N

N

A Global Algorithm for Nonlinear Semidefinite
Programming

Rafael Correa, Héctor Ramirez C.

» To cite this version:

Rafael Correa, Héctor Ramirez C.. A Global Algorithm for Nonlinear Semidefinite Programming.
[Research Report] RR-4672, INRIA. 2002. inria-00071913

HAL 1d: inria-00071913
https://inria.hal.science/inria-00071913
Submitted on 23 May 2006

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://inria.hal.science/inria-00071913
https://hal.archives-ouvertes.fr

ISRN INRIA/RR--4672--FR+ENG

ISSN 0249-6399

ZIINRIA

I-NSTITUT NATIONAL DE RECHERCHE EN INFORMATIQUE ET EN AUTOMATIQUE

A Global Algorithm for Nonlinear Semidefinite
Programming

Rafael Correa — Héctor Ramirez C.

N° 4672
Decembre 2002

THEME 4

apport
derecherche







Zd I N RIA

ROCQUENCOURT

A Global Algorithm for Nonlinear Semidefinite
Programming

Rafael Correa*, Héctor Ramirez C.F

Théme 4 — Simulation et optimisation
de systémes complexes
Projet SYDOCO

Rapport de recherche n® 4672 — Decembre 2002 — 21 pages

Abstract: In this paper we propose a global algorithm for solving nonlinear semidefinite
programming problems. This algorithm, inspired in the classic SQP (Sequentially Quadratic
Programming) method, modifies the S-SDP (Sequentially Semidefinite Programming) local
method by using a nondifferentiable merit function combined with a linear search strategy.

Key-words: Nonlinear semidefinite programming, sequentally programming, global con-
vergence

* Centre for Mathematical Modelling, UMR 2071, University of Chile-CNRS. Casilla 170-3 Santiago 3
Chile. Email - rcorrea@dim.uchile.cl

f Department of Mathematical Engineering, University of Chile. Casilla 170-3 Santiago 3 Chile, and
Projet SYDOCO, INRIA-Rocquencourt, France. Email - Hector.Ramirez Cabrera@inria.fr

Unité de recherche INRIA Rocquencourt

Domaine de Voluceau, Rocquencourt, BP 105, 78153 Le Chesnay Cedex (France)
Téléphone : +33 1 39 63 55 11 — Télécopie : +33 1 39 63 53 30



Un algorithme global pour la programmation semidéfinie
nonlinéaire

Résumé : Dans cette article on propose un algorithme pour résoudre des problémes
semidéfinis nonlinéaires. Cet algorithme, qui est inspiré de I’algorithme classique SQP (Pro-
grammation Séquentielle Quadratique), modifie 1’algorithme local S-SDP (Programmation
Séquentielle Semidéfinie) en utilisaint une fonction de pénalisation non dérivable et une
recherche linéaire.

Mots-clés : Programmation semidéfinie nonlinéaire, programmation séquentielle, conver-
gence globale
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1 Introduction
We consider the nonlinear programming problem

minimize  f(z)
(P) subject to A(z) <0
h(z) =0,

where z € IR", A is a smooth function whose values are symmetric matrices; < denotes the
negative semi-definite order (that is, A < B if and only if A — B is a negative semi-definite
matrix); h is a vector smooth function with values in IR™; and f is the smooth objective
function. The smoothness of all these functions is specified at each statement.

This problem becomes interesting when the linear matrix formulation [21]:

minimize  f(z) =’z

(LMI) subject to  A(z) = Ao+ > i, 24; <0

does not give a satisfactory model for certain problems, particularly those from control
theory [1, 5, §].

This paper is organized as follows. In section 2 the optimality and constraints qualifi-
cation conditions for problem (P) are presented. The results contained in this section are
adaptations of known results (see for example [15, 19]). Here only the optimality conditions
that are useful in our context are discussed. Other conditions can be found in [2, 6]. In Sec-
tion 3 we demostrate some exactness results associated with the Lagrangian, the Augmented
Lagrangian and the Han Penalty function. The first one is well-known and we review it to
make our exposition self-contained. The exactness of the Augmented Lagrangian and the
Han Penalty function are extensions of the corresponding classical mathematical program-
ming results [3, 14]. In Section 4 we propose a global S-SDP (Sequentially Semidefinite
Programming) and prove its convergence. The convergence of a local S-SDP algorithm has
been proved by Fares, Noll and Apkarian [8].

1.1 Notations

Throughout we denote by Sy, the set of all symmetric matrices of dimension m, by S, the set
of all symmetric positive semi-definite matrices, and by ST the set of all symmetric positive
definite matrices. The sets S, and S;,~ are defined similarly. For all these sets of matrices
we use the trace product (A, B) = Tr(AB), and the Frobenius norm ||A||p, = /Tr(A2).
For a given matrix A, \;(A) denotes its j-th eigenvalue in non-increasing order and A,
denotes the matrix defined by

Ay = Pdiag(M) 4, -, (Am) 1) PT. (1)

RR n° 4672



4 R. CORREA, H. RAMIREZ

Where (\)4+ = max{0, A} and P is the matrix in the spectral decomposition A = P diag()1, .-, A ) PT.
It is easy to see that A, is the orthogonal projection of A on S;t.
Given a matrix-valued function A(-) we will use the notation

OA(xx)

OA(zx) OA(zy) 1

DA(z.) = ( o

)iz = (

for its differential operator evaluated at z.. This notation comes from the fact that

DA(z.)y = Zyi 6?: ) Vy € R". (2)

i=1

Finally, if V = (V4, ..., V;,)T is a linear operator from IR™ to S, as D.A(x.), we have for the
adjoint operator V* the formula

V*Z = (Tr(V\i Z),...Tr(V, Z))T VYZ e S,,. (3)

2 Optimality Conditions Review

In this section we state first and second-order optimality conditions for (P) and discuss their
implications. To this end, consider the Lagrangian L : R" x S, x IRP — IR of problem (P)
defined by

L(z,Z,)\) = f(z) + Tr(ZA(z)) + AT h(z). (4)

2.1 First order optimality condition

The Karush-Kuhn-Tucker necessary optimality conditions for a feasible point z. of (P)
are given by the existence of Z, € S, and Ay = (i1, ..o, Aup) T € IRP such that

Vf(xs)+ DA(z.)* Zs + i AjVhj(zs) = 0

(KKT) =1
Tr(Z.A(zy))
Zs

0
0.

Y I

The pair (Zs, A«) is called the (K KT)-multiplier associated with z.. The complementarity
condition T'r(Z«A(z.)) = 0 has the following useful equivalent forms:

A(Z) =0 or XN(A(z.) =0, Yje({l,..,m} (5)
or

ZA(z.) = 0. (6)
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Both forms are easily obtained from the trace (or Frobenius) inequality:
Tr(AB) <) Aj(4)(B), (7)
j=1

where the equality holds if and only if there is a matrix P such that P~'AP and P~'BP
are diagonal (see, for example, [20]).

Condition (5) allows us to define the strict complementarity condition in (KKT) as
follows

Aj(Zy) =0 if and only if A;(A(z«)) <0, Vje{l,..,m}. (®)

As is well-known, the (K KT') conditions are not a consequence of the optimality of z.,
and to ensure this consequence, we must suppose an extra condition. In this paper, we will
use Robinson’s constraint qualification condition [16]

. Alzy) DA(z.) n_ | Sm
vemt{( 563 )+ (e )= - ()} ©)
where int C' denotes the topological interior of the set C. A direct consequence of [11,
Chapter 3, prop. 2.1.12] is the equivalence between condition (9) and

{Vhj(z.)} are linearly independents, and (10a)
dd € R" s. t. { and A.(d) < 0, (10b)

where A, : R" — Sy, is the linear affine function defined by A.(y) := A(2.)+> 1, ¥i a,ggi*) .
It can be shown that under (9) the set of (K KT') Lagrange multipliers is nonempty and also
bounded [13].

We will also consider the Transversality Condition: the function ¢ : R" — IRP x S,

defined by

Y(d) == ((Vh(z.)d)', NT Z d; 631;“’?*) Nt (11)
i=1 ¢
is surjective. Where
N = [vy...v,] (12)

is the matrix whose columns v; are an orthonormal basis of Ker A(z.). We set N = 0
if Ker A(zy) = {0}. This condition has originally been defined in the context of smooth
manifolds [9] and implies the Robinson’s constraint qualification condition (10), moreover,
(11) guarantees the uniqueness of the (K K'T')-multiplier. Unfortunately, this condition can
be very strong, because it forces n > p + r(r + 1)/2, where r = dim[Ker A(z.)].
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It is clear that the Transversality Condition (11) is not verified when the matrix A(z.)
has a block-submatrix structure. Indeed, in this case the multiplier Z, is not unique and
therefore the transversality condition does not hold. This problem can be easily avoided
if we assume this condition for each submatrix of A(z,), that is, the surjectivity of the
function v associated with each submatrix. For simplicity of notation we only consider the
case where A(z,) is a one-block matrix. More details about the transversality condition in
the semidefinite programming context can be seen in [19] and the references within.

2.2 Second-Order sufficient condition

In this section we introduce only the second-order sufficient conditions that will be used in
this paper as well as results that involve transversality condition (11). We assume that f, h
and A are twice differentiable at z,.

Given a set B C IR™ we define
S—(B):={M € Sy, : w" Mw <0, VYwé€ B}. (13)

m

Proposition 1 A sufficient condition to obtain the isolated optimality of x. for problem
(P), is the existence of (Z«, Ax) € Sm X IRP such that (x«, Zx, Ax) satisfies (KKT) and

dTV2 L(xx, Zsy As)d > 0, (14)
for all non zero vector d € C(x.). Where

OA(zx)
8.’171'

C(zs)={d e R": idi

i=1

€ S, (Ker A(z.)), Vh(z«)d =0 and Vf(z.)"d = 0}

(15)
is a cone of critical directions for problem (P) at the point x..

Proof. See for example [17, Theorem 2.2| and note that T'g— (A(zx)) = Sy, (Ker A(z)).
|

Remark 1 Condition (14) can be far from necessary. For instance, in the problem (LMI)
we always have V2, L = 0, thus, if C(z.) # {0} condition (14) never holds. This is because
condition (14) does not consider the geometry of S;.. This kind of problem was the motiva-
tion for works such as [2, 6, 19] in the nineties. We will just consider the nonlinear problem
(P), where the algorithm S-SDP makes sense.

Let us define now a larger cone of critical directions C'(z«, Z.), which considers the
(K KT)-multiplier Z, associated with the matrix inequality A(z) < 0, as follows:
OA(z)
8;3,-

C'(24, Z4) :={d € R" :)_d;

i=1

€ S, (Ker A(zx)),

n (16)
ImZ, C Ker PeriaA(?*)

i=1 ?

and Vh(z,)d = 0},
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where Pr is the orthogonal projection in IR™ over Ker A(z.). Note that Pr = NNT with
N defined in (12).
The next proposition relates both cones of critical directions and the function .

Proposition 2 Let z. be a solution of (P) and (Z., ) a (KKT)-multiplier. Let us con-
sider also the function 1, defined in (11), and the cones of critical directions defined above.
Then

Ker ¢ C C(zx) C C'(z4, Z), (17)
with equality when the strict complementarity condition (8) holds.
Proof. First, note that we can write (6) in the equivalent form
Z,=N¢.NT, (18)

with ¢. € S} and r = dim Ker A(z.). Then, to prove the first inclusion in (17), it is
sufficient to show that Vf(z.)Yd = 0. This comes from the first equation in (KKT) and
the equality

"L 0A(z) =, OA(z.)
Tr(Z. i =Tr(¢p.N A N). 1
r( gd oo, ) = Ir( gd 90 V) (19)

For the second inclusion, if d € C(z,) then Vf(z,)Td = 0 and Vh(z.)d = 0, and we
obtain from (19) and the first equation in (KKT) that Tr(¢.NT Y 0, d; BA(“)N) = 0.

Since Y i, BA(w* € S, (Ker A(z)), we see that NT 3" | d; BA(E* N € S, and using
(7), we deduce from the last equality that

NTZd ‘9“4; )qu* =0, (20)

i

which is equivalent to

PrEd ag(m*)z = NNTZd aA( )Nqb*NT 0, (21)
=1

and we conclude that d € C'(z., Z.).

If in addition we assume the strict complementarity condition (8), we have that ¢,
is nonsingular, and from the equivalence between (21) and (20) we deduce the converse
inclusion C'(z«, Z,) C Ker 1. [ ]

A direct consequence of proposition 1 is the following sufficient condition:

Proposition 3 Under the hypotheses of proposition 1 with C(z.) replaced by C'(z«, Z.),
the point x, is an isolated local minimum of (P).

This sufficient condition is of course stronger then (14). This condition is used in the local
convergence result of the S-SDP algorithm (Theorem 11).
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3 Exact Penalty Functions

A couple (z«,y«) in the product set X x Y is said to be a saddle-point of the function
p: X XY >Ron X xYif

P4, y) < p(2,y5) < p(2,94), VreEX,Vyey.

We say that a function ® : IR™ — IR is an exact penalty function in a local minimum z.
of (P), if z, is a local minimum of & too.

In this section we study different penalty functions associated with problem (P) and
state necessary and sufficient conditions for exactness. A general approach for the study of
exact penalty functions can be found in [4, Section 3.4.2].

3.1 The Lagrangian Function in the Convex Case

Let us consider the particular case of (P) when h : IR™ — IR? is an affine function h(z) =
ho + Hz, with H € IRP*™ and hy € IR?, f : R® — IR is convex and A(-) is convex in the
sense of semidefinite order, that is

Atz + (1 —t)y) 2 tA(z) + (1 —t)A(y), Vte|0,1],Vz,y € R".

With these assumptions, (P) will be denoted by (P¢) (convex problem). For the (KKT)-
multipliers (Zx, A«) associated with the solution z, of (P¢), it can be shown that the function
L(-,Z.,\), defined in (4), is an exact penalty function for (Pg). This is an immediate
consequence of the fact that (z«,Z«, A«) is a saddle-point of the Lagrangian function on
R™ x S}t x RP (see, for example, [22, theorem 4.1.3]). However, it is known that the
Lagrangian is no longer an exact penalty function in the nonconvex case, which is the
reason other penalty functions are introduced to obtain exactness results for our general
problem (P).

3.2 The Augmented Lagrangian
We define the augmented Lagrangian function L, associated with problem (P) as
Ly(x,Z,)) = f(z) + A"h(z) + Z|h(2)|> +
_ o _
Tr(ZlAz) + (-0 Z = A@))1]) + 5IIA() + (—07'Z = A(@))+ [
(22)

where ¢ > 0 is the penalty parameter. In [18], L, is called the prozimal augmented La-
grangian.
If (24, Z«, As) is any point satisfying (K KT), from (6) it can be shown that

Lo (24, Zi; As) = f(24). (23)

In the next theorem we prove that L, (-, Z«, A«) is an exact penalty function when o is
sufficiently large.



A GLOBAL ALGORITHM FOR NONLINEAR SEMIDEFINITE PRORAMMING 9

Theorem 4 Let us assume that f, h and A are twice differentiable at x« and that (z., Z«, M)
satisfies (K KT) conditions and the second-order sufficient condition (14). Then, there are a
neighborhood V' of z« and a real & > 0 such that for all 0 > &, (x«, Zx, A\x) is a saddle-point
of Ly on'V x (S, x IRP). Moreover,

Ly (%, Zu, As) > Lo(®s, Ziy M) > Lo(24, Z, N),
for all (x,Z,\) € V x Sy X IRP with © # ..
Proof. Since the operator (-)4, defined in (1), is the projection on S, we have that
I(=07'Z = A@)+ = (=07'Z = A@))lfer S IW = (=07 Z = A@@)lFr (24)
for all W € S;}, and then
%II(—ff*lZ — A@))+ + A@)[F+Tr(Z[(-0 7' Z — A(z))+ + A(z)])

. (25)
<Tr(ZW + A@) + W + A@)IE,

for all W € S;t. Taking x = z. and W = —A(z.) (which belongs to S;}), we get
o _ _
SI(=07'Z — A(@.))4 + A@)lfe + Tr(Z[(=07"Z = A(z.))4 + A=) <0,

hence
Lo (24, Z,A) < f(z4) = Lo (24, Zay As), YZ € Sy, YA € RP, Vo > 0.

Let us prove now the second inequality. Let B.(x.) be a closed ball with center z, and
radius € such that f(z) > f(z.) for all feasible points z € B.(z4), T # x.. We prove that
for all o > 0 sufficiently large, 2. is the unique point satisfying inf,c g (,,) Lo (2,24, M) =
f (). For this purpose, we define the problem:

. g
Vo= it {f@) + Tr(Z) + NI h() + SO + W)} (26)
A(z) 2 W

and from inequality (25) we can deduce that

Yy = inf  Ly(x, Z., ). (27)
TEB(z4)

To conclude, we show that (x4,0, Z.,0) is a point that satisfies the Karush-Kuhn-Tucker

and the second-order sufficient conditions for the optimization problem (26). The Lagrangian
associated with minimization problem (26) is

Lz, W,9,0) = f(z) + Tr(Z.W) + N'h(z) + Z||h(z) | o
+ W1, + Sl = 2.2 = £2) + Tr(Q(A(z) — W),
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and the (K KT) conditions are

Vf(z)+ Vh(@)T A\ + oVh(z)Th(z) + a(z — z.) + DA(z)*Q =0
Zy+ oW =0Q

(lz = @.|* —€*) =0
r(QA(z) —W)) =0
a>0, Q>0
lz—z.]| —e <0
A(z) =W <0.

P
T

It can be easily seen that (z, W, Q,a) = (z«,0, Z., 0) satisfies all these conditions.
The Hessian of L with respect to the variables (z, W) at (z«,0, Z,,0) is given by

p
V2f(@a) + > M Vhj(ma) +H
- j=1 0
V? onL(zy,0,Z,,0) = P . (29
(e I ) +0 3" hj(@)V2hy(@.) + oVh(z.) TV h(z.) (29)
j=1
0 ol,,

with H := [Tr(Z azA(w*))]i,j, and the cone of critical directions for problem (26) is

* Ox;0x;
C(x4,0) = {(d,U) €R" X Sy, : Vf(z, ) d+Tr(Z,U)+ \'Vh(z,)d =0,
34 OA@-) _ 17 ¢ = (Ker Aza)).

i—1 9z;

In what follows we will state the second-order sufficient condition

(d¥,U)V2L(z,,0, Z,,0) d >0,
U

for any nonzero vector (d,U) € C(z,,0). This condition can be written as

P
A"V f(@)d+ D Meyd"Vhy(z)d + d"Hd + 0| Vi(z.)d|* + o ||U|F, > 0, (30)
j=1

for any nonzero vector (d,U) € C(x,,0).
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_ The case when d = 0 and U # 0 is trivial. Another easy case is when we take (d,U) €
C(z+,0) with ||U||pr > 6||d|| or ||[Vh(z.)d|| > 6||d|| for some fixed § > 0, indeed

p
d"V? f()d+ D Aeyd"VPh(za)d + d"Hd + o(||Vh(z.)d|* + |U]%,)

j=1
> dTV2 f(z,)d + Z Aejd"V2hj(z.)d + dVHd + 062 d||?
1
b
> —|IV?f () + D A V2hy(@a) + H|[[|d]* + 06°(|d]%,
j=1

and (30) is verified by taking o > o5 := 35 [|V?f(2.) + 2X5_; A V2hj(2.) + H|.
Finally we show that such a 6 > 0 always exists. We proceed by contradiction. Let us
suppose that there is a sequence {(dy,Uy)} in C(z,0) such that

1
“Uk”Fr S _”dkna (31)
1
IVR(z)dll < Zlldx (32)
and
P
df V2 (@) dy + ) Aejdf V2hj(za)dy, + df Hdi <0, VE. (33)

i=1

If we divide (33) by ||dx||?> and suppose that — d, by taking limit in this inequality we

get

IId [

~

dTV2 L2y, Zu, A )d < 0, (34)

which means, by proposition 1, that d ¢ C(zy)-
On the other hand, since (dy,Uy) € C(z«,0), we have that

T de, v <vTUww, forallve Ker A(z,) and all k,

l

and using the fact that ||Ug|| pr > ”” [ﬁ’gv, for all v # 0, together with (31) we obtain

= 8/1(:1:*) 1
T , 1 2
v E_ dii oz, k”dl””“v” for all v € Ker A(z.) and all k,

which implies that
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The equality VA(z,)d = 0 follows directly from (32) and since V f (2, )Tdy, = —Tr(Z,Uy)—
ATV h(z,)d}, from (31) and (32) we obtain that Vf(z,)Td = 0. In this way we conclude
that d € C(z4), which contradicts (34). [ |

3.3 The Han penalty function

We define now another penalty function associated with problem (P), which will be a key
issue in the global algorithm that we will describe in section 4. For ¢ > 0 we define

b5 () = f(2) + o (A (A(@))+ + [(2)])- (35)

This function comes from the Han penalty function in mathematical programming [3, 10].
In the rest of this section we will prove some properties of 6, and its exactness.

In order to compute the directional derivative 8/ (z;d), we start by recalling a particular
chain rule.

Lemma 5 Let ¢ : R" — IR™ be a function with directional derivative ¢'(z;d) = lim,_,g+
t=1(p(z+td)—p(z)), and let ¢ : IR™ — IRP be a Lipschitz function in a neighborhood of o(z)
with directional derivative ¢'(p(x);¢'(x;d)). Then, the function (¢ o ) has a directional
derivative at x in the direction d given by

(¢ 0 @) (z;d) = ¢'(p(2); ¢ (w3 d)). (36)

Proof. By using the usual notation o(t) for a function verifying lim; .o t~o(t) = 0, we can
write for ¢ > 0

t7 (gop)(z +td) = (dop)(2)] = t7'[d(w(z) +ty'(z;d) + oft)) = (¢ 0 ¢)(2)]
= 7' [p(p(x) + ¢ (z3d)) — d(p())] +t 7 o(t),
and we can conclude by taking the limit when t — 07. [ |

As a consequence of this result we give in the next lemma the directional derivative of
the penalty function 6.

Lemma 6 If f, h and A in (35) have directional derivatives at x in the direction d, where x
is a feasible point for (P), then 6, also has a directional derivative that can be characterized
by

0, (x;d) = f'(z;d) + oM (NTA'(2; d)N) 4 + ||h' (3 d)]]),

where N is the matriz defined in (12).
Proof. Let x be a feasible point. From lemma, 5, we have that

Oy (z;d) = f'(z5d) + o([M(AC))+] (w5 d) + [|B (z; d)]])
= fla;d) + o ()+] (A@); A'(z;.d)) + |7 (25 d)])).-
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For A € S, and B € Sy,, we easily check that

oo _ 0 , if /\1(A) <0
A()+]'(4;B) = { M(A4;B)y Lif A (A) =0,

and using formula (2.8) in [7] for the calculus of the directional derivative of A;(A) =
max{zT Az : ||z| = 1}, we obtain that \|(4;B) = max{z”Bz : ||z|| = 1 and 2T Az =
A1(A)}. Then, if A (A) = 0, we can write A} (4; B) = A (NTBN) with N a matrix whose
columns are an orthonormal base of Ker A.

We conclude replacing A by A(z), B by A'(z;d) and recalling that N is the matrix 0
when )\1 (A) < 0. |

Remark 2 If f, h and A are differentiable at x, then

0A(z)
8a:i

0. (1) = Vi(@)d + o (VT Y a.22@ Ny 4 vna.

In the following proposition we give a lower bound for the parameter ¢ in order to obtain
the exactness of 6,.

Proposition 7 If x, is a feasible point of (P) and 8, has a (strict) local minimum at z,,
then x, is a (strict) local minimum of (P). Furthermore, if f, h and A are differentiable at
x, and if the transversality condition (11) is verified, then o > max{Tr(Z,), || A«||}-

Proof. If z, is a local minimum of §,, there is a neighborhood V' of z, such that for all
z € V we have that 6,(z.) < 6,(x), and since z, is feasible we obtain

f@s) =05(z) < b5(2) Vz eV
= f(z) Vz €V, z feasible,

which means that z, is a local minimum of (P). When the minimum z, is strict, the proof
is identical.

Now, let us assume that f, h and A are differentiable at x, and that the transversality
condition holds. Since z,. is a local minimum of 6,, we have that 0} (z.;d) > 0 for all
directions d and using lemma 6 we can write

0 < Vf(ze)Td+ (M (NT i di

i=1

PN+ IVh)dl), Vae R (37

Ti

Let us first consider the case when Ker A(z.) = {0}. This implies Z, = 0 and N =0,
ATVh(z.)d

TVh(z.)al Lo

hence from inequality (37) and the first equation in (K KT'), we see that o >
all nonzero d € IR". The surjectivity of Vh(x.) shows that o > ||A«]|-
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Let us suppose now that Ker A(z.) # {0}. From the first equation in (K K'T'), inequality
(37) and equality (18), we can write for all d € IR"

0A(zy) 6.A (24)
h(z)d|| + M (N " d; N > MVh(z,)d+ Tr( di———
oI V(@ )d] + M ( Z e N) 2 ATVh(a)d + Z
= M'Vh(z.)d + Tr( ¢*NTZd OA(. )N),
i=1 i
Then, the transversality condition (surjectivity of ) allows us to say that
a(llvll + A (W)4) 2 Alv + Tr(6W), (38)

for all (v, W) € R? x S,, and we can conclude from the inequality

[W]l2 := /max{)2 : X is an eigenvalue of W} > \; (W),
and the equality

IO, 6l = sup{|AJv + Tr(gW)| = [|ol| + [Wll2 = 1} = max{[|A.|, Tr(Z.)}-

|
We conclude this section establishing sufficient conditions for exactness of the Han
penalty function 8,. In proposition 9 we consider the convex case and in theorem 10 the
general one.
The following useful lemma is a direct consequence of Frobenius inequality (7).

Lemma 8 If Z = 0 and o > max{Tr(Z), ||A||}, then L(-, Z, ) < 6,(-).

Proposition 9 Let us consider the conver problem (Pg) and let us suppose that f, h and
A are differentiable at a solution x. of (Pc). Then, if (Z.,\.) are (KKT)-multipliers
associated with z, and o > max{Tr(Z,),|| ||}, we have that 6, has a global minimum in
Ty

Proof. Let us suppose that (z., Z., A«) satisfies the (K KT') conditions. For the convex
problem (P¢), it can be easily seen that L(-, Z., A«) has a global minimum at z,, that is,
0, (zs) = f(zs) = L(zs, Zy M) < Lz, Zi, Ay) for all z. If o > max{Tr(Z.), || A}, from
lemma 8 we have L(-, Zx, A\x) < 0, (+), which leads to the desired result. |

Theorem 10 Let us suppose that f, h and A are differentiable at z.. Let (x4, Zs, ) be a
point that satisfies the (K KT) conditions and the second-order sufficient condition (14). If
o > max{Tr(Z.), | \«||}, then 8, has a strict local minimum in x.,.
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Proof. Taking Z = Z, and W = (- A(z))+ = —(A(z))- in (25) we have that

D12~ A@)s + A@, + Tr(Z. (2 ~ A@)s + @)
T T (39)

r .
< Tr(ZeA(@)4) + I A@)+ 7
Hence, using Cauchy-Schwarz and Frobenius (7) inequalities, we obtain

Li(w,ZeA) < f(@)+ATh(@) + Zh@)|? + Tr(Z.A)+) + S I A@)4 15,

T T —
< @)+ R@IAAN + 1R@)ID + M (A@))+ (Tr(Z.) + 5 D Ai(A@)+))-
j=1
The last inequality follows from A;(A(z)4+) = A (A(z))+. Since o > max{Tr(Z.), || A},
for any fixed 7 > 0 there is a neighborhood V,. of z. such that

Li(2, Ze, M) < £(2) + o([h@)] + M (A@))3) = b,(x), Vz € V.

From theorem 4, we know that there is an ¥ > 0 and a neighborhood V of z, where T is a
strict minimum of Lz(-, Zx, A«). This implies that z, is a strict minimum of 8, on V (| V;r
||

4 Sequentially Semidefinite Programming

In this section we propose a global S-SDP algorithm for solving problem (P). This algo-
rithm is inspired by the classical Sequentially Quadratic Programming (SQP). We begin
by recalling the local S-SDP algorithm proposed in [8] and its convergence theorem.

Given an initial point (zg, Zo, Ao) close to a point (2., Zx, A«) that satisfies the (KKT)
conditions, we generate a sequence (zy, Zg, A\;) by solving the tangent problem:

minimizege g»  Vf(zg)Td + %dTMkd
(Tr) subject to Ar(d) <0
h(zy) + Vh(zg)d = 0.

Where Ai(d) := A(zg)+> 1, d; 6“2(;,’“) , and the matrix M}, replaces the Hessian V2 L(z, Zg, Ar),
emulating the so-called Quasi-Newton methods.
If dj, is the solution of (T}), we define xx4+1 = xp + di. The point (dg, Zgt1, A1) is

obtained from the (K KT') conditions for the minimization problem (T}), that is

Vf(xy) + DA(xk)* Zp+1 + Vh(.’l:k)T)\k_H + Midi, = 0(40a)

Ax(di) < 0(40b)

(KKTy,) hzy) + Vh(zg)d, = 0(40c)
Zipr » 0(40d)

Tr(Zg+1Ar(dy)) = 0(40e)
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Theorem 11 Let (x4, Z«, \x) be a point satisfying the (KKT) conditions and the second-
order sufficient condition given in proposition 3. Suppose that (DA(z.), Vh(z«)T)T has full
rank, and that My, — V2, L(x, Z«, ). Then, there is § > 0 such that if ||zo — 24| < 6,
1(Zo, Ao) —(Zu, M) || < 8 and || My—V2,L(z, Zi, M| < & for all k, the sequence (zy,, Zy,, Ay,
generated by the algorithm S-SDP is well defined and converges superlinearly to (., Z., \.).
The convergence is even quadratic if My, — V2 L(zw, Zu, M) = O(||lzr — Tl + |(Zks Ak) —
(Zi, X))

Our purpose here is to extend the S-SDP algorithm to obtain the global convergence.
For this, we consider the Han penalty function, defined in (35), and an Armijo linear search.

In the following proposition we prove that the solution dy of (T}) is a descent direction
for 6, at the point x; when My is positive definite and o is sufficiently large.

Proposition 12 Suppose that f, h and A are C' functions and that their derivatives are
locally Lipschitz at xy,. Using the penalty function 0, defined in (35), if (di, Zps1, Aes1)
verifies the (K KT},) conditions, written in (40), then

0, (zr;di) < Vf(zp) dp — oA (A(mr))+ + [1R(zi)]])

= —di Mydi + Tr(Zis1 A(zr)) + Mipa (@) — o (Ae))+ + (i) “
Furthermore, if o > max{Tr(Zes1), ||\es1|} we obtain
0, (wx; di) < —dj, Mydy.. (42)
Proof. Let us fix t € [0,1]. By (40c) we have that
Ik (k) + tVh(ze)di|| = (1 = 8)l[R(zk)]-
and by the convexity of A (-); and (40b) we obtain
A (Ag(tdr))+ = M (Alzy) +1 i di 3/(;5;1;) )+
prt i
< (=M (Al@e))+ + A (Ar(di))+ = (1 = ) A(Az))+-
From these relations we have that
Il ' (h(@n); VA(k)die) = =Rz, (43a)
(A () f:dk, QAL ) 5 (Awe)s. (43b)

ox;
and applying lemma 5 we get

0! (zr;di) < Vf(zr) dy — o(A(A(zr))+ + |h(zi)])),



A GLOBAL ALGORITHM FOR NONLINEAR SEMIDEFINITE PRORAMMING 17

and from (40a), (40c) and (40e) we obtain
0, (x5 di) < Tr(Zpsr Alzn)) + h(@r) " Aprr — o([|B(ze)|| + M (Aln))+) — di Midy.

Finally, if 0 > max{Tr(Zj+1), || Ar+1]/}, the Cauchy-Schwarz and Frobenius (7) inequal-
ities lead to the result. |

We are now ready to describe the iteration k of the global algorithm for solving problem
(P). We suppose that xj, is known.

Step 1 Compute a point (dy, Zg+1, Ak+1) satisfying (K KTy,) in (40).

Step 2 Compute oy, satisfying o > max{Tr(Zi+1), ||Ae+1]|}, in such a way that the
sequence {o}} satisfies the following properties:

(@) o 2 max{Tr(Zg41), | Ae+1ll} + 7
(b) For all k > ky,
if Ok—1 2 max{Tr(Zk+1), ”/\k+1”} + 5’, then O =0k—1-
(¢) If {o}} is bounded, then o}, is modified just finitely many times,

(44)

where k; € IV and ¢ > 0 are fixed parameters. A simple way to update oy, verifying (44) is
defining of, = max{1.505—1, max{Tr(Zgs+1), || Ae+1||} + &} when (b) fails.

Step 3 The step length a4, is computed by using an Armijo search rule, that is, ay is
an approximation of the maximum « € (0, 1] which verifies

05, (z + ady) < 05, (zr) + waly. (45)

Where 0 < w < 1 and Ay, is the upper bound of 7, (x4;dg) given in (41). The existence of
ay, is guaranteed by inequality (45) and the fact that My, is positive definite. More precisely,
ay, can be computed as follows:
Step 0 j:=0, 7;:=1.
Step 1 If (45) is satisfied with o = r; then oy = r; and stop the linear search.
Step 2 If not, take rj 1 = frj, increase j by one and go to Step 1. with 8 € (0,1) a fixed
constant.

Step 4 Define zx41 = z + ardy.

Theorem 13 Let us suppose that f, h and A are C' functions and that their derivatives are
Lipschitz. If we consider the global algorithm described in the steps 1 to 4 and suppose that
the matrices My, are chosen positive definite such that the sequence { My} is bounded together
with the sequence {M, 1}, then, one of the following situations occurs for the sequence
(:ck, Zk+1 -)\k+1)-'

1. The sequences {o} and {(Zk+1,Ak+1)} are unbounded.

2. There is an index ko such that oy, is constant for all k > ko. In this case one of the
following situations occurs:
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(a) By, (%) — —00, or

(b) VoL(x, Zigr, Ars1) = 0, h(zi) = 0, A (A(zk))+ — 0 and Tr(Zp 41 Alzy)) — 0
Proof. 1) The equivalence between the unboundedness of {0} and {(Zk+1, Ag+1)} is direct
from (44)(a)-(b).

2) Let us suppose that {o}} is bounded. By (44)(c) we know that there is an index ko
such that o = 0 := oy, for all k& > ks.

To conclude we prove that if (a) is not true then (b) holds. From (45), with a = «ay, we
know that the sequence {6,,(zx)} is decreasing for all k¥ > ko, and then 6,, (zy) > C for
some constant C, obtaining again from (45) the limit oAy — 0.

All limits in (b) are consequences of the existence of @ > 0 such that oy > a for all
k > ks, which implies from the limit above that Ay — 0. Indeed, inequalities

Ap < —di Midi + M (A@n)+ Tr(Zi1) + | Mesall(@n)l| — oA (Az)) + + ()]
< —di Mydi + (0 = 0) (M (Alzi)+ + [|R(ze)]) — oA (Alr)+ + [[R(zi)])

prove that
Ay, < —dj Mydy — (M (A(zr)+ + |h(zi)]) <0, (46)
which implies that if A, — 0 then
M(A(zg))+ =0 and  h(xg) — 0.

Inequality (46) also shows that —d} Mjdy, — 0, and together with the fact that {M, '} is
bounded, it is easy to conclude that d; — 0. This, together with (40a) and the boundedness
of {M}}, implies that

VoL(zk, Zkt1, Akt1) — 0.
Finally, by definition of Ay we know that
Vi(@r)Tdy = A + ok (M (Azr))+ + Ih(zk)]) = O,
and from (40a) we see that

- 0A
TT(Zk+1 dez 85:'19)

i=1

)+ AT Vh(zy)dy, = —dF Mydy — V f (2x)Tdi — 0.

This limit and the equalities (40e) and (40c), together with the boundedness of {A41},
allow us to write

OA(wk) )
(%:i

lim TT(Zk+1.A(.CL’k)) = lim —TT(Zk_Hdei

k—+co k——+oco £
=1

kErfm A1 Vh(zg)de = kETw —Aip1h(zr) = 0.
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Let us prove now that aj > a > 0. If o < 1, by the Armijo search rule, there is an
r; € (0,1] such that a = fr; and

Hak (.Tk —}—Tjdk) > Hgk(wk) +'w7'jAk. (47)
Let us consider the first order Taylor expansion

F(@e +ridy) = f(ex) + 75V f(@r)d, + O | de]?),
h(.’Ek + ’f'jdk) = h(.’I}k) + ’l”th(iL‘k)dk + O(T?Hdk”Z),
= (L=r)h(zx) + i (h(z1) + Vh(zr)dy) + O] | [*),

.A(.lek + Tjdk) = .A(.fb’k) + 7 ;dk, aé;ik) + O(T?”dkuz)
= (1= 1)) Alzx) + i (Aler) + > di 6“Ll(m’“)) + O(r5 |ldi|I*).-

6.2%

i=1
Since r; < 1, from the convexity of A;(-)4, and the relations (40b) and (40c) we obtain

Ih(wk +ridi)ll = (1 = rp)lIAze)l| + O ldell*),
M(A(zk + 1jdk))+ < (1= 15)A1(A(@r))+ + O ldil*),

which imply from (47) the inequality
0o, (z1) + 75 Ak + C175 | di|* > 85, (1) + wr; A,

that is, —(1 — w)arAy < C173||dg|?, for some constant C; > 0. Due to inequality (46), the

boundedness of { M, 1 and the fact that Mj, is positive definite, we see that Ay < —Cs||dk|?
for some constant Cs > 0. The last two inequalities show that

C
eré(l—w)>0,

and the proof is complete. |
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