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Abstract: Automatic graphs are possibly infinite graphs with a rational presentation by
finite automata; they include grids as a particular case, and Sénizergues has shown in a
seminal work that they are an extension of deterministic pushdown graphs. Here, we propose
a procedure that decides from the automatic presentation of a graph whether it may be
realized isomorphically by the reachable state graph of some finite Petri net, with transitions
in bijection with labels of edges. As automatic graphs cover more concurrent systems than
pushdown graphs, this procedure improves over, and indeed subsumes, the net synthesis
procedure studied earlier for pushdown graphs.
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Le probléme de synthése des réseaux de Petri pour les
graphes automatiques

Résumé : Les graphes automatiques sont des graphes finis ou infinis donnés par une pré-
sentation rationnelle, faite d’automates finis & une ou deux bandes; ces graphes contiennent
en particulier les grilles, et Sénizergues a montré dans un travail fondateur qu’ils forment
une extension propre des graphes de transitions d’automates déterministes & pile. Nous pro-
posons ici une procédure qui décide, a partir de la présentation automatique d’un graphe fini
ou infini, s’il peut étre réalisé & isomorphisme prés par le graphe des marquages accessibles
d’un réseau de Petri fini, avec des transitions en bijection avec les étiquettes des arcs du
graphe. Comme les graphes automatiques couvrent plus de systémes concurrents que ne
le font les graphes de transitions des automates a pile, cette procédure améliore, et de fait
recouvre, la procédure proposée antérieurement pour la synthése de réseaux de Petri & partir
des graphes de transitions d’automates déterministes a pile.

Mots-clés : graphes automatiques, réseaux de Petri, régions, synthése
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1 Introduction

The problem of net synthesis consists in deciding whether there exists some Petri net sat-
isfying given specifications. In the event of a positive decision, such a Petri net should be
constructed; otherwise feedback should hopefully be provided giving indications why the
given specifications cannot be realized by a Petri net. In front of this general scheme, the
algorithmic solutions provided so far in the literature apply to much restricted classes of
specifications. In a first stage, the synthesis problem has been dealt with assuming that
specifications are finite labelled graphs given by explicit sets of states and labelled transi-
tions. Labelled graphs are said to be realized by finite Petri nets, labelled injectively on
transitions, if they are isomorphic to their reachable marking graphs. Such specifications
have a unique model and they cannot be stated without a complete knowledge of the states
of this model, which is a strong requirement seldom met in practical systems design. More-
over, only finite transition systems are considered whereas the marking graphs of finite Petri
nets may well be infinite. These limitations have been lifted partially in subsequent studies.
On the one hand, a decision has been brought to the problem of synthesizing nets from
infinite graphs given by graph grammars, that is to say context-free graphs (or pushdown
graphs) [8]. This is far from sufficient, since e.g. the complete grid on the positive quarter
of the plane is a typical example of a non context-free graph with regular structure that
may be realized by a finite Petri net. One might reasonably discard this example by im-
posing bounded asynchronism on Petri nets, but even under that proviso the context-free
graphs are far from exhausting the class of marking graphs of Petri nets. On the other
hand, a decision has been brought to the problem of synthesizing nets from a disjoint pair
of regular languages, one expressing required behaviours and the other expressing forbidden
behaviours without making any reference to states [7]. A Petri net realizes such specifica-
tions if its language contains all required behaviours and no forbidden behaviour. This also
is far from being sufficient, since most state-based properties of the system under design
cannot be formulated as language inclusions.

In this paper, we improve over previous work by lifting further the two restrictions
mentionned above. The main result is an effective solution to the net synthesis problem for
automatic graphs. Automatic graphs are generally infinite graphs whose set of states and
labelled transition relations are represented by finite automata and transducers (or two-tape
automata). The class of automatic graphs contains strictly the class of context-free graphs,
hence the new synthesis algorithm for automatic graphs improves over the former algorithm.
Moreover, a straigtforward adaptation of the new algorithm allows to extend net synthesis
from automatic graphs to automatic specifications. Automatic specifications resemble much
automatic graphs, but they need not define a unique labelled graph. In fact, automatic
specifications may have an arbitrary number of models ranging from zero to infinity. As a
result, one may now search automatically for a Petri net with marking graph in an infinite
family of labelled graphs, but there is a price to pay since automatic specifications are
admittedly difficult to write. We leave open for further study the question of producing
automatic specifications by translation from more convenient specification languages.
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4 Badouel € Darondeau

The remaining sections of the paper are organized as follows. Sections 2 and 3 bring
the necessary background of automatic structures and Petri net synthesis. Sections 4 and 5
propose a solution to the Petri net synthesis problem for automatic graphs. Section 6 and
7 show a full example and a counter-example. Section 8 extends the results from automatic
graphs to automatic specifications. The paper is followed by a short appendix on semi-linear
subsets of IN" and ZZ".

2 The basics of automatic graphs

Graphs with an automatic structure, also called automatic graphs, were evolved by Séniz-
ergues as a smooth extension of Cayley graphs of automatic groups. In order to reach an
efficient decision of classical problems on groups, automatic structures of Cayley graphs were
defined as follows by Epstein et al. [10]: a regular language on the set of group generators
supplies the representatives for vertices (i.e. group elements) through the evaluation of words
in the group; pairs of equivalent representatives are accepted by a finite automaton with two
tapes (called the equalizer); and the right action of each generator is defined similarly by a
finite automaton with two tapes (called a multiplier). For precisions, the reader is referred
to [10].

Sénizergues’s definition of automatic graphs [23] retains from this framework as much as
possible to accomodate also non homogeneous graphs such as the deterministic pushdown
graphs. Setting focus on reachable graphs with one root, and with a deterministic labelling of
edges, he essentially adapts the above definition by substituting sequences of labels on rooted
paths in the graph for sequences of group generators. The equalizer and the multipliers
(one for each symbol in the alphabet of labels) are defined as above by finite two-tape
automata, however with some significant differences. In [10], two alternative types of two-
tape automata were considered, namely the synchronous automata that read their tapes in
alternation, and the asynchronous automata. Synchronous rational languages form a boolean
algebra, entailing decidability of the first order theory of synchronous automatic groups, but
asynchronous regular languages do not form a boolean algebra, although they are closed
under complementation. It is worth noting that boundedly asynchronous automata, where
one tape cannot be read ahead from the other by more than fixed k letters, are actually
sufficient for supplying asynchronous automatic groups with automatic structures [10]. The
two-tape automata used in [23] to define automatic structures of graphs are basically of the
bounded asynchronous type, but the boundedness constraint is lifted after the first tape has
been exhausted in the specific case of the multiplier automata. In spite of the boundedness
constraints, the first order theory of automatic graphs is not decidable [20].

In this work, we adopt Sénizergues’s view of automatic graphs but we discard all bound-
edness constraints from his definitions. Before stating the simplified definitions, let us briefly
comment on the relationship between automatic graphs and the wider class of automatic
structures introduced in [17] and further studied in [6]. Automatic structures are relational
structures over an underlying set, whose elements are represented as words of a regular
language. Equality and other relations are decided by finite multi-tape automata of the

INRIA



From automatic graphs to Petri nets 5

synchronous type, and so the first order theories of automatic structures are decidable. In
particular, labelled graphs may be represented with automatic structures in which the alpha-
bet used to represent vertices as words differs from the alphabet of labels. The same remark
applies to the asynchronous automatic structures that underlie the rational graphs studied
in [18]. We do not know whether the Petri net realization problem can be decided for these
larger classes of automatic graphs: our present technique of net synthesis relies heavily on
the assumption that vertices are represented by labels of incoming paths. Definitions now.

Definition 2.1 (excerpt from Epstein) An asynchronous deterministic two-tape automa-
ton, or simply asynchronous automaton, over A is a partial deterministic automaton over

AU {8}, in which the set of states is partitioned into five subsets, denoted by St, S5, Sr,

S% and S%. The only state in S® is the unique accept state, called sg; no arrows originate

from it. An arrow labelled by an element of A and having its source in Sp, U Sg has its

target in St U Sg; if its source is in SE or S%, its target is in the same set. A $ arrow

with source in S has target in S}g; one with source in Sgr has target in S%; and one with

source in S}*; U S%. has target sg. The start state is in Sp, USgk. We say that an asynchronous

automaton accepts a pair of strings (wp,wr) € A* X A* if there is a shuffle w of (w8, wgr$)

which is accepted by the automaton.

Lemma 2.2 (Epstein et al.) Complementation in A* x A* preserves the class of lan-
guages accepted by asynchronous automata.

In the sequel, L(M) denotes the rational relation formed of all pairs of words (wr,wg) €
A* x A* accepted by asynchronous automaton M. For convenience, in the illustrative parts,
the generators (a,¢) and (¢, a) of A* x A* will be written respectively as a and @. Thus, for
instance, aba means (b, aa). Throughout the paper, G = (V, E,vg, A) will denote a graph in
which all vertices v € V may be reached from the root vy € V by sequences of directed edges
in E CV x V, with a surjective edge labelling map A : £ — A, such that distinct edges
with common source are mapped to distinct labels in A = {a1,... ,a,}. Welet v-a =" if
A(v,v") = a and be undefined otherwise; by extension, we let v -aw = v -a-w for w € A*
different from e (the empty word).

Definition 2.3 (adapted from Sénizergues) G is an automatic graph if it may be given
o rational structure S =< W, wy, Eq, M1,... , M, > as follows:
i) W is a finite (one-tape) automaton over A, accepting o regular language L(W) such
that, for all w € L(W), vo - w is defined, and for every vertexv € V, v = vo - w for some
w € L(W),
il) wo € L(W) and vo = vo - wo,
iii) FEq is an asynchronous automaton over A, such that

L(Eq) = {(w,w') € L(W) x L(W) |vo - w = vo - w'},

iv) for each i € [1,n], M; is an asynchronous automaton over A, such that L(M;) =
(w7 € LOW) x L) |ty - way = oo -u'}

RR n° 4661



6 Badouel € Darondeau

One might assume w.l.o.g. that L(W) is closed under prefix. We shall not use this as-
sumption. Deterministic pushdown graphs are a particular case of automatic graphs with
bounded tree-width. A typical example of an automatic graph with unbounded tree-width
is the complete grid on the positive quarter of the plane (see Fig. 1). The grid, which is

A A A
! I I
I
! | |
R ! |
o —— >0 — >0 - s
a2 a2 a2
a1 a1
o—— >0 — >0 - - b
a2 ’ a2 a2 ’
a1 a1
[ ] [ ®o----- E

Figure 1: The grid

obviously isomorphic to the reachable marking graph of a one-safe Petri net, may be given
a rational structure S =< W, wqg, Eq, M1, My > as follows:

1. L(W) = ajaj and wy = ¢,

2. L(Eq) = {(w,w) |w € L(W)},

3. L(M,) = (a1@y)* @7 (a2az )",

4. L(Ms) = (a1a1 )* a3 (az2az )*.

3 The principles of Petri net synthesis

In [19] and [9], labelled graphs isomorphic to reachable state graphs of P/T-nets, with as
many transitions as labels, were shown to satisfy two characteristic axioms, reminiscent of
the regional axioms for Elementary Transition Systems [11] [12]. Based on these axioms,
procedures deciding upon the P/T-net definability of finite graphs and of context-free graphs
were proposed, respectively, in [1] [2] and in [8]. The goal of this paper is to extend the
decision to automatic graphs. We recall in this section the basic principles of P/T-net
synthesis, which the development presented in this paper rests upon. We refer the reader to
[3] for a more substantial presentation of net synthesis, for various classes of nets, taken as
actual parameters of the net synthesis functor. Definitions follow.

Definition 3.1 (P/T-nets) A P/T-net is a triple N = (P,T,F) where P and T are finite
disjoint sets of places and transitions, respectively, and F is a function, F : (P x T)U (T x
P) - N. A marking of N is a map m : P — IN. The state graph of N is a labelled
multi-graph, with markings as vertices, where there is an edge labelled with transition t from
m tom' (in notation: m[tym') if and only if, for every place p € P, m(p) > F(p,t) and
m'(p) = m(p) — F(p,t) + F(t,p). The reachable state graph of an initialized P/T-net

INRIA



From automatic graphs to Petri nets 7

N = (P, T, F,mg) with initial marking mq is the restriction of its state graph reachable from
mo.

Definition 3.2 (Implicit places of a graph) Given a graph G = (V, E, vy, A), labelled in
A, an implicit place of G is a P/T-net p = ({p}, A, F, mg) with one place p, compatible with
G in the sense that there exists a map o : V — IN, sending vertices to place values, such that
o(vg) = mo(p) and every edge (v,v') projects through this map to a firing step m[A(v,v"))m’
of the net, with markings m and m' respectively given by m(p) = o(v) and m'(p) = o(v').
Map o, which is unique, is called the companion map of place p.

Definition 3.3 (Separation and inhibition) Letp = ({p}, 4, F,mg) be an implicit place
of G. Place p is said to separate vertices v and v' if the companion map o : V — IN satisfies
o(v) # o('). Place p is said to inhibit an action with label a € A at vertexr v if the
companion map satisfies o(v) < F(p,a).

Proposition 3.4 Graph G is isomorphic to the reachable state graph of a P/T-net if and
only if it has a finite subset of implicit places P such that all distinct vertices are separated
by places in P, and for every vertex v, every action a labelling no edge with origin v is
inhibited at this vertex by some place in P. When both conditions are satisfied, graph G is
isomorphic to the reachable state graph of the synthesized net N' = (P, A, F, My) obtained
by gluing together on transitions in A all implicit places in P, with pointwise definition of
the flow relation F' and the initial marking M.

4 The implicit places of an automatic graph

Let G = (V, E, v, A) be an automatic graph over A = {as,... ,a,}, and let S =< W, wy, Eq,
M, ..., M, > bearational structure for G. Each implicit place p = ({p}, 4, F, mg) of graph
G may be identified with the (2n + 1)-vector

p=<mo(p),F(p,a1),...,F(p,a,),Flar,p),-..,F(an,p) > (1)

Under this representation, the implicit places of G are the integral points of a polyhedral
cone whose generators may be computed from S. The purpose of the section is to show an
effective computation of this cone.

By definition of implicit places, vector £ =< x,,%1,-.. ,Tn, Tnt1,--- ,Lan > defines an
implicit place of G if and only if all entries x; are non-negative integers and there exists
amap o : V — IN such that o(vg) = zo and for every edge (v,v') of G, if A(v,v') = a;
then o(v) > z; and o(v') = 0(v) — ; + T(n44). Using the rational structure S of G, the
latter condition may be reformulated as follows: for all i € [1,n] and for every pair of words
(wr,wr) € L(M;),

o(vo-wr) 2 x; A o(vo-wr) = 0(vo - wL) — Ti + T(nyi)

At this stage, one can take advantage of a crucial fact: for any non-empty prefix ua; of
a word w € L(W), both vg - u and v - ua; are defined, and (vg - u,vp - ua;) is an edge of
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8 Badouel € Darondeau

G, labelled with a;. Thus, if one chooses in L(W) two representatives w’ and w" for the
respective vertices vg - u and vg - ua;, it comes:

o(vo - ua;) = o(ve - w") = o(vg - w') — i + T(nts) = (Vo - ¥) — T;i + T(nyi)

It follows by an induction on prefixes u of words w € L(W) that, if |w|; denotes the occur-
rence count of letter a; in w, then

o(vg - w) =g + Z |wl; x (ﬂf(n+i) — ;) (2)
i=1

Using this equation, a possibly infinite set of linear equality or inequality contraints on vector
Z may be derived from the rational structure of G. The constraints are the following, where
J, (w',w") and (wr,wg) range respectively over [1,n], L(M;) and L(Eq).

2": lwoli X (T(nysy —2i) = 0 (3)
i=1

z": lwrli X (T(ngsy — @) = 2": lwrli X (T(nyi) — Ts) (4)
i=1 =1

é [w'li X (T(ngiy — i) > x5 — 2o (5)
S 0l x sy =) = 30 WX (W ~ 20— + 30y (O
=1 =1

It is readily observed that any vector # satisfying all constraints defines an implicit place of
G, with companion map given by equation 2. The problem now is to reduce the infinite set
of constraints to an equivalent but finite set of constraints. Before we give the reduction, let
us recall definitions and facts.

Definition 4.1 (Commutative image) The commutative image of a word w € A* is the
n-vector Y(w) whose respective entries Y(w)[i] count for each i € [1,n] the occurences of
letter a; in w.

Definition 4.2 (Rational subset) Let M = (M,-,1) a monoid. A subset R of M is
rational if there exists a finite automaton R over M, i.e. a finite graph (V, E, v, VFr,\)
with a distinguished subset Vi of accepting vertices and with edges labelled in M, such that
L(R) = R when concatenation is interpreted as product in M and ¢ is interpreted as the
neutral element 1.

Definition 4.3 (Semi-linear subset) Let M = (M,-,1) a monoid. A subset of M is
linear if it may be expressed as m - F* where m € M, F is a finite subset of M, and F* is
the least subset S of M such that TeSandS-FCS. A finite union of linear subsets of
M is called a semi-linear subset of M.

INRIA



From automatic graphs to Petri nets 9

Proposition 4.4 (Eilenberg, Schiitzenberger) Rational subsets and semi-linear subsets
coincide in any commutative monoid.

The correspondence stated in the above proposition, established in [13], is moreover effective.
Coming back to our infinite set of constraints, it should be clear that the following are
rational subsets of Z" (the monoid with coordinate-wise addition of vectors as product
operation and the null vector as neutral element):

A(Eq) = {¢(wr) — ¢(wr) | (wr,wr) € L(Eq)}
A(M;) = {yw") —p(w') [ (w',w") € L(M;)}
Iy (M;) ={¢(w")| (Fuw") (w',w") € L(M;)}
For instance, the asynchronous automaton Eq (see Def. 2.1) may be transformed into an
automaton over ZZ", accepting A(Eq), as follows: for each arrow with label a;, change the
label to t(a;) if the arrow has its source in Sg U S§, or to —¢(a;) if it has its source in

Spu Sf; change label $ to 0 wherever it occurs. Thus, by proposition 4.4, the set A(Eq) is
a finite union of linear subsets:

A(Eq) = Urey i+ (Zi)*

where y, € Z", Z, is a finite subset of vectors in ZZ", and (Z)* is the set of linear
combinations of vectors in Zj, with non-negative integral coefficients. Therefore, the infinite
set of constraints imposed by equation 4 on Z € IN*"*! is equivalent to the finite set of
constraints:

Z Yili] X @4y — ) = 0 (M)

n

Z Zi[i] % ($(n+z’) - z;)

i=1

Il
o

8)

where k ranges over [1, K] and z, ranges over (Z). A similar reduction applies to constraints
imposed by equation 6. We are left with reducing, for each fixed j € [1,n], the infinite set
of inequality constraints imposed by equation 5.

Observe that ¥, (M) is a rational subset of IN" (when M; is transformed to an automaton
accepting this set, labels a; are changed either to ¢(a;) or to a0, depending on whether the
source of the arrow is in Sg U S}s; or in Sg U S%). Thus, by proposition 4.4, ¥,(M;) is a
finite union of linear subsets:

S1(M;) = Uk, b+ (C)*

where 5; € IN", () is a finite subset of vectors in IN?, and (C})* is the set of all sums of
vectors taken from Cj. Therefore, the infinite set of linear constraints imposed by equation
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10 Badouel € Darondeau

5 on Z € IN>"*! for the considered j is equivalent to the finite set of constraints:

n

Z bili] X (Tnisy — 1) > T — 29 9)
Z ali] x Ty —zs) = 0 (10)

where ! ranges over [1, L] and ¢ ranges over (C}). Altogether, equation 3 and the reduced
sets of constraints that arise from 4, 5, and 6 form a finite system P of linear homogeneous
equations and inequalities on the z;’s, with integral coefficients. The implicit places of G
are the solutions of P in IN***!. Therefore, the extremal rays of the rational cone defined
by P and inequalities 2; > 0 (see [22]|) determine a finite set P = {pi,... ,pm} of implicit
places of G, generating all other places of G as linear combinations

m
=Y 4 %P (11)
j=1

with non-negative rational coefficients g;. Chernikova’s algorithm (see [22]) may be used to
compute the set P, that we assume fixed from now on.

On account of equation 2, the companion map ¢ of a non-negative linear combination
of places p; is a non-negative linear combination of the respective companion maps o;.
Therefore, vertices v and v’ are separated by an implicit place of G if and only if they are
separated by an implicit place in P. In view of relation 11, it follows similarly that action
a is inhibited at vertex v by an implicit place of G if and only if a is inhibited at v by an
implicit place in P. Therefore, graph G may be realized by some P/T-net if and only if it is
realized by the P/T-net defined in the obvious way from set P. The goal of the next section
is to make this decision effective.

5 The decision of the synthesis problem

Taking advantage of the rational structure S =< W, wy, Eq, My, ..., M, > of graph G =
(V, E,vg, A), we propose in this section procedures able to decide:

i) whether any two distinct vertices v,v’ in the infinite set V' are separated by some place
p € P, and

i1) whether, for every vertex v, each action a € A labelling no edge with source v is inhibited
at v by some place p € P.

We indicate also the way to remove redundant places, if any exist, from the finite set
P ={pi,... ,pm} computed in section 4.

5.1 Separating vertices

Recall from the definition of automatic graphs that Eq is an asynchronous automaton over
A, such that L(Eq) = {(w,w") € L(W) x L(W) |vg-w = vp -w'}. We construct first another

INRIA



From automatic graphs to Petri nets 11

asynchronous automaton Neg, such that L(Neq) = {(w,w') € L(W) x L(W)|vg - w #
vo - w'}. In view of lemma 2.2, and seeing that W is a finite automaton, this can be done
by synchronizing a two-tape automaton, accepting the complement of L(Eq), separately on
each tape with two independent copies of W.

Consider distinct vertices v and v'. Let w and w’ be their respective representatives in
L(W), thus (w,w") € L(Neq). Let p; € P be an implicit place of graph G. From relation 1
and equation 2, p; separates v and v’ if and only if

n

> (W'l = |wli) x (F(ai,p;) — F(pj,a:)) #0

i=1

Therefore, if we define for all j € [1,m]
Yy ={jeZ" |y ili] x (F(ai,p;) - F(pj,a:)) # 0}
i=1

then all pairs of distinct vertices are separated by places in P if and only if A(Neq) C Ui, Y.
At this stage, let us recall two useful facts following from classical results: i) the solutions
in ZZ™ of a linear equation with coefficients in ZZ form an effective semi-linear subset of
ZZ", ii) the semi-linear subsets of ZZ" form an effective boolean algebra (see the appendix).
From (%), each set Y; is the complement of a semi-linear subset of Z". As A(Neq) is a
semi-linear subset of ZZ", the decision follows by (%i).

5.2 Inhibiting actions at vertices

Recall from the definition of automatic graphs that for each k € [1,n], M}, is an asynchronous
automaton over A = {as,... ,a,}, such that L(My) = {(w,w') € L(W) x L(W) | vo - way, =
vo - w'}. Fix ag in A. The set of vertices which are sources of edges labelled with ay, is
therefore

Vi ={vo - w| Q') (w,w') € L(Mj)}

We must construct a regular set of representatives of the complementary set V' \ V. This
is pretty easy as L(My) and L(Eq) are rational relations: the left projection of L(Mjy,)
is a regular language, whose image under equalization is regular (see e.g. [5]). A regular
language Ry, containing all and only representatives of V'\ V;, may be obtained by computing
the complement of this image in L(W).

Consider now a fixed vertex v € V' \ V. Let w € Ry be some representative of v, and let
p; € P be an implicit place of graph G. From relation 1 and equation 2, place p; inhibits
action ay at vertex v if and only if

n

mo(ps) + Y (lwli) x (F(ai,p;) = F(pj, ai)) < F(pj, ax)
=1
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12 Badouel € Darondeau

As Ry, is a regular language, its commutative image ¥(Ry) = {¢(w) |w € Ry} is an effective
semi-linear subset of IN". Likewise, if we define, for all j € [1,m)]

n

BF ={beIN" | Y Bli] x (F(ai,p;) — F(pj,a:)) < F(pj,ax) — mo(p;)

=1

it may be observed that the considered sets B}‘ are effective semi-linear subsets of IN" (see
the appendix). Now, it should be clear that action ay is indeed inhibited by implicit places
of graph G at all vertices v € V'\ Vj, if and only if ¢)(Ry) C UL, B]’?. Since the semi-linear
subsets of IN" form an effective boolean algebra, the decision follows.

5.3 Removing redundancy from synthesized nets

Adding up proposition 3.4, the effective construction of set P given in section 4, and the
decision procedures proposed above, we have established the following.

Theorem 5.1 One can decide whether an automatic graph G is isomorphic to the reachable
state graph of some P/T-net and in this case, one can construct a P/T-net realizing G.

Notice that some automatic graphs G may be realized by P/T-nets with sets of places strictly
smaller than the set P computed in section 4. They may even be realized by subnets of the
P /T-net synthesized from the considered set of places P. In order to remove redundant places
from the synthesized net, it suffices obviously to search for minimal subsets {p1,... ,p;} of
P satisfying A(Neq) C Ui, ¥; and ¢(Ry,) C Uj_, B} for all k € [1,n]. Since P is finite and
all inclusions can be decided, this procedure is effective.

6 A detailed example

The infinite graph G depicted in Fig.2 is an automatic graph since it may be given the
rational structure S =< W, wq, Eq, M,, My, M. > which is elaborated hereafter.

1. L(W) = (ab)" a* + (ab)" b+ (ab)” bb and wo = &, thus W is the deterministic automa-
ton shown in Fig. 3.

2. L(Eq) = {(w,w) |w € L(W)}, i.e. the diagonal of L (W), hence the equalizer Eq
may be derived from W by splitting transitions as shown in Fig. 4.

3. L(M,) ={(w,w') € L(W)xL(W) | vg-wa=vg-w'}, therefore either w = (ab)" a™
and w' = (ab)” @™ = wa, or w = (ab)”b and w’ = (ab)™*', or w = (ab)" bb and
w' = (ab)™*" b. The multiplier M, is shown in Fig. 5.

4. L (M) = {(w,w") € L(W)XxL(W) | vo-wb = vy-w'}, hence either w = (ab)” a™ with

m>1landw' = (ab)"™ a™ ! or w = (ab)" b* with k = 0,1 and v’ = (ab)" b**+! = wb.
The multiplier M, is depicted in Fig. 6.

INRIA



From automatic graphs to Petri nets

a 'a ' a 7

c

b b b b

a a a a 7
c c /
b b b b bl .-
a a a a a |-~

c c c
bl b b b b/ .
a a a a a a |-~
b c c b c c )
b a ab ab a ab ab::,
c c c cb c /
b ab ab ab ab a ab/::i

Figure 2: Automatic graph G

a
©b©bé><\5/©a@©a

Figure 3: Automaton W

Figure 4: Equalizer Eq

b’ b b’

)
=4

©

e
al a a
x bl al
O

Figure 5: Multiplier M,

RR n° 4661



14 Badouel € Darondeau

Figure 6: Multiplier M,

5. L(M.) = {(w,w") € L(W)x L (W) |vo-wec=wvg-w'}, hence necessarily w = (ab)" a™
with n,m > 1 and w’ = (ab)"~" a™. The multiplier M, is shown in Fig. 7.

' O
ia% o b%o% X@ o/ a '
W :a

Figure 7: Multiplier M,

Let us now compute the implicit places of graph G from the rational structure S, following
the instructions given in section 4. In order to alleviate the notation, let implicit places p
be identified with the corresponding vectors g = (mqg,* a,® b,* ¢,a®,b*,c¢*) such that mg =
mo(p), *x = F(p,z) and z* = F(z,p). For convenience, let us also identify the vectors in
z1b:e} with vectors in Z° (with entries given in alphabetic order). As wg = €, equation 3
is trivial, and similarly, all instances of equation 4 are trivial, seeing that L (Eq) is the
diagonal of L(W) (therefore, A (Eq) = {¢ (w') — ¢ (w) | (w,w') € L(Eq)} = {{0,0,0)}).
Regarding now equation 6, one obtains A (M,) = {(1,0,0)}, A (M) = {{0,1,0)}, and
A (M) = {{(-1,-1,0)}, hence all instances of this equation are trivial for j =1 or j = 2,
and any instance of this equation for j = 3 yields the constraint

a®—*a+b*-*b+c*-*c=0

It remains to deal with equation 5 and to produce thereof a finite set of instances of the
inequality constraints 9 and 10.

%1 (Ma) = (0,0,0){(1,0,0),(1,1,0)}* U(0,1,0) {(1,1,0)}* U {0, 2,0) {(1,1,0)}"
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produces the constraints

0> ®a—mg

b* —*b> *a—my
2(b*=*b) > *a—my
a*—-*a>0
a®*—-*a+b*-*b>0

Y1 (M) =(0,0,0) {(1,0,0),(1,1,0)}* U (0,1,0) {(1,1,0)}* adds two constraints

0> °*b—mo
b* —*b> *b—my

¥ (M.) =(2,1,0){(1,0,0),(1,1,0)}* brings one final constraint
2(a®*—="a)+b*—"b> *c—myg

Chernikova’s algorithm, run with these linear homogeneous constraints at input, produces
at output the extremal rays of the polyhedral cone defined by the constraints. There are 15
extremal rays, listed below as formal sums which may be read as implicit places of G, e.g.
ray; = 2+a®+°*b+3.°c+ 3.c®* means the place p; = (2,0,1,3,1,0,3). The list is as follows:

rayy = 2+4+a*+°b+3°c+3c*

rayy, = 14+*a+a*+*c+c*

rays = 14+*b+b*+*c+c*

rayy, = 14+*a+a*+°b+b*"+°c+c*
rays = a®+°c

raye = 24+a*+2°b+b*+3°%+3c*
ray; = 1+%c+c*

rayg = a®+2°%+c*

rayy = b*+°c

rayio = 2+a*+°db

rayin. = 1+*a+a’

ray12 = 1+*a+a®*+°*b+0*

rayiz = 2+a*+2°b+0b°

rayp4 = 1+°b+0°

rayis = 1

We are ready to decide whether graph G is the reachable marking graph of some Petri net,
following the instructions given in section 5. We show below that the two implicit places p;
and pg defined by the respective rays ray; and rayg suffice to separate all states of G and
to inhibit actions a, b, and ¢ wherever necessary.
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Separation of vertices.

For j = 1 or 9, the set variable Y; C 773 defined in section 5.1 evaluates to the respec-
tive subsets Y1 = {(ya,¥s,9c) | ¥a # yo} and Yo = {(ya, ys,9c) | 4o # yc}- Now A (Neq) =
Z x 7Z x {0} \ {(0,0,0)}, as L(W) C {a,b}" and because two words in L (W) lead to
the same vertex in G if and only if their commutative image is the same. We show that
A (Neq) C Y1 UYy. To this effect, consider any vector ¥ = (4, s, y.) in A (Negq), hence
ye = 0. If yp # y. then ¥ € Yy, else yp = y. = 0, and necessarily y, # 0 since otherwise
7 =1(0,0,0) ¢ A (Negq). Thus finally y, # ys, showing that ¢ € Y7.

Inhibition of actions at vertices.

Regular languages R,, Ry, R. C L (W) containing representatives of all vertices where
the respective actions a, b, or ¢ should be inhibited are the following: R, = 0, Ry =
(ab)* bb, R, = a* + (ab)" (¢ + b+ bb). The commutative images of these languages are re-
spectively: ¢ (Ra) = 0, ¥ (Ry) = {(n,n+2,0) |n€ N}, ¥ (R.) = {(n,0,0) | n € N} U
{{n,n+p,0) |[n €N, pe {0,1,2}}. In order to show that places p; and py defined from
ray; and rayy inhibit actions b, and ¢ wherever necessary, it suffices to check that ¢ (Rp) C
B} and 1 (R.) C B{UBS, where the sets B¥ C IN? defined in section 5.2 are the following(k =
2 for b, or k = 3 for ¢): B} = {(z,y,2) |z —y< -1}, Bf = {{z,y,2) |z —y <1},
BS = {{z,y,2) |y —2 < 1}. Now ¢ (R,) C B? is obvious, and v (R.) C B{ U B§ since
{(n,0,0) | n € N} C B§ and {(n,n+p,0) |n € N, p € {0,1,2}} C Bf.

Thus graph G must be isomophic to the reachable marking graph of the Petri net shown in
Fig.8, with two places p; and pg as defined by rays ray; and rays.

[a]

o\ P1

Figure 8: The synthetised Petri net
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7 A counter-example

S

- =
/

Figure 9: A graph which is not a Petri net graph

Consider the infinite graph depicted in Fig. 9, with edges going downwards. We claim
that edges may be labelled in a concurrent alphabet (X,I) such that the labelled graph
G = (V, E, v, A) represents a recognizable language of Mazurkiewicz traces £, meaning that
vertices in V' are mapped bijectively to traces in £, vg is mapped to the empty trace and an
edge (v,v") € E labelled with ¢ € ¥ is mapped to a pair of traces ([w], [wo]) € £ x L. The
claim follows from facts established in [4] and in [16] —namely, the graph given in Fig. 9 is
isomorphic to the ordered set of traces of a finite and stable trace automaton, and any finite
and stable trace automaton is effectively covered by a finite asynchronous transition system
that generates the same coherent dI-domain.

We claim that any graph G = (V, E,vg, \) induced as above from a recognizable trace lan-
guage L (closed under prefix) is an automatic graph. Actually, the Foata normal forms of
the traces in £ are accepted by a finite automaton W over ¥, and for each ¢ € ¥, the pairs
of Foata normal forms of contiguous traces [w], [wo] € £ are accepted by an asynchronous
(in fact synchronous) automaton.

Now consider any labelling of the graph in Fig. 9, such that the labelled graph G =
(V, E,vg,A) may be seen as a recognizable trace language. The grid (Fig. 1) cannot be
embedded in G. Nevertheless, G is not a pushdown graph, for cuts at constant depth yield
infinitely many types of (infinite) connected subgraphs. Observe that the number of vertices
at depth n in G grows faster than 2". Based on this observation, we claim that G cannot
be isomorphic to the reachable state graph of any Petri net. The same claim applies to all
graphs in which the number of vertices at distance n from the root grows exponentially with
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18 Badouel € Darondeau

n, and in particular to the complete binary tree (emblematic of pushdown graphs).

In order to establish this claim, we observe an immediate consequence of the fundamental
equation of Petri net theory: given a Petri net with m transitions, the number of different
markings that may be reached after firing n transitions from its initial marking is bounded
by the number K" of non-negative integral m-vectors with sum of entries equal to n. Clearly
K! =1, K" =m, and for all n,m > 2, K™ = K™~! 4+ K™ ;. An easy induction shows
that K = C,,,_;. Thus, for fixed m, the number of markings that may be reached by
firing n transitions has the polynomial order O(n™1).

8 Automatic Specifications

We show in this final section that the effective solution to the net synthesis problem proposed
in this paper can easily be extended to deal, instead of automatic graphs, with families of
graphs given by automatic specifications.

Definition 8.1 An automatic specification over alphabet A = {a4,...,a,} is a rational
structure S =< W, Eq, Dis, My,... ,Mu, I ... ,I, > as follows:

i) W is a finite (one-tape) automaton over A, accepting a non-empty prefiz-closed (regular)
language L(W),

ii) Eq is an asynchronous automaton over A, such that L(Eq) C L(W) x L(W) and L(Eq)
is an equivalence relation on L(W),

iii) Dis is an asynchronous automaton over A, such that

L(Dis) C L(W) x L(W) and L(Dis) does not intersect L(Eq),

iv) for eachi € [1,n], M; is an asynchronous automaton over A, such that (w,wa;) € L(M;)
whenever wa; € L(W),

v) for each i € [1,n], I; is a finite (one-tape) automaton over A, such that w ¢ L(I;)
whenever wa; € L(W).

Definition 8.2 A graph G = (V, E,vo,\) is a model of the specification S if the following
conditions are satisfied for all i € [1,n]:
Mwe LW))(FveV)(v=v-w) and Vv e V) (Bw e L(W)) (v=vy-w)

~

2
3 w'

4. '

5

The net synthesis problem for automatic specifications is to decide whether some model

of the specifications is the reachable marking graph of a Petri net, and to construct such a
Petri net when it exists. The decision procedure presented in sections 4 and 5 can solve this
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problem with minor modifications. A finite set P of implicit places common to all models
of § is computed as previously in section 4 from the semi-linear sets A (Eq), A (M;), and
31 (M;), whose definition does not change. In view of the positive conditions in Def. 8.2
(conditions 1,2 and 4), any implicit place of any model of S must be a non-negative linear
combination of places in P. Therefore, some model of S is the reachable marking graph of
a Petri net if and only if the reachable marking graph of the Petri net synthesized from set
of places P is a model of S. In view of the negative conditions in Def. 8.2 (conditions 3 and
5), deciding on this amounts to apply the two procedures from section 5 to smaller sets of
instances L(Dis) C L(Neq) and L(I;) C L(W) \ m1(M;). In case when L(Dis) = (L(W) x
L(W))\ L(Eq) and L(I;) = L(W) \ m1(M;) for all i € [1,n], the automatic specification S
has one and only one model, and the net synthesis algorithm for automatic specifications
coincides in this case with the net synthesis algorithm for automatic graphs.

Automatic specifications may sometimes be inconsistent, i.e. they may have no model
at all. Rational presentations of families of graphs differ in that from rational presentations
of graphs. Two conditions against inconsistency have been inserted in Def. 8.1 (namely
L(Dis)N L(Eq) = 0 and L(I;) N7y (L(M;)) = @ ). These conditions are necessary but not
sufficient to ensure consistency. It is not difficult to exhibit extra conditions that would
reject all and only inconsistent specifications, but this has little interest since no effective
procedure could decide on such conditions. Notice moreover that the effective procedure we
have proposed for net synthesis does always terminate; just, it ends with no solution when it
is applied to specifications that do not have any net model and in particular to inconsistent
specifications.

We conclude the paper by elaborating on the following remark: the net synthesis pro-
cedure for automatic specifications depends alone on the commutative images of the sets
L(Eq), L(Dis), L(M;), and L(I;). As we are interested exclusively in graphs likely to be
marking graphs of Petri nets labelled injectively on transitions, the following condition may
moreover be imposed on graphs.

Definition 8.3 A graph G = (V, E,vg, \) labelled in alphabet A satisfies the Parikh condi-
tion if, for all vertices v and v', and for every element w of F(A) (the free group generated

by A):
[vsv AY(w)=0] = v="1

where 1) : F(A) — Z* is the (unique) morphism of groups such that ¥(a) = a for every
a € A, and v ~> v means that there exists a generalized path from v to v' in G, i.e. a

sequence €7 .. .ey, of edges e; or reversed edges ] ", such that A(e7’) ... \(e}) = w in F(A),
letting Me; ") = —A(e;).

Restricting our attention to graphs that satisfy the Parikh condition, we can allow our-
selves to abuse the notation by writing v/ = v - ¢)(w) in place of v ~» v’. In doing so, no
ambiguity is introduced since the derived graph labelled in Z* is deterministic. These
remarks incite us to propose a variant definition for automatic specifications.
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Definition 8.4 An automatic specification over A = {a1,...,a,} is a structure S =
<W,Eq,Dis,My,... , My, I ... ,I, > with components as follows:

i) W is a non-empty downwards closed semi-linear subset of IN",

ii) Eq is a semi-linear subset of ZZ"™,

iii) Dis is a semi-linear subset of ZZ", disjoint from Eq,

iv) for each i € [1,n], M; is a semi-linear subset of W x W, such that

(w,w+ a;) € M; whenever w € W and w+a; € W,

v) for each i € [1,n], I; is a semi-linear subset of W, disjoint from wy(M;).

Definition 8.5 A graph G = (V, E,vo,\) labelled in A is a model of S if it satisfies the
Parikh condition and the following are satisfied for all i € [1,n]:

L. VweW)(FveV)(v=v-w) and (Ve V) (Fwe W) (v=uy-w)
2. weFE)] = vy-w=19

3. w€ Dis = vy w F# v

4. (w,w')eM; = vo-(w+a;) =vo-w

5 wel; = v (w+a;) is undefined.

Note that in conditions (2) and (3) the root vy could be replaced by any other vertex v € V.
Actually, if we let Hy (G) = {w € Z” | vo - w = vy}, i.e. the homology group of the graph
G, the conditions (2) and (3) read respectively as

EqCc H,(G) and H, (G)NDis=10
Similarly, the conditions (4) and (5) read respectively as
{w+a;,—vw | (w,w')eM}ICH (G) {wta—w|wel; Nw eWINH (G)=10
Therefore, if we introduce now the two semi-linear sets

Equal = EqU {w +a; —w' | (w,w") € M;}
Distinct = DisU{w+a; —w' |wel; N w' € W}

then the specification S is consistent if and only if Equal N Distinct = @, and this can
effectively be decided. The models of S, that must (by Def. 8.5) be graphs satisfying the
Parikh condition, are in a bijective correspondence with the subgroups H C Z* such that
Equal C H and H N Distinct = (). The correspondence sends each subgroup H to the full
restriction of the Cayley graph Cay(Z*/Equal, A) on the set of classes {Equal +w | w €
W1. Of course there is nothing new with this reformulation: the marking graph of a Petri
net is a model of an automatic specification in the sense given by Def. 8.1 and Def. 8.2 if and
only if it is a model, in the sense of Def. 8.5, of the automatic specification derived from the
latter by taking the commutative images of all its components so as to conform to Def. 8.4.
The net synthesis algorithm is not affected anyway.
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9 Appendix

Ginsburg and Spanier proved in [14] that semi-linear subsets of IN" form an effective boolean
algebra: intersections and complements of semi-linear subsets are semi-linear subsets, and
they may be computed. The same authors gave in [15] an effective correspondence between
semi-linear subsets and Presburger subsets, i.e. subsets of IN" definable in Presburger’s
arithmetic. The algebraic results established in [14] were extended soon after by Eilenberg
and Schiitzenberger, who proved that semi-linear subsets form a boolean algebra in any
finitely generated commutative monoid [13]. This covers the case of ZZ™, but the construc-
tions given in [13] were not immediately effective.

An effective construction of the intersection of semi-linear subsets of Z" is given in [21],
relying on a lemma from [14] strengthened in [13]. The import of the lemma is as follows:
given a homomorphism of monoids ¢ : N" — Z™ and a vector 2 € Z™, the inverse image
¢~1(2) of Z under ¢ is an effective semi-linear subset of IN". From this lemma follows an
important corollary: the set of solutions in IN” of a system of linear inequalities with co-
efficients in ZZ is semi-linear and it may be computed [21]. As semi-linear sets are closed
under intersection, this may be shown by a simple observation: whenever, for some vector of
natural numbers k =< ki,...,kp >, alinear form ¥ - k= y1k1 + ... + ypk, takes a positive
value [ greater than all integers y;, vector k is the sum of two smaller vectors k' and k' such
that i - E=1> 0, - K =1" > 0, and I =1' +1". As a direct consequence, solutions in
ZZ™ of a system of linear inequalities with integral coefficients form an effective semi-linear
subset of ZZ": solutions with a fixed sign for each coordinate form indeed a semi-linear set.

A similar decomposition may be used to show that complementation is an effective operation
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on semi-linear subsets of ZZ". For each sign vector T € {-1,+1}", for any subset Y of Z",
and for any vector ¢ in ZZ", define

Yof = {geY |V glifl] >0} (12)
gof = <gfll,...,qn]fn > (13)
Yof = {goflyeY} (14)

Thus, Y is a finite union of subsets Y o = (Y @ f) ® {) ® {. By de Morgan’s law, the
complement of Y in Z" is the intersection of sets (IN"\ (Y 1) ®7))®1. If Y is a semi-linear

subset of Z", each set (Y @ F) ® I[’is a semi-linear subset of IN", hence its complement in
IN™ is effective. It follows therefrom that ZZ™ \ Y is an effective semi-linear subset of Z"
g.e.d.
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