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Une méthode de calcul de champs electromagnétiques
hautes fréquences au voisinnage de caustiques de type pli
basée sur 'optique géométrique - Deuxiéme partie -
L’énergie

Résumé : Ce papier, la suite de [3], présente le calcul des amplitudes nécessaire pour
évaluer ’énergie déposée par une onde laser dans un plasma en présence d’une caustique de

type pli.
Mots-clés : Hamilton-Jacobi, Systéme Hamiltonien, Lancer de rayons, Solution de Vis-
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A GO based numerical method-Part IT 3

1 Introduction

This paper is the second and last part (the first part is [3]) presenting a Eulerian numerical
method for the simulation of the propagation of a laser wave in a material medium.

The electromagnetic field A is the solution of the following frequency wave equation (see

[8])
V- (VA) + kin®A +ivkyA = 0. (1)

The space variable X belongs to R4t (d = 1 in the sequel), V is the gradient operator in
R+ kg is the wave number of the laser wave in the vacuum, n = n(X) is a given smooth
positive function which corresponds to the refractive index of the medium and v a positive
parameter characterizing the absorption coefficient of the laser energy by the material. The
system is subject to an incident plane wave

Aine = Agexp(ikoX.(cosa, sin a)) (2)

where « is the angle of incidence and the scattered field A,..; = A — A;;,. satisfies radiation
boundary conditions at infinity.

As in [3], a WKB technique is used (see for example [7]). In its simplest form the
oscillatory unknown A is approximated by

A ~ ge*0?, (3)

An asymptotic expansion of equation (1) shows that the phase ¢ is solving the eikonal
equation

|Vo|? = n? (4)
and the amplitude a is a solution to
va+2VaVe +aV.(Vg) =0. (5)
The physical quantity E = |a|? which represents the laser energy satisfies
vE +V.(EV¢) =0 (6)

Both geometrical optics unknowns ¢ and a have slow variations compared to A and are
cheaper to approximate and compute in terms of computational cost. The WKB approxi-
mation is often the only affordable way to simulate high frequency wave propagation phe-
nomena.

Tt is however well known that the single phase ansatz (3) is not correct in the vicinity of
caustics for two related reasons: first, the rays which are the integral curves of the gradient
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4 J.-D. Benamou, O. Lafitte, R. Sentis and I. Solliec

of the phase V¢ and along which ¢ is defined cross and define a multi-valued phase function.
Second the same rays are the characteristics of the conservation law (6). Near the caustic
neighboring rays cross and the laplacian of the phase V.(V¢) is singular at the caustic.
Eventually, the energy E computed by means of the WKB approximation becomes infinite.

The appropriate generalization of (3) is the Maslov theory of global oscillatory functions,
which can be presented along the lines of the theory of Fourier Integral Operators of Hor-
mander ([6]). As an introduction, we treat a most simple example (already used in [3]) and
show how the solution of (1) is linked to the notion of multi-valued solution of (4-5) : Let us
consider a 2-D half space problem {X = (z,z) € bfR? | z > 0} which will simplify into a 1-D
problem as we assume the medium to be characterized by a simple index n?(z,z) = 1 — z.
The incoming wave determines the boundary condition data at x = 0, and since n does not
depend on z we can seek a solution of the form A(z,z) = u(z)exp(izsina). Equation (1)
then simplifies to

u"(x) + ki (ze. — )u(z) + ikovu = 0

where z, = cos? a.
The only “physical” solution (compatible with the radiation boundary condition) is :

u(z) = CkL/°Ai (—k§/3((:cc —z)+ z'uko_l))

the coefficient ké/ 6 standing here for normalization purposes. For z < z., as kg — +00, we
show, using the classical asymptotic expansion of the Airy function (see annex 7.1), that

C e—iT(/4 e+i7r/4
u(a) (

~ SN ARSI exp(iko() + m eXp(_ikOO) + O(ko_l)

where 5
(= g(a:c —x +ivky ')?/?

that is to say
u(x) ~ ate " texp(ikol) + a"et ™ texp(—ikot) + O(ky') (7)
where ¢ = 2(z, — 2)*/? and

c 1 c 1
-——__- = VT + —v\/Zo—2
“ 2/ (. — z)1/4 ¢ » @ 27 (z. — m)1/4e (8)

We can easily identify (7) as the sum of two W.K.B ansatz formed by the + branches. Indeed,
as in [3], we can see that the rays of geometrical optics for this simplified toy problem produce
a fold straight caustic curve x = z. (see figure 1). Each point on the illuminated side of the
caustic is reached by two rays which are labeled — and +. The — part of the rays propagate
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A GO based numerical method-Part IT 5

unto the caustic and is called direct while the + part is the return portion of the rays after
passing the caustic. These two families define two phases

2
¢i:zsinai§(mc—$)3/2+0 (9)

which are solution of (4) with ad-hoc initial and boundary conditions (the constant C' de-
pends on the boundary condition). Then we get the following approximation for the potential
A =uexp(izsina) :

A~a"e ™t exp(ikod™) + atel™ t exp(ikodt) + O(ky ). (10)

Formula (10) means that at high frequency, A is the sum of two W.K.B ansatz formed by the
+ branches. The e*i"/* terms represent the known 5 phase shift across caustics according
to Maslov theory. On figure 2, we have plotted in the case ¥ = 0 both the exact solution A
(plain line) and its W.K.B. approximation (stars) (only in the last wavelength is a difference
to be seen, the approximation blows at the caustic). A valid approximation of A near the

caustic in the spirit of [11] is proposed in [9]).

From the application point of view the important physical quantity is the absorbed laser
energy [, v|A]?dX on a fixed domain D. One can readily check from (7)

|A|2 ~ (|a"’|2 + |a_|2) + —2ata” sin(2ko() + O(kal)

Recall that this approximation holds asymptotically in k¢ and therefore only the stationary
points of ¢ will contribute to the integral of the last term, actually only the caustic point.
When the domain D is a strip [#1, 2] which does not contain the caustic, we get by the
stationary phase formula

[ iapds= [ (a0 Pade+ Ol ) (1)

In appendix A, we actually prove in the affine index of refraction case that (11) holds even
if 25 is at the caustic point z, .

The numerical method presented in [3] and in this paper is designed to work for index of
refraction n(z,z) producing a fold caustic that can be parameterized by z, i.e. the caustic
is represented by the curve z = z.(2). One can check (see [9] for a detailed demonstration
of this result) that, when v = 0, formula (10) still holds away from the caustic.

In general cases, the phases ¢* and the amplitudes a* can only be computed numeri-
cally, the classical method being ray tracing. In [3], we proposed an Eulerian method for
the computation of ¢*. In this paper, we focus on the specific difficulties linked to the
computation of the amplitudes and in particular the square of the amplitudes E* = |a*|2.
Because of the singularity of the phase coefficients at the caustic neither (5) for a* nor (6)
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6 J.-D. Benamou, O. Lafitte, R. Sentis and I. Solliec

for E* are used in practice. Instead we use the conservative properties of equation (6) to
establish the following representation for the energies

Z:I:

o
|0+, ¢+

(12)
where O is the oriented volume of an infinitesimal tube of rays (sometimes called “geomet-
rical spreading”) which vanishes at the caustic and Z is a function decaying along the rays
at a rate governed by v. These new unknowns are solutions of Eulerian transport equations
and provide a robust evaluation of across caustics.

The paper is organized as follows. We first summarize basic facts and results from [3] on
the bi-valued phase ¢*. We then derive in section 3 the equations we will use to compute the
amplitudes and numerically evaluate formula (11). Section 4 details more technical results
on the modification of the computational domain and boundary /initial conditions. Section 5
explains the difficulty linked to the finite difference approximation of the transport equation
near the caustic. We propose a first order scheme and show numerical results. Finally
section 6 shows numerical results and presents a numerical validation of formula (10) and
(11) in the 1-D case.

2 From the Lagrangian to the Eulerian modelization of
the fold caustic

We give in the two following subsection, a necessary overview of the phase model presented
in [3]. This presentation is slightly different and hopefully clearer than the one that can be
found in [3].

In this section and throughout the paper we use d = 1 that is X = (z,z) is in R? and
V = (8,, ;). We believe that the content of this paper can be extended to treat fold caustic
cases in three dimensions (d = 2 and 9, is a gradient).

2.1 The Lagrangian model of the geometric optics

We start with an infinite device because it is in essence what our proposed Eulerian method
can handle. The index n(z,z) is constant (= 1) in the half plane 2 < 0 where the incident
plane wave (2) propagates freely. The important assumption on the physics of the problem
in [3] - still valid in this paper - was an a priori hypothesis on a qualitative behavior of
the rays. In our (z, z) setting (see figure 4), we use the z axis as a privileged direction of
propagation. The rays start as straight lines making an angle o with the vertical axis in
the z < 0 half plane (constant index of refraction), then they enter the z > 0 area where
the index has smooth variations such that rays “folds” and the locus of the fold is called the
caustic. After turning back at the caustic the rays eventually exit the x > 0 domain and
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A GO based numerical method-Part IT 7

revert to a straight line in the constant index part of the medium.

The “fold caustic” assumption can be mathematically expressed by two conditions. First
the ray curves can be parameterized by z and so is the caustic denoted by z = z.(z). Second,
every point (z, z) on the illuminated side of the caustic is passed by two rays, the other side
(the shadow zone) is not reached. They can be classified into two “branches” : direct rays that
reach the point before passing through the caustic and return rays that reach the point after.

We define the family of ray curves {y(z,20), 20 € R, 2z > 2} (see figure 4) where zg
indicates the first crossing position of the ray with the z = 0 axis (T'j,.). The rays are
solutions, Vzo and Vz > zp of the 1-D Hamiltonian system :

?;I(Z,Zo) = Hp(zayap)
p(Z,ZO) = _Hw(z7y7p) (13)
(,b(Z, ZO) =Dp- Hp(z7y7p) - H(Z,y,p)

where H(z,x,p) = —y/n? — p?. The dot stands for derivation with respect to z, and H, and
H,, denote the derivatives of H with respect to z and p. We specify the initial conditions
on the axis x =0

Y(20,20) =0
p(20,20) =sina (14)
¢(20,20) = sina 2

The initial conditions are derived from the incident plane wave condition (2) and all rays
can be extended backwards by straight lines (they solve the same equation in the z < 0
zone).

2.2 The truncated and extended Lagrangian model
The truncated Lagrangian model

In practice our device is finite and the index n defined in a bounded interval. We can still
assume the domain to be infinite in the x < 0 half plane as the propagation is trivial there
but we need also to bound the domain in the z direction. Let us set |0, Z[ as the range in
z where the index is defined. There is no difficulties to stop the ray computations at z = Z
and truncate the domain there. Truncating at z = 0 is more problematic. Notice indeed
that is we use the same initialization (14) but only for positive zg. It generates different
zones where the fold caustic hypothesis above does not necessarily applies. There is a first
zone labeled (1) on figure 5 below the first ray shot from the origin (0,0), represented in
thick line, which is not covered by any rays. A second zone labeled (2) delimited by the
direct part and return part of that same first ray is only reached by direct rays. We finally
on the remaining part of the illuminated domain, labeled (3) on the figure where we get the
usual “fold caustic” regime where every point is reached by a direct and a return ray.
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8 J.-D. Benamou, O. Lafitte, R. Sentis and I. Solliec

The extended Lagrangian model

As already hinted, and extensively explained in [3], the truncation of the Lagrangian model
is a source of difficulties where its Eulerian treatment is concerned. Indeed, both the direct
and return part of the solution are sought for as coupled Eulerian solutions of evolution par-
tial differential equations in z and the coupling cannot be avoided to compute the caustic.
Initial conditions are therefore needed for both branches at z = 0.

In [3] we proposed initial conditions derived from a compatible stationary problem : the
index is first extended in the z < 0 by setting n(z,z) = n(0,z), Vz < 0. As the z dependence
is suppressed, all rays issued from negative zg have the same behavior and the caustic is a
straight line z.(z) = Cp. It can be shown [10] that this stationary solution and our physical
solution connect smoothly without interference (see figure 6). This extension process has
two advantages. First we now have two branches everywhere in the physical domain, second
the stationary solutions at z = 0 are easy to compute and can be used as initial data.

We can therefore truncate anew this extended model at z = 0 and set the initial condi-
tions for the ray system on the z axis (figure 7). Note that according to the “fold caustic”
hypothesis each point (z = 0, x) for zo €] — 00, Cy| is reached by two rays of the extended
model. We now have two families of rays curves {y;(z,z9), 2o €] — 00,Co[, z > 0} for
i = 1,2 where y1(2,z9), respectively y2(z, o), are the rays issued from the direct, respec-
tively return, rays crossing z = 0 at z¢. The rays of each family satisfy for Vz > 0 of the
same system (13) and the initial conditions now derive from truncating the extended model

4:(0,20) = xg
pi(0,0) = pio(xo) (15)
¢i(0,20) = @io(zo)

where p; o and 1,9 are data of the problem, p» ¢ and @2 ¢ are by-products of the stationary
problem in z < 0 and p;(., zg) and ¢;(.,xo) are the corresponding solutions of (13).

2.3 From Lagrangian to Eulerian

The rays of the y, family will always be return rays, they passed the caustic in the extension
z < 0 of the domain ; we will denote these rays y5". This is not the case for the y; family in
which the rays start as direct rays, pass the caustic and become return rays (figure 3). The
direct part of a y; rays will be denoted y; and the return part y;. Mathematically, Vo,
there is a depth z.(zg) such that

yl(zc(:vO)’xU) = 'Z'C(ZC("EO))
and then

(Z,.Z‘o) = yl(Z,ZEo), fOT' z < Zc('Z.O)
(z,m0) = 91(2,m0), for z < ze(wo).

Y

L
Y1
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A GO based numerical method-Part IT 9

We can now assert that every point (z,x) €]0, Z[x]0, z.(2)[ is passed by two rays (figure
1) : a direct ray which is necessarily a y; rays and a return ray which is either a y; or a
ys ray. Thus, for all zo the formulae

¢~ (2,91 (2,20)) = ¥1(2, 70)- (16)
for the direct branch and
ot (2,91 (2,m0)) = p1(2,m0), ¢ (2,95 (2,m0)) = @2(2, 7o) (17)

for the return branch, define two single valued Eulerian phase functions ¢*(z,z) and ¢~ (z, ).

We recall the full Eulerian model for ¢* and associated initial and boundary conditions
derived in [3]

0.5 (2,2) + H(z,2,V,¢%) =0 for (z,z) € R x [0,z.(2)] (18)
We use an incoming boundary conditions on ¢~
¢ (2,0) = dine(2) for z > 0. (19)

Initial conditions are derived from a compatible stationary problem [3] (we return to this in
section 4.1).

The direct and return phases (and, as they satisfy the same equation, their gradient)
match at the caustic

ot (z,2:(2)) = ¢ (2,2.(2)) for 2 > 0. (20)
and one can check that
Ge(2) = Hy(2,2:(2),0e(2)),  pel2) = 0u¢™ (2, 2(2)) (21)
Both (21) and (18) are consequences of the identification formula
p(z,20) = 026(2,y(2,20)) (22)

which holds for both families of rays or branches. We use this property to define the Eulerian
flows :
0,0%(2,x) 0,0%(2,x)

+ _ + — ——
V (zax)_Hp(z7$78z¢ (Z,IL’))— H(z,x,@ngi(z,x)) - aqui(z,a:)

corresponding to the Lagrangian flows, i.e. the first line of (13).

RR n°® 4121



10 J.-D. Benamou, O. Lafitte, R. Sentis and I. Solliec

Eulerian-Lagrangian function correspondence

As already done for the bi-valued phase (16-17), we systematically define bi-valued Eulerian
function from their Lagrangian counterparts. We consider a couple of Lagrangian functions
Ui (z,z9) and Uy(z, o) which are transported along the y; » rays according to the ordinary
differential equation

0.U; = f(Uz)a

As in (16-17) , we again define two Eulerian functions U%(z, z) by
Ui(zayli(zaxﬂ)) = Ul(zamO)a U+(z,yf(z,x0)) = Ui(z,.fll'()) i = 1727 V. (23)

Remark : As rays y; and y; never cross we will in the sequel unambiguously note
simply y* for the return rays and y~ for the direct rays (instead of y; ).

The Eulerian functions satisfy the partial differential equations obtained by deriving the
above relations
.U~ +VE(z,x) - 0,U* = f(U*(2,x))

that is to say

az¢iazUi + az¢i ) 8ZL'U:|: = 8z¢if(Ui(za .’L’)) (24)
Remark also that branches necessarily match at the caustic
Ut (2,2:(2)) = U™ (2, 2c(2)) (25)

We already used this expression for the phases (20) and will use it again to derive
boundary conditions.

3 The energy/amplitude model

The aim of this subsection is explain how the energies E* = |a*|? used in the conjectured
formula (11) are evaluated. The classical method for the computation of the energy uses a
Lagrangian formula obtained from the integration of (6) on a ray tube. We first detail this
derivation leading to formula (12) and introduce geometrical spreading ©% and the auxiliary
variables Z*. We then give the Eulerian equations used to compute these new quantities.
Finally we give an equivalent fully Eulerian derivation of the same equations.

3.1 The Lagrangian approach for £+

We start by considering a tube around a reference ray y~(z,Zo) in the direct part of the
Lagrangian solution and will omit the .~ notation for convenience. A ray tube is defined
as @ = {(z,y(z,z0)), z €]20, 21], Zo € B(Zo,€)} where B(Zy,e€) is the ball of radius € and

INRIA



A GO based numerical method-Part IT 11

center Zo, and zg, z1 are fixed (see figure 8). The integration of equation (6) on 2 gives (by
Green’s formula)

/ Bz, 2)V(er, ) -7 do =
{z=2z1}N0Q

/ E(20,2)V¢(20,) - ﬁdw+/vE(z,x) dxdz
{z=20}N0Q2 Q

where 77 is the exterior normal to Q. It is simply here (£1,0) in the two terms above and
then V¢ -7 = £0,¢. The remaining parts of 2 are rays portions and their contribution is
zero as V¢ is tangent to the rays by construction.

We now change the integration variable z — zo = y 1(2,z) (i.e. z = y(2,0)) :

/( )E(Zhy(zlawo))3z¢(21,y(21,$0))|<9z01/(21a370)| dzo
B(Zg,e
=/ E(20,y(20,%0))0:¢(20,20) dzo
B(Zo,€)

/ | vBGyy(a 0l 0n o) doad
B(.’l}o,

and obtain a formula for the energy - along every ray (Vzo) and for all z €]z, 21| - by letting
egoto0

E(z,y(2,20))0:9(2,y(2,%0))|02,y(2, T0)| = E(20,20)0>$(20, 0)|0z,y(20, Zo)|

+ [ By ) e, )] 2. (26)

20
Let us assume for a while that v = 0. Then equation (26) simply states the well-known
conservation property according to which E x (8,¢ - |0,,y|) is constant along rays. Indeed
the oriented volume of an infinitesimal tube of rays reduces to 0,¢|0,,y| in the paraxial
model.

Of course, formula (26) is meaningful as long as the ray tube does not collapse ; we
recall that we are in the direct part of the rays and 0.,y (z,2¢) # 0. At caustic points,
Oz~ (2,x0) vanishes and (26) predicts and infinite energy. To overcome the caustic difficulty
we define a new function Z (z,z):

Zi(zayi(zaz'O)) = E('zayi(z7$0))az¢7('z7yi(zaxo)”aﬂ?oyi(z’xoﬂ' (27)
We find from (26) that Z~(z,y~ (z,z0)) satisfies the ODE
— - Z7(2,y~(2,%0))
R PRV (28)
Z7(07x0) = E(OJmO)az(ﬁi(OrrO)

RR n°® 4121



12 J.-D. Benamou, O. Lafitte, R. Sentis and I. Solliec

(recall that y(0,z9) = z¢). Thus, as we assumed 9,¢ > 0 (section 2.1), Z~ remains bounded
even at the caustic.

We now can repeat the above computations in the return part of the solution and in par-
ticular a Z+t function can be defined that satisfies the ODE (28) after the caustic. Assuming
that the following continuity condition on Z (proved in [10]) holds :

Z¥ (25" (2,2:(2)) = Z (2,5 (2,3(2))), (29)
we obtain a uniformly valid formula (except at caustic points) for the energy along a ray :

Z*(2,y % (#,20))

E*(z,y %+ (2,20)) = 30
oy 00)) = 5 Gy £ (2 a0 OF (e, g5 )| 0
where E* and Z7* are the usual direct/return Eulerian functions (see (23)) and
G)i(zayi(zamo)) = awoyi('%wo)'
In Eulerian coordinates we have the formulae
Zi
Ef=_— . 31
0%9,¢* (1)
which used in (11) eventually gives for any sub-domain D of {(z, 2) s.t. z > 0,z > 0}
zZ~ Z+
1p|AldX ~ / 1 X 2
[ 1014 oG gg= * 67547 (32

where B = {(z, 2) s.t. z < z.(2)}

3.2 Eulerian equations for 7 and ©

The Lagrangian ODE for Z(z,y(z,x0)) (28) considered as a function of (z,x¢) is given in
the previous section. The solution is therefore given by

Z(z,y(z,m0)) = Z(0,z0) exp(— /Oz 8z¢(+

mEEN

and illustrate the absorption effect of the v term in (6). As V, ,¢T =V, ;¢ at the caustic,
this formula is correct even across the caustic (thanks to (29)). In particular when v =0, Z
is a constant and this constant is preserved both along the direct and return part of the rays.

We of course apply the Lagrangian to Eulerian transformation of section 2.3 and find a
set of two equations for Z* :

14
8,Z* + v+ .9, 2% = 7

Err st (33)

INRIA



A GO based numerical method-Part IT 13

and Z~(z,z.(2)) = ZT (2,z.(z)) on the caustic (use (25)).

Geometrical spreading depends on the evaluation of 9,,y(z,%¢). In the ray tracing
method, this is done through the linearization of the Hamiltonian system (13) with respect
to xo (for both direct and return components)

o.( gt )= ( Tpln nlern ) (b))

and initial conditions
6280 Y (07 Zo ) — 21
02,0(0, Tg) 9,20

As for ©F we define A*(z,z) using the Lagrangian coordinates
Ai(zay(zamoi)) = 8$0p(z,3:0i)

We find (again section 2.3) that they satisfy the Eulerian system of partial differential
equation derived from (34) [2],

az( o )+Hp(z,m,w)-az( o )

Hyp(2,2,V¢)  Hpy(z,2,V9) )(?i) (35)

_Hzm(zamavd)) _Hzp(z;m; v¢)
with A=(z,2.(2)) = At (2,z.(2)) and necessarily ©~(2,z.(z)) = ©T(z,z.(2)) = 0 on the

caustic.

3.3 Analytical approach to the conjecture

We now define directly Z* by Z* = E*|0%|9,¢*. We also set T+ = |0%|9,¢%, then we
get
Lemma 1 When (z,z) in not close to C, we have

Vo= VT* = T*V - (Voh)
Proof. According to the definition of 8%, we have the classical result
8.6+ = 6=0,V*
In our case (d = 1), it is a simple consequence of the relation

ov*

3;(3wo(yi(27$0))) = 5zo(Vi(yi(Z;$0))) = 6wo(yi(za$0))6—y
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14 J.-D. Benamou, O. Lafitte, R. Sentis and I. Solliec

Then, according to relation (24), the Eulerian quantity ©% satisfies

0z ™
O, 9*

V¢t .VO* = 0%9,¢%0,( ) (36)

Thus by multiplying by 8,¢F, we get

9,95 V¢t . VOE] = 019,¢*V - (Vo) — 010,¢0%.0, .0F

Since 0,T* = ¥{0,¢70,0F + 019, ¢} and T = F0*9,¢* (we always have O~ > 0
and ©F < 0) we get the desired result.
Proposition 1. When (z,z) is not close to C, we have

vZE +VHTVZE =0

This equation is exactly the same as (33).
Proof. Multiplying relation (6) by T* yields

vZ* + T*V. (E*V¢*) =0

Thus we get
vZE + EXT*V - (Vét) + TEVEE . VeE = 0.

and using the previous lemma we get the result.

4 Computational domain, boundary and initial condi-
tions

One key issue of the problem is the determination of the computational domain as well as
Eulerian initial and boundary conditions. The domain is a strip bounded on the z > 0 side
(should the laser come from the z < 0 side) by the caustic curve © = z.(2) and on the
other side by the z = 0 axis (see any figure). The physics is indeed trivial in the z < 0
half plane where the index is assumed to be constant. We know that the direct (—) solution
in this zone is associated to the incident plane wave Ag exp(iko(zsin @ + x cos «)) while the
return (+) solution is expected to propagate freely away in the x < 0 direction because of
the radiation boundary condition imposed on the scattered field. This is the “physical” data
we must build on to determine our boundary and initial conditions.

4.1 Boundary conditions

As already mentioned (sections 3.2, 3.3), the boundary conditions on the caustic side all
derive from formula (25). All quantities that are transported by the ray flow must match
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at the caustic, and in addition geometrical spreading is known to vanish there.

As in [3] all direct (—) quantities are linked to the incident plane wave (2) ; its geometric
interpretation forms a uniform set of rays at an angle a with the boundary z = 0 (figure
6). It provides - the index of refraction is constant equal to one on the boundary - either
a Neumann 8,¢~ = cosa or a Dirichlet ¢~ = ¢, = zsina boundary condition for the
direct phase (see [3] for more details). We recall that {©~(z,y(z,20)), A" (2,y(2,20))} =
{0z,¥(2,%0), Ono (2, x0) } Where zq is the initial position of the tracked ray y(z,zo) on the
x axis. The resolution of (34) is straightforward in the z < 0 where the index of refraction
is constant. The solution is constant and its trace on z = 0 gives the boundary conditions

0 (2,00=1, A (2,0)=0.
The quantity Z~ is linked to the incoming amplitude Aq through formula (31) :
Z-=E 0 0.¢ = |40 0.6~ (37)

The incident wave models a laser beam of a given thickness that first propagates undisturbed
in the x < 0 zone, so Z will be zero everywhere on z = 0 except on a given window
]20, 21| where it simply is one. In practice we use a smoothed (depending on a parameter ¢)
characteristic function :

Z=(2,0) = |E]€ZO’Z1[|2 sin .

Like for phase functions, no boundary conditions on z = 0 are needed for all return
quantities ©F, AT and Z* as we assume (a feature of the fold caustic case) that the return
flow goes out of our computational domain.

4.2 Initial conditions at 2 =0

As we already recalled (section 2.2), the localization of the caustic curve depends on a model
coupling both the direct and return phases with the caustic equation itself. We therefore
need to provide initial Cauchy data for all - direct (—) and return (+) - quantities.

We explained in [3] how to extend the solution to a pseudo-stationary bi-valued model in
the z < 0 zone (the index is only a priori given Vz > 0) that reduces to an easily computable
1-D problem. We then showed that it provides a non interfering Cauchy data for the the
system (18) - non interfering here meaning that the stationary solution and the actual so-
lution associated to incident plane wave do not overlap and smoothly connect. It defines in
particular an initial caustic point z.(0) = Cp, see figure 6 and [3] for details.
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16 J.-D. Benamou, O. Lafitte, R. Sentis and I. Solliec

The same strategy applies to the transported quantities above and the initial Cauchy
data are given by the solutions (©F, AT) of the stationary equations (both for + branches)

Hy(0,,V4*(0,2)) - 0, ( 1l ) B
0

pr(o,x,V(f)i(O,.fL’ ) HPP(07x7V¢i(07x ) G')(:)l:
_HEZ(Oaxav¢i( 7$)) _HZIJ(OaxJV(pi( ,l’)) A(j): -

We know the exact solution to these equations: up to the multiplicative constant C,

0% (z) = C ¥ 24/n2(0,z) —sin’a (38)

Af(z) = 08, (n*(0, ).
The constant is determined by the boundary conditions described in section 4.1.

A likewise stationary equation can be used for Z* but, assuming that Z~(0,0) = 0,
the initial data th can be identically set to 0 - the incident energy only flows across the
boundary x = 0,z > 0.

4.3 Change of variables
We also, as in [3], use the following change of variables
Z(z,2) =z —x:(2) + Co (39)

where Cj is the position of the caustic of the pseudo-stationary problem in z < 0, and
thus the initial position z.(0) = Cj of the caustic. This change of variables simplifies the
geometry of our computational domain, and makes its discretization easier. In the new
variable Z, the caustic is simply a straight line # = Cy. Setting U(z,%) = U(z,2) in the
generic transport equation (24) yields

0.U + (Hy(2,& + we(2) = Co, Vi) = ie(2)) - VaU = f(U(2, &)

In particular, in the case of the geometrical spreading, equation (35) rewrites, after
change of variables, with simplified notations,

0, U+V(z,%) 0;U = A(z,2)U

where
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More precisely, ©F and A% are the solutions of
.U +V (2,2)-0;U =A (2,2)U"
O, Ut +V*t(2,%8)-0;Ut = At(2,Z)UT
Ut (2,3c(2)) = U™ (2,2(2))
+ initial, incoming and outgoing conditions
Remark : Since i.(z) = Hy(z,2.(2),pc(2)) where p.(2) = 0,¢%(2,z.(2)) (see (18)),
the advection fields V* vanish at the caustic, which yields the numerical difficulties exposed
below. This is not a side effect of the change of variables since it expresses the geometrical
fact that at the caustic, the advection fields (which match there see (25)) are parallel to the

caustic. More precisely, we proved in [3] that the gradient of the phases ¢ behaves as a
square root with respect to z in the vicinity of the caustic, i.e. at z fixed

Vot (z,7) = pe(2) £ B\/x(2) — & + O(2c(2) — 2)
Plugging this expression into V yields
Vi(z, %) = £B Hpp(2,2c(2),pc(2)) VCo — & + O(Co — &) (41)

Strict convexity ensures that Hp, > 0. This we call the square root behavior of V' in the
vicinity of the caustic.

(40)

5 Numerical scheme for the transport equations

Let {Zi,...,%s} be the regular discretization of [0,Cy]. The z discretization {z"} follows
by application of a CFL type condition, depending on the angle of the rays with the z-axis
(the smaller this angle, the stricter the CFL condition). Let 6z and éz be the steps of
discretization.

The value of a function a at point (2", %;) is denoted a7, and d4a? and dal stand for
its numerical discrete left and right derivatives. Upwind derivative operators of order 1 are:

n

I n _ @5 —05 3
85aj - bz

ron — %i+17%;
aiaj - Sz

5.1 Difficulties with the discretization

We focus on the transport of the geometrical spreading (40). The problem of the Z transport
equations (33) is similar - in order to illustrate the difficulties involved with the resolution
of the transport equations in the vicinity of the caustic.

Let us consider a usual first order explicit discretization of the transport equations (40)
as in [4] for instance:

UJ?L-I-I —_ynr

g VBl = 43U )
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where 0,U|} stands for the discrete derivative of U upwinded according to the sign of V.
Convergence studies in [4] generally rely on the assumption that the advection field is con-
stant. In our case, such a discretization fails in the vicinity of the caustic because of the
singularity of advection field V' (it vanishes at the caustic as a square root as pointed by (41)).

We work with a “stationary” index, independent of z. In this case, we showed in [3] that
with appropriate pseudo-stationary boundary conditions, the solution exhibits a vertical
caustic, i.e. &, = 0 and p, = 0. Then the change of variable (39) has no effect and V is
simply H,. This simplified setting already yields interesting results since it preserves the
singularity of V in z.

After removing dependence on z, scheme (42) writes V; - 9,U|; = A;U;. At the caustic
point &5 = Cy, we get A;U; = 0 since V; = 0. The matrix Ay being invertible (compute
H’s second derivatives and use p, = 0), this implies U; = 0. Obviously we do not recover
the right solution since U = (©,A) is the Eulerian function corresponding to a non-zero
solution of the linear system of ordinary differential equations (34), and therefore does not
vanish.

In order to uphold numerically our discussion, we focus on the (stationary) index (44)

lifz <05
n(z2) =9 1 (z — 0.5)3

with a pseudo-stationary boundary condition on ¢
Pinc = zSina

As explained in [3], the phase ¢ can be computed exactly (up to a constant C ruled by (20))

through
Vé* = F4/n2(0,z) —sin’ a + C

Therefore the computations discussed below have been carried out with the exact values of
V = Hp(0,z,V¢), thus proving that the difficulties encountered are not the consequence of
errors that might have arisen in the former numerical resolution of the Eikonal equation.

Figure 9 represents, in one dimension, the function A~ of  computed using scheme (42)
- plain line - and the reference solution (38) - dotted line. As we approach the caustic,
the two curves part, and the error is obvious at the caustic since A~ does not vanish there
whereas scheme (42) produces Uy = 0. Increasing the order of the derivative operator to
compute 9,U|; does not improve (as shown on figure 10) since Uy = 0 still at the caustic.

One can enhance things a little by shifting the computational grid of half a mesh so that
the last mesh ;5 = Cy — %6.10 is not on the caustic, and V; # 0. Figure 11 shows that the
solution thus computed does no longer vanish at the caustic, but keeps on parting with the
reference solution as one approaches the caustic. This suggests that the local behavior of V'
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(as a square root) in the vicinity of the caustic, and not only its vanishing, accounts for the
numerical difficulties. With second order derivatives, we get the result of figure 12, somehow
better, but still far from the accuracy required for the boundary condition on AT on the
caustic derived from (25).

5.2 Numerical scheme

Our proposed solution consists in averaging both the advection field V' and the right hand
side AU according to the direction of the flow. The scheme writes

urtt—-ur ur-vr, 1

VR e S AT AT
when Vit >0,

U-"+1 _ Un 1 Un 1 Un

5+ V) = e (A Ujt + A711Uf4)
when V" < 0 and simply

Uit —up
oz

when V" = 0.

We study this scheme in a simplified setting in the annex, and show that it is of order 2
away from the caustic, and degenerates only to order 1 in the vicinity of the caustic. Con-
versely, the schemes mentioned before degenerate from order 1 or 2 to 0.

Figure 13 shows the reference and the computed solution, which are visually equal. The
decisive test, described in section 6.1, is to show that in genuinely 2 dimensional cases, the
value of A~ we get on the caustic is accurate enough to allow the computation of ©%F and
AT through (25).

6 Numerical results

In section 6.1 and 6.2, we compute numerically several functions such as ©* and A*, and
we check the convergence of our numerical methods as the discretization step tends to 0.
We present a pointwise validation of formula (10) in section 6.3. Then we check the theo-
retical asymptotic results (10) and (11) by letting ko to infinity (section 6.4). We add some
numerical computations in the case v # 0 in section 6.5.

Let us list several indexes that will be used for our numerical computations. The most

simple is the stationary affine index that allows us to compute an analytically exact solution
of the Helmholtz equation (1).
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n*(z,z)=1—x (43)

A slightly more realistic stationary index, modeling the propagation in a constant index
media before entering the plasma where the ion density increases, is

a0 ={ 110550 (44)

In this case we use a finite difference scheme to compute a reference solution of (1). We
must however be careful that our verifications are not polluted by the numerical error of
this method. We eventually add a z dependence as follows:

1ifz<0.5
n(z,r) = { 1-— ﬁ(Ul +0.22%)(z —0.5)3 )
and
lifz<0.5
n(z,r) = { 1— (14 0.3sin2)(z — 0.5)3 (46)

In this real 2-D case, it is not possible to compute reference solutions of the Helmholtz
equation because of the computational cost at high frequencies.

6.1 Order of convergence

We examine the results of the scheme implemented to compute ©F and A* in a simple
setting. We focus again on a pseudo-stationary case, with a (44) type index, but in order
to slightly complicate the situation, we tilt the axes at an angle 8. More precisely, let us
consider the change of coordinates

xz=Xcosf+ Zsinf
z=—-XsinfB+ Zcosf

and an index of refraction that is stationary with respect to the (Z, X) variable, i.e. de-
pending only on X:

1if X <0.5
n(Z,X) = { 1-(X - 0.5)°

We know from the study of stationary cases in [3] that an incoming plane wave induces
an outgoing plane wave after touching the caustic, which is not impaired by the change of
variables. We therefore expect the outgoing function AT to vanish when leaving (actually
the + part of the rays does leave) the computational domain. Indeed d,,p = 0 is a plane
waves feature since the direction H), of the rays is constant.
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This will allow us to define the error made in the computation of @* and A* as follows.
The error on © will be the mean value of [©~| on (a portion limited by z¢ and z; of) the
caustic (recall that it is supposed to vanish there)

[ 1o iz (47)

20

and the error on A will be the mean value of |[A*| when leaving the domain at z = 0

JRSEIE (48)

Z0

The numerical results (figures 14 and 15) are computed with J = 50 points on the z-
axis, an incoming angle « = 7, and 3 = —J;. We impose © = 1 and A~ = 0 (plane
wave) on the incoming border T';,.. (The initial conditions are uniformly set to 0, but ini-
tial conditions are not a matter of importance with transport equations.) Since we are in a
pseudo-stationary case, we only represent our results in one dimension, at constant z. Figure
14 represents the graphs of @F. Figure 15 shows the graphs of A*. Notice the continuity

at the caustic.

The array below shows the behavior of the errors (47) and (48) versus the number of
points J used to discretize the z-axis. Convergence is of order 1.

Behavior of the errors
J 50 100 200
On © | 0.0088 | 0.0043 | 0.0021
On A | 0.0074 | 0.0038 | 0.0020

6.2 The energy computations

We now show how our method allows to compute the energy deposited by the laser in a
certain domain, that is the integral of £ on this domain. Precisely in our bi-valued case,
the “geometrical” part of the energy (denoted E) in (11) is the sum of the integrals of E~
and E* on the intersection of the domain with the illuminated region.

Using (12) in (11) yields (remember that E* = |a*|?)

_ 12 2y _ Z- zZt
E‘/D('“ "+ la ')‘/Daz¢—|®—| +/Daz¢+|®+|' (49)

In our computations below we take for D the whole computational domain (the illuminated
region).
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The transport of 7

We consider the index of refraction (45) and take an incoming angle oo = 7. We solve equa-

tion (28) with » = 0 applying the numerical scheme described in section 5. The incoming
condition shown on figure 16 models a laser beam entering the plasma.

Figure 18 represents the contour lines of Z~ and Z* superimposed. Notice how the Eu-
lerian resolution of the transport equation (28) renders the corresponding transport along
the rays (compare the contour lines of figure 18 with the corresponding rays drawn on figure
17). Indeed, Z is expected to be constant along the rays since v = 0, therefore the contour
lines of Z should be parallel to the rays. However, there is some numerical diffusion, which
explains that several contour lines close up instead of being parallel to the rays. On figure
19 we used a Van Leer type second order scheme. There is less numerical diffusion since less
contour lines (one actually) close up.

Let us plot the incoming and the outgoing beam on the z-axis. Since Z is constant along
the rays (v = 0), the incoming plateau of figure 16 is expected to be preserved between
the two extremal rays, but there is some numerical diffusion. We first take J = 50 points
discretization in z. On figure 20 we plot the incoming beam, i.e. Z~(0, z), with dots, and
the outgoing beam, i.e. Z%(0,z), in plain line. On figure 21 the same but using a Van Leer
type second order scheme. The plateau is better preserved since the peak reaches 0.85 in
the second order case instead of 0.77 in the first order one.

Eventually, figure 22 shows the output of our scheme with JJ = 300 points discretization.
Obviously, although converging, our scheme is not adapted for plateau transport (see [5] on
this subject). Notice (section 6.1) that our scheme is first order for the transport of the
geometrical spreading ©.

Numerical validation of (49)

We first consider the toy problem with index (43), in which we know the theoretical value
Ey of the integral. We check here the convergence of our numerical method. The array
below gives the difference between the computed and the theoretical value of the energy for
different values of J.

J 25 50 100
E(J) —Ey | 0.0113 | 0.0080 | 0.0056

As expected (see annex 7.3), the convergence is of order %

We then return to the 2D case (45) with the incoming condition of figure 16. In that
case, we show that the energy we compute converges, although we do not know its exact
limit. The array below gives the energy deposited in the whole domain for different values of
J. We observe in the table below that the error between two consecutive numerical solutions
is first order. We can deduce that we have reached the limit by a 1% margin.
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J 25 50 100 200
Energy E | 3.1167 | 3.1000 | 3.0941 | 3.0913

6.3 Numerical study of formula (10)

We now present numerical results which use the numerical output of our Eulerian numerical
method to approximate the solution A of (1) by (10), still with no absorption. The ampli-
tudes a+ are given by formula (50) in section 3.1.

The amplitudes a* satisfy the real coefficient equations (5) with a possibly complex
boundary data. In practice however, we always choose a real positive incoming condition
Ap so that he amplitudes a* can be determined by

ot = VE* (50)

The first comparison is in our 1-D affine index case (43) for which we have an analytical
solution. Figures 23, 24 and 25 plot the real and the imaginary part of both the exact
(plain line) and the numerical (stars) solution (as functions of z, z being fixed) for differ-
ent frequencies. One sees the typical blow up of the GO ansatz at the caustic. Note that
only one geometrical optics computation is necessary to compute the approximation (10)
for any frequency (indeed the discretization of the GO ansatz — the stars — does not change).

The second comparison is also 1-D but we use the slightly more realistic index (44).
This time the “exact” solution of the Helmholtz equation is computed using a given finite
difference scheme which is responsible for additional errors. In this case numerical we were
only able to compare the modulus of the solution and we now offer an explanation :

Recall that in the 1D case and for v =0, a™ = a~ (see [3]; see also (8)). Then
A= a e "/ texp(ikod ) + atei™ * exp(ikogpt)

= a e "/4(exp(ikod~) +iexp(ikop™))

, R b —ot et —o
= a e ™expi(ko Lt + I)lexpi(bo 5L — I) + expi(ko 5L + I)]

= 20 e expi(koLHE + §) cos(ho L5 + )

Let us consider z fixed. Also remember that in the 1D case, ¢+J2r¢_ is a constant, deter-
mined by the phase of the incoming condition (see [3]; see also (9)). We want to emphasize
that a numerical error made on the computation of the phases may cause great distortion
in a pointwise comparison. Let ¢* be the numerical outputs of our method. Let us now

5+ (0)—— . ;
choose ky such that koM + % = 5(2m), which cancels the real part of the numerical
GO ansatz at x = 0, and more or less everywhere. Then, because of the numerical error,
the real part of the exact solution does not necessarily vanish as we can see on figure 26
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(ko = 160).

We thus decide to plot only the moduli of the GO ansatz and the exact solution of the

Helmholtz equation. Indeed,
+ _ -
AP = 200 P eos? (ke TP 4 T
2 4

Now in a pointwise comparison of the moduli, we only get an error on the phase. Figure 27
plots the modulus of the “exact” solution — plain line — versus the modulus of the GO ansatz
— stars — for kg = 160 (compare with figure 26).

Figures 28, 29, 30 are the same for different values of ky. The phase displacement can
be observed for kg = 240. An analysis is given in the next section.

The last case, with index (46), is a real 2-D case where the caustic is not straight. We
only show the GO solution as direct resolutions of (1) are computationally expensive. Figure
32 shows the contour lines of the ansatz (10) evaluated through a computation of the GO
problem using 50 points in . One can observe the compression or dilation effects produced
by the heterogeneous plasma.

Notice that the numerical parameter of the method do not depend on ky. When a
finer grid representation of the ansatz is necessary (for high frequencies) the smooth GO
parameters can be interpolated on the fine grid.

6.4 Asymptotic convergence

We would like to check numerically the asymptotic convergence predicted by formulae (10)
and (11) when ky — +00. We can do this in the 1-D test cases (43) and (44). One must be
careful that the numerical errors in the approximation of the GO solution does not pollute
the asymptotic error. In other words we must make sure that this error, depending on 6z,

is less than O(ky ') for (10) and O(ko_l/3) for (11).

Formula (10)

Let A be the exact solution to (1). Let A% be its geometrical optics approximation in (10),

Ako = 237?{6_6"'“/4 exp(iko¢™) + aT e/ * exp(ikod™)}

Formula (10) claims that, away from the caustic,
4 — AR = O(kg™)

where ||.|| is the L* norm in a closed region not containing the caustic.
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Let h = éx be our discretization step. We denote by d)ff and a,jf the outputs of our
numerical scheme. We showed in [3] (for ¢) and in this paper (for a) that the numerical
approximations are of order 1 :

1% = ¢yl = O(h)
la* — aj; |l = O()

We finally denote by Aﬁo the numerical geometric optics approximation of A,

Aﬁo = —ein/4 exp(ikoy, ) + a,‘l_em/4 exp(ikog) )}

27"k

The numerical error made in the approximation of a exp(iko¢) by ap exp(ikoey) is

|aexp(ikop) —ap exp(ikoon)|
< |(a — ap) exp(iko@)| + |an(exp(ikod) — exp(ikodn))|
< O(h) + |ap exp(iko®)| - [1 — exp(iko(dn — ¢))]
< O(h) + O(1 — exp(ikoO(h)))
< O(h) + O(hko)

assuming that hky — 0. Therefore, summing on + gives
|4% — Afe|| < O(h) + O(hko)
We are interested in the convergence of A',”;O towards A, so we consider

[A— ARl < [|A— AFo|| 4[| Ak — Ao
< O(ky ') + O(h) + O(hko)

Theoretically, taking h = O(k, ?) would allow to observe a convergence of Aﬁo towards A of
order

A - Al <Oy )

In practice, our Matlab cannot afford a h = O(ky?) discretization for large values of ky.

Given reasonable values of h ~ 1072, for large ko the O(hky) error is too important, and for
smaller ko the O(ky ') error becomes important.

We nevertheless give numerical results in the array below, computed with the (43) index,
showing the errors as a function of k. The error is the maximum point-wise error away from
the caustic where we know (10) to be inaccurate. We chose to privilege large values of ko,
thus causing a large O(hkg) error. Note this time that we must rerun the GO computation
for each kg evaluation.

ko | J | IIA— AR | A APo|| [ [A% — A0
200 | 50 | 01412 | 0.0422 0.1465
400 [ 200 | 00363 | 00287 0.0360
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The error made in the numerical approximation of A% by A’,‘;O, due to the O(hky) term, is
much larger than the geometric optics approximation theoretical O(k; ') error for kg = 200
and J = 50. On the next step, where kg = 400 and J = 200, both errors are comparable.
Unfortunately, are not able to compute the following step that would be k) = 800 and
J = 800, which should allow to observe the O(ky ') error in ||A — A’go ||. Eventually, notice
that the range of ko is yet too small to observe a truly O(k, ') convergence of ||A — Ako||
(the error is not quite divided by 2).

In the second 1-D case (44), we no longer know the theoretical values of the asymptotic
approximation Ao of A. However, ||A— A;°|| < O(ky ") + O(h) + O(hky) still holds. Notice
that the h = O(k, %) discretization imposed to prevent numerical errors from polluting the
asymptotic approximation is stricter than the h = O(ky 1Y discretization required for the
computation of the exact solution of the Helmholtz equation (1) using a finite difference
scheme.

The O(h) error comes from the numerical error made in the computation of the ampli-
tudes, whereas the O(hkg) error is due to the numerical error on the phases. In this case,
the error we make in the computation of the phase is such that, for reasonable values of
h ~ 1072, the O(hko) error is too large to allow a pointwise comparison. Indeed, figure
31 compares the GO ansatz, computed with a J = 200 points discretization in z, and the
“exact” solution of the Helmholtz equation for ky = 60. Even at this low frequency, results
are not visually satisfactory (check the extremal points of the imaginary part). The array
below still gives numerical results. As pointed out, the errors are larger than in the (43)
case.

ko | J [ 14— 4]
200 | 50 | 0.6179
400 | 200 | 0.3419

Formula (11)

The discretization error in (49) being of order 1, we need véz = O(k; 1 %) to verify (11). We

take 6z = k; 2/3 The array below shows the difference between the energy of the solution A
of (1), that is the integral of |A|?, and the output of our numerical scheme. Both converge
towards the exact value of (49), but we check the rate of convergence, which is indeed found
to be of order O(k(;l/B).

ko 125 350 1000
Error | 0.0114 | 0.0080 | 0.0056

6.5 A v #0 case

We eventually give numerical results in a case with absorption. We take v = vy N with
vo = 0.7. We consider the incoming beam of figure 16 propagating in the (45) index. Figure
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33 represents the contour lines of Z~ and ZT superimposed. Notice how Z diminishes in the
vicinity of the caustic (where the electronic density N and thus the absorption coefficient v
are the highest). Indeed, four contour lines close up instead of one (due to numerical diffu-
sion) in the no absorption case of figure 19. Figure 34 represents the numerical realization
of ansatz (10). One checks both the energy concentration in the vicinity of the caustic and
the absorption effect of the plasma.

7 Annex

7.1 The toy problem with an linear profile of n?

We assume here that the simulation domain is the strip z € [0,1] , that the absorption
coefficient v is constant and that the incident wave is entering into the domain at x = 0
with an incidence angle equal to a. Since the problem is invariant according to the z
direction, we seek a solution to the initial Helmholtz in the form A(z,z) = u(z)ethozsine,
Then we have to consider the equation

u”"(2) + k2 (ze — 2)u(z) + ikovu = 0 (51)

with 2. = cos? a. According to the form of the incident wave, the boundary condition for u
in x =1 reads as

0
[iuko cos o — _u] = 2ikg cosa
z=0

ox

The absorbed energy in an interval [z1, 2] is equal to vHg, ,, where

Hey :/|u(;c)|2dm
z1

On the other hand, the Eikonal equation may be written here

|8¢:|:2+|8¢:|:|2_$
oz 9z ' L’
Since we have ‘E%_ = ‘%ﬁ"’ = sin o, we get

A~ O¢t
Since ©F is solution to 8,0% = 0%9,(0,6%)(0,¢T)~", we see that it is proportional to
9,¢* and we get
To—T

0 =|ot = :

T
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Now, the equation for Z* reads as:
_ 0z~ _
I/Z — .Z'c—.'L'W:O, Z (0):1
+ /—6Z+ + -
vZT + Le — .'L'W = 0, 7 (IEC) =7 (.'L'c)
whose solutions are

Z7(z) = exp(—2vyT;+ 20z, — )
Zt(z) = exp(—2wyT, — 201, — )

Then we get

Z + Z_+ = 9¢ weosa [ Te cosh(2vv/z, — )
(Ol |®+| Te—T ¢

Proposition For any x1,z» in the interval [0, z.], we have then ko goes to infinity.

Z2

7~ zZt

z1

Let us first state the following technical result.
Lemma 1
For ¢ real positive number going to 0o and w positive real number bounded, we have :

(A i) P = ¢ 25 (cosh(261/20) = sin(g¢¥%) ) (14 0(¢ 1)

Proof of the proposition
We set

w(() =u(x), (= (z.— )k

If we denote U = Vlcofl/3 and (;, = (cos? a)kg/g, equation (51) may be written as

w'" + (w +ivw = 0, (53)
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iky /3 o
cosa OC

[w

]CL = (54)

The only “physical” solution (that is compatible with the radiation boundary condition)
is the following Airy function

w(¢) = Cky/* Ai(—¢ — iD), (55)
u(z) = Chy/S Ai(—k2* (z, — x) + vky'®) (56)

According to the boundary condition (54), we will now evaluate the constant C. Ac-
cording to the classical asymptotic expansion of the Airy function (see e.g. [1]), we know
that

Ck1/6
WO = TR

Ck1/6 R
= e o (36 7+ ) oo

Since (¢ + D)% = (cos a)1/2ké/6(1 +0(kg 1)), we get

Zeqmprg ™
sin(5 (¢ +@)”" + )

(Bcw)(<)

zk_1/3

[w + (Ocw)]e, =~

cos
C
\/Teost/2a

Now according to the condition (54) we must have

(Sin[%(CL + 7:1’))3/2 + %] +i COS[%(CL + il/})3/2 + g])

2
. c|

IC? 2 ~\3/2\2 _ 4 -~\3/2
wcosa'eXp( ig(CL'HV) )l = eosa Xp(glm((CL'i‘W) )

Since Ci/ % = v cos a,we see according to (59) that,
|C|? = 4me™2" 5% cos v (57)

Now, we focus on the evaluation of H;, ,. According to Lemma 1, we see that for any
1,2 smaller than z.:

zm_kl”/ C2|Ai(=(ze — 2)K2/® — iD)2da

02
o

/ (. — m)*l/Z (cosh[2((z-C — w)k§/3)1/2kal/3y]

- sin[%ko(mC - :c)3/2]) dx
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thus

2 T2
Hay,zs C—/ \/ Te cosh[2v(z, — z)'/?]da
27 J Te— X

That is to say (52).
Proof of the lemma. We know, according to [1] for example, that

(¢ +iw)~ /4

- sin(§(§+iw)3/2+7r/4)(1+o((§+iw)_1)). (58)

Ai(—(( +iw)) =

Thus we get

(¢ + iw)~1/?

|Ai(—(C+iw))|2 = o

<cosh(§1m((< +iw)¥2)

+ sin(gRe((C + iw)3/2))) (1+0(¢™)).
Since we have :

(¢ +iw)?2) = |2 + w2 sin(garctgf) = 3017241 4 o(¢1)) (59)

¢ 2
Re((¢ +iw)/?) = (32(1 + o(¢1)),

we see that :
cosh(%Im((C + iw)??) + sin(gRe((C + iw)?/?)) ~
(cosh(ZCl/zw) + sin(%{3/2)> (1+0(¢7))
Thus the desired result. ¢

Remark

As it was indicated in the introduction, we check that the solution to equation (51) given
by (56) satisfies for z < z., as kg — 400, the following approximation

u(z) = ate ™t exp(ikodT) + a et/ exp(—ikod™)
where

at = !
(ze —x +ivky h)L/4

and ¢* is given above
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7.2 Order of the scheme

We focus on a simplified transport equation (24), depending only on z, of the form

v(@)f'(z) = a(z)f(2) (60)

where v(z) > 0. We study different numerical schemes to solve this equation, keeping in
mind that in order to ensure stability, we use only upwind schemes. For each scheme, we
first determine its order in the case where v is smooth. We then study the behavior of the
remainder near the caustic in the case where v(z) behaves as a square root as in (41). In
that case we denote

Scheme 1:

o) EZIEZD) o0 )
Order of this scheme:
o E=IEZD o)1) = - p@) R+ 002)

where

When v(x) behaves as a square root,

Ri(z) = 2(x — z.)(a(x)w'(z) + o' (z)w(z)) + 2/ — za(z)? + a(z)w(zx)
! 2w(z)(z. — )

and as h — 0,

a(w.)
2

Ry (z. — h)h —

Using the same heuristic argument as in [3], we claim that if a does not vanish at the caustic,
this scheme does not converge as one approaches the caustic, since the remainder is of order
0(1).

We study next a second order scheme, but as we shall see, it still does not converge at
the caustic.
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Scheme 2:
v(x — %h)w =a(z — %h)—f(x) + 12”(3: —h)
Order of this scheme:
v(z — %h)w —a(z — %h)—f(m) + 12‘(33 —h)
= — S @R +O(R)
where

Ro(x) = (6a/(z)a(z)v(z) + 2a(z)® + 20" (z)v(x)?
+ 2a' (z)v' (z)v(z) + a(z)v" (z)v(z) — 2a(z)v' (z)?) /v(x)?

: . 2
In the case where v(z) behaves as a square root, the leading terms in Ry are v"v and v'”:
as x — I,

V" (z)v(z) — 20'(x)?

Ry(z) ~ a(x) o(2)?

and as h — 0,

3
Ry(z. — h)h? — —Za(xc)
Again, if a does not vanish at the caustic, this scheme does not converge as one approaches
the caustic.
We now study the scheme proposed in this article (section 5.2), and show that the
remainder remains of order 1 as we approach the caustic.

Scheme 3:

v(x) +o(z —h) flx) = fle—h) _ a(z)f(z) +a(z = h)f(z—h)

2 h 2

Order of this scheme:

v(@) +v(e—h) fle) - flz—h) a(@)f(z)+alz—h)f(z—h)
2 h 2

- %f(m)Rg(w)hz +0(h%)
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where

Ri(z) = (3d'(z)a(z)v(z) + a(z)® + " (z)v(z)?
+a'(2)v' (z)v(z) — a(z)v" (z)v(z) - a(z)v'(2)*)/v(z)?
For this scheme, in the case where v(z) behaves as a square root, the key ingredient is that
the leading terms v"v and v'> simplify: v"(z)v(z) + v'(2)? = 0. Then

a(z)® + a' (z)v' (z)v(x)

R2 (.CE) ~ U(.’L’)2

and as h — 0,

Ra(z. — h)h? = O(h)

7.3 Numerical integration

Of course the main difficulty here is that ®* vanishes at the caustic. Let us consider the
toy problem (43), and study how the integral (49) behaves through discrete integration of
the exact function sampled at a éx step. Solving (35) we get

cos
Ot (z)=+——
() Veosta —z

With proper boundary conditions, 8,¢* and Z* are constant. Then up to a constant,
(.’,OS2 « 1

E = —dz
0 Veos2a —zx

We focus on the simplified formula

|
E:/—dm
0o VT

Let us study the convergence of the discrete integral

ln
En=—-3>

k=

H
—
=

Since z +— % decreases, we get
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and therefore

1
[E— Bal =0/ )

In the general case, in order to improve the precision, we use a specific evaluation in the
last mesh and a trapezoidal interpolation elsewhere, but as we shall see we did not manage
to remove this O(v/éz) behavior.
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Figure 1: The toy problem
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Figure 2: The Airy function and its approximation
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Figure 3: The y* splitting
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Figure 4: The infinite model
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Figure 5: The bounded model
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Figure 6: Initialization by a stationary problem
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Figure 7: The full bounded model
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Figure 8: A tube of rays
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Figure 9: Order 1 scheme

0.2

—14F

Figure 10: Order 2 scheme
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Figure 11: Order 1 scheme with shifted grid

16 1 1 1 1 1 I I ]
-0.2 0 0.2 0.4 0.6 0.8 1 1.2 1.4

Figure 12: Order 2 scheme with shifted grid

INRIA



A GO based numerical method-Part IT

45

0.2

—12F

-1.4F

-1.6
0

RR n°® 4121

0.2

0.4

0.6

0.8 1 12

Figure 13: Our scheme

14



46 J.-D. Benamou, O. Lafitte, R. Sentis and I. Solliec
N i
0.5F 4
or A
-0.5F q
b i
15 L L L L L L
0 0.2 0.4 0.6 0.8 1 1.2
Figure 14: Graphs of ®~ and O7, z fixed
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Figure 15: Graphs of A~ and A¥, 2z fixed
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Figure 16: Incoming Z on the z axis
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Figure 17: Comparison with the ray method
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Figure 18: Contour lines of Z~ and Z*
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Figure 19: Contour lines of Z
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Figure 20: Z~ and Z* onz =0
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Figure 21: Z~ and Z* on = 0 — Van Leer scheme, 50 points
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Figure 22: Z~ and Z* on £ = 0 — Van Leer scheme, 300 points
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Figure 23: Pointwise comparison in the (43) case — ko = 60
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Figure 24: Pointwise comparison in the (43) case — ko = 120
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Figure 25: Pointwise comparison in the (43) case — ko = 240
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Figure 26: Pointwise comparison in the (44) case — kg = 160
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Figure 27: Pointwise modulus comparison in the (44) case — ko = 160
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Figure 28: Pointwise modulus comparison in the (44) case — ko = 60
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Figure 29: Pointwise modulus comparison in the (44) case — ko = 120
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Figure 30: Pointwise modulus comparison in the (44) case — ko = 240
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Figure 31: Pointwise comparison in the (44) case — ko = 60
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Figure 32: The (10) ansatz
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Figure 33: The contour lines of Z* with absorption
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