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Abstract: The problem of decoding cyclic codes can be rewritten into an algebraic system
of equations, whose solutions are closely related to the error that occured. Extensive work
has been done previously, where it has been shown that the computation of a Grébner basis of
this algebraic system enables to decode up to the true minimum distance. The Grobner basis
computation can be done either as a preprocessing (formal decoding), with the parameters
taken as variables, or for each word to be decoded (online decoding), with the parameters
computed from the word and substituted into the system. For the formal decoding, it has
been shown that decoding formulas for the coefficients of the locator polynomial are obtained
from the formal Grébner basis. Unfortunately, it becomes quickly impossible to compute
this formal Grébner basis even for codes of small length.

Motivated by the problem of decoding quadratic residue (QR) codes, for which no general
decoding algorithm is known, we improve on several points. First we introduce modified
systems, without high degree equations, for which the Grébner basis computation is easier.
This enables to compute the formal Grébner basis for longer codes.

We show on the example of the [41,21,9] QR code that the formulas become quickly of
large size, thus being useless for decoding. This indicates that the effort on the algebraic
decoding of cyclic codes by formulas hits a wall. The other approach (online decoding) is
more efficient from a computational point of view. Using general compilation methods for
systems with parameters, we improve the efficiency of the computation. Many examples are
given (for BCH codes of length 75, 511, for QR codes of length 41, 73, 89, 113 and for a
code of length 75 which does not belong to a known class of codes).

This method for decoding cyclic codes with Grébner basis works for any cyclic codes, is
automatic and enables to decode beyond the true minimum distance.

Key-words:  decoding; cyclic codes; ideal theory; Grobner bases; error-locator polyno-
mial; Newton identities
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Décodage efficace de codes cycliques binaires au dela de

la capacité de correction du code en utilisant des bases
de Grobner

Résumé : Le probléme du décodage des codes cycliques peut se réécrire en un systéme
algébrique dont les solutions sont étroitement liées & ’erreur qui s’est produite. Les travaux
précédents ont montré que le calcul d’une base de Grobner de ce systéme algébrique permet
de décoder jusqu’a la distance minimale du code. Le calcul de base de Grobner peut se
faire soit en prétraitement (décodage formel), les paramétres étant considérés comme des
variables, soit pour chaque mot & décoder (décodage en ligne), en calculant pour chaque mot
les parameétres et en les substituant dans le systéme. Dans le cas du décodage formel, il a
été montré qu’il est possible d’obtenir & partir de la base de Grébner formelle des formules
de décodage pour les coefficients du polynéme localisateur. Malheureusement, il devient
rapidement impossible de calculer cette base de Grobner formelle, méme pour des code de
petite longueur.

Motivés par le probléme du décodage des codes a résidus quadratiques (codes RQ), pour
lesquels il n’existe aucun algorithme général de décodage actuellement, nous améliorons
les résultats sur plusieurs points. D’abord, nous introduisons des systémes modifiés, sans
équations de degré élevé, pour lesquels le calcul de la base de Grébner est plus facile. Ceci
permet de calculer la base de Grébner en formel pour des codes de plus grande longueur.

Nous montrons sur I’exemple du code RQ de type [41,21,9] que les formules deviennent
rapidement de grande taille, et sont donc inutilisables pour le décodage. Cela indique que
les efforts développés pour le décodage algébrique des codes cycliques par formules ont peu
de chance d’aboutir. L’autre approche (décodage en ligne) est plus efficace d’un point de
vue informatique. En utilisant des méthode de compilation générales pour des systémes avec
paramétres, nous ameéliorons lefficacité des calculs. Nous donnons de nombreux exemples
(codes BCH de longueur 75, 511, codes RQ de longueur 41, 73, 89, 113 et un code de
longueur 75 qui n’appartient a aucune classe connue de codes cycliques).

Cette technique de décodage des codes cycliques avec des bases de Grobner s’applique &
n’importe quel code, et entiérement automatique et permet de décoder au dela de la capacité
de correction du code.

Mots-clés : décodage; codes cycliques; idéaux; bases de Grobner; polynéme localisateur
d’erreur; identitées de Newton
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1 Introduction

The problem of decoding cyclic codes up to their true minimum distance can be solved
by the use of Grobner bases [CRHT94c, CRHT94b, LVY97]. The principle is to rewrite
the decoding problem into an algebraic system of equations, which must have the following
properties:

1. Decoding property : its solutions are closely related to the error,

2. Computational property : the computation of its solutions can be done in reasonable
time.

The Grobner basis computation can be done either as a preprocessing, with the parameters
taken as variables, or for each word to be decoded, with the parameters computed from the
word and substituted into the system. In the first case (formal decoding), we get formulas and
to decode a word, we just have to compute the parameters and to evaluate the formulas. In
the second case (online decoding), for each word we compute the parameters and a Grébner
basis of the specialized system (the system after substitution). In the online case, each
system has less variables and the Grdbner basis is much easier to compute than in the
formal case.

This idea has been considered first in [CRHT94a], using the expression of syndroms in
terms of the locators of the error, and the results were demonstrated by Loustaunau and
Von York [LVY97], providing a decoding algorithm with Gr&bner basis precomputations.
Unfortunately, it is often impossible to compute the formal Grébner basis, even for the QR
code of length 41. In parallel, Newton’s identities have been extensively used, one tries to
find formulas for the coefficient of the locator polynomial in terms of known syndroms. This
has been applied notably to the QR codes - [RYT90, RTCY92, RRTCO01, CRT94]| for binary
codes, and [Hum92, HH93] for ternary codes. QR codes are good codes - their dimension
is about one half of their length and they have a good correction capacity - but no general
decoding algorithm exists for them, such as the Berlekamp-Massey algorithm [Ber68] for the
particular case of BCH codes. In those papers, the authors derive a specific construction for
each particular quadratic residue code.

Motivated by the problem of decoding QR codes, we improve on several points. We
introduce new systems of positive dimension (infinite number of solutions), whilst previous
studied systems are of dimension zero (finite number of solutions). These new systems still
have the decoding property, and do not contain any more some high degree polynomials
which made the computation of the Grobner basis intractable. In practice they behave
much better for the computational point of view.

We show on the example of the [41,21,9] QR code that the size of formulas obtained
in the formal Grobner basis is too large to be useful, since for each word it will take too
much time to evaluate them. Hence, even if the formal computation can be achieved, the
online decoding approach seems to be the most efficient one. We get efficient and automatic
decoding algorithms, which work for any cyclic code and enables to decode beyond the true
minimum distance. Many examples of decoding are given (for BCH codes of length 75, 511,
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4 Daniel Augot , Magali Bardet , Jean-Charles Faugére

for QR codes of length 41, 73, 89, 113 and for a code of length 75 which does not belong to
a known class of codes). Moreover, using a general compilation method useful for systems
with parameters, we improve the efficiency of our algorithms: for each cyclic code, we
automatically generate a C program which, executed on any word, gives the corresponding
solution without computing directly a Grobner basis. For any of these programs, we know
exactly the complexity of the decoding algorithm (i.e. the number of arithmetic operations).

The online decoding with Grobner basis computation is an automatic method, which
works for any cyclic code and is not limited by the correction capacity of the code. In fact
for any weight v, we get the list of all the codewords at distance less then or equal to v from
the transmitted word.

The paper is organized as follows: in Section 2 we remind basic facts on cyclic codes and
syndroms, and also on Grébner bases, elimination theory and specialization theory. The
Section 3 is devoted to the case of zero-dimensional ideals, as previously studied in [LVY97,
CRHT94a]. In Section 4 we introduce new systems of positive dimension, and show that they
satisfy the decoding property. We study the size of the formal formulas for the [41,21,9] QR
code. Finally Section 5 presents various examples of online decoding and the compilation
method used for more efficiency.

2 Notations and definitions

2.1 Cyclic codes and Newton’s identities

The reader is assumed to be familiar with the theory of cyclic codes (see e.g. [MST77]). Let C
be a cyclic code over Fs of odd length n, of dimension &, of minimal distance d and correction
capacity t = | %451 ]. C is completely defined by its defining set Q = {i1,...,4,} C {1,...,n},
which is an union of cyclotomic cosets modulo n. Let a € Fam be a primitive n-th root of
unity, where Fym is the splitting field of 2™ — 1, then g(z) = [];co (¢ — @) is the generator
polynomial of C.

Let ¢ = a(z)g(z) be a code word and é = ¢ + e be the received word, where e(z) =
Z:f;é erx" is the error of weight v which occurred. If rq,...,r, locate the positions of the
non-zero e,’s, let Z; = a™ for 1 < j < v denote the locators of the error. As c(a?) = 0 for
i € Q, we can compute the syndroms S} = e(a?) = &?). Throughout this paper we shall
distinguish an actual value from an indeterminate (variable) by appending a * to it. For
instance ST is a value given to the indeterminate Sj.

The locators satisfy the system of equations

v
POWER FUNCTIONS ¢ S;— Y Zi,  VieQ. (1)
j=1

specialized for S; = S7.

INRIA
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The locator polynomial is defined from the Z;’s as L(Z) = H;le (Z-2;) = Z2° +
01Z°~ ' 4+ .-+ + 0y_1Z + 0, where the o,’s are the elementary symmetric functions of the
Z;’s. We use the notations: Z, = (Z;)je[1,0]> T» = (05)jet,]s S = (Si)ieq. S = (Si)igo-

To correct the error, we have to recover Z,, from S, or equivalently to recover g, from S
(then using Chien search [Chi64] it is easy to compute the set Z, from ¢,).

Definition 1 Let Fy denote the algebraic closure of Fy. The Fourier _transform of a =
S ax” € Fofz]/ (2™ — 1) is the polynomial S(Z) = Y1, S;Z"~t € W2[Z], where S; =
a(at) for alli € [1,n]. It is also called the Mattson-Solomon polynomial of a.

Proposition 2 The Fourier transform is a one-to-one application from F;‘ to itself.

With these notations, we have S; = E;’:l Z;f for 1 <4 < n, and the knowing of the Fourier
transform of the error is equivalent to the knowing of the error itself. However, we do not
have acces to the whole Fourier transform of the error, but only to the syndrom.

Proposition 3 (JRTCY92] pp. 981)
[ {word of weight <t} —» Fin
ThemapS( e — §*={e(ai):i€Q}

As long as the weight of the error is less than ¢, the decoding is possible with the knowledge
of the sole syndroms.

) 18 1njective.

Proposition 4 Lete € Fy[z]/(z™ —1) be a word of Hamming’s weight v, then the associated
S}’s and 0} ’s are solutions of the following systems of equations:

e the generalized Newton’s identities (NEWGEN,):

Sy +01Sy_1+ -+ 0,5
SU+1 + alSU + -+ O'USQ

Sv+n—1 + Ulsv+n—2 +---+ UvSn—l
Sitn + S

e the triangular Newton’s identities (NEWTRI,):

i—1
Si+ Y 058 j+ioi Vi€l (3)

Jj=1

Proposition 5 ([Aug96] pp. 144) : Let S* € F.. be the Fourier transform of a word e €
Fs[z]/(z™—1) of Hamming’s weight v, with v, < v, and let L.(Z) be the locator polynomial of
e. Then, the set {(o1,...,04) € F;‘| (01,...,04,5%)is a solution of the system NEWGEN, }
is the affine subspace of F; of dimension v — v, defined by:

v
{(al, o ,0y) € Fy| Le(Z) divides Z + ZaiZ”_i} .

i=1

RR n° 4652
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There are several systems derived either from (1) or from (2) and (3) which satisfy the
Decoding property, but as long as Grébner basis computation is used, the computational
times for finding their solutions vary a lot.

2.2 Grobner bases

For this section, the reader can refer to [CLO97] for more details on ideals, Grobner bases,
and polynomial system solving.

Definition 6 Let k be a field, o monomial ordering on the polynomial ring k[X1,...,X,]
is any total ordering < on the set of monomials, satisfying:

e if my, ma and ms3 are monomials, then my < ma = mimsz < maoms,
e for any monomial m we have 1 < m.
For instance, we use the following monomial orderings:
Definition 7 Lexicographic Order (Lex Order)
X = XM X0 oy XPU o X = T (u = B Vi< j) and o < B,
Definition 8 Graded Reverse Lex Order (Grevlex)

X« <grevlem Xﬁ —
(degree(a) < degree(B)) or (degree(c) = degree(B) and 3j (o = f; Vi > j) and o < B;)

An elimination order with two blocks [X1,...,Xk] > [Xk41,...,Xn] is a monomial
ordering such that any monomial involving one of { X1, ..., Xy} is greater than any monomial
in k[Xg41,.-.,X,]. The Lex order is an elimination order for any blocks [X7, ..., X}] and
[Xkt1s--s Xnl

A degree order is a monomial ordering < such that degree(a) < degree(3) = X < X5.

A monomial ordering < being given, we can define the leading term of a polynomial p
with respect to < as its highest term, and we denote it by LT (p). Let F = {f,} be a set of
polynomials, we denote by (F) the ideal generated by F'.

Definition 9 Let I be an ideal in k[X1, ..., X,] and < a monomial ordering. A finite subset
G ={91,..-,9s} of I is a Grobner basis of I if

(LT(g1), - .-, LT (g5)) = (LT(I))
where LT(I) is the set of all the LT (p), for p in I.

If I is an ideal other than {0}, then I has a Grébner basis G, and G is a basis of I. The
most important property is that there exist algorithms to compute a Grébner basis of I, for
example the Buchberger algorithm ([Buc85]) or the F4 algorithm ([Fau99]).

INRIA
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For the <., order, if I has a finite number of solutions and is “generic”’, a Grébner basis
G of I has the following triangular form (in general, G is equivalent to a finite number of
such systems)

X1+ f1(Xn)

Xn—l + fn—l(Xn)

fn(X5)
Using this basis of I, the computation of the solutions is now easy: if {z1,...,24} are the
solutions of f,,(X,), then the solutions of I are {(z1 = f1(2i),.--,Zn-1 = fn-1(2i),-- - Tpn =

zi),i = [1,d]}

The following two properties will be useful:

Proposition 10 (Elimination Theorem) ([CLO97] pp. 118) Let I C k[X1,...,X,] be
an ideal and let G be a Grébner basis of I for an elimination order with [X1,...,X] >
[Xkt1,---,Xn]. Then, the set

G, =GNEk[Xky1,---,Xn)
is a Grébner basis of the kth elimination ideal It = I N k[Xk41,...,Xn].

For a given ideal I C k[X1,...,X,] we denote by V(I) the set of solutions of I in the
algebraic closure k of k, i.e.

V() ={(21,...,2,) € k| p(z1,...,2,) =0, Vpe I}.

We say that an ideal T is zero-dimensional if V(I) is finite, and that T is of positive
dimension if V(I) is infinite.

If IT; denote the projection on the n—I last coordinates, i.e. II;(z1,...,Zn) = (Tj41,---,Zn)
then IL;(V(I)) = V().

The second important property is the specialization’s property. It is useful when dealing
with systems containing parameters.

Let R = k[X,Y] be the ring of polynomial in n + m variables, where X = X;,..., X,
andY =Y3,...,Y,,. For y in k™ we define the specialization morphism ¢, : R — k[X] such
that ¢, (p(X,Y)) = p(X,y).

A specialization morphism ¢, and an elimination ordering < with blocks X > Y being
fixed, it is natural to ask whether the specialization ¢, (G) of a Grobner basis G of I is a
Grobner basis of the specialized ideal ¢, (I) (it is not always true, see [Gia89] pp. 295). For
p a polynomial in k[X,Y], we denote by LTx(p) the biggest term w.r.t. X appearing in
p (i.e. the leading term of p viewed as a polynomial in the variables X and coefficients in
k(Y)) and by LTx(I) the ideal generated by the LTx(p) for p € I.

RR n° 4652
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Proposition 11 (Specialization Theorem I)([Gia89, Kal89]) If

LT (py(I)) = ¢y (LTx (1))
then ¢y (G) is a Grobner basis for ¢, (I).

Note that it is only a sufficient condition. In particular, when no leading terms of the
polynomials in G specializes to zero, then ¢, (G) is a Grobner basis for ¢, (I).

Corollary 12 (Specialization Theorem - Zero dimensional case) ([Gia89]) If I is a zero-
dimensional ideal, and @, specializes all the variables but one, i.e. ¢, : k[X,Y] — k[X] then
there exists a polynomial g € I such that

e 0,(g) generates o, (D),

e degreex (g) = degreex (¢y(9g))-

and g is a polynomial of minimal degree in X whose leading coefficient does not vanish under
the specialization.

In the case of positive-dimensional ideals, if all the variables but one are specialized, then
we still have that ¢, (G) is a Grobner basis for ¢, (I):

Proposition 13 (Specialization Theorem II)([FGT01]) Let G = {¢1,...,9s} be a Grobner
basis of an ideal I C k[X,Y1,...,Y,], and ¢, a specialization of all the variables but one.
Let g, be a polynomial of G of least degree in X such that v, (gm) # 0. Then,

e ¢, (G) is a Grébner basis of py(I),

e ©,(9m) generates py(I), and if we note 6(g) = degreex (9) — degreex (¢4 (9)) and 6(I) =
minger(0(g)) then 6(I) = 6(gm)-

o if 3h € I : ¢, (LTx(h)) # 0 then degreex (gm) = degreex (vy(gm)) and LT (p,(I)) =
oy (LTx(I)).

3 Ideals of zero dimension

Here we present different systems which have already been studied ([CRHT94c, CRHT94b,
LVY97, CRHT94a]). We recall their properties, in particular how the computation of a Grob-
ner basis provides a decoding algorithm. From the ideal point of view, all these systems are
closely related, and the theorem 14 shows the link between them. From the computational
point of view, these systems are rather different.

INRIA
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3.1 Previous systems and their properties

Two systems (SYNDROM,) C Fy[Z,,S] and (NEWTON,) C F»[S,S,0,] are introduced in
([CRHT94c, CRHT94b]):

Si—3jnZ; Vieq
(SYNDROM,) { Zr 7, Y j€L,v]

of" —oj, jelle] S-S j¢Q
(NEWTON,) {  S; + 2;;1% 0;Si—j +ioi, i€ [1,v]
Sv-i-i =+ Ej:l UjSv+i—j: 1€ [l,n]
The online decoding approach has been treated by Chen, Reed, Helleseth and Truong for
both systems.

Theorem 14 ([CRHT94b] and [CRHT94c]|) Let e € Fy[z]/(2™ — 1) be a word of Ham-
ming’s weight v, <t, S* be its syndroms, o be the elementary symmetric functions of the
locators and L¢(Z) be its locator polynomial. Then

(NEWTON{(S*)) NFam [0;] =

(NEWTON¢(S™)) NFam [Sk] =
(SYNDROM, (S™)) N Fam [Z1]

0j — UJ) V1<j<we

(

(Se =S VkEQ
(Le(Z1)) if v = ve
(
(
(

Il

Z1.Le(Z1)) if v=we + 1
ZP — 7)) ifv > v, + 2
1) if v < ve

One algorithm could be:
e compute the syndroms S* and substitute the values in the system (SYNDROM,),

e v = t; while the generator polynomial g, of the ideal (SYNDROM,(S™)) N Fam [Z]
(computed for instance from a Grobner basis for a lex order with Z; > Z;) is divided
by Z; dov=v—1;

e the weight of the error is v = v, and the locator polynomial is g,,
¢ find the locators using Chien search.

This approach has the disadvantage that we have to compute a Grébner basis for each word
to be decoded.

The second approach (“formal decoding”) was introduced by Chen, Reed, Helleseth, and
Truong in [CRHT94a], considering the formal system (SYNDROM,) C F»[Z,,S]. They try
to find formulas from the computation of a Grobner basis considering S as variables. The
proof of the following theorem in [CRHT94a] was based on a false claim, but Loustaunau
and Von York gave in [LVY97] a valid one.

RR n° 4652
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Theorem 15 ([LVY97] pp. 474) Let G be a Grobner basis of I = (SYNDROM;) with re-
spect to a Lex order such that Zy > Zy_1 > --- > Z1 > S, and let Gy, = GN¥s[Zy, ..., Z1,S]
a Grobner basis for the (t — k)th elimination ideal I NF2[Zy, ..., Z1,S]. Let Oy be the zero
vector of length k.

Then a recetved word ¢ = ¢ + e with syndroms S* contains v < t errors if and only if

{ Vk<t—v Vg€ Gr g(0x,S*)=0
39 € Gt vi1 90t vy1,8") #0

If Gy wy1 =1{91,---,9u} then the principal ideal
(Gt—vy1(2,0t—4,8%)) = (9i(2, 04—y, 8%),i € [1,u]) C Fam [2]

is generated by the locator polynomial, which is one of the g;(z,0;—,,S8*)’s (up to a multi-
plication by an element of Fom ).

The proof of the theorem requires the following properties (see sections 2.1 and 2.2): (1)
unicity of the solution, (2) the Elimination Theorem, (3) radicality of the specialized ideals,
and (4) the Specialization Theorem.

We show on a single example this theorem at work. Let C be the [23,12, 7] cyclic Golay
code. A Grobner basis of (SYNDROM3) for the lex order Z3 > Z> > Z; > S; is

( Z3 + Z> + Z1 + S1 = 93(Z3, Z2, Z1, S1),

Z224 +Z2a

73S\ + ZyS? + S0 + 83 + Z1(Z2 + S1)(Z1 + Zo + S1) = 92,1(22, Z1,51),
S (S24 + S1)[Z3 + Z2S1 + f1(S1) + Z1(Zo + Z1 + S1)] = 92,2(Z2, Z1,51),
Z124 +Z17
(824 + SV[Z§ + Z2S1 + Z1 f1(S1) + f2(S1)] = 91(Z1, S1),
S7048 1+ G

\

with f; (resp. f2) an univariate polynomial of degree 1313 (resp. 1314) and 13 terms (resp.
15) :

fi = S25(S1288 4 G265 4 1127 4 G1012 | G759 | G506 | G391 | G368 | G299 | G138 | G46 | G231 1)

fo = S3(SIBUL 4 g1288 | Q1150 | 1035 | G782 | G529 | G414 | G391 | G322 | G253 4 Gl61 4
S99 4+ 516 4+ 523 4+ 1)

Under specialization, if there are 3 errors, then the polynomial g;(Z;,S7) is the loca-
tor polynomial (up to a constant). If there are two errors, then one of g22(Z>,0,S) or
92,1(Z2,0, ST) is not zero and is the locator polynomial for the error. See [LVY97] for more
details about this example. We shall say that the polynomial g;(Z1,51) € F2[Z1,51] is a
formula for the locator polynomial in term of the syndrom Si, for errors of weight 3.

We remark that the Grobner basis contains polynomials of high degree in Sy, the poly-
nomial S48 + S; and polynomials of degree up to 1338. More generally for the system
SYNDROM, the Grébner basis may contain the polynomials S?" + S; (where Fom is the
splitting field of ™ — 1 and 7 € @), and polynomials of degree up to 2™ in S;. This growth
of degrees is a very limiting factor for the computation of the Grobner basis.

INRIA
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3.2 Equality of the elimination ideals

All the equations used being symmetric in the Z;’s, it is natural to introduce the new system
(SYyNSym,) by adding to (SYNDROM,) the elementary symmetric functions of the Z;’s:

Si—>i_1 Z; VieQ
(SYNSYM,) = Yoty Zu 2y Y jE L]
Z"+1 Z; Vj€ L]

Proposition 16 We have the following equality of ideals:
(SYNSYM,) NFe[a,, S] = (NEWTON,) NFs (g, S] 4)

Proof Since both ideals are radical (thanks to the field equations ZJ”H — Zj), it follows
from Hilbert’s NullStellenSatz that it is equivalent to prove that the varieties associated
with each ideal are equal.

Let (¢}, S") € V((SYNSYM,)NF3 [g,, S]), then there exists Z}, € F§. such that (Z},05,5") €
V(SYNDROM,) (projection property). If we note Sf =377, Z¥" for i ¢ Q, then S™ and the
S" are solutions together with ¢* of the (NEWTON,) system and (¢*, S*) € V((NEWTON,)N
F2[o,,S]).

Conversely, if (¢%,5*) € V((NEWTON,) N Fy[g,,S]), let Zf,...,Z* be the solutions of
the equation L,(Z) = 0, where L,(Z) = Z¥ + 07 Z°~! + --- + o, then we have o =
Dti<tz<oct; 20 41, ¥ j € [1,0]. Moreover, from the Newton’s identities we can derive
the relations S} + f;(o%) = 0 where the f;’s are the Waring’s functions (see [LN97] pp. 30):

(g +io+---+i, = 1) 4 ;

i(01,...,0,) = - - “i-ot ..oy

fz( 1 ) ,'1_,_2,'2;4_@%:1' Tl dy! 1 v

As | |
[01(Z,)s-,00(Z,) = [T+ + Zoyeo Za o D) = Zi 4 - + 2

we deduce that S} = 35, Z}‘i Vi € @ and that (Z;,0%,5") € V(SYNSYM,). Hence,
(g*,8%) € V((SYNSYM,) N Fam [, S]) and as before,

(SYNSYM,) N F2[o,,S] C (NEWTON,) N F2 (g, S]

which concludes the proof. a

A similar result as the theorem 15 can be proved for the system (SYNSYM, ), using almost
the same proof as in [LVY97]. One can also get formulas from the system (SYNSYM,). The
difference is that the system (SYNSYM,) gives directly one formula for each o; in term of
known syndroms. From the equality of ideals (4), the system (NEWTON,) also leads to
the same formulas for the o;’s. Thus, theoretically, these systems are equivalent and lead
almost to the same results, but for computational purposes, they will present very different
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behaviors for Grobner bases computations. For practical purposes, the most convenient
system is (SYNSYM). Still, it is hard to compute the Grobner basis of (SYNSYM,) for codes
of greater length. The cause of this difficulty is that (SYNSyYM;) (as the other ideals) is a
zero-dimensional ideal with many solutions, more than Tt‘—,i and that is contains equations of
very high degree.

3.3 Example: the [31,16,7] quadratic residue code

In this paragraph we compare the behavior of the preceding systems w.r.t Grobner bases
computation on the binary quadratic residue code of length 31, which was treated by Reed
et al. in [RYT90]. The binary [31,16,7] QR code is defined by its cyclotomic set

Q31 = {17 27 47 57 77 87 97 107 147 167 187 197 207 257 28}

which is the set of all the squares modulo 31. This code can correct up to 3 errors. We will
show that our method enables us to recover automatically the formulas found “by hand” in
[RY'T90].

Note that it is useless to consider the entire set (J31: as soon as the set () contains 7 and
2i mod n, we have the relation S2; mod n = E;’:l Z3" = (8;)?. Tt is then enough to take one
element for each cyclotomic coset of ). @31 contains 3 cyclotomic cosets: CI(1), Cl(5) and
CI(7). The systems become (simplified):

Sv+Zy+ Zo+ Zs, ZP + Iy,
(SYNDROM3) & Ss + Z0 + Z5 + Z5, 73 + Z,,
St+Z{+ 23+ 75, 2+ Zs,

Si+Z1+Zo+ 23, Z}P+Zi, o1+ Z1+ 2o+ Zs,
(SYNSYMg) S5+Z15+Z25+Z35, Z§2+Z2, 02+Z1Z2+Z1Z3+Z2Z3,
Se+Z1+Z3+ 7%, 732+ Z3, o3+ Z17+73,

A Grobner basis for (SYNSYM3) N Fy (o1, 02,03, S7, S5, S1] for the lex order o7 > oy >

o3 > S7 > S5 > 51 can be computed using the efficient C software FGb in 17 sec (using a
selection strategie such that S; has weight ¢ and s; has weight j):
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Efficient Decoding of (binary) Cyclic Codes using Grobner bases 13

(01 + 51, 032403, 032402, SP2+Ss5, S+ 51,
0203+ polynom(os, S1, S5, S7), degree 9 in 03, 55 terms,
0251+ polynom(os, S1,Ss,S7), degree 9 in o3, 61 terms,
02S7+ polynom(os, S1,Ss,S7), degree 8 in o3, 61 terms,
0255+ polynom(os, S1,Ss,S7), degree 7 in o3, 59 terms,
o3(S7 + ST)+ polynom(Ss1, Ss, S7), 78 terms,
o3(Ss + S?)+ polynom(S1,Ss, S7), 76 terms,
03(S3! + 1)+ polynom(S1, S5, S7), 84 terms,
S7 + 578557 + SP(S3 + 5381 + 8587 + S1%) + S7(S5°8F + 8551 + S3S1T + SY) + Sr(S57ST +
516510 4 51059 + 52514 4 S8SI0 4 §3S3 + 52513 + S2518 4+ S28) + SZ5SP 4 52458 + 51982 +
SI8ST + S16S1T 4+ 513G, + S128$ + ST + SESY + SSI8 + S2525 + S5530 + S¢,
\(S7 + ST)((S5 + S7)3! +1)
The ideal is of dimension 0 and has 5984 solutions.

The computation of a Grébner basis for the system of Loustaunau and Von York,
(SYNDROM3) with respect to the lex ordering Zy > Zo > Zs > S; > S5 > S; takes
about 1 minute, again using a selection strategie such that S; is of weight i. The resulting
system has about 3! times more solutions, exactly 32768 solutions.

The Newton’s identities for the syndroms of even rank are useless too, because they also
lead to the equation Sa; = S? (see equality 4), so the system (NEWTON3) simplifies to:

’ 5
S1 + o1, o + o1,

S3+01512+0'251 + o3, U§5+Uz,
S5+01514+0'253+U3512, O’§5 + o3,
St + S301 + Ss02 + Sitaz, ST+ Ss,
Si1 + S201 + S8os + S$o3, S + Sui,
L 515-%-5?01 +Sf10'2+5§0'3, 512; + S15

(NEWTON3)

We want to compute the Grobner basis for this system for the lex order with S5 > S11 >
S3 > 01 > 09 > 03 >8; >85; >851. Then S;; and Si5 are already eliminated in the
system, hence we do not need the last two equations. We still have more variables than in
the previous systems, and it takes much more time to compute the Grébner basis (about 11
minutes).

Thus for practical purposes, the most convenient system is (SYNSyM). Still, it is not
possible to compute the Grobner basis of (SYNSYM, ) for codes of greater length. For instance
we did not succeed in finding the Grobner basis of (SYNSYMy) for the quadratic residue code
[41,21,9]. The cause of this difficulty is that (SYNSYM;) is a zero-dimensional ideal with

many solutions, more than Tt”—,t and that is contains equations of very high degree.
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14 Daniel Augot , Magali Bardet , Jean-Charles Faugére

4 Ideals of positive dimension

In order to remove this equations of high degree, S;-Zm —S; or Ufm — 0j, we introduce new
systems. We first study their properties, and then demonstrate on examples their practical
efficiency for the computation of a Grébner basis.

4.1 New systems and their relationships

As in Section 3, we have the two systems coming from the definitions of the locators and
from the Newton’s identities:

Si = Xjm Z} VieQ
SYNSy™mPos, J=1" ]
( ){ gj _Zl1<---<l]- le'”le VJ € []‘71}]

S,—l—Z;;ll UjSi_j—}—iO'i, i€ [1,1}]

NEwTONPOS .
( ”’{ Suti + 2y 0iSurings 1 € [L,1]

with SynSymPos, C F»[Z,,S] and NEwTONPOS, C F:[o,,S,S]. Those systems are now
of positive dimension, but we have the following new property:

Proposition 17 ([CLO97] chapter 7 §4) The elimination ideal (SYNSYMPO0s,)NF2[c,,, S]
is a prime ideal.

Starting with the system (NEWTONPOS,) we can eliminate the unknowns syndroms by
successive substitutions, to obtain the binary system

(BINU) {S, - fi(0'1, ce ,O'U) =0 Vieq
where the f;’s are the Waring’s functions (see equation 5).
Proposition 18 Those systems are related by

(BiN,) = (SYNSYMPoOs,) NFso, 5]
= (NEWTONPOS,) NF[o, 5] (5)

Proof We have

(BINU,O']' + Ell<l2<~~~<l5 Zyy -+ 'lea JE€ [I,U] )

(Si+ filo1,+500),05 + 20, clpccty Z0n -~ 2i5)

(S, =+ f,(Zl + -+ Zva .. aZI o -ZU),O']' + Zi1<---<ij Zil o Z’J)
(

(

Il

Si+Zi+- -+ 23,05+ X ctycaa; L1 Ziy)
SYNSYmPos,)

Moreover, (BIN,) is a Grébner basis for (BIN,) with respect to any lex order with S > ¢,.
Let G be a Grobner basis for (o; + le<12<___<lj Zy, -+ Zy;, § € [1,0] ) with respect to
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Efficient Decoding of (binary) Cyclic Codes using Grobner bases 15

o,, then (BIN,,G) is a Grobner basis for (SYNSYMPOS,) with
respect to any lex order with Z, > S > g, (it follows from the first Buchberger criterion,
see e.g. [CLO97]). Then by the Elimination Theorem (10), (BIN,) is a Grobner basis for
(SYNSYMPOS,) NFy[a,, S] with respect to any lex order with S > ¢,.

As (BiN,) C (NEWTONPOS,) C (SYNSYMPOS,), it concludes the proof. O

any lex order with Z, > ¢

4.2 TUnicity theorem

As in the case of zero-dimensional systems, we need to prove that the solutions are “closely
related” with the errors that occurred. The main difference is that, because we removed
the field’s equations, the set of solutions associated with the ideal contains now solutions
in the algebraic closure of Fom . The following proposition show that the parasitic solutions
(solutions in the algebraic closure not corresponding to a codeword) are well known, and
that the computations of the real solutions is still easy.

Proposition 19 (Unicity) Let S* C Fam be the syndrom of an error e € Fy[z]/(z™ — 1)
of Hamming’s weight < t.

e the specialized system (BIN,(S™)) has o unique solution (of,...,0%) and L.(Z) =

. 2 v
Z;}:o 02V is the locator polynomial of e.

e Jl(o7,...,0;) suchthat (0f,...,07,0;—y,S") € V(BIN:) and (04—v+1,S") & Ii—o1(V(BINg)).
The weight of e is therefore exactly v and E;:o 03 Z"77 is the locator polynomial L.(Z)
of e.

e if 6* = (67,...,07) is such that (6*,58*) € V(BIN;), then L.(Z) divides L(Z) =
Zj‘:o G3Z"7 and L.(Z) can be obtained considering the factors of L(Z) with odd

multiplicity and distinct from Z. More precisely, L(Z) = pi' ---pif Z® = L.(Z) =
p(el mod 2) _p(e;C mod 2)
1 k .

This means that if we compute a Grobner basis of (BIN) for a degree ordering with ¢ > S,
we will get formulas for the o;’s in terms of the S;’s of minimal degree. We expect these
equations to be of degree one, but even if they are of high degree, they have a unique root
when specialized on a syndrom.

4.3 Proof of the Unicity theorem

Lemma 20 Let e € Fy[z]/(z™ — 1) be a word such that the associated 0j’s and S}’s are
solutions of the system (NEWTONPOS,). Then the weight of e is less than v and e(x) =
E:‘;& erx” withe, =0 or 1.

Proof For the weight of e see [Aug96] theorem 2.2. Let us write e(z) = E;’I:l Yjiz' with
v' < v, the Y’s being non zero elements of Fy. As before, we denote by Zr = a'i the
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locators of e. We have the relations S} = E;"zl Y; Z;‘i, Vi € Q. From the proposition 18,
(0*,8™) being a solution of (NEWTONPOS,), we deduce that S} = fi(of,...,0%) VieQ

and then that Sf = Z{* +---+ Z" Vi € (). Hence the Y/’s and the Z}’s are solutions of
the following system of equations:

ViZi+---+YyZy =Z1+ -+ Zy
ViZi+- +YpZi =24+ Z2%

VNZY 4 4 Yy 2l =20 4+ 20

This system, viewed as a system with indeterminates the Y}’s, has a Vandermonde determi-
nant:

1 2) 11 @ - 2;) #0
Jj=1 J1<g2
Then it has a unique solution, (Y*,...,Y5) = (1,...,1). O

Lemma 21 Let S* = (S},...,S}) € F}m be the Fourier transform of a word ¢ € Ty [z]/(z™—
1), and let o* = (of,...,0%) € F, be such that (S*,0*) is a solution of the system
(NEWTONPOS,), withv < n. Let (Z},...,Z}) € Fy be the roots of L(Z) = Z¥+Y ;_, 0} ZV~".

Then the weight v, of ¢ is such that v. < v and L(Z) = L.(Z) - P(Z)? - Z* where L.(Z)
is the locator polynomial of ¢, P(0) #0 and a € N.

Proof From the proposition 5 we can write L(Z) = L.(Z)P(Z)Z* with P(0) # 0. We list
the roots Z7,...,25,...,Z;,...,Z; of L such that Z7,...,Z}, are L.(Z)’s roots, Z}, | =
co.=Zp=0(a=w—-v">0)and Z},,...,Z; are not zero. As S} = fi(o{,...,0}) (see
proposition 18) and the 0;’s are the elementary symmetric functions of the Z;’s, we have
S = E;’:l Z}‘i for 1 <i<n. But S} = E;’I:l X;' for 1 < < n, where the X;’s are the
roots of L.(Z). Then, E§=w+l Z;-‘i =0 for 1 <1 < n, all the Z;’s being non zero. From
the proposition 2 we deduce that the Z;’s, w +1 < j < v are equal by pairs and then that
P(Z) is a square. O

Proof [of the Unicity theorem| Let o* = (o7,...,0%) be such that (¢*,S*) € V(BIN,). If
we denote by Z* = (Z7,...,Z;) the roots of }7_ 07 Z*~/, then we have (Z*,0*,8") €
V(SYNSymPos,).

Let S; = i Z;' foralli ¢ Q, then (0*, 5%, S*) is a solution of the system (NEWTONPOS,)).
Applying the lemma 20 we get that the word c(z) € F2[z]/(z™ — 1) with Fourier Transform

(8*,S") has a weight < v, is in Fy [z]/(z™ — 1) and so is equal to e. Then from the lemma
21 we get that L(Z) = L.(Z) - P(Z)? - Z°.

e If v is the weight of e, then the degree of L(Z) is exactly the degree of L.(Z) and
L(Z) = Le(Z)
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o if 0* = (0F,...,0%) is such that (0*,0;_y,S*) € V(BINy), then L(Z) = Z!="Ly(Z)
with Li(Z) = Y} 5_g0;Z*77. Tt follows from P(0) # 0 that ¢t —v < a and from
(O¢—pt1,S™) ¢ Iy py1(V(BINg)) that Li(0) # 0 and so that a < ¢t —v. We have then
a=t—vand L1(Z) = L,(Z)P(Z)? with degree(L;)=v and degree(L,)> v (because

(Ot—v41,8") ¢ My—p41(V(BIN))). Then L1 (Z) = Le(Z) is of degree v.

The third point is a direct consequence of lemma 21. O

4.4 Example: the [31,16,7] quadratic residue code

The most efficient system for the formal precomputation of a Grébner basis seems to be the
system (BIN), because we do not have to eliminate the indeterminates corresponding to the
unknown syndroms.

If i € Q and 2i € () we have the relation S3; = S7 — but now we do not have the “fields
equations” so we do not have the relations S; = S? for j = 2i mod n, j # 2i. The significant
syndroms are the odd ones. For the QR Code [31,16,7], the system (BIN3) simplifies to

( Sos+ 0%5 + 0%302 +0’%20'3 +0’%10'§ +0’%00'20'3 + 0%703 + 0%70203 + 0%60303 + 0']1_60'2 + 0']1_10'20'3 +

Uioag +U?O’§0’§ —|—a‘frf§0’§ —|—0'§a'§ag +U§J§ag +U§U2a§ —I—G'ZUg +0‘?0’§0’3+0"?0’%0 —|—a‘110"2’a'3 —|—010';2 +
Ulo'go'g + 0'10'§ =+ 0%10'3 + a'gag,

S19 + 01° + 01703 + 01803 + o}t0203 + 01203 + 01302 + 0120203 + o}los + 0705 + o¥osos +
] a?(nag =+ tffog =+ a%azag =+ Ulag =+ Ultfgog =+ alag =+ 0303 =+ agag + U’%O'g,
Sg + 0’? + (7{02 + 0?03 =+ Ufa% + Ufagag =+ 0103 =+ (7102(7§ —+ 05’03 =+ ag,
Sz + UI + (7?02 + 0%03 =+ 0%02(73 + 0105’ =+ 01(7% =+ 0’%0’3,
Ss + 0} 4+ 0302 4 0f0o3 + 0103 + 0203,

\ S1+o01
Our goal is to obtain linear formulas for the ¢;’s. Theoretically we just have to compute

a Grobner basis of the previous system and we will get the formulas of minimal degree.
But any syndrom S; gives an equation of degree i, and if we take all the syndroms we get
equation of high degree (degree 19 or 25 in the preceding example), and with these high
degree equations the Grobner basis is harder to compute (in the example we were not able
to compute the Grobner basis for the ideal with the equations coming from Sig or Sas).
In practice, it is very often possible to obtain a similar result (equations of degree 1) using
fewer equations. In our example we consider only the syndroms S;, S5, S7, S and we get
linear formulas for the o;’s, as:

03(0'2 + 512) + U%Sl + O'QSf + S5 + S? or o357+ UQS]S_ + S9S1 + Sg

Actually the Grobner basis is quite large, and can not be printed here. For the Lex order
01> 03 > 09 >S9 > S7 > S5 > 51, it contains 32 polynomials, with degrees up to 88 and
containing up to 234 terms. We remark that the ideal contains the relations obtained by
hand in [RYT90], and precisely, these relations are obtained automatically as elements of
the Grobner basis, using the above ordering. We also remark that the linear formula (15)
given in [RYT90] for o9 is false, the true one being
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02(89S7SF + SoS1° + 8785 + S7S} + S7SESF + 5751 + SEST + S1°) + S5ST + SeS1? +
82 + 875557 + 878587 + S7S1* + 5551 + S3S1*

However, the Grébner basis contains many formulas of degree one in the o;’s. For
decoding, the aim is to have only one formula for each o;. The idea is to extract from the
Grdébner basis a triangular system with the same solutions.

The ideal considered here is a prime ideal, and so we have the following property:

Theorem 22 ([Aub99] pp. 65) Let G be a Grobner basis of an ideal J C k[X] with
respect to a monomial ordering <. The main variable of a polynomial p, main(p), is the
greatest variable appearing in p. The initial of p is the greatest coefficient of p viewed as an
uniwariate polynomial in main(p). A subset T of G is a triangular set extracted from G if

e main(T) = {main(t),t € T} = main(G),

e For all v € main(G), the polynomial T, € T with main(T,) = v has the smallest
degree (in v) inside G, = {p € G, main(p) = v}.

Let T be a triangular set extracted from G, then
J=(T:h*°)={pek[X] : Ine N, h"pe(T)}
where h is the product of the initials of the polynomials in T, and
V(J)={z €k : VpeT p(z) =0 and h(z) # 0}

for the Zariski topology.

Thus the theorem indicates that all the triangular sets behave in the same way with respect
to the zeros of the original ideal. In practice, we do not know how to pick a triangular set
which describes all the solutions of the decoding problem: it may happen that an equation
of degree one may be chosen, and that its initial vanishes on some syndrom (but in this case
the number of syndroms for which the initial vanish is negligible).

One solution is to prove by exhaustive search on all the possible syndroms that the
initials do not vanish on all syndroms corresponding to errors of weight 3. This is also the
solution adopted by the authors in [RY'T90] to verify that the initials of their formulas are
not zero when specialized on syndroms. This may seem to be a limiting factor when the
length and the error capacity grow, but in next section we will see that the true limiting
factor is the Grobner basis computation by itself.

Indeed, after an exhaustive search, we are able to give the following system of three
polynomials, which solve the decoding problem for the QR code of length 31, for words of
weight 2 or 3:

o1 + 51,

o3(o2 + S}) + 0351 + 0257 + S5 + 5%,

02(S9 5753 + 89510 + 5255+ 5257 + 575257 + 57512 + 8257 + 519) + 8253 + 59 512 +
S2 + 528557 + 5789557 + 5751 + 528, + 82511

If the last equation is zero, then the error has a weight 0 or 1, we have 02 = 03 =0 and
the first equation gives the value of o.
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4.5 Size of formulas

The next binary quadratic residue code is the [41,21,9] QR code, which can correct up to
four errors. The odd syndroms are {1, 5,9, 21,23, 25,31, 33,37, 39}. When trying to compute
a Grobner basis of the system (BIN4), we were not able to get the result. So we tried to
remove equations of high degree. The experience has shown that either the Grobner basis
could not be computed, either o4 appeared as a free variable (when too much equations
were removed).

So we generalize the method from [RTCY92]: —1 is a quadratic residue modulo 41, so

we get the relation o3 = Sy04. More generally, let us define ZJ- = Zj_ v S; and ; to be
respectively the syndroms and elementary symmetric function associated with the Z ;- Then
the following relations hold: S; = S,_;, and 0; = 6,6,_; (in this example v = 4). Then

Si = fio1,.100) = Snei = fai(@r, - 50) = Fami( ot )

Oy Oy

the f;’s being the Waring polynomials. Clearing out denominators in (4.5) gives a formula
03*"8@- =fn,i(01,...,dv) (6)

which has degree n — i + 1 instead of i. In our case, we deduce the relation Szgoj +
0} + 030503 + 030201 + 0303 + 040302 + 030301. In what follow, we use the notation
BIN, (El,EQ) = {S“ - fi1 (QU),il S E1} @] {aﬁ*“S@ — fnfiQ (gv),iz (S EQ}. The syndroms
{1,5,9,36,40} gives the system Bing ({1, 5,9}, {36,40}):
1+ 01,
Sy + 0’? + 051302 + afag + Ulag + 0104 + 0203,
So + G? + Ufag + 0'?0'3 + U?a% + 051”04 + 0‘110203 + a%a304 + 0103 + 010304 + 0102032, +
Jlaf + 0303 + Ug,
S360'2 + 010203 + olagaz + Ugagaf + 020304 + Uj;,’ + 0302,
S4004 + 03
We can eliminate the variables o; and o3 with the first and the last equations. Unfor-
tunately, the Grobner basis of the remaining system could not be computed. In another
way, considering both systems {gs, g9} and {gs, 936} (where g; is the equation for the syn-
drom S;) we could computed the Grobner bases of each of these systems for the lex order
o9 > 04 > Si9 > Sz > S9 > S5 > S1. We obtained the two following polynomials for o4:
Psg = (S3055 + S3057 + SioSt + S3053)os + (S19553 + 51058 + S3,5T + S3,5551 +
S10S5+S1)0d+ (5305052 + 5305251+ S2,510) 7% + (S350 55+ 5295251 + 5205550+ 52,511 +
S4()SgSi1 + S4055Sf + 5405113 + SgSIQ)O'Z + (5405955513 + S405535% + S4()S55112 + S4()Sll7 +
SoST + 5258 + 85911 + S18)0y + S2S7 + SoSit + S2 + 82510 + S55]5 + S0
Ps 36 = (S1057 + 53051 + S5+ S1053651 + 530936 + 53657 )04 + (S50ST + Si0S: + 55051 +
Sio + Si0S36S1 + S1053657)03 + (5505551 + S50S5 + S10536SF + S3657)07 + (5405555 +
S305% + 83,57 + 52,8551 + S10S7 + St)os + 82,52 + 52,510 + S40S5S; + S40S7 + 8553 + SF
A linear formula for o4 is simply obtained by computing a formal greatest common
divisor of those two polynomials considered as polynomials in 4. This formal ged could be
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computed using Magma and the result is a linear polynomial in ¢4, which coefficients are
polynomials in S7, S5, Sg, S36, 5S40 of total degree 170, and with 29828 terms.

This indicates that, in general, the size of the linear formula with formal parameters
is very big, and even if it could be obtained, it would be useless for decoding, since its
evaluation on syndroms would have a cost corresponding to its size. Thus the idea of doing
precomputation of formal Grébner basis is not relevant for effective decoding of cyclic codes.

5 Practical decoding

5.1 Effective online decoding

We turn back to the original approach of [CRHT94c, CRHT94b|, and consider in this Section
online decoding. For each word e we construct the system BIN(S*) or NEWTONPOS(S*)
and compute its Grobner basis over Fam. The system has a unique solution (cf. Unicity
Theorem 19), and it turns out that formulas of degree one are obtained (but we did not
proved that there is no multiplicity). This means that the Grobner basis has in practice the
shape

o1+ 07

o9 + 05

BIN(S™) : (7)

oy + 0}

where the o} are the actual coeflicients of the locator polynomial.

We use a general method for solving systems with parameters. The Specialization Theo-
rem tells us that the result of an online Grébner basis computation over Fom is the special-
ization of the formal Grobner basis over 5. It seems that when the size 2™ of the finite field
is large enought, this property extends to the fact that all steps of the computation of the
specialized basis are the specialization of all steps of the computation of the formal basis.
In other words, it seems that the behavior of the Grobner basis computation is the same for
all the possible values of the syndroms, provided that it corresponds to an error of a given
weight. We use this remark to drastically reduce the complexity of the online computation
(we gain a factor 1000) when the underlying field 2™ is large enought.

We describe the method in the particular case of the F4 algorithm ([Fau99]), because this
is the one we use in practice, but it also applies to any other algorithm. The F4 algorithm
uses the correspondence between polynomial algebra and linear algebra. It constructs several
matrices from polynomials, and uses linear algebra to compute the Row Echelon form for
each of these matrices (see [Fau99] for more details).

Considering the computation of a Grobner basis of BIN(S} ) for a given error eg of
weight vg, we can record the trace of the computation (in our case we record the trace of
the construction of all the matrices, as a compiled C program). Now let e be another error
of weight vy, we can run the C program on the syndroms of e. It successively constructs
matrices, in the same way as for eg, and perform linear algebra on it, as for eg. The fact that
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experimentally we always obtain exactly the Grobner basis of BIN(S?*) comfort the idea that
the Specialization Theorem extends to all steps of the computation. These considerations
justify the following algorithm:

¢ PREPROCESSING: compute a Grébner basis for BIN, (S},) for a randomly chosen error
eo of weight v, and record the trace of all linear algebra computations performed (for
instance as a C program).

e DECODING: for an error e, execute the C program on BIN,(S¥) and get the values of
the o;’s.

Remark 23 If I, = BIN(S?), the linear algebraic operations performed during the execu-
tion of the C program correspond in terms of polynomials to operations in the ideal I, i.e.
all the polynomials obtained are in I,. If we get a result G = {go, .. ., gs} from the execution
of the program, then we are sure that g; € I, for all i, and that the solutions are such that
V({go,---,9s)) D V(I). If the system G has only one solution, then it is the solution of I.
If V({go,-..,9s)) contains more than one solution, we know at least that the solution of I,
is one of the solutions of V' ({go,- .-, gs))-

The benefits of using such a C program instead of using a generic algorithm for com-
puting Grobner basis is the gain in efficiency. Indeed, the C program only performs linear
algebra operations, in a prescribed manner. Using an analogy, it is the same as perform-
ing a Gaussian elimination with all the pivoting elements and the row operations known in
advance.

Let us note that the execution of the C program succeed only if the error e has the
same weight v as ep. For a given code C correcting ¢ errors, a decoding algorithm consists
in ¢t programs Py, ..., P, one for each possible weight. To decode, execute the programs in
sequence, starting from P; to P, until the resulting system does not contain 1. Note that
now, contrarily to the computation of a Grébner basis using a general algorithm, we are able
to predict the time needed for the decoding. As we only perform linear algebra, we can give
explicitly the number of arithmetic operations in the field Fom that are needed to decode a
word.

Indeed, the set of solutions of the system BIN,(S*) is the set of all the errors of weight
less then or equal to v which have S* as syndroms. As long as there exists only one error
of weight less than v with syndroms S*, this error can be decoded, even if v is greater than
t the correction capacity of C. In the other cases, this enable to do list decoding up to the
weight v. The size of the list is not known, and may be large. Note also that the complexity
of the Grobner basis computation increases with the size of the list. We illustrate this
result with the [31,16,7] QR code: we made an exhaustive search for all errors of weight 4
(there are 31465 of them). As we can see in Figure 1, 31% of these errors of weight 4 can be
decoded (i.e. there is a single codeword at distance less then or equal to 4), and for 4.9% of
the errors of weight 4 the set of solutions of BIN4(S™) contains one solution of weight 4 and
one solution of weight 3. It is always a list of size at most 5.
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% of errors having ng (resp. n4) solutions of weight 3 (resp. 4)
(n3,na) | (0,1) | (0,2) | (1,1) | (0,3) | (1,2) | (0:4) | (1,3) | (0,5) | (1,4)
31% | 29,60 | 4,94 | 14,84 [ 5,9% | 5,9% [ 444 | 1,54 20k

Figure 1: Decoding the errors of weight 4 for the QR code of length 31.

4 k d t weight of | number number of tests
errors of x | giving ¢ solutions
i=1 i=2
93 | 175 | 95 | 47 48 21627710000
49 216.7 | 10000
50 217-6 1 10000
51 224.0 | 10000
o1 | 184 | 91 | 45 16 2159 100
47 216.1 100
48 216.4 100
49 2214 100
50 226.7 100

Figure 2: Decoding BCH Codes [511, k, 8], correcting t = | 41| errors, above ¢

5.2 Results

We present here results for some selected codes. For each code, we give the number of
multiplications (x) in the field Fom that occurred during the execution of the C programs.
Note that the number of multiplications gives a better complexity’s measure than the time:
it neither depend on the computer used, nor on the finite field implementation. To give
an ordre of magnitude, for the field Fs;2, 1 second corresponds approximatively to 2!9-3
multiplications.

Figure 2 presents the decoding of two BCH codes of length 511, with designed distance
93 and 91, above their correction capacity. We are able to decode far beyond the correction
capacity of the code: for instance, for the BCH code [511,175,93] the true minimum distance
is 95, hence it corrects 47 errors, but we are able to correct up to 51 errors. Figure 3 shows
decoding algorithms for some QR codes (for which no decoding algorithm was known before).

We compare finally in Figure 4 two codes of length 75 : the BCH code [75,31,7] and a code
of type [75,33,7] and defining set {1, 3,25} which does not belong to a known class of codes.
Our decoding method is independent of taking the code in a specific class. Any cyclic code
can be decoded in the same way. We chose a code which is better than the corresponding
BCH code (it has the same length, the same minimum distance, but its dimension is smaller,
and it behaves a little better above 4 errors).
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n d | Field | weight of number number of tests giving ¢ solutions
errors of x 1=1 1=2 | 1=3|t1=4|1=5 oo

41 9 220 2-3 27-% 1000

4 288 1000
73 | 13 2° 2-3 | 253 — 267 | 10000

4 29371710000

5 210271710000

6 21531710000

7 221.5 9837 163

8 2243 8530 | 1346 108 2 1|13
89 | 17 | 2™ 1-3 2591710000

4 293 110000

5 21337110000

6 217371710000

7 221271710000

8 276.2 9996 4
113 | 15 | 21T 1-3 27 | 10000

4 294110000

5 212771710000

6 2129110000

7 220-0 1710000

8 223.4 9996 4

Figure 3: Decoding QR Codes [n, 241, d].

Code weight of time number of tests giving ¢ solutions
errors (seconds) | i=1 2] 3] 4] 5] 6] 8]12]
BCH 1-3 0 | 10000
[75,31,7] 4 | 26 to 2108 9940 53 7
5 211-3 | 9375 | 533 45 | 23 | | 23
Random code 1-3 0 | 10000
Q= {1,3,25} 4 26 t0 210 | 9940 | 53 7
[75,33,7] 5 2107 1 9618 | 344 35 2
6 2159 | 8823 | 882 | 70 | 91 | 30 |54 | 16 | 3| 31

Figure 4: Decoding the BCH Code [75,31,7] and a code with @ = {1,3,25} and type
[75,33,7].
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6 Conclusion

We have studied the decoding of cyclic codes using Grobner bases. After reviewing existing
methods in the literature, we have introduced new systems, which behave better with respect
to the complexity of Grobner bases computation. Those new systems and progress in the
field of computer algebra enables to consider longer codes. We have indicated that there
are little hope to get formulas for the algebraic decoding of quadratic codes: for example
computations become intractable for the [41,21,9] quadratic residue code.

Still, we have shown that it is reasonable to perform online Grébner bases computation,
one for each word to be decoded. We get practical results for many cyclic codes. This uses a
technique where, after a reasonable amount of preprocessing, a small and efficient program
can be constructed for decoding. Examples have been given, including a BCH code of length
511 and a random code of length 75.

We have noted that this techniques holds for any cyclic code, and show how to use these
techniques to decode above the error correction capacity, enabling list-decoding of cyclic
codes. This topic may be perhaps further studied.
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