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Abstract: This research report presents an approach to the shape from shading problem
which is based upon the notion of viscosity solutions to the shading partial differential
equation, in effect a Hamilton-Jacobi equation. The power of this approach is twofolds: 1)
it allows nonsmooth, i.e. nondifferentiable, solutions which allows to recover objects with
sharp troughs and creases and 2) it provides a framework for deriving a numerical scheme
for computing approximations on a discrete grid of these solutions as well as for proving its
correctness, i.e. the convergence of these approximations to the solution when the grid size
vanishes.

Our work extends previous work in the area in three aspects. First, it deals with the
case of a general illumination in a simpler and a more general way (since they assume that
the solutions are continuously differentiable) than in the work of Dupuis and Oliensis [9].
Second, it allows us to prove the existence and uniqueness of "continuous” solutions to the
shading equation in a more general setting (general direction of illumination) than in the
work of Rouy and Tourin [29], thereby extending the applicability of shape from shading
methods to more realistic scenes. Third, it allows us to produce an approximation scheme
for computing approximations of the "continuous" solution on a discrete grid as well as a
proof of their convergence toward that solution.

This report aims to deepen the notions presented in our article [28]. Here we give the
proofs of the theorems proposed in [28] and which don’t appear in other references. Finally
by this text, we want to popularize the notion of viscosity solutions and make it more
intuitive. Also we hope to convince the reader of the usability of these tools.
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“Shape-from-Shading” et solutions de viscosité

Résumé : Ce rapport de recherche présente une approche du “Shape from Shading” basée
sur la notion de solutions de viscosité des équations de Hamilton-Jacobi. Les intéréts de
cette approche résident essentiellement en deux points:
1) Elle permet d’obtenir des solutions non lisses (non différentiables) et ainsi de pouvoir
considérer des solutions représentées par des surfaces contenant certains types d’arétes.
2) Elle nous permet aussi de déduire des schémas numériques puis des algorithmes permet-
tant d’approximer les solutions sur des grilles discrétes. Cet outil nous permet enfin de
prouver la pertinence des algorithmes déduits en démontrant leur convergence.

Nos travaux étendent les précédents dans le domaine sous trois aspects.
Premiérement ils traitent du cas d’une illumination générale dans un cadre plus simple et
plus général que celui présenté par Dupuis et Oliensis [9] (Ils supposent que les solutions
sont contintiment différentiables).
Deuxiémement, ils nous permettent de prouver I’existence et I'unicité de
solutions (seulement) continues & “I’équation d’irradiance” dans un cas plus général que celui
traité par Rouy et Tourin [29] (ici la direction de I'illumination est quelconque).
Troisiémement, ces outils nous permettent de déduire des schémas et des algorithmes numé-
riques permettant d’approximer ces solutions de viscosité et dont nous pouvons prouver la
convergence.

Ce rapport a essentiellement deux buts:
1) Eclaircir les notions introduites dans I’article Prados-Faugeras-Rouy [28]. En particulier,
nous donnons en détail les preuves, absentes dans la littérature, des théorémes proposés
dans cet article.
2) Démocratiser la notion de solutions de viscosité: Par ce texte, nous espérons convaincre le
lecteur qu’aujourd’hui, cette notion est accessible & tous et qu’elle est devenue trés utilisable
en pratique.

Mots-clés : Shape from Shading, solutions de viscosité, existence et unicité de solutions,
équations de Hamilton-Jacobi du premier ordre, principe de programmation dynamique,
différences finies , convergence de schémas.
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SFE'S and viscosity solutions 5

Chapter 1

Introduction

1.1 Shape from shading; state of art

Shape from shading has been a central problem in the field of computer vision since the
early days. The problem is to compute the three-dimensional shape of a surface from the
brightness variations in a black and white image of that surface. The work in our field was

Photo Retrieve the surface(s)
which gives the same photo

Figure 1.1: The “Shape-from-Shading” problem.

pioneered by Horn who was the first to pose the problem as that of finding the solution
of a nonlinear first-order partial differential equation called the brightness equation [18].
This initial idea was limited by the particular numerical method that was used (the method
of characteristics) and was enriched by posing the problem as a variational problem [17]
within which additional constrains such as those provided by occluding contours [20] can
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6 E. Prados € O. Faugeras € E. Rouy

be taken into account. The book [16] contains a very nice panorama of the research in
this area up to 1989. Questions about the existence and uniqueness of solutions to the
problem were simply not even posed at that time with the important exception of the
work of Bruss [5]. These questions as well as those related to the convergence of numerical
schemes for computing the solutions became central in the last decade of the 20th century.
Brightness equations that do not admit continuously differentiable solution were produced
[4, 19], Durou and his co-workers showed that some well-known numerical schemes were in
fact almost never convergent [10] and exhibited a continuous family of ambiguous solutions
[11]. A breakthrough was achieved by people who realized that control theory could be
brought to bear on this problem. Dupuis and Oliensis showed that this theory provided
a way of constructing numerical schemes with provable convergence properties in the case
where a continuously differentiable solution existed [9]. More significantly perhaps, P.-L.
Lions, Rouy and Tourin used the theory of viscosity solution of Hamilton-Jacobi equations
to characterize the existence and uniqueness of weak solutions to the brightness equation and
to come up with provably convergent numerical schemes to compute them [29, 26]. In doing
so, they considerably generalized the applicability of shape from shading since solutions
could be only continuous and they opened the way to the mathematically well-posed use of
such constraints as occluding edges and shadows as well as general light sources.

1.2 Mathematical formulation

In this report we revisit one of the simplest versions of the shape from shading problem,
the idea being that the tools that we develop here will be extendable to more general and
realistic situations. We therefore assume that

e the camera performs an orthographic projection of the scene (hence a simple affine
camera model as opposed to a pinhole),

e the scene is illuminated by a single point source at infinity; thus, the beam is parallel
and we can represent the light by a constant vector.

e that its reflectance is Lambertian and its albedo constant and equal to 1.

We also assume that there are no shadows and no occluding boundaries and that the distance
from the camera to the scene is known on the boundary of the image. Admittedly, these
hypotheses may appear a bit restrictive. In fact they are not in the sense that they can
be generalized without drastically changing the mathematical analysis that is done in this
report. But this will be the subject of another report.

We denote by u the distance of the points in the scene to the camera, I the image
intensity, L = (a, 3,) the unit vector representing the direction of the light source (y > 0),
and 1 = (o, 3). The image is modelled as a function from the closure € of an open set Q
of R? into the closed interval [0,1], I : @ — [0,1]. Given our hypotheses, the shape from
shading problem is, given I and L, to find a function u : @ — R satisfying the brightness

INRIA
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wl

L

e
Kz, y, u(z,y))

Figure 1.2: Image provided by an orthogonal projection. The intensity of the “pixel”(z,y)
is the intensity of the point (x,¥y,u(x,y)) on the surface S.
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8 E. Prados € O. Faugeras € E. Rouy

equation:
—Vau(z) -1+ 7
Ve, I(z)=—F——r0——, (1.1)
1+ |Vu(z)|?
with the Dirichlet boundary counditions Vz € 9Q, wu(z) = p(z), (1.2)

© being continuous on 9f2.

Note that in the case where the light source is in the same direction as the direction

of projection (it is the case considered in [29]) we have L = (0,0,1), and the PDE (1.1) is
equivalent to an Eikonal equation:

[Vau(z)| = T (1.3)

Note also that (1.1) is a Hamilton-Jacobi equation and can be rewritten as
—
H(z,Vu(x)) = 0, where H is the Hamiltonian (see section 4.1).

INRIA



SFE'S and viscosity solutions 9

Chapter 2

Viscosity solutions

This chapter presents a brief introduction to the notion of viscosity solutions of first order
Hamilton-Jacobi equations. Its aim is first to present the fundamental definitions and theo-
rems which are necessary to understand the results presented in the following chapters. In
particular, we will only consider theorems dealing with Dirichlet problems. The second pur-
pose of this section is to trivialize this notion; we hope to reach this goal thanks to various
remarks and many cross-references towards figures. Also, we hope that this document is
understanding by himself; it is to say, for understand it, the reader shouldn’t need all the
usual references. Of course, this introduction being very well-targeted, we advise interested
readers to rapidly get hold of most of quoted references.

At last, in this section we attempt too to warn the reader about some difficulties and we
illustrate them with a classical example.

In a first time, we introduce the continuous viscosity solutions notion. Next we will talk
about discontinuous viscosity solutions.

2.1 Continuous viscosity solutions

The notion of viscosity solutions of Hamilton-Jacobi equations has been introduced by Cran-
dall and Lions [6, 25, 8, 7] in the 80s. It is a very nice way of making quantitative and oper-
ational the intuitive idea of weak solutions of first-order (and for that matter, second-order)
Partial Differential Equations (PDEs). In the context of the shape from shading problem
we are only concerned with first-order PDEs.

The following definitions and results can be found in Barles’s, Bardi and Capuzzo Dol-
cetta’s or Lions’s books [2, 1, 25].

RR n° 4638



10 E. Prados € O. Faugeras € E. Rouy

2.1.1 A notion of weak solutions
Definitions

Let u : Q C R* — R be a C! function (Q is an open set of R*) and consider a Hamilton-
Jacobi equation of the form:

H(z,u(z), Va(z) =0, xz€Q, (2.1)
where H is a continuous scalar function on Q x R x R™. H is called Hamiltonian.

Definition 1 Viscosity subsolution:
u € BUC(R) (set of bounded and uniformly continuous functions) is a viscosity subsolution
of equation (2.1) if:

Yo € CH(Q) , Vro € Q local mazimum of (u — @),

—

H(z0,u(x0), Vo (20)) <0

Definition 2 Viscosity supersolution:
u € BUC(R) is a viscosity supersolution of equation (2.1) if:

Yo € C1(Q) , Vo € Q local minimum of (u — @),

—

H(zo,u(x0), Ve (20)) >0

Definition 3 Viscosity solution:
u is a continuous viscosity solution of equation (2.1) if it is both a subsolution and a super-
solution of (2.1).

Important practical remarks:

1. In practice, to check the hypotheses of these definitions, it can be useful to first fix
the point zg, and then to verify if, for all functions ¢ in C1(Q2) such as zg is a local
maximum (resp. minimum) of (u — ¢), we have the appropriate inegality. Thus, in
practice, to prove that u is a viscosity solution, we can only interest us to the particular
points where the properties above are not trivial.

2. It is easy to prove that in the previous definitions, we can also impose that the test
functions ¢ verify

#(x0) = u(zo).

Thus for example, the definition of subsolution can be rewritten as:

INRIA
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Definition 4 uw € BUC(R?) is a subsolution of (2.1) if :
Vzo €
Yo € C(Q) such that

#(z0) = u(xo),

¢ > u on a neighbourhood of xy,
we have H(xo, u(zo), Vé (20)) < 0.

Graphically this definition is much more intuitive than the previous one.

3. These definitions being based on local properties, even if it means reducing the size of
the neighbourhood, graphically we can consider that the functions ¢ are affine.

Coherence of viscosity solutions

Viscosity solutions are weak solutions. They are not differentiable! Nevertheless, we are
going to see that this notion is consistent with the notion of classical solutions.

Proposition 1 Let u differentiable on Q, a classical solution of (2.1). If w € BUC(Q),
then u is a viscosity solution.

A Proof:
In fact, if u is differentiable, then for all functions ¢ € C1(9) if z¢ is a local maximum (resp.
minimum) of (v — ¢), then

—

_
Vu(zg) =Vé (x0)
and then

—

H(zo,u(x0), Vo (20)) = 0.

O
In other respects, we have also the following result:

Theorem 1 Let u a viscosity solution of equation (2.1). if u is differentiable on Q, then u
is a classical solution.

The reader can find a proof of this theorem in previous citations. [J
In short, classical BUC solutions of (2.1) are differentiable viscosity solutions of (2.1).
So viscosity solutions are generalized solutions of Hamilton-Jacobi equation.

RR n° 4638



12 E. Prados € O. Faugeras € E. Rouy

Example: The eikonal equation

Throughout this chapter, we are going to illustrate our presentation with the particular case
of the one-dimensional eikonal equation.

[Va(z)| — n(z) =0, Yz €]0,1] (2.2)

where n is a real scalar function.
For the classical example where n(z) = 1 for all x in ]0,1],

[Vu(z)| —1=0, Vz€lo,1] (2.3)

it is easy to prove that the following function u is a viscosity solution:

wo={ 5 1ol 24

B[

0

BO| =

Figure 2.1: A solution of eikonal equation with n(x)=1.

A Proof:

e For z € 10, 3[U]5, 1[:
On the subset ]0,1[U]%, 1] the function u gived by (2.4) is differentiable and is a
solution of (2.2) in classical sense. Then by proposition 1, u is a viscosity solution on
10, 3[U]5, 1[.

e For 2y = %:

o u is a subsolution:
Suppose we have ¢ € C1(]0,1[) such as
u(3) = 6(3);
and
u < ¢; (2.5)

in a neighbourhood of 1 (see previous remarks).

INRIA
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¢2()
é1(x)

‘1/2 T

¢, and ¢, are two possible functions;
¢3 can’t verify u(z) < ¢ for every neighbourhood of 1.

Figure 2.2: Tllustration of: Vz € V,u(z) < ¢(z) = |¢'(z)| <1

Graphically, identifying ¢ and its tangent at %, we can see clearly that this implies
|¢>’(%)| <1 (see the same remarks and figure (2.2)).

Rigorously, for such a ¢ we have (u — ¢) negative and in C*([0, 3]), so ¢'(3) < 1.
A Infact,if (u—¢)'(3) < 0, since (u—¢) € C([0, 3]), (u—¢)'(x) < 0 on a neigh-
bourhood W of £ in [0, £]; then (u—¢) decrease strictly. Since (u—¢)(3) = 0 then
(u— ¢)(x) > 0 on W. This contradicts u < ¢ imposed by (2.5). Thus ¢'(1) < 1.
O

Similary, considering the subset [%,1], we can see that ¢'(3) > —1. So consid-
ering both the right and left derivatives, we conclude that |¢'(1)| < 1. We have
obtained the desired inequality and u is a subsolution of (2.3).

o u is a supersolution:

O

Graphically or using the same tools, it is easy to prove that there does not exist
a function ¢ such ¢(3) = u(3) and ¢ < u on a neighbourhood of 1. Then u is
consequently a supersolution.

Remarks:

1. In the case of the eikonal equation (2.3), it is very easy to prove that there can’t exist
solution with a downward kink; such a function can’t be a supersolution (see figure
(2.3)). This remark can be generalized to the eikonal equation (2.2).

2. We have said that viscosity solutions are generalized solutions of Hamilton-Jacobi
equations, but all the generalized solutions are not viscosity solutions. In fact, there
are many generalized solutions wich are not viscosity solutions: take for example the
function

RR n° 4638
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Figure 2.3: : There can’t exist solutions with a downward kink

v could be a generalized solution of (2.3) in the same way as u defined by (2.4). But
v is not a viscosity solution (see previous remark)!

3. It is important to note that there don’t exist classical solutions of the equation (2.3).
In general, the Hamilton-Jacobi equations are not well-posed in the classical sense:
there don’t exist solutions. As we will see, in the viscosity context, hypotheses of
existence theorems are very weak. This is one of the most important advantages of
the viscosity solutions.

2.1.2 Existence and uniqueness of continuous viscosity solutions

As we have seen in section (1.2), the “classical” modelisation of Shape-from-shading problem
results in an Hamilton-Jacobi equation in the form:

H(z, Vu(z)) = 0;

Thus we will limit ourselves to Hamiltonians which do not depend on u. In such a case,
it is clear that to have uniqueness we must add boundary conditions. Our choice turns to
Dirichlet conditions: in the following we will be interested in particular in the following
problem:
—
{ H(z,Vu(z))=0o0n Q

2.7
u = ¢ on 0N} 27)

with 2 a bounded regular and convex open set of R*, and ¢ a scalar function defined on
onN.
Uniqueness result

We present here an uniqueness result due to Ishii [21]; This result has been proved later in
a different manner by Lions [25]. Rouy and Tourin have also given this uniqueness result
for Halmiltonians H which do not depend upon u (see [29]). For more general conditions,
see [26].

Theorem 2 let u,v EBUC(Q) respectively subsolution and supersolution of the equation:

N
H(z,Vu(z)) =0 on the bounded open 2 C R? . (2.8)

INRIA
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If the following hypotheses are verified:

1. Vz,y €Q, Vpe R?, |H(z,p) — H(y,p)| < w(|z — y|(1 +[p])),
where w is a continuous nondecreasing function such that w(0) = 0,

— —
2. H is continuous in Q x R2 and convexr with respect to Vu,

3. there exists a strict viscosity subsolution u € C1(Q) N C(Q) of (2.8) (i.e. such that
H(z,Vu(z)) <0 for all  in Q);

then there exists at most one continuous viscosity solution of (2.8) verifying uw = ¢ in 0%,
where p € C(ON) (it is to say a continuous viscosity solution of (2.7)).

Remark:

e Let a function G : E C R* — R™ : 2 — G(z); with n and m in N. A sufficient
condition to have existence of a nondecreasing continuous function w such as w(0) =0
and

Va,y € B, |G(x) — G(y)| < w(|z —y])

is G uniformly continuous.

A Proof:

Let G: E C R* — R™ : z — G(x) be an uniformly continuous function. Let note
wa(e) = sup{|G(z) — G(y)|; |z — y| < e}. Since G is uniformly continuous, the reader
will verify that:

o wg(e) < 00,
o wg(0)=0

o wg is nondecreasing.

Also, we have
|G(x) — G(y)| < sup{|G(z1) — G(22); |21 — 22| < |2 — yl} = wa(lz —yl)

O

In the particular case of H : 2 X R* — R we have: if H uniformly continuous then
there exists a nondecreasing continuous function w such as w(0) = 0 and

Vz,y € Q, Vp e R*, |H(xz,p) — H(y,p)| < w(|z —y|(1+[p])

e Let (E,d) be a metric set. A sufficient condition to have G : (E,d) — (E,d) : ¢ — G(x)
uniformly continuous is G continuous and (E,d) compact (theorem of Heine).

RR n® 4638
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e Let (E,||.||) be a normal vectorial space. A sufficient condition to have G : (E,||.||) —
(E,||-|]) : ® — G(x) uniformly continuous is G Lipschitz continuous.

Recall:

In the eikonal equation case, it is easy to show that theorem 2 is sharp: there exists many
solutions if there are singular points in Q (see remark I1.5.11 of [1]). Recall that in this
context, a singular point is a point z € Q such as n(xz) = 0.

Existence result for convex coecive Hamiltonians:
value functions and boundary compatibility conditions

In this section, we are going to give not only an existence result but also an explicit expression
of the solution as value function.

More exactly, we recall here a theorem of existence of viscosity solutions in the special
case where the Hamiltonian H appea_ri)ng in equation (2.7) (so with Dirichlet boundary

conditions) is convex with respect to Vu.
It is important to note that this existence theorem can be interpreted as giving compatibility
constraints for the boundary conditions.

We note H* the Legendre transform of H:

H*(x,q) = sup{p.¢ — H(z,p)} < 4o0.
pER?2

The following theorem 3 is a special case of theorem 5.3 in [25].
Let us define Vz,y € ,

Ha) = _int ([ e ~€ s )

where C, , is the set of £ such as
* £(0) =z,
e {(To) =y,
o Vt €[0,Ty],&(t) € Q,
o &€ L0, Ty).
Theorem 3 If

1. H € C(Q x R?) is convex with respect to YV for all z in 9,

2. H(x,p) — 400 when |p| — +oo uniformly with respect to x € Q,

INRIA
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8. infpereH(z,p) <0 in Q,

4. Yz,y € 00 , o(x) — p(y) < L(z,y);
then the function u defined in Q by:

u@) = il {e(y) + L)}
To
= int{ | H (9.~ ()ds + p(E(T) (2.9)

is a continuous viscosity solution of equation (2.7) (in particular u verifies u(x) = ¢(z) for
all z in 09Q).

This theorem implies the existence of a continuous viscosity solution of (2.7) and gives
us an explicit solution.

Remark: Under hypotheses (1)-(2)-(3) of this theorem, we have then the following NSC
(necessary and sufficient condition):
u defined by (2.9) is a viscosity solution of (2.7) iff

Vo,y € 00, ¢(x) —¢(y) < L(x,y). (2.10)

We will say that ¢ verifies the compatibility condition if (2.10) is verified.

2.2 Discontinuous viscosity solutions

2.2.1 Definitions

In this section we recall the notion of the discontinuous viscosity solutions; this notion of
discontinuous solutions is due mostly to Ishii [23, 22] and is covered in detail in the book
of Barles [2]. The recent book of Bardi and Capuzzo Dolcetta [1] synthesizes some recent
results.

For the continuous viscosity solutions, we have kept a classical frame of mind. More
exactly, we have considered an equation on a open subset and we have add a boundary
condition. Now we are going to upset this traditional sketch:

Let us consider the following equation on the closed subset Q:

F(z,u(z), Vu(z)) = 0 (2.11)

where F is defined on @ x R x R? and only supposed locally bounded (F is not supposed
continuous). The idea is to consider both the equation and the boundary condition.
Generally F' is defined by:

H(xz,u,p) forxin ,

F(z,u,p) = { G(z,u,p) for x in 01, (2.12)

RR n° 4638



18 E. Prados € O. Faugeras € E. Rouy

where H is a continuous function on 2 x Rx R? and G is a continuous function on Q2 x Rx R2.
For example, in the case of the Dirichlet condition, we can take:

| H(z,u,p) for x in ,
F(a,u.p) = { u(z) — p(z) for x in 09, (2.13)

with ¢ continuous on 9.

Before giving the definition of the discontinuous viscosity solutions, recall the definitions
of the upper and lower semicontinuous envelopes. For better understand the following
notions, the reader can refer to the chapter V of [1].

Definition 5 Let u be o locally bounded function on a set E.
Vx € E, let us note:
uw*(z) = lim sup u(y)

y—T

u4(z) = lim inf u(y)

yHE
u* et u, are respectively call the upper semicontinuous envelope and lower semicontinuous
envelope of u.

We recall also that u : E — R is a upper (respectively, lower) semicontinuous (u.s.c, resp.
l.s.c) if for any x € F and € > 0 there exist a 6 such that for all y € ENB(z,8) u(y) < u(z)+e
(respectively, u(y) > u(x) —€). To familiarize oneself with these last notions, the reader can
refer to the sections V-1 and V-2.1 of [1].

Definition 6 A locally bounded function, u.s.c on Q, v is a discontinuous viscosity subso-
lution of equation (2.11) if:

Vo € C(Q) , Vxg € Q local mazimum of (v — ¢), Fi(zo,v(zo), €¢ (z9)) <0.

A locally bounded function, l.s.c on Q, v is a discontinuous viscosity supersolution of equa-
tion (2.11) if:

Yo € CY(Q) , Yao € Q local minimum of (v — ¢), F*(xo,v(xo),v_;b (70)) > 0.

Finally, o locally bounded function, u is a discontinuous viscosity solution of (2.11) if u* is
a subsolution and w, is a supersolution of (2.11).

For the Dirichlet problem (2.13), H and ¢ being continuous, it is easy to caculate the
functions F* and F,. We have:

F*(z) = Fi(z) = H(x)_> ifx e,
F*(z) = max(H x,u,_}u),u(:ﬂ) —p(z)) ifze o,

F.(z) = min(H(z,u, Vu),u(z) —e(z)) if z € 0.

For more details, we advise the reader to read chapter 4 of Barles’s book [2].

INRIA



SFE'S and viscosity solutions 19

2.2.2 Remarks and Examples

1. “In general discontinous viscosity solutions are continuous on 2!”

(a)

RR n° 4638

More exactly, let us consider a Hamilton-Jacobi equation in one dimension with a
(uniformly) coercive Hamiltonian, i.e. H(x,p) — +00 when p — 400 (uniformly
with respect to ).

Let us give the following definition:

Definition 7 We say that a function u : [a,b] — R is piecewise C! if there
exists a subdivision a = ap < a1 < a2 < ... < an, = b of [a,b] such that the
restriction U|jq, a,,,[ Of u to lai,aiy1] is Ct(Jas, air1]) and can be continued to a
Cl([ai,aiy1]) function.

Let us emphasize that with this definition, the piecewise C' functions can be
discontinuous. (see figure (2.4)).

\/ ﬁ

OR ]
o] D
/C 1
Xo zo

Figure 2.4: Examples of discontinuous piecewise C! functions.

We prove that with a coercive Hamiltonian, the piecewise C! viscosity solutions
(in the discontinuous sense) can’t be discontinuous in 2 =]a, b[.

A Proof: Let z¢ be in ; by coercivity of H, there exists a real M such that
for all p with |p| > M we have H(xo,p) > 0. Let u be a piecewise C'! function
having a discontinuity at xo. If u is a solution, u* must be a subsolution. Let
us consider the two cases illustrated in figure (2.5). Since u/(.) is bounded, it is
graphically clear that there exists a function ¢ € C1(Q) such that:

e ¢ > u* in a neighbourhood of zg,

® ¢(z0) = u*(20),

o | (x0) > M.

In particular, H(zg, ¢'(z9)) > 0 and u* can’t be a subsolution.

In the same way, we can deal with the other cases (which are not represented in
the figure (2.5)) when lim,_,, + u(z) < lim,_,, - u(z). O

We can be even more precise:
In one dimension, for a piecewise C! solution to be discontinuous at zo, it is
necessary that H verifies:

JAER | Vge[A,+oo[ H(zg,q)=0
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¢(%
f% %‘
/ /C

Zo Zo

c) d)

Figure 2.5: u* can’t be a subsolution

or
JAeR | Vg€ —o0,A] H(zg,q)=0.

The reader will convince him(her)self of this by studying figure (2.6).

*

U U
o(x) (
T
a) b) o(z
Lo X Zo X
a) w* subsolution = Vg €]—o0,A], H(zg,q) <0,
b) u,. supersolution = Vq €] — 00, A], H(zg,q) > 0.

Figure 2.6: For a piecewise C! solution to be discontinuous at 29, H must be null on
{zo}x] — 00, A] or {zo} x [A, +00]
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(c)

RR n° 4638

Nevertheless discontinuities can appear when the limit
li !
or
lim u/(z)
T—xo~

does not exist in R. This is the case, for example, when u is C'([a, zo[U]z0, b])
with
lim u'(z) = +o0
r—xot
(this is impossible when H is uniformly coercive); remark that in this case, it is
clear that u* is a subsolution because there doesn’t exist ¢ € C*([a, b]) such that
d(z0) = u*(x0) and ¢ > u* on a neighbourhood of zy (see figure 2.7).

Zo

If a solution u verifies lim,_,, + u'(z) = 400,
it can present a discontinuity at xq.

Figure 2.7: discontinuities are possible when lim,_,, + u'(z) = +00.

Remarks:

i. In theory in the eikonal case, this kind of problem mustn’t appear. In effect,
the definition of "viscosity solutions" needs to impose F' locally bounded (see
section V.2.1 of [1]); in fact, here we have H continuous. Thus the function
n is locally bounded. Nevertheless, in "SFS" problem the brightness I(x) can
be null (= n(z) = 4+00) and so we would like to be able to deal with no
locally bounded Hamiltonians. In the article [26], P.L.Lions, E.Rouy and A.
Tourin attempt to answer to this theorical question.

ii. We can generalised these results to discontinous Hamiltonian.

iii. This kind of results can also be generalised to Hamiltonians defined on a two
dimensional set 2.
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2. Types of Discontinuities on the boundary for the eikonal equation.

As we have shown above, in general, discontinuous viscosity solutions are continuous
in Q. Nevertheless, solutions can be discontinuous on the boundary, but all types of
discontinuities cannot occur.

To illustrate this, let us classify the possible discontinuities for the one-dimensional
eikonal equation (on the interval Q = [0,1]). In particular let us look at the possible
discontinuities at the point zg = 0. To simplify, let us consider the solution u such
that:

e u e C'(]0,1]),
e u(z) — | when z — 0T,
e u(0) = ¢(0)

Reminder: To prove that u is a solution (in the discontinuous sense), we must prove:

(a) u* is a subsolution:
i.e: we have
* u*(z0) < ¢(2o)
OR
e V¢ € C*([0,1]) such that
o ¢(zo) = u*(z0),
o and ¢ > u* on a neighbourhood of xg;
we have |¢'(xo)| < n(xg).
(b) wu, is a supersolution:
i.e.: we have
® u.(z0) 2 ¢(0)
OR
e V¢ € C*([0,1]) such that
o @(zo) = ux(20),
o and ¢ < u, on a neighbourhood of zg;
we have |¢'(xo)| > n(xg).

Let us also remember that n is supposed continuous on [0,1] and then n(zg) is the
half-tangent of u at z,.

(a) A solution u can’t present a discontinuity of kind represented in the figure (2.8-a).
A proof:
Graphically we see that u.(0) < ¢(0) and that there exist ¢ € C'([0,1]) such
that
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u*(z0) = w(zo)
u(zo) =
e(zo) 9 *
a)
u* i
a subsolution
z0
u u* U
Uy 1S
a supersolution
w(v0) s $ w.(20) = ¢(z0)
u u* U
Uy 18

a supersolution

u(ay) =.\
©(z0)

J

<P(m0) [}
us(z0) = ¢(@0)

Uu u* Uy
u(zp) = ul(zo) = ¢(z0) Us 1S
o(zo o ° a supersolution
d) ‘ u* is
\ ‘\{UbSOlution

u

u*

Us
Figure 2.8: Possible discontinuities on the boundary of solutions for the eikonal equation
|u'(z)| — n(z) = 0 in one dimension
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* ¢(0) = u.(0),
b ¢ < u,

* |¢'(0)] < n(0).
O

(b) A solution u can’t present a discontinuity of kind represented in the figure (2.8-b).
A proof:
Similary, graphically we see that u*(0) > ¢(0) and that there exist ¢ € C([0,1])
such that
o $(0) = u*(0),
. 6>,
* [¢/(0) > n(0).
O
(c) A solution u can’t present a discontinuity of kind represented in the figure (2.8-c).

(d) Only the discontinuities of kind represented in the figure (2.8-d) can be present.
A proof: We leave it to the reader.

The same results hold for zo = 1.

. No there are compatibility conditions !

In the eikonal equation example, it is easy to see that the difference between the
continuous and discontinuous solutions appears only on the boundary of the domain
of definition. Unlike the continuous case where we need compatibility conditions,
in the discontinous case, there exists solutions for all boundary conditions (see the
subsection (2.2.4)). In figure (2.9) we show discontinuous solutions of the viscosity
eikonal equation for different boundary conditions.

. Solutions with discontinuous Hamiltonian with respect to the space variable x:

The definition 6 above applies to discontinuous Hamiltonians; but it is important to
remark that nearly all theorems of the viscosity solutions theory need hypotheses of
regularity on the Hamiltonian H. Some examples follow.

2.2.3 A uniqueness result

Let us recall the following usual definition:

Definition 8 We say that we have a maximum principle for the Hamilton-Jacobi equation

H(x,u(x),ﬁ(x)) = 0 n an open set Q, (2.14)

when we have: _ _
“for all subsolution u and supersolution v defined on Q, u < v on 0N = u < v on N7
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Boundary

o solution
conditions
15}
| u(0) € [1,1.5]
©(0) = 1.5,
a)
¢(1) =0;
©(0) = 0.5,
b)
©(1) =0;

151

Figure 2.9: Examples of discontinuous viscosity solutions of the eikonal equation |u'(z)|—1 =
0 with different boundary conditions.
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Remarks: In the continuous case, the maximum principle involves the uniqueness of the
solution of the Dirichlet problem.
A Proof: Let u,v be two continuous viscosity solutions to the Dirichlet problem. Since for
all x in 89, u(x)=v(x) (Dirichlet condition) and u,v are both subsolution and supersolution,
the maximum principle implies that u<v and v< u on €, hence the conclusion.
O

Under the hypotheses “HNCL” (described below) it is known that we have a maximum
principle for discontinuous viscosity solutions (see theorem 4.2 of Guy Barles’s book [2]).
For example, this result applies to the eikonal equation (2.3) with Dirichlet conditions;
nevertheless we don’t have the uniqueness of the solution! In fact, for all y € [1,2], the
function w, defined by (see figure 2.10)

z ifxel0,1],
Uy(x)z{y ifxz[l; [

is a solution of the equation (2.3) with the boundary conditions ¢(0) = 0 and ¢(1) = 2. So,

p(l)=2 +

©(0)=0

0 1

Figure 2.10: For all y € [1,2], u, is a solution of (2.3).

in the discontinuous case, to have uniqueness we need a stronger property:
Definition 9 We say that we have the strong uniqueness property for the equation
— _
F(z,u(z), Vu(z)) =0 in a set E, (2.15)

when we have:
“for all subsolution v and supersolution v, w <wv in E”.

We have the following strong uniqueness result (see [2]):
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Theorem 4 if H satisfies the hypotheses "HNCL" (defined below) and if there exists a
constant C > 0 such that for all p in R2,

e Vr €0, H(z,p+M(z)) <0 = AJC(1+]p|),
where n(x) is the unit outward pointing normal vector to ON.

e H(z,p— An(z)) — 400 uniformly with respect to , when A — +00;
then for all subsolution u and supersolution v (in the discontinuous sense), u < v in Q.
The hypotheses "HNCL" are:

1. There exists a function mpg which goes to zero at zero,
such that Vr,y € Q, Vp € R?, |H(z,p) — H(y,p)| < mg(|lz —y|(1 + |p|))

2. For all z in Q, H(x,p) is convex with respect to p.

3. There exists a function ® of class C* in Q, continuous in Q such that H(z, D®(z)) <
6<0in Q

4. There exists a function m g which goes to zero at zero, such that Vz € 99, Vp, ¢ € R?,
|H(z,p) — H(z,q)| < mr(lp - q])-

Remarks:

1. For the Dirichlet problem, if the above hypotheses are verified, we then have uniqueness
of discontinuous solutions in €, but not in Q! That means that if  and v are two
solutions, then for all z in Q, u(z) = v(x); but for all z in 9N, u(z) can be different
from v(z).

2. We have stated the theorem in the case where the Hamiltonian H doesn’t depend of
u; for the more general case, see [2].

3. We can note that the hypotheses “HNCL” are very close to the hypotheses of the
uniqueness theorem in the continuous case (theorem 2).

Proposition 2 Let F be a function such that the strong uniqueness property is verified for
the associated equation (see definition 9) and let u a solution of this equation.
Then we can claim that u is continuous on the adequate set.

A Proof: By definition of u* and u, we have u, < w*. The strong uniqueness property
involves u* < uy. Then u* = u,. w is continuous. O

Proposition 3 e A sufficient condition for the hypothesis
Ve €N, H(x,p+n(z)) <0 = AC(1+]p)),

to be satisfied is:
H(z,q) <0=|¢| < C.
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o A sufficient condition for the hypothesis
H(xz,p— Mn(x)) — +oo  uniformly with respect to z, when A — +00,
to be satisfied is “H (x,q) is coerciv in q uniformly with respect to z”, i.e:
H(z,q) — +oo0  wuniformly with respect to z, when ¢ — +00
A Proof: If H(z,q) <0 =>|¢| < C (we can take C' > 1) then
Ve €0Q, H(z,p+A(z) <0 = (p+in(z)<C

then |A||n(z)] < C + |p]|. since [p(z)| =1 we have A < C(|p| +1). O

2.2.4 An existence result

There exists a lot of existence theorems, but here, we only give the theorem we need. The
reader can find the following theorem in Bardi and Capuzzo Dolcetta’s book [1] (theorem
V.4.13), it deals with Hamilton-Jacobi-Bellman equations.

Before giving the theorem, let us state our assumptions we need:

(4o) A is a topological space,
0 f:RY x A — RVis continuous;

(A1) f is bounded on B(0,R) x A for all R > 0;

(A2) there exists a modulus wy such that

1f(y,0) = f(z,a)] < ws(|z —y|, R),

for all z,y € B(0,R) and R > 0,
(a modulus is a function w : Rt x Rt — Rt such that for all R > 0, w(.,R) is
continuous, nondecreasing, and w(0, R) = 0)

(As) f is Lipschitz continuous in z uniformly in a,

(Ag) Let 1:RY x A — R such that:

[ is continuous;
there exists a modulus w; and a constant M such that
[l(z,a) — I(y,a)| < wi(|z —y|) and |{(z,a)| < M, Vz,y € R? and a € A;

Theorem 5 Let H(z,p) = sup,ca{—f(z,a) -p—1(z,a)}; assume the hypotheses (Ao )-(As)
are satisfied and let ¢ € BC(0Q), then u defined by

ta(§)
uw) = it [ ), 60 s+ Ol (),
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(where y,, is the solution of the differential equation

{ y'(t) = fly(t),£(t), t>0,
y(o)—.T,

and t, (&) is the first time the trajectory y.(.,&) goes out of Q )
is a wiscosity solution in the discontinuous sense of

—
{ A+ H(z,Vu)=0 inQ,

2.1
U= on 9N (2.16)

Let us emphasize the fact that the theorem is true even if A = 0. In this case (A = 0) and if
A is compact, we have the corollary:

Corollary 1 If H(z,p) = sup,ca{—f(z,a)-p—I(z,a)}, with A C R* compact, f : R* x A —
R? Lipschitz continuous in z uniformly in a, with 1 : R2 x A — R continuous such that there
exists constants w; and M such that

[l(z,a) — l(y,a)| < wi(|z —y|) and |i(z,a)] < M, Vz,y € R% and a € 4,

then u defined by

tz(£)
u(z) = inf 1(y=(s),£(5))ds + @(ya(t2(£))), (2.17)

geA J,

(where y,, and t:(£) are defined as above)
is a wiscosity solution of

{ H(z,Vu)=0 inQ, (2.18)

U= on 0N
with Dirichlet conditions in the discontinuous viscosity solutions sense.

In general in practice, the Hamiltonian H is not given in the form

H(x,a) = sup{—f(x,a) i l(x,a)}
a€cA

but as an explicit form; for example H(z,p) = I(z)y/1 + |p|> + p-1 — 7 (see chapter 4).

In the case where H(x, p) is a convex continuous funct1on in p (and L1psch1tz continuous at
least locally in z) then it is possible to write H(z,p) as a supremum of affine functions: We
note H* the dual convex function of H (also called the “Legendre transform” of H):

H*(z,a) = sup{p.a — H(z,p)} < +o0.
pER?

We know that

H(z,p) = sup  {p.a—H"(z,a)}
aEDom(H*(a:,.))
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(see for example [12]).

Nevertheless, we can remark that in general D, := Dom(H*(x,.)) depends on z. To remove
this dependency we need to change variables.

Let us take again the example H(z,p) = I(x)y/1+ |p|? + p-1— 7; Through differential
calculus, we can compute H* explicitly :

H*(z,a) = { Ioof(a:)2 —la—12+~ ifz € B(,I(z))

otherwise.

In this example, D, = B(1,I(x)) depend of x. Therefore we have

H(z,p) = sup {p.a+VI(z)?2 —|a—12—~},

a€D,

and by the change of variables b = (a —1)/I(z), we also have

H(z,p)= sup {p.(I(x)b+1)—(v—I(z)v1-[b]*)},
beB(0,1) N 7fz; m - N l(:b) d

and H has the desired form.
In all cases where there exists a suitable change of variables, the reader can check that
the function u given in the section (2.1) by

tz(yz)
u(a) =inf [ H (0ol =06+ 0n(t0:)

where
y:(0) =2
Yo(tz(ys)) €00
Vs € [0,t2(yz)], Y= € 2, y5(s) € L(0,t2(yz))-

is equal to the function u given above (2.17).

As in the continuous case with the theorem 3, one very nice thing about these theorems
is that not only do they guarantee the existence of viscosity solutions, but they also give a
solution expressed as a value function of an optimal control problem and provide a way of
constructing one explicitely.

2.2.5 A stability result

The previous sections might have already convinced the reader of the theorical and practical
interest of viscosity solutions; they have even more advantages: In point of fact, the notion
of viscosity solutions also distinguishes by its important stability.
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Theorem and corollary:

Let (ve)e>o be a sequence of uniformly locally bounded functions defined on Q. Let us define
the two functions 7 and v:

Definition 10 Vz € Q,
(z) = lim sup ve(y)
e—0,

Yy — T

v(z) = liminf v.(y)
e— 0,
y—x

We have the theorem (see Barles book [2]):

Theorem 6 (Stability of viscosity solutions) Let F, be a sequence of uniformly locally
bounded functions on Q x R x R* (Q being a open set of R™). Let us suppose that for all
€ > 0, uc is a subsolution (respectively a supersolution) of F. on Q0 and that the functions
ue are uniformly locally bounded on Q.

Then
7(z) = lim sup v.(y) (respectively v(z) = liminf ve(y))
e— 0, €—0,
Yy—zx y—x

is a subsolution (a supersolution, respectively) of the equation

F(z,u(z), Va(z)) = 0 on 0 (respectively  F(z,u(x), Vu(z)) = 0 on Q);
where F(X) =liminf , , F(Y) (X,)Y € QxR xR")
Y - X
(F(X) =limsup . o, F.(Y), respectively).
Y - X

In his book [2], G.Barles explains the interest of this theorem: it allows to pass to the
limit and that almost without any hypotheses. The difficulty is then to relate the two objects
7 and v. In some particular cases, this relation is obvious. For example, when the strong
uniqueness property is true the previous result yields:

Corollary 2 Let F : @ x R x R* — R be a locally bounded function verifying the strong
uniqueness property on Q (see definition 9). Let (F.)eso be a sequence of functions such that

F, — F

e—0

locally uniformly with respect to the other variables. Let u. be uniformly locally bounded
functions such that for all € > 0, u. is a solution (in the discontinuous sense) of

— _
F.(z,u,Vu) =0 on Q.
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Then, when € vanishes to zero, the sequence u. converges on 2 toward a function w which
—
is equal to the discontinuous viscosity solution of F(x,u,Vu) =0 on Q.

A Proof of the corollary 2:

1. F being locally bounded and (F¢).>q converging toward F' locally uniformly, the func-
tions F, are locally uniformly bounded.

2. We need the lemma:
Lemma 1 Let (F¢)eso be a sequence of functions which converges locally uniformly

toward a function F (i.e. for all X there exists a neighbourhood Vx _such that the
sequence (F.) converges uniformly toward F' on Vx ); then F = F, and F = F*.

Proof of the lemma:
A By definition of Fi(X) := liminfy_,x F(Y), for all § > 0, there exists a neigh-
bourghood Vx of X such that for all Y € Vx

F.(X) -6 < F(Y).

Even if we reduce Vx, since F, converges uniformly toward F' on Vy, there exists a
neighbourghood Wy of 0 such that Ve € Wy and for all Y € Vx

FY)-6< F(Y)
and thus Ve € W, and for all Y € Vx we have:

F.(X)—285 < F.(Y).

Taking the ‘“liminf” we obtain F,(X) < F(X)+26. This is true for all § > 0, therefore
F.(X) < F(X) and the equality follows (because clearly F(X) < F,(X)).

Using the same idea, we also obtain F = F*. [J

Remark:
Without the hypothesis of "locally uniform convergence", this lemma is false
even if the functions F' and F, are continuous. For example, let us consider the
function F. : [0,1] — R : z — F.(z) whose graph is represented in figure 2.11. In
this example we have
o F. — 0 when ¢ — 0,
o F, and the zero function are continuous on [0, 1],
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B4 1 |

1—2 1—¢ 1 g

Figure 2.11: Counter-example for F = F*: the sequence (F).>o does not converge uniformly
toward 0 in the neighbourhoods of 1.

o nevertheless F(1) =1 and F*(1) =0

3. Since F, — F when € — 0 locally ugiformly with respect to the other variables, the
previous lemma implies F' = F, and F' = F'*. Thus, by applying theorem 6 to v. = u}
and v, = u.,, the functions

7 := limsup u.(Y)
e — 0,
Y - X
and
w:= liminf w.(Y)

e — 0,

Y - X

are subsolution of F = F, and supersolution of F' = F*, respectively. The strong
uniqueness property involves @ < w on Q. Therefore 7 = uw on Q (we always have
7 > u). Let us note u := % = u ( a continuous function on Q). We conclude:

e u, converges toward u (when € — 0);

e u is equal to the viscosity solution of F' in (.

O

Remark:
With the hypotheses of corollary 2, not only does the sequence (uc)e>q converge to-
ward u, but also the convergence is uniform on all compact set included in Q. In effect,
we have the proposition 4 (see lemma 4.1 of [2]):
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Proposition 4 If the functions @ and u defined in theorem 6 are equal on Q (resp. in Q)
then the sequence (ue). converges uniformly on all compact of Q (resp. on all compact of Q)
toward the function v =u = u.

Application:

In section 4.1.3 which deals with the SF'S problem, we use corollary 2 to prove the robustness
to noise of the results.
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Chapter 3

Approximation schemes and
numerical algorithms for solving
Hamilton-Jacobi-Bellman
equations (with null interest rate);
convergence towards viscosity
solutions.

In this chapter we develop tools for obtaining numerical approximations of viscosity solutions
of Hamilton-Jacobi-Bellman (HJB) equations with null interest rate. The proposed method
leads to finite difference schemes. We also explain how to design numerical algorithms from
these approximation schemes. Finally we show the correctness of our algorithms and schemes
by proving that they converge towards viscosity solutions of the HJB equation.

3.1 A method to get approximation schemes of a HJB
equations with null interest rate

The Hamilton-Jacobi-Bellman equations with null interest rate are PDEs defined as follows:

SUP{—f(l”,a)'ﬁx—l(x,a)} =0 ifz e Q.
a€A
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We add Dirichlet boundary conditions to this equation:
u(xz) —p(z) =0 if z € 0.

The purpose of this section is to present a method for building finite difference approxima-
tion schemes for HJB equations with null interest rate. This method is based on the dynamic
programming principle and yields approximation schemes of the form g(z,a,b,c,d) = 0.

Let  be a bounded open set, for example the rectangular domain ]0, X[x]0, Y| of R2.

First, we remind the reader of the definition of a approximation scheme that we use in
the sequel [3].

An approximation scheme is a functional equation (but not a PDE) of the form

S(p,x,u(x),u) =0in ﬁ;
where S is a function:
Rt xOQxRxBQ) — R
(pvxvtvu) [ S(p,.@,t,u).

For example, suppose we want to approximate a function u such that its directional derivative
in the direction ¥ at point z is equal to A(z). We can use the following approximation
scheme S(p,z,u(z),u) = 0in Q:

u(z +pv) —t

S(p,x,t,u)z p

— Az).

Let H be a convex Hamiltonian which can be written as a supremum
H(z,p) = sgg{—f(x,a) p—l(z,a)}

and which verifies the hypotheses of theorem 5. Let u be defined by
to

w(z) = inf | H(y.(s), —y4(s))ds + o(ya(ts)),

Yz, ta 0

where the inf is taken with respect to the set of (v, t.) such that

yZ(O) =T
Yz (tz) € O0. B
Vs € [Ovtz]ayz(s) € Oy, € L>(0,t,).

By this theorem, u is a solution of the HJB equation with Dirichlet conditions:

{ H(z,Vu)=0 inQ, (3.1)

U= on 0.
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Since u is a value function, the dynamic programming principle allows us to write that for
all 7 > 0, u(x) is equal to the inf of

/0 - H*(y2(s), —y,(5))ds + 0y (te)) X{ta<ry(te) + u(¥2(T) Xr.>r}(t),  (3.2)

where a A b is the smallest of a and b. The inf is still taken with respect to the set of
trajectories y, joining x to the boundary and satisfying;:

vt € [0,t.] — y5(t) € Dom(H*(y.(t),.).

z being supposed fixed, we can choose 7 sufficiently small so that:
u(z) = inf{ [ H*(yo(s), ~y(s))ds + u(y. (7))} (3.3)
= Jo

To come up with our approximation scheme we use the following approximations:

/0 " H (ya(s), . ())ds = 7 H*(3,(0), 4, (0)),

Y=(7) 2 y2(0) + 7 9(0)

and
Dom(H*(yz(t),.) = Dom(H*(y.(0),.)-

Since y.(0) = z, equation (3.3) now becomes:

s {u(x) —u(z +71Y,(0)) H*(z,—y.(0))} = 0; (3.4)

—y;(0)€Dom(H*(z,.)) T

Denoting Dom(H*(z,.)) by D, we can simplify equation (3.4):

(z) — u(z +7q)

sup {- — H*(z,—q)} = 0; (3.5)

—q€D;

Remark:
The reader should note that equation (3.5) can be obtained directly by writing H as a

supremum: H(z,p) = SUPyepom(+(a,.)) P-4 — H* (2, 0)}-
—
In effect, since we want u to verify H(x, Vu(z)) = 0 it must also verify

sup {Vu(z) - ¢ — H*(2,9)} = 0. (3.6)
qED;
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Interpreting ﬁ(x) - ¢ as a directional derivative, we can approximate ﬁ(m) -q by

ﬁ(x) g = ’IL(.’E — TQ) — u(m)
-7
and therefore equation (3.6) by:
w(z —7q) — u(z
sup { o= 70) =l >—H*(w7q)}=
q€D, -7
" () = (e + 74)
u(x) —ulxr + 7q «
sup { . - H*(z,—q)} = 0.

—q€D,
Nevertheless this process is less legitimate than the first because nothing garantees that all
functions w such that .
sup {Vu(z) - ¢ — H"(z,q)} =0
q€D,
are wviscosity solutions of H(x, ﬁ(:c)) = 0, whereas there exist theorems which state (under
some hypotheses) that a function verifying the dynamic programming principle (3.3) is a
viscosity solution of this equation (see for example the theorem V.2.6 of [1]).
The final step consists of approximating u by a piecewise affine function in a neigh-
bourhood of z (see figure 3.1) and calculating explicitly the sup. We now detail these two

Figure 3.1: Piecewise affine approximation of u in a neighbourhood of z;;

steps.

e Piecewise affine approximation of u:
The piecewise affine approximation of u allows us to express u(x + 7¢) as a weighted
sum of u(x), u(z + Azie;) and u(z + Axyey), where

- (1 d == 0
er={ g an ee=\4 |
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In order to express explicitly u(z + 7¢), we need to partition the set D, into four
subsets Dy, Do, D3 and Dy (see figure (3.2)),

Dy
Do Dq
00
D3 D4

Figure 3.2: Partition of the set D, into the four subsets D;, Dy, D3 and D4y: D, =
Dy UDyUD3UDy

D, = {q € Dzlqz > qu?; > 0}7 D, = {q € Dzlq;v < any > O}a (3 7)
D3 ={q € Dzlgs <0,¢y <0}, Ds={g€ Dsl|gz >0,q, <0} '
Let us detail the steps for Dy:

In this case we approximate u(z + 7¢) with u(z), u(z + Azie;) and u(z + Azges).
u being supposed to be affine, the affine coordinates of u(x + 7¢) in the affine basis
(u(z), u(z + Azier), u(x + Azses)) are the same as the affine coordinates of = + 7¢
in the affine basis (z, z + Azie1,  + Azzes). By translation to the origin, these are
also equal to the affine coordinates of 7¢ in the affine basis (0, Az er, Az (;’_2)) For all
g in Dy, let 6, p and v be the barycentric coordinates 7¢ in the affine basis (0, Az ey,
AZQG—Q))I

7q = 0.0 + u.Axye; + v.Azses.

Notice that 0 =1 — (u + v).
If we note ¢ = ( @ > then
a2

_ ™ nd v= 742
Al‘l A.’L‘zl
We have
T T T T
w(z+7q) = (1 - Aiazll - Aig;) u(z) + Aiazll u(z + Azre7) + AL; u(z + Axges),
and

u(z) — u(z + 79) . u(r) — u(x + Azier) + q2u(m) —u(z + Axge_ﬁ). (3.8)
T Axq Axo
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Let us note:
alp,z,t,u) = t—U(m;(p,O))
b(p,z,t,u) = f—U(z:-(mO))
clp,z, t,u) = t—U(Z;(O,P))
d(p,x,t,u) = t=u(e+(0:0))

P
So we can rewrite (3.8):
u(z) — u(z +79)
T

= q1.0(Azy,z,u(x),u) + g2.d(Axs, x,u(x), u).

The case of Dy, D3 and D, are dealt with in the same way:
o for g € Ds:

u(z) — u(x + 79)

= —ql.a(AI17$7U(Z’)7U) + QQ.d(A$2,$7U(1’),U),

o for ¢ € Dj:

u(z) — u(x + 7q)

= —ql.a(Axl,a:,u(w),u) - q2.C(A.’IJ2,.’L',U(.’L'),U)7

o for g € Dy:

u(z) —u(x + 7q)

= q.b(Azy, z,u(z),u) — go.c(Aza, z,u(x),u).

Remark: It was foreseeable that the expressions “Z=42+70) qon

e Explicit computation of the maximum:

We need to maximize for ¢ € —D, the function:

=0 Bars zuor g ) <)

where a @) if 0
_ —a\AZ1,T,u\T), U i 1113
A(Azy, 2, u(z),u,q) = { b(Azq, z,u(z),u) ifg >0
. (Avs, 2, u(z),0) it
_ —c(Aza, z,u(x),u ifga <0
B(Amz,x,U(x),%(I) - { d(A.Z'Q,.’IJ,U(.TJ),u) if g > 0

’t depend on 7.

(3.10)

The maximization of (3.10) is performed independently over the four subsets D, D,
D3 and D4. This step is the most technical of our method; in order to solve it we

generally use the differential calculus.

In section 4.2 we deal fully with the example of the general equation of the SFS

problem.
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remark:
The reader will convince himself that the above method always yields an approximation
scheme of the form g(x,a,b,c,d) = 0; with a,b,c and d given by (3.9).

3.2 Convergence of g(x,a,b,c,d) schemes with Dirichlet
boundary conditions

In this section we are going to work in the framework of discontinuous viscosity solutions.

3.2.1 Approximation scheme: description

We specify here what we mean by g(z, a, b, ¢, d) schemes with Dirichlet boundary conditions.
Recall that we consider the following PDE with Dirichlet boundary conditions:

{ H(z,u(z), Vu(z) =0 VeeQ (3.11)

p(z) —u(z) =0 Yz € 00

where Q is a bounded open set of R?, H a continuous real function defined on Q x R x R?
and ¢ a continuous real function defined on 99 (prolonged on a neighbourhood of 90 by a
continuous function renoted ).

A “g(z,a,b,c,d) scheme with Dirichlet boundary conditions” is an approximation scheme

S(p, z,u(z),u) =0. (3.12)

The locally bounded function S : Rt x Q x R x B(Q) — R is equal to:

_ | g(z,a,b,¢c,d) ifx e P,
S(p,x,t,u) = { t— o(z) o e b0 (3.13)
e a,b,c and d are functions of (p,x,t,u) defined by
_ tmule=(p0)  p _ tmu(z(p0))
_tulel00) g a0 (3.14)

P p

and we have used the following notations:

o O = {.TJ € Q|l‘_— (p,O),.’L'+ (p,O),x - (O,p),$+ (Ovp) € §}7
and bQP = Q — QO*;

e g PR —R

e B(D) is the set of real bounded functions defined on the set D.
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3.2.2 Convergence towards viscosity solutions

We now give the definitions of monotonicity, stability and consistence of a numerical scheme
according to Barles and Souganidis [3].

Definition 11 (monotonicity) The scheme S(p,z,u(x),u) = 0 defined on Q , is monotonous
gp € Rt ,Vz € Q,Vt € R and Yu,v € B(Q),
u<v = S(p,x,t,u) > S(p,z,t,0v)
(that is to say: the scheme is nonincreasing with respect to u)
Definition 12 (stability) The scheme S(p,z,u(z),u) =0 defined on Q, is stable if
Vp € RY™, it has a solution u” € B(Q),

and if these solutions are bounded independently of p.

Recall that in the framework of discontinuous viscosity solutions, the equation (3.11)
must be rewritten as: R
F(z,u(x), Vu(z)) = 0; (3.15)

where F is defined on Q x R x R? by

H(z,u,p) for z in Q,

u(x) —@(x) for x on 9N. (3.16)

F(m’u,p)={

Definition 13 (consistency) The scheme S(p,z,u’(x),u?) = 0 defined on Q , is consis-
tent with equation (3.15) if :
Vo € Q) et Vo € Cp°(Q)

S(p,y,0(y) +&,0+&)

limsup S F*(x7¢(a:),V¢(w)),
p—0, y—z, £€—0 P
and
it SORADEEIEED 5 14 o), Voa)

With these definitions in hand we can now prove the following proposition:
Proposition 5 With the above notations, if
1. g is nondecreasing with respect to each of the variables a,b,c and d,

2. for all p, there exists a bounded function uy such that Vz € Q, S(p,z,uo(z),up) <0,
and Vz € bQP, ug(z) = p(z),
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3. for all p, x and u, lim;_ 4o, S(p,x,t,u) >0,
4. g(z,a,b,¢c,d) <0 = a (b,c or d) is upper bounded independently of x,
5. g is continuous on Q¥ x R* and Vz € Q°,V¢ € C(Q)

g(a:, aw1 (}5(.1’), _a:m ¢($), azz ¢(x)7 _aw2¢($)) = H(l’, gb(.fC), V¢($)),

then the scheme (8.12) is monotonous, stable and consistent with the equation (8.15).

A Proof:
1. the monotonicity is clear by the hypothesis 1.

2. stability:
The idea of the proof is the following:

p being fixed, we construct a nondecreasing sequence of functions u,, such that for all

x of Q,
S(p,x,un(z),un) < 0.

We then show that this sequence is upper bounded therefore convergent. We note u”
its limit. For all x in €, the sequence S(p, 2, un(2),u,) is periodically null. Thus by
an argument of continuity, we prove that the limit u” of the series u,, is the solution
of the scheme (3.12).

Let us now fix p.

We first pave the set Q” with p x p squares (or subsets thereof), see figure (3.3). We
order these squares lexicographically as P!, ..., P9; since ) is bounded this is possible
with a finite number of squares. It is important to note that the subsets P!, ..., P4
form a partition of 7, i.e. that each x € Qf belongs to one and only one P?, 1 <i < q.
The partition is non unique.

We define the following infinite periodic sequence (P, )nen:

P, = P,
where i = n [¢]

(a) Recursive construction of the sequence of functions (u,)nen:

i. Choose u( to be the function given by hypothesis 2.

ii. Let us suppose that we have constructed the first n elements (ug)r=0..n—1 Of
our sequence such that:

Vke0.n—2], ups1 > ug,
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P = QO

Figure 3.3: Partition of 2* .

Vk € [0.n —1],Vz € bQ°,  ur(z) = (),

and Vk € [0.n — 1] ,
vxeﬁv S(p,x,Uk(x),’U/k)<O

Using the square Pp,we now construct wn:

Ve € Q— P, , let un(z) = un—1(x)

(this implies that Yz € bQ*, u,(z) = ¢());

Vx € P,, u,(z) is chosen in such a way that
S(p, z, un(x),un) = 0.

Note that this is always possible:
A In effect, the recursivity hypothesis implies that

S(p7x7un71($)aunfl) S 07

Moreover, since x € P, we have

xi<g)¢Pnandxi(g>¢Pn,

un(z + ( . )):unl(xi ( 0 )),

therefore

(3.17)
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(£ ( 2 ))zunl(xi ( 2 )).

By (3.13) and (3.14), we obtain:

and

Vr € P,, S(p,z,un—1(2),un) = S(p, %, un-1(x),Un-1),
and hence
Ve € P, S(p,2,un—1(x),u,) <0. (3.18)
At last, hypothesis 3 implies

lim S(p,z,t,u,) > 0.

t—+oo

The “intermediate values” theorem applied to the continuous function
(hypothesis 5)
t— S(p,x,t, u,)

allows us to conclude.
O

o Let us notice that hypothesis 1 guarantees that the function ¢t — S(p, x,t, un)
is nondecreasing; then by (3.17) and (3.18), for all z in P, we have
Un(2) > Un—1(z). Since U,(x) = U,—_1(z) Vz € Q — P, we have

Up > Up_1 On Q.

o Finally, we have
o Vr e —P,, S(paxaun(x)vun) <0

because
S(pa Z, Un(.%'), un) = S(pa z, unfl(x)a u‘n)

| [monotonicity of the scheme]

S S(paxaun—l(x)aun—l)
| [recursivity hypothesis]

< 0

o Vz € hQP,
S(p7.’IJ,/LLn($),’U,n) = Un(l') _(10(1.>a

= 0.

Thus we have constructed a nondecreasing sequence of functions wu,, defined on
Q, such that Vz € Q, S(p, 2, un(),u,) < 0.

For all z in bQ” the sequence S(p,x,un(x),u,) is equal to 0. For all z in Q~,
there exists i € [1..¢] such that z € P* and hence S(p, , u,(),u,) = 0 for all n
in the set {7 + mg;m € N}.
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(b) The sequence u.,, is bounded (independently of x):
o Vx € b, u,(x) = p(x); therefore u,, is bounded on hQ~.

o VYV € O
We have proved that

Vn, Vy € 97, S(p,y,un(y),un) <0.
Because of hypothesis 4, IM [/ Yy € Q°,
a(p,y, un(y), un) < M.

Hence

from which one concludes
un(y) < un(y — ( 0 )) +pM.

Then we have by recurrence:

Uun(z) < XM + max p(z).
z€bQ2P
(X is the horizontal width of ). The sequence u,, is therefore upper bounded
independently of x.
(c) Convergence and properties of the limit:
Being nondecreasing and upper bounded, the sequence u, converges toward a
limit. We note this limit u?.
Let us fix z in Qf and define:
. Un(x) — un(z = (p,0)) b — Un(T) — un(x + (p,0))

n 7

P P
un(z) — un(z — (0, p))

Cn = , dp= ;
p p
and
of = uf(z) —uP(z — (p,0)) b = uf(z) — uf(z + (p,0))
p ’ p ’
P — u?(x) —u”(z — (0, p)) &= u?(x) —u”(z +(0,p))
p p

u, converging toward u”, an,bn,c, and d, converge toward a”,b”,c” and d*,
respectively. By continuity of g (hypothesis 5),

g(%am bn7 Cn, dn) I g(ac,ap, bp’cpjdp);
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in other words, the sequence ( S(p, z, un (), un) )
Since ( S(p,,un(z),un) )

ey converges to S(p, z, uf(z), u’).

nen 18 periodically null,

Vz € ﬁ7 S(p7w7up($)7up) = 07

and wu” is the solution of our scheme.
Let us notice that

w <M X + max ¢(2)
z€ELQP

(independently of p).

3. Consistency.
Instead of considering the scheme

S(p,z,u(z),u)=0  inQ,
we are going to consider the scheme
Sl(p7 x? u(x)7 u) = 0 in ﬁ?

such that
S'(p,z,t,u) = pS(p,z,t,u).

Monotonicity, stability and solutions are exactly the same for both schemes.
We prove that S is consistent with equation (3.15), i.e.:
Vz € Q et Vo € Cp°(Q)

i)
p—0, y—z, £—-0 14
ii) ,
liminf 229 0@ +& o+ ) > Fo(3, 6(), Vo(z)).
p—0, y—z, £-0 P
We prove i):

(a) if x € Q: For p sufficiently small and y sufficiently close to x, we have y € Q7,

and
S'(p,y, oY) + &, 0+ &)
p

where a, b, c and d are evaluated at (p, y, #(y)+£, ¢+&). Using the “finite increases”
theorem and the fact that the derivative of ¢ is continuous, we have:

lim a(p,y,d(y) + & 6 + &) = 0:9(),

p—0, y—z

= g(y7a/7 b? c’ d)
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p—0, y—z
S dime(p,y, 8(y) + &6 + &) = 9y0(2),
b d(p,y, d(y) + &6 + &) = —0,6(),

By continuity of g (hypothesis 5), we have:

lim sup S'(py,0y) +& 9 +8)
p—0, y—z, £—0 P
= g(x, az¢(x)v _az¢(x)a ay¢(x)a —8y¢(x))
= H(z,¢(z), Vé(z)) (by hypothesis 5)
= F*(z,¢(z), Vo(z)) (because z € Q and H is continuous).

(b) if z € 99, we have also by continuity of the considered functions:

lim sup S'(py,0y) +& 9 +8)
p—0, y—z, €0 P
= max(g(z, 0. ¢(z), —0.9(z), 0y P(x), =0y d(x)), p(x) — ¢(x))
= max(H(z, ¢(2), Vo(2)), p(z) — ¢(2));
= F*(z,4(z), V().

We deal the same way with point ii), comparing the inferior limit and Fi.

Thus, the scheme S’ is consistent with the equation (3.15); This finishes the proof of propo-

sition 5.
O
We now recall the definitions of the functions # and w:

Definition 14 Vz € Q,
u(z) = lim sup u”(y)
p—0,
y—xz,y in Q

u(x) = lim inf v (y)
p—0,
y—z,yinQ

With the results in the article [3] of Barles and Souganidis, we can state the following

theorem:
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Theorem 7 If the approzimation scheme S is monotonous, stable and consistent with equa-
tion (8.15) then uw and w are respectively viscosity subsolution and supersolution of this equa-
tion.

A Proof: see theorem 2.1 of [3].
O
We finally prove the essential result of this section:

Theorem 8 Suppose that the hypotheses of proposition 5 and theorem 4 (strong uniqueness)
are verified. Then the solution uf of the scheme (3.12) converges toward a viscosity solution
of (3.15) when p — 0.

The proof is based on theorems 4 and 7. The idea is the following:

1. we apply theorem 7 to prove that @ and u are viscosity subsolution and supersolution
of our equation, respectively.

2. we apply theorem 4 to conclude that w = u on .

A Proof:

The hypotheses of proposition 5 being verified, we have the monotonicity, the stability and
the consistency (with the equation) of our scheme. By theorem 7, the functions @ and w are
respectively viscosity subsolution and supersolution of the PDE (3.15). The hypotheses of
theorem 4 being also verified, 7 < u on Q. By definition, we have u < %, and hence:

z=u (onQ).

For all z € Q, we now know that the limit

and a fortiori the limit

lim w?(z)

p—0
exist and are equal to u(z) and u(x). The limit u := lim,_,o u” defined on €, is then both
l.s.c and u.s.c; It is therefore continuous.
Finally, let v be a viscosity solution of (3.15). By definition 6, v* and v, is a subsolution
and a supersolution, respectively; by theorem 4 we have:

V€ Q,u(x) < vil(z) <v*(x) < ulx)

(see definition 5 for the definition of v, and v*).
Therefore
w=v onfd
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At last, Vz € 99, since Vp, u”(z) = ¢(x), the limit

u(z) := lim u”(z)
p—0
exists and is equal to ¢(z).
We then have _
uf — uon ),

where u is equal to the viscosity solution on 2, and to ¢ on 9.

Let us remark that u is continuous on  but not on Q.
O

3.3 Construction of numerical algorithms and proof of
convergence

In the previous sections of this chapter, we have given a systematic method allowing to
obtain a numerical scheme for a Hamilton-Jacobi-Bellman equation. Thanks to theorem 8§,
we have proved that when p = (Azq, Axz) tends to zero, the solution u” of the numerical
scheme converges to the unique viscosity solution of the corresponding equation. We are
now going to describe a systematic method for constructing an algorithm that computes
an approximation of u”, for each value of p > 0. We also prove the convergence of our
algorithm. It is important to keep in mind that this algorithm converges toward u” but not
toward the viscosity solution.
For a fixed p = (Az1,Azs), let us note

o 'LAZ’I L . 2
. x”_<ij2 ) for (4,7) in Z2,

[ ] X = {xij}(i,j)el%

e Q* and Q the intersections of the discrete mesh X with Q° and Q, respectively. In other
words:
QF=0"NX,

Q=0nAX.

The following algorithm computes the sequence of approximations U} of u”(z;;), and that
for all (4,7) such as z;; € Q:

Algorithm 1 1. Initialisation (n =0): UY; = uo(xi;)-
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2. Choice of a pizel x;; € Q and modification (step n+ 1) of Uli:
We choose U™ = sup{V = (Vi,1)zneq such that

V(k,l) # (lvj)v Vkl = Ul?l and S(pvxijv‘/;jvv) = O}

3. Choose the next pizel x;; € Q° in such a way that all pizels of Q° are regularly visited
and go back to 2.

Remark: uy must verify hypothesis 2 of proposition 5.

Definition 15 The algorithm 1 is well-defined if for all steps, the set of V'’s defined at
step (2) of the algorithm, is not empty and bounded; in other words, if for all steps we can
compute the next approximation.

We have the following theorem:

Theorem 9 If the hypotheses of proposition 5 are satisfied, the algorithm 1 is well-defined
and the constructed sequence U™ is increasing and converges when n — +o0o towards the
solution u” of the scheme (8.12).

A Proof:

The elements of the sequence U, are the restrictions to @ of the functions u,, introduced in
the step 2 ("stability") of the proof of proposition 5.

O

r
t
r

Figure 3.4: Path proposed by R.Kimmel

*
*

AYAVAY

Let us emphasize the fact that the limit does not depend on the particular path used to
traverse the pixels. Nevertheless, the convergence velocity strongly depends on this choice.
For example, the strategy (proposed by R.Kimmel') which consists in following back and
forth the path indicated in figure 3.4 is the most effective one we have tested so far.

1personal communication...
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3.4 Other tools proposed in literature

The reader should know that other methods can be founded in the literature. For example,
the Applied Mathematics group in the Roma university (“La Sapienza”) proposes approx-
imation schemes based on finite elements. The interested reader is referred to the recent
book edited by M.Falcone and C.Makridakis [15] , to the chapter VI and appendix A of [1],
and to the references there in.
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Chapter 4

Application to the
Shape-from-Shading problem

4.1 Application of the theorems given in the previous
chapters

In this section, we are going to show that the theorems presented in the chapter 2 apply to
the shape from shading equations. Recall that the brightness of the photography at point z
verifies the irradiance equation (see chapter 1):

_ —Vau(z) 147

Ve e, I(x) —
1+ |Vu(z)|?

Different Hamiltonians can be deduced from the above irradiance equation; since our theory
applies only with conver (with respect to p) Hamiltonians, we choose the following ones:

0
e in the case where L= | 0
1
H(z,p) = |p| L (4.1)
7p - p I(.’I;)Q 9 .
e in the general case:
H(z,p) =I(x)V/1+[pP +p-1-1. (4.2)
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Let us not forget that in order to have a well-posed problem, we have to add boundary
conditions; Thus the equations to consider are:

—
Vu(@)| = /1az —1=0 Vzeq, (4.3)
u(z) = p(x) Va € 0
and
— —
I(z)\/1+4 |Vu(z)]? + Vu(z) - 1—y=0 Vzeq, (4.4)
u(z) = p(x) Va € 09Q.
Remarks:

1. In this chapter we will only work with the general equation (4.4); we will not deal with
the Eikonal equation (4.3). Most of the results regarding the Eikonal equation can be
found in E.Rouy-A.Tourin’s article [29]. A very good exercise for the interested reader
is to apply the tools and methods presented here to the Eikonal equation. The reader
will easily find again the results of [29] (existence, uniqueness, scheme, algorithm).

2. The reader has most probably noticed that all theorems presented in chapter 2 im-
pose regularity with respect to the space variable x to Hamiltonians. These regularity
hypotheses impose to take intensity functions I which are Lipschitz continuous. Con-
sequently the following results are only valid with continuous image I !

Most probably, recent work will allow shortly to extend the theory to discontinuous
Hamiltonians in the space variables (see [24], [27] and the work of A. Siconolfi and F.
Camilli')

From now on, we suppose I Lipschitz continuous.

4.1.1 Uniqueness results

In the general case, where the Hamiltonian H is

H(z,p)=I(z)v/1+[pP+p-1-7, (4.5)
we have:

1. Since I is lipschitz continuous, all hypotheses of regularity on H with respect to z are
verified for the theorems 2 and 4.

2. Since Vz € Q, H(z,") : p — H(z,p) is C}(R?) with |VH(z, )(p)| < 2, then H is
Lipschitz with respect to p independently of x.

1Talk at the TMR conference entitled "Eikonal equations with measurable dependence on the state
variable" (6th-8th march 2002, in Tours, France); article to appear.
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3. H is convex with respect to p.

4. Strict viscosity subsolution:
It is easy to verify that if I does not reach the value 1 within 2, that is to say, if

Ve, 0<I(z)<1,

then the function )
w:(2,y) — ;(—am - By)

is a strict viscosity subsolution of (4.5).

Thus, as soon as I < 1 on (2, all hypotheses of the theorem 2 are verified. This implies the
uniqueness of continuous solutions.
What about theorem 4 which deals with discontinuous solutions :
As above, it is easy to prove that 0 < I < 1 on 0 validates the "HNCL" Hypotheses.
The other two hypotheses of theorem 4

oVredN, H(z,p+n(z)) <0 = X<C(1+|p]),
o H(z,p— M(x)) — 400 uniformly with respect to x, when A — +00;

are verified if and only if B
VeeQ, I(z)>|]

(see figure (4.1) representing H and see the remarks of the section (2.2.3)).

Then || < I < 1 on Q implies the strong uniqueness of the discontinuous solutions on
(theorem 4).

Recall that we do not have uniqueness on ; but in practice we are only interested in the
values of the solution on 2. On 9%, we will take the values given by the boundary condition

®.

H(z,p)
H(z,p)

P

t
t
P P
i . I(z)lp +ap—7
I(z)lpl +ap— (@)lpl +ap—y /

a) I(z) > [1 b) I(xz) = |1 c) I(x) <

Figure 4.1: 1D description of H (with 8 = 0) when I(z) < |1|, I(z) = |1] and I(z) < ||
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In practice, I can reach the value 1 in an arbitrary compact set in Q. This implies that
there does not exist a strict viscosity subsolution and we lose uniqueness. The loss of
uniqueness is completely characterized in [26] and we summarize it here. We assume that
there exists a finite collection of disjoint connected compact sets K;,72 = 1,--- ,n such that
{I =1} = U, K;. The main points are that the viscosity solutions of (4.4) are constant
over the K;’s and, when n > 1, we only need to specify the differences of the values of u in the
K;’s. This allows us to ignore the set {I = 1} and to work in the open set ' = Q—{I = 1}.
In other words, when the set {I = 1} is not empty we consider the problem

{ I(x)\/1+|ﬂ(x)|2+ﬂ(x)~1—7:0 Ve (4.6)

u(z) = p(z) Vz € 09

rather than (4.4). Thus, in the continuous case, as soon as I is Lipschitz continuous, we have
a uniqueness result for problem (4.6). The solutions of (4.4) are then obtained from these by
choosing (almost) arbitrary values for u in the K;’s. Another possibility is to choose among
all solutions one which possesses an extra property, as in the work of M. Falcone and al.
[13, 14] where the uniqueness is obtained by choosing the mazimal solution.

4.1.2 Existence results

In this section we are going to apply theorem 3 (to find continuous solutions) and theorem 5
(to find discontinuous solutions) with the general equation (4.4).

o The continuous case:
Since I is continuous, H is continuous in Q x R? and convex with respect to p; we
easily obtain, taking the derivative:

{ 2(x) - 12 -7 if I(z)? > a® + 32

inf H(z,p) = 00 otherwise.

pER?
Since I? < a? 4+ 2 + 42 = 1, we have inf g2 H(z,p) < 0. Finally, since Q is bounded
hypothesis 2 in theorem 3 is satisfied iff I > |1| and, if the compatibility condition
(2.10) is satisfied on 99, we have obtained the existence of a continuous viscosity
solution of problem (4.4).

o The discontinuous case:
As we know, to apply theorem 5 we need to express H as a supremum:

H(z,a) = sup{~f(z,a) - p — Uz, a)}

In the section (2.2.4), we have described a method for obtaining this expression (recall
that H has to be convex!) and we have detailed an example: this example dealt exactly
with our Hamiltonian (4.2).

So we have:

f(z,q) = —I(x) ¢ -1,
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Wz,q) =~ —I(x)V/1—ld?
A= B(0,1).

The reader can verify that theorem 5 applies as soon as I is Lipschitz in Q (and even
ifI?<a®+p%orI=0").

Finally, in both cases a solution is given by

To

u(r) = ilgf{ ; H"(&(s), =€'(s)) ds + ¢(§(To))}, (4.7)

where £ € UyecpnC. ., satisfies Vt € [0,Tp], —€'(t) € B(1,1(£(t))) and C.,, is defined on
page 16.
Recall that:

otherwise.

H(2.q) = { J—FOO\/I(Q/:)2 —lg=1P+~ iflg-1] < I(z) (4.8)

In summary:

If I > | 1] and the compatibility condition? is verified then there exist continuous solutions.
Otherwise, for all I, there always exist discontinous solutions and in all cases the function
u given by (4.7) and (4.8) is one.

4.1.3 Stability results

In computer vision or more generally in image processing, the images are always corrupted
by noise. It is therefore very important to design schemes and algorithms robust to noise.
That is to say we would like that the result obtained by the algorithm from a noisy image
be close to the ideal result obtained from the perfect image. This property is often difficult
to guarantee.

For the “SFS” problem, the robustness is mathematically expressed by the continuity of
the application which, given an image I, returns the associated surface . In other words, we
would like that, for all sequences of noisy images I, uniformly converging toward an image I,
the sequence of recovered solutions u. uniformly converges toward the solution u associated
to 1.

Let I : @ — R be a Lipschitz continuous image verifying |1| < I < 1.
Let (Ic)eso be a sequence of (Lipschitz continuous with the same Lipschitz constant) noisy
images such that

I, — I when e — 0

2see the remark on page 17.
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uniformly on €.
Let ¢ be a continuous function defined on 9f).

Let us note
H(z,p)=I1(z)V/1+[pP+p-1-7, (4.9)
He(z,p) = I(z)V/1+p|* + p-1—1, (4.10)
[ H(z,p) VzeqQ,
F(z,u,p) = { u—@(x) Vxe d; (4.11)
and

_ [ H(z,p) Vzeq,

Since Q is compact, there exists a § > 0 such that:
Vz € Q, N+6<I(z)<1-¢

and _
V€ Q, 1] +6 < I(x) <1—6.

I and I, being Lipschitz continuous, according to sections 4.1.1 we can claim that the strong
uniqueness property is true for the Hamiltonians H and H.. Also the equations

(E) F(z,u(z),Vu(z)) =0 on 1,

and .
(E.) F.(z,u(z),Vu(z)) =0 on Q,

have discontinuous viscosity solutions (unique on ). We note u and u. the solutions of the
equations (E) and (E.), respectively, given by the formula (4.7) applied with the adequate
Hamiltonian. Let us recall that, by the strong uniqueness property, v and u. are continuous
on ().

Proposition 6 With the above notations and hypotheses,
Ue — u when € — 0
uniformly on Q.

A Proof:
We verify the hypotheses of corollary 2.

1. Since H and ¢ are continuous on Q x R? and 99 respectively, F is locally bounded.
For all z in Q, F(x,u,p) = H(xz,p). Therefore F verifies the strong uniqueness
property.
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2. (Fo)eso converges locally uniformly toward F.

Let (z,u,p) be in @ x R x R* and V be a bounded neighbourhood of (z,u,p) in
QxR x R2.

V being bounded we can consider the maximum

M:= max +/1+ g2
(v,v,9)€V

Since I, — I when € — 0 uniformly on Q, then
V6 > 0, 3V neighbourhood of 0 such that Ve € V, and V(y,v,q) € V' |I(y)—I(y)| < 6.

Thus we can upper-bound |Fe(y,v,q) — F(y,v,q)|:
o if y € Q, by formulas (4.11) and (4.12),

|F€(y7v7q) - F(%”v‘m = |H€(y7 q) - H(y7Q)|a
by formulas (4.9) and (4.10), we have

|He(y,q) — H(y,q)| < [Le(y) — I(y)|V/1 + |q]?

then
|Fe(y,v,q) — F(y,v,q)| < Mé.

o if y € 99, clearly

|Fe(y,v,0) = F(y,v, 0 = (v —e(y)) — (w—oly) < M
We conclude that V6 > 0, 3V, neighbourhood of 0 such that Ve € V; and V(y,v,q) € V

|F€(y,1), q) - F(yvvv(I)l S 6.

3. The sequence (uc)¢ is locally uniformly bounded on Q.

o We need the lemmas 2 and 3:

Lemma 2 Let I} and I be two Lipschitz continuous real functions defined on Q
such that there exists § > 0 such that 1| +6 < I; <1—6 (1 =1,2). Let u1 and
uy be the solutions of the equations associated to Iy and I, given by (4.7). If

112]2 onﬁ

then _
up > us on €.
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A Proof:
The reader will easily verify this lemma. O

Lemma 3 Let A be in RT*.
Let (Ic)es0 be a sequence of A-Lipschitz continuous real functions on a mnormed
vector space (E,| . |). The functions Ly and Iy, defined by

Lyin(z) = 21>1£ I.(x)

Loz (x) = sup I(z)
>0

are A\-Lipschitz continuous.

A Proof:
Let x and y be in F.
For all € > 0, since the functions I, are A-Lipschitz continuous,

By definition of 4,
Ie(x) < Imaz(w)v

therefore
I(y) < Inax(z) + Alz — 9.

Thus, taking the sup with respect to e, we have
Inaz(y) < Inao () + Alz — y).

Exchanging the roles of z and y, we obtain

|Imaz(x) - Imaz(y)| S )‘|$ - yl

We do the same with I,,,;,.
O

o Let Imin and I,,,, be the new images defined by
Imin = inf Ie,
>0
and
Lnaz = sup I..
>0

By lemma 3, I,,,;, and I, are Lipschitz continuous. Also we have
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and
|1|+6SImaz S 1-6.

Then, like for the images I and I, the formula (4.7) gives solutions of the asso-
ciated equations to the image I,,;, and I,,,.. We note these solutions ,,;, and

umaw-
Remark: by definition, ., and %m,., are locally bounded on the compact €2,

hence bounded on Q.
Since for all € > 0
Imin < Ie < Imaz7

lemma 2 implies
Umin < Ue < Umaz-

Thus the functions u. are uniformly bounded on Q.

4. Applying corollary 2 and proposition 4, we conclude that the sequence (u.).>o uni-
formly converges toward u on all compact of 2.

O

4.2 The associated scheme

4.2.1 Explicit calculation of the scheme

In this section, we find the scheme associated to the equation

—
H(z,Vu)=0 ifze
u(z) = p(z) if x € 09,

where
H(z,p) =I(z)\/1+[p|* +p-1-1.

To do that, we apply the method described in section 3.1. The reader most probably
remembers that this method leads to the maximisation (for ¢ € —D, = B(-1,1(z))) of the
function:

_ A(Awl,x,u(x),u, Q) * .
Kz(Q) =q- ( B(A$27x,u(x)7u,q) -H (33,—(]), (4-13)
where
| —a(Azq,z,u(z),u) ifq <0,
A(Axl’x’U(x)’U7Q) B { b(Axl,x,u(x),u) if qQ > 03
and

| —c(Azg,z,u(z),u) if g <0,
B(Az, 7, u(w), u, ) = { d(Azo, z,u(x),u) if g > 0.
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Recall that:

alp,z,t,u) = t—U(E;(p,O)) ,
b(pvxvtvu) = t—u(z:—(p,O))7
clp,, t,u) = t—U(Z;(Uvﬁ)) )
dlp,z,t,u) = t—U(Zj(Ovp))_

As we have seen in section 3.1, to maximise this function we need to partition the set D
into four subsets Dy, Do, D3 and D4 (defined by (3.7)), and to compute independently the
sup over each subset.

e First, note that, for all subsets D;, we have to consider functions like:

0
o) =q- (1) + VIDF -+ T -

k%192 is defined on B(—1,I(z)). Using differential calculus, it is easy to find the global
maximum of k%192 over B(—1,I(x)). We have:

0 q+1
VK'/0162 = ( 1 > —
D Y &
Veh9%2(g0) =0 <= q+1=/I(2)% —|q +1]? ( Z; )

= IA>0 | qo—}—l:/\(zl).
2

Thus

A short computation shows that:

I(x)

_
(5

0,
6o )
0 b)
(L)

obviously ¢o € B(=1,1(z)). Replacing the value gy in k%12 we obtain the maximal

value of k91%2:
K0 (q0) = 1141 gt )= (g ) 1=
: 0, 6;

A=

The maximum is then reached at

qo :—1+I(.’L')

INRIA



SFES and viscosity solutions 63

e To simplify matters but without loss of generality, we apply a rotation of axis Oz, and
assume that § =0 and a > 0.

e Let us detail the steps for D2; on this domain,
K’w(Q) = —qla(Awl,x,u(x),u) +q2d(Ax2,x,u(a:),u) —H*(.’L', _q)7

— - (A 14, ( )7 ) *
= q'( d(Azs, . u(z),0) )‘H (= ~0)-

According to the previous computation, the maximum over B(-1, I(x)) is reached at

(+)

T+a2 +d%

g = —1+I(x)

1. Let us first suppose that I(x) > a.

o Ifd < 0then gy € D3UD,. Geometrically and using some convexity arguments,
it is clear that the maximum on D, is reached on [—a — I(x),0] x {0}. An
easy maximisation in dimension one yields

(07

I(z)? — o? )=

a
max K;(q) = I(z), |1 + [max(a, —————-=)]?4+a max(a, —
ma K. (¢ <>\/ (e, ~ o) (
o If d > 0 then go € Dy U D>

o If g0 € D; then the maximum over D; is reached on {0} x [0, \/I(z)? — a?]
and its value is :

max K, (q) = VI(z)? — a2V/1+a? — 4.
q€D>

o If go € D2 then maxp, K, is K;(qo):

max K;(¢) =IV1+a?+d?+aa—1.
g€ D2

We can synthetise all these cases by:

max K. (q) = I(@)y/1+ (x*(a,d*))? + (d*)? + ax*(a,d*) -

where

* the operator -t is defined by

d ifd>0

4. ) +
cR— R: d—d {0 if d <0,

RR n° 4638



64 E. Prados & O. Faugeras € E. Rouy

* the operator -~ by

—d ifd<0
0 ifd >0,

* the functions x*(z,y) and x~ (z,y) are defined by

/ 2
T ifzx > —a« 1ty

" R—R: dr—>d_={

/T2 — a2
xt(z,y) = Vits? ) !
—0 e otherwise,
I?—«
and
. V1+y?
_ _ x if 2 < —adm—
X (z,y) = Vits?
—Q e otherwise,

(see the figures (4.2) and (4.3)).

2. In the case where I(z) < a, we note that D; and D, are empty; In this case, the
maximum is

max K;(q) = I(z)v/1+ a2+ (d+)? + aa — .
q€D>

e Using exactly the same method, we can calculate the maximum on the three other subsets
Dy, D3 and D4s. We then collect the results of the maximization on all the subsets,
let Azqy = Az = p, and obtain the following numerical scheme:

s’ (p,x,u(x),u) =0, (414)
where
S'(p,x,t,u) = p S(p,x,t,u),
and S is defined by:

1. If z € Qf and I(z) > « then

S(p,x,t,u) = max( Kl(av ) d)aK2(b7 ¢, d) )a (415)
where
Ki(a,c,d) = \/1+(X+ )) +M? +axt(a, M) —
Kalbeyd) = T(@)y/TF (¢ (=0 M+ 32 +ax~(=b, M) —7,  (4.16)
M = max(c"’ dt),
and
L tmue—(p0) _toue s (p0) |t uz=(0p)
p p p
d:w. (4.17)
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z
+
Xy ()
1+y2
(a0
‘ O T
14y2
7777777777 (0 e Iz_az)
X;‘() R —- R
r = xg@) =xt(29)

Figure 4.2: Graph of the function x¥ (-, y).
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z
14y2
(_Q\Iz—a270)
O x
(0, —a YIHV2
12 _n2
Xy ()
X;() R — R
r = X, (2)=x"(z,9)

Figure 4.3: Graph of the function x~ (-, ).
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2. If x € Of and I(z) < a then S(p,z,t,u) = I(z)vV1+ a? + M2 + aa — .
3. If xe b2 then
S(p,z,t,u) =t — (). (4.18)

Recall that we have noted Q° = {z € Q|z — (p,0),z + (p,0),z — (0, p), z + (0, p) € Q}
and bQ¥ = Q — Q~.
4.2.2 Convergence of our approximation scheme

e Verification of the hypotheses of proposition 5:

1. g is nondecreasing with respect to a, b, ¢ and d:
(a) if zx € Q° and I(z) > a:

g(xv a, bv ¢, d) = ma‘X(K,l (av ¢, d)7 Ky (bv ¢, d))7

where K; and K are described in (4.16). To prove that g is nondecreasing
with respect to a, b, ¢ and d, it is sufficient to prove that K; and K> are.
A We prove that K7 is nondecreasing with respect to a, b, ¢ and d.

i. Let us consider the function g,.

g.: R — R (4.19)
0 — I(x)V1+60?+22+ab—, '

The graph and the variations of this function are given in figure 4.4.

1422

-« 2—qa2

Figure 4.4: Study of g.
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It is easy to see that the graph of the application K,

K,: R — R
6 — I(x)\/1+x+(9,z)2+22+ax+(9,z)—’y,

is as shown in figure 4.5 and that K, is a nondecreasing function.

[ 1422
-« 2—qa2

ko

Figure 4.5: Study of K,

ii. Notice that if 21| > |22| then g., > g., (see figure 4.6). Thus, if |z1| > |22]
then K., > K., (see figure 4.7).

Following the notations of (4.16) M is positive and nondecreasing with re-

spect to ¢ and d. So by composition of function, K; is also nondecreasing

with respect to ¢ and d.

O

To prove that K5 is nondecreasing, the reader will verify that the function
Kz

K;: R — R
0 — I(x)\/1+x—(0,z)2+z2+ax‘(0,z)—’y,

is nonincreasing and will conclude that K5 is nondecreasing with respect to b.

if z € Q° and I(z) < «, the function g, defined by (4.19) is nondecreasing
and the conclusion follows easily.
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Figure 4.6: comparison of ¢,, and g,, when |z1| > |22|

Figure 4.7: comparison of K., and K, when |z1| > |22]
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2. Existence of a bounded function ug such Vo € Q, S(p,z,uo(z),ug) < O

We define
{ w(@1,22) = —5(@1 —m1) +mineor 9(2)  V(21,22) € OF;
wo(x1,22) = @(x1,22) V(x1,22) € QL.
where m; = min{z; | (z1,22) € Q}.
We show that S(p, z,uo(x),u0) <0 (see figure 4.8):
(a) if x € Q% and I(z) > a: (note that z is not in £? but in Q2°)
a a
S(p7x7u0(x)7u0) = g(xa _;7 ;7 0, 0) (420)
= max( Kl(_%aoao)v Kz(%,0,0) )

o Ki(—2£,0,0) < 0:
In effect, since —¢ = ——2— > — o we have y*(—2,0) = -2,
R - z o v v

and therefore

o KQ(%,O,O) <o
For the same reasons,

X_(_;vo) = - I(.’L‘)2 — o2
Hence
Ky(—,0,0) = I( )\ll+( I(a:)2—a2> + ( I(w)Q—oﬁ) 7<0
So
K5(—,0,0)<0

(b) if x € 0% and I(z) < a:

S(p, 2, uo(x), up) = I(x)y/1 + (_—0‘)2 ~-L 4<o0

(c) if z € bQ*: S(p, z,uo(x),up) =0
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(d) if z € QF — Q2r:
It is a little more difficult but it is the same idea. The reader can convince
himself by looking at figure 4.8 and noticing that
o We always have a < _T"‘,b < _T"‘, c<0andd<0;
o since ¢ <0 and d < 0 then M =0 and K;(.,¢,d) = K;(.,0,0);
o K; and K, being nondecreasing, we have:

K1(a,0,0)<0 and K5(b,0,0) <O0.

minzebﬂl’ 90(75)

T e QF

’/(4.20) does
. not hold. /

——

ug(z) = —5(z — o) + minzepr (2)

Figure 4.8: study of ug for x € Qf — Q2°

3. For all p, z and u fixed, lim;_, o, S(p, z,t,u) > 0:
since when t — 400,

a(p,x,t,u) — +o00, b(p,x,t,u) — +o00,

c(p,x,t,u) — +o00  and  d(p,x,t,u) — +00,

it is easy to see that g(z,a,b,c,d) — +oo.
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4. g(z,a,b,¢c,d) < 0 = a is upper-bounded independently of z:
Note that for all M,

x
o'

gl

v 5@
(67 (67

I(z) 1+( )2+M2+a v > >0

and that £ > 0 (so that x*(Z,M) = ). Thus, letting a = 1 we have for all ¢
and d, K1(a,c,d) > 0 and therefore
Vz € QF such that I(z) > «, g(z,a,b,¢c,d) = max(Ky(a,c,d), Ks(b,c,d)) > 0.

The case where I(z) < « is now obvious. Conclusion, by nondecreasing of g in
respect to a, we have:

g(z,a,b,c,d) <0 = a< 7
a

5. By composition, it is clear that g is continuous in respect to a, b, ¢ and d.
Finally, remark that

max (K, (0), K7 (0))

max(I(z)\/1+ xT(8,2)2 + 22 + ax™ (6, 2) — 7,
I(z)\/1+x7(0,2)? + 2% + ax ™ (6,2) —7)

I(z)V14+ 6%+ 22 +af — v = g.(0);

as illustrated on the figure (4.9). Thus, Yz € Qf such as I(z) > «, and V¢ €

K(0)

Figure 4.9: max(K.(6), K, (0)) = g.(9)

z

Cpe (Q):
g(a:, qu’)(w), - mqb(w), ay¢(w)7 - y¢(33))
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I(x)\/l + 0:0(2)% + 0y p(2)? + adsp(x) — v
H(z,V(x)).

For z in Q2 such as I(z) < a, we have clearly the same result.

¢ In section 4.1, we have shown that the strong uniqueness theorem applies to the general
equation iff for all x in Q, |1] < I(z) < 1.

e Conclusion of this section:

o For all image I (I(z) € [0,1]), the hypotheses of the proposition 5 are verified for
our scheme. Thus for any images I, the scheme is consistent with the equation
(4.4) and has a solution uro.

o The hypotheses of the strong uniqueness theorem are true iff 1 > I > |1|.

Consequently, as soon as Vo € 2, 1 > I(x) > |1| then by the theorem 8, the solutions
u? of our scheme (4.14) converge toward the viscosity solution of equation (4.4).

4.3 Algorithm for computing the solution

4.3.1 Algorithm for the general equation

We use again the notations of section 3.3 and apply the method we proposed there.

We assume that the image I is known on the discrete grid Q.

Recall that the algorithm consists of the following computation of the sequence of values
Uj,n>0:

Algorithm 2 1. Initialisation (n =0): U} = ug(xs;).

2. Choice of a pizel x;; € Q and modification (step n+ 1) of U::
We choose U™ = sup{V = (Vii)zncq such that ¥(k,1) # (i,5),Viu = UL and
g(pvxija ‘/ija V) = 0}

3. Choose the next pizel x;; € QF in such a way that all pizels of Q° are requlary visited
and go back to 2.

We now go into more detail and deal fully with step 2 of algorithm 2 for a point z;; such
that I(x;;) > a. Let us note

Ki(t) = I(ﬂf)\/l + (xT(Dz Ui (), M(1)))? + M (8)? + ax™ (D, Ui; (), M(t)) — 7,

Ks(t) = I(x)\/l + (X~ (DEU (1), M(1)))? + M()* + ax™ (DI Us;(t), M(t) —

and
K(t) = max(K1(t), Ka(t)),
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where U Ut s
Dz Ui;(t) = %—;]” D}U;(t) = U’Z;mﬂ

— t—U;;— i —t

Dy U;(t) = =z DfU;(t) = 258 —;

M(t) = max((Dy Uy(t)", (Dy U (1)) 7).

We note Uminj = min(Um_,_l,Ui,j_l).

In this case (I(z;;) > «), step 2 of algorithm 2 consists of computing the value of ¢ such
that K(t) = 0, that is to say such that:

( :K'l(t)zo and K2(t)§g ) or ( Ky(t)=0 and Kl(t)gg ).

Case 1 Case 2

Therefore, t is either a root of K1, or a root of K5. We can be even more precise: in effect,
K; and K> being nondecreasing functions, they each have at most one root. Moreover they
always have one. Thus, the root of K is t = min{r;, 79} where r; is the unique root of K;
and 72 is the unique root of K.

A The proof that the functions K; and K, are nondecreasing is clear using the result of
step 1 of the section 4.2.2. For example, it is easy to prove that for all ¢ sufficiently small,
K (t) is negative and that lim;—, o K1(t) = +00. By continuity, K; always has one root.
O

Let us determine r; and 7.
We detail the procedure in the case of K;:

1. Case t > Upyin;:

e If ¢ is such that

1+ M(t)?
DU (t) > —a Y1 MO (4.21)
72 — a2
then ¢ is a root of
I(@)\/1+ Dz Uyj(t) + M(t)? + aD;Uyj(t) — 7 = 0. (4.22)
e If ¢ is such that
_ 1+ M(t)?
D; Uy (t) < —a~oes (4.23)
then t is a root of
1+ M(t)2 1+ M(t)?
I(.’L’)\/I‘FCKQW-FM(TS)Q—&Q W—’Y = 0. (424)
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2. Case t < Upyinj- (M@)=01
In that case, ¢ is such that D, U;;(t) > — \/p‘iﬁ and therefore it is the root of

I(z)\/14+ Dz U;(t)2 + aD_ U;(t) —y = 0. (4.25)

In short we must
1. compute the root # of (4.22).
2. if { exists and verifies (4.21) then £ is the root of Kj.
3. otherwise we must

(a) compute the root f of (4.24).
(b) if £ exists and verifies (4.23) then f is the root of Kj.
(c) otherwise the root of K is the root of (4.25).

Remark: This algorithm has been coded in C++. The code is given in appendix A.

4.3.2 Convergence of the algorithm:

In the section 4.2.2, we have proved that for any image I (I(z) € [0,1]), the hypotheses
of the proposition 5 are verified for our scheme. Recall that therefore our scheme always
is consistent with the equation (4.4) and always has a solution. Moreover the theorem 9
implies that for all image I, our algorithm converge toward a solution of our scheme. Finally,
recall also that if Vo € Q, [1| < I(z) < 1 then our scheme has at most one solution u* and
that u” converges toward the unique viscosity solution of equation (4.4) when p — 0.

4.4 Experimental results

We have tested our algorithm with synthetic images generated by shapes with several levels
of regularity e.g. C* (a sinusoid, see figures 4.10 and 4.11), or C° (a pyramid, see figures
4.12 and 4.13), to demonstrate the ability of our method to deal with smooth and nonsmooth
objects. We also have tested it with real images, an example is shown in figure 4.18.

In all results, the parameters are n, the number of iterations, €1, €5 and €., the relative
errors of the computed surface measured according to the L1, Ly and L., norms, respectively,
0 the angle of the direction of illumination with the z-axis.

In all synthetic cases we show the original object, the input image and the reconstructed
surface. We then demonstrate the stability of our method with respect to two types of
errors. The first type is image intensity errors due to noise. Uniformly distributed noise has
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Figure 4.10: Results for a synthetic image generated by a sinusoidal surface sampled on a

grid of size 20 x 20 with § = 28°: a) original surface, b) original image, ¢) noisy image;
= 9.9% €oo = 15.2%; €) surface

=15.7%

d) surface reconstructed from b): n = 40, ¢; = 10.0%, €
reconstructed from c¢): n = 62, e; = 12.8%, €2 = 10.5% €

Figure 4.11: Sinusoidal surface of figure 4.10 reconstructed with an error on the parameter
L: a) 6, =33° €9 =5° n =237, e = 11.4%, €2 = 7.6% €0 = 17.9%; b) 6, = 18°, ¢g = 10°,
n =45, ¢, = 18.3%, €2 = 13.8%, € = 41.9%.
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Results for a synthetic image generated by a pyramidal surface sampled on

a grid of size 20 x 20 with # = 36°: a) original surface, b) original image, ¢) noisy image;
d) surface reconstructed from b): n = 89, ¢; = 0.4%, €2 = 0.4% €, = 0.8%; €) surface
reconstructed from ¢): n =91, e; = 23.7%, €2 = 23.2% €o, = 26.3%.

been added to some pixels of the input images and the corresponding reconstructed surfaces
are shown (figures 4.10 and 4.12). The second type of error is due to an incorrect estimation
of the direction of illumination L (figures 4.11 and 4.13). We start with a smooth sinusoidal
object, see figure 4.10. We introduce an error of 5° on the parameter L, see figure 4.11. We
note 6, the angle used for computation; €5 = |6 — 6,|.

i
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Figure 4.13: Pyramidal surface of figure 4.12 reconstructed with an error on the parameter
L: a) 0, =41°, 69 = 5°, n = 80, €1 = 16.5%, €2 = 15.2% €00 = 19.8%; b) 6, = 26°, ¢ = 10°,

€1 = 25.1%, €3 = 14.0% €0 = 28.3%.
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As seen from these figures, our algorithm seems to be quite robust, not only to intensity
noise (see figures 4.10.e and 4.12.e), as in [29], but also to inaccuracies in the estimation
of the direction of the light source L (see figures 4.11 and 4.13). The pyramid example
shows the remarkable ability of the numerical scheme to deal with functions which are only
continuous. This example also shows the convergence of our algorithm with discontinuous
images: through the recent works of Ostrov [27, 24], we hope to extend our theory to the
case of discontinuous images.

To compare our algorithm to the others, we have tested it with the classical example
of the vase represented in party a) and b) of figures 4.14 and 4.15. Figure 4.14 shows the
results obtained with # = 5.7° and figure 4.15 shows the results obtained with # = 53°. In
both experiments we have hand-segmented the image and enforced the boundary conditions
suggested by the theorical analysis. Note that in oder to obtain satisfactory results it is
necessary to take into account the cast shadows. To compare this results the reader can see
[30].

Remark: The synthetic surface of the vase and other surfaces are available by anonymous
ftp under the pub/tech_paper/survey directory at eustis.cs.ucf.edu (132.170.108.42).

Figure 4.16 illustrates the problems linked to the gamma correction, un probleme pas neg-
ligeable en pratique. We have tested our algorithm with corrupted image 17 with the images
of the vase. For v = 2, results are somewhat disappointing, see 4.16.

The real image shown in figure 4.18.a and 4.18.b is a photograph of a Halloween mask
taken with a standard camera with 70mm focal length. The light source was far from being
pointlike and at infinity and ambiant lighting due to reflections on the walls was present. The
reflectance of the mask was not quite Lambertian (some highlights were visible). Unlike the
case of the synthetic examples where the critical points z such that I(xz) = 1 were included
in the boundary conditions (i.e. their distances were supposed to be known), these distances
must in this case be computed by the algorithm, making the problem ill-posed. Despite this
difficulty, the results shown in figure 4.18.c-f are of good quality.

INRIA



SFE'S and viscosity solutions 79

<
SRS
SN

S

SIS
NS S SO =]
SR S S SO w©
= o
S S S ST A AR S NN
. NN
S SIS,
Y 1 S SN SN
% OB
NS o
SN .
SSSN\pEEE
e -
= x
'0 : A

S e
SSOTRR SRS SSOTRR SESSSOS
- SN SN
. SIS SIS OSSNSO SIS
A BSIERNSSISSESSS SIS
: SRS SRR
P, QNN S NS
o S Ay S 0 SIS S S NS X XSS
IS IS S AN SO SIS SIS IS SN S
T AT S /5’,’0;“‘3‘5‘-:.‘:“:3'3'3‘
OSSO N SOCSOS 5SSOSO, P s
SIS N A, SIS S
OS5 S AN S SO SIS, oV = S
s A NEE e S
S o A S s S
= = ¢ SESSSUA N KK S
R = 00 .
= X S
S SIS "
= . e
p NS SIS -
S

=
SIS
TR S
SN
PSSt
SN XSS
SIS
<

¥,
SIS
SIS e
S SI S s S NSO
S S SRS S SO S AN S,
N
RS N
ST
N essos,
SO S
\

o&:‘:““,‘.\\‘\ S
9%

=
=

> S

> o>

8) h) i)

a) Original image of size 128x128, b) synthetic image gen-
erated from the original surface, ¢) Original shaded surface,
d) Initial surface, ) and f) Surface U™ at the n'" iteration,
n = 500 and n = 1000, respectively. g) Final result, h)
. Synthetic image generated from the surface g), i) Recon-
structed surface, textured with image h), j) Error image.
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n <2000, € =10.4%, €2 =2 1.0% €5 = 9.8%;
L = (a,3,v) = (0.1, 0.0, 0.995) =0 =>5.7°.

Figure 4.14: Experimental results with a synthetic image representing a vase, 8 = 5.7°
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n < 2500, €1 =2 16.1%, €2 = 5.2% €0 = 49.2%;
L = (a,8,7) = (0.8, 0.0, 0.6) = 6§ = 53°.

Figure 4.15: Experimental results with a synthetic image of a vase, 8§ = 53°.
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d) e) f)
a) Original image of size 128x128, b) Synthetic image generated from the original surface,
¢) Corrupted photo, d) Final result, e) Error , f) Synthetic image generated from the
surface d).

n < 3500, €1 =2 79.4%, €2 = 79.0% €00 = 202.4%;
L =(a,8,v) = (0.1, 0.0, 0.995) =0 =15.7°.
y=2
Figure 4.16: Results with a synthetic image corrupted by a gamma correction with v = 2,

i.e. instead of using the real image I we used I?, as if the gamma distortion had not been
compensated for.

RR n° 4638



82 E. Prados & O. Faugeras €& E. Rouy

=
e S
X SIS
OSSN,
S
5 W s
s =
=

=l >
i =
Sy
o Z N
Y NN
SRS

NI eSS
IS
SN
=
":‘:'::"“‘""/// 0 o"“:““-\\\\‘\\ S
S ST et\\y
SESESSS oSy
“’:‘:‘:’:“J @’o‘

== 2
=
R
NS

S
S
S
o,:«,“
S

SIS

SIS

SRS
N

N
SIS
SIS
', % NSO SIS,
SIS SEENESSISSSS S
A SRS . SN
“ £ S NS SIS S S, =
: ,:WW PSS
o, "Q s S s S SRS e
S S S S e a0 S S S S S SIS S
s SN
S S S S PSS S SIS SN S Sosn, S S S S S S S SN SN S
OSSR S S S R TS S e S S SO S SRS
S SN S S S SN,
< S S/ S S SCS 3 SO SRRSO SO SIS S S SRS S ST NS S SN
S S S S S SO SRR S SIS, S S S SIS S ST NS SO Ss
S A S S SR RSSO S S R I S S SIS SN SIS S
S SIS KX X XSS SIS S, S IS S S S S Ss
e s NN SRS S SSRGS
S S S SO S e oS s S S S SN S S .
o SAX Selestu 5 o S /SO SO SN SIS S
oSS > == - SN
SIS . ST
SIS = !
= w
S
=
==

d)

e) f)

a) Original image of size 128x128, b) Synthetic image generated from the original surface,
c¢) Corrupted photo, d) Final result, e) Error , f) Synthetic image generated from the
surface d).

n < 2500, €1 =2 50.0%, €2 =2 24.9% €x =2 50.3%;
L =(a,8,v) = (0.1, 0.0, 0.995) =60 =15.7°.
v=0.5

Figure 4.17: Results with a synthetic image corrupted by a gamma correction with v = 0.5,
i.e. instead of using the real image I we used v/T.

INRIA



SFE'S and viscosity solutions 83

Figure 4.18: Experimental results with a real image: a) Original image of size 200x200, b)
Lateral view (image) of the real object, ¢) Three views of the surface reconstructed from a),
d) Synthetic image generated from the surface c), e) and f) reconstructed surface, textured
with image d).
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Chapter 5

Conclusion

We have proposed a general method allows us to design numerical schemes and algorithms
for Hamilton-Jacobi-Bellman equations with null interest rate. We have also proved their
convergence towards viscosity solutions. We have applied these results to the simplest version
of the shape from shading problem in the case of a Lambertian object illuminated by a point
source at infinity and imaged by an orthographic camera. We have spelled out hypotheses for
the existence and uniqueness of a (continuous) viscosity solution of the shape from shading
problem and proved the convergence of our new numerical scheme in this special case.

We are currently extending our analysis and algorithms to more general cases.

As a side-effect, we also hope to have made the notion of viscosity solutions more acces-
sible and to have convinced the reader of the usability of these tools.
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Appendix A

Algorithm (coded in C++)

In this appendix we report our C++ code corresponding to the algorithm 2 described in the
section 4.3. We do not show all the details, only the building blocks that will prevent the
reader from redoing our computations are given here.

We suppose in the sequel that given functions or procedures are methods included in a
class which contains the following variables:

e “U” the current surface,

e “alpha”: the first coordinate of the illumination vector L,
o)

recall that we suppose L= | 3 | with 3 =0,
2

e “T”: the given image (the photo),

e and other variables used in the methods "rootOfK1", "rootOfK2" and "firstPossibility":
“MA” ?7MB7’ “MC” “MD” “Sa” 7’Sa2” ”Sb” etc
7 ’ 7 ? ? ? Y -
These variables need to be initialised by the constructor calling the "initialiseAnd-
ComputeAllVar" method.

Remark that notations are the same as those introduced in section 4.3.

One iteration:

void callOnelter(){
double Umin;
MAPMASQUE (masque,i, j){
Unmin=min(U(i,j-1),U(i,j+1));
if (I(4i,j)>alpha) // if I(i,j) > alpha,
// U is the minimum of the root of Ki()
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// and the root of K2().

{
U(i,j)=min(root0fK1(i,j,Umin) ,root0fK2(i,j,Umin));
}
else // if I(i,j) <= alpha,
// if there exists a root >= Umin,
// then this root is given by "firstPossibility(.)",
// else the root is given by "U(i-1,j)+dx11(i,j)".
{
if ( Umin > (U(i,j)=firstPossibility(i,j,Umin)))
{ U@,j)=U@-1,))+dx11(1,3); ¥
}

};
};

Methods giving the roots of K1(t), K2(t):

double root0fKi(int i,int j,double Umin){

double res;
double b,c,delta;
double Uim1=U(i-1,3j);

res=Uiml+dx11(i,j);
if (res > Umin){
res=Umin+ME(i,j);
if ( res > (Uiml+P(4i,j)) ){
b=MA(i,j)*Uim1+MB(i,j)*Umin-sa;
c=MD(i,j)+MA(i,j)*Uim1*Uim1+MB (i, j)*Umin*Umin-sa2*Uiml;
delta=b*b-MC(i,j)*c;if (delta <0) {delta=0;};

res=(b+sqrt(delta))/MC(i,j);
if (' (
(res>=Umin)&
(res<=(Uiml+sc))&
(
((res-Uiml)/dx) >=
-sb(d, j)*sqrt (1+(res-Umin) * (res-Umin) / (dy*dy) )
)
D)

res=(b-sqrt(delta))/MC(i,j);
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}

return res;

double root0fK2(int i,int j,double Umin){

double res;
double b,c,delta;
double Uip1=U(i+1,j);

res=Uip1+dx12(i,j);
if (res > Umin){
res=Umin+ME(i, j);
if ( res > (Uip1-P(i,j)) ){
b=MA(i,j)*Uip1+MB(i,j)*Umin+sa;
c=MD(i,j)+MA(i,j)*Uip1*Uip1+MB(i, j)*Umin*Umin+sa2+*Uip1l;
delta=b*b-MC(i,j)*c; if (delta<0) {delta=0;};
res=(b+sqrt(delta))/MC(i,j);
if (1 (
(res>=Umin) &
(res>=(Uipl-sc))&
(
(-(res-Uipl)/dx) <=
-sb(i,j)*sqrt(1+(res-Umin) * (res-Umin) / (dy*dy))
)
)

res=(b-sqrt(delta))/MC(i,j);

¥

return res;

Roots in the case I(i,j) < alpha:

double firstPossibility(int i,int j,double Umin){
double res=0;
double x=U(i-1,j);

RR n° 4638



90 E. Prados € O. Faugeras € E. Rouy

double b,c,delta,tl1,t2;
b=MA(i,j)*x+MB(i,j)*Umin-sa;
c=MD(i,j)+MA(i,j)*x*x+MB(i,j)*Unin*xUmin-sa2*x;
delta=b*b-MC(i,j)*c;
if (delta<0) delta=0;
if (MC(i,j)==0) { res=c/(2%b);}
else{
if (MC(1,3)>0) {
t1=(b+sqrt(delta))/MC(i,]);
t2=(b-sqrt(delta))/MC(i,]);

}

else {
t1=(b-sqrt(delta))/MC(i,]);
t2=(b+sqrt(delta))/MC(i,]);

}

if (tl1 <= (x+sc)) res=tl;
else res=t2;

¥

return res;

Initialisation of the variables:

void initialiseAndComputeAllVar (void){
// scalar variables:

N=I.dimx(); M=I.dimy();
dx=1./((double)I.dimx());
dy=1./((double)I.dimy());
gamma=sqrt (1-alpha*alpha) ;
sa=alpha*gamma/dx;
sa2=2%*sa;
sc=gammax*dx/alpha;
sd=alphax*dx/gamma;

// matrix variables:
I12=1I"2;

I2ma2=I2-(alpha*alpha) ;
MA=I2ma2/ (dx*dx) ;
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MB=I2/(dy*dy) ;

MC=MA+MB;

MP=MA*MB ;

MD=I2- (gamma*gamma) ;
MEO=(invImage (I2ma2))*(I2-1);
MEO=sqrtI (oppImage (MEO)) ;
ME=MEO*dy ;

MBsa2=MB*sa?2;

sb=(invImage (sqrtI(I2ma2)))*alpha;
sbdx=sb*dx;

sbdxdy=sbdx*dy;

IMAGE temp;

temp=1-1I2;
temp=sqrtI(temp) ; temp=I*temp;
11= temp-alpha*gamma;

12= temp+alpha*gamma;
temp=invImage (I2ma2) ;
li1*=temp;

12%=temp;

dx11=11%dx;

dx12=12%dx;

P=(invImage (I2ma2))*(-alpha*sqrt(l-alpha*alpha)*dx) ;
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