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Abstract: In a serry of papers we have presented an algorithm based on quantization for
pricing American options. More generally this amounts to solve numerically an obstacle
problem for some semi linear PDE's. Our algorithm is based on a Monte Carlo method and
so a statistical error comes on. In the present paper we study this error: we prove the Central
Limit Theorem for the algorithm and we give evaluations of the variance.. The difficulty
comes from the fact that the algorithm is not linear. On the other hand an interesting
problem is to control the behaviour of the variance of the algorithm as the complexity
increases.. It turns out that the variance does not blow up if the time discretization step
and the space discretization step tend to zero
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Le théoréme de limite centrale pour un algorithme non
linéaire basé sur la quantification

Résumé : Nous avons déja présenté dans une série d’articles un algorithme basé sur la
quantification pour le calcul des prix d’options Américaines. D’une maniére plus générale
ceci revient & la résolution numérique d’un probléme d’obstacles pour une EDP semi-linéaire.
Comme notre algorithme est basé sur une méthode de Monte-Carlo, une erreur statistique
apparait. Dans ce papier nous évaluons cette erreur, plus précisement on démontre un
théoréme de limite centrale pour ’algorithme et on donne une évaluation de la variante. La
difficulté vient du fait que notre algorithme est non linéaire. D’autre part il est intéressant
de controdler I’assymptotique de la variante quand la complexité de 'algorithme croit. On
démontre que la variante reste bornée quand les pas de discrétisation en temps et en espace
tends vers zéro (et donc la complexité de ’algorithme tend vers I’infini.

Mots-clés : Probabilités numériques, quantification des variables aléatoires, arrét optimal,
EDP semi-linéaires, théoréme de limite centrale, options américaines



The central limit theorem 3

1 Introduction

It is well known that the Monte Carlo method is an alternative to the deterministic al-
gorithms in order to compute the solution of linear PDE's. This is especially interesting
in dimension larger then three or four when the deterministic methods become difficult to
implement. The foundation of the Monte Carlo method is to represent the solution of the
PDE as the expectation (by means of the Fayneman Kac formula) and then to replace the
mathematical expectation by an empirical expectation. Unfortunately this approach fails if
we deal with non - linear PDE's because in this case the solution can not be represented
as an expectation. But recently Pardoux and Peng (see [P.P],[El — K.P.Q)]...) have given a
generalization of the Feyneman Kac formula by means of Backward Stochastic Differential
Equations and moreover, in [El — K and all] (see also [B.C.F.El — K|]) one obtatins such a
probabilistic representation for PDE's with obstacle. Then one may employ a Dynamical
Programing Principle in order to write down an approximation scheme for the solution of a
semi linear PDE respectively a semi linear PDE with free boundary.. The delicate point
in implementing such an approximation scheme is that one has to compute a large num-
ber of conditional expectations which is far from being trivial. Several methods for solving
such a problem has been proposed in the last years, mainly motivated by mathematical
finance problems such as pricing American options based on a large number of assets (see
[B.G],[L.S],[L.R],...).

In [B.P.1],[B.P.2] and [B.P.P] we have presented a new method for solving this problem,
based on quantization. This amounts to replace the diffusion process underling the PDE by
the Euler scheme first and then to project the Eule scheme on a given grid (see Section 3 here
for a detailed description). Then we have to compute quantities of the type E(¢(Xg4+1) | Xk)
where X}, are now discrete random variables (the projection of the Euler scheme at time ¢).
Here comes on the Monte Carlo method because we replace the exact transition probabilities
by some empirical frequencies obtained by the simulation of the underlying diffusion process
(in fact of the Euler Scheme corresponding to the diffusion). As in the case of the standard
Monte Carlo method, the Low of Large Numbers guaranties the convergence when the size of
the sample goes to infinity. In this paper our problem is to evaluate the speed of convergence,
so to obtain a Central Limit Theorem for our algorithm.(Such a program has already been
achieved for the Langstaff Schwarz algorithm in [Lamberton...])

It turns out that the problem at hand appears as a particular case of the following more
general problem. On a probability space ({2, F, P) we consider a sequence of random variables
Xk, k = 0,...n, which take a finite number Ny of values, i.e X} € [y = {z}, ,ka’“} CE,
where E is some abstract space. We assume that Xo = z¢ is deterministic. We consider the
conditional expectations

P(Xpi1 = 24y, X = )

k . .
7rz] P(Xk — :L_%) y y e VK, ] y ey AVE+L
pb = PXp==2t), i=1,..,N;.
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4 Bally

Moreover, we consider a sample (X!)g>0,! = 1,..,M of (Xi)r>o and we define the
empirical conditional expectations

M
—k _ 21:1 l{Xlchrl:z{Hl}l{Xl:z;'c}

ij 7
21 Lixi—qiy

J i= 1: "';Nkaj = ]-a "')Nk+1 (1)

with the convention that 7 = 0 if

Given a final condition g : R? — R and some coefficients F}, : E x R — R we consider
the dynamical programing algorithm

Baeh) = gz) i=1,..,N, @)
Ni41 ‘ ‘

@) = Y Pl el )rl =10 N
Jj=1

This is our algorithm. The corresponding algorithm using the empirical conditional
probabilities is

Un(2;) = g(z) 3)
) Nk+1 . .
k() = Z Fk($£+1’ﬂk+l($i+1))ffj-
j=1

The law of large numbers gives ffj - ij as M — oo and consequently, U (z}) — Gy (2%).
Our aim is to establish a Central Limit Theorem corresponding to this convergence.

Over all the paper we assume that
|Fi(z,y) = Fi(z,y")| < [Feli ly —y'|- (4)

We also denote [F]; = max[Fy]:1. Note that there is no blondeness assumption in our
hypothesis. This is because we are interested in the values of the functions at hand in a
finite number of points, namely in z¢,k = 1,n,i = 1, Ny. So we denote

16l o = o o [66ah)| and 16l = sup, 660

In Section 2 we prove that under the above hypothesis the C'LT holds, that is

VM (to(z0) — To(0)) = N(0,0,.n)

INRIA



The central limit theorem 5

where o, n is a constant which depends on the number n of steps in our algorithm and on
the maximal number of points on each layer, that is N = maxy—¢,5 Vi

The interesting problem now concerns the behavior of the variance o, y asn, N — oco. In
the general frame described before we can say nothing more than o, ;v < Cn, so the variance
may blow up as n — oo. In order to obtain more precise results we have to restrict ourself
to a Markovian frame: we assume that the random variables XXy, k = 1,...n are obtained
from a Markov chain X,k = 1,...,n (for example the Euler Scheme of a diffusion process)
by projection on the grid T’y (see Section 3; this is the quantization procedure employed in
[B.P.1],[B.P.2],[B.P.P]). Then we obtain quite precise evaluations of o,, n (see Proposition
4) which essentially guarantees that under reasonable hypothesis the variance does not blow
up.

In Section 3 we consider some specific functions Fj, which correspond to the following
two concrete examples. First of all we set up a dynamical programing algorithm for solving
numerically the semi - linear PDE

O+ Lu+ f(t,z,u;) =0, wur=g.

In order to construct such an algorithm one takes (see [B.P.1]) Fi,(z,y) = y+Z f(¥L z,y).
If f is twice differentiable with respect to y we are able to give very precise evaluations of
on,N- We prove that ¢—C/n < o, v <7 + C/n where g and 7 have the following explicit
expression (see Section 3.1):

T
7 =" Prg®(z0) — uo(@o) + [f11 / e Py (u? + i f(t, -, ur)) (o) dt
0

where P; is the semigroup of infinitesimal operator L and w is the solution of the PDE. g
has the same expression with e /1 instead of etl/l,

The second problem - which is the really interesting one - concerns the semi - linear
PDE with reflection

max{h¢, (0 + L)u + f(t,z,us)} =0, wr = hr.

Now Fj(z,y) = max{h(tr,z),y + %f(%,:c,y)} The problem is much more ”irregular”
because y — Fy(z,y) is no more continuously differentiable. In order to handle this irregu-
larity we have to split the error o (o) — to(20) =€)l +mp 5 where m}\(w) is a random
variable which is dominated by % for every w and every M. Since this correction does not
depend on w and M it does not significantly contribute to the statistical error (we may con-
sider it as a part of the analytical error u — 4 which is of order % as well). So the statistical
error is described by e}/ and we prove that \/M&%N — N(0,0,,n) and 0,y < % +Co.
We are not able to minorate the variance o, n in this case.

RR n° 4629



6 Bally

2 The CLT in the abstract frame

2.1 Notation

=k . . .. .. k-
We denote by E; the expectation with respect to the empirical probability measure ij, ] =
1,..., Ng41 that is

Npg1 M

—k . . 1

Bio=3 o(eh)mh = = 3 6(Xha)lixg—a) (5)
j=1 k 1=1

and we also define

N1 ‘ 1

Efp =Y ¢laf,,)mh = 7 BOXir)1x,=ay)
j=1 k

Moreover we denote
Gr=o(X}, ..., XM, X}) and Eg, (®) =: E(® | G})
We have the following key identity:
Lixt =i} B (0(Xig1)) = Lixt —ai y E(0(XGy1) | X7) = Lixi—pi y EF . (6)

Moreover, for p > k we define by recurrence the transition probability densities from T’y
to Fp+1

Np—l
kip k.p—1_p . kk _ _k
T = E T Tpj, With w3~ =
=1
and
Np—l
=kp _ —=k,p—1_—p ; =k.k _ —k
T = Tip  Tpjy  With 700 =T,
r=1
Then we denote
Npt1 Npt1
k,p 7 k,p -k.p _ i —k,p
E" ¢ = E ¢(zp1)mii, B¢ = M@y 1 )55 -
j=1 Jj=1

It is easy to check that we have the following recurrence formulas
k.p  _ mk,p—1p ko kip—14p

where we make the slight abuse of notation (E?¢)(z},) =: El'¢.

INRIA



The central limit theorem 7

The starting time k& = 0 plays a particular roll because Xy = xg is deterministic. In
order to employ unitary notation we assume that a grid Ty = {x}, ..., wévo} is given and we
denote by i¢ the index such that z¢ € mf)" (in fact one may take Ng = 1 and 49 = 1) Then it
is easy to check by induction that

j M

) ) s 1

0,p _ — — =0p _ “p+l _ )

Tigi = P(Xpt1 = ap1) =Dy and 0 = MM l§ :1{X;+1:m;+1}- (7)
=1

This is the effect of the composition of the transition probabilities ﬂfj’kH, k=0,....,p—1
(respectively ff’kﬂ, k=0,..,p—1). Note that the composition of the transition probabil-

J
ities 771.9-’1”1, k = q,...,p does not give such an explicit formula because, for ¢ > 0, X, may
ij q

take several different values.

Finally, given a sequence of functions Hy, : £ — R,k =0, ...,n, we define

Ny 41

Wff,ij = Hk+1($§c+1)7rzkj’ E}C{,i¢:: ZQS(%H)W?{,U:E;C(HHW)
j=1

and

Niy1

o = Hyp(ol, )7, Eye= IV = By (H

TH,ij — k+1($k+1)7fija H,z'¢_' Z¢($k+1)7fH,z'j— i (Hry19)-
=1

Using the same recurrence procedure as above we define

Np_l
k,p _ k,p—1_p : kk _ _k
THij = E:WH,z'r TH rjs with TH,ij — TH,ij
r=1
and
Np_l
—k,p _ —k,p—1_p : —k,k _ —k
TH4 = TH,ir THrj with TH,45 = TH,ij-
r=1
Moreover, EXPg =: STNPH (7 VrkP o and Fk’p~¢ = YN+ g(a?, )7RP . Clearl
» HPHY — j=1 p+1/" H,ij H,iP = j=1 p+1/" H ij* Yy

. —=k,p . . . —k.p
Efl’f: (respectively Ey ;) verifies the same recurrence relations as Elk P (respectively E;").
One also has

k, k, _k, —k,
T < crp(H)mg" and Tyt < cpp(H)TP (8)
with
chp(H) = [[Hillp,oo X - X | Hpllp o -

RR n° 4629



8 Bally

2.2 The Central Limit Theorem

In this section we prove the Central Limit Theorem in the abstract frame. We assume first
(we remove this restriction at the end of this section) that the coefficients F}, are differentiable
with respect to y and % is Holder continuous of index a > 0,1.e

OF}

oF} _ OF;,
Oy

, —(z,y)| < Cly-¢'|". 9
(z,9) ay(wy)_ ly =y 9)
Under this hypothesis we will prove that the statistical error of our algorithm

Aéo =: ﬂo(.’L’o) — 170(:1:0)

verifies the CLT. The key step is to prove that

VM (A — A) - 0 in probability (10)
where

. 1 &

A = Ml_zlzl with (11)
n—1 Ng 1 -~ R

Z = > rt i (e (Xhy) — BEFren) 1 (xi 0t
k=1 i=1 Dy,

Fy(z) = Fyp(z,uk(z)) and Fk(w)za—y(m,uk(w))-

Clearly Zi, ..., Zyr are independent random variables which are identically distributed
and have zero mean (see (6)) so the standard CLT gives

M
~ 1
VM x A = TiF > 71— ©~N(0,0nn) (12)
=1
with
Ui,N =FE |Z|2
where Z is defined in the same way as Z; with X instead of X*.

Proposition 1 Assume that (9) hold true. Then
VM x (g(xo) — Uo(z0)) = O ~ N(0,0n,n) in low.

Proof. As a consequence of (12) it will suffice to prove (10). The proof goes through
several steps.

INRIA



The central limit theorem 9

Step 1. We denote A} =: wy(zi) — 4g (). The purpose of this step is to prove that,
for every € > 0

M2 |Af| -0  in probability. 1
We write
Ay = B (Fenn T () = B B (e () =
= B} (Firr (5 T41()) = Firr (5 8eg1 () + b with
pi = EiFu, - E'F.
Since A,, =0,

—=k ,p—1
Akl < [Ferh B [Bpal + 1ol € o < Y T, L FLE " oyl
p=k+1

< C max max |pp|
p=k+1,n—11i=1,N,
so we have to prove that

Mz~¢ |p}c| -0 in probability.

In view of (5) and of (6)

M M
. 1 ~ L~ 1 ~ R
Pk =7 > (Fry1 (Xpy1)—EiFre1)ximpiy = 5 > (Frir (X i) —Eay Fryr (X)) Lxt i -
k=1 k=1

Note that the terms in the above sum are ortogonal under Eg, . It follows that

. 2 ~
Eg, |pk|” = |s |2 ZEGk (Fer1 (Xtp1) = oy Fipr (Xh1)) L ixt 2oy (15)

2
S

IA

,00

We write now

P(M=|pi| > 8)=P(M |pi|* > M*6%) = P(S%i x st ok | > M%)
k

M 2 % <2
< P(g_pk)+P(_kxsk|Pk| > M™6%)
S L S )

RR n° 4629
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By the law of large numbers % — pt so the first term converges to zero. We use

Chebyshev’s inequality and (15) in order to dominate the second term by

2 C
M2562p}'§E (SkEGk k| ) a2 0
and so the proof of (13) is completed.
Step 2. Linearization. The aim of this step is to prove that

A’O Z E%f Zolpk —0 in probability. (16)

We define ’ ’ ’ . . o
Vi = Fi(a}, Uk (2})) — Fi(@h, Gk (2})) — Fe (2),) Aj.
Using the Holder property of 8F},/0y and the definition of A} we obtain
vi| < C|a[e. (17)
Then, by (14)
—k 1 —k i =k —k i
=E; FyApyr + Ej Vi1 + pf = Ep1 jApy1 + B Vi1 + pj-

Since uy, = g = Uy, one has A, = 0. So we iterate the above equation and obtain
n—
i —o k-1 —0,k—1—
AP = E Epi  pr + E Epi zOE Vi1
and so (16) reduces to

n—
VM Z Bty B vip1 » 0  in probability.
k=1

Using (17) and (13) with € = a/2(1 + @) we obtain

\/ME%{C.IE yk+1‘ < CVM max |1/k+1|<C’\/_ max |Ak+1|1+a

»20

1= lNk+ =1 Nk+1
. 1+a
= ¢ _max (Mbe[aj,]) -0
=1,Ng41

and (16) is proved.
Step 3. The aim of this step is to prove that

(A Zngz.ol ) — 0. (18)

INRIA



The central limit theorem 11

Recall that

M
1 L
P =7 E (Frs1 (Xf1) = BiFirn)xt oty
k _

Then it is easy to check that

and consequently

~ X s M
i (8-S tin) - S e (- 2220
k=1

D

Since Eg, |p}c| < C/\/s; (see (15)) we dominate the above term by

1
oS B ([p- 2 —
Zon Pk Mpk Sk/M

which, by the law of large numbers converges to zero as M — .
Step 4. Change of probability.
In view of (16) and (18) it remains to prove that

n— n—1
\/M(Z Eftpe— Y Exfilpr) =0 in probability.
k=1

We write

—0,k—1 0,k—1 / _Ok 1 Ok 1 z'
VM(EF1 Jio Pk — EFl,'io Pk F1 io’l_ F1 zo’l Zakxﬂk

with 1
i _0,k—1 0,k—1 i [ i i
ap = ———=(T TFL o, WFl,io,i) and B = S;sz'
8./ M
By (15) Eg, |,8k HFkH - Using the low of large numbers, for every p, i, j, 7 ;

P —0,k—1 Ok—l i i
m; = 0,a.s. and so TR ioi ~ TFiigi 0,a.s. Moreover si, /M — pj # 0,a.s. and so

ai x Bt — 0 in probability and the proof is completed. O

We consider now the case when Fj, is just Lipschitz continuous as a function of y, for
example Fy(z,y) = max{h(t,z), y—l—%f(tk, x,y)} which appears in [B.P.1] (see the following

RR n° 4629



12 Bally

section also). In order to handle such functions we proceed by regularization by convolution.
Given € > 0 we consider some regularization kernel ¢. and we define

Fi(z,y) = /Fk(w,Z)¢5(y+z)dz.

Then [F{]; < [Fi]i and ||Ff — F||, < [Fi]ie. We define 4}, and uj, to be the functions
constructed in the algorithms (2) and (3) with F instead of Fj, and A¢, Z¢, F¢ and F}, 1
to be defined as in (11), with F} instead of F}. We also denote

m, n(w) = AF — AF™ = (T — T5)(z0) — (o — T)(0)
Proposition 2 Assume that the hypothesis (4) holds true. Then for every e > 0
Imin(w)| < 2n[FJfe, VweQ, (19)

and (20)
VM ((@o(20) - Go(0)) —mf, y(W)) = O~ N(0,07,y) in law

with 0%,y = \/E|Z¢|”.
Proof. We write

(o) — o (2h) = By (Fapr (5 Trp1 () = Fiar (541 (1)) +
B (Fpn (k1 () = Fign (5T ()

E
Then |[ug —gllp 0 < [Fli(e + [[Thsr — Tiga || oo )- It follows that |(@o — @5)(z0)| =
G0 =T llr oo < €2 polF]} < en[F]7. In the same way one proves that |(do — ug)(zo)| =
[do — U5|lp o < en[F]T and so |me’N(w)| < 2n[F]}e. Finally, using the previous theorem
VM ((@o(zo) — Uo(z0)) — m;, n(W)) = VM (U5(x0) — Ug(20)) = ©° ~ N(0,07, y). O

2.3 Evaluations of the variance

Let us now give some evaluations of the variance.. Recall that under the hypothesis (4) we

0,k k1 ; . . . .
have TR 4o < H];rl [Fj]1p}, +1- Then an immediate rough evaluation gives

n—1
12| <2 T [F (| Fi [l
k=1

and consequently

n—1
onN <2 ) TEL[F [[Frsa | -
k=1

INRIA



The central limit theorem 13

This quantity blows up as n — oo, as Cn (in reasonable algorithms [F;]; < 1+ £ so
that TI¥"![F;]; < exp(cT)). In the examples we have in mind (see the following section) the
variance remains bounded independently of n, but in order to obtain such results one has
to consider a more restrictive frame, namely a Markovian frame. For the moment we define
a "Markov error” and we express our results in terms of this error and, at the end of this
section, we give an evaluation of this error in some special case. We assume that a filtration
Fr,k =0,...,n is given such that X} is F} measurable and we define the "Markov error”

pk = E(Fisr (Xit1) | Xi) = E(Fipr (Xig1) | Fr)-

Before giving our result we need to emphasis one more hypothesis. In some cases (see
the example in the following section) there exists also a constant {F'}; > 0 such that

F(@) > {Fih, Ve 21
and then W%fi P2 Hk HE NP

Proposition 3 i) Suppose that (4) holds true. Then
1/2
on,N < (Z (R, Fk+1(Xk+1) — Uy, (Xk))> (22)
+22Hk+1 11 Fk1 [l oo Mlrew 1l

i1) Suppose that (21) holds also. Then

n—1 1/2
TnN 2 (Z I PR B(F e (Xka) —ﬁi(Xk))> (23)

Z T I P

Proof. We denote

Ny,

1 ~
0.k 1
QF = T o= (Frrt (Xir) = BF i) Lix,—ai )

i=1 Pi

N .

. ~
= ngﬂollp;c (Fir1(Xig1) — B(Fipr (Xiqa) | X)) lx=ai )
i=1

RR n° 4629



14 Bally

so that Z = 37 Q*. Moreover we define

Ny

—k k 1 ~
Q = W?ml,mlzpz(FkH(Xkﬂ) E(Fyg1 (Xp41) | Fe))lixy=zi}

i=1

and

k oL 1

= !

@ = Q@ —Qr= W?m,ml,pz Pkl =2}
i=1

Since 7% 1011 < T4, [Fjlapj, it follows that |gx| < TI5_; [F3]1 |ux| and so

< Z llarll, < ZH'““ kel -

2

n—1
z-YqQ"
k=0

So the quantity to be computed is now HZ 0 @ H Since E(Q | Fi) = 0, we have

E(Qkap) =0 for k # p and so HZZ;S @kHz =0 ‘Q ‘ . On the other hand

2

k2 ~
BlQ'| - ZE o o7 Pt () = B(Fos (Xi1) | 70)| Lixumaty

Nk 2

4 1 ~ ~

= Y (vr%’f,i;,,. p—k) B(F2 1 (Xis1) — (BEFrsr Xir) | Fi))) L ixemsiy
i=1

< (mh, [Filh)” B(F2 3 (Xk1) = (B(Fir (X)) | Fo))?).

By the very definition of uy, E(ﬁk.‘rl (Xk+1) | Xk) = Gr(Xg), so that

—+k |2 ~ ~
BIQ'| < WL IEEB(EFL, (Xin) - a(X0)%)
I [F LB (B(Fers (Xi) | 40))? = B(Frrs (Xen) | 7))
< W BB (Xern) = x(X)) + TR (R | Fea oo el

Summing over k£ we obtain the upper bound is completed. The proof of the lower
bound is the same: one just employ the minoration w?;f,io’i > M Fpl +1 instead of the
majoration w?;f,z.o,z. < I Fuph, O

We give now a setting in which the "Markov error” considered above may be computed in
a reasonable way. We assume that an £— valued Markoxg:hain (Xk)k>0 with respect to some
filtration (F%)r>o is given and we construct Xy = 0(X) where 0, : E = E,k =1,...,n
are some measurable functions. The example which we have in mind is the quantization

INRIA



The central limit theorem 15

procedure which amounts to construct X as the projection of X}, on a given grid. We also
define o o
®p(2) = E(Fp41(Xpy1) | Xp = 2)).

Moreover we assume that E is a normed space and @y, is Lipschitz continuous. We denote
the Lipschitz constant by [®;]1 and [®]; =: maxg=1n[Pr]1. We have to control the Markov
error for the chain (X),. We write

e = B(Fi (Xer1) = Fipt Xrr) | Xi) = EFer1 (Xr) = Fopr Keg) | Fe)
+ (BFeKign) | X) = BFers(Kia) | ).

Moreover using the Markov property of (yk)kzo first and the fact that Xj is o(X})
measurable then,

E(Fi1(Xe1) | Xi) = E(Fppr Xipr) | Fe)

= E(E(Fi1(Xia1) | Xi) | Xi) = E(Fir (Kirr) | X)
E(®(Xy) | Xi) — (X )
= E(@k(Yk) — & (X)) | Xi) + ®p(Xp) — <I>k(7k).

It follows that
Npelly < 2[Fpsls || Xesr — Xpga ||, + 20811 | Xe — X, -
This together with the above proposition give

Proposition 4 Sugnose that yk)ke N 18 a Markov chain such that ®y, is Lipschitz contin-
uous and Xy = 0(Xy) for some measurable functions 6.

i) Suppose that (4) holds. Then
1/2
InN < (Z M F R B (Xk) —ﬂi(Xk))) (24)
+A([F)y + [®] Zﬂk+1[F 1P lloo || Xk = Xk,

it) Suppose that (21) holds also. Then
1/2
OnN 2 (Z MR E(FR  (Xkg1) — ﬂi(&))) (25)

P+ 1910 3 T e | X - el
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16 Bally

3 The CLT for semi linear PDE’s

Our main interest in this paper concerns semi linear PDE’s i.e (29) bellow and semi linear
PDE’s with reflection, i.e (30) bellow. We summarize in this section the results obtained in
[B.P.1],[B.P.2] for the approximation scheme uj, of the solution v of this equation.

In order to construct our algorithm we consider the diffusion process (X;)¢>o of infinites-
imal operator L (which appear in the PDE) and we denote by X the Euler Scheme of
step h = % (see [B.P.1] for details). The diffusion process takes values in R? so the space
under consideration is now E = R?. Moreover for each k = 1,...,n we construct a grid

I = {z},..z;*} and we denote I} = {z : |z} — z| = minj—1 n, ‘mi —m‘} the so called

Voronoi tassel of . Then X}, is the projection of X on the grid T, i.eXy = =& if X, € Ii.
Since (X)g=1,, is a Markov chain we are in the frame presented in the previous section.
We recall also that the grid T’y is chosen to be optimal in the sense that the law of the
projection Xy, on T, is "closer” to the law of X then the projection on any other grid I'}.
This is discussed in detail in [B.P.1] but is not the subject now. Here we just assume that
a fixed grid 'y, is given and we compute our algorithm based on this grid.

The quality of our evaluations depends on the regularity of the problem in two senses.
First of all, when dealing with a general diffusion process, the first step to be done in order
to construct an approximation scheme is to replace the underlying diffusion by the Euler
Scheme. This is necessary in order to be able to simulate the pathes. But in some special
cases - for example if the diffusion process is the Brownian motion itself or the geometrical
Brownian motion, as in the Black and Sholes model - one can simulate the diffusion directly
and there is no need to replace the diffusion by the Euler scheme (in fact they coincide). The
analysis of the error turns out to be more precise in this last case. Secondly, the coefficient
f and the obstacle h may be just Lipschitz continuous or may have some more regularity
properties, and of course we get better results in the second case. So we shall distinguish
two cases.

Case 1. X}, is the Euler Scheme and f and h are Lipschitz continuous.
Case 2. X is the diffusion process itself at time t;, = kT/n, y — f(t,z,y) si of class
C%, and z — h(t,z) is semi - convex, uniformly with respect to the time variable i.e

h(t,y) — h(t,z) > (8(t,z),y — z) + p(t,z) [y — z|* (26)

where § and p are some bounded functions.

Let us now present the error evaluations obtained in [B.P.1]. We recall that in [B.P.1]
we considered that the total number of points in the time - space grid N =: ey N is
given (the complexity of our algorithm is proportional to N so this is the natural parameter
to be fixed from the beginning) and we look for the optimal choice of the number of time
steps n and of the number of points N, in the layer k to be used. A sorrow analysis of
this optimization problem is given in [B.P.1] Section II. 2.2. This analysis is based on the

INRIA



The central limit theorem 17

structure of the error on one hand and on the evaluation of the error in the quantization
procedure (the Theorem of Buckley and Wise see [B.P.1] or [G.L]) on the other hand. In our
frame some more errors come on and this optimization becomes rather difficult to active.. So
we give up and we decide to take the same number N of points on each layer. Recall that N

is given. Then, according to the computations in [B.P.1], we have to choose n = Nw (8d-+2)

in the Case 1 and n = N/ ®*™) in the Case 2. In both cases we take Ny = N = N/n. This
amounts to take N, = N = n3%/2 in Case 1 and Nj, = n2? in Case 2. Now on we assume

that this choice is done and we express the error bounds in terms of % In Case 1 we obtain
(see [B.P.1] and [B.P.2])

. C
E X)) — (X < — 2
ma fulte, Xu) —(Xo)l < =, 27)
— C c
”Xk _Xk||4 < N1/d < nvn’
and in the Case 2
N C
E max lu(ty, Xx) — up(Xg)| < o (28)
- C c
”Xk - Xk||4 n N1/d < n2’

These evaluations hold true for both semi linear PDE’s with and without reflection. Al-
though our main interest concerns obstacle problems we begin with PD E's without obstacle
because this case is simpler and we are able to aciev a more precise analysis.

3.1 Semi linear PDE’s without reflection.

In this section we discuss the algorithm corresponding to the semi linear PDE
0y + L)u+ f(t,z,u) =0, ur=g. (29)

The function Fy, is now Fy(z,y) = y+ % f(tr,z,y). We assume that g is bounded and that
y = f(t,z,y) is twice differentiable and the first and the second derivatives are bounded,
uniformly with respect to ¢t and z. Since the problem is simpler, one can prove (28) even
in the case when X}, is the Euler Scheme. It is also easy to check that ||ux||,, < Cllgll

and so HﬁkH < C(1+ ||gllo)- Moreover Fi(z,y) = %(x,y) =1+ %g—i(tk,m,y) so that
[Fli <1+ Z[fl1 and [F]f < exp(T[f]1)-

RR n° 4629



18 Bally

Let us now evaluate the variance o,,n. We have [F]; <1+ Z[f]; and {F}; > 1 - L[f];
so, using (24), (25) and (28) we obtain

= T k(mni2 ~2 ¢
>a- S (BFe (K1) — Bui(Xi)) — —
e T - C
< oan <Y (1+ E[f]l)k(EFl?-}—l(Xk-i-l) — Bt (X)) + b
k=0

D2 o T = T2 £2 ~
We have Fk+1 = Upyq + ;uk+1f(tk+17 .,uk+1) + Ff (tk+1, .,uk+1).
We compute first

n—1

T .
>+ — 10" (B2 (Xi) = BaE(Xx)
k=0
n—2
= (L L™ B (Xa) — (o) — (L4 - ([ L[ B (Xe).
k=1
Using (28) the above term is equal to
T n—1p 2 2 «— T k-1 T 2
A (L (10" B2 (Xn) — (o) — Y (14 [ [ B, o)
k=1

where |\,,| < C/n. Moreover, standard computations show that the above term is still equal
to

T
N+ TV B (X 1) — ud(20) — [f1 / e Bu?(t, X, )dt
0

with |A]| < C/n. The same reasoning shows that the sum corresponding to %ﬂk+1 F(trr1y - Ukt1)
is equal to

T
N2 [ e B () 0, X1, ult, X))
0

with |[A!| < C/n. Finally the term corresponding to Z:—j f? is dominated by %H f ||io S0 we
have proved that o, v <7 + % with

T
7 = "V Prg®(zo) — ud (o) +/ eI P, (2u f(t, ., ur) — [fliuf) (o) dt
0

where P, is the semigroup of the diffusion process. In the same way one proves that o, y >
C .

o — = with

- n

T
o = =T Prg?(2g) — u(zo) + / e~ P (2uy £ (£, ) + [fnud) (o) dt.
0

So we have proved

INRIA



The central limit theorem 19

Theorem 1 Let u be the solution of the semi-linear PDE (29), let u be computed by the
algorithm (2) and u be computed by the algorithm (3). Suppose that the final condition g is
bounded and the coefficient f is bounded, twice differentiable in the variable y, with bounded
derivatives of first and second order. Then |ug(zq) — Uo(zo)| < C/n and

VM(E(](.CL‘()) —’I/L\()(IL'())) — 0~ N((],U'n,N) with g — % S On,N S o+ %

3.2 The CLT for semi-linear PDE’s with reflection.

We discuss now the algorithm corresponding to the semi linear PDE with obstacle

max{hs, (3 + L)u+ f(t,z,u)} =0, up = hy (30)
that is

Anah) = hltn,2)

Au(el) = B (max(htnin 1k ) + S ()

The function Fy, is now Fy(z,y) = max{h(tx,z),y + %f(tk,x,y)}.

Remark 1 The algorithm here is slightly different from the one usually considered in the
Dynamical Programing Principle for the Snell envelope which is v, (z%) = hy(2%), v (2h) =
max{hk(ac}'c),E;c (vks1 () + L f(tr, ., vp41)) with hi(z) = h(ty,z). So we changed the order
of the expectation and of the mazimum. This is convenient in order to fit in the frame
discussed in Section 2. Let us see that this is not a significant change. This is quite clear
if [ is null (we treat just an optimal stopping problem). In fact, if one denotes wy =
max(hy,Uy) then wy, = hy, and wy, = maux(hk,Elc (max{hgt1,Urs1})) = max(hk,Ekwk+1).
So w is constructed in the same way as v and consequently wy = vi. We conclude that
vo = wo = max(ho, o). If f is not null a supplementary error of order % comes on.

We assume that g =: hr is bounded and that y — f(¢,z,y) is Lipschitz continuous.. Let
us now evaluate the variance o, n. We denote

Bu(@) + (0,2, (2)),
(hi(2) = b () Lny > b0}

b (z)

ck(z)

such that R
Fy(x) = max{h(x), b (x)} = b (x) + cx ().

Lemma 1 4) Suppose that h is Lipschitz continuous. Then

(31)
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20 Bally

i1) Suppose that h is Lipschitz continuous and semi - convex. Then

C
Eptet < - (32)

Proof. We prove just ii) (the first point is analogous but simpler) so we suppose that h
is semi - convex. Using the definition of uy,

. N T ~
bi(zy) = Ef(max{hk+1,uk+1+Ef(tkﬂ,.,ukﬂ(.))})

T o
+Ef(tk=$2;uk($%))

T o
> Ez!ch‘k-‘rl + Ef(tkam;c’uk(xk))
so that
i i k T i o i
0 < crlzy) < (hp(zy) — Efhgyr — Ef(tkamkauk(xk)) Linessey(@h)
. . ) T
< E(hk(xy,) = b1 (Xpt1) | Xe = 23) Lingsb,3 (@) + po 11l oo
i i i T
< B(he(zh) = he(Xe1) | X = 2)Lnes 3 (@) + (1 Flloo + [B]1)
< E(((S(tk,l‘;‘:), (Xk+1 - .’L‘i:)) | Xy = wi:)]-{hk>bk}(m2:)
il2 i T
1ol B(| Xpgr — 23| | Xp=2}) + E(IIflloo + [R]1)-
Using (28)

12 ]2 - =14 C c
E‘E(|Xk+1—a:;c| |Xk::c}c)‘ <CE|Xip — X' <E[Xpp - X + = < =

n?’
It follows that

C
EYfer = Eci(Xi) < 2E(|B((0(tk, Xi), Xps1 — Xi)) | Xp)* + =

n2

IN

2F (B((8(te, Xi), K1 — X)) | Xi))? + %

= 2E(E(E((0(tk, X1), X41 — X1)) | Fy) | Xk))2 + %

Since the martingale part of X, — X cancels when we take conditional expectation
with respect to Fj, this term is dominated by C/n? where C is a constant which depends
on the coefficients of the diffusion process. So the proof is completed. [

We are now able to give the evaluation of oy n.
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Proposition 5 i) I n the Case 1 we have

ii) In the Case 2

with T
& = e"UI Prg*(mo) — uo(wo) + C/ eI Py(uf + we f(t, ., ue)) (wo)dt
0
where C is a constant depending on the diffusion process.

Proof. We write

EF2(X;) E(by, + c1)*(X)

Eby(Xi) + 2(Ebi (X)) (Bei (Xi))'/? + Eci(Xg)-

IA

In the Case 1 (31) permits to dominate the above term by Eb? + C/+/n, and since
n x C/y/n = Cy/n we get \/n in the RHS of (33).

Assume now that we are in the Case 2, we may use (32) in order to get Ec; < C/n? and
consequently

~ C C
EF(Xy) < Ebp(Xy) + E(Ebi(Xk))l/Q toa

We employ (28) in order to obtain
, C . C A
(Ebi(Xi))'/? < ot (B lar(Xp)[)'/* < ot (B Ju(tr, o) ")/
so that
<

= c
EF(Xy) < B0y (Xp) + —(Pruf, (20))'/% + .

We employ now (24) in order to obtain

onn < Z I (B(Fl1)*(Xki) — B(@3 (X))
k=1
C C n—1 n—1
< T ST (P (o) 4 Y e (Bl (X4) - B(@H(X)):
k=1 k=1
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2 ~
Since b7, , = Uz, + 2 L1 f bkt > Upt1) + 2 f2(tk41, -, Ugt1) we have

n—1
> e (B, (Xk) — E(U (X))
k=1
n—1
C ~ "
< of > e (Birg1)*(Xer1) — B@; (X))
2T n_—l
o D (B @ f (o1, Urn) (K1)
k=1
C e
= O B ) - w(ao)
T n—1
= U B f(tras - Brpn) (Xaga)
k=1
n—1
C 2T
< —+ PTh%"(xO) - ug(.’L'()) + — etk[f]lptk+1 (utk+1f(tk+17 ‘JUtk+1)(m0)'
n n Pt

Finally, passing from the Riemann sums to Lebesgue’s integrals with respect to the time,
the proof is completed. O

Let us now conclude.

Theorem 2 There ezists a bounded random variable m* such that

g,‘v’w
n

VA

Q) |my! ()]
Zl) 117rln \/M(ﬂo(llfo) - ﬁo(il)o) - mnM) = 0O~ N(O,U’n)

in low and 0> < C+/n in Case 1 and

Q

T
ol < o e Prg?(z0) — ug(zo) + C/ Py (u? 4+ ugf(t, ., ur)) (o) dt (35)
0

in Case 2.

Proof. We employ Proposition 2 with ¢ = ¢, = % The absolute value of mﬁ’f =:

m,"y is dominated by 2n(1 + LIfl1)"en < 2neTlfli/n? = C/n. Moreover we obtain the
convergence in ii) with o, = 07"y Let us check that o, satisfies (35). Since [F;"]1 < [Fili
and [|F." || < [|Fkll,, we may employ (24) in order to obtain

o < — +ZH'°+1[F RE(FR 1 (Xk1) — G3(X))-

The term in the RH S of the above inequality is dominated (see the proof of Proposition
7) by the term in the RHS of (35) and of the proof is completed. O
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