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±²��³�´�v {yj)t*h�l��*t*«����µ{]¨
lU¶�z|�*t*z�r��}�L§|{y�Nw]§%w]r��·§|{dx�w]§
¨¸{yv*j�w]§�z|�*jm��� ® l���v {y�&{L� lZwar�l ® ¨¹v�w]jml ® {yv*º»t*hNw]t~«�r�z½¼Nl@�¾wa§Pw]v*�l¿ru«�j;�&lkvD{]¨���v lk©Àz|{y«��
jmlkt*h�{d��� ® z�t*h�z�r»w��lkr�lkv*z|x�§|{Àx�w]§S¨¹{yv*j�«�§Pw]t*z|{yrc³}��r·{yr�lmhNw]r��Á�$v l@�*«�§�t*z�r��Âl@Ãu«Nw]t*z|{yr���w]v l
jm{yv lZwy��w]��t l@�Ät {·w]rNw]§��À¬�l¿t*h�l¿§|{dx�w]§Å�l@{yjmlkt*v*z|xZ�&lkhNw@©dz|{yv �m{]¨�t*h�l���z½Æ"«�� z|{yr.��v {Àx@l@� ��l@��³
��r·t*h�l�{yt*h�lkvÇhNw]r��Á�<z�t;x�w]rµ�&l~«�� l@�µt {}��l@�*z��Lrew�r�l ® v lk�L«�§Pw]v*z�¬w]t*z|{yr»�E��°At*hNw]tÇt�w]ºl@�
z�j~�&{yv*t�w]rutÈ§|{dx�w]§��*jm{d{yt*h�z�r�����v {y�"lkv*t*z|l@�Èz�rÀt {Zwyx@x@{y«�rut�³~ÉÀ�"l@xkz½¼Nx�rÀ«�jmlkv*z|x�w]§S� x�h�lkjml@�Çw]v l
w]§|��{¿rNw]t*«�v�w]§�§��alkjmlkv*�Lz�r���¨¹v {yj�t*h�z|��¨¸{yv*j;«�§Pw]t*z|{yrc³m´<z�rNw]§�§��� ® l�z�§�§�«��*t*v�w]t l~t*h�l~x�w]�Nw]��z�§�z�ts�
{]¨Å{y«�v�w]����v {wyx�het {}��l�w]§ ® z�t*hexk§Pwy� � z|x�w]§Ez�j�w]�lm��v {dx@l@� �*z�r��Êw]����§�z|x�w]t*z|{yr���<� «�x hewy��x@{y§|{yv
z�j�w]�lÇv l@�*t {yv�w]t*z|{yrc��z�r��Nw]z�rÀt*z�r�����j�w]�Lr�z½¼Nx�w]t*z|{yrËw]r��¾ÌN{ ® ©dz|�*«Nw]§�z�¬w]t*z|{yrc³
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x�w]«�¶Zlkt��L§|{y�Nw]«�¶}Ãu«�z�lU¶�z|�*t lkrÀt���� �����"{y«�v�t*v�w]z�t lkv�x@lÈts�À�&l;��lÇ��v {y��§|ikjmlL�Nr�{y«�����v {y�"{L��{yr��
«�r�l�r�{y«�©lk§�§|l�©dz|�*z|{yrÊ«�r�z½¼Nx�w]t*v*z|x@l~��l@�È°S��� ��l�§�z|� ��w]�lL�&ÃÀ«�z¦�"lkv*jmlktÈ�Á±²lU¶���v*z�jmlkvÈw�©l@x�«�r
¨¸{yv*j�w]§�z|�*jmlÊx@{yj~j;«�r §PwË��§�«��Nw]v*t¿��l@���@ÃÀ«Nw]t*z|{yr��D��l}v �k�L«�§Pw]v*z|��w]t*z|{yr lU¶�z|�*t�w]rÀt l@��³ ��± «�r�l
�Nw]v*t��"§|l@���@ÃÀ«Nw]t*z|{yr���v �@�*«�§�t�w]rut l@�È� {yrÀt�j~z|lk«�¶awy��w]��t �@l@���"{y«�vÇw]rNw]§���� lkv�§|l�x@{yj~�&{yv*t lkjmlkrut
��@{yjm�kt*v*z|ÃÀ«�l�§|{Àx�w]§¦��l@����v {dx@l@� �*«�����l;��z½Æ&«��*z|{yrc³���± w]«�t*v l��Nw]v*t��"x@lÇ¨¸{yv*j�w]§�z|�*jml��"lk«�t�kt*v l
«�t*z�§�z|���%�"{y«�v�x@{yr�x@lk©{yz�vE«�r�l%r�{y«�©lk§�§|lÅ°E���e��l v �k�L«�§Pw]v*z|�Hw]t*z|{yrm©l@xkt {yv*z|lk§�§|lL�ÀÃÀ«�z��"{L��� i@��l%��l@�
��v {y��v*z|�kt �@����l~§�z|� ��w]�lm§|{Àx�w]§|l@�Èz�rÀt �kv l@� ��w]rÀt l@��³D��l~��§�«������l@�;��x h��kj�wy�ÇrÀ«�jm�kv*z|Ãu«�l@���*�&�@xkz½�
¼NÃÀ«�l@�<�kjmlkv*�lkrut¦rNw]t*«�v lk§�§|lkjmlkrutE��l x@lEr�{y«�©l�w]«�¨¹{yv*j�w]§�z|� jmlL³$´<z�rNw]§|lkjmlkrut��r�{y«���z�§�§�«��*t*v {yr��
§|l@����z½Æ&�kv lkrÀt l@���"{L���*z���z�§�z�t �@�;{]ÆÁlkv*t l��Nw]v�r�{yt*v l�r�{y«�©lk§�§|l¿w]����v {dx h�lL�¦�&{y«�v;§4± w]����§�z|x�w]t*z|{yr��
��l�r�{yj���v lk«�¶µ��v {y��§|ikjml@����lmt*v�w]z�t lkjmlkrut��Á± z�j�w]�l@�;¨4w]z|��w]rutÇz�rÀt lkv*©lkr�z�v���l@�;��v {Àx@l@� � «��È��l
§�z|����w]�lL��x@{yj~jml��Nw]vÈlU¶�lkj~��§|l;§Pw�v l@�*t�w]«�v�w]t*z|{yrµ�Á± z�j�w]�l@�Èx@{y«�§|lk«�v ���"§|l¾±²p r��Nw]z�rÀt*z�r���±�� v lkj��
��§�z|����w]�lÈ��lÈt*v {y«��
��w]r���§4± z�j�w]�l��U��§4± z�rut lkv*�&{y§Pw]t*z|{yrc��lkt�§Pw�©Àz|�*«Nw]§�z|�Hw]t*z|{yr}��l�ÌN{yt ��³
� Ò  �� Ð ¤�� � � ¥ °E���B��lZ��z½Æ&«��*z|{yrc�¯v lk�L«�§Pw]v*z�¬w]t*z|{yr �Á± z�j�w]�l@��j�«�§�t*z�©yw]§�«��@l@���%��@{yjmlkt*v*z|l
§|{dx�w]§|lÈ��l@�
z�j�w]�l@�
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w]r��¾x@{yv*r�lkv � �¹��z|� x@{yrut*z�rÀ«�z�t*z|l@��{]¨ct*h�l��*z��LrNw]§ �U�dhNwy�¯{y�&lkr�l@�Dr�l ®
® w@���St {;hNw]r���§|l�xk§Pwy���*z|x�w]§Nz�j�w]�l���v {Àx@l@� � z�r��;z|� �*«�l@��� v l@�*t {yv�w]t*z|{yrc��� lk�Ljmlkrut�w]t*z|{yrc��v lk�Lz|� t*v�w£�
t*z|{yrc��lkt xL³ �U³�g%hÀ«�����j�w]ru�¾v lk�L«�§Pw]v*z�¬w]t*z|{yrÊ��x h�lkjml@�%hNw@©l��&l@lkr���v l@� lkrÀt l@��� {�¨¸w]v%z�r¿t*h�l�§�z�tª�
lkv�w]t*«�v lL�À�Nw]v*t*z|xk«�§Pw]v*§��m¨¸{yvEt*h�l�x�wy� l�{]¨
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I : Ω ⊂ R
2 → R

�WV!XL�OX�P��YX�Z��u�<P
[
w]r��Zv lU¨¹lkv lkr�x@l@�Åt*h�lkv lkz�r �U³
°�¶dt lkr��*z|{yr��¿{]¨Çt*h�l@� law]§��{yv*z�t*h�jm�¿t {]\�������
	��D\8�
�����^�_"`��������4

I : Ω → R
n hNw�©la�"l@lkr2v lU�

x@lkrÀt*§��·��v {y�&{L� l@�Á��§|l�wy��z�r��Ët {ajm{yv l¿lk§Pw]�"{yv�w]t l@�.��z½Æ&«��*z|{yr.�E��°
±²�ba¾wc���<��dO��",'e�gfU�T�&(B����'
",�������h��+ �
'�'N���i4Çw]���&l�w]v �%z�r¾t*h�l�l@ÃÀ«Nw]t*z|{yr����dt*h�v {y«��Lh�t*h�l�x@{yr��*z|��lkv�w]t*z|{yrZ{]¨<w��R�j���
�K\�^�����
	
�e�^�
�.�T�&	�ky�À�Lz�©lkr¾�"{yz�rÀt ® z|� l��u�~t*h�l�� �"l@xkt*v�w]§Nlk§|lkjmlkrÀt �

λ+, λ−
� �"{L� z�t*z�©l
lkz��lkru©Lw]§�«�l@� � w]r��

θ+, θ−
�¹{yv*t*h�{y�{yrNw]§Ålkz��lkrÀ©l@xkt {yv � ��{]¨%t*h�l

2 × 2
�*�dj~jmlkt*v*z|xDw]r��e� lkj~zS�&{L�*z�t*z�©lU� ��lU¼�r�z�t l

j�w]t*v*z½¶

G =

n
∑

j=1

∇Ij∇ITj
�¸w]§|��{�x�w]§�§|l@�l4��&	��m���&�e	��S�D��'�4��
	nV �L���c����c�<P��cnL�[ �U³~g%h�l

λ±
v l@�*�&l@xkt*z�©lk§��Ë��lU¼�r�l~t*h�l~§|{dx�w]§

j~z�rOo£j�w£¶.©l@xkt {yvª�4©Lw]§�«�l@� ©Lw]v*zPw]t*z|{yr���{]¨
I

z�r x@{yv*v l@�*�&{yr���z�r��e� �Nw]t*zPw]§���z�v l@xkt*z|{yr��
θ±

� z4³²lL³
t*h�l�§|{Àx�w]§S�l@{yjmlkt*v*�·{]¨Åt*h�lmz�j�w]�l���z|��x@{yrut*z�ru«�z�t*z|l@�³ � r�{yt lmt*hNw]t

λ+ = ‖∇I‖ w]r��
θ+ =

∇I/‖∇I‖ p �
	q4T���<�R�
	r"`�����e��4U�
n = 1

�U³
�Ev {y�"{L� l@� v lk�L«�§Pw]v*z�¬w]t*z|{yr � x h�lkjml@�D�lkr�lkv�w]§�§��Ä§�z|l}{yr {yr�l}{]¨Èt*h�l@� l}t*h�v l@l�¨¸{y§�§|{ ® z�r��.w]���
��v {wyx�h�l@����v lk§Pw]t l@�Zt {~��z½Æ&lkv lkrÀt�z�rut lkv*��v lkt�w]t*z|{yra§|lk©lk§|�ha

XL³ts �vu�¤L jw Ò u�¢ ���xw&uvw �cw,y¢� jw Ò u aË��lk�L«�§Pw]v*z�¬@z�r��Äw]r z�j�w]�l
I

j�w��Ä�&l}� l@lkr wy��t*h�l
j~z�r�z�j~z�¬w]t*z|{yr2{]¨ÈwÊ¨ «�r�xkt*z|{yrNw]§

E(I)
jml�wy� «�v*z�r��·wa�L§|{y�Nw]§Åz�j�w]�l�©yw]v*zPw]t*z|{yrc³»g%h�l

z|��l�wDz|��t*hNw]tÈj~z�r�z�j~z�¬@z�r���t*h�z|��©Lw]v*zPw]t*z|{yr ® z�§�§<Ì�w]t*t lkrËt*h�l�z�j�w]�lL�&t*h�lkrÂv lkjm{©l�t*h�l
r�{yz|� lÈ�Lv�wy��«Nw]§�§��)a

min
I:Ω→ z n

E(I) =

∫

Ω
φ(N (I)) dΩ

�WX��
® h�lkv l N (I)

z|�;w¾r�{yv*j8v lk§Pw]t l@�Ët {)�!�����
�%z�j�w]�l�©Lw]v*zPw]t*z|{yr���w]r��
φ : R → R

z|�Çw]r
z�r�xkv l�wy�*z�r��Å¨¹«�r�xkt*z|{yrc³¦��r�lS{]¨ t lkr;x�h�{À{L��l@� N (I) =

√

λ+ + λ−
¨¸{yvÁ©l@xkt {yvª�4©yw]§�«�l@�;z�j��

w]�l@��³�g%h�lkrc��t*h�l�j~z�r�z�j~z�¬w]t*z|{yr�z|�¯�"lkvª¨¸{yv*jml@�¾t*h�v {y«��Lh}w;�Lv�wy��z|lkrÀt
��l@� x@lkrut �¹�E��° �U�
x@{yj~z�r���¨¹v {yj t*h�l�°�«�§|lkvª�D{�w]�Lv�w]r��l~l@ÃÀ«Nw]t*z|{yr���{]¨

E(I)
³ � {yv*v l@�*�&{yr���z�r��Dv lU¨¸lkv lkr�x@l@�

¨¹{yvÅ©l@xkt {yvª�4©Lw]§�«�l@�Zz�j�w]�l@��x�w]rZ�&l�¨¹{y«�r��¿z�rxV ���KX����KX�d�|X�Z����mX���Ln��N��j[ �
��³�} w`~ Î ¡� Î u�¤ Î Î%�|� ¡ Î ���jw Ò u$� a 	 v lk�L«�§Pw]v*z�¬w]t*z|{yr ��v {dx@l@� ��j�w@�.�&l}w]§|� {·��l@� z��Lr�l@�

jm{yv l
§|{dx�w]§�§���Àwy�St*h�l���z½Æ&«��*z|{yr�{]¨Á��z½¶�lk§N©yw]§�«�l@���u©Àz|l ® l@�¾wy�Sx h�lkj~z|x�w]§&x@{yr�x@lkrut*v�w]t*z|{yr��

�:���<�m�T�����
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V �<P���X<XT[�w]r�� ��v*z�©lkr �u� w
2 × 2

�
" � �e4�"��
' �D��'�4��
	
D

�¹� �Àj~jmlkt*v*z|xaw]r�� ��lU¼�r�z�t lU�
�"{L� z�t*z�©lÈj�w]t*v*z½¶ � a

∂Ii
∂t

= div (D∇Ii) (i = 1..n)
�¸� �

p t$z|���lkr�lkv�w]§�§���wy� �*«�jml@�;t*hNw]t$t*h�l¯�*�&l@xkt*v�w]§dlk§|lkjmlkrÀt ��{]¨
D

�Lz�©lSt*h�l t ® { ® lkz��Lhut �Ew]r��
��z�v l@xkt*z|{yr��¦{]¨�t*h�lE§|{dx�w]§À�*jm{d{yt*h�z�r����&lkvª¨¸{yv*jml@�;�À� �¸� �U³

D
z|��t*h�lkr�� �"l@xkzPw]§�§��Ç��l@�*z��Lr�l@�

¨ v {yjBt*h�l
�*�&l@xkt*v�w]§Nlk§|lkjmlkrut �¯{]¨"t*h�l��*t*v*«�xkt*«�v l
t lkr�� {yv
G

z�r�{yv ��lkvEt {;w]r�z|��{yt*v {y��z|x�w]§�§��
�*jm{d{yt*h

I
� ® h�z�§|lÈt�w]ºdz�r��~z�t �Åz�rÀt*v*z�r��*z|xÈ§|{dx�w]§"�l@{yjmlkt*v*�¿z�rÀt {�wyx@x@{y«�rut��N��v l@� lkv*©Àz�r��~z�t �

�L§|{y�Nw]§c��z|� x@{yrut*z�rÀ«�z�t*z|l@��³
	�ru� ® w��� ® l ® z�§�§c� h�{ ® z�r¿t*h�z|�%�Nw]�"lkvÅt*hNw]t%t*h�l�z�rut lkv*��v lkt�w£�
t*z|{yr}{]¨¦t*h�lÇ�E��° �¸� � z�rZt lkv*jm��{]¨<§|{dx�w]§��*jm{d{yt*h�z�r��mz|�År�{yt
� {~{y�À©Àz|{y«��³

n�³�� ¡
w Î u"  Î Ó	�E¢ � �f¢�¤ewf¢�u$� a��y� z�j�w]�lDv lk�L«�§Pw]v*z�¬w]t*z|{yr»j�w@�Ë�&l�¼�rNw]§�§��µ� l@lkrewy�;t*h�l
� «�¶�t�w]�&{L�*z�t*z|{yr¾{]¨ct ® {b�
	�"��T'Y�D�^��
�/ +m�^�%�� �<( 4U�À§|l�wy��z�r���t {

1D
�uw]«�� �*zPw]r¿�*jm{À{yt*h�z�r��

��v {Àx@l@��� l@�Èw]§|{yr��¿{yv*t*h�{yr�{yv*j�w]§E��z�v l@xkt*z|{yr��
u⊥v

� ® z�t*hË��z½Æ&lkv lkrÀt ® lkz��Lhut �
c1

w]r��
c2V!Xk�N���L�����L������8[@a

∂I

∂t
= c1

∂2I

∂u2
+ c2

∂2I

∂v2
= c1 Iuu + c2 Ivv

�¸n �

{Áz�ºl���z�©lkv*�lkr�x@l¾lU¶���v l@� �*z|{yr����$t*h�l��*jm{d{yt*h�z�r�� ® lkz��Lhut �
c1, c2

w]r��µ��z�v l@xkt*z|{yr��
u,vw]v l���z�v l@xkt*§��Ê��l@�*z��Lr�l@�Ê¨¹v {yj t*h�l��*�&l@xkt*v�w]§<lk§|lkjmlkrÀt �

λ±
w]r��

θ±
{]¨

G
�"z�rÂ{yv ��lkvÈt {

�"lkvª¨¸{yv*j l@���lU�4��v l@� lkv*©dz�r��¿�*jm{À{yt*h�z�r����Nj�w]z�r�§��}w]§|{yr��mt*h�l;��z�v l@xkt*z|{yr
θ−

{yv*t*h�{y�{yrNw]§
t {~t*h�l�z�j�w]�lÇ��z|� x@{yrÀt*z�ru«�z�t*z|l@��³

g%h�lÂ§�z�r�º �&lkt ® l@lkr�t*h�l@� lÂt*h�v l@la¨¸{yv*j;«�§Pw]t*z|{yr��Êz|�¿�lkr�lkv�w]§�§�� r�{yt�t*v*z�©dzPw]§4��l@�*�&l@xkzPw]§�§�� ¨¸{yv
©l@xkt {yvª�4©Lw]§�«�l@�¾z�j�w]�l@��³�	Åxkt*«Nw]§�§���dz�t¯z|� ® lk§�§&ºÀr�{ ® rD¨¸{yvSt*h�l�xk§Pwy� � z|x�w]§"x�wy� l�{]¨

φ
�¸¨ «�r�xkt*z|{yrNw]§

v lk�L«�§Pw]v*z�¬w]t*z|{yra{]¨ 4T���
�!�
	�z�j�w]�l@� �
n = 1

�U³Epsr�t*h�z|��x�wy��lL��t*h�lÈt*h�v l@l�¨¸{y§�§|{ ® z�r��¾w]����v {wyx�h�l@�
w]v lÈl@ÃÀ«�z�©Lw]§|lkrutra

(1) min
I:Ω→ z

∫

Ω
φ(‖∇I‖) dΩ � � �

⇒ (2)
∂I

∂t
= div

(

φ
′

(‖∇I‖)
‖∇I‖ ∇I

)

⇒ (3)
∂I

∂t
=
φ

′

(‖∇I‖)
‖∇I‖ Iξξ + φ

′′

(‖∇I‖) Iηη

® h�lkv l
η = ∇I/‖∇I‖ w]r��

ξ⊥η ³���{yt l�t*hNw]t~t*h�z|��v lk�L«�§Pw]v*z�¬w]t*z|{yrÄ§|l�wy����t { �
'�"`4T�%�&	W��d "&�
4������<�,+�",'e� � z�r2t*h�l}� lkr�� lZt*hNw]tDz�tDz|�m�&lkvª¨¹{yv*jml@� z�r ��v*z�©dz�§|lk�l@�2�*�Nw]t*zPw]§���z�v l@xkt*z|{yr�� ® z�t*h

���v�����



���������
	�����
�����������������������
� �!�
	�"$#��%�&"&�
')(*"&�,+.-0/21.3 4 �

��z½ÆÁlkv lkrut ® lkz��Lhut � �U����l@� ��z�t l�t*h�l�z|� {yt*v {y��z|x��*hNw]�&l�{]¨$t*h�l�x@{yv*v l@� �"{yr���z�r��~��z�©lkv*�lkr�x@lU�4�Nwy� l@�
t lkr���{yv

D = φ
′
(‖∇I‖)
‖∇I‖ Id

³

psrZt*h�z|���Nw]�"lkv�� ® lÇ��v {y�&{L� l�w ® w@��t {~¼�r��}�*«�x�hÊl@ÃÀ«�z�©yw]§|lkr�x@l@�
¨¹{yv
t*h�l;jm{yv lÈ�lkr�lkv�w]§¦x�wy� l
{]¨r\�^�����
	��D\�
� ���^�c	����
� �R�
	�"$#��<�&"��
'N³��µlDt�wyx ºd§|l¿l�wyx h.{]¨�t*h�l@� l¾t*h�v l@lDz�rut lkv*��v lkt�w]t*z|{yrÄ§|lk©lk§|�
�WX��U� �¸� �U� �¸n ��z�rÄz�t ��jm{yv l��lkr�lkv�w]§Å¨¸{yv*jZ�¯w]r�� ��lkv*z�©l¿t*h�lZx@{yv*v l@�*�&{yr���z�r��·l@Ãu«Nw]t*z|{yr��³��µl
�Nw]v*t*z|xk«�§Pw]v*§��¿�*h�{ ® t*hNw]tÅt*h�l�{yv*z|lkrÀt l@�d�D{�w]��§PwyxkzPw]rÊ¨¹{yv*j�w]§�z|�*j hNwy�
w]r¿z�rÀt lkv l@�*t*z�r��mz�rut lkv*��v lU�
t�w]t*z|{yrËz�rËt lkv*jm�;{]¨2�!�����
���@���D��	�",'e�L��w]r��Âv lk��v l@� lkrÀt �Èt*h�l�v*z��Lhut��*jm{À{yt*h�z�r����l@{yjmlkt*v*�Â�&lkvª�
¨¸{yv*jml@�Z�À��t*h�l��S��°�±²��³
g%hu«���Nz�t�w]§�§|{ ® «���t {D��l@�*z��Lrawmr�l ® w]r��Êl���xkz|lkrut�©l@xkt {yvª�4©yw]§�«�l@�
v lk�L«�§Pw]v*z�¬w]t*z|{yr¿w]����v {wyx hc�Àv l@�*�&l@xkt*z�r��Ç��l@�*z�v l@��§|{Àx�w]§�� jm{À{yt*h�z�r��È��v {y�&lkv*t*z|l@� �¹� l@xkt*z|{yrm� �U�Àwy�
® lk§�§Swy����v {y�"{L� l�r�l ® w]r��Ëwy��w]��t l@�Âru«�jmlkv*z|x�w]§ � x h�lkjml@� �¹��l@xkt*z|{yr·� �U³Ç´<z�rNw]§�§��� ® l~w]����§��
{y«�v�jmlkt*h�{d�}t {¾� {y§�©l�w ® z|��l�v�w]r��l�{]¨Ez�j�w]�l���v {dx@l@� �*z�r��Dz|� �*«�l@����z�r�xk§�«���z�r���x@{y§|{yv�z�j�w]�l
v l@� t {yv�w]t*z|{yrc��z�r��Nw]z�rut*z�r�����j�w]�Lr�z½¼Nx�w]t*z|{yrc�"w]r��¾ÌN{ ® ©dz|�*«Nw]§�z�¬w]t*z|{yr �¹� l@xkt*z|{yra� �U³

� �*;%=
	 �.MN;�C�M 9%C�=E7@M� 9<=��xC�L
��;����Y7@A����*=|;�	��
�µlm¼�v �*t;x@{yr��*z|��lkv�©l@xkt {yvª�4©Lw]§�«�l@�·z�j�w]�lDv lk�L«�§Pw]v*z�¬w]t*z|{yrÄwy��w�©Lw]v*zPw]t*z|{yrNw]§¯��v {y��§|lkjZ³��µl
® w]rut�t {�¼�r���t*h�lÇx@{yv*v l@�*�&{yr���z�r�� �
",\��	�����'O�����Wf^�
4��^�)����d 	^��4�4�"��
'N��z4³²lL³Et*h�lÈ§�z�r�º �WX�� ⇒ �¸� �U³

� � � Î u Î ¡
w ¤�� �:u$¤L jw Ò u$¢ � a;p r��*t l�wy�Ë{]¨%v lk�L«�§Pw]v*z�¬@z�r��ËwD¨ «�r�xkt*z|{yrNw]§S� «�x hewy���WX�����lU�
�"lkr���z�r��Ê{yr·w¾©yw]v*zPw]t*z|{yrµr�{yv*j N (I)

� ® lmv�w]t*h�lkvÇ��v {y�"{L��l�t {�j~z�r�z�j~z�¬�l~t*h�z|�Èjm{yv l
�lkr�lkv�w]§

ψ
�¸¨¹«�r�xkt*z|{yrNw]§Ba

min
I:Ω→z n

E(I) =

∫

Ω
ψ(λ+, λ−) dΩ

�¸� �

® h�lkv l�t*h�l
λ±

w]v l�t*h�l�lkz��lkrÀ©yw]§�«�l@�È{]¨Et*h�l��*t*v*«�xkt*«�v l�t lkr�� {yv
G =

∑n
j=1 ∇Ij∇ITj

�
w]r��

ψ : R
2 → R

z|��w]r z�r�xkv l�wy�*z�r���¨ «�r�xkt*z|{yrc³ g%h�z|�¿z|�¿werNw]t*«�v�w]§Çw]r��2�lkr�lkv*z|x
lU¶dt lkr�� z|{yr�¨¹{yvÅ©l@xkt {yvª�4©Lw]§�«�l@�Zz�j�w]�l@���{]¨<t*h�l

φ
�¸¨¹«�r�xkt*z|{yr�¨¸{yv*j;«�§Pw]t*z|{yr � � �U³

��� ¡]¢�Óvw Î u" ÇÓ Î ��¤ Î u"  a<g%h�l�°�«�§|lkvª�D{�w]�Lv�w]r��l�l@ÃÀ«Nw]t*z|{yr�� {]¨ �¸� �Ex�w]rm�&l���lkv*z�©l@�Á��w]r��
v l@��«�x@lÈt {�w��*z�j~��§|lÈ¨¹{yv*j {]¨���z�©lkv*�lkr�x@lU�4�Nwy� l@�alU¶d��v l@� � z|{yr �¹� l@l 	����"lkr���z½¶ 	 ��a

∂Ii
∂t

= div (D∇Ii) (i = 1..n)
�¸� �

® h�lkv lÈt*h�l
2 × 2

��z½Æ&«��*z|{yrZt lkr�� {yv
D

z|�
��lU¼�r�l@�}wy� a

D =
∂ψ

∂λ+
(λ+, λ−) θ+θ

T
+ +

∂ψ

∂λ−
(λ+, λ−) θ−θ

T
−

�:���<�m�T�����



� �E4T��+e�e�2d���	������ /Q��	�"���+m�

p t�v l@�*«�§�t �
t*h�lkrZz�raw~��z�©lkv*�lkr�x@lU�4�Nwy� l@�Âl@Ãu«Nw]t*z|{yrÊ�*«�x hÂwy� �¸� �U� ® h�lkv l;t*h�lÇ��z½Æ"«�� z|{yr
t lkr�� {yv

D
z|�
�*z�j~��§��D��lU¼�r�l@��¨ v {yj t*h�l��Nw]v*t*zPw]§���lkv*z�©Lw]t*z�©l@�
{]¨

ψ
��w]r��¿t*h�lÈlkz��lkru©l@xU�

t {yv �
θ+, θ−

{]¨
G

³

� �@w&u�� Ñ wf �� Ò  �� Î ¡~¢ �v� ¡ Ò ¢�¤�� Î � a¦g%h�l�x h�{yz|x@lÈ{]¨��Nw]v*t*z|xk«�§Pw]v
x�wy��l@�¯{]¨�¨ «�r�xkt*z|{yr��
ψ§|l�wy���¦t {���v lk©Àz|{y«��¦©l@xkt {yvª�4©Lw]§�«�l@�~v lk�L«�§Pw]v*z�¬w]t*z|{yrDw]����v {wyx�h�l@�S��lU¼�r�l@�mwy�<©yw]v*zPw]t*z|{yrNw]§

jmlkt*h�{À������*«�x hawy�Åt*h�l ® h�{y§|lÈv�w]r��l;{]¨��El@xkt {yv
φ
�¸¨ «�r�xkt*z|{yrNw]§|�rV!X�����Ln8[Ba

ψ(λ+, λ−) = φ(
√

λ+ + λ−)

{yv
t*h�l��%lk§�t*v�w]j~zcÌN{ ® ¨ v�w]jml ® {yv*º)V!X��[@a

ψ(λ+, λ−) =
√

(1 + λ+)(1 + λ−)

	Ê{yv l��lkr�lkv�w]§�§����{y«�vÈ©yw]v*zPw]t*z|{yrNw]§ w]����v {wyx�h·�*h�{ ® ��t*hNw]tÈt*h�l~lkz��lkru©l@xkt {yv �;{]¨Åw¾��z½�
©lkv*�lkr�x@l�t lkr�� {yv

D
x�w]r¾�"l�� l@lkr�wy�St*h�lq�
	^�%�
"���'Y�@� p ��d��<�D��'Y�&"��
� p � 'O���&"��
' ψ �À§�z�r�ºl@�

t {~t*h�l�¨¹«�r�xkt*z|{yrNw]§ �¸� �U³

��{yt l t*hNw]t<t*h�l ��v {y��§|lkj {]¨Nt*h�l §|{Àx�w]§��l@{yjmlkt*v*z|x¯z�rut lkv*��v lkt�w]t*z|{yr�{]¨ �¸� �Áz�r�t lkv*jm��{]¨N�*jm{d{yt*h��
z�r�� ® lkz��LhÀt ��w]r��}��z�v l@xkt*z|{yr���w]§|��{�w]����§�z|l@��h�lkv lL³ 	��
z�§�§�«��*t*v�w]t l@�}�u��t*h�l

φ
�¸¨¹«�r�xkt*z|{yrNw]§<x�wy��l

� � �U�
D

j�w���r�{yt�v lk��v l@� lkrÀtEt*h�l%v*z��LhutE� jm{À{yt*h�z�r��È�l@{yjmlkt*v*��{]¨"t*h�l¯v lk�L«�§Pw]v*z�¬w]t*z|{yrD��v {Àx@l@� �³


 �*;%=
	 � C�L
�Y; ���Y7BA�� �S9<=�� ;�C �Y7:9 �O>�tM�� ��MKA�CDMN7 �
�µl�v�w]t*h�lkv ® w]rÀtÅt {���lk©lk§|{y�¿��z�©lkv*�lkr�x@l�¨¸{yv*jm�
wy� �¸� �Sz�rut {�t*h�lkz�vÅx@{yv*v l@�*�"{yr���z�r�� �<	�"���'Y�D�^�
�E��dO�!�%�T"��
'Ë¨¸{yv*j;«�§Pw]t*z|{yr����&z4³²lL³�¼�r��at*h�l;§�z�r�º �¸� � ⇒ �¸n �U³�g%h�l�jm{yt*z�©Lw]t*z|{yraz|��t*hNw]t�{yv*z|lkrut l@�
{$w]��§PwyxkzPw]r�� w]v lÅ�Nw]v*t*z|xk«�§Pw]v*§�� ® lk§�§N��l@�*z��Lr�l@�~t {�«�r���lkv �*t�w]r����l@{yjmlkt*v*z|x�w]§�§��~t*h�lÅ«�r���lkv*§��dz�r��
� jm{À{yt*h�z�r��m��v {dx@l@� �Å�&lkvª¨¸{yv*jml@�¿�u�¿t*h�lÇ�E��° a

����� � ��=
	���9<;�C A�	���MK7@CD7 �_=��h=|;�C �Y7:9 �Y>�tM�� ��MKA�CDMN7 �
{�lkt�«��Èx@{yr�� z|��lkv�t*h�l�{yv*z|lkrÀt l@� {�w]��§PwyxkzPw]r��4�Nwy� l@�µl@ÃÀ«Nw]t*z|{yr �¸n �U³ 	��

u⊥v
�&t*h�z|�È�E��° x�w]r

�&lÈl@ÃÀ«�z�©yw]§|lkrÀt*§�� ® v*z�t*t lkrawy� a

∂Ii
∂t

= trace (THi) (i = 1..n)
�4� �

® h�lkv l
Hi

z|�¯t*h�l��r��4U4�"&�<' ���<�&	�" �.� p �,+m� \�^�����<	h���
�2dm�
' �T'Y� Ii w]r��
T

z|�¯t*h�l
2× 2

t lkr�� {yv
��lU¼�r�l@�Âwy�Qa

T = c1uuT + c2vvT
��x�hNw]v�wyxkt lkv*z�¬�l@�Ê�À�Zz�t ��t ® {¿lkz��lkrÀ©yw]§�«�l@�

c1, c2
w]r��Êz�t �

t ® {�x@{yv*v l@�*�&{yr���z�r��}lkz��lkrÀ©l@xkt {yv �
u,v

³~ÉÀ«����&{L� l�t*hNw]t
T

z|�Èw¿x@{yr��*t�w]rÀtÈt lkr�� {yvÇ{�©lkvÈt*h�l

���v�����
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��lU¼�r�z�t*z|{yr¾��{yj�w]z�r
Ω

³¦g%h�lkrc�Àz�tSx�w]rm�&l
�*h�{ ® rnV �L�8[Nt*hNw]tSt*h�lÅ¨¹{yv*j�w]§"� {y§�«�t*z|{yrD{]¨&t*h�l��E��°
�4� � z|�ha

Ii(t) = Ii(t=0)
∗ G(T,t) (i = 1..n)

��P �
® h�lkv l ∗ �*t�w]r����;¨¸{yv;t*h�l¾x@{yru©{y§�«�t*z|{yr.{y�"lkv�w]t {yv~w]r��

G(T,t) z|��w]r �
	�"���'O�D�^� �%�
�e4U4�"&�<'
� ��	�'N��� �N��lU¼�r�l@�Z�u� a

G(T,t)(x) =
1

4πt
exp

(

−xTT−1x

4t

)

® z�t*h
x = (x y)T

pst¯z|�
w;�lkr�lkv�w]§�z�¬w]t*z|{yrÊ{]¨$t*h�l���{dlkr���lkv*z�r�º"±²�
z|��l�w�V!X�n
[ � ® h�{���v {©l@�¿t*h�z|�%��v {y�"lkv*ts��¨¸{yv¯t*h�l
"`4T�%�&	W��d "&�S�
" � ��4�"&�
'g�D��'�4��
	

T = Id
�Áv l@� «�§�t*z�r��Zz�rËt*h�l ® lk§�§½�4ºdr�{ ® r +m�^�<��� �<(0l@Ãu«Nw]t*z|{yr a

∂Ii
∂t = ∆Ii

³�´$z���³!Xmz�§�§�«��*t*v�w]t l@�Çt ® {��uw]«�� � zPw]rµºlkv*r�lk§|�
G(T,t)(x, y)

{y��t�w]z�r�l@�µv l@�*�"l@xkt*z�©lk§��
® z�t*h z|��{yt*v {y��z|x·w]r��Aw]r�z|� {yt*v {y��z|xËt lkr���{yv �

T � �$� p ����w]r�� t*h�lËx@{yv*v l@�*�&{yr���z�r��2lk©{y§�«�t*z|{yr��
{]¨�t*h�l���z½Æ"«�� z|{yrÄ�E��° �4� ��{yrÄwÂx@{y§|{yv~z�j�w]�l � 	�"R�+ ���]³�p t�z|� ® {yv*t*h t {Âr�{yt*z|x@l¿t*hNw]t~t*h�l
�uw]«����*zPw]r;ºlkv*r�lk§|�

G(T,t)
�Lz�©l�� �%�%���&��kÈt*h�lSxk§Pwy� � z|x�w]§uv lk��v l@� lkrÀt�w]t*z|{yr���{]¨�t*h�lSt lkr�� {yv �

T ® z�t*h
lk§�§�z�����{yz|����³ � {yrÀ©lkv � lk§���cz�t�z|�Èxk§|l�w]vÈt*hNw]tÈt*h�l�t lkr�� {yv �

T
v lk��v l@��lkrutÇt*h�l~lU¶�wyxktÈ�*jm{À{yt*h�z�r��

�&lkvª¨¸{yv*jml@���u�¾t*h�lÇ�E��° �4� �U³
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´<z��L«�v l�X<a��	��
��������
����������� � �"!�#%$'&)(*��+'���,
�-��.%/0&0.%1*243�(*.%/����056.%��(*��/03����879
2�����(:
/���;

� h�lkr
T

z|�<r�{yt¦x@{yr�� t�w]rut � ® h�z|x h~z|�¦�lkr�lkv�w]§�§���t*h�l¯x�wy��l��U�yz4³²lL³$v lk��v l@��lkrut �Ew�¼Nlk§|�
Ω → P(2){]¨�©Lw]v*�dz�r�����z½Æ&«��*z|{yr�t lkr�� {yv ���]t*h�l%�E��° �4� �c�&l@x@{yjml@�B' �
'���"`' ���
	�w]r���x�w]r��&lE©dz|l ® l@�~wy�$t*h�l

�:���<�m�T�����
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w]����§�z|x�w]t*z|{yrD{]¨"t lkj~�&{yv�w]§�§���w]r����*�Nw]t*zPw]§�§���©Lw]v*�dz�r�� �R���U�
�����4 � 4
GT,t(x)

{�©lkvEt*h�l%z�j�w]�l
I
³

´<z���³ ��z�§�§�«��*t*v�w]t l@��t ® {¿lU¶�w]j~��§|l@��{]¨S�*�Nw]t*zPw]§�§��Z©Lw]v*�Àz�r��Dt lkr�� {yv�¼Nlk§|���
T

��v lk��v l@� lkrÀt l@� ® z�t*h
¼Nlk§|����{]¨�lk§�§�z���� {yz|��� � �$� p ���]��w]r��et*h�l�x@{yv*v l@�*�&{yr���z�r��Ëlk©{y§�«�t*z|{yr���{]¨ �4� �;{yr.wZx@{y§|{yv�z�j�w]�l
� 	�"!�+e���y³¦p tE�Nw]v*t*z|xk«�§Pw]v*§��m� h�{ ® � t*hNw]t2�,+m�t4�+ ��d�� � p �^�%��+ �D��'�4��
	

T
"`4����%�%���&� k 	����R�%�D�^�����Q�,+m�

�!�����<�|4������%�,+�"`' �Sf���+ �
\�"��
	~�&lkvª¨¹{yv*jml@���&{yz�rut ® z|� lÇ�À�Dt*h�lÇt*v�wyx@lU�4�Nwy� l@�Z�E��° �4� �U³

��{yt l¯t*hNw]t¦t*h�z|�¦§|{Àx�w]§d¼�§�t lkv*z�r��;x@{yr�x@lk��t�j�w]ºl@�¦t*h�l¯§�z�r�º;�&lkt ® l@lkrDw��lkr�lkv*z|x¯¨¹{yv*j {]¨"©l@xkt {yvª�
©Lw]§�«�l@����z½Æ&«��*z|{yr}�E��°
±²� �4� �
w]r���� ",�R�%�D��	W�<� �0�R�D��	�",'e�Dt l@x h�r�z|ÃÀ«�l@���"wy�Å��l@� xkv*z��"l@�Zz�r V �����]�<[ ³
	�r�{yt*h�lkv�� z�j~z�§Pw]v�w]����v {wyx hÂ�Nwy� l@�Ê{yr}r�{yr����Èw]«����*zPw]rÊx@{yrÀ©{y§�«�t*z|{yraºlkv*r�lk§|��hNwy���"l@lkrÂw]§|� {
��v {y�&{L� l@�¾¨¸{yv
t*h�lÈ�*�&l@xkz½¼NxÇx�wy� lÈ{]¨��%lk§�t*v�w]j~z�´<§|{ ® V �L�8[ ³

´<z��L«�v l;�ma �	��
������� 
������� �9� � �"! #%$ + ( 3�� /4.%/4����.%/���3�
/039��( � 2���(*.%/ 3���/4��.%��� ��1*���
T

;

����	 
 ;%MKA�����@M� �Y> MK7@> �xC�L
��;����Y7@A�����@M� �Y> 9 �Y7 �8=E;��
��z½ÆÁlkv lkr�x@l@�È�&lkt ® l@lkr���z�©lkv*�lkr�x@lmt lkr�� {yv �

D
z�r �¸� �Çw]r��Ât*v�wyx@l~t lkr�� {yv �

T
z�r �4� ��x�w]rµ�&l

«�r���lkv � t {À{d�Zwy�%¨¸{y§�§|{ ® ��³ �µl;x�w]r}��lk©lk§|{y�Zt*h�lÇ��z�©lkv*�lkr�x@l�l@Ãu«Nw]t*z|{yr �¸� �
wy� a

div (D∇Ii) = trace (DHi) + ∇ITi ~div (D)

���v�����
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® h�lkv l ~div ()
z|����lU¼�r�l@�»wy�~w}��z�©lkv*�lkr�x@l�{y�"lkv�w]t {yvmwyxkt*z�r��Â{yrej�w]t*v*z|x@l@�mw]r��ev lkt*«�v*r�z�r��

©l@xkt {yv �ra
z½¨

D = (dij)
� ~div (D) =

(

div
(

(d11 d12)
T
)

div
(

(d21 d22)
T
)

)

g%h�lkrc�Ew]r.wy����z�t*z|{yrNw]§%t lkv*j ∇ITi ~div (D)
w]���"l�w]v ��<x@{yr�r�l@xkt l@��t {Êt*h�l 4Ddm�<�&"��
�@\�
	�"��<�&"��
'

{]¨Èt*h�l�t lkr���{yvm¼Nlk§|�
D

³ p t�j�w@�»�"lkv*t*«�v*�2t*h�l}�*jm{d{yt*h�z�r��·�&lkhNw@©dz|{yv��Lz�©lkr2�u�»t*h�l�¼�v � t
�Nw]v*t

trace (DHi)
� ® h�z|x h�wyxkt*«Nw]§�§��ax@{yv*v l@�*�&{yr����Èt {�w¾§|{dx�w]§E�*jm{À{yt*h�z�r��Z��z�v l@xkt l@�µ�u�}t*h�l

� �"l@xkt*v�w]§�lk§|lkjmlkrÀt ��{]¨
D

³ 	���w~v l@�*«�§�t��Nt*h�lÇ��z�©lkv*�lkr�x@lU�4�Nwy� l@�Âl@ÃÀ«Nw]t*z|{yr �¸� �%j�w��Z�*jm{d{yt*h
t*h�l�z�j�w]�l

I ® z�t*h ® lkz��LhÀt �%w]r��D��z�v l@xkt*z|{yr��¯t*hNw]t¯w]v l���z½ÆÁlkv lkrut¯¨¹v {yj0t*h�l�� �"l@xkt*v�w]§"lk§|lkjmlkrut �
{]¨

D
³Gg%h�z|�¾z|�¾wyxkt*«Nw]§�§��2t*h�lÊx�wy��lZ¨¸{yvDt*h�la� x�w]§Pw]v

φ
�¸¨ «�r�xkt*z|{yr ¨¸{yv*j;«�§Pw]t*z|{yr � � �U� ® h�lkv l

t*h�l��*jm{d{yt*h�z�r��¿��v {Àx@l@� ����{dl@�*rc± t��&lkhNw@©l�¼�rNw]§�§�� �¸w]r��Z¨¸{yv*t*«�rNw]t lk§�� ��wy�Èw]raz|� {yt*v {y��z|x�{yr�lL�
��l@� ��z�t lÈt*h�l�z|� {yt*v {y��z|x�¨¸{yv*j {]¨¦t*h�lÇ��z�©lkv*�lkr�x@lÇt lkr�� {yv

D = φ
′
(‖∇I‖)
‖∇I‖ Id

³

��� � � ��L
� �D= �BC 7 �]9�� �l>BC�L
�Y; ���Y7BA�� �W=|;�	
	Åxkt*«Nw]§�§���cz½¨ ® l�x@{yr��*z|��lkv�t*hNw]tÈt*h�l���z�©lkv*�lkr�x@l~t lkr�� {yv

D
��lk�&lkr����È{yr�§��Ê{yrÂt*h�l��*�"l@xkt*v�w]§

lk§|lkjmlkrÀt ��{]¨¦t*h�lÇ�*t*v*«�xkt*«�v lÈt lkr���{yv
G

���*«�x�hÊwy� a

D = f1(λ+, λ−)θ+θ
T
+ + f2(λ+, λ−)θ−θ

T
−

��Z �
® z�t*h

f1, f2 : R
2 → R

� � ® h�z|x h�z|�Èt*h�l�x�wy��l�¨¹{yv;��v {y�"{L� l@�·l@Ãu«Nw]t*z|{yr��;z�r·t*h�l~§�z�t lkv�w]t*«�v l��U�
t*h�lkr ® l�x�w]rD��lk©lk§|{y��t*h�l�x@{yv*v l@�*�&{yr���z�r�����z�©lkv*�lkr�x@l�l@Ãu«Nw]t*z|{yr

div (D∇Ii)
z�rut {�{yv*z|lkrut l@�

{$w]��§PwyxkzPw]r�����z4³²lL³¦t*h�z|��t*v�wyx@lU�4�Nwy� l@�Z�E��° �¹��lkt�w]z�§|��z�r 	����"lkr���z½¶ � ��a

div (D∇Ii) =

n
∑

j=1

trace
(

(δijD + Qij)Hj

) �WX�� �

® h�lkv l�t*h�l
Qij ��l@�*z��LrNw]t l¾w p �<�Q",��k � p n2 ���<�&	�"��U��4 �

i, j = 1..n
�U�¦��lU¼�r�l@��wy�Çt*h�lm�*�dj��

jmlkt*v*z|xÇ�Nw]v*t ��{]¨¦t*h�l�¨¹{y§�§|{ ® z�r���j�w]t*v*z|x@l@�
Pij � t*h�lkrc�

Qij = (Pij + PijT

)/2
��a

Pij = α ∇ITi ∇IjId

+ 2

(

∂α

∂λ+
θ+θ

T
+ +

∂α

∂λ−
θ−θ

T
−

)

∇Ij∇ITi G

+ 2

(

(α+
∂β

∂λ+
)θ+θ

T
+ + (α+

∂β

∂λ−
)θ−θ

T
−

)

∇Ij∇ITi

® z�t*h
α = f1(λ+,λ−)−f2(λ+,λ−)

λ+−λ−

w]r��
β = λ+f2(λ+,λ−)−λ−f1(λ+,λ−)

λ+−λ−

�:���<�m�T�����
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g%h�z|�¯��lk©lk§|{y��jmlkrut �WX�� �SlU¶���v l@� � l@�%w ® h�{y§|l�v�w]r��l�{]¨$��v lk©Àz|{y«��*§��~��v {y�&{L� l@�D©l@xkt {yvª�4©yw]§�«�l@�
v lk�L«�§Pw]v*z�¬w]t*z|{yr¿w]§��{yv*z�t*h�jm� � ©Lw]v*zPw]t*z|{yrNw]§�w]r��m��z�©lkv*�lkr�x@l��Nwy� l@�~�E��°
±²� �<z�rÀt {;w]rmlU¶�t lkr���l@�
t*v�wyx@lU�4�Nwy��l@�Dl@ÃÀ«Nw]t*z|{yrc��x@{yj~�"{L� l@�¾{]¨*4��T\��	^�
�|�
" � �e4�"��
' �U�
'Y�&	�"�f��m�&"��
'�4�t*hNw]t¯hNw@©l�wÇ� z�j~��§|l
�l@{yjmlkt*v*z|xµz�rut lkv*��v lkt�w]t*z|{yrAz�r t lkv*jq{]¨�§|{dx�w]§�¼�§�t lkv*z�r���³ g%h�lÂz�rut lkv l@�*t*z�r��Ä�&{yz�rut}z|�¿t*hNw]t
���%�
"&�&"&�
' �
�e�
" � ��4�"&�<'��D��'�4T�<	U4

Qij w]v lSw]���&l�w]v*z�r���w]r��;x@{yrut*v*z���«�t l t { �����
" p k��,+m�B4������%�,+�"`' �
fU��+ �
\�"��
	 ® h�z|x�hZz|�%¼�rNw]§�§�� 'O�<�v�
"`\
��'xf�k��,+m� ",'�",�&"��
�E�
",\��	�����' �U� �D��'�4��
	

D
³

� ��� 7BC�� �Y>��	���B; � � �
C�=E7
´�v {yj t*h�l@� l���v lk©dz|{y«�����lk©lk§|{y��jmlkrÀt ��� ® l�x�w]rÊr�{ ® ��lU¼�r�l�wS����' ��	�"�� \�^�����<	�� \8�
�����^� 	����
� �
�!�
	�"!#j�<�&"��
' -0/�1�a

∂Ii
∂t

=
n
∑

j=1

trace
(

AijHi

)

(i = 1..n)
�WX<X��

® h�lkv l�t*h�l
Aij ¨¸{yv*jm�ÅwÈ¨4w]j~z�§��D{]¨

2× 2
� �Àj~jmlkt*v*z|x�j�w]t*v*z|x@l@����w]r��Dt*h�l

Hi
��l@�*z��LrNw]t l�t*h�l


�l@� �*zPw]rÊj�w]t*v*z|x@l@��{]¨
Ii

³ 	Åxkt*«Nw]§�§���"t*h�z|��lU¶d��v l@���*z|{yrÊx�w]ra�"l;l@Ãu«�z�©Lw]§|lkrut*§�� ® v*z�t*t lkr ® z�t*hËw
� §�z��Lhut�w]��«�� lÈ{]¨¦r�{yt�w]t*z|{yr����Nz�r}wS4��jd���	��D���<�&	�" �Z¨¸{yv*j a

∂I

∂t
= ~trace (AH)

�WX�� �

® h�lkv l A z|�<t*h�lt���<�&	�" �h� p �
" � ��4�"&�<'.�D��'�4��
	U4
Aij �¸w]r���z|�<z�t � lk§½¨"x@{yr��*z|��lkv l@�~wy�@4�k
�Q�.�T�&	�"����U�

w]r�� H z|�St*h�lh\�^�����<	h� p �r��4U4�"&�
' � �%�&	�"��U��4
Hj

³<g%h�l�j�w]t*v*z½¶���v {d��«�xkt AH z�r �WX�� �Ez|�St*h�lkr
��l@lkr)4���f��D���<�&	�" �rd���	h4���f��D���<�&	�" ��"w]r��}t*h�l;{y�&lkv�w]t {yv ~trace ()

v lkt*«�v*r���t*h�l;©l@xkt {yv�z�r
R
n �

x@{yv*v l@� �"{yr���z�r��mt {mt*h�lÈt*v�wyx@lÇ{]¨�l�wyx h}�*«����4j�w]t*v*z½¶�z�r�t*h�lÈv l@� «�§�t*z�r��m©l@xkt {yv�{]¨<j�w]t*v*z|x@l@��³

� ��� 2CD7��� C�9����@; ��L*CD=E? � �����@; � � �
CD=E7 �
g%h�l~�S��° �WX<X���z|�Çw�«�r�z½¨¹�dz�r��Zl@Ãu«Nw]t*z|{yrËt*hNw]tÇx�w]rË�&l�«�� l@�at {���l@� xkv*z��"l~w ® z|��l�v�w]r��l~{]¨
©l@xkt {yvª�4©Lw]§�«�l@�Zv lk�L«�§Pw]v*z�¬w]t*z|{yrga

� ´<z�v �*t��Nz�t���lk©lk§|{y�����"{yt*ha©yw]v*zPw]t*z|{yrNw]§�w]r��a��z�©lkv*�lkr�x@lU�4�Nwy� l@�Ëw]����v {wyx h�l@� � t*hNw]t�x�w]r
�"l ® v*z�t*t lkr2wy� ∂Ii

∂t = div (D∇Ii)
� wy�~��lk©lk§|{y�&l@�»z�rÄ� l@xkt*z|{yr � �;z�rut {ew}©lkv*��§|{dx�w]§

¨¹{yv*j�«�§Pw]t*z|{yrc³Eg%h�z|� �Nw]v*t*z|xk«�§Pw]v*§��mz�r�xk§�«���l@�¯t*h�l ® {yv*º��¯��{yr�l�z�rnV ���YX<XL�YX����OX�d�YX�Z��À�mX�
�Ln��"������<P[Ew]jm{yr��¾{yt*h�lkv �³�	�����l@� xkv*z��"l@�Âw]�&{�©lL�&t*h�l

2 × 2
t lkr�� {yv �

Aij w]v l�t*h�lkr
��lU¼�r�l@�¾t {��&l

Aij = δijD+Qij ³ ��{yt l�t*hNw]t¯t*h�l
Qij � i 6= j

� x@{yv*v l@�*�&{yr����%h�lkv l�t {
��z½Æ"«�� z|{yrmx@{yrut*v*z���«�t*z|{yr��¯{]¨"{yt*h�lkvEx hNw]r�r�lk§|�

Ij
z�r~t*h�lÅxk«�v*v lkrut {yr�l

Ii
³<g%h�z|�t�
" � ��4�"&�<'

��' ��	��
k �&	W�<'�4 p ��	Èx�w]rm�&lÅx@{yr��*z|��lkv l@�Dwy�SwÈ�Nw]v*t*z|xk«�§Pw]v����
�jdO��"`' �~{]¨"t*h�l�x@{yv*v l@�*�"{yr���z�r��
©l@xkt {yvª�4©yw]§�«�l@�Ê��z½Æ"«�� z|{yr}�E��°
³

���v�����
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� Édl@x@{yr��Á�&t*h�l��S��° �WX<X���w]§|� {��uw]t*h�lkv ��t*h�l�{yv*z|lkrÀt l@�d�D{�w]��§PwyxkzPw]rµ¨¸{yv*j;«�§Pw]t*z|{yr�� ∂Ii
∂t =

trace (THi)
�<�u�·x�h�{À{L�*z�r��

Aij = δijT
³}psr·t*h�z|��x�wy� lL�¦t*h�lmj�w]t*v*z½¶ A z|����zPw]�{yrNw]§

w]r��¾r�{���z½Æ&«��*z|{yr¿lkr�lkv*�L��t*v�w]r��ª¨¸lkv¯{dx@xk«�v �¯�"lkt ® l@lkr¿z�j�w]�l�x hNw]r�r�lk§|�
Ii

³¦g%h�l�©l@xkt {yv
x@{y«���§�z�r���z|� {yr�§��~��{yr�l
t*h�v {y«��Lh¾t*h�lÅ«�� l�{]¨Át*h�l
� t*v*«�xkt*«�v l�t lkr�� {yv

G
¨¸{yvEt*h�l�x@{yj~��«��

t�w]t*z|{yrD{]¨&t*h�l
§|{dx�w]§N�*jm{d{yt*h�z�r��Ç�l@{yjmlkt*v*�³�g%h�z|�E«�r�z½¼Nl@� t*h�l%¨¸{yv*j;«�§Pw]t*z|{yr�� ��v {y�"{L��l@�
z�rxV!Xk�����L�����L���N��j[ ³

� ��	 � 7 ��� ; � �E? �DM ;eC���M 9%C�=E7�� � �

�µl;��v {y�"{L��lÇr�{ ® t {m��l@�*z��LrËw�r�l ® ©l@xkt {yvª�4©yw]§�«�l@�Êv lk�L«�§Pw]v*z�¬w]t*z|{yrË�E��° t*hNw]t
¨¸{y§�§|{ ® ����lU�
� z�v l@�;§|{dx�w]§À�l@{yjmlkt*v*z|x%��v {y�&lkv*t*z|l@��³<g%h�l@� l¯��v {y�"lkv*t*z|l@� ® z�§�§�rNw]t*«�v�w]§�§�����lU¼�r�l%w��*�"l@xkz½¼Nx ¨¸{yv*j
{]¨¦v lk�L«�§Pw]v*z�¬w]t*z|{yrÊ�S��°���¨¹v {yj t*h�lÈ©lkv*�D�lkr�lkv*z|xÈ¨¹{yv*j �WX<X�� a

� �µl¿��{yrc± t ® w]rut~t {aj~z½¶e��z½Æ&«��*z|{yr.x@{yrut*v*z���«�t*z|{yr����"lkt ® l@lkr.z�j�w]�l¿x hNw]r�r�lk§|��³·g%h�l
��l@�*z�v l@�}x@{y«���§�z�r��¿�&lkt ® l@lkrÊ©l@xkt {yv�x@{yj~�"{yr�lkrÀt �

Ii
�*h�{y«�§|�}{yr�§��}w]���&l�w]v�z�rÊt*h�l;��z½¨ �

¨ «�� z|{yr��E��° t*h�v {y«��Lh»t*h�l¿x@{yj~��«�t�w]t*z|{yr»{]¨�t*h�lD�*t*v*«�xkt*«�v l¾t lkr�� {yv
G

�¦z�r»{yv ��lkv�t {
x@{yrut*v {y§"t*h�l
§|{dx�w]§N�*jm{d{yt*h�z�r��;�&lkhNw@©dz|{yv¯{]¨Át*h�lÅv lk�L«�§Pw]v*z�¬w]t*z|{yr¿��v {dx@l@� ��³¦g%h�z|�Ejml�w]r��
t*hNw]t ® lmhNw@©l~t {Z��lU¼�r�l�{yr�§��a{yr�lm��z½Æ&«��*z|{yrµt lkr���{yv

A
��t*h�lkr·x h�{d{L� l

Aij = δijA
³

��r���l@� z�v l@�Zx@{y«���§�z�r��mt lkv*jm��w]v lÇt*h�lkrÊw@©{yz|��l@�Á³

� ��rZh�{yjm{y�lkr�l@{y«��
v lk�Lz|{yr�� �¹x@{yv*v l@�*�&{yr���z�r���t {�§|{ ® ©l@xkt {yv�©Lw]v*zPw]t*z|{yr�� �U� ® l ® w]rut�t {
�"lkvª¨¸{yv*j)w]r]"`4T�%�&	W��d "&��4������<�,+e"`'e�at*h�lkv lkz�rc�$z4³²lL³Dw}�y��h�l�w]t;ÌN{ ® t*hNw]t��*jm{d{yt*hËt*h�l
r�{yz|� l¯l���xkz|lkrut*§�� ® z�t*h�r�{]�4��v lU¨¸lkv*v l@����z�v l@xkt*z|{yr�� a ∂Ii

∂t ' ∆Ii = trace (Hi)
³�pst�jml�w]r��

t*hNw]t
t*h�lÈt lkr�� {yv
A

j�«��*tÅ�"l�" 4��<�&	W��dO"&�Èz�rZt*h�l@� l�v lk�Lz|{yr��ha

lim
(λ++λ−)→0

A = αId

� ��rÄ©l@xkt {yvDl@���l@� �¹x@{yv*v l@�*�&{yr���z�r��·t {Ëh�z��Lh2©l@xkt {yv�©Lw]v*zPw]t*z|{yr�� �U� ® l ® w]rutDt {µ�&lkvª�
¨¹{yv*j w]rl�<'�" 4��<�&	^��dO"��r4������<�,+�",'e�b�
�!�
'e� �,+m�r\�^�����<	���������4

θ−
��z�ra{yv ��lkv�t {m��v l@��lkv*©l

t*h�lkj ® h�z�§|l�v lkjm{�©dz�r���t*h�l�r�{yz|� l a ∂Ii
∂t = trace

(

βθ−θ−
THi

) � ® h�lkv l
β

z|�Èw�¨ «�r�xU�
t*z|{yrµ��l@xkv l�wy�*z�r��Êw]rÀ� ® w@�a¨¹{yvÈ©lkv*�Êh�z��Lhµ©Lw]v*zPw]t*z|{yr�����w@©{yz|��z�r��Ê�*hNw]v*�µx@{yv*r�lkv �Ç{�©lkvª�
�*jm{d{yt*h�z�r���³<g%h�z|�$jml�w]r��<t*hNw]t¦t*h�lSt lkr�� {yv

A
j;«�� t<�&l2�<'�" 4��<�&	^��dO"��Sz�r�t*h�l@� l v lk�Lz|{yr�� a

lim
(λ++λ−)→0

A = βθ−θ
T
−

g%h�lE¨¹{y§�§|{ ® z�r���j�«�§�t*z�©yw]§�«�l@��v lk�L«�§Pw]v*z�¬w]t*z|{yr~�E��°Êv l@�*�"l@xkt �¦w]§�§ut*h�l@��lE§|{dx�w]§u�l@{yjmlkt*v*z|x ��v {y���
lkv*t*z|l@�ha

∂Ii
∂t

= trace (THi) (i = 1..n)
�WX�n �

�:���<�m�T�����



X�� �E4T��+e�e�2d���	������ /Q��	�"���+m�

® h�lkv l
T

z|�Åt*h�l�t lkr�� {yv
¼Nlk§|�Z��lU¼�r�l@���&{yz�rut ® z|��l�wy� a

T = f+

(√

λ∗+ + λ∗−

)

θ∗−θ
∗
−
T + f−

(√

λ∗+ + λ∗−

)

θ∗+θ
∗
+
T

λ∗±
w]r��

θ∗±
w]v lË��lU¼�r�l@� t {»�&lÂt*h�lË�*�&l@xkt*v�w]§Çlk§|lkjmlkrut �}{]¨

Gσ = G ∗Gσ
�Èw �%�
�e4U4�"&�<'

4������<�,+m�^�c\�T	U4�"&�
' � p �,+��b4T�&	������&� 	^�n�D�T'�4T�
	
G

�%w]§�§|{ ® z�r��et {·v lkt*v*z|lk©lÊwÂjm{yv lÊx@{yh�lkv lkrut
©l@xkt {yvª�4�l@{yjmlkt*v*�Ët*hNw]t;�Lz�©l@�;w¾�"lkt*t lkv�w]����v {@¶�z�j�w]t*z|{yre{]¨%t*h�l~©l@xkt {yv;��z|� x@{yrÀt*z�ru«�z�t*z|l@����z½�
v l@xkt*z|{yr�� �¹� l@lÇw]§|� {bV �<P[ �U³S´�{yv
{y«�v�lU¶��"lkv*z�jmlkrÀt �
z�r}� l@xkt*z|{yra��� ® lÇx�h�{L� l

f+(s) =
1

1 + s2
w]r��

f−(s) =
1√

1 + s2

g%h�z|�%z|��{]¨<x@{y«�v � lÈ{yr�l��&{L� �*z���§|l�x h�{yz|x@l � z�r��*��z�v l@�¾¨ v {yj t*h�lQ+ekUd���	��D4�� 	 p �%�U� p �
	�� �e�!�<�&"��
'Ê{]¨
t*h�l;� x�w]§Pw]v�x�wy� l�V!X�[ �%t*hNw]t
©lkv*z½¼Nl@��t*h�l�w]�"{©lÈ�l@{yjmlkt*v*z|x;��v {y�&lkv*t*z|l@����v lk§��dz�r���{yrZ��v�wyxkt*z|x�w]§
lU¶��&lkv*z|lkr�x@lL³�g%h�l
�&{yz�rutSz|� t*hNw]t ® l�x�w]r¿l�wy�*z�§��mwy��w]��t t*h�l ® lkz��LhÀt*z�r���¨¹«�r�xkt*z|{yr��

f+
w]r��

f−t {È{y��t�w]z�r�v lk�L«�§Pw]v*z�¬w]t*z|{yrD�&lkhNw@©dz|{yv �¦¨¸{yvE�*�"l@xkz½¼Nx
��v {y��§|lkjm���u�*z�r�x@l ® l�w]v l
�*«�v lÅ{]¨&t*h�lÅ§|{dx�w]§
� jm{À{yt*h�z�r��Ë��v {dx@l@� �~�&lkvª¨¹{yv*jml@�»�À� �WX�n �U³.g%h�z|�m©l@xkt {yvª�4©yw]§�«�l@� v lk�L«�§Pw]v*z�¬w]t*z|{yr2l@ÃÀ«Nw]t*z|{yr
� jm{À{yt*h�l@�¯t*h�l�z�j�w]�l�z�r¾x@{yh�lkv lkrÀt��*�Nw]t*zPw]§&��z�v l@xkt*z|{yr���w]r��¾��v l@� lkv*©l@�¯t*h�lkr ® lk§�§Át*h�l�l@���l@��
�À�µw]§�§|{ ® z�r��Â{yr�§��Ët*h�l~r�l@x@l@� ��w]v*�Ë�l@{yjmlkt*v*z|x¾x@{y«���§�z�r��}�&lkt ® l@lkre©l@xkt {yv�x hNw]r�r�lk§|�

Ii
³¾pst �

¨¸{yv*j?hNwy�Ç� t l�wy��z�§��Ê¨¸{y§�§|{ ® l@�·t*h�lm§|{Àx�w]§ w]rNw]§����*z|�Ç{]¨
xk§Pwy� � z|x�w]§Ej;«�§�t*z�©Lw]§�«�l@�µv lk�L«�§Pw]v*z�¬w]t*z|{yr
w]§��{yv*z�t*h�jm�³

� �c? 	���;�CDAmM� �A � � 	�� �
g%h�l
ru«�jmlkv*z|x�w]§"z�j~��§|lkjmlkrut�w]t*z|{yr�{]¨Át*h�l
�E��° �WX�n ��x�w]r��&lÅ��{yr�l ® z�t*h�xk§Pwy� � z|x�w]§Nru«�jmlkv*z|x�w]§
��x h�lkjml@���"�Nwy� l@�Ê{yra�*�Nw]t*zPw]§¦��z|� xkv lkt*z�¬w]t*z|{yr�� ® z�t*hÂx@lkrut lkv l@�Ê¼�r�z�t l���z½Æ&lkv lkr�x@l@��{]¨Et*h�l��Lv�w£�
��z|lkrÀt ��w]r��¿t*h�l 
�l@� �*zPw]r�� V!X��8[ ³ 
�lkv l ® l���v {y�&{L� lÇw]rZw]§�t lkv*rNw]t*z�©l�w]����v {wyx h}�Nwy� l@��{yr¿t*h�l
§|{dx�w]§�¼�§�t lkv*z�r���z�rut lkv*��v lkt�w]t*z|{yrZ{]¨ct*v�wyx@lU�4�Nwy��l@�Dl@ÃÀ«Nw]t*z|{yr�� �4� �U�u��v {y�&{L� l@�Dz�rD� l@xkt*z|{yr�n�³¦g%h�l
z|��l�wDz|�Èwy��¨¹{y§�§|{ ® � a
t*h�l��*jm{À{yt*h�z�r���x�w]rÂ�&l;§|{dx�w]§�§��Z�&lkvª¨¹{yv*jml@�a�u�Âw]����§��Àz�r��ZwD�*�Nw]t*zPw]§�§��
©Lw]v*�dz�r���j�wy�*º�{�©lkv�t*h�lÇz�j�w]�lL³Å´N{yv�l�wyx�h}�&{yz�rut

(x, y)
{]¨Et*h�l;z�j�w]�l

I
� ® l;x@{yj~��«�t l�t*h�l

{yv*z|lkrÀt l@�m�uw]«�� � zPw]rmj�wy�*º
G(T,t) x@{yv*v l@� �"{yr���z�r���t {Èt*h�lÅt lkr�� {yv

T
���lU¼�r�l@�m�À� �WX�n �U³�g%h�lkrc�

® l;w]����§��¾z�t�{yrZl�wyx hÊ§|{Àx�w]§Ár�lkz��LhÀ�"{yv*h�{d{À�
Ii(x, y)

a

i(x,y−1) i(x+1,y)

i(x−1,y) i(x,y) i(x+1,y)

i(x−1,y+1) i(x,y+1) i(x+1,y+1)

*
i(x−1,y−1) G(−1,−1) G(0,−1) G(1,−1)

G(−1,0) G(0,0) G(1,0)

G(1,1)G(0,1)G(−1,1)

(0,0)[Trace(TH) ](x,y) = 

���v�����
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� �!�
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')(*"&�,+.-0/21.3 4 X�n

	Âw]z�r}wy��©Lw]rut�w]�l@��{]¨<t*h�z|�ÅrÀ«�jmlkv*z|x�w]§$� x�h�lkjml�w]v l a
XL³
p t���v l@� lkv*©l@��t*h�l.��� �
",�Q� � dO	�",'O�T"idO�$�k�N� z�r�x@lÈt*h�lÇ§|{dx�w]§c¼�§�t lkv*z�r��¾z|����{yr�l�{yr�§�� ® z�t*h

'O�
	����
� "$#j��� � ��	�'N���i4k³
��³
p t�z|��jm{yv l���v l@xkz|� lL�&�*z�r�x@l�t*h�l;x@{yj~��«�t l@�a§|{dx�w]§$ºlkv*r�lk§¦x@{yv*v l@�*�&{yr�����lU¶�wyxkt*§��Zt {�t*h�l

�*jm{d{yt*h�z�r���t {;�"lkvª¨¸{yv*jZ³ ��{�� z�j~��v l@xkz|� l�� � l@x@{yr�����lkv*z�©Lw]t*z�©l@�¯hNw@©l�t {Ç�&l�x@{yj~��«�t l@�
�¹´<z���³ n �U³

	��Ê¨¹{yvÂ�*h�{yv*t x@{yj~z�r���µ{]¨¾t*h�z|�Â� x h�lkjmlL� ® l»hNw@©l�t { jmlkrut*z|{yr0t*hNw]tÂz�tÂz|�Âjm{yv l�t*z�jmlU�
x@{yr�� «�j~z�r������*z�r�x@l ® l�hNw�©l�t {Êx@{yj~��«�t l¾w}��z½Æ&lkv lkrÀt��uw]«�� � zPw]reºlkv*r�lk§ � z4³²lL³ZlU¶d�&{yr�lkrut*zPw]§
¨¹«�r�xkt*z|{yr�� �¦w]tEl�wyx�h~z�j�w]�lÅ�"{yz�rÀt��uw]r���¨¸{yv�l�wyx hmz�t lkv�w]t*z|{yrc³�´�{yvE{y«�vElU¶��&lkv*z�jmlkrut ��� ® lÅx h�{L��l
5 × 5

x@{yrÀ©{y§�«�t*z|{yrÊºlkv*r�lk§|�³

! 
0$��-.%(*� 56(�� 
��%� ! $ ! � $��)� ������� 2���(*/	��
-������(:
/ ��(*������ ��3�(���
 3�(*.%/4� !�� $�)� ������� 2���(*/	� 1*.)��
1 � 1 3���� (*/	�3���� ��/4(��)2����
´$z��L«�v l�nma��'.���� 
� (*��.%/4�-.�� / 2	������(*��
1 ��� ��������� ;

� � � � �DCDAmM 9%C�=:7 �
�µl z�§�§�«��*t*v�w]t l¯h�lkv l t*h�l ® z|��l¯v�w]r��l¯{]¨Nz�j�w]�lS��v {dx@l@� �*z�r���v lk§Pw]t l@�~w]����§�z|x�w]t*z|{yr��¦t*hNw]t�x�w]r��&l
hNw]r���§|l@�Â�À�a{y«�vÈ��v l@��lkrut l@�·w]����v {wyx�hc�ct*h�v {y«��Lh·{y«�vÈ©l@xkt {yvª�4©Lw]§�«�l@�Ëv lk�L«�§Pw]v*z�¬w]t*z|{yre�S��°
�WX�n � a
��� Ò � Ò ¡ w �·¢�� Î ¡ Î ��  Ò ¡]¢� jw Ò u a���l@�*��z�t l�t*h�l~w]���Nw]v*z�t*z|{yr·{]¨ ��z��Lz�t�w]§Ex�w]jmlkv�wy��Áx@{y§|{yv

z�j�w]�lmv l@�*t {yv�w]t*z|{yrej�w@�Â�&lm�*t*z�§�§�r�l@l@��l@�Á³¾´$z���³ �}v lk��v l@� lkrut ��w���z��Lz�t�w]§S��h�{yt {y�Lv�w]��h
® z�t*hx	��^�
�:'O�
"`4��k����«�lÇt {~t*h�lÇ�Nwy��§�z��LhÀt*r�z�r��¾x@{yr���z�t*z|{yr�����«�v*z�r���t*h�l;�*rNw]���*h�{yt�³Å��«�v
©l@xkt {yvª�4©yw]§�«�l@�¾v lk�L«�§Pw]v*z�¬w]t*z|{yr��E��°»x�w]r¾� «�x@x@l@� �ª¨¹«�§�§��~v lkjm{�©l�t*h�l�r�{yz|� lL� ® h�z�§|l���v lU�
� lkv*©dz�r��~t*h�lÈ�L§|{y�Nw]§Á¨¸l�w]t*«�v l@��{]¨¦t*h�lÈz�j�w]�lL³

��� � � ¡ Ò ~ Î � Î u"  Ò � � Ò ��� Ï ¤ Ò � � ¡ Î ��� Î Ó w �·¢�� Î � aÅ��z��Lz�t�w]§¦z�j�w]�l@������«�l�t {Dt*h�lkz�v
��z��~jmlkjm{yv*�¾� z�¬�lL��w]v lÈ{]¨¹t lkr��*t {yv l@�¿z�rZw�jm{yv lÈx@{yj~�Nwyxkt%¨¹{yv*j {y��t�w]z�r�l@� ® z�t*h)�!�4�4�k

�:���<�m�T�����
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���
�2dO	���4U4�"&�<' �<� �%�<	�"&�,+��Q4 ����E° � �&lkz�r��Zt*h�l~jm{L�*t;�"{y��«�§Pw]v �U³¾p t�{]¨ t lkrµz�rÀt*v {À��«�x@l@�
©Àz|� z���§|lEz�j�w]�lÅw]v*t lU¨¸wyxkt � aÁ¨¸{yv�z�r�� t�w]r�x@lL�£��§|{dx¯lUÆ&l@xkt �¦w]v l xk§Pwy���*z|x�w]§���S° � ��v�w ® �Nwyx�ºd��³
��� z�r���{y«�v¯ÌN{ ® �WX�n �S� z��Lr�z½¼Nx�w]rut*§��¾z�j~��v {�©l@�
t*h�l�ÃÀ«Nw]§�z�t �¾{]¨<�*«�x�h¿��lk�Lv�wy��l@�¿z�j�w]�l@�
�¹´<z���³ � �U³

��� Ò � Ò ¡ w �·¢�� Î w&u � ¢�w&u" jw&uE� a~��l@x@lkrut*§���Ew]r�z�rut lkv l@�*t*z�r��µw]����§�z|x�w]t*z|{yr.{]¨���z½Æ"«�� z|{yr
�E��°
±²�¯rNw]jml@� ",��������",'
dm�<"`'Y�&",'e�L�uhNwy�S�&l@lkr¾��v {y�"{L� l@��z�rnV �����d� P�� Z8[ ³�p t¯x@{yr��*z|�*t � z�r
¼�§�§�z�r���«�r���l@�*z�v l@�;h�{y§|l@� �¹��lU¼�r�l@�;�u��t*h�l�«�� lkv �"z�r�w]rÇz�j�w]�l��u� ",'Y�D��	Ddm�
�!�<�&",'e�q�,+m� �%�%���
§|{Àx�w]t l@�Zw]t%t*h�l�r�lkz��LhÀ�"{yv*h�{d{À�}{]¨$t*h�l�h�{y§|l@��³Epst z|�%�&{L� �*z���§|l�t {~��{�t*hNw]tÅ�u��w]����§��dz�r��
{y«�v��E��° �WX�n �D{yr�§�� z�r t*h�lah�{y§|l@�¿t {·¼�§�§ a·�"{y«�r���w]v*z|l@�¿��z½¶�lk§|� ® z�§�§��"la��z½Æ"«���l@�
«�rut*z�§
t*h�lk�.x@{yj~��§|lkt lk§���¼�§�§
t*h�l¿j~z|� � z�r��Ëv lk�Lz|{yr����¯z�r wc4��&	��m���&� 	����!dO	���4���	�\j"`'e�](@�
kL³
p j~�&{yv*t�w]rut�z|� �*«�l@�
j�w@���&lÇ� {y§�©l@� ® z�t*hÊt*h�z|��ºdz�r��Z{]¨Sw]§��{yv*z�t*h�jm���&wy�Å¨¸{yv�z�r��*t�w]r�x@l�a
v lkjm{�©dz�r��~t lU¶dt%{yr¿z�j�w]�l@� �¹´<z���³ � �U��v lkjm{�©dz�r��~v l�w]§&{y���*l@xkt �¯z�r¿��h�{yt {y�Lv�w]��h�� �¹´<z���³ � �
{yvÅv l@x@{yr��*t*v*«�xkt��Nw]v*t*zPw]§�§���x@{d��l@��z�j�w]�l@�%¨¸{yvÅz�j�w]�l;x@{yj~��v l@� � z|{yrZ��«�v*�"{L��l@� �¹´<z���³ P �U³

��� Ò � Ò ¡ w �µ¢�� Î �µ¢�� u:w��¦¤¢� jw Ò u a � z�t*h t*h�lË�Hw]jmlÊt l@x�h�r�z|Ãu«�l@���{yr�lËx�w]r l�wy�*z�§��
�"lkvª¨¸{yv*j?z�j�w]�l�j�w]�Lr�z½¼Nx�w]t*z|{yrc³�ÉÀt�w]v*t*z�r��}¨ v {yj:w¿§�z�r�l�w]vÇz�rut lkv*�&{y§Pw]t*z|{yr»{]¨
w¿� j�w]§�§
z�j�w]�lL��w]r�� w]����§��Àz�r��»{y«�vD�E��° �WX�n ��{yr2t*h�l}z�j�w]�l �¹lU¶�x@lk��t l@�2{yr t*h�la{yv*z��Lz�rNw]§
ºÀr�{ ® r���z½¶�lk§|� �U� ® lÈx�w]r�v lkt*v*z|lk©l�r�{yr��4§�z�r�l�w]v
j�w]�Lr�z½¼Nl@�¿z�j�w]�l@� ® z�t*h�{y«�t¦� w]�L�Lz�r��m{yv
��§|{ÀxÈlUÆÁl@xkt ����z�r�h�lkv lkrÀt�t {~xk§Pwy� � z|x�w]§c§�z�r�l�w]v
z�rut lkv*�&{y§Pw]t*z|{yr}t l@x�h�r�z|Ãu«�l@� �¹´<z���³ Z �U³

� s � ÒÀÑ ~Ew ���$¢ �&w,y¢� jw Ò u a � {yr��*z|��lkv*z�r��·wÂ�y� ©l@xkt {yv�¼Nlk§|� F : Ω → R
2 � ® l¿hNw�©l

� lk©lkv�w]§ ® w@����t {m©dz|�*«Nw]§�z�¬�l;z�t�³ �µl;x�w]rZ¼�v � t�«�� l;©l@xkt {yv*zPw]§<�Lv�w]��h�z|x@� �¹´<z���³!X��Lw �U����«�t
® l�hNw@©l�t {��*«�����w]j~��§|l�t*h�l�¼Nlk§|�¿�*z�r�x@l�t*h�z|�¯ºÀz�r��¿{]¨�v lk��v l@� lkrÀt�w]t*z|{yrZz|�¯r�{yt%wy��w]��t l@�
t {Èv lk��v l@� lkrÀt ��z��;ÌN{ ® ��³ 	2�"lkt*t lkv¯� {y§�«�t*z|{yr�z|�¯wy��¨¸{y§�§|{ ® ��³ �µl��*jm{À{yt*h¾wÈx@{yj~��§|lkt lk§��
r�{yz|�*� �¹x@{y§|{yv �¯z�j�w]�l

I
� ® z�t*hÂw�v lk�L«�§Pw]v*z�¬@z�r��mÌN{ ® l@ÃÀ«�z�©yw]§|lkrÀt�t { �WX�n �¯��«�t ® h�lkv l

Tz|�
��z�v l@xkt l@�Z�À�Dt*h�l;��z�v l@xkt*z|{yr���{]¨ F ��z�r�� t l�wy�Z{]¨<t*h�l�§|{dx�w]§c�l@{yjmlkt*v*��{]¨
I
a

∂Ii
∂t

= trace

([

1

‖F‖FFT

]

Hi

)

(i = 1..n)
�WXk� �

�2h�lkv l�wy�
t*h�lÇ�E��° lk©{y§�«�t*z|{yrÊt*z�jml
t
�{dl@�Å�u���jm{yv lÇ�L§|{y�Nw]§��*t*v*«�xkt*«�v l@�
{]¨¦t*h�l�ÌN{ ®

F w]���&l�w]v��Áz4³²lL³�w¾©Àz|� «Nw]§�z�¬w]t*z|{yrl4T���
�$���D4�dm�%���¿{]¨ F z|�Èx@{yr��*t*v*«�xkt l@� �¹´<z���³!X<X��U³ 
�lkv lL�
{y«�v�«���l@�}v lk�L«�§Pw]v*z�¬w]t*z|{yrµl@ÃÀ«Nw]t*z|{yr��WXk� �r��'�4�� 	^��4 �,+ �<� �,+m�Q4������<�,+�",'e� � p �,+m�td " ���T�i4
" 4 �%�
' �r���%�%���&� k�",' �,+m�h�
",	^�^���&"&�
')� p �,+m� � �
( F ³�g%h�z|�%z|�¯r�{yt%t*h�l�x�wy��l�z�r)V n������OX��
[ �
® h�lkv lZt*h�l}w]«�t*h�{yv ���Nwy� l@�Ät*h�lkz�vDl@Ãu«Nw]t*z|{yr��D{yr2wË��z�©lkv*�lkr�x@lalU¶d��v l@� � z|{yrc³ ���*z�r��
�*z�j~z�§Pw]v
��z�©lkv*�lkr�x@lU�4�Nwy� l@�}t l@x h�r�z|ÃÀ«�l@� ® {y«�§|�Zv�w]z|� lÇw�v*z|�*ºD{]¨��*jm{d{yt*h�z�r��~t*h�l�z�j�w]�l
z�r�¨4w]§|� l���z�v l@xkt*z|{yr�����wy�Åt*h�z|�
hNwy�Å�"l@lkr}�"{yz�rÀt l@�Z{y«�t
z�r}� l@xkt*z|{yr}n�³

���v�����
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7 ��'��<�H�;3"! ��'�� ,µ��	"3 F �����"!��
��3

psr;t*h�z|�<�Nw]�&lkv�� ® l¯��v {y�&{L� l@��w�r�l ® ¨¹{yv*j�w]§�z|� jGw]§�§|{ ® z�r��Èt {�lU¶���v l@� �¦w
§Pw]v*�l%� lkt¦{]¨���v lk©Àz|{y«��
©l@xkt {yvª�4©Lw]§�«�l@� v lk�L«�§Pw]v*z�¬w]t*z|{yr w]����v {wyx�h�l@� ® z�t*h�z�rAw�x@{yj~jm{yr §|{Àx�w]§ÈlU¶���v l@� �*z|{yrc³�g%h�z|�
¨¸{yv*j;«�§Pw]t*z|{yr�z|�Ç�Nw]v*t*z|xk«�§Pw]v*§��·wy��w]��t l@�et {�«�r���lkv �*t�w]r��·t*h�lm§|{dx�w]§S�*jm{d{yt*h�z�r��}�&lkhNw@©dz|{yv�{]¨
��z½Æ&«��*z|{yra�E��°
±²��³�psr���l@l@�Á��z�t�lU¶���§Pw]z�r���t*h�l�§�z�r�º��"lkt ® l@lkrÂt*h�l;��z½Æ&«��*z|{yrÊt lkr�� {yv�� hNw]�"l@��z�r
��z�©lkv*�lkr�x@l�{yvÈt*v�wyx@lU�4�Nwy� l@�µl@ÃÀ«Nw]t*z|{yr����$w]r��Ât*h�lmwyxkt*«Nw]§S� jm{À{yt*h�z�r����&lkvª¨¹{yv*jml@�Â�À�Êt*h�l@��l
��v {dx@l@� � l@��Nz�rÊt lkv*j {]¨E§|{dx�w]§$¼�§�t lkv*z�r���³�´�v {yj t*h�z|���lkr�lkv�w]§��*t*«����� ® l���lU¼�r�l@�aw�r�l ® w]r��
�Nw]v*t*z|xk«�§Pw]vDv lk�L«�§Pw]v*z�¬w]t*z|{yr l@ÃÀ«Nw]t*z|{yrc�¯�Nwy� l@�Ä{yrÄt*h�lZv l@�*�"l@xktD{]¨ÈwËx@{yh�lkv lkrÀt¾w]r�z|� {yt*v {y��z|x
� jm{À{yt*h�z�r�����v l@� lkv*©dz�r��et*h�lÊ�L§|{y�Nw]§�¨¹l�w]t*«�v l@�¿{]¨Ç©l@xkt {yv¾z�j�w]�l@��³ �µlÊ��v {y�&{L� l@� wy� ® lk§�§
� �"l@xkz½¼Nx�rÀ«�jmlkv*z|x�w]§ � x�h�lkjml@��wy��w]��t l@�Â¨¸{yv;wyx@xk«�v�w]t lmz�j~��§|lkjmlkrÀt�w]t*z|{yr���³�g%h�l�w]����§�z|x�w]t*z|{yr
t {�� lk©lkv�w]§���v {y��§|lkjm�¾v lk§Pw]t l@�2t {�x@{y§|{yv¾z�j�w]�l@�¿w]r�� ÌN{ ® ©dz|�*«Nw]§�z�¬w]t*z|{yr z�§�§�«��*t*v�w]t l@�2t*h�l
l���xkz|lkr�xk��{]¨"{y«�v�jmlkt*h�{d��t {È��l�w]§ ® z�t*hmx@{yr�xkv lkt lÅx�wy� l@�¦�Nwy� l@�~{yr~t*h�l%«���l¯{]¨"©l@xkt {yvª�4©yw]§�«�l@�
v lk�L«�§Pw]v*z�¬w]t*z|{yrÊ��v {Àx@l@��� l@��³

� 6GF�F �E';��!�� 6

g%h�l;°�«�§|lkvª�D{�w]�Lv�w]r��l�l@Ãu«Nw]t*z|{yr���x@{yv*v l@�*�"{yr���z�r���t {~t*h�l�¨ «�r�xkt*z|{yrNw]§ �¸� �%w]v l�a

∂Ii
∂t

= div













∂ψ

∂Iix

∂ψ

∂Iiy













(i = 1..n)
�WX�� �

	Åxkt*«Nw]§�§����t*h�lÈ©l@xkt {yv
( ∂ψ
∂Iix

, ∂ψ
∂Iiy

)T
x�w]rZ�&l ® v*z�t*t lkrZz�rÊw�jm{yv lÇx@{yj~��v lkh�lkr��*z�©lÇ¨¹{yv*jZ³

´�v {yj t*h�lÇx hNw]z�r��4v*«�§|l;��v {y�"lkv*ts��{]¨<t*h�lÇ��lkv*z�©Lw]t*z|{yrc� ® lÇhNw@©l.a












∂ψ

∂Iix

∂ψ

∂Iiy













=













∂λ+

∂Iix

∂λ−
∂Iix

∂λ+

∂Iiy

∂λ−
∂Iiy























∂ψ

∂λ+

∂ψ

∂λ−











�WX�� �

�µlÇºÀr�{ ® ¨¸{yv*j�w]§�§��¾t*h�l�lU¶d��v l@���*z|{yr�� ∂ψ
∂λ±

�*z�r�x@l;t*h�l�¨ «�r�xkt*z|{yr
ψ

z|����z�v l@xkt*§��¿��lU¼�r�l@�}¨¹v {yj
t*h�l

λ±
³

´<z�r���z�r��mt*h�l ∂λ±
∂Iix

w]r�� ∂λ±
∂Iiy

z|�Åjm{yv lÇt*v*z|x ºd�³ 
�lkv lÇz|��w��*z�j~��§|l ® w@�¿t {���v {Àx@l@l@�xa
	��%t*h�l

λ±
w]v l�t*h�lÈlkz��lkrÀ©yw]§�«�l@��{]¨$t*h�lÇ� t*v*«�xkt*«�v l�t lkr�� {yv

G = (gkl)
� ® lÇj�w@�¿��l@x@{yj~�"{L� l

�:���<�m�T�����
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z�t �È��lkv*z�©Lw]t*z�©l@� � ® z�t*hËv l@�*�&l@xkt�t {
Iix

w]r��
Iiy
�U�&z�rÂt lkv*jm�Ç{]¨¯��lkv*z�©Lw]t*z�©l@� ® z�t*hËv l@�*�&l@xktÈt {

t*h�l
gkl

a
∂λ±
∂Iix

=
∑

k,l

∂λ±
∂gkl

∂gkl
∂Iix

and
∂λ±
∂Iiy

=
∑

k,l

∂λ±
∂gkl

∂gkl
∂Iiy

�WX� �

g%h�l;lU¶d��v l@� � z|{yr�� ∂gkl

∂Iix

w]r�� ∂gkl

∂Iiy

w]v lÇ�Nw]v*t*z|xk«�§Pw]v*§��¿� z�j~��§|l�a






















∂g11
∂Iix

= 2Iix

∂g11
∂Iiy

= 0

and























∂g12
∂Iix

= Iiy

∂g12
∂Iiy

= Iix

and























∂g22
∂Iix

= 0

∂g22
∂Iiy

= 2Iiy

z4³²l �WX� �Åx�w]rZ�"l ® v*z�t*t lkrawy� a












∂λ±
∂Iix

∂λ±
∂Iiy













=











2
∂λ±
∂g11

∂λ±
∂g12

∂λ±
∂g12

2
∂λ±
∂g22











∇Ii
�WX�P �

g%hÀ«�����{yr�lÈ§Pwy�*tÅ{y���*t�wyxk§|lÇv lkj�w]z�r��Åt {��"l�xkv {L� ��l@�Á��t*hNw]t
z|�¯¼�r���z�r��mt*h�l�¨¸{yv*j�w]§clU¶d��v l@� � z|{yr��
{]¨ ∂λ±

∂gkl

³
��lkj~z�r��·t*hNw]t�t*h�l

λ±
w]r��

θ±
w]v lDt*h�lDlkz��lkrÀ©yw]§�«�l@�mw]r���lkz��lkru©l@xkt {yv ��{]¨�t*h�lD� t*v*«�xkt*«�v l

t lkr���{yv
G

a
G = λ+ θ+θ

T
+ + λ− θ−θ

T
−g%h�l;��lkv*z�©yw]t*z|{yr}{]¨¦t*h�z|�Åt lkr�� {yv�� ® z�t*hZv l@�*�&l@xktÅt {m{yr�lÇ{]¨¦z�t �
x@{Àl���xkz|lkrÀt

gkl
z|� a

∂G

∂gkl
=

∂λ+

∂gkl
θ+θ

T
+ +

∂λ−
∂gkl

θ−θ
T
−

�WX�Z �

+ λ+
∂θ+
∂gkl

θT+ + λ−
∂θ−
∂gkl

θT−

+ λ+ θ+
∂θT+
∂gkl

+ λ− θ−
∂θT−
∂gkl

	a{yv l@{�©lkv��"wy�Åt*h�l
θ±

w]v lÇ«�r�z�t�w]v*��w]r��}{yv*t*h�{y�{yrNw]§$lkz��lkru©l@xkt {yv �� ® lÇhNw@©l�a







θT+θ+ = θT−θ− = 1

θT+θ− = θT−θ+ = 0

and























∂θT+
∂gkl

θ+ = θT+
∂θ+
∂gkl

= 0

∂θT−
∂gkl

θ− = θT−
∂θ−
∂gkl

= 0

�¸�L� �

���v�����
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�µl�¼�v � tÈj;«�§�t*z���§��Ât*h�lml@ÃÀ«Nw]t*z|{yr �WX�Z ���u�
θT±

w]tÈt*h�l�§|lU¨¹t��c�À�
θ±

w]tÈt*h�lmv*z��Lhut��ct*h�lkr·«�� l
t*h�l���v {y�&lkv*t*z|l@� �¸�L� �U³�pst¯w]§�§|{ ® �%h�z��Lh¾� z�j~��§�z½¼Nx�w]t*z|{yr�����w]r���§|l�wy���¯t {;t*h�l@� l�t ® {�v lk§Pw]t*z|{yr�� a

∂λ+

∂gkl
= θT+

∂G

∂gkl
θ+

w]r�� ∂λ−
∂gkl

= θT−
∂G

∂gkl
θ−

�¸�mX��

°SÃu«Nw]t*z|{yr�� �¸�mX��È¨¹{yv*j�w]§�§��et lk§�§%«��;h�{ ® lkz��lkru©Lw]§�«�l@�~{]¨�w}��z½Æ&«��*z|{yr»t lkr�� {yv
G

©yw]v*� ® z�t*h
v l@� �"l@xktEt {�wÈ�Nw]v*t*z|xk«�§Pw]v%x@{Àl���xkz|lkrÀt

gkl
{]¨

G
³ 	Åxkt*«Nw]§�§���dt*h�z|�Sz�rÀt lkv l@�*t*z�r�����v {y�"lkv*ts�mx�w]r��&l

��v {©l@�Â¨¸{yv;w]ru�Ë�*�dj~jmlkt*v*z|x~j�w]t*v*z½¶&³~´N{yvÇz�r��*t�w]r�x@lL�$w]«�t*h�{yv ��{]¨qV!X��8[E��v {y�&{L� l@�·w¿� z�j~z�§Pw]v
��lkjm{yr�� t*v�w]t*z|{yrÊz�rÊwm��«�v lk§��¿j�w]t*v*z½¶�¨¹{yv*jZ�N§|l�wy��z�r���t {mt*h�l;��w]jmlÇv l@�*«�§�t�³¯g%h�lk��«�� l@��z�t�t {
��l�w]§ ® z�t*hZ�lkr�lkv�w]§�x@{�©Lw]v*zPw]r�x@lÇj�w]t*v*z|x@l@�³

	a{yv l@{�©lkv�z�r}{y«�v�x�wy� lL��t*h�lÈj�w]t*v*z|x@l@� ∂G
∂gkl

w]v l�©lkv*���*z�j~��§|l.a

∂G

∂g11
=

(

1 0
0 0

)

,
∂G

∂g12
=

(

0 1
1 0

)

and
∂G

∂g22
=

(

0 0
0 1

)

� z�t*h}w]§�§ct*h�l@� lÈlk§|lkjmlkrÀt ��� ® lÇx�w]r}lU¶���v l@� � �WX�P �Åwy�ha












∂λ+

∂Iix

∂λ+

∂Iiy













= 2 θ+θ
T
+∇Ii and













∂λ−
∂Iix

∂λ−
∂Iiy













= 2 θ−θ
T
−∇Ii

�¸�L� �

´<z�rNw]§�§����v lk��§Pwyxkz�r�� �¸�L� �¾z�r t*h�lµ°�«�§|lkvª�D{�w]�Lv�w]r��l�l@ÃÀ«Nw]t*z|{yr�� �WX�� ��w]r�� �WX�� �U���Lz�©l@�Zt*h�l
©l@xkt {yvª�4©Lw]§�«�l@�Z�Lv�wy��z|lkrÀt���l@� x@lkrÀt�{]¨¦t*h�l�¨ «�r�xkt*z|{yrNw]§ �¸� �qa

min
I:Ω→ z n

∫

Ω
ψ(λ+, λ−) dΩ =⇒ ∂Ii

∂t
= 2 div

([

∂ψ

∂λ+
θ+θ

T
+ +

∂ψ

∂λ−
θ−θ

T
−

]

∇Ii
)

�¸�Ln �

�f¨¸{yv
i = 1..n

�
�

��{yt l�t*hNw]t �¸�Ln �¯z|��w���z�©lkv*�lkr�x@lU�4�Nwy� l@�Êl@ÃÀ«Nw]t*z|{yr}�*«�x�hZt*hNw]tha

∂Ii
∂t

= div (D∇Ii) where D = 2
∂ψ

∂λ+
θ+θ

T
+ + 2

∂ψ

∂λ−
θ−θ

T
−

D ∈ P(2)
z|�Åt*h�lkrÊw

2 × 2
��z½Æ&«��*z|{yr�t lkr�� {yv�� ® h�{L��lÇlkz��lkru©Lw]§�«�l@��w]v l�a

λ1 = 2
∂ψ

∂λ+
and λ2 = 2

∂ψ

∂λ−

�:���<�m�T�����
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wy��� {ÀxkzPw]t l@�¿t {mt*h�l@� lÈx@{yv*v l@�*�&{yr���z�r��D{yv*t*h�{yr�{yv*j�w]§$lkz��lkrÀ©l@xkt {yv �ra

u1 = θ+ and u2 = θ−
pst~z|�Dw]§|��{ ® {yv*t*h2t {Ëjmlkrut*z|{yr t*hNw]t�x@{yj~��«�t*z�r���t*h�z|�m�Lv�wy��z|lkrut¾��l@� x@lkrut¾z|�m��{yr�lÊlU¶�wyxkt*§��
z�r�t*h�l���w]jml ® w@�� ® h�lkrZ��l�w]§�z�r�� ® z�t*hZz�j�w]�lÈ��{yj�w]z�r��

Ω
��lU¼�r�l@��z�r�h�z��Lh�lkv
��z�jmlkr��*z|{yrNw]§

� �Nwyx@l@� �
Ω ⊂ R

p ® h�lkv l
p > 2

��	Ê{yv l%�Nw]v*t*z|xk«�§Pw]v*§���Àt*h�l
x�wy� lÅ{]¨cny� ©{y§�«�jmlÅv lk�L«�§Pw]v*z�¬w]t*z|{yr
�
p = 3

�Åx�w]r��"l ® v*z�t*t lkrÂwy� a

min
I:Ω→ z n

∫

Ω
ψ(λ1, λ2, λ3) dΩ =⇒ ∂Ii

∂t
= 2 div

([

∂ψ

∂λ1
θ1θ

T
1 +

∂ψ

∂λ2
θ2θ

T
2 +

∂ψ

∂λ3
θ3θ

T
3

]

∇Ii
)

psr¾t*h�z|�Åx�wy� lL��t*h�l
λ1,2,3

w]v l�t*h�l�t*h�v l@lÈlkz��lkru©Lw]§�«�l@�
{]¨$t*h�l
3× 3

�*t*v*«�xkt*«�v l�t lkr�� {yv
G

��w]r��
θ1,2,3

w]v l�t*h�lÇx@{yv*v l@�*�&{yr���z�r��D{yv*t*h�{yr�{yv*j�w]§<lkz��lkru©l@xkt {yv ��³

� 6GF�F �E';��!����

	a{L�*t���z�©lkv*�lkr�x@lU�4�Nwy��l@�}v lk�L«�§Pw]v*z�¬w]t*z|{yrË�E��°
±²��wyxkt*z�r��D{yrÊj;«�§�t*z�©Lw]§�«�l@�}z�j�w]�l@��hNw@©l;t*h�l
¨¸{y§�§|{ ® z�r��m¨¹{yv*j a

∂Ii
∂t

= div (D∇Ii) (i = 1..n)
�¸�]� �

® h�lkv l
D

z|�%wÇ��z½Æ&«��*z|{yr¾t lkr�� {yv¯�Nwy� l@�n�<'�� k �
' �@	U4T� �<	W���T	;{y�"lkv�w]t {yv �³�g%h�l
¨4wyxkt z|� t*hNw]t
Dz|��{]¨¹t lkr�x@{yj~��«�t l@��¨¹v {yj t*h�l
�*t*v*«�xkt*«�v l
t lkr�� {yv

G =
∑n

j=1 ∇Ij∇ITj
w]r��m��lk�&lkr�����j�w]z�r�§��

{yr�t*h�l��*�Nw]t*zPw]§N��lkv*z�©Lw]t*z�©l@�
Iix

w]r��
Iiy

³<psrut*«�z�t*z�©lk§����wy�St*h�l
��z�©lkv*�lkr�x@l
div () = ∂

∂x + ∂
∂yz|��z�t � lk§½¨�w%¼�v � t${yv ��lkv¦��lkv*z�©yw]t*z�©l¯{y�"lkv�w]t {yv�� ® l � h�{y«�§|�Ç�&l w]��§|lEt { ® v*z�t l �¸�]� ��{yr�§�� ® z�t*h�¼�v �*t

w]r���� l@x@{yr��m�*�Nw]t*zPw]§"��lkv*z�©yw]t*z�©l@�
Iix

�
Iiy

�
Iixx

�
Iixy

w]r��
Iiyy

³$g%hÀ«����Àz�tSx@{y«�§|�~�&l
lU¶d��v l@��� l@�
® z�t*h¿{yv*z|lkrut l@� {�w]��§PwyxkzPw]r��¯z�r¿l�wyx h¾z�j�w]�l�x�hNw]r�r�lk§

Ii
wy� ® lk§�§4�Àz4³²l�w]rDlU¶���v l@� �*z|{yr¾�Nwy� l@�D{yr

t*h�l�t*v�wyx@l;{y�"lkv�w]t {yv ∂Ii
∂t = trace (DHi)

³

�µl ® w]rut�t {�j�w]ºlmt*h�lm§�z�r�ºa�&lkt ® l@lkr·t*h�l~t ® {Ê��z½Æ&lkv lkrÀt���z½Æ&«��*z|{yrµt lkr�� {yv �
D

w]r��
T

z�r
t*h�l���z�©lkv*�lkr�x@lU�4�Nwy� l@��w]r��·t*v�wyx@lU�4�Nwy� l@�µv lk�L«�§Pw]v*z�¬w]t*z|{yr.�E��°
±²���z�rµt*h�l�x�wy� l ® h�lkr

D
z|�

' �<�B���<'�4����
'O��a
∂Ii
∂t

= div (D∇Ii)
w]r�� ∂Ii

∂t
= trace (THi)

	�� ® l�r�{yt*z|x@l@�¿z�r¿t*h�l���v lk©Àz|{y«���� l@xkt*z|{yrc��t*h�l@� l�t ® {�¨¹{yv*j�«�§Pw]t*z|{yr���w]v lÈw]§�jm{L�*tÅl@Ãu«�z�©Lw]§|lkrut��
«���t {Dw]r}wy����z�t*z|{yrNw]§�t lkv*j ��lk�&lkr���z�r��D{yr�t*h�l \�
	�"��<�&"��
')� p �,+m�r�D��'�4��
	 � ���!�

D
a

div (D∇Ii) = trace (DHIi) + ∇ITi ~div (D)
�¸�L� �

���v�����
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® h�lkv l ~div ()
z|�Åt*h�l ���<�&	�" � �
",\��	�����' �U�k³

	ArNw]t*«�v�w]§�z|��l�w�z|�Åt*h�lkr}t {~��l@x@{yj~�"{L� lÇt*h�lÇwy����z�t*z|{yrNw]§�t lkv*j ∇ITi ~div (D)
z�rÀt { �
	�"���'O�D�^�

�E��dO�!�%�T"��
'�4k��lU¶d��v l@� ��l@� ® z�t*hÊwy����z�t*z|{yrNw]§$��z½Æ&«��*z|{yrZt lkr�� {yv �
Q

z�r�t*h�lÈt*v�wyx@l;{y�"lkv�w]t {yv�³

´N{yv;t*h�z|�Ç��«�v*�&{L� lL� ® l ® z�§�§Sx@{yr��*z|��lkv�t*hNw]t;t*h�lm��z�©lkv*�lkr�x@lDt lkr�� {yv
D

z|�;��lU¼�r�l@��w]t�l�wyx h
�&{yz�rut

x ∈ Ω
�u�

D = f1(λ+, λ−) θ+θ
T
+ + f2(λ+, λ−) θ−θ

T
− with f1/2 : R

2 → R
�¸�L� �

pst
jml�w]r���t*hNw]t
D

z|��{yr�§��¿lU¶���v l@� � l@��¨ v {yj t*h�l;lkz��lkru©Lw]§�«�l@�
λ±

w]r��}t*h�l;lkz��lkrÀ©l@xkt {yv �
θ±{]¨¦t*h�lÈ�*t*v*«�xkt*«�v l;t lkr�� {yv

G
a

G = λ+ θ+θ
T
+ + λ− θ−θ

T
−

g%h�z|��z|�
z�r���l@l@�Âw~©lkv*���lkr�lkv*z|x�hu�d�&{yt*h�l@�*z|��t*hNw]t�z|��©lkv*z½¼Nl@�}�À��t*h�lÇj�w£�*{yv*z�t �}{]¨Et*h�l;��v {]�
�&{L� l@�e©l@xkt {yvª�4©yw]§�«�l@�Äv lk�L«�§Pw]v*z�¬w]t*z|{yrÄjmlkt*h�{À����¦¨¹{yv�z�r��*t�w]r�x@l¿t*h�l¿{yr�l¾��v {y�"{L��l@�ez�r 	����
�&lkr���z½¶ 	 a

∂Ii
∂t

= div (D∇Ii) ® z�t*h
(26)

w]r��



















f1(λ+, λ−) = 2
∂ψ

∂λ+

f2(λ+, λ−) = 2
∂ψ

∂λ−
psrÊ{yv ��lkv�t {���lk©lk§|{y�Ât*h�l�wy����z�t*z|{yrNw]§¦��z½Æ&«��*z|{yrat lkv*j ∇ITi ~div (D)

z�r}t*h�l�l@Ãu«Nw]t*z|{yr �¸�L� �U�
® lÈ��v {y�&{L� l�t { ® v*z�t l

D
wy��w�§�z�r�l�w]v�x@{yj;��z�rNw]t*z|{yrÊ{]¨

G
w]r��

Id
a

D = α(λ+, λ−)G + β(λ+, λ−)Id
�¸�� �

z4³²l ® lÇ� lk�Nw]v�w]t l;t*h�l " 4��<�&	W��dO"&��w]r��x�
'�"`4T�%�&	W��d "&���Nw]v*t ��{]¨
D

� ® z�t*h

α =
f1(λ+, λ−) − f2(λ+, λ−)

λ+ − λ−
and β =

λ+f2(λ+, λ−) − λ−f1(λ+, λ−)

λ+ − λ−

�¸�<P �
psr���l@l@�Á� ® lÈhNw@©l

αG + βId =
f1 − f2

λ+ − λ−
(λ+ θ+θ

T
+ + λ− θ−θ

T
−) +

λ+f2 − λ−f1

λ+ − λ−
(θ+θ

T
+ + θ−θ

T
−)

=
1

λ+ − λ−

[

θ+θ
T
+ (λ+f1 − λ−f1) + θ−θ

T
− (λ+f2 − λ−f2)

]

= f1 θ+θ
T
+ + f2 θ−θ

T
−

= D �

�:���<�m�T�����
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�lkv l ® lÇwy� � «�jml@�Dt*hNw]t
λ+ 6= λ−

� z4³²l�t*h�l��*t*v*«�xkt*«�v l�t lkr�� {yv
G

z|�Åw]r�z|� {yt*v {y��z|x��U³ 	�rÀ� ® w@��
z½¨

G
z|�Çz|��{yt*v {y��z|xL��{yr�l��lkr�lkv�w]§�§��·x�h�{À{L��l@��w]r_" 4��<�&	W��dO"&�¾��z½Æ&«��*z|{yr·t lkr���{yv

D
t {À{��<z�r·t*h�l

��z�©lkv*�lkr�x@l}{y�"lkv�w]t {yvm{]¨ �¸�L� �U�Ez4³²l
f1(λ+, λ−) = f2(λ+, λ−)

³�psret*h�z|�mx�wy��lL� ® l�x�h�{À{L� l
α = 0

w]r��
β = f1(λ+, λ−)

³

g%h�z|����l@x@{yj~�"{L�*z�t*z|{yrÊz|�Å«�� lU¨¹«�§Át {�v l ® v*z�t lÇt*h�l�j�w]t*v*z½¶Z��z�©lkv*�lkr�x@l ~div (D)
z�rut { a

~div (D) = α ~div (G) + G∇α+ ∇β �¸�<Z �
w]r��Zt*h�lÇwy����z�t*z|{yrNw]§�t lkv*j {]¨¦t*h�lÇl@ÃÀ«Nw]t*z|{yr �¸�L� � ® {y«�§|�Z�"lÈx@{yj~��«�t l@�awy� a

∇IT ~div (D) = trace
(

~div (D)∇ITi
)

= αtrace
(

~div (G)∇ITi
) �¸nL� �

+ trace
(

G∇α∇ITi
) �¸nmX��

+ trace
(

∇β∇ITi
) �¸nL� �

psr�t*h�l�¨¸{y§�§|{ ® z�r���� ® lÈ��v {y�&{L� lÈt {�¼�r��¿¨¸{yv*j�w]§�lU¶���v l@� �*z|{yr��
{]¨ �¸nL� �U� �¸nmX��Åw]r�� �¸nL� �U³

• ´<z�v �*t���v lkjmlkj��"lkv�t*hNw]t
t*h�lÈ�*t*v*«�xkt*«�v lÈt lkr���{yv
G

z|�Å��lU¼�r�l@�awy� a

G =

n
∑

j=1

∇Ij∇IjT

�µl�hNw�©lÇt*h�lkrxa

~div (G) =
n
∑

j=1

~div

(

I2
jx IjxIjy

IjxIjy I2
jy

)

=

n
∑

j=1

(

2 IjxIjxx + IjxIjyy + IjyIjxy

IjxIjxy + IjyIjxx + 2 IjyIjyy

)

=
n
∑

j=1

(

Ijx(Ijxx + Ijyy)
Ijy(Ijxx + Ijyy)

)

+

(

IjxIjxx + IjyIjxy

IjxIjxy + IjyIjyy

)

=

n
∑

j=1

∆Ij∇Ij + Hj∇Ij

® h�lkv l
∆Ij

w]r��
Hj

w]v lav l@�*�"l@xkt*z�©lk§��2t*h�l {�w]��§PwyxkzPw]r�w]r�� t*h�l 
�l@���*zPw]r {]¨�t*h�laz�j�w]�l
x@{yj~�&{yr�lkrut

Ij
³

���v�����
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g%h�lkrc� ® lÇx�w]r ® v*z�t lÇt*h�lÈlU¶d��v l@� � z|{yrÊnL�~wy� a

αtrace
(

~div (G)∇IiT
)

=

n
∑

j=1

αtrace
(

Hj

[

∇IiT∇IjId + ∇Ij∇IiT
]) �¸nLn �

�

• �µl~¼�rNw]§�§��ÊhNw�©lmt {Zx@{yj~��«�t l ∇α w]r�� ∇β �Áz�rµt*h�lmlU¶���v l@� �*z|{yr �¸nmX��Èw]r�� �¸nL� �U³�g%h�z|�
x�w]r}�"lÈ��{yr�l��À�¾t*h�l;��l@x@{yj~�"{L�*z�t*z|{yrca

∇α =
∂α

∂λ+
∇λ+ +

∂α

∂λ−
∇λ− and ∇β =

∂β

∂λ+
∇λ+ +

∂β

∂λ−
∇λ−

�¸n]� �

w]r��Êwy�Åt*h�l
λ±

��lkz��lkrÀ©yw]§�«�l@��{]¨<t*h�l;�*t*v*«�xkt*«�v lÈt lkr�� {yv
G

����lk�"lkr�����{yr�t*h�l
Ijx

w]r��
Ijy

a

∇λ± =

(

λ±x

λ±y

)

=

n
∑

j=1

( ∂λ±
∂Ijx

Ijxx + ∂λ±
∂Ijy

Ijxy

∂λ±
∂Ijx

Ijxy + ∂λ±
∂Ijy

Ijyy

)

=

n
∑

j=1

HIj





∂λ±
∂Ixj

∂λ±
∂Iyj





psr 	����"lkr���z½¶ 	�� ® l���lkv*z�©Lw]t l@�mlkz��lkrÀ©yw]§�«�l@�¯{]¨ÁwÇ�*t*v*«�xkt*«�v l
t lkr�� {yv
G

� ® z�t*h�v l@� �"l@xkt�t {Èt*h�l
� �Nw]t*zPw]§cz�j�w]�lÇ��lkv*z�©Lw]t*z�©l@��³ �µlÇlkr���l@��«�� ® z�t*h}t*h�l�¨¹{y§�§|{ ® z�r���v lk§Pw]t*z|{yrxa





∂λ±
∂Ixj

∂λ±
∂Iyj



 = 2θ±θ
T
±∇Ij

g%h�lkrc�

∇λ± =

n
∑

j=1

2Hjθ±θ
T
±∇Ij

�¸nL� �

�µlÅx�w]r~v lk��§Pwyx@l �¸nL� �<z�rut {�t*h�l
lU¶���v l@� �*z|{yr���{]¨��¸n]� �U�z�rm{yv ��lkv�t {�¼�r��mt*h�lÅ�*�Nw]t*zPw]§��Lv�wy��z|lkrut �
{]¨
α

w]r��
β
a































∇α =

n
∑

j=1

2Hj

(

∂α

∂λ+
θ+θ

T
+ +

∂α

∂λ−
θ+θ

T
+

)

∇Ij

∇β =

n
∑

j=1

2Hj

(

∂β

∂λ+
θ+θ

T
+ +

∂β

∂λ−
θ+θ

T
+

)

∇Ij

�¸nL� �

�:���<�m�T�����
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���*z�r�� �¸nL� �U� ® l�¼�rNw]§�§���x@{yj~��«�t l�t*h�l�t ® {�j~z|���*z�r����Nw]v*t � �¸nmX�� w]r�� �¸nL� � {]¨�t*h�l�wy����z�t*z|{yrNw]§
t lkv*j ∇ITi ~div (D)

a































trace
(

G∇α∇ITi
)

=

n
∑

j=1

trace

(

2 GHj

(

∂α

∂λ+
θ+θ

T
+ +

∂α

∂λ−
θ−θ

T
−

)

∇Ij∇ITi
)

trace
(

∇β∇ITi
)

=
n
∑

j=1

trace

(

2 Hj

(

∂β

∂λ+
θ+θ

T
+ +

∂β

∂λ−
θ−θ

T
−

)

∇Ij∇ITi
)

�¸n� �

�

• g%h�lÇ¼�rNw]§$�*t lk�ax@{yr��*z|�*t �
z�rÊ��«�t*t*z�r��Dt {y�lkt*h�lkv�t*h�l;l@ÃÀ«Nw]t*z|{yr�� �¸nLn �
w]r�� �¸n� �U��z�rÊ{yv ��lkv
t {~lU¶���v l@� �Åt*h�l�wy����z�t*z|{yrNw]§�t lkv*j ∇ITi ~div (D)

z�r�t*h�lÇ�S��° �¸�L� �U³

∇ITi ~div (D) =
n
∑

j=1

trace
(

HjP
ij
) �¸n<P �

® h�lkv lÇt*h�l
Pij w]v l�t*h�l�¨¸{y§�§|{ ® z�r��

2 × 2
j�w]t*v*z|x@l@�ha

Pij = α ∇ITi ∇IjId

+ 2

(

∂α

∂λ+
θ+θ

T
+ +

∂α

∂λ−
θ−θ

T
−

)

∇Ij∇ITi G

+ 2

(

(α+
∂β

∂λ+
)θ+θ

T
+ + (α+

∂β

∂λ−
)θ−θ

T
−

)

∇Ij∇ITi
�¸n<Z �

��{yt l�t*hNw]tÈt*h�l�z�r���z|x@l@�
i, j

z�rËt*h�l�r�{yt�w]t*z|{yr
Pij �%�b' �<�t����4�"R�<'O�<�D��t*h�l~x@{Àl���xkz|lkrÀt �;{]¨
w

j�w]t*v*z½¶
P

�$��«�t;t*h�l~�Nw]v�w]jmlkt lkv ��{]¨%t*h�l~¨4w]j~z�§��Ëx@{yr��*z|�*t*z�r��}{]¨
n2 j�w]t*v*z|x@l@�

Pij �¹l�wyx�he{]¨
t*h�lkj z|��w

2 × 2
j�w]t*v*z½¶ �U³

g%h�l;j�w]t*v*z|x@l@�
Pii w]v l�� �Àj~jmlkt*v*z|xL����«�t��lkr�lkv�w]§�§��}r�{yt�t*h�l

Pij � ® h�lkv l
i 6= j

�U�&�*z�r�x@lÇt*h�l
�Lv�wy��z|lkrÀt � ∇Ii

w]r�� ∇Ij
w]v l�r�{yt�w]§�z��Lr�l@��z�rZt*h�lÇ�lkr�lkv�w]§�x�wy� lL³

�Slkt�� ® l ® w]rÀt;t {}lU¶���v l@� �Èt*h�lDl@Ãu«Nw]t*z|{yr �¸n<P �È{yr�§�� ® z�t*h·�*�dj~jmlkt*v*z|xmj�w]t*v*z|x@l@��$z�re{yv ��lkv
t {¿z�rÀt lkv*��v lktÇz�t;wy�Çw¿�*«�j?{]¨¯§|{Àx�w]§E�*jm{d{yt*h�z�r�����v {dx@l@� � l@�È{yv*z|lkrut l@�·�u� �
" � ��4�"&�
'g�D��'�4��
	U4k³
´N{yv*t*«�rNw]t lk§����t*h�lÈt*v�wyx@lÇ{y�&lkv�w]t {yv
hNwy�Åt*h�z|���*z�j~��§|l���v {y�&lkv*t �)a

trace (AH) = trace

(

A + AT

2
H

)

���v�����
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® h�lkv l
(A + AT )/2

z|��w
2 × 2

4�k
� �.�T�&	�"���j�w]t*v*z½¶ � t*h�lÇ�*�dj~jmlkt*v*z|xÈ�Nw]v*t�{]¨
A
�U³

g%hÀ«���� ® l���lU¼�r�lÇt*h�l��*�Àj~jmlkt*v*z|x;j�w]t*v*z|x@l@�
Qij ��x@{yv*v l@�*�&{yr���z�r��¾t {�t*h�l;�*�dj~jmlkt*v*z|xÇ�Nw]v*t �

{]¨¦t*h�l
Pij a

Qij =
Pij + PijT

2

� �u� �

w]r�� ® lÈhNw�©l�a
∇ITi ~div (D) =

n
∑

j=1

trace
(

HjQ
ij
)

´<z�rNw]§�§����t*h�l;��z�©lkv*�lkr�x@lU�4�Nwy� l@�}�E��° �¸�L� �%x�w]rZ�&l ® v*z�t*t lkrÊwy� a

div (D∇Ii) =

n
∑

j=1

trace
(

(δijD + Qij)Hj

) � ��X��

® h�lkv l
δij

z|�Åt*h�l ��v {yr�l@x�ºlkv�±²���*�dj;�&{y§0a

δij =

{

0
z½¨
i 6= j

1
z½¨
i = j

�

g%h�l�v lk�L«�§Pw]v*z�¬w]t*z|{yr.�E��° � ��X��Èz|�;l@ÃÀ«�z�©yw]§|lkrÀt�t {�t*h�lD��z�©lkv*�lkr�x@lU�4�Nwy� l@�»l@Ãu«Nw]t*z|{yr ∂Ii
∂t =

div (D∇Ii)
����«�t ® z�t*haw�t*v�wyx@lU�4�Nwy� l@��¨¸{yv*j;«�§Pw]t*z|{yrc³

�:���<�m�T�����
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V!X�[ ��³�	�«��"lkv*tDw]r��2�$³ ��{yv*r���v {y���*t�³�� �<�,+m�����<�&"����
� - 	W�ef��!�T�r4 ",']��� �j��� - 	W�j�U��4U4�"`' ���
- �
	T�&"&�
� / " �2��	���'Y�&"��
� 1��T���<�&"��
'�4 �
' �c�,+����*�<�R�T� ����4 � p ���
	�"��<�&"��
'�4k�S©{y§�«�jmlgXk�À�Ë{]¨
� d%dO��"��^�	�n�<�,+m�����<�&"����
��
 �T"���'O�U��4k³¯ÉÀ��v*z�r��lkvª� �Elkv*§Pw]��� �uw]ru«Nw]v*�}�L�L�L��³

V �8[���³ �Åw]v�wy�*hc³ � z�§Pw]t lkv�w]§�¼�§�t lkv*z�r�� w]r�� w]r�z|��{yt*v {y��z|xµ��z½Æ"«�� z|{yrGa�g�{ ® w]v ���aw�«�r�z½¼Nl@�
©Àz|l ® �&{yz�rut�³Eg$l@x h�r�z|x�w]§<v lk�"{yv*t�� 
��]{$w]�"{yv�w]t {yv*z|l@��ps� v�wylk§4���L�L�L��³

V n8[ ��³��%l@x ºlkv���gÈ³$��v lk«�� � lkv���w]r�� 	e³$�
«�j~��¨*³¾�S��l�jmlkt*h�{d���;z�r·ÌN{ ® �*z�j;«�§Pw]t*z|{yr��&{L�*t
��v {Àx@l@� � z�r���³��*�
�2dO� �&",'e�S�
'O�l�K"`4����
��"!#j�<�&"��
' ",'
N�T"��T'O�U�k�Nn �¸n ��a!X��<Z��OX���d�&�L�L�L��³

V �
[ 	e³ �%lkv*t�w]§�j~z|{�� ��³$É�w]��z�v {�����³ � wy� lk§�§|l@���¦w]r�� � ³��Åw]§�§|l@�*t lkv�³¾psj�w]�l~z�r��Nw]z�rut*z�r���³�psr
��«�v*t 	�ºlk§|lk��yl@��z�t {yv���- 	W�j�U���^�
",'e�4q� p �,+���
m�����@� � - �È��Nw]�l@����X���u�u�]��³ 	 � 	 ��v l@�����
	 � 	 Édp � ��� 	�� 
�� 	Å����z|� {yr �µl@� §|lk�S{c{yr��Lj�w]rc�"�L�L�L��³

V �8[��$³ �¯§|{yj~�Lv lkrÂw]r��ZgÈ³²´%³ � hNw]rc³ � {y§|{yv�t*©Na�g�{yt�w]§$©yw]v*zPw]t*z|{yr}jmlkt*h�{À���
¨¹{yvÅv l@�*t {yv�w]t*z|{yr
{]¨<©l@xkt {yvª�4©Lw]§�«�l@��z�j�w]�l@��³B�^1@101 ��	^�
'�4��N���������K- 	W�����|��� �¸n ��a nL�]���dnL�<Z��vX�Z<Z<P�³SÉÀ�&l@xkzPw]§
ps� � «�l¯{yrD�<w]v*t*zPw]§"��z½ÆÁlkv lkrut*zPw]§"°EÃÀ«Nw]t*z|{yr�� w]r�� ��l@{yjmlkt*v*�À� ��v*z�©lkrD��z½Æ&«��*z|{yrmz�rmpsj�w]�l
��v {Àx@l@���*z�r��Dw]r�� 	�rNw]§��d�*z|�³

V �8[���³ �¯«�lkv*ºÀ§|lL��gÈ³d��v lk«�� � lkv���w]r�� 	e³d�
«�j~��¨*³cg�v�w]r��*�"{yv*t
w]r��¾��z½Æ"«�� z|{yrDz�r¾t*z�jml@��lk�"lkr��
��lkrutÅÌN{ ® ©dz|�*«Nw]§�z�¬w]t*z|{yrc³Epsr - 	W�j�U���^�
",'e�4h�^10101 �K"`4����
��"!#j�<�&"��
'N���L�L�mXL³

V �j[�gÈ³ � hNw]rc��É"³ 
�³ �Çw]r�����w]r�� ��³�ÉÀh�lkrc³�°�«�§|lkv�±²�Ålk§Pwy�*t*z|x�w�w]r��¾xk«�v*©yw]t*«�v l��Nwy� l@�Dz�r��Nw]z�rutª�
z�r���³�
m� � ����� � d%dO�����n�<�,+��P���L�L�L��³

V P8[�gÈ³ � hNw]r w]r�� ��³ÅÉÀh�lkrc³�	Âw]t*h�lkj�w]t*z|x�w]§�jm{À��lk§|�D¨¸{yv�§|{dx�w]§���lkt lkv*j~z�r�z|�*t*z|xaz�r��Nw]z�rutª�
z�r����³�g�l@x�h�r�z|x�w]§N��lk�&{yv*tS�L�£�UX<XL���lk�Nw]v*t*jmlkrut¯{]¨ 	Âw]t*h�lkj�w]t*z|x@��� � � { 	��<{c{L� 	�r��lk§|l@��
	aw]v x�hÊ�L�L�L��³

V Z8[�gÈ³²´¯³ � hNw]rµw]r�� �N³ÁÉÀh�lkrc³ ��{yr��4t lU¶dt*«�v l�z�r��Nw]z�rut*z�r����À�Êxk«�v*©Lw]t*«�v lU� ��v*z�©lkrµ��z½Æ"«�� z|{yr��
�¹x@��� �U³����q�|" 4��m�
� �*�
� �!�N���������q��� d"�|�KX�� � � ��a �unL���u�L��Z��&�L�L�mXL³

V!X��8[ ��³Á��z|l ® w]§|�Á�¦gÈ³c�Ev lk«�� � lkv��¦w]r�� 	e³��
«�j~��¨*³ 	�r�z|� {yt*v {y��z|xm��z½Æ&«��*z|{yrµz�rµ©l@xkt {yv;¼Nlk§|�
©Àz|�*«Nw]§�z�¬w]t*z|{yr�{yr�lk«�xk§�z|��zPw]rZ��{yj�w]z�r���w]r��¿�*«�vª¨4wyx@l@��³v�^1@101 ��	W�<'�4T�%���&"&�
'�4q�
'_�|" 4��m�<� �
"!#j�<�&"&�<'n�
'O�#�*�
�2dO�m�D��		� 	^��dY+�"���4k�N� �¸� ��a!X�n<Z��OXk��Z����L�L�L��³

V!X<X�[ ��³ �Èlkv*z�������³���«���§|lkv��Á��³-��z�ºdz�r�z|���Áw]r��Â´%³ �u{y§|l@�*¬³ ��{yr�§�z�r�l�w]v;w]r�z|��{yt*v {y��z|x;¼�§�t lkv*z�r��
{]¨<j~v*z���w]t�w�³ �^10101 �$� �U�NX<X �¸� ��a �L�mX%�d�LnmXL�:X�Z<ZL��³

���v�����
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V!X��8[��;³	��z�j~jmlk§4�u��³ 	aw]§�§Pwy��z4��w]r�� ��³uÉd{Àx�h�lkrc³�psj�w]�l@� wy�Slkj;�&l@����l@�mj�w]��� w]r���j~z�r�z�j�w]§
�*«�vª¨¸wyx@l@�jaÅjm{�©dz|l@���Áx@{y§|{yv��&t lU¶�t*«�v lL�cw]r��Ê©{y§�«�jmlkt*v*z|x�jml@��z|x�w]§�z�j�w]�l@�³h��'Y�D��	�'O�<�&"��
'O�
�
�e�
� 	�' �
�:� p �*�
�2dO�m�D��	 �|" 4�"&�<'N��n<Z �¸� ��a!X<X<X%�OX��<Z��&Édlk��t lkj��"lkv��L�L�L��³

V!X�n8[ ��³ ��³"��{dlkr���lkv*z�r�º&³�g%h�l��*t*v*«�xkt*«�v l~{]¨¯z�j�w]�l@��³ ��"&�<�R���<"&���<� �vk�f���	�' �T�&"���4U���L�ma nL�Ln��dn�y���
X�Z<P]��³

V!Xk�
[��$³ ��{yv*r���v {y���*t��L��³���lkv*z|x h�lL�w]r�� �~³ 	�«��&lkv*t�³ ��{yr�§�z�r�l�w]v${y�&lkv�w]t {yv �$z�r;z�j�w]�lEv l@� t {yv�w£�
t*z|{yrc³~p rc- 	^���U�U�^�
",'e�4 � p �,+��Q��'O�D��	�' �<�&"&�<'O�
���*�
' p ��	���'O�U�S�
' �*�
�2dO� �D�T	x�K"`4�"��
'g�
' �
- �<���D��	�' ���������
'�"&�&"��
'N�$�Nw]�l@�ÇnL�L���dnLnmXL����«�lkv*t {Z��z|x@{�� �L«�r�l X�Z<Z�d³Áp °E°E° � {yj~��«�t lkv
Éd{Àxkz|lkts���ps°S°E°
³

V!X��8[Q{�w]«�v lkr�x@l {Á«�xkz|��{�����wyx h�z|�G��lkv*z|x h�lL� {Á«�z|� 	�§�©yw]v lk¬��w]r�����z�r�x@lkrÀtË�
z��uw]«��Á³ ÉÀ«�v
Ãu«�lk§|ÃÀ«�l@�È� x h��kj�wy�Çru«�jm�kv*z|ÃÀ«�l@�;��l�v �@� {y§�«�t*z|{yrµ�Á±²�@ÃÀ«Nw]t*z|{yr���w]«�¶Â���kv*z�©d�@l@�È�Nw]v*t*z|lk§�§|l@�
�"{y«�vÅ§|lÈt*v�w]z�t lkjmlkrÀt��Á± z�j�w]�l@��³S��w]���&{yv*t���lÈ��l@x�h�lkv x h�l�nmX�ZL���Np ����p 	�� �L«�r�l.X�Z<Z�d³

V!X��8[�gÈ³"�¦w]�Nwy��{y�&{y«�§|{Zw]r�� 	�³²pU³ 	�³ {c{y«�v�w]ºdz|��³È°E�*t*z�j�w]t*z�r���t*h�l�� wyx@{y��zPw]rÂ{]¨ t*h�l�� z�r��L«�§Pw]v
©yw]§�«�l���l@x@{yj~�&{L�*z�t*z|{yr|a�g%h�l@{yv*�aw]r��µw]����§�z|x�w]t*z|{yr���³���l@� l�w]v x�hÂ��lk�"{yv*tÇn<ZL�mXL�cp ����p 	
Éd{y��h�zPw£� 	�rÀt*z��"{y§�z|��� �L«�r�l;�L�L�L��³

V!X�j[ 	�³��¦w]v ��{ew]r�� �~³SÉ�w]��z�v {�³ �El@xkt {yvm��v {y�Nw]��z�§�z�t �Ä��z½Æ&«��*z|{yrc³Äpsr_- 	^���U�����
"`' �4 � p �,+m�
��'Y�D��	�'O�<�&"��
'O�
� �*�
' p ��	^�T'O�U� �<'���� �j���t- 	^���U��4U4�",'e�L³�p °E°E°ÄÉÀz��LrNw]§Á��v {dx@l@� �*z�r��mÉd{Àxkz|lkts��
Édlk��t lkj;�&lkv��L�L�L��³

V!X�P8[��$³È�<lkv {yrNw w]r�� ��³ 	aw]§�z�º&³ Édx�w]§|lU� �*�Nwyx@lÄw]r��Gl@���l.��lkt l@xkt*z|{yr «��*z�r�� w]r�z|� {yt*v {y��z|x
��z½Æ"«��*z|{yrc³ �^10101 ��	^�
'�4��%���&"��
'�4 �
']- �<���D��	�' � 'O�
��k84�" 4 �
'O� �n�%�T+�"`'N����'Y�D�T�`��"R�e��'O�U�k�
X�� �4� ��a �L�<Z��d�Ln<Z�� �L«�§�� X�Z<ZL��³

V!X�Z8[ ��³�É�w]��z�v {�³ �t�^�<�����&	�"��2- �<	��&"��
�Y/ " �2��	���'Y�&"��
�O1��T���<�&"��
'�4 �
'O�Q��� �j��� � 'O�<� k4�"`4U³ � w]j��
��v*z|���l ��r�z�©lkv � z�t ����v l@� �����L�L�mXL³

V �L�8[ ��³�É�w]��z�v {Gw]r��B��³ {E³��
z�r��uwyx hc³ 	�r�z|� {yt*v {y��z|x2��z½Æ"«��*z|{yr {]¨Zj;«�§�t*z�©Lw]§�«�l@�Bz�j�w]�l@�
® z�t*h.w]����§�z|x�w]t*z|{yr���t {Âx@{y§|{yv�¼�§�t lkv*z�r���³l�^10101 ��	^�
'�4T�����&"&�<'�4 �
'l��� �j���.- 	^���U��4U4�",'e�L�
� �WX<X���a!X��<PL���OX��<PL���:X�Z<ZL��³

V �mX�[ ��³�ÉÀhNw]hc³ � «�v*©lmlk©{y§�«�t*z|{yrew]r��Ë� lk�LjmlkrÀt�w]t*z|{yrµ¨¹«�r�xkt*z|{yrNw]§|��a 	�����§�z|x�w]t*z|{yr��;t {�x@{y§|{yv
z�j�w]�l@��³·psr - 	W�j�U���^�
",'e�4 � p �,+��.��'Y�D��	�'O�<�&"��
'O�<� �*�
' p ��	���'O��� �
'l��� �j���.- 	^���U��4U4�",'e�L�
�Nw]�l@�Å�u�mX%�u�u�]���EX�Z<ZL��³

V �L�8[ ��³LÉd{Àx�h�lkrc��;³ ��z�j~jmlk§4�uw]r�� 	�³ 	e³��¯v*«�x º��*t lkz�rc³���z½Æ"«��*z|{yr���w]r���x@{yr�¨¹«��*z|{yr��¦z�r�� z��LrNw]§
w]r��mz�j�w]�l���v {Àx@l@� � z�r���³ �e�
� 	�' �
�N� p �n�<�,+m�T� �%�&"&���<���������
",'e���<'O�)�K"`4�"��
'N��Xk� �¸n ��a!X�ZL���
�L�<Z��N�L�L�mXL³

�:���<�m�T�����
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V �Ln8[ ��³ug$w]r�������³ÀÉ�w]��z�v {���w]r�� ��³ � wy� lk§�§|l@��³&��z½Æ&«��*z|{yr�{]¨Á�lkr�lkv�w]§"��w]t�w;{yrmr�{yr��¸Ì�w]t¯j�w]r�z½�
¨¹{y§|���<©dzPw
hNw]v*jm{yr�z|x%j�w]���<t*h�l@{yv*��a$g%h�l%��z�v l@xkt*z|{yrm��z½Æ"«��*z|{yr�x�wy� lL³ �E+m�B��'Y�D��	�'O�<�&"��
'O�
�
�e�
� 	�' �
�:� p �*�
�2dO�m�D��	 �|" 4�"&�<'N��nL� �¸� ��a!Xk��Z��OX��mXL��´�lk��v*«Nw]v*�Z�L�L�L��³

V �]�
[ � ³Ág�{yj�wy�*z w]r��Ë��³ 	aw]r���«�x�h�z4³ �¯z�§Pw]t lkv�w]§�¼�§�t lkv*z�r���¨¸{yvÈ�Lv�w@�Ëw]r��µx@{y§|{yvÈz�j�w]�l@��³~psr
- 	W�j�U���^�
",'e�4b� p �,+m� �^10101 ��'Y�D��	�'O�<�&"��
'O�
���*�
' p ��	���'O�����<' �*�
�2dO�m�D��	x�K"`4�"��
'N�&�Nw]�l@�
PLn<Z�� P]�u��� �uw]rÀ«Nw]v*� X�Z<Z<P�³

V �L�8[���³dg���x hu«�j~�&lkv*§|�L³0-0/�1�3 4 �t�
4��^�Q�����
� �R�<	�"$#��<�&"��
' � p � �e�R�&"`\�
� ���^� ����������4 �
'O� � d%dO��"`�
���<�&"��
'�4U³��Eh��Gt*h�l@�*z|��� ��r�z�©lkv �*z�t �È��l ��z|x@lU� Éd{y��h�zPw 	�rut*z��&{y§�z|������l@x@lkj;�&lkv��L�L�L��³
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