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the use of the Linear Sampling Method as an inverse solver in electromagnetic scattering
problems. We recall that this method allows the reconstruction of the shape of an obstacle
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Sur la validation de la Linear Sampling Method dans les
problémes inverses électromagnétiques

Résumé : Nous présentons dans ce document quelques résultats de validation de la Linear
Sampling Method. 1l s’agit d’'une méthode rapide d’inversion qui permet de retrouver le
support d’un objet & partir de sa réponse radar multi-statique & une fréquence donnée. Nous
considérons ici le cas d’ondes électromagnétiques en dimension 3 de ’espace. Les différents
résultats numériques présentés sont épaulés par une étude analytique préliminaire dans le cas
simplifié d’un objet diffractant sphérique. Cette étude permet entre autre d’établir un lien
entre les résultats théoriques connus sur la validité de la méthode et I’algorithme numérique
qui lui est associé. Nous mettons l'accent également sur ’influence de la fréquence sur la
résolution de la reconstruction.

Mots-clés : probléme inverse, diffraction, électromagnétique, Linear Sampling Method,
champ lointain
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1 Introduction

The Linear Sampling Method (LSM) has gained a growing interest in recent years in inverse
scattering problems, due to its effectiveness especially in treating 3-D inverse problems, and
also due to its large spectrum of applications. We recall that this algorithm allows the
reconstruction of the shape of an obstacle (or a local inhomogeneity) from multistatic data
at a fixed frequency. Unlike classical nonlinear methods, it is based on solving independent
linear systems and requires no a priori knowledge on the physical properties of the scatterers.

This method has been introduced first in [2] and applied to Maxwell’s equations in [1] and
[4]. We shall complete these works by numerical and analytical validations of this algorithm
focusing our study on the following three points:

1. Analytical study in the case of the sphere. As presented in [1, 4], the justification
of the LSM uses the concept of nearby solutions, without explaining the link between these
nearby solutions and the regularized solution used in the numerical algorithm. The aim of
this analytical study is to clarify this point. It also allows us to verify the application of
the factorization method introduced by Kirsch [6] in the case of Maxwell’s equations. We
recall that this method avoids the notion of nearby solution, but its justification in the case
of Maxwell’s equation is still an open problem.

2. Influence of the frequency. We shall explain how the quality of the LSM recon-
structions is frequency dependent. For example, the LSM allows, in principle, simultaneous
reconstructions of the shape of disconnected scatterers. However, one observes numerically
that the distinction between two different objects is possible only if these two objects are
sufficiently far away from each other (respectively to the wavelength of the incident waves).
We shall also point out the influence of the frequency on the reconstruction resolution, and
show (analytically in the case of the sphere and numerically for complex geometries) how
the resolution increases when one increases the frequency.

3. Limited aperture reconstructions. After validating the use of LSM in the case of
full aperture data, i.e. we measure all around the obstacle the scattered field that results
from incident plane waves coming from all directions, we shall also validate the use of this
algorithm when the multistatic data is only available on a limited aperture.

2 A brief description of the LSM algorithm

2.1 The forward problem

We consider a scatterer that occupies a domain D C R® with bounded and regular boundary
OD. This domain is illuminated by a harmonic electromagnetic incident wave at a frequency
k. The (dimensionless) electromagnetic field (E, H) satisfies, in an established harmonic
regime,

curl E—ikH =0, curl H +ikE =0 in R*\D (1)

vX(Exv)+z.vxH=0 on 9D, (2)
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where v is the normal to 8D directed to the exterior of D and where z, is the relative
impedance of the boundary. For physical reasons, this impedance must have a non positive
real part. Let us recall that: z, = 0 corresponds to a perfectly conducting scatterer and
zr = —ikd corresponds to a coated scatterer by a thin dielectric layer, where 6 depends on
both the coating thickness and and the dielectric relative permittivity, [10].

The total electromagnetic field (E, H) is such that

E=FE'+E*, H=H +H?, (3)
where (E*, H®) is the scattered field, satisfying the Silver-Miiller radiation condition

lim (H® xz—|z|E®) =0, 4)

|$|—?OO

uniformly with respect to # = x/|z|, where the incident field (E?, H?) is a solution of
Maxwell’s equations in R®. We consider here the cases where these incident fields corresponds
to plane waves

Ei(z) = icurlcurlp e #'? = ik(d x p) x d e?* = .
Hi(z) = curlp e* =4 = jkd x p e* =4

where the unitary vector d and the vector p denote respectively the direction of propagation
and the polarization of the wave.

It is well known that the scattered field E* has the following asymptotic expansion at
00, uniformly with respect to z,

E(z) = %rl {EOO (at«;ci,p) +0 (é)} 6)

where E. is the electric far field pattern, that analytically depends on (2;d,p) and also on
k. The dependence on k is omitted since it is not taken into account by the LSM. However,
as mentioned before, the quality of the results depends on this frequency.

2.2 The inverse problem and the LSM

The inverse problem we are interested in is the reconstruction of the domain D from the
knowledge of FE., (:%,az, p) for all (2,d,p) € © x Q x R®, where Q denotes the unit sphere.
This is the full aperture case. The limited aperture case corresponds to the knowledge of
E (i,cz, p) for all (£,d,p) € T x T x R3, where T is a non empty open subset of €. The

generalization to this case is obtained by simply substituting T" to Q in all the following.
Let us begin by introducing the far field operator that constitutes the basis of the LSM.
This operator is defined on the Hilbert space T?(Q) ;

T?(Q) :={g: Q> C|g e L*(Q),g-2 =0for & € Q}.

INRIA
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by: F: T?(Q) — T?(2) such that

(Fo)(@)i= [ Bulid,gld) dstd), €9, o
Q
Let us recall that F is a linear and compact operator on T2%((2).

Now, consider a parameter z € D and an electromagnetic dipole (Ee, H,) of momentum
g € R located at z,

E.(z;2,q) := curl,q®(z,z)
1
H.(z;2,q) := Ecurlzcurlzqé(x, z2), ®)
where ® is the fundamental solution to the Helmholtz equation, given by
1 eik\m—z\
P = . 9
(@,2) = g Gy )

The LSM is based on seeking, for fixed q and 2, a function g(-, z,q) € T?() solution of

. R ik, ik
(Fg(552:))(8) = Ee,oo(#;2,0) := 7 (& x q)e 77, (10)
where E, ., is nothing but the far field pattern associated to E.. In general, this equation
does not have any solution (as shown for example in the case of a sphere), however one can
prove the existence of a nearby solution g.(-; z,q) € TL?*(Q), i.e. satisfying |Fg.(-;2,q) —
Ee (-3 2,9)|| < €, where € is a small parameter independent of (2, ¢), such that

ZE%ID ||g5(7 Z;Q)“P(Q) = o0.
z€D

Furthermore, (formally) ||g:(-, 2, q)|| = oo for z € R®\D (see [1, 4, 5]). Consequently the L2
norm of g.(+, z,¢) can be used as an indicator of the domain D that we want to reconstruct.
This is roughly speaking the idea of the LSM.

The main weak point in this justification is of course the lack of constructive method to
determine this nearby solution. In practice, we use a regularization process to compute a
nearby solution to (10); we consider a Tikhonov regularization by seeking g,(-, z,q) € T%(Q2)
solution of

(77 + F*F)gn(7z7q) = F*Ee,oo(';zaq) (11)

where 7 is the regularization parameter. The link between this regularized solution and the
nearby solution will be investigated in the case of a sphere.

Another variant of the LSM is the factorization method introduced by Kirsch in the
acoustic case [6]. This method is based on solving the following equation,

\/Wg(7z7q) = Ee,oo(';zaq)' (12)

RR n° 4665



6 Collino & Fares € Haddar

We shall prove in the special case of a coated sphere that this equation is solvable in T2(£2)
if and only if z is in the interior of the sphere. The generalization of this result to other
geometries is still under study.

3 Analytical computations in the case of a sphere

We consider in this section the case where the scatterer is a sphere of a radius a.

3.1 Analytical expression of the far fields

The derivation of an analytic expression of the far fields E(+; cf, p) relies on the decompo-
sition of the incident and scattered fields in terms of Debye’s potentials (see [11] page 259,
for instance). The details of the calculations are given in Appendix A. To give the result,
let us precise some notations. We introduce the functions

up () = ju(Kla)) Y (2),  op'(2) = D (k|2))Y,"(2), @ = |a|2,

n=1,---,00,m = —n,--- ,n, where (¥,*) denotes the set of orthonormal spherical harmon-

ics, (jn) denotes the set of spherical Bessel functions and (hg)) denotes the set of spherical
Hankel functions of the first kind. We then define the sets (M*) and (N]*) of respectively
entire and radiating solutions to Maxwell’s equations by

M (z) = curl (zu] (x)), N;*(z) = curl (zv(z)).

n
We also define the vector spherical harmonics of order n

UM(3) = —— GradV™(3), V™(#) = ———— & x GradV™(3).
n(n +1) n(n+1)

We recall that the set of vector spherical harmonics form an orthonormal basis of 72((2).
We finally recall the definitions of the Ricatti-Bessel functions

"pn(t) = tjn(t)a Cr(zl)(t) = th%l)(t).

With the help of these definitions, the electric far field pattern resulting from the scattering
of a plane wave by an impedant sphere has the following expansion (see Lemma A.4)

Eoo(#5d,p) =47 > un(TF(d) - p) U (&) + va (VR (d) - p) Vi (2), (13)
n=lm=—n

INRIA
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where the coefficients w,, and v, depends on both ka and the impedance z,.. They are given
by

W (ka) Fzalka) g
iV (ka) + 2,¢V (ka) o (14)
o ¢n(ka) + izrwnl(ka‘) (:: Un(k:a, Zr))

O (ka) + iz, ¢’ (ka)

We remark that these coefficients are well defined for each n since the denominators cannot
vanish if Rez,. < 0. The proof of this statement is the following: assume for example that

i(,(tl)l(ka) + 2,¢V (ka) = 0.

Due to the Nicholson formula, Cﬁbl)(t) never vanishes for ¢ > 0 and therefore the previous
equality is equivalent to

i¢W" (ka)¢V (ka) + 2, |¢Y (ka)? = 0,

which implies

(ka)? (3 (ka)yn (ka) = ju(ka)yy (ka)) + Re (| (ka)|*) =0,

where y,, denotes the Neumann spherical function of order n. One recognizes the Wronksian
of spherical Bessel functions in the previous equality, that gives

—1+ Re(z,)|¢M (ka)|® = 0,

which cannot hold if Rez, < 0. The proof that iz,.¢\" (ka) + ¢t (ka) # 0 is identical.

We also remark that if ez, # 0 the coefficients u,, and v, never vanish, since all the
zeros of the Bessel functions are simple. This means in particular, as explained in the sequel,
that the far field operator is injective in that case. However, when Rez,. = 0, it may happen
that some coefficients vanish for some particular values of k. This situation corresponds the
the existence of resonant frequencies for which the far field operator is therefore no longer
injective.

In the following we assume that z, and k are such that u, # 0 and v,, # 0.

Expansion (13) implies that the far field operator is diagonal in the Riesz basis (U2, V"), m:
let g € T%(Q), then

[o.o] n
A ~

g(d)=>" " gm Ur(d) + g, Vi(d) deq,

n=lm=—n

with coefficients

g:f,n=/ﬂg( ) - T (d)ds(d), g;?n=/gg< ) - VI (d)ds(d).

RR n° 4665
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Simple calculations then show

(Fg)(@) =4my_ >

(Un Gun) U (&) + (Un i) Vi (2).
n=lm=-—n

Therefore 47u,, and 47v, are nothing but the eigenvalues of the compact operator F' re-

spectively associated the eigenfunctions U] and V,7*. Before solving the far field equation

we shall first give a sight of the behavior of the far field operator by plotting the graph of
these eigenvalues as functions of n.

0

107 FR~ g, S0 i e [ a0 | " [— a0 |
KAa v - - - Kla|=30 -~ Klal=30
| KlaJ=60 KlaJ=60
\
10° K
\\
\
_ \
. \
=1 \
10*10 \‘
\
\
\\
\
107° \
‘\
\
‘\
10720 L L L L L ‘\ L L L L L L L
0 10 20 30 40 50 60 70 80 90 100 70 80 90 100
n
Figure 1: |uy,| versus n for z, =0

— Kla|=10 ||

— Kla|=10 ]|
- -- kla]=30 - - - kla|=30
k|a|=60 kla]=60

70 80 90 100
Figure 3: |u,| versus n for 2z, = -1+

Figure 4: |v,| versus n for z, = =1+

We observe that the modulus of these eigenvalues remains close to 1 for n < k|a| but
decreases more than exponentially for n > k|a|]. We can also see this by studying the

INRIA
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asymptotic behavior of these eigenvalues with respect to n. From the following well known
asymptotic expansions, see [3] page 28,

o 1 b (2n— 1) 1
n(t) = @n+ )l (1 +O(E)) , WD (t) = T (1 +0(5)) ;

(where we used the notation (2n + 1)!':=1-3---(2n + 1)), as well as the identities

Gal(t) = (o D (1) = s (1),
V' - ((n+ DR, (0 = nhll (1),

2n+1

it is readily seen that

(ka)2n+1
ol ~ onl ~ o =T 1)

(15)

We notice in particular that the asymptotic behavior is independent of z,., which can be also
seen by comparing Figure 1 to Figure 3 and Figure 2 to Figure 4

3.2 Far field equation and regularized solution
We now consider the far field equation: g(-; 2, q) € T?(Q2) such that

(Fo(:2:0)(8) = B ool 7:0) = 506 x @)™ (16)

Let us set
n

n=lm=-—n

9(#; 2,9) Z Z UM (@) + 90n(2,0) Vi (2).

n=lm=-—n

We deduce from previous subsection that if the solution to the far field equation exists then
it is given by

Gun(2,9) = i (2,9) /(4w un) and g77,(2,9) = B7'(2,9) /(47 vn). (17)
But as we shall prove now, this solution does not belong to T2(12).

Lemma 3.1 Let (g;,, 9", )n,m be given by (17), then

llg(: ZZIgunquerlgvn(z q)|* = oo, forall z#0 and g #0.

n=lm=-n

RR n° 4665
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Proof. 1t is proved in Appendix A, Lemma A.1 that

m — (=)" ik Mm™(2) - n M(z,q) = 7(_Z)n url M (z) -
ay (2,9) = n(n+1)(an() g) and B7'(z,9) = n(n+1)(c 1M (2) -q), (18)

or equivalently, by setting z = |z| 2,

( )n+1 -
on'(2,q) = E Yn(klz))Vi(2) - q
) (19)
—i)" — . TN s
B (es0) = < (v RDTT ) - = Ga(ble) Vol + DY) )
From the addition theorem for spherical harmonic
(2n +1)Py(2-§) = wZY’”ﬁ (), (20)

m=—n

where P, denotes the Legendre polynomial. From Y™ = Y,"™, we readily deduce that

n

> )P = (2n+1)/(4r) and Z GradY™(2)Y" Z Um(3)Ym(2) = 0.

m=—n m=—n m=—n

On the other hand, it is also shown in Appendix A, Lemma A.5 that,

a2 ~ N 2n+1
@d-p| = D |und)-p| = = ld ol (22)
Identities (21) and (22) yield then
2n+1 .
Z (2, 9)| (8 e )¢n<k|z|>2||zxq||2
m 2 2’1’L+1 ~ 2 . 2(2 2
> 18R (2 9)] Sl 5 (V' (k|2])2(12 x gl|* + 2n(n + 1)j.(k|2])2(% - 9)?) -
Let us set
1 1
1 1 n 2
O =% ( Z lant (2, q ) and fn(z,q) = z ( Z |ﬂ;"(z,q)|2> , (24)
we therefore have
_ |an z q |Bn(ZJQ)|2
lots 20l = s Z GO, Brle gl

INRIA
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From (15) and the asymptotic expansions

tn

in(t) = @ <1 +0(%)) L U (t) = % 7(%{1 o <1 +0(%)> ,
one deduces that
)

lon(z,q))?  2n+1 (k|z|)"+t
a2 Ba(k]2])? <(2” - i (ka)ml) 12 ql (1 Ol
Bale )l 241 KD \2 (15 xdl? | (-0 1
onE Ba(k[2])? ((2"“)” (ka)ml) ( T T )(”O(ﬁ)) o

S|=

We then conclude that ||g(+; z,q)||2 = 00, for all z # 0 and g # 0. O

Regularization by truncation. We remark though, that the blowing up of the norm of
g is only due to high order eigenvalues of F' that are very small (see figures 1-4). In practice
(numerical or experimental), these eigenvalues are not taken into account, and therefore we
only solve (16) restricted to

VN(Q) = Span{(UranJVT:n)a TL:1, JN; m=—-"n,--- ,n},

where the truncation level N is chosen so that |u,| and |v,,| are of the same order as numerical
errors. This truncated solution should be close to the numerical solution computed with a
regularization scheme used by the LSM. Let us see now how this truncated solution can be
used to determine the value of a.

In figures 5-6 we plot the norm of the truncated solution gn(-, 2, q) given by

_ lon (2, 9)] wn(Z;Q)P
lgn (- 2,9)] 47r Z :

Iunl2 |val?

where N is chosen such that |uy| < 1072 and |vx| < 1073.

We remark that ||gn|| is very large in the region |z| > a and is relatively small for
|z] < a. So, the value of a can be determined as the mid point of the transition region.
As observed in Figures 5 and 6, this rather ambiguous way of determining a can be very
accurate for high frequencies (k > 12). However, for low frequencies (k = 3), it is does not
seem possible to determine with acceptable accuracy the size of the sphere.

As it will be confirmed later, the linear sampling method reconstruction is then frequency
dependent, and larger is the frequency, the more accurate is the reconstruction.

Remark 3.1 As shown by figures 1-4 if one increases the frequency, one needs to increase
the cut off range N. This means that one needs to increase the number of discretization
points in numerical inversions (see section 4 below) (the number of points corresponds in
practice to the number of measurements). Therefore, a kind of balance between precision
and measurement numbers should be considered.
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#
[

SN N S
AR o TN

4 5 6 7 8
I

3 4 5 6 7 8
I

Figure 5: ||gx|| with respect to |z| for a = 1 Figure 6: ||gn|| with respect to |z| for a = 1
and z, = 0. Truncation level = 10~3.

—1 4+ 4. Truncation level = 103.

In order to explain the behavior of the truncated solution norm, we plot in the following
the behavior of |ay(2,q)| and |B,(z, q)| with respect to n for different values of k|z|.

0

10

— K[z|=10 ||
- -- K|z]=30
K|z]=60

Figure 7: |a,| versus n

— K[z|=10 ||
--- K|z]=30
K|z]=60

Figure 8: |3,| versus n

We observe that these values start to decrease only for n > k|z|. Therefore, if we compare
with the behavior of |u,| and |v,| (see figures 1-4), the norm of gy should be large if |z| > a

due to the contribution of the terms with index ka < n < k|z|.

INRIA
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3.3 The factorization method

A. Kirsch proposed a variant of the LSM that avoids the notion of nearby solution. His
method consists in replacing the operator F' by K := /[F| (or K := (F*F)i, when F
is normal). In the case of the sphere, F' is diagonal in the Riesz basis (U, V,7*)p,m with
eigenvalues 4m(uy,,v,), therefore K is also diagonal in the Riesz basis (U7, V™), m with

eigenvalues v/4m (\/|un|, /|vn|). The solution g(-, z,q) € T%(Q) to the problem

(Kg(:;2,9))(2) = Ee,00(%; 2, 9)- (26)
is given by
9(@#2,9) =D D g2, UR(E) + ga(2,0) Vit (8),
n=lm=-—n
where

Jun(2,9) = ' (2,9) [V 4w un| and g7, (2,9) = 67" (2,9)/ /|47 v .

We therefore have

llg(:; z, @)l

?

2 — Ei |Cln(Z,q)|2 + |/3n(z,q)|2
47rn:1 |un| |Un|

where o, and 3, are given by (24). From the asymptotic behavior

lom(z, @) _ 1 (|z|)2n+l 12 % q|? (1 +O(%)) :

a

lun|  87k|z]

‘ (27)
Bulrs@l? _ @n+1? (N (IExdl? | G0 1
= e (o) (557 (o)

one see that the solution exists if and only if |2] < a, which gives the desired characterization
of the sphere.
However, in practice and as it is the case for the F' version, we only solve (26) restricted
to
VN (Q) := span{(U,V*); n=1,--- ,N; m = —n,--- ,n},

where the truncation level N is chosen such that |u,| and |v,| are less than or equal to
a given precision €. Figures 9 and 10 display the norm of the truncated solution gy that
corresponds to € = 1073, for respectively 2z, = 0 and 2z, = —1 + i and for three different
values of k. In both cases we observe that the contrast between the regions |2| > a and
|2| < a deteriorates rapidly for large |2|. To obtain a contrast comparable to that of Figures
5 and 6, one should have more accuracy on the coefficients: see for instance Figures 11 and
12 where ¢ = 107%. In that sense one may expect that the factorization method to be more
sensitive to the noise level than the LSM. However, as predicted by the theory, the norm of
the truncated solution starts to increase only for |z| > a. This is not the case of the LSM.

RR n° 4665
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— k=3 — k=3
--- k=12 --- k=12
10* b k=60 10 k=60
= =
2 2
g =
10* b 1 102t |
/’s\ -
SN~ ,'l W
': N N , \/\,\‘-\’\-
e L i A -\""*'-~-~-_-_____
1
- /
10° 7t S B T ]
3 4 5 7 8 0 1 2 3 4 5 7 8
2| |21

and z, = 0. Precision ¢ = 1073.

0 1 2
Figure 9: ||gx|| with respect to |z| for a = 1 Figure 10: ||gn|| with respect to |z| for a = 1
and 2z, = —1 + 4. Precision € = 1073.

— k=3 — k=3
--- k=12 --- k=12
10° L k=60 || 10° L k=60
I‘ l’\‘
= 1 \ ‘w‘\/\'. R = FEERVAVN N
= | R N S = i TN AL
102’ ,' TSy 102, . TN esm o
:
'
1
'
!
1
‘
o, !
10 1 10° |-~
2 3 4 5 7 8 0 1 2 3 4 5 7
2] 2]

and z, = 0. Precision € = 10~5.

0o 1
Figure 11: ||gn|| with respect to |z| for & = 1 Figure 12: ||gn|| with respect to |z| for a = 1
and z, = —1 + 4. Precision € = 106.
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4 Numerical algorithm

4.1 Discrete far field equation

We adopt here the same discretization scheme of the far field equation (10) as the one used
in [1]. We consider a uniform triangular meshing of the unit sphere Q (or T', in the case of
limited aperture) containing N vertices (.’i’i)lsis ~. These vertices will serve as directions
for the plane incident waves as well as degrees of freedom for the discrete solution of the far
field equation.

Let p be some unit vector in R® satisfying p x £; # 0 for all ;. We define the two
orthogonal polarizations

P) =B x&)/1px | and p¢ =px (& xp)/|px (& x p), (28)
then set

We construct a continuous approximation of the solution g(-, z, q), linear at each triangle,
whose degrees of freedom are its values at the nodes (2;)1<i<~. The nodal values are denoted
by (9;(2,9))1<j<n. Since each vector g;(z,¢q) is tangent to 2, we can set

9i(2,9) = 93 (2,9) P} + 9 (z,0)pf -

The integral equation (10) can be transformed at the discrete level into the following linear
system of 2V unknowns (g4, g7),

N
ij (gg(z,q) ng +97(2,0)F;) = Be,o0(%i,2,q), for all 4, (30)
j=1

where the weights w; are linked to the quadrature formulas used in evaluating the integrals
over the mesh triangles. Let us remark that, for fixed index ¢, the vectorial equation (30)
can be split into two independent scalar equations. System (30) is then a 2N x 2N linear
system that can be written into the synthetic form

F G(z,q) = Ee,oo(zaQ)a (31)

where F is a 2N x 2N matrix that is independent of the parameters z and ¢, G(z,q) is
the unknown vector, whose £ norm is expected to be large when z is outside D and finally
Ee (2, q) represents the right hand side constructed from the far fields of electromagnetic
dipoles.

4.2 Synthetic generation of the far fields

We have used CESC to create our synthetic data. CESC is a solver for electromagnetic
scattering problems developed at CERFACS. The perfectly conducting case is treated by
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16 Collino & Fares € Haddar

solving the Electric Field Integral Equation, whose unknown is J = (v x H),,,,, the electric
current flowing on the surface of the scatterer, [8]. The numerical procedure is based upon
a meshing of the surface with triangles and the use of Raviart-Thomas’s finite elements of
lowest degree, conforming for H~2(Div,8D},). Tt leads to

Find Jp, in Vi, such that

[ ka0 (50)- 57 (0) ~ G Div DN @) ) dsa)is(o)
8DyJ 8Dy,

= z/E’(:L') - Jiest(x)ds(x), forall Jiest(x) in V.
r

where V}, is the space spanned by the Rao-Wilson-Glisson basis functions, [9]. The numerical
computation amounts to solve a set of linear systems with a full symmetric non hermitian
matrix whose size is the number of edges of the mesh. The number of second terms is the
number of incident directions times two for the two polarizations. Special attention has been
paid in CESC for properly taking into account the singularity of the Green kernel during
the assembly process. The LU decomposition of the matrix is performed by means of a set
of ScalLAPACK parallel routines. Once the currents have been obtained, the associated far
fields are easily deduced (see formula (6.52) page 170 in [3]). To achieve a good precision,
the meshing of the scatterers have been done in such a way that the largest lenght of the
edges is no more than a tenth of the wavelenght.

Once F is generated, we corrupt it with random noise. Let N be a 2N x 2N matrix
whose entries are random numbers in the interval [0,1] and let 0 < § < 1 be the noise level.
We define the noisy far field matrix F5 by

Fs :=F + 6N +iN)F.

4.3 Regularization

As we mentioned before, we use a Tikhonov regularization to solve the far field equation
and use the noisy far field data. This corresponds to solving:

(n+ ]:5*]:5) G(z,q) = fé*Ee,oo(2'7Q)a

where 7 is the regularization parameter. If we consider a singular value decomposition of
Fs := USV™*, then the solution is given by

S

* i = ! >k-Eeoo ) iy :1772N
V60l = o U Fam )iy i

The regularization parameter is determined using an adapted Morozov’s discrepancy prin-
ciple, [7], by enforcing

175G (2,9) — Ee,00 (2, @)l = 175 = FIG(z, 9. (32)
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Validation of the Linear Sampling Method 17

Setting ¢ = ||Fs — F||, the regularization parameter is then the non negative solution of

2N o 2 o2
—e°S; .

WI{U Eeo(2,0)}il* = 0. (33)

i=1 k2

4.4 Numerical procedure

As it has been pointed out in [1], the reconstruction is sensitive to the the choice of the

polarization vector q. The numerical experiments have shown that better reconstructions

are obtained by combining the values of G(-,q) for three linearly independent vectors q.
The following numerical results are obtained by evaluating G(z) defined by

G(2) = 3 (IG(z @) 7" +1G(z, @)l + G (2, g5)[I ) (34)

Wl

where q = (17050)7 q2 = (07 150) and q3 = (0307 1)
We consider a uniform mesh of the region that contains the scatterer and evaluate G for
every vertex z; of this mesh. The 3-D reconstruction is obtained by plotting the surface

G(z) = C maxG(z;).

Z3

We then vary the value of C till obtaining the “best visual” reconstruction.

5 Numerical results

All the following numerical results correspond to perfect scatterers 2z, = 0 and to an added
noise level § = 1%.

5.1 The case of the sphere

We shall here numerically validate the analytical results of section 3. We consider a sphere of
radius 1 and plot the isovalues of the G(2) in the plane z3 = 0. Figures 13 and 14 correspond
to a frequency k = 3 and a number of directions N = 42. Figures 15 and 16 correspond to
a frequency k = 6 and a number of directions N = 162. Figures 17 and 18 correspond to a
frequency k = 9 and a number of directions N = 492. We observe that the influence of the
frequency on the accuracy of the result is more clear in the case of LSM than in the case of
the factorization method (FM). As observed in the Al analytical study, when one increases
the frequency, the transition region between small and large values is reduced and becomes
closer to the true scatterer surface.

Qualitatively, the LSM seems to provide better 3-D reconstructions than the factorization
method (FM).

RR n° 4665



18 Collino & Fares € Haddar

Figure 13: LSM: Isolines of G for k = 3. Figure 14: FM: Isolines of G for k = 3.

Figure 15: LSM: Isolines of G for k = 6. Figure 16: FM: Isolines of G for k£ = 6.
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Validation of the Linear Sampling Method 19

Figure 17: LSM: Isolines of G for k = 9. Figure 18: FM: Isolines of G for k = 9.

5.2 The analysis of multiple reflections

This section is concerned with the reconstruction of two disconnected objects in the cases
where multiple reflections between the two objects are significant. The geometry of our
example is given in Figure 19.

2 wp

Figure 19: Exact geometry.
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20 Collino & Fares € Haddar

The following reconstructions are done using data on a full aperture. First we use a
frequency k = 3 that corresponds to wavelength twice as long as the distance between the
two objects. Using 2 x 42 incident waves, the reconstructed object is in Figure 20 (the
wavelength is indicated by a thick line on the axis z1).

-2 -
Figure 20: Reconstructed geometry.

One observe that the distinction between the presence of two objects or a single one is
not possible. This is also confirmed by the isolines of G presented in Figure 21.

plane z; = —1 plane z2 =0 plane z3 =0

-2 -1

NO
NO

No

Figure 21: 20 isolines of G for different cross sections. k = 3.

Then we increase the frequency and use £k = 6 (and use 2 x 162 incident plane waves).
Figure 22 shows the reconstructed objects where one can now distinguish 2 distinct objects.
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Validation of the Linear Sampling Method 21

This improvement is only due to the use of a higher frequency and is not due to the larger
number of used incident waves. For instance one obtains the same reconstruction as the one

in Figure 20 if we use £ = 3 and 2 x 162 incident plane waves.
Increasing the frequency has also sharpened the corners in the 3-D reconstruction.

-2 -
Figure 22: Reconstructed geometry.

These observations are also confirmed by the isolines of G presented in Figure 23.

plane z; = —1 plane zp =0 plane z3 =0

E -1 0 1
Z

-2 -1

No

Figure 23: 20 isolines of G for different cross sections. k = 6.
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5.3 Reconstruction of complex geometries

We are concerned in this section with the reconstruction of complex geometries, in the sense
that they contain small details and are not smooth. We choose two examples. The first
one corresponds to a teapot presented in Figure 24 and the second one corresponds to an
aircraft presented in Figure 29.

5.3.1 Reconstruction of a teapot

We consider here the case of full aperture experiments. The exact geometry is presented in
Figure 24.

Figure 24: Exact geometry of the teapot.

Figures 25, 26, 27 and 28 show the 3-D reconstructions using respectively (k,N) =
(28,252), (k,N) = (56,252), (k, N) = (84,492) and (96,492) where k denotes the frequency
and where N denotes the number of vertices used in the unit sphere mesh (see section 4.1).

One clearly observe how the increase of the frequency helps a better resolution of the
reconstruction. The last figure shows non-smoothness in the reconstruction that may be due
to the lack of accuracy in the synthetic data. For this high frequency experiment we did the
forward computations of the scattered fields using 6 points per wavelength only!
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Figure 25: Reconstruction of the teapot with k = 28, using 252 incident directions.

Figure 26: Reconstruction of the teapot with k = 56, using 252 incident directions.
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Figure 27: Reconstruction of the teapot with k = 84, using 492 incident directions.

Figure 28: Reconstruction of the teapot with k = 96, using 492 incident directions.
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5.3.2 Reconstruction of an aircraft

This is another example of a (complex geometry, see Fig. 29) reconstruction using a full
aperture data (for instance 252 uniform directions are used (Fig. 30)). In the first case
k = 27 (the wavelength is twice the diameter of the aircraft), one obtains a low resolution
reconstruction, see Fig. 31. For instance, one cannot distinguish small details such as engines,
but larger parts such as wings are visible. In the second case (see Fig. 32) the frequency is
doubled (k = 47) and one can observe how the reconstruction resolution is highly improved.

Figure 29: The aircraft exact geometry

5.4 Limited aperture experiments

We retain here the example of an aircraft (see Figure 29) and the frequency k¥ = 4x for
the reconstruction. However we restrict the set of observation points to only one quarter
of the unit sphere. Figures 34 and 36 display the reconstruction results that respectively
correspond to the lower left quarter (Fig. 33) and the lower right quarter (Fig. 35). We
observe in both cases that the reconstruction is less spectacular than in the case of full
aperture, however we still distinguish the main features of the aircraft. Comparing the two
cases we also observe that the illuminated region of the aircraft corresponds to the best
reconstructed part.
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Figure 30: Mesh of the full aperture: 252 vertices

Figure 31: Reconstructed aircraft: k = 27
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Figure 32: Reconstructed aircraft: k = 4xw

Figure 33: Mesh of T" (64 vertices) Figure 34: Reconstructed aircraft (k = 4x)
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Figure 35: Mesh of T" (61 vertices) Figure 36: Reconstructed aircraft (k = 4x)

A Appendix

A.1 Decomposition of the far field of a magnetic dipole

We recall the definitions of section 3. We first introduce the functions

ul () = jn(klz))Y;(2), op(x) =D (klz))Y,(8), = =l|al,

where (Y,*) denotes the set of orthonormal spherical harmonics, (j,) denotes the set of
spherical Bessel functions and (hg)) denotes the set of spherical Hankel functions of the
first kind. We then define the sets (M) and (N/*) of respectively entire and radiating
solutions to Maxwell’s equations by:

M™(x) = curl (zult(x)), N (z) = curl (zv](z)).

We also define the vector spherical harmonics of order n

1 1
UM %) = ——=GradY,"(2), V(%) = ————— & x GradY"(%),
n(n +1) n(n+1)

where Z is a point on the unit sphere (2. We recall that the set of vector spherical harmonics
form an orthonormal basis of T2((2).

Lemma A.1 Let q be some given vector in R®, z be some given point in R® and & be some
direction on Q2. The far field associated to the magnetic dipole located at point z and with
momentum ¢, defined by
. ik .
E®(%52,9) = — (g x )
7y
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has the following expansion

(35)
J— Z (curl M (2) - q) V" (&).
Proof. Let ¢ € R® and let z and z be two points of R® such that |z| > |z|. If ®(z,2)

denotes the Green function for the Helmholtz equation, then ([3], Theorem 6.7 page 178)

o

Z Ny () M (2) - q

=1

&(z,

n

T3 3 rado (@) sradi(s) -,

m*—n

*
Z n+1 Z curl N7(z) curl M7 () - g
ey

We take the curl of the two terms of this relationship and use

curl curl N™(z) = K*N™ (),

we get
n o0
curl®(z,2)q = ik Z n+1 Z curl N(z) M (2) - q
= n=1
n
—sz Z curl curl N™(z) curl M () - q.

According to Theorem 6.26 page 175 of [3], if

Z Z ENNT(x) + xpteurl N (),

n=lm=—n

then
. etklz| 1
Ba) ~ @) - (1+0()
with
B () = %Z(—z)" S (kxPGradY" () — €7 x GradY,™())
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In our case, we have

ik — ik
m_ %yl M (z) - m_ " Mm(z)-
& (1 1) S MR (2) a4, xn w10 (2)-q,

and the far field associated to the magnetic dipole located at point z and with momentum
q is

E*®(#;2,q) = in(—iz)”) Z (ikM™(2) - q) GradY,™ (%)
+Zﬂ Z (curl M7 (2) - q) (2 x GradY,™(%)).

Otherwise, we know the explicit form of the far field associated to a magnetic dipole, whence,
if p is some vector

( _%(qxﬁ)‘pe—ik,ﬁv:
< anr::)-nl) Z (ikM™(2) - q) GradY, ™ (%) - p (36)
\ +,;nE:+)n1>m:Zn(C“ﬂM_ﬁ"<z> 9) (& x GradY," () - p

This formula will also be useful in the following. Finally, using the orthonormal basic
functions U* and V)", we get (35).

A.2 Determination of the scattered field by a sphere
A.2.1 The problem

We consider the scattering of an electromagnetic incident plane wave (E¢, H*) by a sphere of
radius a. The scattered electromagnetic field (E*, H®) is assumed to satisfy to the boundary
condition

& x ((E'(a) + E*(a)) x &) + 2,8 x (H'(az) + H*(a%)) = 0, V&, |&]| = 1. (37)

where z, is some complex number with Re(z,) < 0. The aim of what follows is to give
a closed expression of the far field associated to the pair (Es, H;). The calculations are
classical (see for instance [11], page 259 for the scattering of a dielectric sphere by an
incident electromagnetic field of momentum d = 2 and momentum ¢ = Z). The process
can be divided into four steps; First, the incident plane wave is expressed in terms of Debye
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potentials, i.e. a is decomposed according to

Ei(z;d,p) = curl(avi(z;d,p)) + %curl curl (zu'(z; d, p))
Hi(z;d,p) = —%curl curl (zv (z; d, p)) + curl (zui(z; d, p)),

where the two potentials u(z; d, p) and vi(z; d, p) are some solutions of the Helmholtz equa-
tion. Second, the scattered field is sought in an analogous form, i.e.

E*(z;d,p) = curl(av®(z;d,p)) + %curl curl (zu®(z; d, p))
H*(z;d,p) = —%curl curl (zv® (2; d, p)) + curl (zu’ (; d, p)),

where the two potentials u®(z;d,p) and v*(z;d,p) are some radiating solutions of the
Helmholtz equation. Third, the boundary condition is used to get the expression of the
scattered Debye Potential. Finally, the far field is obtained using Theorem 6.26 page 175 of

[3].

A.2.2 Decomposition of a plane wave in term of Debye potentials

Lemma A.2 Let p be some polarization vector, d be some incident direction (ICZ| =1) and
k be some wavenumber. We have

/ . ~ ~

Ei(z;d,p) := ik(d x p) x deikzd
= curl (zvi(z;d,p)) + %curl curl (zu’(z; d, p))
T . o (38)
Hi(z;d,p) = ikd x pet®?

= —%curl curl (zvi(z; d, p)) + curl (zu!(z; d, p)),

with

&2)

ap(d, p) jn(klz)) Y ()
" (39)
b?f (d, p) g (Kl Y, (2).

n=1

=2

n=1

f:

?Msﬁmz
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and
mii N em 4rik o
an(d,p) = —i nint 1) GradY,(d) - p
- (40)
med ooy — _n_ TR g v () -
bn (dap) - ¢ n(n+1) (dX Gden ( )) p:

Proof. An elegant way to get this decomposition is to start from (36): we set & = d,
z = z and after complex conjugation, we obtain

( ik A ik~
—(qxd)-p ikxd _( Xp) ikxd qg=
47 4n
[oe] in n ] m .
4 Zm > (—ikMJ(z) - q) GradY,;"(d) - p
n=1 =—n
0 in n ) .
+Zm Z (curl M () - q) (d x GradY;™(d)) - p,
\ n=1 m=—n

curl (;gi dmi" i (—ikjn(Kk|z|)Y,™(2)) GradY,™( A). ) .q

. At
——curlcurl (xz T D)
> (—ik jn(k|2)Y;"(#))(d x GradY;"(d)) -p> -q,

the potentials are finally
I o~ diTki" O T o) i m
wi(zid,p) = =Y ———< Y (GradV;7"(d) - p) jn(k[2])Y;"(£)
o = 4imhi® o~ 5 Y , m s
iz d,p) = =3 s N (d x GradVE(d)) - p) jn (k|2 V@),

and the result follows.
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A.2.3 Determination of the scattered field
We seek the scattered field in the form

E*(z;d,p) = curl(zv®(z;d,p)) + %curlcurl (zu’(z;d, p))
(41)
Hé(z;d,p) = —%curlcurl(mvs(m;d,p))+cur1 (zu’(z;d,p)),
with
u® (3 Z Z wn a(d, p) B (k|z))Y,™ (&)
n= lm——n (42)

Z Z v, U (d, p) SV (k|z]) Y, (£),

n=lm=-n

(we have simply replaced the j,’s by the R (to ensure a radiating field) and have in-
troduced some unknown coefficients in front of each term of the series). It can be readily
verified that (E;, H,) is a radiating solution of the Maxwell’s equation for all coefficients
(un,vy) bounded in n. The unknown coefficients are determined by the boundary condition
(37). Their expressions involve the Ricatti Bessel functions whose definition is

¢n(t) = tjn(t)a Cél)(t) = th%l)(t) = t(]n(t) + iyn(t).

Lemma A.3 Let (E;, H;) and (E,, H,) be respectively defined by (38)-(39) and (41)-(42),
through (40). The boundary condition

i x (B'4+ E*) x &) + 2,4 x (H' + H*) = 0,
is satisfied on the surface |z| = a for
iy (ka) + 2z (ka)
i (ka) + 2 (ka)
Yn(ka) +izen’ (ka)
- (ka) iz ¢ (k)
Proof. The total electromagnetic field (E, H) = (E* + E*, H* + H*) reads

Up = up(ka,z,) = —

(43)

Up = 'Un(ka'a Zr) =

Z Z bt (M (z) + v, N () + %’a;”curl(MT’L”(w) + u, N (x)),

= Z am z) + u, N (z)) — Ebmcurl( (x) + o N ().

RR n° 4665



34 Collino & Fares € Haddar

where

M () = curl (zj (k|2 Y (2),  Ni(x) = curl (zh(D) (k|2]) Y (2)).
Using formula (6.64) and (6.65) of [3] page 173, we have

1

(M (2) + vn Ny (2)) = —m(wn(kmn +vaS) (k|2)))(& x GradY;™(#)),
and
Z x (curl (M (z) + v, N (z)) X &) =

1
T (o' (bl2D) + on (Y (k[o)) Grad¥]" (@)
From this, we obtain

& x (B(z) x &) =

1 o n

Ha o 2 (Hn(klal) + 0aCl (Hal)) (@ x Grady,?(2)

n=lm=—n
[es) n
1

n=lm=-—n

Zx (H(z) x &) =

ﬁz S (b W (ki) + vaCD' (kla])) Grady;™ (2)

n=lm=-—n

b 3 (eI + D M) E)E  Grady? (@)

n=lm=—n
and finally, if |z| = a, we have

Zx (E(x) X )+ 22 x H(z) =

1 o] n - ) o -~ .
mz Y ap'An(ka)(@ x GradY,"(#)) — by Bn(ka)GradY,"(2),

n=lm=—n
with
An(ka) = (it (ka) + 2t (ka)) + un(iCD (ka) + 20¢V (ka))

Bo(ka) = (Yn(ka) + iz’ (ka)) + va(CD (ka) + iz (V' (ka).
The boundary condition on the sphere leads to (43).
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A.2.4 Determination of the far field
Lemma A.4 The far field is given by
E>(&;d,p) =
4WZ Z (un m(d) - p) U™(&) + vn (VI (d) - p) V;ﬂ(;@)) .

n=lm=—n

(44)

where u,, and v, are given in (43).

Proof. From the scattered field, it is easy to get the far field. We have

E*(x; Z Z by v, N (z) + ka mupcurl N7 (x),

n=lm=—n

and the far field is obtained using once again Theorem 6.26 page 175 in [3]

L 1 O

T Za unGradY, " (2) + b v, (£ x GradY,* (2)),

m=—n n=1
or, more explicitly
A 7 47run mya
(#;d,p Z Z Gra,de(d) p) GradY,™ ()
n=lm=— n

+Z z 47rvn d % Grade( ‘) -p) (& x GradY;*(2)).

nlm—n

and the result follows from the definition of U}* and V.

A.3 An addition identity for the gradients of spherical harmonics

Lemma A.5 Let & and § be two directions on the unit sphere. Let n be a non negative
integer, we have

N ms o 2n + 1
dm 30 V(@) aff =dn 30 U)o = e <l (45)

m=—n m=—n

Proof. Tt is known that

(2n + 1)Py (& - §) = 47 ZY”ﬁ: m(5).

m=—n
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Let p, and p, be two vectors. Differentiating the relationship above, we get
(2n + 1) (Grad; (Grady P (& - 9) - pz)) -py =
n —_—
4w Y GradY,"(#) - p. GradY, " (§) - py-
A direct computation shows that

(Gradz (GradgPn(Z - 9) - pe)) - Py =
[(pz - py) — (& - Py)(& - P2) = (§ - Py)(§ - Pa) + (& )G - P2)(& - py)] Pr(@ - §)
+[(@ py = @ - 9G] (G po — (2-9)(E - p)] P (2 - §)
Taking £ = § = £ and p, = py = ¢, we get

4r D" |GradY;"(2) - ¢I* = 20 +1) (lgl® = (¢~ 2)*) Py (1),

m=—n

and, since P, (1) = 2 [11] page 519

4r " |GradY;"(2) - q|”

m=—n

_2n+1
2

n(n +1)||2 x ¢||*.

In the same way, £ = § = 2 and p, = py = ¢ X 2 provides

_2n+1

4w " (2 x GradY;"(2)) - ¢

m=—n

n(n + 1)z x ¢||*.

In terms of the vector spherical harmonics, these equalities read

= m(s 2 - m(z 2 2n+1 2
dr Y V@) af =4r YD URE) - af = T e x

m=—n m=—n
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