp]_Kjs~ _K¶Bg�jYlmdonIp �?�I� 	�¥]jwp/_�|]jI{�l�uznIiog]lvdfnsp/nw« �È� = 	3dfu�jª¨Yjsdoikjw�]if_$Æ

z(x, t) = 4δρx(h− x)/h2

e ��> ��> � ( ÏeÎ �K�ª �¡�OPB A�F ¡ Ï A ��� Ï ( c.� Ï ��( Ë �
Â±_&¦�nsg]i x ifdfµs_�lvn,^,dop�do^,df¼�_-lv[�_-«ÁnsifionY¦(dfp]�,nsrtlmdo^,df¼Kjwlvdfnsp/r]~vnI�]if_�^q¥

J(ρ) =
1

2

∫ T

0

∫

Γout

|u(ρ)− ud|
2 dΓdt

�È�s` 	
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¦([�_�~m_
ud

dku�j,µep]nY¦(p/¨s_Kiont{�dol�y ½ _Ki x ·§Â±_h{�jspq{�[�nBnBuz_I¥e«Áns~(dfp�uzlmjwp�{�_s¥
ud = 4ρdx(h − x)/h2 «Áns~�juvdf^$r�io_hlv~�js{�µedop��¾nsrtlmdo^,df¼KjwlvdfnspÄ·-Z []_�p�¥T�T_K{Kjwg�uv_hns«Elv[]_$_�|elm~v_K^$ify<uzdf^,r]if_�uv[�jwrT_hns«Olv[]_$uznIiog]lvdfnspÄ¥

dol�dku r�nBuvuvdo��io_�lvn¾{�ns^,r]gtlm_-_�|]js{�lvify
J(ρ)

Æ

J(ρ) =
8T

h4
(ρ− ρd)

2

∫ h

0

(x(h− x))2 dx

=
4T

15
h(ρ− ρd)

2

�£p¤ns~ x _�~hlvn�jsr]r]ify±lv[]_q{�nIpY��g]�Ijwlv_¾�I~mj x df_�pBl�jwif�snI~vdolv[�^ x _Huv{�~vdf�T_ x dfp�lm[]_�r]~m_�¨edfnsg�u$uv_K{�lmdonIpÄ¥�¦3_
p�_�_ x lvn¾{�ns^,r]gtlm_-lv[]_ x _K~vdf¨YjYlmdo¨I_�ns«

J(ρ)
¦(dolv[q~v_HuzrT_K{�l lvn

ρ
¥

(∇J(ρ), δρ) =

∫ T

0

∫

Γout

(u(ρ)− ud)z(δρ) dΓdt

¦([�_�~m_
(z(δρ), q(δρ)

js~v_�uznIiogtlmdonIp�uEns«5lv[]_�iodfp]_Kjs~vdf¼�_ x �¯jª¨edo_K~z�bBlmnsµs_HuOuvyeuzlv_K^ �?� = 	�¥B¦([]nIuv_¯uvnsifgtlvdfnsp
dku �sdf¨s_Kp��ey�Æ

z(x, t) = 4δρx(h− x)/h2

jsp x ¦3_-[�jª¨I_s¥

(∇J(ρ), δρ) =
8T

15
h(ρ− ρd) · δρ

Â±_¯^�jªy�{�nI^,r�jw~m_s¥euzg�{�[�jwp¾_�|tr]~v_Huvuvdfnsp,¦(d®lm[¾lm[]_�nIp]_�{�ns^,r]gtlm_ x g�uzdfp]��lm[]_�iodfp]_Kjs~vdf¼�_ x ´�nY¦
(z, q)jsp x lv[]_&nIp]_-ns�tl�jwdfp]_ x �ey¾g�uvdop�� ½ p]d®lm_ x doÉT_K~v_Kp�{�_I¥]d?· _

DJ(ρ, δρ) =
J(ρ + δρ)− J(ρ)

δρ

btdop�{�_���dfu�l�¦(dk{�_ x d®É#_�~m_�pBlvdkjw��io_-¦(dolv[q~v_HuzrT_K{�l lvn
ρ
jwp x
∇2J(ρ) = 8T

15 h
¥�¦3_-^�jªy¾_�|trT_K{�l(lv[�jwlK¥

DJ(ρ, δρ)−∇J(ρ) =
4T

15
hδρ

�È� X 	

Ã�uzdfp]��lv[�dfu�_H¶Ig�jYlvdfnsp�¥w¦3_({Kjwp$p]nY¦¤{�[]_H{�µ�js{�{�g]~�js{�y�jsp x {�nsp�uzdku�lm_�p�{�y&nw«�lv[]_ x dkum{�~m_�lv_({�nIuzl�«Ág]p�{�lvdfnsp
�I~mj x df_�pBlK·

e ��> � D \ Ë ��B8V] t�;B8V Ë ¡<E Ë ¡;OPB AGF ¢-��E Ë B A � Ë �ª� Ë ¡w�;B Ï A   ( F Ï ��BÁ�;E � ¡s ]� Ë
J Ë ����� Ë ��
�c Â±_ ½ ~�u�l�g�uz_�lv[]_$��be� = {�n x _&lvn�{�ns^,r]g]lv_&lm[]_h}�nsdkuv_�g]dfioif_&´�nY¦ jsp x d®l�u¯jIuvuvnt{�dkjYlv_ x
ifdfp]_Kjs~vdf¼�_ x ´�nY¦&·EZ []_&�w¸U{�nI^$r�gtlmjwlvdfnsp�jsi x nI^�jwdfp�dku§~m_�r]~m_Kuv_�pBlm_ x dfpTf.df��· Z ·EZ []_ ½ p�jsi5{�ns^,r]g]lmjY
lmdonIp x ns^�jwdfp/dfu�jspq_�if_�¨YjYlmdonIp�ns«�lm[]dfu��w¸ x nI^�jwdfp�¦(dolv[�jsp�_Kio_K¨ªjwlvdfnspqr�js~mjs^$_�lv_K~�ns«

0.1
dfp x _�rtlm[Ä·

Z [�_ x dkuv{�~v_�lvdkuvjwlvdfnspq¦�jIu(rT_�~v«Áns~m^$_ x g�uvdop]�
∆x = 1/40

¥
∆y = 1/40

jwp x
∆z = 0.1

· Z [�_�nY¨s_K~mjsioi
um{�[]_K^$_-¦ jsu�dfpIlm_��I~mjwlv_ x nY¨s_K~(j�rT_�~mdfn x nw«

10
uz_H{�nIp x uK·
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ρlat
����� � ��� � �	�
��� � ��� �

ρin ρout

����� � ��� �
ρlat

�	�
��� � ��� �

f.do�Ig]~v_ Z Æ.}�nIdfuv_�g]dfifio_ f.ionY¦ x ns^�jsdop

Ç _� Ç �

Ç _� Ç �

Ç _�£�s�

Ç _�£�s�

��· �I�s� Ç

�]· � Ç

Ç

Ç _� ÇIÇ±Ç _� Ç � Ç _�ù�I� Ç _�£�s� Ç _�£� Z�Ç _�£�s� Ç _�£� X �]· �s�s� Ç ��· �I� Ç ��· � Ç �]· Ç Ç
δρ

�¯g]^,_�~mdf{KjwiZ []_�nI~v_�lvdk{�jwi

J
(ρ

+
δρ

)
−

J
(ρ

)

δρ
−
∇

J
(ρ

)

f.do�Ig]~v_&��Æ f.df~muzl�ns~ x _K~ {�nspe¨s_K~v�I_�p�{�_¯ns«�lv[�_ ½ p]dolv_ x doÉT_K~v_Kp�{�_&�I~mj x df_�pBl3«ÁnI~ lv[]_&}�nIdfuv_�g]dfifio_ f.ionY¦

Ó�Ó ï�g9h6i!j!k



`e� 3 �����4�6( � ��+ ���6(!�#������� 	��	� 	��
� ��+���	2�7-���

f.df~muzl���~ x _K~�¿�À ��be� = {�n x _
Z df^,_hbBlv_Kr �3nBu�l ¿�dopÄ·3�3nBu�l
��· Ç � Ç ��· � X � X � Ç · Ç = Ç �
��· � X Ç ��· � X � X � Ç · Ç = Ç �

Z.jw��io_ Ç ÆE�3nBu�l§jsp x {�nBu�lE«Ág]p�{�lvdfnsp¾«Áns~Elm[]_ ½ ~�uzl§¿�jw�I~mjsp]�s_�£À-jsio_K~vµedfp�^,_�lm[]n x g�uvdop]�-lm[]_¯��be� = {�n x _

J Ë ����� Ë ��
(Á�H� Â�_�uv_�lO[]_K~v_
ρd = 0

¥
ρ = 1

¥sjsp x ¦3_({�ns^,r�jw~m_�lv[]_ x dfum{�~m_�lm_��I~mj x df_�pBlEns�tl�jwdfp]_ x �ey
lm[]_(ifdop]_Hjw~mdo¼K_ x u�l�jYlm_�{�ns^,r]g]lmjYlmdonIp�¦(dolv[$lm[]_ ½ p]dolv_ x d®É#_�~m_�p�{�_(�s~�j x df_�pBl.«Áns~ x d®É#_�~m_�pBlOrT_�~vlvg]~m��jYlmdonIp
uzlv_Kr�uK·��(_Kuvg]iolmu&jw~m_h�Ido¨I_�p��eyMf.df��·��]·�Ã�r�lmn

δρ = 10−6 ¥5lm[]_�ifdfp]_Kjs~vdf¼�_ x �s~�j x do_KpIl�dfu&{�nsp�uvdfuzlv_KpBl¦(dolv[hlv[]_ ½ p�d®lm_ x doÉ#_�~m_�p�{�_3�I~mj x do_KpBlK·��ùlEuv[]nY¦�uÄlm[�jYl�¦�_�js~v_3dop x _�_ x uznIio¨edfp]��lm[]_ _�|]js{�l�ifdop�_Kjw~mdf¼KjYlmdonIp
ns« lv[]_ x dfum{�~m_�lm_��¯jª¨edf_�~v£bBlmnsµI_Ku-uzytuzlv_K^/¥�¦([]dk{�[��sg�jw~�jwpBlv_K_Ku-j�{�nIp�uvdfuzlv_KpIl$jwr]r]~mnª|tdo^�jwlvdfnsp±nw« lv[]_
{�nIuzl3«Ág�p�{�lmdonIp��I~mj x do_KpBlK· f]g]~vlv[�_�~m^$nI~v_I¥I¦�_-~v_H{�nY¨I_�~Olm[]_-iodfp]_Hjw~ x _K{�~v_Hjsuv_¯ns«�lv[�_-{�nsp�uvdku�lm_�p�{�y�_�~m~vnI~
DJ(ρ, δρ)

¦(dolv[q~v_HuzrT_K{�l lvn
δρ
g]r/lvn

δρ = 10−6 ¦(dolv[/lm[]_�{�nI~v~m_K{�l uvionIr�_ 4T
15 h

·
'�_KionY¦�lm[]_�rT_�~vlvg�~v��jwlvdfnsp�io_K¨s_�i

δρ = 10−6 ¥ ½ p�d®lm_�r�~v_H{�dkuzdfnsp�{�ns^,r]gtl�jYlmdonIp�u�r]~vn x g�{�_¯ikjw~m�s_K~3�I~mj x do_KpBl ½ p]d®lm_ x doÉT_K~v_Kp�{�_&jwr�r]~vnª|tdf^�jYlvdfnsp�u�·.Z []_Kuv_&¶Ig�jwpBlvdolvdf_Ku(js~v_�p]n,^,ns~m_�~m_�if_�¨YjwpBl «Áns~�lm[]_�jwr]r�~vnª|tdo
^�jwlvdfnsp<nw«Elm[]_�{�nIuzl�«Ág]p�{�lvdfnsp��I~mj x df_�pBlK·(Z.jw�]if_ Ç ~m_�r�~v_Huz_KpIl�u lv[�_�{�nBu�l¯«Ág]p�{�lmdonIp©jwp x d®l�u¯�I~mj x do_KpBl
«ÁnI~ l�¦3n$lmdo^,_�uzlv_�r�u g�uzdfp]�$lv[�_���be� = {�n x _�¦(dolv[ ½ ~�uzl nI~ x _�~�¿�À�g�uvdop]�¾j x jwr]lmjYlmdo¨I_���js{�µBlv~�js{�µedfp]��Æ


 Z []_,lvdf^,_�uzlv_�r�u�uz_K_�^�u-df~v~m_�if_�¨YjwpBl�jsu�«Èjs~hjsu�lm[]_�{�nIuzlmu�«Ág]p�{�lvdfnsp�uhjw~m_,{�nsp�{�_�~mp]_ x ·¾Z []dfu�dfu
p]nwlhuvg]~mr]~mdfuvdop��/uvdop�{�_$lv[]_�}�nIdfuv_�g]dfifio_$´�nY¦ dfu�jquzlmjwlvdfnsp�js~vyq´�nY¦&¥��]gtl&lv[�dfu&r�~vnY¨I_Ku�lv[�jwl&lv[]_
{�[�jw~�js{�lv_K~vdku�lmdf{Kuhr�jYlv[�jsu$¦�_�ifi�jsu�lv[�_/ifdfp]_Kjs~vdf¼�_ x uzlmjwlv_qjw~m_�¦�_�ifi�{�nI^$r�gtlv_ x ·¬�£p¬«Èjs{�lK¥3lv[]_
{�nBu�l�«Ág]p�{�lmdonIp�jsp x dolmu��s~�j x df_�pBl�js~v_h{�nsp�uzlmjspBl�g]r<lmn Ç _� Ç = ¥�¦([]dk{�[�dfu�jwif^,nIuzl¯lm[]_h^�js{�[�dop]_
r]~m_K{�dkuvdonIp�dfp x nsg]��io_-r]~m_K{�dfuvdonIpÄ·


 Z []_3uv_K{�nsp x ~m_�^�jw~mµ¯dku5lm[�jYl�lv[]_�{�nBu�lÄ«Ág�p�{�lmdonIp�jwp x dolmu��s~�j x df_�pBl�js~v_E¨I_�~my�¦�_�ifiIjsr]r]~mnª|edf^�jYlm_ x
�ey�nsg�~ {�n x _s·O�<nI~v_-r]~m_K{�dfuv_�ifys¥e¦�_&[�jª¨s_$Æ

∇Jdt
h −∇Jtheo

∇Jtheo

= 6.0× 10−5

Z []dku¯^,_Kjsp�u¯lv[�jwl�¦�_h^�jªy/g�uz_hlv[]_$ifdop]_Hjw~mdo¼K_ x �I~mj x do_KpBl�jsu�jwp�jsr]r]~mnª|edf^�jYlmdonIp<nw«Elv[�_�{�nBu�l
«Ág]p�{�lvdfnspq�s~�j x df_�pBl(dfp�uzd x _&jwpqnIrtlvdf^,do¼HjYlvdfnsp/r]~mnt{�_ x g]~v_I·

e ��> � I Q B � c( Ë ¡ Ï A ��� Ï (�� Ë �K�,¡s ]� Ë
�¯nY¦&¥�¦�_�lv~myºlvn¤lv~�js{�µ�j��sdf¨s_Kp r�js~mjs��nIiodk{<r]~mn ½ if_�jwl�lm[]_�nIgtlz´�nY¦ �Tnsg�p x jw~mys¥¯d?· _�¦(dolv[

ud =
16ρdx(h − x)/h2 ¦(dolv[ ρd = 5

·�Z []dku�{�jsp¬�T_ x nsp�_/�ey�^,dfp]df^$df¼�dfp]�±lv[�_qlv~�js{�µedop��©«Ág]p�{�lvdfnsp�jwi
dfpBlv~mn x g�{�_ x r�~v_K¨Bdfnsg�uzifys·�Â�_(g�uv_ lv[�_�{�nspw��g]�Ijwlv_ �s~�j x df_�pBlE^,_�lm[]n x ¦(dolv[$lm[]_¯uzlmjw~vlvdfp]�-rTnsdfpIl

ρ0 = 2jsp x jsp�dfp]r]g]l.´�nY¦
u = 16ρx(h−x)/h2 ·O�3nspe¨s_K~v�I_�p�{�_§¦ jsu�~v_Hjs{�[]_ x jY«Õlm_�~ 10

d®lm_�~�jYlmdonIp�u�jsu�uz[�nY¦(p
dfp f.df��·���jwp x f�df��· Ç ��·¯Â±_�«Ánsg�p x lm[]_hnIrtlvdf^,do¼HjYlvdfnsp©r]~vnt{�_Kumu�¨s_K~vy/~mns�]g�uzl¯¦(dolv[�~v_HuzrT_K{�l¯lvn�lv[]_
uzlmjs~zlmdop���rTnsdfpBl�¨ªjsiog�_s·¾Z []dku&^,_Kjsp�u�lv[�jwl&lv[]_,«Ág�p�{�lmdonIp�jwiEdku�uzlv~mnsp]�Iioy�{�nspe¨s_�|©jwp x [�jIu&j�g�p]df¶Bg]_
nIrtlvdf^,do^�g]^q·
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Optimization step
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f.df�sg]~m_&�]Æ§��rtlmdo^,df¼KjYlmdonIpqr]~vnt{�_Kumu§«ÁnI~ lv[]_&}�nIdfuv_�g]dfifio_�´�nY¦&·
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Optimization step

C
os

t f
un

ct
io

n 
−

 lo
g 

sc
al

e

f.df�sg]~m_ Ç �]Æ�Z�~mjI{�µBdfp]�,{�nBu�l «Ág]p�{�lvdfnsp x _H{�~m_Kjsuv_�«Áns~ lm[]_-}.nIdfuv_�g�doifio_-´�nY¦&·
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uvg]�#{�yt{�ifdfp]����js{�µBlm~mjI{�µBdfp]�$jwif�sns~mdolv[]^
��~ x _K~ �3nIuzl ¿�dopÄ·3�3nBu�l
Ç Ç ��· � X �I�w� X � � Ç · = �w` X � Ç �
� Ç ��· � X �I�w�w` = � Ç · = �w` X �I� Z

¹E|]js{�l¯{�nBu�l «Ág]p�{�lvdfnsp�u
�3nIuzl ¿ÄdfpÄ·3�3nBu�l
Ç ��· �I�s�s�I�s�I� � Ç · ='=2='=2=2='=

Z.jw��io_��]Æ��3nBu�lh«Ág]p�{�lmdonIp¤jwp x d®l�u��s~�j x do_KpIl&«ÁnI~�lm[]_ ½ ~�uzl�jwp x uv_K{�nsp x nI~ x _�~h¿�jw�s~�jwp��s_��À-jwif_�~mµedop
^,_�lv[]n x u

e ��> �4[ Ð Ë ��B8V] t�;B8V Ë ¡<E Ë ¡;OPB AGF ¢&¡s ]� Ë�Ï S ��E Ë � 
��3¡ Ì ¡)(�B AGF �. ]¡;O5�K�ª �¡�OPB A�F c�� Ï ¡ Ë Ð 
�� Ë
Â±_�uz[�jwifiEr�_K~z«ÁnI~v^ uvdf^$dfikjw~�lv_Hu�l�u&g�uvdop]�qnIg]~��w¸»lv_Hu�lh{�n x _,¦(d®lm[ ½ ~muzl�jwp x uz_H{�nIp x nI~ x _K~&{�[�jw~�js{�
lm_�~md®lmdf{Ku�{�nsg]r�io_ x ¦(dolv[�lm[]_,uzg]�#{�yt{�iodfp]����js{�µBlv~�js{�µedfp]�¾jwif�snI~vdolv[]^q·-Z�js�]if_$�¾jsp x ½ ��· ÇsÇ �Ido¨I_Ku¯lv[]_
~m_Kuvg]iol(�sdf¨s_�p��ey�lv[]_h�s¸ {�n x _I·���u «Áns~�lm[]_���be� = {�n x _s¥elv[�_ ½ p]dolv_ x doÉT_K~v_Kp�{�_-�I~mj x do_KpBl��T_�[�jª¨I_Ku jsu
_�|tr�_H{�lv_ x ¥#^�jYlm{�[�dop]��lv[]_hlv[]_Kns~m_�lmdf{Kjwi�uvifnsrT_�js{K{�g]~�jYlm_�ifys¥T�]gtl�lv[]dku¯lvdf^$_$peg]^,_�~mdf{Kjwi�_�~m~vnI~mu�jsr]rT_Kjw~
«ÁnI~

δρ < 10−5 ·

Ç _� Ç �

Ç _�£�s�

Ç _�£�s�

�]· �s�I� Ç

�]· � Ç

Ç

Ç �s�

Ç _� Ç � Ç _�ù�I� Ç _�ù�I� Ç _�ù� Z Ç _�£�s� Ç _�£� X ��· �I�s� Ç ��· �I� Ç �]· � Ç �]· Ç Ç

f�df~�u�l�nI~ x _K~(uzr]ifdolzlvdfp]�¾um{�[]_�^,_be_H{�nsp x nI~ x _K~(uzr]ifdolzlvdfp]�¾um{�[]_�^,_Z []_Kns~m_�lmdf{KjwiÄuvionIr�_

δρ

J
(ρ

+
δρ

)
−

J
(ρ

)

δρ
−
∇

J
(ρ

)

f.df�sg]~m_ ÇsÇ Æ f.df~muzl�jsp x uz_H{�nIp x ns~ x _�~¯uvg]�#{�yt{�ifdfp]�¾��jI{�µIlm~mjI{�µedop]�Bu(uv{�[�_�^,_&�s~�j x df_�pBl¯{�[]_H{�µedop]��¦(dolv[
lm[]_-lv[�_�ns~m_�lmdf{Kjwi5uvionIr�_-«ÁnI~ lv[]_&}�nsdkuv_�g]dfioif_�´�nY¦
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��� � � ��% #�� � �	% ����! ��� 
 	

e � D���> \ Ë � A BÈ��B Ï A Ï$S ��E Ë c�� Ï �( Ë �
¿�_�l

Ω = [0, 1]× [0, 1]× [0, 0.1]
�T_-lv[]_�{�ns^,r]gtl�jYlvdfnsp�jwi x nI^,jsdopqjwp x

Ωh

jsp<jsumuznt{�dkjYlm_ x lv~mdfjsp]�sgt
ikjYlmdonIpÄ·�Â�_�js~v_-dfpBlv_�~m_Kuzlv_ x dfp<uznIio¨edfp]��lv[]_-«ÁnIioifnY¦(dop��$r�~vnI�]io_K^q¥















∂tu +∇u · u− ν∆u +∇p = 0, Ω× (0, T )
div(u) = 0, Ω× (0, T )
u(., t) = ρ(t)x(1 − x), Γ1 × (0, T )
u(., t) = 0. Γ2 × (0, T )

�?�s� 	

¦(dolv[
Γ1 = (x, y = 1, z)

¥
Γ2 = ∂Ω−Γ1

·��£p�nI~ x _�~�lvn&jI{�{�_Kio_K~mjwlv_ x {�nIpe¨s_�~m�s_Kp�{�_I¥
(u0, p0) = (u(t =

0), p(t = 0))
jw~m_�dfp]dolvdkjwifdo¼K_ x ¦(d®lm[/lv[]_�uvnsifgtlvdfnsp/nw«.lv[�_�{�ns~m~m_Kuvr�nIp x dfp]�$bBlmnsµI_Ku�´�nY¦ Æ















−ν∆u0 +∇p0 = 0, Ω× (0, T )
div(u0) = 0, Ω× (0, T )
u(., t = 0) = ρx(1− x), Γ1 × (0, T )
u(., t = 0) = 0, Γ1 × (0, T )

�?� Z 	

Z [�dfu�lmdo^,_s¥]lv[]_�{�nIuzl�«Ág�p�{�lmdonIp<¦(doifi5��_ x _ ½ p]_ x jsu�«ÁnsififnY¦ Æ

J(ρ) =
1

2

∫ T

0

∫

Ω

|u(ρ)|2dΩdt
�È�I� 	

¦([�df{�[/dfu(lv[]_&dfpBlv_��I~mjsi#nw«�lm[]_&µedop�_�lvdk{-_�p�_�~m�sy¾nY¨I_�~
[0, T ]

·�Z [�_ x _�~mdo¨YjYlmdo¨I_-nw«
J(ρ)

«ÁnIioifnY¦�u�Æ

(∇J(ρ), δρ) =

∫ T

0

∫

Ω

u(ρ)z(δρ)dΩdt
�?�s� 	

e � D�� D U<Ï A Í ÐGB � Ë � Ë A ��B? t�GB (�BÈ� Ì B ( ( 
��K���Y t�;B Ï A SùÏ �¾��E Ë  ]Ð.  c.�K t�;B8V Ë �� ]¡;O5���Y ]¡;OPB AGF �H¡<E Ë � Ë
�£p¤lv[]dku,r�js~mjs�s~�jwr][Ä¥�¦�_�rT_�~v«Áns~m^ lv[�_/�I~mj x df_�pBl${�nsp�uvdfuzlv_Kp�{�y²lm_Kuzl,«Áns~$lv[]_<{Kjª¨Bdol�y±´�nY¦0¦(dolv[¬lv[]_
{�n x _/��be� = ·¬�¯u,j©^�jwlzlv_K~,nw«�«ÈjI{�lK¥§lv[]dku�lv_Hu�l¾uv[]_ x uznI^$_/ifdo�I[Il,nsp¤lv[]_qp]nIpt x d®É#_�~m_�pBlmdfjs�]doifdol�y±ns«
lm[]_�{�[�js~mjI{�lv_K~vdkuzlvdk{¯^,_�lm[]n x ¦([]doif_&g�uvdop��¾jwpqj x jsrtlmjwlvdf¨s_-��js{�µBlm~mjI{�µBdfp]�$uv{�[]_K^,_�{�nsg�r]io_ x ¦(dolv[<ifnY¦
nI~ x _�~ ½ p]dolv_�_�if_�^,_�pBlmuK·��£p x _�_ x jsu�uv[]nY¦(p±dopdf.df��· Ç �t¥�«Áns~&lm[]_�lvdf^,_�uzlv_�r�u

dt ∈ [0.01, 0.1]
¥5lm[]_

¶Bg�jspBlvdol�y

Dg
def
=

(∇Jdt
h −D Jdt

h )

D Jdt
h

x nB_Hu$p]nwl�{�nIpB¨I_�~m�s_�lmn
0
jsu�lm[]_ ½ p]dolv_ x doÉT_K~v_Kp�{�_qu�lm_�r

δρ
�Ine_Kuhlvn

0
·¤�({�lmg�jwififys¥§dol,[�jsu,j�p]nsp

¼K_�~mn�jsuvye^$r]lvnwlmdf{,ifdf^$dol�lm[�jYl x _K{�~v_Hjsuv_$¦([�doif_ x _H{�~m_Kjsuvdfp]�/lv[]_�lvdf^$_�u�lm_�rÄ· f]nI~�ikjw~m�s_,lvdf^,_�uzlv_�r�u�¥
lm[]_�{�[�js~mjI{�lv_K~vdkuzlvdk{¯r�jwlv[�u�dopBlv_K~muv_K{�l�dop�{�~m_Kjsuvdfp]��peg]^���_K~mu�nw«.lv_�lm~mjs[]_ x ~mj$_ x �s_KuK·3bedfp�{�_&¦3_&p]_K_ x lvn
_K¨Yjwifg�jYlm_Olv[�_ x dkum{�nspBlmdopeg]nIg�uÄ�I~mj x do_KpBl�nw«]lm[]_§~m_�«Á_K~v_Kp�{�_§´�nY¦

un
h

jYl�_Hjs{�[�ns«]lv[�_§dfpIlm_�~�uz_H{�lmdonIp�r�nIdopBl�u�¥
lm[]dku�{�~m_KjYlm_Ku�peg]^,_�~mdf{Kjwi _�~m~vnI~muhlv[�jYl��s~mnY¦�¦(d®lm[¤lmdo^,_<jwp x ¦(dolv[¬lv[]_qpeg]^���_K~$ns«�{�[�js~mjI{�lm_�~mdfuzlvdk{
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r�jYlv[�u�·¯¸�_K{�~v_Hjsuvdop��,lv[]_hlvdf^$_$u�lm_�r�[�jsu(lm[]_h_�ÉT_H{�l�nw«O~m_ x g�{�dop���lv[]_�peg]^h�T_�~�nw«OdfpIlm_�~�uz_H{�lmdonIp/¦(dolv[
lm_�lm~mjs[]_ x ~�j,_ x �s_KuK¥�~m_Kuvg]iolvdfp]�¾dfp�ifnY¦3_K~¯jsuvye^$r]lvnwlmdf{�iodf^,d®l�nw«Elv[�_h�s~�j x do_KpIl�~m_Kuvd x g�jwi

Dg

· � nY¦3_K¨s_K~
«ÁnI~(jhlmdo^,_&uzlv_�r

dt = 0.01
¥Blv[�dfu(jIuzye^,rtlvnslvdk{¯ifdf^$dol�dku nw«�nI~ x _�~

10−4 ¦([]dk{�[�dku(u�lmdoifi5g]p�umjYlmdfuz«Èjs{�lvnI~vylmn�¨Yjwifd x jYlm_&lv[]_ x dkuv{�~v_�lv_h�I~mj x df_�pBlK· � _�p�{�_s¥#¦3_�[�jª¨s_�uv[]nY¦(pqlm[�jYl�lv[]_$��be� = iodfp]_Hjw~mdo¼K_ x {�n x _�[�jsu
rTnens~-peg]^,_�~mdf{KjwiEr]~mnsrT_�~vlvdf_Ku-jsp x dol�¦ jsu�r]~m_ x dk{�lm_ x �By�lv[]_$lv[�_�ns~mys·$�£p±lv[]_�uv_K¶Bg]_Ki?¥Ä¦�_�uz[�jwifiEg�uz_
nIg]~¯�w¸U~m_Kuv_Kjs~m{�[/{�n x _&jwp x jª¨Insd x lv[�_&g�uz_&ns«�lm[]_�j x jsrtlmjwlvdf¨s_-��jI{�µIlm~mjI{�µedop]�$uv{�[�_�^,_s·

e � D�� I \ B?�K¡s� Ë � Ë F �Y ]Ð�B Ë A � ¡ Ï A �;BÈ�K� Ë A ¡ Ì 
��;B AGF ��E Ë � 
��§¡ Ì ¡!(�B AGF �� ]¡;O5���Y ]¡;OPB AGF  �( F Ï�Í
�<BÈ��E�

10
−10

10
−9

10
−8

10
−7

10
−6

10
−5

10
−4

10
−3

10
−2

10
−1

10
−5

10
−4

10
−3

10
−2

10
−1

Finite difference step

D
g

Gradient consistency checking

dt = 0.01
dt = 0.05
dt = 0.1

f.df�sg]~m_ Ç �tÆPf.df~muzl.nI~ x _�~�¿�jw�I~mjsp]�s_�£À-jsio_K~vµedfp�um{�[]_�^,_ jwr]r�iodf_ x lmn¯lm[]_ x ~vdf¨s_Kph{�jª¨edol�y�´�nY¦²�À�~mj x do_KpBl
{�nsp�uvdku�lm_�p�{�y¾{�[]_K{�µedfp]�,¦(d®lm[q��be� =

U 
� Ë ��BÈ¡I �(h� Ë ����B A�F � ¿Ä_�l�p]nY¦
Ωh

�T_qj±~m_��Ig]ifjs~hlm~vdkjwp��sg]ikjYlmdonIp�nw«
Ω = [0, 1] × [0, 1]

¦(d®lm[
∆x = ∆y = 1/40

·-Z []_�~mdf�s[Bl�[�jsp x uvd x _�¦ jsu�{�nI^,r]gtlv_ x g�uvdfp]��j Z rTnsdfpBlmu&À-jwg�umu�¶Ig�j x ~�jYlmg]~v_I·
Â±_&{�[]nenIuv_¯lmn�{�ns^,r]g]lv_�lv[]_&uvnsifgtlvdfnsp/nw« �

66
	OnY¨I_�~(j�r�_K~vdfn x ns«

20s
¥Blm[Bg�u ~v_Hjs{�[]dfp]�,u�lm_Kj x y¾u�l�jYlv_I·

Z [�_${�[�js~mjI{�lm_�~mdfuzlvdk{�u�r�jYlm[�dku-{�nI^$r�gtlv_ x g�uvdfp]��lm[]_�uzg��T{�ye{�iodfp]�q��jI{�µIlm~mjI{�µedop]��jwif�sns~mdolv[]^q¥#¦(d®lm[±j
uvr]ifd®lvlvdfp]��r�js~mjs^$_�lv_K~

l uvr]ifd®l = 10
·

��Ë �� t�<O >9a�) 7�� (�� � ���������/. �9	���	��
���#���
l (�� � ��� � 	<( �79�<(���� 	 � �!�����!�  � ��� �6�4���)( � ��./	�� :����/. �879�

�79������ ��� �87-� ( �9	���	��
���#��� � ����� ��� :�� (�6+-(�(���:
�4	��#����
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\ Ë ��B8V] t�;B8V Ë ¡ Ï A �;BÈ�K� Ë A ¡ Ì Z [�_Or]~mne{�_ x g�~v_�«ÁnI~�{�[]_K{�µedfp]��lv[]_ x _�~mdo¨Yjwlvdf¨s_O{�nIp�uvdfuzlv_Kp�{�y�dfu5��jsuvdf{Kjwifioy
lm[]_�umjw^,_hjIu(lm[]_hnIp]_�g�uv_ x «ÁnI~�lm[]_h}�nsdkuv_�g]dfioif_&´�nY¦&· � _�~m_s¥T¦�_h{�[]nIuv_-lvn/{�nI^$r�gtlv_hlv[]_�iodfp]_Kjs~vdf¼�_ x
�I~mj x df_�pBl3¦(dolv[

∆t = 0.05
nY¨s_K~

400
dolv_K~mjwlvdfnsp�uK· f�df��· Ç = �sdf¨s_HuOlm[]_ ½ ~�u�l ns~ x _�~ {�nIpe¨s_�~m�s_Kp�{�_(ns«�lm[]_

Ç _�£�s�

Ç _�£� X

��· �I�s� Ç

�]· �s� Ç

�]· � Ç

��· Ç

Ç

Ç _�ù�I� Ç _�£�s� Ç _�£� Z Ç _�ù�I� Ç _�£� X ��· �I�s� Ç �]· �s� Ç �]· � Ç �]· Ç Ç

f.df~muzl�ns~ x _K~ um{�[]_K^$_be_K{�nsp x ns~ x _K~ um{�[]_K^$_

δρ

J
(ρ

+
δρ

)
−

J
(ρ

)

δρ
−
∇

J
(ρ

)

f.df�sg]~m_ Ç = Æ)f.df~muzl�nI~ x _�~hjsp x uz_H{�nIp x ns~ x _�~�¿�jw�I~mjsp]�s_�£À-jsio_K~vµedfp�um{�[]_�^,_�jsr]r]ifdo_ x lvn©lv[]_ x ~vdf¨s_Kp
{Kjª¨ed®l�y,´�nY¦ 3À�~mj x df_�pBl�{�[]_K{�µedfp]�

½ p]d®lm_�_�if_�^,_KpIl��I~mj x df_�pBl «Áns~��Tnwlm[ ½ ~muzl�ns~ x _�~�jsp x uz_H{�nIp x ns~ x _�~(um{�[]_�^,_s·3Â�_�{Kjwp<uv_�_-lv[�jYl¯�Tnwlm[
½ ~muzl jsp x uv_K{�nsp x ns~ x _�~ um{�[]_�^,_Ku��IionI��jwifioy,rT_�~v«Áns~m^ lv[]_-umjw^,_�¦ jªys· � nY¦�_�¨I_�~H¥s«ÁnI~

δρ ≥ 10−5 ¥elv[]_½ ~muzl�nI~ x _�~ ½ p]d®lm_ x d®É#_�~m_�p�{�_ x _�~mdo¨Yjwlvdf¨s_¯�Ido¨I_Ku�jh�T_�lvlv_K~�jwr]r]~mnª|tdo^�jwlvdfnsp�nw«�lv[]_ x _�~mdf¨ªjwlvdf¨s_�lv[�jsp�dolmu
uv_K{�nsp x ns~ x _�~-{�nIg]pBlv_K~vr�js~zlH·�Z []_KpÄ¥5«ÁnI~

δρ ≤ 10−5 ¥���nslv[²uv{�[]_K^,_Ku-�sdf¨s_${�nIp�u�l�jwpBl-~v_Huzg]iol&¦(d®lm[±j�T_�lvlv_K~�jsr]r]~mnª|edf^�jYlmdonIpq«Áns~�lm[]_,uz_H{�nsp x ns~ x _�~�uv{�[]_K^,_s·-�3nI^,r]gtlvdfp]��lv[]_�~v_Kifjwlvdf¨s_�_K~v~mns~�u(�T_�l�¦�_�_Kp
lm[]_ ½ p]dolv_ x d®É#_�~m_�p�{�_-�s~�j x df_�pBl�jwp x lv[�_&iodfp]_Kjs~vdf¼�_ x uzlmjwlv_-�s~�j x do_KpIl ¦�_&�s_�l

∇Jdt
h −D Jdt

h

D Jdt
h

= 1.16× 10−5

«ÁnI~ lv[]_ ½ ~muzl(ns~ x _�~(jwp x
∇Jdt

h −D Jdt
h

D Jdt
h

= 2.1× 10−6

«ÁnI~�lv[]_,uz_H{�nIp x nI~ x _K~K¥T«Á~mns^ ¦([]dk{�[©¦�_$^,jªy�{�nsp�{�iog x _hlm[�jYl-lm[]_ x dfum{�~m_�lm_��I~mj x do_KpBl�dku¯«Èjsdo~mify<¦3_Kioi
{�ns^,r]gtlm_ x · Z.jw�]if_�`��sdf¨s_Hu�lv[]_�{�nIuzl�«Ág]p�{�lvdfnsp<¨Yjsiog]_�jsp x dolmu��I~mj x df_�pBl(¨ªjsiog�_&«Áns~��Tnwlm[<ns~ x _�~(¦(dolv[
ρ = 1

¥tjwp x lv[]_�nY¨s_K~mjsioi�jwp x {�[�jw~�js{�lm_�~mdfuzlvdk{�uOr�jYlm[¾lvdf^,_�{�ns^,r]gtl�jYlmdonIpÄ·.Z [�_�uv_K{�nsp x nI~ x _K~3um{�[]_�^,_
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f�df�sg�~v_ Ç `�Æ
l2
p�ns~m^0nw«.lv[]_ x ~vdf¨s_Kp�{�jª¨edol�y�jYl�uzlv_Hj x y�uzlmjwlv_

�3nIuzl �3nIuzl¯À�~mj x · Z�nwlH·3��jwik{w·EZ df^$_ �3[�jw~H·§��jwik{w·EZ df^$_
Ç · � Ç � �]· Ç<X2X = �w`e� Ç Z'Z � Ç

Z.jw��io_ = ÆE�(_�«Á_�~m_�p�{�_�uznIiog]lvdfnsp±Æ ½ ~muzl(ns~ x _�~(¿.À um{�[]_�^,_
∆t = 0.001

��~ x _K~ �3nBu�l �3nIuzl �I~mj x · Z�nwlH·3��jwik{w·EZ do^,_ �3[�jw~H·§��jwik{w·OZ df^$_
Ç �]· � X � Ç · �s�w` � X � = XtÇ
� Ç · � Ç = �t· Ç �s� Ç<X �I� Z � X

Z�js�]if_&`�Æ f.do~�u�l�jsp x uz_H{�nsp x nI~ x _K~(¿�À uv{�[]_K^,_Ku {�nI^$r�jw~mdfuvnsp�¦(d®lm[
rho = 1

jsp x
∆t = 0.05
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Cavlin-01.desc

f.df�sg]~m_ Ç;X Æ
l2
p]nI~v^0ns«�lm[]_&ifdop]_Hjw~mdo¼K_ x�x ~vdf¨s_Kp/{Kjª¨ed®l�y�jwl�u�lm_Kj x y�u�l�jYlm_

r�~vn x g�{�_Ku,j���_�lzlv_K~¾jwr]r�~vnª|tdf^,jwlvdfnsp�ns«¯lv[�_/�I~mj x df_�pBl${�ns^,r�jw~m_ x lvn±lv[]_ ½ ~�u�l�nI~ x _K~$um{�[]_K^$_I·
Z [�dfu�^�jªy/�T_$_�|tr]ikjwdfp]_ x �By/lm[]_�~m_�ikjYlmdo¨I_�ify�ikjw~m�s_hlvdf^,_$uzlv_Kr�g�uv_ x «ÁnI~��Tnwlm[�um{�[]_�^,_HuhÆ

δρ
¥5¦([]_�p

uv^�jwifit_�p]nIg]�s[�¥w«Èjwdfiku.lvn&dfpt´�g]_Kp�{�_ lm[]_(lvnIr�nIionI�sy&ns«�lm[]_ ´�g]d x ��_H{�jsg�uz_ ns«�lm[]_�peg]^,_�~mdf{Kjwi x dkumuzdfr�jYlmdonIp
dfp x g�{�_ x �eyqlv[]_�{�[]nIdf{�_�ns«§ikjw~m�s_�lvdf^$_�uzlv_Kr�u�· '3g]lK¥Ä¦([]_K~v_Hjsu�lv[�dfu-dku�p]nwl�j/uzg]~mr]~mdfuv_�«ÁnI~�lv[]_ ½ ~�u�l
nI~ x _�~&uv{�[�_�^,_s¥5lm[]_¾uv_K{�nIp x nI~ x _�~&uv{�[�_�^,_�uz[]nIg]i x �T_�io_Huvu x d®É#g�uvdo¨I_s·,Â�_¾uvg]�I�s_Kuzl�lv[]~m_�_,~m_Kjsuvnsp�u
lm[�jYl¯{�nsg]i x _�|tr]ikjwdfp�lm[]dfu(«Èjs{�l�Æ


 Z []_<peg]^,_�~mdf{Kjwi _�~m~mns~�u x n²p]nsl�jwifionY¦0lvn²~v_Hjs{�[ºj��Inen x jw�I~v_K_�^,_�pBl,¦(d®lm[ºlv[]_ x dkuv{�~v_�lvdf¼�_ x
�s~�j x df_�pBl�«ÁnI~

δρ
if_Kumu,lv[�jsp

10−6 ·UZ []dku¾¦ jsu¾jsio~m_Kj x y�nI��uz_K~v¨I_ x «Áns~�lm[]_�}�nsdkuv_�g]dfioif_<´�nY¦&·
Z [eg�u�¥]lv[]_�uv_K{�nsp x ns~ x _�~(um{�[]_�^,_&{�jsp]p]nsl(jI{�[]df_�¨s_�«Ág]ifiÄrT_�~v«Áns~m^,jsp�{�_I·


 Z []_ x _�~mdo¨Yjwlvdf¨s_q{�nsp�uzdku�lm_�p�{�y²¦�jIuhrT_�~v«Áns~m^,_ x jI{�{�nI~ x dop]�©lvn±��nslv[ ½ ~muzl,ns~ x _�~,jwp x uz_H{�nIp x
ns~ x _�~ x _�~mdo¨YjYlmdo¨I_�{�nIuzl&«Ág]p�{�lvdfnspÄ·/Z []dku&^,_Kjwp�u�lv[�jwl�lv[]_ ½ ~muzl�ns~ x _�~ �È~v_Huzr�·�uz_H{�nIp x nI~ x _�~
	
½ p]dolv_ x doÉT_K~v_Kp�{�_ x _K~vdf¨YjYlmdo¨I_¯dku({�ns^,r�js~v_ x lvn�lv[�_�ifdfp]_Kjs~vdf¼�_ x�x _K~vdf¨YjYlvdf¨s_�{�nI^$r�gtlv_ x ¦(dolv[�lv[]_
½ ~�u�l�nI~ x _K~��Á~m_KuvrÄ·Euz_H{�nsp x nI~ x _K~ 	�um{�[]_�^,_I·

Ó�Ó ï�g9h6i!j!k
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f.do~�uzl���~ x _K~(¿�À
Z do^,_�bBlv_Kr �3nBu�l �3nIuzl(�s~�j x ·
�]·ã� �]· �w`B� Ç · �I�s�
�]· Ç �]· Z �I� Ç · = Ç =
�]· � X �]· � X � Ç · �s�s`
�]· � Ç Ç · �I�s� �t· �s� Ç

be_H{�nIp x ��~ x _K~�¿�À
Z do^,_�bBlv_Kr �3nBu�l �3nIuzl(�s~�j x ·
�]·ã� Ç · � ÇIÇ �t· � Ç �
�]· Ç Ç · �w` = �t·ã�w�s`
�]· � X Ç · � Ç = �t· Ç �I�
�]· � Ç Ç · Ç;X � �t· �s� Ç

Z.jw��io_ X Æ(�3nBu�l¯«Ág]p�{�lmdonIp©jwp x {�nIuzl�«Ág]p�{�lvdfnsp<�I~mj x df_�pBl(«Áns~¯lv[]_ ½ ~muzl�jsp x uz_H{�nIp x ns~ x _�~�¿�jw�I~mjsp]�s_�
À-jsio_K~vµedfp�^,_�lv[]n x


 f]nI~Elv[]dku�lm_KuzlK¥Ilv[]_�{�[�js~mjI{�lm_�~mdfuzlvdk{§r�jYlv[�{�ns^,r]gtl�jYlvdfnsp,¦ jsu�rT_�~v«Áns~m^,_ x g�uvdop]��lm[]_¯uvg]�t£{�yt{�ifdop��
��js{�µBlm~mjI{�µBdfp]�(uzlv~�jYlv_K�syI·�Ã�p]ifdfµs_Elm[]_3j x jwrtl�jYlmdo¨I_E��js{�µBlv~�js{�µedfp]��¥�lv[]dku.jwif�sns~mdolv[]^Å~v_H¶Ig�do~m_Ku#lm[�jYl
¦3_$r]~mnY¨ed x _$j�uvr]ifd®lvlvdfp]��r�jw~�jw^,_�lm_�~�lvn/nsg]~-{�n x _I·�Ã�pt«ÁnI~zlmg]p�jYlm_�ifys¥Tlv[�_$nIrtlvdf^�jwi�r�js~mjs^$_�lv_K~
{�jsp]p]nwl(�T_�{�nI^$r�gtlv_ x j$r]~mdfns~mdÄjwp x d®l�^�jªy¾�T_&_KjIuzdfify¾g]p x _K~(ns~(nY¨I_�~m_Kuzlvdf^,jwlv_ x ·

Â±_�uv[�jwifi5p]nY¦ x _�¨s_KionIr�lm[]_�l�¦3n,ikjsuzl(r�nIdopBlmuK·

� BÈ�Y����  A Ð³� Ë ¡ Ï A Ð Ï �YÐ Ë ��¡ Ï � c� t��BÈ� Ï A Z []_-l�jw�]if_ X �sdf¨s_Hu�lv[]_�{�nIuzl(jsp x {�nBu�l «Ág]p�{�lvdfnsp<�I~mjw
x do_KpIl3«Áns~3��nslv[ ½ ~muzl3jwp x uz_H{�nIp x ns~ x _�~�¿�ÀUum{�[]_�^,_HuO¦(dolv[�uv_�¨I_�~�jwi]lmdo^,_�u�lm_�r�uK·��ù«Ä¦3_�{�nsp�uzd x _�~§lv[]_
½ ~muzl�nI~ x _�~ ¿�À um{�[]_�^,_�¦(d®lm[

∆t = 0.001
�ÈZ.jw�Ä· = 	3jIu§nIg]~ ~v_�«Á_�~m_�p�{�_�uvnsifgtlvdfnsp�¥euv_�¨I_�~�jwi�«Èjs{�lmu�^�jªy

�T_&nsg]lvifdop]_ x Æ

 Z []_ ½ ~muzlhns~ x _K~�¿�js�s~�jwp]�I_��À-jwif_�~mµedop©um{�[]_K^$_/uz_K_�^�u&lmn©{�nIpe¨s_�~m�s_$lmnY¦�js~ x uhj<iodf^,d®l�jsu�lv[]_
lvdf^,_�u�lm_�r�u lm_�p x u lvnY¦ jw~ x ¼K_�~mn$jsp x lm[]_�~m_�«ÁnI~v_&uv_�_K^,u({�nsp�uvdku�lm_�pBl(dop/lvdf^,_s·


 Z []_�uv_K{�nsp x ns~ x _K~h¿�js�s~�jwp]�I_��À-jwif_�~mµBdfp�¦(dolv[ ∆t = 0.2
{�nIuzl&«Ág]p�{�lmdonIp�jwp x {�nIuzl&«Ág]p�{�lvdfnsp

�s~�j x df_�pBl(jw~m_�jsio~m_Kj x y¾j$¨s_K~vy��InBn x jwr]r]~mnª|tdo^�jwlvdfnsp�uvdfp�{�_-dol(jsio^,nBu�l(^�jYl�{�[]_Ku3lv[�_&~v_�«Á_�~m_�p�{�_
½ ~�u�l�nI~ x _K~(¿�À�um{�[]_K^$_&¨Yjsiog]_Hu�·


 �¯u ∆t
lv_Kp x u lmnY¦�js~ x ¼�_�~mn�¥Blm[]_�uz_H{�nIp x nI~ x _�~(¿�À uv{�[�_�^,_-��_K[�jª¨s_Hu3_K~v~�jYlmdf{KjwifioyI·

Z [�_ ½ ~�uzl�_�|er�ifjsp�jYlmdonIp�{�nIp�{�_K~vp]dfp]�hlv[]_-ikjsuzl�rTnsdfpBl�dku�lv[�jwl3«ÁnI~�lv[]_-uz_H{�nIp x nI~ x _K~�um{�[]_K^$_I¥edopquznI^,_
lmdo^,_(uzlv_�r�u�~�jwp��s_s¥Hlm[]_({�jw~�js{�lv_K~vdku�lmdf{O«Á_�_�l�~m_KjI{�[&lv[�_�_ x �s_Hu�ns«Tuvns^,_�^$_Huz[�_�if_�^,_�pBl�u�¥sjIuÄlm[]_ peg]^h�T_�~
ns«§uzg���u�lm_�r�u�dku x nsg]�]if_ x {�ns^,r�js~v_ x lvn�lv[]_ ½ ~�u�l�ns~ x _�~�uv{�[�_�^,_s· � nY¦�_�¨I_�~H¥]lm[]dfu�dku¯g�p]iodfµs_KioyI¥5uzdfp�{�_
lm[]_¯{�nIuzlE«Ág]p�{�lmdonIp�dfu§jwikuzn�uvg]�t��_H{�lv_ x lvnhjsp$df~m~v_K�sg]ikjw~��T_�[�jª¨edfns~H·�Z []_¯uv_K{�nsp x _�|er�ifjsp�jYlmdonIp�dkuO��jIuz_ x
g�r�nIp,lv[]_�{�nsp x d®lmdonIp�jwi�u�l�jw�]dfiodol�y$nw«5lv[�_¯¿�ÀUum{�[]_�^,_I·.��u§uzlmjYlm_ x �T_�«ÁnI~v_I¥I¦([]_Kp�dop�_�|]js{�l§dopBlm_��s~�jYlmdonIp
ns«¯lm[]_�~mdo�I[Il�[�jsp x uzd x _<dku,g�uz_ x ¥�lv[]_�¿�jw�I~mjsp]�s_�£À-jsio_K~vµedfp�uv{�[]_K^,_quvgtÉ#_�~�u$«Á~vnI^ g]p�{�nsp x d®lmdonIp�jwi
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be_H{�nIp x ��~ x _K~�¿�À
l uzr�iodol �3nBu�l �3nIuzl �I~mj x ·
X Ç · � Ç � �t· � Ç<Z
Ç � Ç · � ÇIÇ �t· � Ç �
�w� Ç · � Ç � �t· �s� =
= � Ç · � Ç � �t· �s� =

Z.jw��io_(�]ÆE�3nIuzl�«Ág]p�{�lmdonIp�jwp x d®l�uE�s~�j x do_KpIl.«Áns~�lm[]_�uv_K{�nIp x ns~ x _�~E¿�js�s~�jwp]�I_��À-jwif_�~mµedop&^,_�lm[]n x ¦(dolv[
¨Yjs~vdfnsg�u uvr]ifd®lvlvdfp]��r�jw~�jw^,_�lv_�~�u

dfp�uzlmjs�]doifdolvdf_Ku&«ÁnI~huvns^,_¾uzrT_K{�d ½ {�� f�¿³peg]^h�T_�~�u&~�jwp]�I_ �Èuv_�_ � =2= �3«Áns~hdfp�uzlmjsp�{�_ 	�·q�¯uhjq~m_Kuvg]iolK¥�«Áns~
lm[]dku§~�jwp]�I_�nw«E� f.¿©peg]^h�T_�~�u�¥enBuv{�doififjwlvdfnsp�u§^�jªy$jsr]r�_Hjw~ jwp x r]~vn x g�{�_¯peg]^,_K~vdk{�jsi�rTnsifiogtlmdonIp�dfp�uvd x _
lm[]_�{�nI^,r]gtlmjwlvdfnsp/nw«�lv[]_�{�nIuzl�«Ág�p�{�lmdonIp�jwp x d®l�u(�s~�j x do_KpIlH·
f.dfp�jwififys¥tdol dku {�nI^$^,nIp]ioy¾j x ^,d®lvlv_ x lm[�jYl lv[�_-¿.À�um{�[]_�^,_�dfu p�nwl _��¾{�df_�pBl(¦([]_�p/g�uvdop��$uv^�jwifi�lmdo^,_
uzlv_Kr�u �?uz_K_ � ��� 	Ouvdop�{�_�peg]^,_�~mdf{Kjwi]_K~v~mns~�uEjwr�r�_Hjw~§¦([�_�p,lv[�_�{�[�js~mjI{�lv_K~vdkuzlvdk{�u�r�jwlv[¾dkuElmnBn�uz[]nI~zlH·.Z [�dfu
^�jªy,_�|tr]ikjwdfp¾lm[]_-ifjs~v�I_¯¨Yjwifg]_Hu3ns«Älv[�_-{�nIuzl3«Ág�p�{�lmdonIp�u ns�tl�jwdfp]_ x «Áns~�lv[�_�uv_K{�nsp x ns~ x _�~ ¿�À um{�[]_K^$_
¦(dolv[

∆t = 0.01
·.bedfp�{�_(¦�_(jw~m_ g�uzdfp]�-lm[]_�uzg��T{�ye{�iodfp]�-��jI{�µIlm~mjI{�µedop]��^,_�lv[�n x dfp,ns~ x _�~.lmn�{�ns^,r]g]lv_

lm[]_h{�[�js~mjI{�lm_�~mdfuzlvdk{�u r�jwlv[Ä¥�lv[]_�ifjwlzlm_�~�dkuvuvg]_�dku¯{�~vg�{�dkjwi>·�Z []_hifjI{�µ�nw«Oj,r]~mdfns~mdÄ~vg�io_h{�nsp�{�_�~mp]dfp]�,lv[]_
¨Yjsiog]_&ns«�lv[]_huvr]ifd®lvlvdfp]�¾r�js~mjs^,_�lv_K~(io_Hj x u�g�u lvn�r�_K~z«ÁnI~v^ j,r�jw~�jw^,_�lm_�~�uv_�p�uvdolvdf¨Bdol�y�jsp�jwifytuzdku(dfpqlv[]_
p�_�|el�r�jw~�jw�I~mjsr][Ä·

e � D��4[ ?6A ��
 Ë A ¡ Ë©Ï$S �;E Ë ��c�(�BÈ����B A�F c� t�Y �� Ë � Ë �
� � Ï �( Ë � �K�K t� Ë � Ë A � �¯uhu�l�jYlv_ x ��_�«Áns~m_s¥Älm[]_¾jwif�snI~vdolv[�^ g�uz_ x lvn�{�nI^,r]gtlv_,�Tnwlm[�lm[]_�uzlv_Hj x y
uzlmjwlv_�´�nY¦ jsp x lm[]_�ifdop]_Hjw~mdo¼K_ x ´�nY¦�¦ jsu�lv[]_�uvg]�#{�yt{�ifdop��/��js{�µBlv~�js{�µedfp]�¾^,_�lm[]n x ·�Z []dfu�^,_�lm[]n x ¥
[�nY¦3_K¨s_�~,^,ns~m_<js{K{�g]~�jYlm_�lm[�jwpºlv[�_�dop�d®lmdfjsi�^,_�lv[�n x «ÁnI~�ifjs~v�I_/lvdf^$_�uzlv_Kr�uK¥3~m_K¶Bg]df~v_Hu�j�uzr�iodolzlmdop]�
r�jw~�jw^,_�lm_�~ ¦([]dk{�[q{Kjwp]p�nwl(��_ x _ x g�{�_ x j$r]~mdonI~vdÄjsp x ^�jªy¾��_&_Hjsuvdoify¾g]p x _�~�nI~(nY¨s_K~zù_Kuzlvdf^�jYlv_ x ·��ù«
lm[]_�uvr]iodolzlmdop��¾r�jw~�jw^,_�lv_�~ dku(g]p x _�~v>_Hu�lmdo^�jYlm_ x ¥]lv[]_h{�[�jw~�js{�lm_�~mdfuzlvdk{�u3r�jwlv[qlv~�js{�µedfp]�$r]~vnt{�_ x g]~m_&{�jsp
r�~vn x g�{�_�j�ifjs~v�I_hpeg]^���_K~�ns«3{�_Kioiku3��g]^,r±jwl�nIp�{�_I¥5dop�{�~m_Kjsuvdfp]�¾�eyqlv[]_,¦ jªy/lv[]_ x doÉTg�uvdf¨Bdol�y<nw«3lv[]_
um{�[]_K^$_I·
��p�lv[�_&nwlv[�_�~([�jsp x ¥tnY¨s_K~zù_Kuzlvdf^�jYlmdop]�hlv[]dku(r�js~mjs^,_�lv_K~ ¦(doifi x ~�jsuzlvdk{�jsioify�dop�{�~m_Kjsuv_�lv[]_�{�[�js~mjI{�lm_�~mdfuz
lmdf{Ku�lvdf^$_,{�nI^,r]gtlmjwlvdfnsp©jIu¯¦�_�ifi�jsu�pBg�^$_K~vdk{�jsi�_K~v~mns~�uK¥�uvdop�{�_$j�{�[�jw~�js{�lv_K~vdku�lmdf{huzrT_�_ x p]_�_ x u�lvn/��_
dfpBlv_K~vrTnsikjYlm_ x jwl�_K¨s_K~vy<uvg]�±uzlv_Kr�ns«Olv[�_,um{�[]_K^$_I·�Â³[�jwlmuv^$nI~v_I¥5ifjs~v�I_�uvr]ifd®lvlvdfp]�qr�jw~�jw^,_�lm_�~�u¯^�jªy
jsifuvn<dfp�{�~m_KjIuz_,lm[]_�r]~mns��jw�]dfiodol�y�lmn�~m_Kjs{�[�j<^,_Huz[�_Kio_K^,_�pBlh�Tnsg]p x jw~mys¥�lv[eg�u�~vg]dfp]dfp]� x _K~vdf¨Yjw�]dfifd®l�y
uvdfp�{�_-¦�_-js~v_-g�uvdfp]��j

P1
½ p]dolv_&_�if_�^,_KpIl�^,_�lv[]n x ·

Q c�(�BÁ�K��B A�F c. ]�ª  � Ë � Ë � Ë�� ¡2B Ë A ¡ Ì �£p�ns~ x _�~�lmn&doififg�u�lm~mjwlv_�lv[�_ x d ��{�g]iolvdf_Ku x _Kum{�~mdo�T_ x jw�TnY¨s_I¥Y¦3_
x _K{�d x _�lmn©{�[]_H{�µ©lm[]_��I~mj x do_KpBlh{�nsp�uzdku�lm_�p�{�y©g�uvdfp]��¨Yjw~mdonIg�u�uvr]ifd®lvlvdfp]�©r�js~mjs^,_�lv_K~muK· f.do��· Ç �<jwp x
Z.jw��· Z �Ido¨I_-lv[]_h�s~�j x df_�pBl¯{�nIp�uvdfuzlv_Kp�{�y��s~�jwr][<jwp x lm[]_�{�ns^,r]gtl�jYlmdonIp�lmdo^,_&«ÁnI~�lm[]_huv_K{�nIp x ns~ x _�~
¿�jw�I~mjsp]�s_�£À-jsio_K~vµedfp�^$_�lv[]n x ¦(dolv[

∆t = 0.2
g�uvdop��$¨Yjs~vdfnsg�u(uvr]ifd®lvlvdfp]��r�js~mjs^$_�lv_K~muK·
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Ç _�£�s�

Ç _�£� X

�]· �s�I� Ç

��· �I� Ç

�]· � Ç

�]· Ç

Ç

Ç �

Ç _�£�s� Ç _�£�s� Ç _�ù� Z Ç _�ù�I� Ç _�£� X �]· �s�I� Ç �]· �s� Ç �]· � Ç ��· Ç Ç

ifuvr]ifd®l���� Xifuvr]ifd®l�� Ç �ifuvr]ifd®l�� Ç;Xifuvr]ifd®l�� = �
J
(ρ

+
δρ

)
−

J
(ρ

)

δρ
−
∇

J
(ρ

)

δρ

f.df�sg]~m_ Ç �]ÆOber�iodolzlmdop]��r�jw~�jw^,_�lm_�~ _��¾{�df_�p�{�y�«ÁnI~ lv[]_�uv_K{�nsp x ns~ x _�~(¿.À um{�[]_�^,_-¦(dolv[
∆t = 0.2

be_H{�nIp x ��~ x _K~�¿�À
l uzr�iodol Z�nwlK·OZ df^,_ �3[�js~K·EZ df^$_ � ��_KuK·�Z df^,_
X �s�s� �s� `s` �s�
Ç � = �s� Ç;X � X � � Ç
�w� = �s� �Y`I� �s� �s�
= � ` X � = ` Z Z�X �s�

Z.jw��io_ Z Æ��3ns^,r]gtl�jYlmdonIp-lvdf^$_O«Áns~Älm[]_§uv_K{�nsp x nI~ x _K~Ä¿�Àºum{�[]_�^,_O¦(dolv[�¨Yjs~vdfnsg�u5uvr]ifd®lvlvdfp]�¯r�jw~�jw^,_�lm_�~�u
�
∆t = 0.2

	

be_H{�nIp x ��~ x _K~�¿�À
l uzr�iodol �3nBu�l �3nIuzl �I~mj x ·
� Ç Ç · � Ç<X �t· Ç �I�
� X Ç · � Ç = �t· Ç<ZeÇ
Ç � Ç · � Ç = �t· Ç �s�
�w� Ç · � Ç ` �t· Ç �s�

Z.jw��io_(�]ÆE�3nIuzl�«Ág]p�{�lmdonIp�jwp x d®l�uE�s~�j x do_KpIl.«Áns~�lm[]_�uv_K{�nIp x ns~ x _�~E¿�js�s~�jwp]�I_��À-jwif_�~mµedop&^,_�lm[]n x ¦(dolv[
¨Yjs~vdfnsg�u uvr]ifd®lvlvdfp]��r�jw~�jw^,_�lv_�~�u �

∆t = 0.05
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Ç _�£�s�

Ç _�£� X

�]· �s�I� Ç

��· �I� Ç

�]· � Ç

�]· Ç

Ç

Ç �

Ç _�£�s� Ç _�£�s� Ç _�ù� Z Ç _�ù�I� Ç _�£� X �]· �s�I� Ç �]· �s� Ç �]· � Ç ��· Ç Ç

ifuvr]ifd®l���� Çifuvr]ifd®l���� Xifuvr]ifd®l�� Ç �ifuvr]ifd®l�� �w�

δρ

J
(ρ

+
δρ

)
−

J
(ρ

)

δρ
−
∇

J
(ρ

)

f.do�Ig]~m_ Ç�Z ÆOber]ifdolzlvdfp]��r�js~mjs^,_�lv_K~ _��¾{�df_�p�{�y�«Áns~ lm[]_�uv_K{�nIp x ns~ x _�~(¿�À um{�[]_�^,_-¦(d®lm[
∆t = 0.05

f�~vnI^ Z.jw�Ä·E��jsp x f.do��· Ç �]¥I¦3_¯{Kjwp¾uv_�_(lm[�jYl�uz_�lzlvdfp]�
l uvr]ifd®l = 5

�sdf¨s_Hu�lv[]_¯¦3nI~muzlO~v_Huzg�i®l�u�¥BuzrT_K{�dfjsioify
«ÁnI~

10−6 ≤ δρ ≤ 10−3 ·���p�lv[]_${�nspBlm~mjs~vyI¥ l uvr]iodol = 20
jwp x

l uzr�iodol = 30
«Ág�~vp]dkuv[�uvdo^,dfifjs~¯¨Yjwifg]_KuK¥

uvifdo�I[Ilmioy&if_KumuEjs{K{�g]~�jYlm_Olm[�jwp$lv[�_�~m_�«Á_K~v_Kp�{�_ uvr]iodolzlmdop���r�jw~�jw^,_�lm_�~
l uzr�iodol = 10

«Áns~Euv^�jwifi
δρ
��gtl§uz[�nY¦

j,uvdo�Ip]d ½ {�jspIlmioy���_�lzlv_K~(��_K[�jª¨edonI~ «Áns~
δρ > 10−4 ·

f.dfp�jwififys¥#nsg]~�~m_�«Á_�~m_�p�{�_�uvr]ifd®lvlvdfp]�/r�jw~�jw^,_�lm_�~�dfu�{�if_Kjs~vifyqdop�jI{�{�g]~mjwlv_&«ÁnI~
δρ > 10−3 �]gtl&rT_�~v«Áns~m^,u�T_�lvlv_K~$�T_�ifnY¦ lv[�dfu$¨Yjwifg]_s·²��p�nwlv[�_�~�uzd x _�_�É#_K{�l,nw«�dop�{�~v_Hjsuvdop��<lv[]_/uzr�iodolzlmdop]�±r�js~mjs^$_�lv_K~hdkuhlm[�jYl

dolq¦(doifi&jwgtlmns^�jYlmdf{Kjwifioy�dfp�{�~m_KjIuz_<lm[]_²{�ns^,r]g]lmjYlmdonIp lmdo^,_s·��ù«�¦3_±ionenIµ�jwlqZ.jw��· Z ¥¯¦�_�{�io_Hjw~mioy
uv_�_,lm[]_�dfpt´�g]_Kp�{�_¾ns« j/ikjw~m�s_�uvr]iodolzlmdop���r�jw~�jw^,_�lv_�~-nY¨I_�~-lv[�_�nY¨s_�~�jwifiE{�nI^$r�gtlmjwlvdfnsp±lvdf^,_�Æ�¦([]dfio_
lm[]_h~m_KuvnsifgtlmdonIpqlvdf^$_$~m_�^�jwdfp�u(lm[]_,uvjs^$_I¥�«ÁnI~

l uvr]ifd®l > 20
lv[]_${�[�jw~�js{�lv_K~vdku�lmdf{Ku(r�jwlv[©{�ns^,r]gtl�jYlvdfnsp

~m_�r�~v_Huz_KpIl�u�g]r�lvn Z�X � nw«Olm[]_$lvnwl�jwiE{�nI^,r]gtlmjwlvdfnsp©lvdf^$_I¥5^�jwµedop���lm[]_�¦([�nsif_${�ns^,r]gtl�jYlvdfnsp�^,ns~m_
lm[�jwp�l�¦(df{�_�jsu¯_�|trT_�p�uvdo¨I_hjsu

l uzr�iodol = 5
{�jIuz_I· � _Kp�{�_I¥�ikjw~m�s_�uzr]dolzlmdop���r�js~mjs^$_�lv_K~mu�uv[]nIg]i x p]nwl���_

{�nsp�uvd x _�~m_ x ¥ejYl if_Kjsuzl§«ÁnI~�lv[]dku3lvdf^$_&uzlv_KrÄ·��£p f.do��· Ç<Z ¥e¦�_¯~�jwp�lm[]_&uvjs^,_�lv_Hu�l ¦(dolv[qj&lvdf^,_&u�lm_�r�uv_�l
lmn

0.05
jwp x ¦(d®lm[©¨Yjw~mdfnsg�u�uzr�iodolzlmdop]�/r�js~mjs^$_�lv_K~¯¨Yjwifg]_KuK·�Z []_,{�nBu�l�«Ág]p�{�lmdonIp©¨Yjwifg]_Hu�js~v_��sdf¨s_Kp�dop

Z.jw��·¯�]·¯��u¯�T_�«ÁnI~v_I¥�¦�_h{Kjwp�uv_�_�lm[�jYl�lv[]_K~v_�uz_K_�^�u�lmn¾�T_�jwp©nsrtlmdo^�jwi�¨Yjwifg]_�«ÁnI~
l uvr]iodol · '3g]l¯lv[�dfulmdo^,_I¥�jsu(lv[]_&lmdo^,_huzlv_Krqdfu�uv^�jwifio_K~K¥]lv[]dku�nIrtlvdf^�jwiÄr�js~mjs^,_�lv_K~�uz_K_�^�u lmn���_h{�ionBuz_-lmn Ç ��ÆElv[]_�{�nIuzlmu

¨Yjsiog]_Hu¯js~v_�jsio^,nIuzl¯d x _�pBlmdf{KjwiÄ«ÁnI~
l uvr]ifd®l = 10

jsp x
l uvr]iodol = 20

·(��p�nwlv[�_�~¯nI�e¨Bdfnsg�u(~v_K^�jw~mµ�dku�lm[�jYl
lm[]_q{�jsuv_¾¦(dolv[¬p]n�uvr]ifd®lvlvdfp]� x nB_Huhp�nwl�r�~vn x g�{�_��InBn x jsr]r]~mnª|tdo^�jYlmdonIp�u�uvdop�{�_¾lm[]_q{�nIuzl�«Ág]p�{�lvdfnsp
¨Yjsiog]_Hu(jw~m_-ns�e¨edonIg�uzify,lvnen,ikjw~m�s_�«Áns~ lv[�dfu(~�jwp��s_�nw«.lvdf^$_�uzlv_Kr�uK·

Ó�Ó ï�g9h6i!j!k
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be_H{�nIp x ��~ x _K~�¿�À
l uzr�iodol �3nBu�l �3nIuzl �I~mj x ·
Ç � Ç · Ç;X � �t· �s� Ç
� Ç Ç · Ç;X = �t· �s� =

Z.jw��io_���ÆE�3nBu�lE«Ág]p�{�lvdfnsp�jwp x dolmu§�s~�j x df_�pBl�«Áns~§lv[]_¯uv_K{�nsp x nI~ x _K~§¿�js�s~�jwp]�I_��À-jwif_�~mµedophum{�[]_K^$_(¦(dolv[
∆t = 0.01

� Ï A ¡!( 
.��B Ï A ��u�j$r�jw~vlvdkjwiÄ{�nsp�{�iog�uvdfnspÄ¥t¦�_&uz[�jsioi5rTnsdfpBl�nsgtl lm[]_-«ÁnsifionY¦(dfp]�,~m_�^�jw~mµtu�¥

 Z []_3uvg]�#{�yt{�ifdfp]�¯��jI{�µBlv~�js{�µedop���^,_�lv[]n x �T_�[�jª¨s_Ku�¦3_Kiois«Áns~�lv[]_�{�nI^$r�gtlmjwlvdfnsp�ns«Blm[]_�iodfp]_Kjs~vdf¼�_ x
u�l�jYlm_3«ÁnI~.lv[]_ x ~mdf¨s_�p${�jª¨edol�ys·�Z [�dfu.dkuEj��Inen x r�nIdopBlOuvdop�{�_§lm[]dku�´�nY¦�«Á_HjYlvg�~v_Hu.uvns^,_�p]nsp]>ifdop�_Kjw~
jsuvr�_H{�l�u�lv[�jwl(lv[]_&}�nsdkuv_�g]dfioif_�´�nY¦Å{�nsp ½ �sg]~�jYlmdonIp x ne_Ku p�nwl(lmjsµs_-dfpIlmn�js{�{�nsg]pBlH·


 Z []_huvg]�#{�yt{�ifdop�����js{�µBlv~�js{�µedfp]�h^,_�lv[]n x ~m_K¶Bg]df~v_Hu(jwpqnsrtlmdo^�jsi�uzr�iodolzlmdop]��r�jw~�jw^,_�lm_�~H·OÃ�pt«ÁnI~z
lvg]p�jYlv_Kioy�lv[]dku(r�js~mjs^,_�lv_K~({�jwp/p]nsl���_ x _�lv_K~v^,dfp]_ x j$r]~vdfns~md>·


 lv[]_�uv_K{�nsp x ns~ x _K~.¿.À um{�[]_�^,_�dfu§uzdf�sp]d ½ {KjwpBlvify�j���_�lzlv_K~Ojwr]r�~vnª|tdf^,jwlvdfnsp&lm[�jwp$lm[]_ ½ ~muzlEns~ x _�~
uv{�[�_�^,_�«Áns~(ikjw~m�s_�lvdf^,_�u�lm_�r�uK·

e � D�� a Q Ë ¡ Ï A Ð Ï �YÐ Ë � L N �H¡<E Ë � Ë   A Ð_B A � Ë F �Y t�;B Ï A � 
( Ë
' Ï �;B8V] t�;B Ï A � �£p�Z.jw�Ä· X ¥]¦�_�uvjª¦ lv[�jwlK¥]«ÁnI~

∆t = 0.01
¥elv[]_�uv_K{�nsp x nI~ x _K~�¿�js�s~�jwp]�I_��À-jwif_�~mµBdfp

um{�[]_K^$_ r]~mn x g�{�_KuOjs�]p]ns~m^�jwit{�nBu�lE«Ág�p�{�lmdonIp�uOjwp x �I~mj x df_�pBlmuK· '�gtlE«ÁnI~§jwifitlv[�_Kuv_ lv_KuzlmuK¥IjIu�¦3_�uzlmjwlv_ x
�T_�«ÁnI~v_I¥ªlv[]_({�ns^,r]gtl�jYlvdfnsp$¦ jsu�r�_K~z«ÁnI~v^,_ x ¦(d®lm[�j�{�nsp�uzlmjspIlEuvr]iodolzlmdop���r�jw~�jw^,_�lm_�~.nw« Ç �]·��¯«#{�nIg]~muv_s¥
jIu�¦�_���g�uzl�uzlmjwlv_ x dop©lv[]_�ifjwlzlm_�~�r�jw~�jw�I~mjsr][Ä¥�uvg�{�[©j¾uvr]ifd®lvlvdfp]�/r�jw~�jw^,_�lm_�~(«ÁnI~�uvg�{�[�j�uz^�jwifiÄlmdo^,_
uzlv_Kr�dku-ifdoµI_�ify<lvnqdfpIlm~vn x g�{�_,peg]^,_�~mdf{Kjwi�dop�u�l�jw�]dfiodolvdf_KuK· � _Kp�{�_I¥�¦�_ x _K{�d x _ x lmn/rT_�~v«Áns~m^ lm[]_¾uvjs^,_
lm_Kuzl3�]g]l�¦(dolv[/jhuvr]iodolzlmdop���r�js~mjs^,_�lv_K~

l ber]ifdol = 1
·�lv[�_�~m_Kuvg]iol3dku x dkuvr]ifjªyI_ x dfp�Z.jw�Ä·E��·.Z []_K~v_�dfu3p]n

x d®É#_�~m_�p�{�_-��_�l�¦3_K_�p�lv[]_-l�¦�n$lv_KuzlmuK¥elv[�_�{�nIuzl «Ág]p�{�lvdfnsp<jwp x dolmu �s~�j x do_KpIl �T_�dfp]��_K¶Bg�jsi5g]r�lmn
10−3 ·btdop�{�_�nI�e¨Bdfnsg�uzify/lv[]_,r]~mns�]if_�^ dku�p]nwl�lv[�_,uvr]ifd®lvlvdfp]�qr�jw~�jw^,_�lv_�~H¥Tlv[]_�¶Bg�j x ~mjwlvg]~m_�~mg]if_$uv[]nsg�i x ��_

lm[]_�{�jsg�uv_s¥]jsu uzlmjwlv_ x dfp/lv[]_&r�js~mjs�s~�jwr][��]·ã�t· = ·

?�A � Ë F �Y t�;B Ï A � 
( Ë B A ��
 Ë A ¡ Ë Z []_���jsuvdf{hd x _Hj�ns«Olv[�_${�[�js~mjI{�lm_�~mdfuzlvdk{�u¯^$_�lv[]n x dfu�lmn¾lvg�~vp�lv[]_
p�nsptùiodfp]_Hjw~Elm_�~m^ ∂

∂t
+u.∇

nIr�_K~mjwlvns~E_�|tr]~v_Huvuv_ x dfp¾¹Og]if_�~mdkjwp¾{�nenI~ x dfp�jwlv_KuOdopBlvn�j�¿�js�s~�jwp]�Idfjsphr�js~z
lmdf{�g]ikjw~ x _�~mdo¨Yjwlvdf¨s_ d

dt

· '�gtl�lm[]dku�dku�r�nBuvuvdf�]io_�nsp]ify<jwifnsp]��lv[]_,{�[�js~mjI{�lv_K~vdkuzlvdk{�u�{�g]~v¨I_KuK¥ x _ ½ p]_ x �ey
� Ç � 	�·.btg]��uv_K¶Bg]_�pBlmioyI¥Y¦([]_�p�dfpBlv_K�s~�jYlvdfp]�(lm[]_ ¿�À�um{�[]_�^,_§nY¨I_�~�lv[]_§lvdf^$_ uzlv_�r

∆t
¥Ynsp]_3^hg�uzl�r]~mnY¨ed x _

lm[]_-«Ánenwl¯ns«�lm[]_h{�[�js~mjI{�lm_�~mdfuzlvdk{�u3dop<nI~ x _�~ lvn�dfpBlv_K�s~�jYlv_�lm[]_�~mdo�I[Il([�jsp x uzd x _I·3Ã�p]«Áns~vlvg]p�jwlv_KioyI¥]lv[�dfu
«Ánensl x ne_Hu¯p]nsl��T_�ifnsp���¥#dop��s_Kp]_�~�jwi>¥�lmn�lm[]_ x dfum{�~m_�lm_�uvr�js{�_�jsp x lm[]_�~m_�«ÁnI~v_�^�g�uzl��T_,dopBlv_K~vrTnsikjYlm_ x ·
Z [�dfu�¦([]nIio_�r]~mnt{�_ x g]~v_�~m_Kuvg]i®l�u.dop,jwp$dop�_�|]js{�l.dfpBlv_��I~mjwlvdfnsp�nw«�lm[]_ ~vdf�s[Bl�[�jwp x uvd x _3�eyhj-¶Bg�j x ~mjwlvg]~m_
dfpBlv_K�s~�jYlvdfnsp±~mg]io_I¥�jsp x lv[]_¾g�p�{�nIp x dolvdfnsp�jsi§u�l�jw�]dfifd®l�y�dfu&ifnIuzlK·�¹O¨s_Kp�¦3nI~muv_s¥�~mjsp]�s_Hu-nw«�lvdf^$_�u�lm_�r�u
jsr]rT_Kjw~(¦([�_�~m_�lm[]_�um{�[]_�^,_&dku(g]p�uzlmjs�]io_I¥]_KuvrT_K{�dkjwifify¾¦([]_�p/lm[]_&lvdf^,_�u�lm_�rqdku�uz^�jsioi>·	'�gtl¯jsu(uzlmjwlv_ x
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f.do~�uzl���~ x _K~(¿�À
À-jwg�umu r�nIdopBl�u �3nBu�l �3nIuzl(�s~�j x ·
� Z rtlmu Ç · � = � �t· Ç = X
Ç ��rtlmu Ç · �s�s` �t· �s� X

be_H{�nIp x ��~ x _K~�¿�À
À-jwg�umu r�nIdopBl�u �3nBu�l �3nIuzl��s~�j x
� Z rtlmu Ç · Ç;X = �t· �s� =
Ç ��rtlmu Ç · �s�B� �t· Ç ='=

Z.jw��io_ Ç ��Æ��3nIuzl�jsp x {�nIuzl�«Ág]p�{�lvdfnsp±�s~�j x do_KpIl�«Áns~�lv[]_�uv_K{�nsp x nI~ x _�~-¿�jw�I~mjsp]�s_�£À-jsio_K~vµedfp/um{�[]_K^$_
¦(dolv[

∆t = 0.01
«Áns~(�Tnwlm[ Z jsp x Ç �hr�nIdopBlmu¯¶Ig�j x ~�jYlmg]~v_

½ ~�uzl¯��~ x _K~�¿�À
À-jsg�uvu rTnsdfpBlmu Z�nslK·�lvdf^,_ �3[�js~K·.lmdo^,_ �

� Z rtl�u �w� X � Ç ` X2X = �
Ç ��rtl�u X � = � �w� Ç � X �

be_H{�nIp x ��~ x _K~�¿�À
À-jsg�uvu rTnsdfpBlmu Z�nslK·�lvdf^,_ �3[�js~K·.lmdo^,_ �

� Z rtl�u X � XtÇ �w�s` Z X `
Ç ��rtl�u Z ` Z2Z X �I�w` �I�

Z.jw��io_ ÇsÇ Æ3�3ns^,r]gtl�jYlmdonIp�lmdo^,_-«ÁnI~(lv[]_ ½ ~muzl¯jwp x uv_K{�nsp x ns~ x _�~�¿�jw�I~mjsp]�s_�£À-jsio_K~vµedfp¾uv{�[]_K^,_�¦(dolv[
∆t = 0.01

«Áns~(�Tnwlm[ Z jsp x Ç ��r�nIdopBl�u�¶Bg�j x ~�jYlmg]~m_

dfp
[
=2=

]
jsp x

[
Ç;X

]
¥#dop�{�~v_Hjsuvdop���lv[]_�peg]^h�T_�~�nw«§dfpBlv_K�s~�jYlvdfnspqrTnsdfpBlmu�~v_ x g�{�_Ku(lm[]_Kuv_hdfp�uzlmjs�]doifdolvdf_KuK·-ben

«Èjs~K¥#lm[]_�dfpIlm_��I~mjwlvdfnsp�~mg]if_$¦�_$g�uz_ x ¦ jsu-j Z ùrTnsdfpIl�À-jwg�uvu�~mg]io_I·$¿�_�l&g�u-p]nY¦ {�nsp�uzd x _�~�lm[]_¾uvjs^,_
lm_KuzlK¥Ä��gtl&¦(d®lm[±j Ç �Y>rTnsdfpBl-À-jsg�uvu�~mg]if_s·�Z.jw��· Ç �¾�sdf¨s_Hu�lv[]_�{�nBu�l�«Ág]p�{�lvdfnsp�jwp x dolmu-�s~�j x do_KpIl�«Áns~
∆t = 0.01

·.Z [�_�uzr]ifdolzlvdfp]��r�js~mjs^,_�lv_K~ ¦�jIu�uv_�l(lmn
lsplit = 1

·
�3if_Kjw~mifys¥]lm[]_hg�uz_�nw«Oj¾^,ns~m_hjI{�{�g�~mjwlv_&dfpIlm_��I~mjwlvdfnsp<¶Bg�j x ~�jYlmg]~m_&~v_ x g�{�_Hu(lm[]_hdfp�uzlmjw��doifd®lmdo_Hu¯ns«Elv[]_
uv_K{�nsp x ns~ x _�~�¿�jw�I~mjsp]�s_�£À-jsio_K~vµedfp�dfp�{�nspY��g�p�{�lmdonIp�¦(d®lm[�uv^�jwifi�lmdo^,_�u�lm_�r�uK· � nY¦�_�¨s_K~K¥�lv[�_${�nsg]pt
lm_�~mr�jw~vl(dfu¯jwpqdop�{�~m_Kjsuv_-nw«.lv[]_�{�ns^,r]g]lmjYlmdonIp�lmdo^,_hjIu x dkuzr�ifjªyI_ x dop<Z.jw�Ä· ÇIÇ ÆElv[�_�{�[�jw~�js{�lv_�~mdku�lmdf{Ku
{�ns^,r]gtl�jYlmdonIp�lmdo^,_&dku(jwif^$nBu�l x nIg]�]if_ x «Áns~(�Tnwlm[ ½ ~muzl�jwp x uv_K{�nsp x ns~ x _�~(jsio�Ins~md®lm[]^q·
��_K¨s_�~vlv[�_�if_Kumu�¥�¦([]_�p�j Ç ��À-jwg�umu�rTnsdfpBl¯dfpIlm_��I~mjwlvdfnspqdfu�g�uv_ x ¥�lv[]_${�nBu�l¯¨Yjsiog]_Hu¯uv_�_K^ lmn¾��_�^,ns~m_
¦(dolv[�dop�lv[]_-~�jwp]�I_¯ns«�_KjI{�[�¿.À uv{�[�_�^,_-ns~ x _�~H·�Â±_&{�jsp¾lv[�_�~m_�«Áns~m_-{�nsp�{�ifg x _�lv[�jwl�lm[]_-^,ns~m_-À-jsg�uvu
rTnsdfpBl�yInsg�g�uz_I¥#lv[]_$��_�lzlm_�~�lv[]_,jwr�r]~vnª|tdf^�jYlvdfnsp<dkuK·�Z []dfu�^�jªyqp]nwl-�T_�_KpIlmdo~m_�ify/lv~mg]_,uzdfp�{�_$~mdfuvdop��
lm[]_¾peg]^���_K~hnw«(dfpBlv_��I~mjwlvdfnsp²rTnsdfpIl�uhjsifuvn<dop�{�~m_Kjsuv_Ku&lv[]_�pBg�^h�T_�~�ns«¯{�[�jw~�js{�lv_�~mdku�lmdf{Ku�r�jYlv[�u&lvn���_
{�ns^,r]gtlm_ x ¥�[]_�p�{�_,~vdkuvdop]��lv[�_�n x�x u�lvnq~m_Kjs{�[©lv[]_�_ x �s_,ns«�jwp±_�if_�^,_KpIl�¦([�_�~m_hlm[]_¾��b�_K¶Bg�jwlvdfnsp�u
js~v_�p]nsl x _�~mdo¨Yjs�]io_�«ÁnI~

P1
½ p]dolv_&_Kio_K^$_KpBl({�ifjIuvuK·

� Ï A ¡!( 
.��B Ï A f�ns~ lv[�jYl�~m_Kjsuvnsp�¥B¦�_-^�jªy�{�nIp�{�ifg x _&jsu�«ÁnIioifnY¦&Æ
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 Z []_�uv_K{�nIp x ns~ x _�~(¿�À um{�[]_�^,_-dfu ¨I_�~my¾g]p�uzlmjs�]if_�¦([�_�p<uz^�jsioi#lmdo^,_�uzlv_�r�u(jw~m_�g�uz_ x ·

 ��jwµedfp]��lm[]_&uz_H{�nIp x ns~ x _K~�um{�[]_�^,_�u�l�jw�]if_�~m_K¶Bg]df~m_KuElm[�jYl ¦�_�g�uv_�^$nI~v_-À-jwg�umu3r�nIdopBl�«Áns~�lv[]_
~vdf�s[Bl([�jsp x uzd x _-dopBlm_��s~�jYlmdonIpÄ¥e^�jwµedop���lm[]_&nY¨s_K~mjsioi#jwif�snI~vdolv[�^0¨s_K~vy�_�|erT_�p�uzdf¨s_I·


 Z []_ ½ ~�u�lOnI~ x _�~O¿�ÀÅum{�[]_�^,_ dfuOio_HuvuEg�p�u�l�jw�]if_ lv[�jwp$lv[]_�uv_K{�nsp x ns~ x _K~Ouv{�[]_K^,_3«ÁnI~§uv^,jsioielmdo^,_
u�lm_�r�uK·


 f]nI~�uv^,jsioislvdf^,_§u�lm_�r�uK¥ª��nslv[ ½ ~muzl�ns~ x _K~Äjwp x uv_K{�nsp x nI~ x _K~�um{�[]_�^,_KuÄ¦([]_�phuzlmjs�]dfiodf¼�_ x r�_K~z«ÁnI~v^
jwif^,nIuzl�lm[]_�umjw^,_-¦�jªyI·

� � ��	�1 �.�(9/+�§�����h� 	&����+/��9 	
�.�&��	-�����/1 ��,������9/� �

�£pºlm[]dfu�uz_H{�lmdonIpÄ¥3¦�_�uv[�jwifi�jwr]r�ioy¬nsg]~¾nIrtlvdf^�jwi�{�nspBlv~mnsi�uzlv~�jYlm_��sy¤dop�ns~ x _K~,lvn�~m_ x g�{�_qlv[]_ x ~mjs�
dfp x g�{�_ x �ey�j/´�g]d x ´�nY¦ jw~mnsg�p x jq~mnwl�jYlmdop]�<{�yBifdfp x _�~H·�Z []_¾{�nspBlv~mnsiEr�jw~�jw^,_�lm_�~-dfu&lv[]_�jsp]�sg�ifjs~
¨I_�ifnt{�dol�y�nw«¯lm[]_�{�yeifdop x _�~$lv[�jYl¾¦(dfioi(�T_�{�nIp�uzd x _K~v_ x _�dolv[�_�~¾{�nIp�uzlmjwpBl,ns~,lmdo^,_� x _Kr�_Kp x _�pBlH·�Z [�dfu
r�~vnI�]io_K^�[�jIuE��_K_�p,dfpB¨I_Kuzlvdf�Ijwlv_ x r]~m_�¨edfnsg�uvioyh�By�^�jwpeyhjwg]lv[]nI~muK¥wnsp$lm[]_(_�|trT_�~mdo^,_�pBl�jwi�jsp x pBg�^$_K~z
dk{�jsiÄrTnsdfpIl�ns«.¨edf_�¦&¥�¦3_&~m_�«Á_K~ lvn �ã�w����jwp x �ã�w����«Áns~�j�{�nI^,r]io_�lv_&~m_�¨edf_�¦Qnsp/lv[]dku¯uvg]�t��_H{�lH· ��g]~(�InIjwi
dku p]nsl(lvn�df^$r�~vnY¨I_�_Hjw~miodf_�~ ~m_Kuvg]i®l�u�¥t��gtl(lv~my¾lmn$¨Yjsiod x jYlm_&nsg]~(nIrtlvdf^,do¼HjYlmdonIp/uzlv~�jYlm_��sy���jsuv_ x nsp/lv[]_
¿�jw�I~mjsp]�s_�£À-jsio_K~vµedfp$um{�[]_�^,_�«Áns~�lv[�_-��jª¨edo_K~z�bBlvnIµs_Hu§uvyeuzlv_K^0jwp x j,¶Ig�jsuvd®£��_K¦ lvnsp�dfjsp¾^,_�lv[�n x «Áns~
lm[]_&nsr]lvdf^$df¼Kjwlvdfnsp/r]~mne{�_ x g�~v_I·

� ��� ���	��
 � � � ���"�
� � % � � % 
 
"�����

Â±_3{�nsp�uvd x _�~�jsp&dop�{�ns^,r]~m_Kumuvdo�]if_O�¯jª¨edf_�~v£belvnsµI_KuT´�nY¦�js~vnIg]p x j�{�df~�{�g]ikjw~�{�yeiodfp x _K~�nw«]~�j x dog�u
a = 0.5�?uz_K_Tf.df��· Ç � 	�·�Z [�_�´�g�d x dfu,jIuvuvg]^,_ x lmn��T_qj©¨edkuv{�nsg�u�dop�{�ns^,r]~m_Kumuvdo�]if_�p�_�¦ lvnIp]dkjwp�´�g]d x ·��ùlmu

_K¨snIiogtlmdonIp²dfu x _Kum{�~mdo�T_ x �ey±d®l�u�¨I_�ifne{�d®l�y
u
jsp x d®l�uhr�~v_Huvuvg]~m_

p
·<Z []_�{�nIg]r]if_

(u, p)
uvjwlvdku ½ _Ku&lm[]_

{�ifjIuvuvdk{�jwi5��jª¨Bdf_�~v�bBlvnIµs_Ku3_K¶Bg�jwlvdfnsp�u ¦(~mdolzlv_Kp�dfpqp]nsp]ù{�nsp�uv_�~m¨YjYlvdf¨s_¯«Áns~m^ Æ






























∂tu +∇u · u− ν∆u +∇p = 0, Ω× (0, T )
div(u) = 0, Ω× (0, T )
u = g, Γcyl × (0, T )
σ(u, p) · n = 0, Γout × (0, T )
u = u∞, Γin × (0, T )
u(t = 0) = u0, Ω

� Z � 	

¦([�_�~m_
ν
u�l�jwp x uE«Áns~Elm[]_�µedop�_�^�jYlmdf{ ¨edkuv{�nIuvd®l�yhjsp x

u∞
dkuElm[]_ «Èjw~ ½ _�i x ¨s_Kiont{�d®l�y ½ _�i x ·EZ []_¯¶Bg�jwpBlmd®l�y

σ(u, p) = −p I+ν(∇u + ∇T u)
uzlmjsp x uh«Áns~$lv[�_�´�g]d x u�lm~v_Huvuhlv_Kp�uvns~,dop�uzd x _

Ω
¥§¦(d®lm[

(∇u)ij =
∂jui = ui,j

·
Â±_&jsumuzg�^$_¯lv[]_-¨I_�ifne{�d®l�y

g
lvn,�T_¯l�jwp]�I_�pBl�lvn$lv[]_-{�yeifdop x jw~H¥e¦3_ x _ ½ p]_�lv[]_�lmjsp]�s_KpIl ¨s_H{�lmns~3lvn$lv[]_

{�yeiodfp x _K~K¥
{

τ1(x, y) = −y,
τ2(x, y) = x,

� ZeÇ 	
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jsp x ¦�_quz_�l
g = ω(t) τ

¦(d®lm[
ω(t)

uzlmjsp x u�«Áns~$lv[�_qjs^,r]iodolvg x _�ns«¯lm[]_<jwp]�Ig]ifjs~�¨I_�ifnt{�dol�y±ns«¯lm[]_
{�yeiodfp x _K~K·
� _�p�{�_�lv[]_&r�js~mjs^,_�lv_K~ nw«E{�nspBlm~vnIiTdku([]_K~v_

ω(.) ∈ Uc

¥]¦([]_K~v_
Uc

¦(doifiÄ�T_ x _Kum{�~mdf��_ x ikjYlm_�~(nsp�·
Â±_ x _ ½ p]_-lv[�_-��_�yep]nsi x u peg]^���_K~¯jsu�«ÁnIioifnY¦�u�¥

Re =
2a|u∞|

µ

� Z � 	

Â±_�uv_�l
|u∞| = 1

jsp x
µ = 1

200

· � _Kp�{�_&¦�_&jw~m_�¦�ns~mµedop���¦(dolv[<j,�(_�yep]nIi x u pBg�^h�T_�~
Re = 200

·
Z [�_&belv~mnsg][�jsi5peg]^h�T_�~

Sa

dku x _ ½ p]_ x �ey

Sa =
2af

|u∞|

� Z = 	

¦([�_�~m_
f
u�l�jwp x u�«Áns~ lv[�_-«Á~v_H¶Ig�_�p�{�y¾nw«.lv[]_&¨Ins~vlv_�|�uz[]_ x]x dfp]��·

Â±_&¦�nsg]i x ifdfµs_�lvn�uvnsif¨s_�lv[]_-«ÁnIioifnY¦(dfp]��^,dfp]df^$df¼Kjwlvdfnspqr]~mns�]if_�^ Æ

min
ω∈Uad

J(u(ω), p(ω))
� Z ` 	

¦([�_�~m_
(u, p)

umjYlmdfu ½ _Hu&lv[�_��¯jª¨edf_�~v£bBlmnsµI_Ku&uvyeuzlv_K^ jsp x lv[]_/{�nBu�l�«Ág�p�{�lmdonIp � �ÈgÄ¥ r 	&^,_KjIuzg]~m_Ku&lv[]_
^,_Hjwpquv¶Bg�js~v_�nw«.lv[]_ x ~mjs�$js~vnIg]p x lv[]_�{�yBifdfp x _�~H¥td>· _

J(u, p) =

∫ T

0

∣

∣

∣

∣

∣

(

∫

ΓCyl

σ(u, p) · n dΓ

)

· e1

∣

∣

∣

∣

∣

2

dt
� Z2X 	

�£p/lm[]_&uz_H¶Ig�_�i>¥]¦3_-¦(dfioi�{�[]nenIuv_ x doÉ#_�~m_�pBl¯j x ^,dkuvuvdf�]io_&{�nspBlv~mnsi5uvr�js{�_Ku
Uc

nw« ½ p]d®lm_ x df^,_�p�uvdonIpÄ·

� � � ��! � % � � ! � ����� � % ��! � � �	����� !$���	� � ! � �	%������ � 
 	

C�� D���> � Ï A ��B A 
 Ï 
.� Ï c.��B �� �(O¡ Ï A �K� Ï (
Â±_�uv_�l

ω(t) = ρ · sin(2πSet)
·�Z [�_�¶Bg�jwpBlmd®lmdo_Hu

(ρ, Se)
uzlmjsp x «Áns~hlv[]_�«Áns~�{�dfp]�©js^$r�iodolvg x _�jwp x

«Á~m_K¶Bg]_Kp�{�y�r�jw~�jw^,_�lm_�~�u�·�Z []dku ^,_Kjwp�u�lv[�jwl�¦3_&uv_�lK¥
{

g1(x, y, t) = −ρ · sin(2πSet) y
g2(x, y, t) = ρ · sin(2πSet) x

� Z � 	

Â±_�jw~m_�dopBlv_K~v_Hu�lm_ x dop<uvnsif¨edop]�$lm[]_-«ÁnsifionY¦(dfp]�$^,dop]df^,do¼HjYlmdonIp/r�~vnI�]io_K^q¥

min
(ρ,Se)∈R

2
j(ρ, Se)

� Z2Z 	

¦([�_�~m_

j(ρ, Se) = J(u(ρ, Se), p(ρ, Se))
def
=

∫ T

0

∣

∣

∣

∣

∣

(

∫

ΓCyl

σ(u(ρ, Se), p(ρ, Se)) · n dΓ

)

· e1

∣

∣

∣

∣

∣

2

dt
� Z � 	
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�£p³nI~ x _�~H¥ lvn�rT_�~v«Áns~m^ jsp³nsrtlmdo^,df¼Kjwlvdfnsp³r]~mnt{�_ x g]~v_�jsu x _Kum{�~mdo�T_ x dfp uv_K{�lmdonIp � Ç 	�¥(¦�_�p]_�_ x lvn
{�ns^,r]gtlm_Olm[]_3�I~mj x df_�pBl�nw«�lv[]_ {�nBu�l�«Ág]p�{�lmdonIp

j(ρ, Se)
¦(dolv[�~v_HuzrT_K{�l�lvn�lv[�_ x _Huzdf�sph¨ªjs~vdkjw��io_Hu

(ρ, Se)
·

Z [�dfu �Ido¨I_KuK¥

< ∇j(ρ, Se), (δρ, δSe) >

= 2 ·

∫ T

0

[(

∫

ΓCyl

σ((u, p)(ρ, Se)) · n dΓ

)

· e1

]

·

[(

∫

ΓCyl

σ((z, q)(δρ, δSe)) · n dΓ

)

· e1

]

¦([�_�~m_
(z, q)(δρ, δSe) = Du

D(ρ,Se) (ρ, Se)·(δρ, δSe)
u�l�jwp x u�«ÁnI~�lm[]_ u�l�jYlv_ x _K~vdf¨YjYlvdf¨s_�¦(dolv[h~m_KuvrT_K{�l.lvn

lm[]_(r�js~mjs^$_�lv_K~mu
(ρ, Se)

dfp,lv[]_�rT_�~vlvg�~v��jwlvdfnsp x df~v_H{�lmdonIp
(δρ, δSe)

jsp x dfuOuvnsifgtlmdonIp$ns«�lm[]_(«ÁnIioifnY¦(dop��
ifdfp]_Kjs~vdf¼�_ x uvytu�lm_�^q¥



















































































∂tz +∇u · z +∇z · u− ν∆z +∇q = 0, Ω

div(z) = 0, Ω

z =

{

δρ sin(2πSct) τ
2πρδSe cos(2πSct)τ

, Γcyl

σ(z, q) · n = 0, Γout

z = 0, Γin

z(t = 0) = 0, Ω

� Z � 	

C�� D�� D U 
 � Ë ��BÈ¡I �( Ë�� c Ë ��B � Ë A �H�
��lElm[�jYl3r�nIdopBlK¥I¦3_�jsr]r]ify�lm[]_�peg]^,_�~mdf{Kjwi]uzlv~�jYlm_��sy x _Kum{�~mdo�T_ x dfp�uz_H{�lvdfnsp �È` 	.¦(dolv[,lv[�_�r�jw~�jw^,_�lv_�~�uK¥
dfp/lv[]_-«ÁnIioifnY¦(dfp]�hl�jw�]if_

Z df^,_ ber�js{�_
�3[�jw~�js{�lm_�~mdfuzlvdk{�nw«�ns~ x _�~�� (

P
1 ⊕ P

b(K)
)2

× P
1

x l
= 5.10−2 meas(Kh) ∈ [10−3, 10−1]

7
À-jwg�umu�r�nIdopBlmu

1363
¨s_�~vlvdk{�_Hu

2560
lv~mdkjwp]�Iio_Hu

Â±_$[�jª¨s_ ½ ~muzl-r�_K~z«ÁnI~v^,_ x j x df~m_K{�l-r�js~mjs^$_�lv_K~�jwp�jwifyeuvdku�¥#dfp©ns~ x _K~¯lmn/{�[�js~mjI{�lm_�~mdo¼K_&lv[]_,uv[�jwrT_�ns«
lm[]_-{�nIuzl§«Ág�p�{�lmdonIp�jwp x lv~�js{�µ,uznI^,_¯ifne{KjwiTnsrtlmdo^�g]^q·OZ []_ f.df��· Ç ��jwp x f�df��·O�s�huv[]nY¦ºlv[]_-{�nIpIlmnsg]~
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f.do�Ig]~v_ Ç �]Æ§�3ns^,r]gtl�jYlmdonIp�jwi5^,_Kuv[qjw~mnsg]p x lv[�_�{�yeiodfp x _K~

r�ionsl�ns«�lm[]_�{�nBu�l�«Ág]p�{�lvdfnsp�·��ùlO^�jªy��T_(_�^,r][�jIuzdf¼�_ x lm[�jYlElm[]_ «Ág]p�{�lvdfnsp�jsitdfu§jwr]r�js~v_KpBlvify�{�nspe¨I_�|hjwp x
{�ne_�~�{�df¨s_s¥5uvdop�{�_,d®l�u&uz[�jwrT_$dku&jwif^,nIuzl-{�ionBuz_�lvn<j/r�js~mjs��nIifj�·hZ []dku-^$_Hjwp�uK¥5lm[�jYl-lv[�_$nIrtlvdf^,do¼HjYlmdonIp
r�~vnt{�_ x g]~m_�uv[]nsg�i x «ÈjIu�l({�nIpe¨s_�~m�s_�lvn�lv[]_�nsrtlmdo^�g]^�rTnsdfpIlH¥t¦([]dk{�[�uv_�_�^�u§lvn$��_-g]p�df¶Bg]_I¥ejwl�if_KjIu�l dfp
lm[]_&~�jwp]�I_�ns«�nsg�~ x do~m_K{�l¯uz_Kp�uvd®lmdo¨edol�y�jwp�jsioytuvdfuK·
Â±_�«Ánsg]p x �ey�lm[]dku�uvdf^$r�io_-jwr]r�~vnBjs{�[¾j�^,dfp]df^hg]^0¨Yjsiog]_�jYl r�nIdopBl

(ρ = 4, Se = 0.9)
·�Â±_�{KjwifiTlv[]dku

rTnsdfpBl�lm[]_ x do~m_K{�l�nIrtlvdf^�jwi�¨Yjwifg]_s·-Â±_�[�jª¨I_�r]ifnwlvlv_ x dop5f.do��·&� Ç jsp x f.do��·��s�t¥Tlm[]_ x ~mjs��jwp x lv[]_
ifdo«Õl�_�¨snIiog]lvdfnsp�«Áns~-lv[�~v_K_ x d®É#_�~m_�pBlhuv_�lmu-ns«�r�jw~�jw^,_�lm_�~�u�Æ�lv[]_,g]p�{�nspBlm~vnIioif_ x {�jIuz_,r�js~mjs^$_�lv_K~muK¥#lv[]_
{Kjsuv_�ns«�js~v��d®lm~mjs~vy,r�js~mjs^$_�lv_K~mu jwp x lm[]_&nsp�_�«ÁnI~ lv[]_ x do~m_K{�l nIrtlvdf^�jwi5r�js~mjs^,_�lv_K~muK·
Â�_-{�jsp¾uz_K_�lv[�jYl nsg]~�{�nspBlm~vnIi�jYÉ#_K{�lmu3_��¾{�df_�pBlmioy,lm[]_ x ~�jw�h[]dfuzlvnI~vyI¥I¦(dolv[/j�~�jwr]d x¾x _H{�~m_KjIuz_(ns«Älv[]_
dfp�uzlmjspIl�jwp]_Knsg�u x ~�jw�,¨Yjwifg]_I·3��p�lm[]_�{�nIpIlm~mjs~vyI¥Blv[]_&ifd®«Õl�{�ne_ ½ {�do_KpBl dku(^�g�{�[�if_Kumu rT_�~vlvg]~m��_ x �By�lv[]_
~mnwl�jYlmdonIp�nw«.lv[�_�{�yeiodfp x _K~K· ��p]ioy�d®l�u «Á~v_H¶Bg]_�p�{�y¾dku�jYÉ#_K{�lv_ x �ey¾lm[]_-«Áns~�{�dfp]�,~mnwlmjwlvdfnspÄ·EZ []dku�{Kjwpq��_
_�|tr]ifjsdop�_ x �ey�lm[]_�«Èjs{�l�lm[�jYl lm[]_-^$_Hjwp�´�nY¦ dku�[]ns~mdo¼KnspBlmjsi5jwp x lv[]_-~mnwlmjwlvdfnsp�nw«�lm[]_&{�yeifdop x _�~ x ne_Ku
p�nwl(~v_Hjwifioy�r�_K~zlmg]~v��lv[�_-lv~�jwp�uv¨s_K~muv_¯´�nY¦&·
�¯_Kjs~ lv[]_ x do~m_K{�l�nsrtlmdo^�jwi5r�jw~�jw^,_�lm_�~�u�¥t¦�_�u�l�jw~vlv_ x jsp/nIrtlvdf^,do¼HjYlmdonIp/r�~vnt{�_ x g]~m_-g�uzdfp]�$lv[�_h¶Bg�jsuvd®
�¯_�¦ lmnsp ' f�À&bqjsio�Ins~md®lm[]^ x _Kum{�~mdo�T_ x dfp©uv_K{�lvdfnsp�`�·�Â�_h«Ánsg]p x jwp�nIrtlvdf^�jwi�¨ªjsiog�_�jYl�r�nIdopBl

(ρ =
3.986, Se = 0.942)

jw«Õlv_�~
15
dolv_�~�jYlmdonIp�u3¦(d®lm[/j$uz^�jsioi x _H{�~m_Kjsuv_¯ns«

0.15%
{�ns^,r�js~v_ x lvn�lv[]_ x df~m_K{�l

nIrtlvdf^�jwi(¨Yjwifg]_I·¬Z []_qnY¨s_K~mjsioi x ~�jw�±~v_ x g�{�lvdfnsp�{�ns^,r�js~v_ x lvn±lm[]_qg]p�{�nIpBlv~mnsifio_ x {�jIuz_/~m_�r]~m_Kuv_�pBlmu
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ρ

C
D

f�df�sg�~v_ Ç ��Æ = ¸�{�nspBlvnIg]~ r]ionsl�nw«�lv[]_�{�nIuzl�«Ág�p�{�lmdonIp
j(ρ, Se)

11.5%
nw«.lv[�_&g]p�{�nIpBlv~mnsifio_ x ^,_Kjsp x ~mjs��·

Â±_-[�jª¨s_�~v_Kr]~m_Kuv_�pBlv_ x lv[]_�´�nY¦�lmnsrTnsifns�Iy,«Áns~3lv[]_-g]p�{�nspBlv~mnsifif_ x {Kjsuv_�jsp x lm[]_-nsrtlmdo^�jwi5{�nspBlv~mnsifio_ x
{Kjsuv_<jYl¾j²�sdf¨s_Kp¤lmdo^,_

t = 10
dop_f.df��·Å� = jsp x f�df��·Q�Y`�·�Â±_©uv_�_/lv[�jwl�lv[]_�{�nspBlv~mnsi(_�ÉT_H{�l¾dku

lmn�uvg]r]r]~m_Kumu�nI~�jwl�if_Kjsuzl�¦�_Kjsµs_Kp�lm[]_/¨sns~vlv_�|±uv[]_ x�x dop��©r][]_Kp]ns^,_Kp]nspÄ·±Z []dku�uv[]nsg�i x [�jª¨s_¾�T_�_Kp
r�~v_ x df{�lv_ x ¥Ouzdfp�{�_�lm[]_�^,_Hjwp¤uvnsg]~�{�_�nw«�«Á~mdk{�lvdfnsp�«Áns~�{�_Ku�dku x g�_�lmn©lm[]_�¨Ins~vlv_�|²uv[]_ x�x dop��±jsioif_�y�jsu
~m_�rTns~vlv_ x �ey¾^�jspBy�_�|tr�_K~vdf^,_�pBlmu �ã�w���>·

� � � ��! � % � � ��% �	% �"!�� ��! � � �	����� �

�£p¤ns~ x _�~hlvn©_Kp]~mdf{�[�lm[]_�{�nspBlv~mnsi3r�jw~�jw^,_�lv_�~$uzr�js{�_I¥�¦3_/{�[]nIuv_�lvn x _Hjwi§¦(dolv[ºj©{�nspBlv~mnsi3¦([]df{�[¤dfu
¨Yjs~vdkjw�]if_&jsu�jspq[�jw~m^,nsp]dk{-uz_K~vdf_Ku ��jIuz_ x nsp/lv[]_-«ÁnI~m{�dop���bBlv~mnsg][�jwi5peg]^h�T_�~

Sopt = 0.942
«Ánsg]p x dop

lm[]_&r]~m_�¨edfnsg�u uv_K{�lmdonIpÄ¥td>· _

ω(t) =

N
∑

k=1

ρk · sin(2kπSoptt)

jIuO~m_�rTns~vlv_ x dop � �s���>· � _�p�{�_s¥Ilv[]_-{�nIpIlm~vnIi�r�js~mjs^,_�lv_K~mu§jw~m_(lv[]_¯«Èjw^,dfioy
{(ρk)}1≤k≤N

·.Â±_�r�_K~z«ÁnI~v^
lm[]_(nsr]lvdf^$df¼Kjwlvdfnsp$r]~mne{�_ x g�~v_�«Áns~

N = 3
·�Â±_ «Ánsg�p x lv[�jwlElv[]_(_�ÉT_H{�lOnw«#[]df�s[]_K~E[�jw~m^,nsp]dk{�u.dkuEp]_K�sifd®

�Ido��io_�jsu�uz[]nY¦(p�dfp f.df��·O� X ·('�gtl(uzlvdfioiTnsg]~ jwif�snI~vdolv[�^ rT_�~v«Áns~m^�u§¦�_�ifiTjsp x «ÁnIg]p x jsp¾nsr]lvdf^,jsi�¨Yjsiog]_
«ÁnI~-lv[]_,lm[]~m_�_,r�jw~�jw^,_�lv_�~�uK·$Z []_¾{�ns^,r]gtl�jYlmdonIp�u-~mjsp�nIp©lm[]~m_�_¾{�nI^,r]gtlv_K~mu-¦(dolv[±lm[]_¾uvjs^,_,{�iont{�µ
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f�df�sg�~v_��w��ÆO�w¸�{�nspBlvnIg]~ r]ionsl�nw«�lv[]_�{�nIuzl�«Ág�p�{�lmdonIp
j(ρ, Se)

uvrT_�_ x ¥tio_Hj x dfp]��lvn,jwp/_K¶Bg]df¨ªjsio_KpBl {�r]g�lmdo^,_&{�nI^,r�jw~m_ x lvn�lv[]_&{�jIuz_�¦(dolv[/nsp]ify�l�¦�n�r�js~mjs^,_�lv_K~muK·
Â±_ ½ p�jsioifys¥t~m_K{Kjwifi#lv[]_&^,_Hjwp x ~mjs��¨Yjsiog]_-«ÁnI~ lv[]_ x d®É#_�~m_�pBl(nsrtlmdo^,df¼Kjwlvdfnspqr]~mne{�_ x g�~v_Hu�¥

��jIuz_-nw«�u�lmg x y �<_Kjsp/¸�~�jw�
C̄Dg]p�{�nIpBlv~mnsifio_ x �]· �I� X'Z �

x do~m_K{�l(nsrtlmdo^�jwiÄ{�nspBlv~mnsi �]· � Ç �I�I� Ç;X
uzdfp]�sif_-[�jw~m^,nsp]dk{�nsrtlmdo^�jwiÄ{�nspBlv~mnsi �]· � Ç �I�s�s` X
= [�js~v^,nIp]df{Ku nsrtlmdo^�jsiÄ{�nspBlm~vnIi �]· � Ç�ZeÇ;X �

� � 9/�(�������q3	&������� ���º�Y	&��!��q�(��9�����+/�/9�	&���3���/9/���������/' �ª���h�
� +/��9 ����	�9/'0�����/��+	�
�±��9����('

�£p lv[]dkuquz_H{�lmdonIpÄ¥�¦�_±js~v_�dopBlv_K~v_Hu�lm_ x dfpÅjsp d x _�pBlvd ½ {KjYlvdfnspÅr]~mns�]if_�^ jw~mdkuzdfp]�¤dfp lm[]_²jw_�~mne_�ikjsuzlvdk{
uzlmjs�]dfiodol�y/jsp�jwifytuzdku(ns«�_KifjIu�lmdf{hu�lm~vg�{�lvg]~m_Ku¯dop�uzd x _hj,´�g]d x ´�nY¦ � = `��>·�Z [�_h�snBjwiÄdku(lmn�d x _�pBlmd®«Áy/dop]´�nY¦
¨I_�ifnt{�dol�y ½ _�i x u�«Á~vnI^ lm[]_qµep]nY¦(p]if_ x �I_¾nw«�´�g]d x ifnIj x u&lvdf^,_q[]dfuzlvnI~vy²nIp¬j ½ |e_ x uvnsifd x lv[�jwl,^�jªy
~m_�r�~v_Huz_KpIl�lv[�_h� x £uz_H{�lmdonIp�nw«Ej$�]~md x �I_ x _K{�µ � = �]¥����ù·
Z [�_�_�|elv_Kp�uvdonIpºns«-lv[]dku¾¦�ns~mµ�lmn�´�g]d x £u�lm~vg�{�lvg]~m_<dfpIlm_�~�js{�lvdfnsp³{�nIpIlm_�|el¾^�jªy¬�T_©jsr]r]~mnsr]~mdfjwlv_/lvn
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Drag Coefficient

rho =0 
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e
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rho = 4.0 , S
e
 = 0.5

f.df�sg]~m_�� Ç Æ�¸�~�jw�$_�¨snIiog]lvdfnsp�«Áns~ x doÉT_K~v_KpBl¯{�nspBlm~vnIiTr�jw~�jw^,_�lm_�~�u

d x _KpIlmd®«Áy©lv[]_�dopt´�nY¦ ¨s_Kiont{�d®l�y ½ _�i x dop x g�{�dfp]�<g]p�uzlmjs�]if_¾u�lm~vg�{�lvg]~�jwi x dfuvr]ikjs{�_K^,_�pBlmuK·¾Z []dku&¦3nI~vµ©dfu
j ½ ~muzl���jIuzdk{�jYlvlv_K^$r]l¯lvnY¦ jw~ x u�lm[]_&«Ág]ifi.{�nsg]r�io_ x {�jsuv_�jwp x lv[�jwl�p]_K_ x u�uz_K¨s_�~�jwi5df^,r]~mnY¨s_�^,_KpIl�u(dfp
nI~ x _�~�lvn,~m_Kjs{�[/_��¾{�do_Kp�{�yI·

����� � �"�
� � % � � % 
 
"�����	�

Â±_�{�nsp�uvd x _�~§jsp�dop�{�ns^,r]~m_Kumuvdo�]if_¯��jª¨Bdf_�~v�bBlvnIµs_Ku.´�nY¦�js~vnIg]p x j&~m_K{�lmjwp��sg]ikjw~O��iogtÉq�Tn x y
Ωs ∈ R

2 ·
Z [�_-{�nsg]r�io_

(u, p)
uvjwlvdku ½ _Hu�lv[]_�{�ifjIuvuvdk{�jwi5��jª¨Bdf_�~v�bBlvnIµs_Ku3_K¶Bg�jwlvdfnsp�uK¥






























∂tu +∇u · u− ν∆u +∇p = 0, Ω× (0, T )
div(u) = 0, Ω× (0, T )
u = 0, Γs × (0, T )
σ(u, p) · n = 0, Γout × (0, T )
u = u∞, Γin × (0, T )
u(t = 0) = u0, Ω

�?�s� 	

Z [�dfu�^,n x _�i-dfu/jwr�r]~vnIr]~mdfjwlv_�dfp nI~ x _K~¾lmnºjsp�jwifytuz_©js_�~mn x yep�jw^,dk{�{�[�jw~�js{�lv_K~vdku�lmdf{Ku�nw«$u�lm~vg�{�lvg]~m_Ku
dfp�uvd x _�jYlv^,nBuzr][�_�~mdf{�´�g]d x ´�nY¦�uK·§Z []_�uvnsifgtlvdfnsp/nw«Euzg�{�[qj�uvytu�lm_�^)[�jsu �T_�_Kp�{�ns^,r]g]lv_ x g�uvdfp]�,lv[]_
x dfum{�~m_�lmdo¼HjYlvdfnsp x _Kum{�~mdf��_ x dfpquz_H{�lvdfnsp = ·
��g�~¯^�jwdfp©{�nIp�{�_K~vp<dku(lmn�d x _�pBlmd®«Áyqlm[]_hdfpt´�nY¦U�Tnsg]p x jw~my�¨I_�ifne{�d®l�y

u∞
nsp

Γin

¦([]dk{�[�r]~mn x g�{�_Ku¯j
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 = 0.5

f.do�Ig]~m_&�I�tÆE¿Ädo«Õl�_�¨Insifgtlvdfnsp�«Áns~ x d®É#_�~m_�pBl�{�nIpIlm~vnIi5r�jw~�jw^,_�lv_�~�u

f.df�sg]~m_�� = Æ � nI~zlm_�|�uv[]_ x]x dfp]�,dop/lv[�_&g]p�{�nIpBlv~mnsifio_ x {Kjsuv_

f.df�sg]~m_��Y`�Æ � nI~zlm_�|�uv[]_ x�x dop��$dfp/lv[]_&nIrtlvdf^�jwiÄ{�nspBlv~mnsifio_ x {Kjsuv_

´�g]d x ifnIj x nsp
Γs jw~m�]dolv~�jw~my�{�ifnIuv_ lvnhj-�Ido¨I_�p$ionBj x lmjs~v�I_�l Fd(t)

nsp$lm[]_(lvdf^,_�dfpIlm_�~m¨Yjwifi
(0, T )

·�Z []dku
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ρ
2

ρ
3

f�df�sg�~v_�� X Æ§��rtlvdf^,do¼HjYlvdfnsp/r�js~mjs^$_�lv_K~mu�_�¨Insifgtlvdfnsp

{Kjwp/��_�uvnsif¨s_ x �ey�g�uzdfp]�$lv[]_-«ÁnIioifnY¦(dfp]��^,dfp]df^$df¼Kjwlvdfnspqr]~mns�]if_�^q¥

min
u∞∈Uad

J(u(u∞), p(u∞))
�?� Ç 	

¦([�_�~m_
(u, p)

uvjwlvdku ½ _Ku�lv[�_��¯jª¨edo_K~z�bBlmnsµs_Hu3uvytu�lm_�^q· � _K~v_I¥]¦�_�nIp]ify�{�nIp�uzd x _K~ lv[]_-´�g�d x ifnIj x {�nI~v~m_�
uvrTnsp x dfp]��lvn$lv[�_�^,_Hjwp�´�nY¦ x df~v_H{�lmdonIpÄ¥td?· _�lv[]_ x ~�jw��·.Z [�_�pÄ¥tlm[]_&{�nBu�l�«Ág]p�{�lvdfnsp

J(u, p)
^,_Kjsuvg]~m_Ku

lm[]_(^,_Kjsp¾uv¶Bg�js~v_�nw«#lv[�_ x d®É#_�~m_�p�{�_��T_�l�¦�_�_Kp�lm[]_�{�g�~v~m_�pBl x ~�jw�&jwp x lm[]_(l�jw~m�s_�l x ~�jw��lmdo^,_�[]dkuzlvns~mys¥

J(u, p) =

∫ T

0

∣

∣

∣

∣

(∫

Γs

σ(u, p) · n dΓ

)

· e1 − Fd(t)

∣

∣

∣

∣

2

dt
�È�B� 	

Ã�uzdfp]�²_�|]jI{�lvify²lv[�_�uvjs^$_�«Á~�jw^,_�¦�ns~mµ�jsu$«Áns~,nIrtlvdf^�jwi�{�nIpBlv~mnsi nw«�~vnslmjYlmdop��±{�yBifdfp x _�~ x ~�jw��¥§dol�dfu
rTnIumuvdo�]if_(lmn x _K~vdf¨s_(lm[]_¯�I~mj x df_�pBl§nw«#lm[]_�{�nIuzlO«Ág]p�{�lvdfnsp

j(u∞)
¦(d®lm[¾~m_Kuvr�_H{�l§lmn&lv[�_�dfpt´�nY¦�¨s_Kiont{�d®l�y

dfp/lv[]_&rT_�~vlvg�~v��jwlvdfnsp x do~m_K{�lvdfnsp
δu∞

·

��� � � ��% �"% ��
 !$���	� ��!(� � 	 ������#�%&�

'�_H{�jwg�uz_�ns« dolmuhr]~mn ½ if_ x uv[�jwrT_s¥.lm[]_�{�yeifdop x _�~�g�uz_ x «Áns~�nsg]~&lm_Kuzlmuhdop�lm[]_¾r]~m_�¨edfnsg�uhuz_H{�lvdfnsp�dku�ns«
ifdolzlvif_�dfpBlv_�~m_Kuzl�jsu�«Èjs~¯jsu�´�g�d x £uzlv~mg�{�lmg]~v_&dfpBlv_K~mjI{�lvdfnsp/dku�{�nIp�{�_K~vp]_ x ·E�ùlmu¯{�g]~m¨s_ x uv[�jwrT_&¦ jsu ��js~v_Kioy
j�{�[�jwifio_Kp]�s_�«Áns~�lv[]_�¿�jw�s~�jwp��s_��À-jwif_�~mµedop�^$_�lv[]n x ·3Â�_�uz[�jsioiÄlv[]dku lvdf^,_h{�nIp�uvd x _K~ lv[]_h~v_H{�lmjsp]�sg�ifjs~
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Drag coefficient history

f.df�sg]~m_��w��ÆO��r]lvdf^,jsiÄ¸¯~�jw��lvdf^,_�_�¨Insifgtlvdfnsp� = [�jw~m^,nsp]dk{�u {Kjsuv_

{�yeiodfp x _K~K·.Z []dfuÄlv_Hu�l.dfu�r�nIr]g]ikjw~�dop�¦(dfp x ù_�p��sdfp]_�_K~vdfp]���T_K{Kjwg�uv_s¥Hlv[�nsg]�I[&�s_�nI^,_�lv~mdk{�jwifify¯¨s_K~vy-uvdo^,r]if_s¥
lm[]_h~mdf�s[Bl�jwp��sif_Ku�dol-r]~vnY¨ed x _Ku¯jw~m_�¨s_K~vy/~v_Kr]~m_Kuv_�pBlmjwlvdf¨s_&nw«Elm[]_hnI�t��_K{�l�uv[�jwrT_Ku�{�nI^$^,nIp]ioy<uzlvg x do_ x
uvg�{�[/jsu��]~md x �I_Ku�ns~�lmnY¦3_K~mu§«Áns~ dfp�u�l�jwp�{�_s·EZ []_-~m_K{�l�jwp]�Ig]ikjw~3{�yeiodfp x _K~�¦�_-¦(doifiÄ{�nIp�uvd x _K~�{�nsp�uvdku�l�u3ns«
j�~m_K{�lmjwp��sif_�¦(dolv[�{�[]nI~ x lvn-lm[]dk{�µBp�_Kumu�~mjwlvdfn

c/d = 4
¥s¦([]_K~v_

c
dfuElv[]_�{�[]nI~ x jwp x

d
lm[]_�if_�p]�slv[Ä· f.do��·

�s��jsp x f.do��· = ���sdf¨s_�lv[]_&ifdo«ÕlK¥ x ~mjs�$jsp x lm[]_&r]~m_Kumuzg�~v_�r]~mn ½ if_&jYl
t = 500

uv_K{�nsp x u�«ÁnI~ lv[]_�uv_K{�nsp x
nI~ x _�~3¿�jw�I~mjsp]�s_�£À-jsio_K~vµedfp�um{�[]_�^,_¯¦(dolv[

Re = 1000
{�nI^,r]gtlv_ x ¦(dolv[¾lm[]_-{�n x _�¿.À-��be�z�2fEb#·�¿Ädfµs_

lm[]_,{�yeiodfp x _K~K¥#¦�_�{Kjwp�uv_�_hlv[�jwl-jw«Õlv_K~-j¾lv~�jwp�uvdf_�pBl�r][�jsuv_�lv[�_�rT_�~vlvg]~m��jwlvdfnsp�ns«Olv[]_�´�nY¦ �T_K{�ns^,_Ku
rT_�~mdfn x df{s·��¯�IjsdopÄ¥Ilv[�_¯ifd®«Õl nIum{�dfioikjYlmdonIp,«Á~v_H¶Bg]_�p�{�y

fl

dfu3[�jwio«5lv[�_ x ~�jw�&nBuv{�doifikjYlvdfnsp,«Á~m_K¶Bg]_Kp�{�y
fd

jwp x
lm[]_�{�nI~v~m_KuvrTnsp x dfp]�,bBlv~mnsg][�jwi5peg]^h�T_�~([�_�~m_�dku

S = fld/u∞ = 0.105
·

��� � � ! � � �	����� � % �
"��� ��!(
"� �	��� � 
���% ��� � � � �	%������ � 
 	

��u¯dfp<lm[]_�r�~v_K¨Bdfnsg�u¯uv_K{�lmdonIpÄ¥#uzdfp�{�_�¦3_ x n�p]nsl�g�uv_�jsp©j x ��nsdfpIl�«Áns~m^hg]ikjYlmdonIpÄ¥�¦�_h[�jª¨s_&lmn�~m_Kuzlv~mdf{�l
x ~mjIu�lmdf{Kjwifioy�lm[]_h{�ifjIuvu(ns«�j x ^,dfumuvdo�]if_�{�nIpBlv~mnsiku�·3btdop�{�_�¦�_&[�jª¨s_&dfp<^,dop x lm[]_h{Kjsuv_�¦([�_�~m_-lv[]_huvnsifd x
dku-^,nY¨edop]�qg�uvdfp]�<j/uvdfp]�sif_�uz_H{�nsp x >nI~ x _�~ x d®É#_�~m_�pBlmdfjsiE_K¶Bg�jYlmdonIp�ns«�uvr]~mdop]�s>^�jIuvu�l�yer�_I¥�¦�_,g�uz_�jsp
[�jw~m^$nIp]dk{¯rT_�~vlvg]~m��jwlvdfnspqjw~mnsg]p x j,u�lm_Kj x y�uzlmjYlm_�«Áns~ lv[�_&dopt´�nY¦ ¨s_Kiont{�d®l�yI¥

u∞(ρ, Se, φ) = 1 + ρ sin(2πSet + φ)
�È� = 	

Z [�dfu3^,_Kjwp�uElv[�jYl3¦�_�^�g�u�l�g�uv_�j�{�nspBlv~mnsiTuzr�jI{�_�ns« x do^,_Kp�uzdfnsp
3
·O�¯«�{�nsg�~muv_(lv[�dfu3µedop x nw«�{�nIpIlm~vnIifu

~m_Kuzlv~mdk{�lmu(lv[]_�µedfp x nw«EifnIj x lvdf^$_h[]dfuzlvnI~vy�lv[�jwl�^�jªy��T_�~m_KjI{�[]_ x ·�'�gtl�uvdfp�{�_&lm[]_���jIuzdk{�´�nY¦U¦([]dfio_
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C
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Mean Drag decrease

f.do�Ig]~v_�� Z ÆE�<_Kjsp x ~mjs��_K¨snIiogtlmdonIpt = [�jw~m^,nsp]dk{�u({Kjsuv_

g�uzdfp]��u�lm_Kj x y¾dfpt´�nY¦ ¨I_�ifnt{�dol�y¾r]~mn x g�{�_Hu [�jw~m^,nsp]dk{�´�g]d x ifnIj x u nsp
Γs
¥tlm[]dku�{�[]nsdk{�_-dku(j x ^,dkuvuvdf�]io_I·

Â±_&¦(dfioi ½ ~�uzl g�uz_�j,uvyBpBlm[]_�lmdf{�ifnIj x
Fd

r]~mn x g�{�_ x �ey�j,uv_�l�nw«.dop�r]gtl¯{�nIpBlv~mnsi#r�jw~�jw^,_�lv_�~�u jwp x lv~my
lmn&~v_H{�nY¨I_�~�lv[]dku§uv_�lOg�uvdfp]�&jwp,nsrtlmdo^,df¼Kjwlvdfnsp,r]~mne{�_ x g�~v_ ��jIuz_ x nIp,j�H�g�jsuvd®£��_K¦ lvnsp$�s~�j x do_KpIlE��jIuz_ x
^,_�lv[]n x ·/�£p�j<uz_H{�nsp x lmdo^,_I¥�¦�_�¦(doifi x _ ½ p]_¾jsp²[�jw~m^,nsp]dk{�jw~m�]dolv~�jw~my<ionBj x jwp x lm~mjI{�µ<lv[]dku�ifnIj x
g�uzdfp]�,nsrtlmdo^�jsiÄ{�nspBlm~vnIi5r�jw~�jw^,_�lm_�~�u�·

����� � 	��	
���% 
"��� ��� !$#

�£p©lv[]dku-r�js~mjs�s~�jwr][Ä¥T¦�_�uv[�jwifi�g�uz_,j�~v_Hjs{�[�js�]io_hlmjs~v�I_�lK¥#d>· _$lm[�jYl-[�jsu��T_�_Kp�nI�tlmjsdop]_ x �ey�uz_Kio_H{�lmdop]�
j�uv_�l�ns«�{�nspBlv~mnsi5r�jw~�jw^,_�lm_�~�u�jsp x �ey�{�nI^,r]gtlvdfp]�,lm[]_�~m_Kuvg]i®l x ~mjs��lmdo^,_&[]dkuzlvns~my

Fd(t)
nIp�lm[]_��(`

r�~vn ½ io_I·.Z [�_�lmjs~v�I_�lO[�jIu§�T_�_Kp¾ns�]lmjwdfp]_ x g�uzdfp]�&lm[]_�dopt´�nY¦º¨I_�ifnt{�dol�y
ud
∞ = 1+ ρd sin(2πSd

e t)
¦(dolv[

(ρd, Sd
e ) = (0.3, 0.3)

·
Â±_�[�jª¨I_ x dfuvr]ikjªys_ x dfp f.df��· = Ç ¥�lv[]_¾{�nspBlv~mnsiEr�js~mjs^,_�lv_K~mu x g�~vdfp]�qlv[�_�nsrtlmdo^,df¼KjYlmdonIp²r]~vnt{�_ x g]~m_s¥
¦(dolv[³jsp¬dfpt´�nY¦ ¨s_Kiont{�dol�y

u∞ = 1 + ρ sin(2πSet)
· Z []_<dfp]dolvdkjwi��Ig]_Kumu,¦�jIu,uz_�l�lvn

(ρ0, S0
e ) =

(0.5, 0.5)
· �3nspe¨s_K~v�I_�p�{�_�¦ jsu,~m_KjI{�[]_ x jY«Õlm_�~

12
dolv_K~mjwlvdfnsp�uK·³Â�_<~m_K{�nY¨s_K~hlm[]_©jª¦ jwdolv_ x {�nIpIlm~vnIi

r�jw~�jw^,_�lm_�~�¦(dolv[]nIgtl/jspBy¬~v_K�sg]ikjw~mdf¼KjYlmdonIp¤r]~mnt{�_HuvuK¥ ¦([]df{�[³dku�j�{�[�jw~�js{�lm_�~mdfuzlvdk{/nw«-lv[�_©~m_Kjs{�[�jw�]if_
l�jw~m�s_�l§{�ikjsumu�·.Â�_ x d x p]nwl x _Kjsi�¦(dolv[,lv[�_�¶Bg]_Kuzlvdfnsp�ns«#lv[]_�u�l�jw�]dfiodol�y$nw«#lv[]dku3dope¨s_K~muv_(r]~mns�]if_�^q¥Buzdfp�{�_
nIg]~(�snBjwi#¦ jsu3lvn�¨Yjwifd x jYlm_�lm[]_�{�nI^,r]gtlmjwlvdfnsp/nw«.lv[]_�{�nIuzl «Ág]p�{�lmdonIpq�s~�j x df_�pBlK·
Â±_([�jª¨I_3g�uv_ x jwp$[�js~v^,nsp�df{3dop]´�nY¦¤¨I_�ifne{�d®l�yhdop�lv[]_ x do~m_K{�lvdfnsp$nw«�lm[]_ x ~�jw��¥wjwp x ¦�_�~m_K{�nY¨s_K~�dfp1f.df��·
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∂ ρ
1
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∂ ρ
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∂ ρ
3
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f.df�sg]~m_��w��ÆO�3nBu�l «Ág]p�{�lvdfnspq�I~mj x do_KpBl x _H{�~m_KjIuz_� = [�jw~m^,nsp]dk{�u {Kjsuv_

= ��lv[]_�«Á~v_H¶Ig�_�p�{�y�nw«�lm[]_�dfpt´�nY¦Qdop�uvd x _&lv[�_ x ~�jw�$lvdf^,_�[]dku�lmns~mys· Z []dku�^,_Kjsp�u lv[�jYl�lm[]_&«Á~m_K¶Bg]_�p�{�y
ns«(lv[]_/dfpt´�nY¦0uzlv~mnsp]�Iioy²{�nIpIlm~vnIifu�lv[]_�«Á~m_K¶Bg]_�p�{�y²nw«�lm[]_/~v_Huzg]iolvdfp]� x ~mjs��·���p�lv[]_q{�nIpBlv~�jw~mys¥.lv[]_
«Á~m_K¶Bg]_Kp�{�y©nw«§lm[]_�ifd®«Õl x ne_Hu-p]nwl x _Kr�_Kp x nsp�lv[]_,«Á~m_K¶Bg]_Kp�{�y<ns«3lm[]_,dopt´�nY¦ jsu&uv[]nY¦(p�dop f.do��· = `�·
Z [�dfu&dku x g]_¾lvn/lv[]_¾«Èjs{�l&lm[�jYl&lm[]_�dfpt´�nY¦»¨s_�ifnt{�dol�y�dku-[]ns~mdo¼KnspBlmjsiOjwp x lv[�jYl�lm[]_,lv~�jwp�uv¨s_K~muv_�´�g]d x
´�nY¦³dfu p]nsl�rT_�~vlvg�~v�T_ x �ey,lv[]_�lvdf^,_�¨Yjs~vdkjYlmdonIp¾nw«�lv[]_�^,_Kjwp/[]nI~vdf¼�nIpIl�jwi�´�nY¦&·EZ []dfu�dku ¦([ey�¦3_ x d x
p�nwl lv~my¾lmn�lm~mjI{�µ,lv[]_&ifdo«Õl�lvdf^,_&[]dfuzlvnI~vyI·

����� � � ��� 
�"! � 	 ��! � � �	����� � � !$#��

Z [�_¾p]_�|el,u�lm_�r�dku&lmn�lv~�js{�µ±jwp¤js~v��d®lm~mjs~vy<´�g]d x ionBj x ·�Â±_�^,_Hjwp�[]_K~v_�lm[�jYl�lv[]dku�ionBj x�x ne_Kuhp]nwl
~m_Kuvg]iol «Á~vnI^�´�g]d x ´�nY¦Å{�nI^,r]gtlmjwlvdfnsp�uK·E��_K¨s_�~vlv[�_�if_Kumu�¥e¦�_-{Kjwp]p�nwl�{�[]nenIuv_�j,{�ns^,r]if_�lv_Kioy�jw~m�]d®lm~mjs~vy
ifnIj x ¥euzdfp�{�_¯lv[]_-{�ikjsumuOns«5lv[]_�dfpt´�nY¦�¨s_Kiont{�dol�y�u�lm~vnIp]�sify$r]doifnwl�uOlm[]_¯µedfp x ns«ÄionBj x lmnh�T_¯r]~mn x g�{�_ x �ey
lm[]_,peg]^,_�~mdf{KjwiEuzdf^hg�ifjwlvdfnsp�uK·)f�ns~-lv[�dfu-~m_KjIuznIpÄ¥5¦3_,{�[]nenIuv_,jwp±[�jw~m^,nsp]dk{hifnIj x nBuv{�doififjwlvdfp]�qjYl-lv[]_
«Ág�p x jw^,_KpIl�jwi#«Á~m_K¶Bg]_Kp�{�y

fd
¥

Fd(t) = Ad sin(2πfdt)
�?�w` 	

¦(dolv[
(Ad, fd) = (0.2, 0.5)

·�Â�_&¦�ns~mµ�¦(d®lm[<j�dfpt´�nY¦Q{�nIpIlm~vnIi#dopBlv_K�s~�jYlmdop]�,r][�jsuv_-{�nspBlv~mnsi>¥

u∞ = 1 + ρ sin(2π Se t + φ)
�È� X 	
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f.do�Ig]~v_��s�]ÆE¿Ädo«Õl¯jwp x/x ~�jw�$«Áns~ lm[]_��(`,~m_K{�l�jwp]�Ig]ikjw~ {�yeiodfp x _K~

�£p�d®lmdfjsiOlvdf^,_�{�nsp x dolvdfnsp²«ÁnI~�lm[]_¾´�g�d x dkuhuv_�l�¦(d®lm[¤j x _K¨s_�ifnsrT_ x ´�nY¦»nI�tlmjsdop�_ x jYlhlvdf^$_
t = 20s¦(dolv[²jwp±dfpt´�nY¦ ¨I_�ifnt{�dol�y

u∞ = 1
·$Z []_,nIrtlvdf^,do¼HjYlvdfnsp±r]~mnt{�_Kumu�¦�jIu�r�_K~z«ÁnI~v^,_ x ¦(dolv[�lv[]_�dfp]dolvdkjwi

�Ig]_Kumu
(ρ0, S0

e , φ) = (0.5, 0.4, 0)
·��£pTf.do��· = X ¥B¦�_�[�jª¨I_ x dkuvr]ifjªyI_ x lm[]_-{�nspBlm~vnIi�r�js~mjs^,_�lv_K~mu x g]~mdop��

lm[]_/nsrtlmdo^,df¼KjYlmdonIp¤r]~mnt{�_HuvuK·¬�3nspe¨s_K~v�I_�p�{�_¾¦ jsu�~v_Hjs{�[]_ x jY«Õlm_�~
31

dolv_K~mjwlvdfnsp�u�nw«¯lv[]_<¿5 ' f�À&bB '
jsio�Ins~md®lm[]^6nsp

3
x d®É#_�~m_�pBl&r]~mne{�_KumuznI~muK·�Z []_$lv~�js{�µedfp]�¾«Ág�p�{�lmdonIp�jwiE¦ jsu�[]df�s[]ify<~m_ x g�{�_ x jsu-uv[]nY¦(p

dfp f.do��·�� = � 	�·�Z []_ x d®É#_�~m_�pBl¯r�js~zlmdfjsi x _�~mdf¨ªjwlvdf¨s_Hu x g]~mdop��,lv[]_�nIrtlvdf^,do¼HjYlmdonIpqjs~v_ x dkuvr]ifjªyI_ x dopMf.df��·
= Z ·O�3ns^,r�js~v_ x lvn�lm[]_�{Kjsuv_�nw«�j�uzyepBlv[�_�lvdk{(ifnIj x ¥slm[]_-{�nspe¨I_�~m�s_�p�{�_ ¦�jIu§uvionY¦�_�~3jwp x lm[]_¯~m_ x g�{�lmdonIp
«ÈjI{�lmns~E¦ jsu�¦�_KjwµI_�~H·�Z []dkuEdku x g]_ lmn-lv[]_�«Èjs{�lElm[�jYl§lv[]_�{�nB_K~m{�do¨edol�y�nw«Tlv[�_(«Ág]p�{�lvdfnsp�jsi]dfuOp]nwlO_Kp�uzg�~v_ x
dfp¬lv[]dku¾{�jIuz_I¥§if_Kj x dop���lmn²r�nens~¾{�nsp x d®lmdonIp]dop��±r�~vnIr�_K~zl�y�ns«�lm[]_qiodfp]_Kjs~¾uzytuzlv_K^,u,dfpe¨snIio¨I_ x dfpºlv[]_
{�ns^,r]gtl�jYlmdonIp/ns«�lv[]_ x _Kum{�_KpIl x do~m_K{�lvdfnsp�uK· ��_�¨I_�~vlv[]_Kio_HuvuK¥�{�nspe¨s_K~v�I_�p�{�_�¦ jsu�~v_Hjs{�[]_ x ¥]¦([�jwl¯^,do�I[Il
dfp x dk{�jwlv_�lv[�jYl�nsg�~(iodfp]_Kjs~vdf¼�_ x jsio�Ins~md®lm[]^��T_�[�jª¨I_Ku�¦3_Kioi�_�¨s_Kp�dfpqp]nsp�lv~mdf¨BdkjwiÄuvdolvg�jwlvdfnsp�uK·
f�g]~vlv[]_K~v^,ns~m_s¥3lv[�_Kuv_�peg]^,_�~mdf{Kjwi�_�|erT_�~mdf^$_KpBlmu�^�jªy¬uv[]_ x uznI^$_<ifdf�s[Bl�jw�Tnsgtl�lv[]_�d x _KpIlmd ½ jw�]dfiodol�y
¶Bg]_Hu�lmdonIp�«Áns~�lm[]_���jª¨edo_K~z�bBlvnIµs_Hu§uvyeuzlv_K^q·.�£p x _�_ x ¥td®l [�jIu3�T_�_Kp�rTnIumuzdf�]if_¯lmn�d x _KpIlmd®«Áy,lm[]_&¸¯df~mdf{�[]if_�l
�Tnsg�p x jw~my�{�nsp x d®lmdonIp<nsp

Γf
∞

«Á~mns^ lv[]_�µep]nY¦(if_ x �s_&nw«�lm[]_�^,_Kjsp<nw«�lv[]_hp]ns~m^�jwi�uzlv~m_Kumu lv_Kp�uvns~�nIp
Γs
·OZ []dku3^,_Hjwp�u§lv[�jwl3lm[]_&jwr]r�~vnª|tdf^,jwlv_�d x _KpIlmd ½ {�jYlmdonIp�r]~mnsrT_�~vl�y,dfu {�_�~vlmjwdfp]ify$lv~mg]_s¥e_�¨I_�p�d®«�dol([�jsu

p�nwl¯�T_�_Kp<r]~vnY¨I_�pqys_�lK· Â±_hp]nslv_&lm[�jYl�«ÁnI~�lm[]_�bBlmnsµs_Hu¯uvytu�lm_�^q¥�j¾uvdf^$dfikjw~�d x _�pBlmd ½ js�]dfiodol�y�r�~vnIr�_K~zl�y
¦ jsu�r]~mnY¨s_Kp¾lm[]_�nI~v_�lvdk{�jwifify¾dop � = `��ù·

ÑÁÒ.ÓÄÑÕÔ



���������
	����������������������	��������! #"$�%��&'�!()��*�+�	���������(,+-(!���/.10�	�.2��	��-.'�� !3�	��4����&����5�
�6�879�;:<( �I�

Pression

-0.484579

-0.374935

-0.26529

-0.155646

-0.0460018

0.0636425

0.173287

0.282931

0.392575

0.50222

0.611864

f.do�Ig]~m_ = �]Æ�}O~m_Kumuzg�~v_�r]~mn ½ if_�«Áns~ lv[�_��(`�~v_H{�l�jwp]�Ig]ifjs~�{�yeiodfp x _K~

� � 9/�(�������q3	&������� ���º�Y	&��!��q�(��9�����+/�/9�	&���3���/9/���������/' �ª���h�
� +/��9 ����	�9/'0���7�
�������/1 �/��+	�
�±��9����('

�£p�lv[]dku(uv_K{�lmdonIpÄ¥e¦3_�^�jªy�_�|elv_Kp x lm[]_&uz_�lzlmdop]�$nw«�lv[]_-r]~m_�¨edfnsg�u�uv_K{�lmdonIp¾lmn�^,nY¨edop�� x nI^,jsdop/{�nIp ½ �w
g�~mjwlvdfnspÄ·�Z []_-�snBjwi�~m_�^�jsdop�u3lm[]_�d x _KpIlmd ½ {�jYlmdonIp�ns«Ä´�g]d x ¨I_�ifnt{�dolvdf_Ku3nsp¾lm[]_�«Èjw~v ½ _�i x ��nIg]p x js~vy

Γf
∞lm[�jwp�µeu�lmn$lv[]_&µep]nY¦(if_ x �I_-nw«�´�g]d x ifnIj x u nspqj$^$nY¨edfp]�,r]~mn ½ if_-dop�uvd x _�lv[]_-´�g�d x ´�nY¦&·

����� � �"�
� � % � � % 
 
"�����	�

Â±_�{�nsp�uvd x _�~¯jsp<dop�{�ns^,r]~m_Kumuvdo�]if_��¯jª¨edf_�~v£belvnsµI_Ku�´�nY¦ js~vnIg]p x j�^,nY¨edop���~v_H{�lmjsp]�sg�ifjs~(�]iog]É²�Tn x y
Ωs ∈ R

2 ·OZ []_&{�nsg]r]if_ (u, p)
umjYlmdfu ½ _Hu�lv[]_���¿Ä¹³�¯jª¨edf_�~v£bBlmnsµI_Ku�uzytuzlv_�^ ¥































∂u
∂t |ξ∈Ωf (τ)

+∇u · (u− wτ )− ν∆u +∇p, Ωf
t

div(u) = 0, Ωf
t

u = ẋs, Γs
t

σ(u, p) · n = 0, Γout

u = u∞, Γin

u(t = 0) = u0, Ω

�?�s� 	

Z [�_�^,nslvdfnspqnw«�lv[]_�uvnsifd x dku(~vdf�sd x jwp x r]~m_Kum{�~mdo�T_ x jsu�«ÁnIioifnY¦�u�¥

xs =

[

cosα(t) − sinα(t)
sin α(t) cosα(t)

]

·

[

x
y

]

, (x, y) ∈ Γs
0
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f�df�sg�~v_ = Ç Æ§�3nspBlv~mnsi#r�js~mjs^$_�lv_K~mu x g]~mdfp]�,nsrtlmdo^,df¼KjYlmdonIp/uzlv_Kr�u

��u§�T_�«ÁnI~v_I¥I¦�_�¦�nsg]i x ifdoµI_(lvn�d x _�pBlvdo«Áy$lv[]_�dopt´�nY¦º�Tnsg�p x jw~my$¨s_�ifnt{�dol�y
u∞

nsp
Γin

¦([]df{�[�r]~vn x g�{�_Ku
j�´�g]d x ionBj x nIp

Γs
t

jw~m�]dolv~�jw~my/{�ionBuz_�lvnqj��Ido¨I_�p�ifnIj x l�jw~m�s_�l
Fd(t)

nIp�lv[�_�lmdo^,_,dfpIlm_�~m¨Yjwifi
(0, T )

·
� _�p�{�_-¦3_&p]_K_ x lvn¾uvnsif¨s_�lv[]_-«ÁnIioifnY¦(dfp]�,^$dfp]df^,do¼HjYlvdfnsp/r]~mns�]if_�^q¥

min
u∞∈Uad

J(u(u∞), p(u∞))
�?� Z 	

¦([�_�~m_
(u(u∞), p(u∞))

uvjwlvdku ½ _HuOlm[]_&�¯jª¨edf_�~v£bBlmnsµI_Ku§uvytu�lm_�^0jsp x lm[]_-{�nIuzl�«Ág]p�{�lmdonIp
J(u, p)

^$_HjY
uvg]~m_Ku3lv[�_&^$_Hjwp<um¶Ig�jw~m_�ns«�lv[�_ x ~mjs� x d®É#_�~m_�p�{�_s¥

J(u, p) =

∫ T

0

∣

∣

∣

∣

∣

(

∫

Γs
t

σ(u, p) · n dΓ

)

· e1 − Fd(t)

∣

∣

∣

∣

∣

2

dt
�È�I� 	

��� � � %&� � � � �	% � %&��
�!�� �	� � � 
�� �

�£p�lv[]_3r]~v_K¨edonIg�u�uv_K{�lvdfnspÄ¥ªnsg�~.{�ns^,r]gtl�jYlvdfnsp x ns^�jwdfp
Ωs

h

¦�jIu ½ |t_ x ·.bedfp�{�_�¦�_O¦3nIg]i x iodfµs_Olvn�{�nspBlv~mnsi
lm[]_&´�g�d x ifnIj x []dfuzlvnI~vy�¦(d®lm[q´�g]d x YYuzlv~mg�{�lvg]~m_&dopBlm_�~�js{�lmdonIpÄ¥�¦�_�uv[]nsg]i x �T_hjw�]if_&lmn¾^,nY¨s_�lv[]_${�nI^�
r�gtlmjwlvdfnsp x ns^�jsdopq¦(dolv[<~m_Kuvr�_H{�l(lvn,lm[]_&´�g�d x Ywu�lm~vg�{�lvg�~v_-dfpIlm_�~v«Èjs{�_�� = ���>·�Z []_�~m_�«ÁnI~v_I¥elv[]_h~v_�«Á_�~m_�p�{�_
x ns^�jwdfp

Ωs
¦(dfifiO_�¨Insif¨s_,dop²lmdo^,_I¥�«ÁnIioifnY¦(dop���lm[]_�uzlv~mg�{�lmg]~�jwi x dkuvr]ifjI{�_K^$_KpBlK·�Z []_�{�ns^,r]g]lmjYlmdonIp�jwi

x ns^�jwdfp
Ωs

h

¦(dfioi3[�jª¨s_,lmn©�T_¾g]r x jYlm_ x dfp�ns~ x _K~&lvn©uzlvdk{�µ�lvn
Ω(t)

· � _K~v_I¥�¦3_¾jIuvuvg]^,_¾¦�_¾µep]nY¦
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Drag evolution
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f.do�Ig]~m_ = �tÆE¸�~mjs��[]dkuzlvns~my�Odfp]dolvdkjwiÄ�Ig]_Kumu(jwp x ½ p�jsiÄ{�nIpIlm~vnIi

lm[]_�rTnIuvd®lmdonIpqnw«�lv[]_�´�g]d x ^,_Kuv[
Ωs

jwl
t = t1

jwp x lv[]_�rTnIuvdolvdfnsp<nw«.lv[�_�´�g]d x Ywu�lm~vg�{�lvg]~m_&dfpIlm_�~v«Èjs{�_
Γ(t)

jYl
t = t2

·EÂ±_-¦(doifi#~v_Hu�lm~vdk{�l�nsg]~�uv_�if¨s_Ku§lvn�lv[�_�{Kjsuv_¯nw«�j&«ÁnI~m{�_ x uvdfpBg�uznId x jsi�nBuv{�doifikjYlvdfnsp¾«Áns~�lv[]_
uzlv~mg�{�lvg]~m_s·EZ []_ x dkuvr]ifjI{�_K^$_KpBl(jsp]�sif_

θ(t)
dku(�sdf¨s_Kp��ey¾lm[]_�«ÁnsifionY¦(dfp]�$«Áns~m^hg�ifj�Æ

θ(t) = θm sin(ωmt)
�?�s� 	

Z [�_��I_�p]_K~mjsiÄjwif�snI~vdolv[]^�g�uz_ x lmn�g]r x jYlv_-lm[]_-´�g]d x ^,_Kuv[�dku lv[�_�p/lv[]_-«ÁnIioifnY¦(dfp]��Æ

 lv[]_-«Èjs~z ½ _Ki x r�nIdopBl�u Γh

∞

jw~m_ ½ |e_ x jwp x lv[]_K~v_�«Áns~m_-p]nwl(g]r x jYlm_ x ·

 Γs(t2)

p�_�_ x u(lvn��T_h{�ns^,r]gtlm_ x · Z []dku�¦(dfioi���_ x nsp]_&�ey/g�uzdfp]� �?�s� 	�· f�ns~�_�|t_�^,r]if_s¥tlm[]dfu�{�jsp
��_ x nsp�_��eyquvdf^$r�ioyqjwr]r�ioyedfp]��lv[�dfu¯«Áns~m^hg]ikjw_-lmn�lv[�_hns~mdf�sp�jsi

Γs(t = 0)
¥�nI~¯{�nI^$r�gtlvdfp]�¾lm[]_

~vnslmjwlvdfnsp/��_�l�¦3_K_�p
t1
jwp x

t2
g�uvdop]�

Γh(t1)
·


 Z []_(^,_Kuv[�rTnsdfpBlmuEdfp�uvd x _ Ωs \Γ
jw~m_�g]r x jYlv_ x g�uzdfp]��lv[�_ «ÁnsifionY¦(dfp]�-^,_�lv[�n x Æ�¹§jI{�[$_ x �s_

ij
ns«

lv[]_�lv~mdfjsp]�sg]ikjYlmdonIpÄ¥
i
jsp x

j
�T_�dfp]�-lv[�_�{�ns~m~m_�rTnsp x dfp]��¨s_K~zlmdf{�_KuK¥wdfuO�sdf¨s_�p,j-u�lmd®É#p]_HuvuO{�ne_ ½ {�do_KpIl

κij

·OZ []dku({�ne_ ��{�do_KpBl dkuK¥t«Áns~(dfp�uzlmjwp�{�_s¥elm[]_&dfpB¨I_�~�uz_�nw«.lv[�_�df~(io_Kp]�wlm[Ä¥]d>· _IÆ

κij =
1

√

(xi − xj)2 + (yi − yj)2
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f.do�Ig]~m_ ='= ÆOÀ�~�j x df_�pBl x _K{�~v_Hjsuv_ x g]~vdfp]�,nsr]lvdf^$df¼Kjwlvdfnsp<uzlv_�r�u

Z [�_��InIjwiTdku3p�nY¦³lvn,{�nI^$r�gtlv_�lv[]_ x dkuvr]ifjI{�_K^$_KpBl
δi

«ÁnI~ jsioi#¨I_�~vlvdk{�_Ku
i
nw«�lv[]_-^,_Kuv[

Ωs ��_�l�¦3_K_�p t1jsp x
t2
·EZ []_�jsio�Ins~md®lm[]^ ¦3_�g�uv_ x dfu j �IjI{�ns��d���jIuz_ x dolv_�~�jYlmdo¨I_¯^,_�lm[]n x ·§À�df¨s_�p/jhr�~v_ x df{�lvdfnsp

δp
i

ns«
lm[]_ x dkuzr�ifjI{�_�^,_KpIlH¥ �IjI{�nI�]d#d®lm_�~�jYlvdfnsp�u(jw~m_�rT_�~v«Áns~m^,_ x ¥]p�jw^,_�ify�Æ

δn+1
i =

∑

j∈N(i)

κijδ
n
j

∑

j∈N(i)

κij

�?�s� 	

«ÁnI~
i ∈ Ωs \ (Γh

⋃

Γ∞)
¥tjwp x ¦([]_K~v_

N(i)
js~v_�p]_�df�s[e�Tnsg]~�¨s_K~zlmdf{�_KuOns«�d>·�Z [�dfu3d®lm_�~�jYlmdo¨I_¯r]~mnt{�_ x g]~v_

dku dfp]d®lmdfjsiodkuv_ x �ey�lv[]_-«ÁnIioifnY¦(dfp]�$uv_�l�ns« x jYlmj�Æ






δ0
i = 0, ∀i ∈ Γ∞

δ0
i = xi(t

2)− xi(t
1), ∀i ∈ Γh

δ0
i = δp

i , ∀i ∈ Ωs

��«Õlv_K~
N
dolv_�~�jYlmdonIp�uK¥E¦([]_�p¬lv[]_q~m_Kuvd x g�jwi���_�l�¦3_K_�p¤l�¦3n²uzg�{�{�_Huvuvdf¨s_�dolv_K~mjwlvdfnsp�u�dku,g]p x _K~,j��sdf¨s_Kp

lmnsif_�~�jwp�{�_�r�jw~�jw^,_�lm_�~H¥B¦�_-�s_�l(lv[]_ x dkuvr]ifjI{�_K^$_KpBl p�_�_ x _ x lvn�g]r x jYlm_-lv[]_&^,_Huz[±Æ

xi(t
2) = xi(t

1) + δN
i , ∀i ∈ Ωs − Γ.
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Lift evolution

Final lift
Initial lift

f�df�sg�~v_ = `�ÆE¿Ädo«Õl�[]dfuzlvnI~vy¾Odop]dolvdkjwi��sg]_Huvu jwp x ½ p�jwiÄ{�nspBlv~mnsi

f.do��· � = � 	��sdf¨s_�lm[]_&^,_Kuv[/¨I_�~vlvdk{�_Hu3rTnIuvdolvdfnsp/«Áns~
t = 0s

jwp x
t = 16s

g�uvdfp]�$lv[]dku�r]~mnt{�_ x g]~m_s¥e¦(d®lm[
θm = 1

x _���·�jsp x
ωm = 2π

5

·
��Ë �� t�<O > e ) 7�� �����������.'��� �� � �)��7���� 	2�� ��� ���#����	��������1�
�6�879�;: � (1	�(�(�+ � � : �����	�+-(��1�879�1�
	����!� ,
	�(�(6�;���	��%� : �%� ���
	 � � (�:���	�./��� 	�� :'��� ��� 	���� 

��� � � ��� ���"% 
% �	�"!$#�� % �	
 ���	��� ����
%&��� 	

f�ns~,lm[]_<lvdf^,_��T_�dfp]��¥ ¦�_<[�jª¨s_q�T_�_�p jsp�jwifytuzdfp]�²nsr]lvdf^,jsi¯{�nIpBlv~mnsi(r]~mns�]if_�^�u�dfp ½ |t_ x³x nI^�jwdfp�u�·
� _�~m_-lv[]_ x ns^�jsdopqdku�^,nY¨edop]��¦(dolv[�j,�sdf¨s_�p x dkuvr]ifjI{�_K^$_KpBl¯nw«�lv[�_huznIiod x �Tnsg]p x jw~my

Γs
t

·¯btdop�{�_&lv[�dfu
uvdolvg�jwlvdfnsp�dku¯p�_�¦&¥#¦3_�[�jª¨s_���_K_�p©{�[�_K{�µedop���lv[]_,{�nIp�uvdfuzlv_Kp�{�yqnw«Elm[]_ x dfum{�~m_�lm_h�I~mj x do_KpBl�{�nI^$r�gtlv_ x
�ey�lm[]_�¿�À-�¯�z��fEb/{�n x _I·
f.df~muzl3if_�l g�u x _Kum{�~mdf��_�lv[]_�iodfp]_Hjw~mdo¼K_ x uvytu�lm_�^ g�uvdop]�hlv[]_-uvg]�T{�yt{�ifdop]�$��jI{�µIlm~mjI{�µedop]�-r]~mnt{�_ x g]~m_s·�Â�_
~m_K{Kjwifi§lm[�jYl$lv[�_/��jª¨Bdf_�~v�bBlvnIµs_Kuhuzytuzlv_�^ dku x dfum{�~m_�lmdo¼K_ x jsuh«ÁnsifionY¦�uK¥E¦3_�ionenIµ�«ÁnI~

(un+1
h , pn+1

h ) ∈
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f�df�sg�~v_ = X Æ§�3nspBlv~mnsi#r�js~mjs^$_�lv_K~mu x g]~mdfp]�,nsrtlmdo^,df¼KjYlmdonIp/uzlv_Kr�u

X3
h ×Qh

uvnsifgtlmdonIp�ns«�lm[]_-«ÁnsifionY¦(dfp]�,uzytuzlv_K^/¥






































































1
∆t

(un+1
h , vh) + ν(∇un+1

h ,∇vh)− (pn+1
h , div vh) = 1

∆t
(un

h ◦ χu−w,n
h , vh), ∀ vh ∈ V n+1

h

(div un+1
h , qh) = 0, ∀ qh ∈ Qn+1

h

un+1
h = (ẋs)n+1

h , Γn+1
s

σ(un+1
h , pn+1

h ) · n = 0, Γout

un+1
h = Πhun+1

∞ , Γin

�?� Ç 	
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f.do�Ig]~m_ = �]Æ§�3nIuzl «Ág]p�{�lvdfnsp x _K{�~v_Hjsuv_ x g]~vdfp]�,nsr]lvdf^$df¼Kjwlvdfnsp<uzlv_�r�u

¦([�_�~m_
χu−w,n

h = χu−w,n
m,h

u�l�jwp x u3«ÁnI~�jsp�jwr�r]~vnª|tdf^�jYlvdfnsp�ns«�lm[]_�{�[�jw~�js{�lm_�~mdfuzlvdk{ «Ánenwl�{�ns^,dop���«Á~mns^
rTnsdfpBl

x ∈ Ω
{�nI^$r�gtlv_ x g�uzdfp]�$lv[]_�uvg]�#{�yt{�ifdfp]�,��js{�µBlv~�js{�µedfp]��um{�[]_K^$_I¥














χu−w,n
i+1,h = χu−w,n

i,h −∆ti · (u
n
h − wn

h)(χu−w,n
i,h ),

m
∑

i=1

∆ti = ∆t

χu−w,n
0,h = x, x ∈ Kh

�?�I� 	

Â±_�uz[�jwifi&p]_�_ x lm[]_�_�|tr]~m_Kumuzdfnsp nw«hlm[]_�ifdop]_Hjw~mdo¼K_ x uzytuzlv_�^ uvjwlvdku ½ _ x �ey³lm[]_�{�nIg]r]if_
(z, q)

def
=

D
Du∞

(u, p) · δu∞
·°Z []dku©{Kjwp��T_ x nsp]_¤jIu©dfp uv_K{�lvdfnsp `�·°Z []_¤^�jY��nI~�rTnsdfpIlH¥h[]_K~v_I¥hdku�lm[�jYl

lm[]_¤��¿Ä¹ ¨s_Kiont{�d®l�y
w
x ne_Ku<p]nsl x _Kr�_Kp x nspQlv[�_¤{�nIpIlm~vnIi&¨Yjw~mdfjs�]io_

u∞
· � _�p�{�_�¦�_�ionenIµ³«Áns~
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f.do�Ig]~m_ = Z ÆOÀ�~�j x df_�pBl x _K{�~v_Hjsuv_ x g]~vdfp]�,nsr]lvdf^$df¼Kjwlvdfnsp<uzlv_�r�u

(zn+1
h , qn+1

h ) ∈ X3
h ×Qh

uznIiog]lvdfnsp/nw«�lm[]_-«ÁnsififnY¦(dop]��uvytu�lm_�^q¥






































































































1

∆t
(zn+1

h , vh) + ν
(

∇zn+1
h ,∇vh

)

− (qn+1, div vh) =

1

∆t

[(

zn
h (δg) ◦ χu−w,n

h (g), vh

)

+ (∇un
h(χu−w,n

h (g)) · δχn
h, vh)

]

, ∀vh ∈ V n+1
h

(

div zn+1
h , qh

)

= 0, ∀ q ∈ Qn+1
h

zn+1
h = 0, Γn+1

s

σ(zn+1
h , qn+1

h ) · n = 0, Γout

zn+1
h = Πhδun+1

∞ , Γin

(z0
h, vh) = 0, ∀vh ∈ Vh

�?� = 	
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f.df�sg]~m_ = ��Æ���_Kuv[/¨I_�~vlvdk{�_Hu3rTnIuvdolvdfnsp<jYl l�� �Iu��Áif_�«Õl
	(jwp x
t = 16s

�Á~mdo�I[Bl 	

¦(dolv[






δχn
i+1,h = δχn

i,h −∆ti · z
n
h(χu−w,n

i,h )−∆ti∇(un
h − wn

h)(χu−w,n
i,h ) · δχn

i,h,

δχn
1,h = −∆t0 · z

n
h(x), x ∈ Ω

�?�w` 	

Z [�_ x _�~mdo¨Yjwlvdfnsp/nw«�lv[]_&ifdfp]_Kjs~vdf¼�_ x uvytu�lm_�^0«ÁnI~(lv[�_�uz_H{�nsp x nI~ x _�~�um{�[]_�^,_�«ÁnsifionY¦�u�lm[]_humjw^,_�jw~m�sg]
^,_KpIl�u(jwp x [�jIu p]nwl(�T_�_Kp x dfuvr]ikjªys_ x «Áns~ lm[]_�umjwµs_�nw«Euv[]ns~vlvp]_HuvuK·
Z [�_Kuv_�uzytuzlv_�^�u�[�jª¨s_q��_K_�p³dfp]r]if_�^,_�pBlm_ x dfpºlv[]_©{�n x _©¿�À-��be�z��fEb�jsp x g�uz_ x lvn¤{�ns^,r]gtlm_<lv[]_
�I~mj x df_�pBl�ns«�lm[]_�{�nBu�l «Ág]p�{�lvdfnspqdfpq_K¶Bg�jYlmdonIp �?�s� 	�·OZ []_�¶Bg�jwpBlmd®l�yI¥

Dg
def
=

(∇Jd
h −D Jdt

h )

D Jdt
h[�jsu��T_�_Kp x dkuzr�ifjªyI_ x dop f�df��· = �q«Áns~hlv[]_ ½ ~muzl$jsp x uv_K{�nIp x ns~ x _K~h{�[�jw~�js{�lv_K~vdku�lmdf{,um{�[]_�^,_Hu�·�Z []_

~m_Kuvg]iolmu�jw~m_�umjYlmdfuz«Èjs{�lvns~my,jwp x {�jwp���_-{�nI^,r�jw~m_ x ¦(dolv[�lv[�_�~m_Kuvg]iolmu3ns�tl�jwdfp]_ x «Áns~3lv[]_ x ~mdo¨I_�p�{Kjª¨ed®l�y
dfp f.do��· Ç = ·

����� � ! � � �	����� � % �
"��� ��!(
"� �	��� � 
���% ��� � � � �	%������ � 
 	

��u�dfpqlv[]_�r]~m_�¨edonIg�u�uv_K{�lvdfnspÄ¥�¦3_�g�uz_hjsp<[�jw~m^,nsp]dk{-rT_�~vlvg]~m��jYlmdonIp�jw~mnsg]p x j�uzlv_Hj x yquzlmjYlm_&«Áns~¯lv[]_
dfpt´�nY¦Å¨s_Kiont{�dol�ys¥

u∞(ρ, Se, φ) = 1 + ρ sin(2πSet)
�?� X 	
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Finite difference step
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Gradient consistency checking

First order scheme
Second order scheme

f.df�sg]~m_ = ��Æ f.do~�u�l�jsp x uz_H{�nIp x ns~ x _�~¾¿�jw�s~�jwp��s_��À-jwif_�~mµedop¬uv{�[]_K^,_�jwr]r]ifdf_ x lvn²lm[]_�^,nY¨edop]���(`
r�~vn ½ io_�3À�~�j x df_�pBl lv_Hu�l

Z [�dfu,^,_Kjsp�u$lv[�jYl�¦3_qg�uv_<j²{�nspBlm~vnIi�uvr�js{�_qnw« x do^,_�p�uzdfnsp
2
·ºÂ�_<nIp]ify x _Kjsi(¦(d®lm[ºj²uvyepIlm[]_�lmdf{

ifnIj x
Fd

r]~mn x g�{�_ x �Byqj¾uv_�l¯ns«Edop]r�gtl�{�nspBlv~mnsiÄr�jw~�jw^,_�lm_�~�u(jwp x lm~vy�lvn¾~m_K{�nY¨s_K~ lv[]dku¯uv_�l¯g�uzdfp]��jsp
nIrtlvdf^,do¼HjYlmdonIp¾r]~mne{�_ x g�~v_���jsuv_ x nsp�j H�g�jIuzdoù�¯_�¦ lmnsp��s~�j x do_KpIl3��jsuv_ x ^,_�lv[]n x ·EZ []_�^,nY¨Bdfp]�h{�nspt
½ �sg]~�jYlmdonIp�dku�uv_�l�¦(dolv[

α(t) = α0 sin(2π t/Ts)
¦([]_�~m_

α0 = 2π/180
jwp x

Ts = 5
·§Z []_�uvyBpBlm[]_�lmdf{

ifnIj x dku r]~mn x g�{�_ x ¦(dolv[
(ρ, Se) = (0.1, 0.1)

·
Z [�_<nsrtlmdo^,df¼KjYlmdonIp³¦�jIu,r�_K~z«ÁnI~v^,_ x g�uzdfp]�²lv[�_©¿5 ' f�À&bB '0¦(dolv[ jspºdfp]dolvdkjwi��sg]_Huvu�dfp�lv[�_�p]_�df�w
�Tnsg�~v[]nen x nw«#lv[�_�nsrtlmdo^�jsi�¨Yjwifg]_

(ρ0, S0
e ) = (0.15, 0.15)

·�Z [�_¯{�nIpB¨I_�~m�s_Kp�{�_ ¦ jsuE~m_KjI{�[]_ x jY«Õlm_�~
62dolv_K~mjwlvdfnsp�uK·�Z [�_�{�nspBlm~vnIiBr�jw~�jw^,_�lm_�~�u x g]~mdop]��lm[]_(nsrtlmdo^,df¼Kjwlvdfnsp�jw~m_ x dfuvr]ikjªys_ x dfp1f.df��·.`I�-jwp x f.df��·

` Ç ·/Â�_¾«Ánsg]p x lm[]dku�nsr]lvdf^$df¼Kjwlvdfnsp�r]~mns��io_K^ [�js~ x _K~&lv[�jwp²lv[�_¾nwlm[]_�~�u&�T_K{�jsg�uv_,lv[]_�{�nspe¨s_K~v�I_�p�{�_
nIp]ifyquvg�{K{�_�_ x _ x «Áns~�dop]dolvdkjwi��Ig]_Kumu¯p�_Kjw~¯lv[]_�lmjs~v�I_�l-{�nspBlm~vnIi�r�js~mjs^$_�lv_K~muK·�Z [�dfu�{�jsp���_$_�|tr]ikjwdfp]_ x
�ey$lv[�_�«ÈjI{�l3lv[�jwl�lm[]dku3r�~vnI�]io_K^ dfu uzlvdoÉ.¥]uvdop�{�_�jIu3uv[]nY¦(p¾dfp f.df��· ` = lv[]_�¨Yjwifg]_�ns«�r�js~zlmdfjsi x _K~vdf¨YjYlmdo¨I_
∂Se

J
jYl3dolv_K~mjwlvdfnsp

24
dku§�I~v_HjYlv_K~Olm[�jwp

103 ¦([]dfio_�lv[]_-{�nI~v~m_KuvrTnsp x dfp]��{�nspBlv~mnsi�r�jw~�jw^,_�lm_�~�u§js~v_�dop�j{�ionBuz_-p]_Kdo�I[e��nIg]~v[�nBn x nw«�lm[]_&nsr]lvdf^,jsiÄ¨Yjwifg]_KuK·

ÑÁÒ.ÓÄÑÕÔ



���������
	����������������������	��������! #"$�%��&'�!()��*�+�	���������(,+-(!���/.10�	�.2��	��-.'�� !3�	��4����&����5�
�6�879�;:<( Z �

0 10 20 30 40 50 60 70
0

0.02

0.04

0.06

0.08

0.1

0.12

0.14

0.16

Optimization step

O
tim

iz
at

io
n 

pa
ra

m
et

er
 ρ

Optimization procedure

f�df�sg�~v_-`I��ÆE��^,r]ifd®lmg x _h{�nspBlv~mnsi#r�js~mjs^$_�lv_K~ x g]~vdfp]�$lv[�_&nsrtlmdo^,df¼KjYlmdonIp/uzlv_Kr�u
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f.do�Ig]~m_�` Ç Æ f]~m_K¶Bg]_Kp�{�y�{�nspBlm~vnIiTr�jw~�jw^,_�lm_�~ x g]~mdop���lm[]_&nsr]lvdf^$df¼Kjwlvdfnsp<uzlv_�r�u
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f.df�sg]~m_-`B�tÆ§�3nBu�l «Ág]p�{�lvdfnspq�T_�[�jª¨edfnsg]~ x g�~vdfp]�$lv[]_&nIrtlvdf^,do¼HjYlmdonIp/uzlv_Kr�u
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f.do�Ig]~m_�` = ÆOÀ�~�j x df_�pBl nw«.lv[]_�{�nIuzl�«Ág�p�{�lmdonIp/�T_�[�jª¨Bdfnsg�~ x g]~vdfp]�$lv[�_&nsrtlmdo^,df¼KjYlmdonIp<u�lm_�r�u
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�£p�lv[]dku�~m_�rTns~vlK¥T¦3_h[�jª¨s_&�T_�_Kp�dope¨I_Kuzlvdf�IjYlmdop���nsrtlmdo^�jwi.{�nIpIlm~vnIi�r]~mns��io_K^,u(«Áns~�uvns^,_&´�g]d x uzytuzlv_�^�u
x _Kum{�~mdo�T_ x �ey/lv[�_$��jª¨Bdf_�~v�bBlvnIµs_Ku�_K¶Bg�jYlmdonIp�u�dop ½ |t_ x jsp x ^,nY¨edop�� x ns^�jsdop�uK·&Z []_hnI~vdf�sdfp�jsiodol�y�ns«
lm[]dku(¦3nI~vµ�dku�l�¦�nw«Ánsi x Æ


 Â�_�[�jª¨s_�dopBlv~mn x g�{�_ x j x dfum{�~m_�lm_¾iodfp]_Hjw~mdo¼K_ x um{�[]_�^,_Ku�jsumuznt{�dfjwlv_ x lmn ½ ~�u�l$jwp x uv_K{�nsp x nI~z
x _�~-¿�js�s~�jwp]�I_��À-jwif_�~mµedop x dkuv{�~v_�lv_�um{�[]_K^$_h«Áns~�lv[]_$�¯jª¨edf_�~v£bBlmnsµI_Ku�uvytu�lm_�^q·�Z [�_�r]~mnsrT_�~vlvdf_Ku
nw« lv[�dfu&ifdfp]_Kjs~vdf¼�_ x um{�[]_K^$_�[�do�I[]ioy x _�rT_�p x nsp±lv[]_¾l�yBrT_�nw«(��jI{�µBlv~�js{�µedop���r]~mnt{�_ x g]~m_$g�uz_ x
lvn�{�ns^,r]gtlm_,lv[]_�{�[�jw~�js{�lm_�~mdfuzlvdk{�r�jYlm[�u&dfpB¨Insif¨s_ x dfp²lv[]_¾¿�jw�s~�jwp��s_��À-jwif_�~mµedop©^$_�lv[]n x ·�Â�_
[�jª¨s_¾uv[]nY¦(p±lv[�jYlhg�uvdfp]�©jwp�j x jwr]lmjYlmdo¨I_,��js{�µBlv~�js{�µedfp]�qr]~mne{�_ x g�~v_,dfp�{�ifg x dfp]��jqr�~vns��_K{�lmdonIp
nsp�uvdo^,r]if_�|quzd x _Hu¯jwifnsp��$¨I_�ifnt{�dolvdf_Ku(if_Kj x u(lmn¾j,p]nspt x doÉT_K~v_KpBlvdkjw�]if_�uzytuzlv_K^/· Z []dku�~m_Kuvg]iol¯[�jsu
��_K_�pºpeg]^,_�~mdf{Kjwifioy�dfioifg�uzlv~�jYlm_ x g�uzdfp]��lv[]_<{�n x _q��bt� = ¦([]dk{�[ºdfu$��jIuz_ x nsp¤lv[]_<j x jwrtl�jYlmdo¨I_
��js{�µBlm~mjI{�µBdfp]��r]~vnt{�_ x g]~m_s·1f]g�~zlm[]_�~m^,ns~m_s¥5¦�_$[�jª¨s_,uz[]nY¦(p©lv[�jwl�g�uvdop]�qjquzg��T{�ye{�iodfp]�q��jI{�µI
lv~�js{�µedfp]�Iu,r]~mnt{�_ x g]~m_/if_Kj x u,lmn x d®É#_�~m_�pBlmdfjs�]io_<r�~vnI�]io_K^�u¾jwp x lm[]dfu¾[�jsu��T_�_Kp³peg]^,_�~mdf{Kjwifioy
r]~mnY¨s_�p�nsp<uvdo^,r]if_�lv_Kuzl�r]~mns�]if_�^�u g�uvdfp]�$lv[]_�{�n x _-¿.À-��be�z�2fEb#·


 Z []_�{�nI^,r]gtlmjwlvdfnsp/nw«�{�nIuzl «Ág]p�{�lvdfnspqr�jw~vlvdkjwi x _K~vdf¨YjYlmdo¨I_Ku [�jIu3�T_�_Kpqr�_K~z«ÁnI~v^,_ x g�uvdop��,j$r�js~z
jwifio_Ki.js~m{�[�d®lm_K{�lmg]~m_&lmjsµBdfp]��j x ¨YjwpBlmjs�s_&nIp<lv[]_h«Áns~m¦�js~ x dfp�lmdo^,_�uzlv~mg�{�lvg]~m_hns«.lm[]_$iodfp]_Kjs~vdf¼�_ x
x dkuv{�~v_�lv_&uzytuzlv_K^/·

Z [�_qjs�]dfiodol�y�nw«�nsg]~¾{�n x _/lvn�{�nI^$r�gtlv_�{�nIuzl$«Ág�p�{�lmdonIp¬�I~mj x do_KpBlmu$_�p�js�]if_ x g�u,lvn x _Hjwi(¦(dolv[ºl�¦�n
nIrtlvdf^�jwie{�nIpIlm~vnIisr]~mns��io_K^,uK·�Z [�_§peg]^,_�~mdf{KjwiB_�|trT_�~mdo^,_�pBl�uÄlm[�jYl�¦3_3r�_K~z«ÁnI~v^,_ x io_ x lmn�lv[�_§«ÁnIioifnY¦(dop��
{�nsp�{�iog�uzdfnsp�u�Æ

 �(_ x g�{�dfp]��lm[]_ x ~�jw�¾jw~mnsg�p x j,^,nY¨edfp]��{�df~m{�g]ifjs~¯{�yeifdop x _�~([�jIu(�T_�_�pq«Á_Hjsuvdo��io_&¦(dolv[qlm[]_h{�n x _
¿�À-��be�z��fEb#·eÂ±_¯[�jª¨I_�~v_H{�nY¨I_�~m_ x _Kjw~mify�~m_Kuvg]iolmu3��jsuv_ x nIp x doÉT_K~v_KpIl3lvdf^,_ x dkuv{�~v_�lvdf¼Kjwlvdfnsp¾jwp x
g�uvdop]�±jwp¤j x ��nsdfpBl���jIuz_ x «Áns~m^hg�ifjwlvdfnspÄ·±Z []_ x ~�jw�©^$dfp]df^,do¼HjYlvdfnspº{�js^$_�¦(d®lm[¤j�~m_ x g�{�lmdonIp
nw«&lm[]_�¨snI~zlm_�|�uz[]_ x]x dfp]��¦(dolv[]nIgtl�dfp�{�iog x dop]�¤lv[]dku¾nI�t��_K{�lvdf¨s_�dfp³lm[]_©{�nBu�l�«Ág]p�{�lmdonIpÄ· Z []_
nsrtlmdo^,df¼Kjwlvdfnsp±¦3nI~vµI_ x ¦�_�ifiE¦(dolv[]nIgtlhjwpey�~m_��Ig]ifjs~vdf¼KjwlvdfnspÄ¥#¦([�jwl&¦�jIu-_�|tr�_H{�lm_ x ¦(d®lm[�j�ifnY¦
�(_�yep]nIi x u pBg�^h�T_�~H·


 Â�_&[�jª¨s_���_K_�p<jwikuzn x _Hjwifdop��$¦(dolv[<jsp�nI~vdf�sdfp�jwi#r]~mns��io_K^ {�nIp�uzdkuzlvdfp]��dfp/lv[]_&d x _KpIlmd ½ {�jYlmdonIp�ns«
dop]´�nY¦U��nIg]p x js~vyq{�nIp x dolvdfnsp�u�«Á~vnI^ lm[]_hµep]nY¦(if_ x �I_&nw«�´�g]d x ifnIj x u lvdf^,_h[]dkuzlvns~my/nsp�j ½ |t_ x
ns~¾^,nY¨edfp]�²_�^h�T_ x�x _ x uvnsifd x · Â�_©[�jª¨s_<uv[]nY¦(pºlv[�jwl�lv[]_�_�|]js{�l¾d x _KpIlmd ½ jw�]dfiodol�y¤r�~vnIr�_K~zl�y
[]nsi x u3jYl§if_KjIu�l§peg]^,_K~vdk{�jsioifyhdfp,lv[]_�{�jsuv_(nw«Ä~m_KjI{�[�jw��io_�lmjs~v�I_�l�u�«Áns~Elm[]_ ½ |e_ x jwp x lm[]_�^,nY¨edop��
{�nIp ½ �sg�~mjwlvdfnsp�uK· f]ns~$jw~m�]dolv~�jw~my<lmjs~v�I_�lmuK¥�j<µedop x nw«�jwr]r�~vnª|tdf^,jwlv_�d x _�pBlmd ½ js�]dfiodol�y�r�~vnIr�_K~zl�y
[�jsu �T_�_Kpq_�|t[]df�]d®lm_ x «Áns~ lm[]_ ½ |t_ x {�nsp ½ �Ig]~�jYlvdfnsp�·

� nY¦3_K¨s_K~Olv[�_Kuv_�~m_Kuvg]iolmu3[�jª¨s_���_K_�p/ns�tl�jwdfp]_ x «ÁnI~(j�¨s_K~vy�uv^�jwifi#{�ifjIuvu3nw«.{�nspBlm~vnIi�r�js~mjs^$_�lv_K~muK·.Z [�dfu
{�[�nsdk{�_,[�jsu-�T_�_Kp²^$nslvdf¨YjYlv_ x �By�l�¦3nq^�jwdfp�~m_KjIuznIp�uKÆ ½ ~muzl-«Áns~-lv[�_ x ~mjs�q^$dfp]df^,do¼HjYlvdfnsp±r]~mns�]if_�^q¥
dol(¦�jIu r]~mnY¨s_�p�dop x doÉT_K~v_KpBl ¦�ns~mµtuOlm[�jYl(lm[]_-[�jw~m^,nsp]dk{ x _K{�ns^,rTnIuvd®lmdonIp�nw«.��nIg]p x js~vy�{�nspBlm~vnIifu3dfu(j
¨I_�~myh�InBn x {�[]nIdf{�_(_�¨I_�p�¦(dolv[¾nIp]ioy$nsp�_�[�jw~m^,nsp]dk{w·Ebe_H{�nsp x ioyI¥wlm[]_¯g�uv_�ns«�j x df~v_H{�l3jsr]r]~mnIjs{�[,��jIuz_ x
nIp<iodfp]_Hjw~mdo¼K_ x uvnsifgtlvdfnsp�{�ns^,r]gtl�jYlvdfnsp©dop x g�{�_Hu�jsp<dop�{�~v_Hjsuvdop���pBg�^h�T_�~�nw«Ouzytuzlv_K^)lmn�uvnsif¨s_I·(¹O¨s_Kp
do«�lv[]_Huz_�uvyeuzlv_K^�u&jw~m_$uvnsif¨s_ x dfp�r�jw~�jwifio_Ki?¥Ä¦�_�jw~m_�~m_Kuzlv~mdk{�lv_ x �ey<lm[]_,peg]^h�T_�~&ns«�r]~mnt{�_Huvuvns~�u�lm[�jYl
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{Kjwp/��_&g�uz_ x jwl(lv[]_�umjw^,_�lvdf^,_s·
�¯�Ijsdop,¦�_�^�jªyh_�^,r][�jsuvdo¼K_ lv[]_(«ÈjI{�lOlm[�jYl3nsg]~§jsdo^»¦ jsu�lmn�¨Yjwifd x jwlv_ lm[]_�g�uv_�nw«Ä¿�jw�s~�jwp��s_��À-jwif_�~mµedop
jsio�Ins~md®lm[]^�uO¦([]dfif_�{�nIp�uvd x _K~vdfp]��nIrtlvdf^�jwi#{�nIpIlm~vnIi�r]~mns��io_K^,uK·�Z []dfu3[�jIu§�T_�_Kp x nIp]_¯g�uvdfp]�&lv[�_ x df~m_K{�l
^,n x _�jsr]r]~mnIjs{�[�·.Â±_hjs~v_&jwif~m_Kj x y¾¦3nI~vµedfp]�$nsp/lv[]_�j x ��nsdfpBl���jsuv_ x «ÁnI~v^�g]ifjwlvdfnsp�u�� Ç<Z �.¦([]dk{�[/^�jªy
~m_�r�~v_Huz_KpIl(j x _�_Krqdo^,r]~mnY¨s_K^$_KpBl�ns«�lm[]dfu�¦3nI~vµ¾jIu�«Èjw~�jsu _ �¾{�df_�p�{�y¾dfu({�nsp�{�_�~mp]_ x ·
f.dfp�jwififys¥.¦3_�uv[�jwifiOrTnsdfpIl�nsgtl&lm[�jYl�lm[]_�d x _�pBlvd ½ {KjYlvdfnsp²r]~mns��io_K^ ¦ jsu-ns~mdf�sdfp�jwifioy x _Kuvdo�Ip]_ x «ÁnI~&lv[]_
´�g]d x ùuzlv~mg�{�lmg]~m_�dfpBlv_�~�js{�lvdfnsp�r�~vnI�]io_K^ jsu x _Kum{�~mdf��_ x dfp�� = `��ù·�f�gtlvg]~m_,¦3nI~vµtu�^�jªyq{�nsp�{�_�pBlv~�jYlm_hnIp
nIrtlvdf^�jwiE{�nIpBlv~mnsi.r]~vnI�]if_�^�u�«ÁnI~�lv[]_$«Ág]ifiO{�nIg]r]if_ x r�~vnI�]io_K^�u¯g�uvdfp]��lm[]_$´�g]d x £u�lm~vg�{�lvg]~m_$iodfp]_Kjs~vdf¼�_ x
uvytu�lm_�^ ¦([]nBuz_<uzlv~mg�{�lmg]~m_�[�jIu$��_K_�pº_Kuzlmjw��iodkuz[�_ x dop � Ç = �ù·¬Â±_q¦(doifi�jwikuzn x _Hjwi(¦(dolv[¬lv[]_<j x ��nsdfpIl
«ÁnI~v^�g]ikjYlvdfnsp��ey�g�uvdop���lm[]_&~m_Kuvg]i®l�u ns�tl�jwdfp]_ x dfp�� = X �>·
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� Ç � f�·#���T_�~m�s_Ki�jwp x �&·TZ�_�^�js^/·¯��p©uvns^,_�{�nspBlv~mnsiÄr�~vnI�]io_K^�u�dfpq´�g]d x ^,_K{�[�jsp]df{Ku�· ) 79�������6�����	��
	�� : � ��� � + �%	�������� 	�� � � + ��:�� ����	�� ��!( ¥ Ç Æ = � =�� = � X ¥ Ç �s�I�]·

� ������·Ä��^�jwp x nsif\Kuv_s· � �������!���6+ ��������� ��� �6��+�:2� :2�6(1�79	���.'���1������(
	 + ��:'�!()(!+ �1:'�!( � �6(!�#	'6�4�6(1� ���
����� � ���6( �(,/�6(,��+ �
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