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Tarification des services de commerce éléctronique : comment
éviter une guerre des prix

Résumé : Dans [2], les auteurs montrent que la tarification des services de commerce éléctronique
aménent, dans la plupart des cas, & une guerre des prix, qui fini avec des profits nuls pour tous les
provideurs. On montre que ce résultat est erroné, car le modéle sur lequel il est basé est incomplét.
On donne un modéle plus général, qui n’a pas cette propriété indésirable.

Mots-clés : Equilibre de Nash, qualité de service, commerce éléctronique
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1 Introduction

The pricing of electronic goods, and, in particular, e-commerce services, such as web hosting, has
received considerable attention in the literature. See, for example, [4], [6], [9], [10], [8], [12], [7],
[14]. Some studies into optimal pricing have been viewed from the perspective of a single firm,
or in the context of a monopoly. (See, for example, [5, 13]). This approach is appropriate if one
is optimizing pricing choices for a particular provider in the very short term; in that setting, one
could take other firms price choices as fixed, and given those prices, along with a model of consumer
behavior, compute optimal prices for the firm in question.

It is however of interest to develop models of pricing behavior of more than one provider in the
electronic marketplace. Indeed, in the market for e-commerce services, other firms can adjust their
price schedules rapidly in response to that of a competitor. Then, the question for any one provider
is no longer how to set prices when other firms’ price choices are given, but rather whether the joint
setting of prices by all providers will tend towards an equilibrium, and, in the affirmative, what are
the properties of the equilibrium.

To this end, Fishburn and Odlyzko [2] explore the equilibrium that would result across two firms
competing in an e-service market, one charging a fixed, per-period, fee, and the other charging on a
per-transaction basis, where the per-transaction fee is linear. The authors conclude that, with the
exception of a few special forms of the clients’ demand distribution, competitive equilibria of this
type result in the trivial solution of each firm’s price tending towards zero. This result may be seen,
however, as natural, given that the two firms in the model of [2] were competing solely on the basis
of price, the capacity of each firm was unlimited, and no product differentiation was introduced. In
that setting, it can be seen as an instance of a classic Bertrand duopoly, which is known to result
in similar economics to that of perfect competition, the latter leading clearly to zero profits for all
firms in the market.

However, in the commerce of electronic goods, there is generally some product differentiation
that is naturally present or can easily be introduced. While spatial factors do not play a role with
respect to the Internet, other variations in the quality of service do exist, such as host server and
network speeds or response times, availability, reliability, .... In short, these variations lead to
product differentiation that can justify the presence of non-zero revenues across firms.

In this paper, we concentrate on a particular characterization of quality of service (QoS) that is of
importance in e-services, namely, response time, or delay. We formulate a model of competitive equi-
librium across two firms providing e-services, such as web hosting, where each firm is characterized
by the price it charges, and by the quality of service it offers.

Gibbens, Mason, and Steinberg [3], studying product differentiation in the context of the Internet
also consider the two parameters of price and delay, focusing on a market of two service providers.
They consider in particular the choice of each provider to offer one or two QoS classes. We compare
and contrast their results with ours when applicable in this work.

Other work on the pricing of information goods and services has advocated differentiated services
and bundling [13], or flat pricing, due to its simplicity [1, 10] but have not made use of an equilibrium
framework explicitly in their arguments.

RR n° 4679



4 Z. Liu, C. Xia, and L. Wynter

In the next section, we present a case study into the pricing structure of a major international
web hosting service and optimize for the user what strategy to follow given that only that service
provider is available. Based upon prices derived from the user-optimal strategy for that first provider,
we consider in Section 3 a new entrant into the market and develop and solve an equilibrium model
across these two providers. A number of different variants are considered. In the first part of
Section 3, we introduce the notion of a value of QoS parameter that varies continuously throughout
the population of users, allowing us to model the universe of choices made by users with respect to
the cost-QoS tradeoff. Depending upon whether this random variable is uniformly or exponentially
distributed, we obtain qualitatively different results. We consider the case where the new entrant
to the market offers a lower QoS (along with, presumably, a lower price) as well as the converse.
Section 4 presents the case of two-tier pricing, composed of a base rate and a higher burst-rate price,
where the cut-off between the two prices is defined by the user. Section 5 concludes with a few
recommandations for further study on this theme.

2 Provider 1: the market leader

The pricing structures of the major web hosting sites render the user’s choices quite complex. Users
typically must decide on several factors simultaneously, namely which provider to subscribe to,
what quantity of transactions to allot to each web hosting site. In some cases, users must provide a
prediction of the quantity that will be needed in the next time period, with the prices they pay a
function of that prediction.

Since the way in which these parameters are used in calculating final user prices varies across
web hosting sites, the choice faced by the user becomes very difficult, and may result in sub-optimal
decisions, for both the users and the web hosting sites.

The purpose of this section is to present an analysis of the currently used pricing structures of a
major web hosting site, and to evaluate the optimal decisions of users under that pricing structure.
We then follow up with an analysis of how a competitor could enter the market, what its pricing
structure should be, and what, if any, equilibrium would result.

2.1 Pricing policy: Flat or two-tier pricing

A standard approach to pricing the use of a web hosting site is to charge a flat unit fee per megabyte
per second, where the per unit fee decreases with increasing quantities. This marginal fee structure,
p', then looks like a step function, where the staircase decreases to the right. The total price
function, p, is then a discretization of a concave increasing curve. However, due to the granularity
of the typical discretizations, the total cost curves are generally not concave.

A two-tier structure exists when a primary fee is charged for a pre-determined usage level, and
a second, higher, charge is imposed for flow levels above that pre-set quantity. The higher charge is
typically some constant 1 < ¢ < 2 times the primary, per unit fee, and is also known as the burst-
rate price. This pricing structure protects the web hosting site, by ensuring a minimum revenue,
regardless of the true usage level, and also by charging for bursts, or use above that level, at a higher
rate.

INRIA



Pricing information services in a competitive market 5

In order to give the users some incentive to pay this pre-determined rate, and also pay for bursts,
the user is given the choice to provide to the hosting site an estimate of its expected usage level
for the period, . The primary fee is a function of this expected level, and is computed using the
staircase structure described above. This parameter also offers the provider an a priori estimate of
the likely usage level of the client, which is of use in capacity planning.[11]

The secondary fee is typically not charged based upon the total usage level but rather on some
percentile of it, e.g., B,, where a = 95%, of the total usage over the period. This also gives some
leeway to the user, who is allowed to have some burstiness in his traffic without incurring a charge
for it.

Then, the marginal price charged to a user over a given period p'(z), using this pricing structure,
would be

c(x, p) = p'(p) + ap'(Ba(z) — ). (1)

2.2 User-optimal strategies for provider 1

The question each user must answer is then how to optimally set his committed rate u, and how to
allocate z if there is more than one web hosting site available.

To illustrate the first choice, that of determining u, consider first a continuous rate schedule
obtained by taking a concave envelope of the step function in Figure 1.

Then, we have the following property:

Proposition 1 Suppose that p' : Ry — Ry satisfies the following properties: p'(xz) > 0 for all
x>0,p(0)=0, p"(z) >0 for all z >0, and p"'(z) <0 for all x > 0, and p' € C?, that is, is twice
continuously differentiable. Then, the user’s price c(x) achieves its minimum at pu* = By(x). That
is, the user pays only the base rate and not the premium.

Proof: The marginal cost ¢(z,u) = p'(p) if p > By and ¢(z, p) = p'(p) + gp' (Ba(z) — p) otherwise.
We have that ¢”(z,u) < 0 for z € [0, By(z)], and therefore it attains a minimum at an extreme
point. Then, since ¢(z,0) = gp'(Ba(2)), and ¢(z, By(z)) = p'(Ba(2)), along with ¢ > 1, it follows
that ¢’ is minimal when the second term is null, that is g = By (z).

Consider now the discrete rate schedule as in Figure 1. Note that the values of the prices on the
y-axis have been supressed for reasons of confidentiality. An illustration of the optimal p is provided
in Figure 2. The total price associated with the decreasing marginal step function is shown as well
in that figure. At the discontinuity (between 10 and 11 MB/sec), the total price decreases. The
resulting user optimization of p is therefore no longer valid, as can be seen in the Figure 3; indeed,
the minimal price is obtained when the user declares an expected flow higher than his true expected
flow.
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6 Z. Liu, C. Xia, and L. Wynter

Supplier 1, discrete-step unit price schedule Price schedule when unit price is a discrete, decreasing step function
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FIGURE 1: Discrete rate schedule, unit price and total price, respectively, as a function of rate
(MB-sec)
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FIGURE 2: Optimal committed usage level: p* = B,

This illustrates that, theoretically, the optimal user strategy is to declare a committed usage
level that avoids paying the burstable rate, in this case equal to B,. However, the discretization of
the rate schedule can lead to anomalies, in which that level is no longer optimal for the user, but
that the user should declare an even higher level, thereby paying less.
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FIGURE 3: The user should not declare a committed usage level of y = B,
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Pricing information services in a competitive market 7

In both cases, whether the committed usage level is chosen optimally or not, since the price is a
unit quantity times the committed level, users are in effect paying (for a large range of quantities) a
flat rate, similar to subscription-based services. We shall therefore focus on comparing the equilib-
rium that would occur in a market where one provider used a subscription-based rate, as the above
reduces to, in practice, and another provider wished to enter the market.

3 New entrant into the market: User differentiation and mul-
tiple service characteristics

We now turn towards a new entrant into the market. We consider therefore a setting similar to that
of [2], in which potential customers’ usage rates, or requested capacities, are defined by a probability
density function p, that is, fooo u(xz)dx = 1, where the argument z is the desired rate of a potential
user.

Contrary to the model of [2], we suppose that the e-service offered by firm ¢ = 1,...n is char-
acterized by a 2-tuple, (p;(x),d;), where p; : R} +— R, is the price function charged for use of the
service, which depends upon the usage level, z, and d; the quality of service. Indeed, we know from
that reference [2] as well as from classical Bertrand competition, that competition based only upon
price leads to zero profits for all firms. Service differentiation, through a QoS parameter, can remedy
that ruinous result.

The quality of service will be taken in the remainder of this paper to be some measure of service
performance, namely, the delay incurred on a typical request. Note that we are not considering the
situation in which d; = d;(z); indeed such a generality has important consequences on the existence
and uniqueness of a solution to the overall equilibrium model. In this work, we shall restrict ourselves
to the simpler setting of usage-independent delays.

It is possible to extend this framework to more than two (possibly usage-dependent) service
characteristics in two ways: (i) we could consider that the quality of service includes more than
one physical characteristic (delay, reliability, etc.) and model the choice as a function of price and
a composite characteristic, that is, d;(z) = k1d;1(z) + kadip(x) + - - - kdir (). Alternatively, we
could consider an m—tuple for each firm i, (p;(x), d1;(x), ds;(x), - .., dmi(z)) and represent each QoS
parameter distinctly. In the former case, the features of the model will not change. In the latter
case, under some additional assumptions, the results presented in this paper would also remain
valid. Therefore, for simplicity of presentation, we shall continue to refer only to the two QoS
characteristics of price and delay.

Each user is then characterized by a particular constant w that models his willingness to pay
for a higher quality of service. That is, w gives the user’s own tradeoff between price and delay.
Note then that in the case of multiple service characteristics, wy would provide the user’s tradeoff
between price and attribute k, or how much the user is willing to pay to increase the level of QoS
by one unit.

We shall suppose that the user tradeoff parameter, w, is not constant for all users, but rather is
described by a random variable, distributed over the population of potential customers. This feature
of our model is critical; we are in effect capturing the universe of users’ behaviors with respect
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8 Z. Liu, C. Xia, and L. Wynter

to cost-quality tradeoffs. Then, the probability distribution on user’s rate levels becomes a joint
distribution of rate levels and cost-QoS tradeoff parameters:

/ / w(z, w)dwdz = 1.
=0 Jw=0

Consider one potential user. Given his own value of the tradeoff parameter, w, and his desired
usage level, z, he will optimize his choice of provider, among the n firms, by choosing the one that
minimizes his combined cost:

i* € arg miin{p,-(m) + wd; }. (2)

Note that not only does w have the behavioral represention of the user’s cost-QoS tradeoff, but, as
it is expressed in units of dollars per time, it permits summing the two criteria, p;(z) and d;.

Then, the probability that a user characterized by tradeoff constant w and usage level, x, will
indeed choose to subscribe to the service of provider i is then given by

miin{p,-(x) + wd; }. (3)

Up to now, we have not specified the forms of the prices offered by each provider, p;(-). In order
to specify fully the model, we must make some assumptions about the rate structures, p;.

Suppose, as in [2], that n = 2 providers, and that p is continuously differentiable in its arguments.
Let further p;(x) = p1 and p2(x) = pax. That is, provider 1 charges a flat (subscription-based) fee
while provider 2 charges a simple (linear) usage-based fee.

In this case, a user characterized by two-tuple (x,w) chooses provider 1 if
p +wdy < pax + wds, (4)
and chooses provider 2 otherwise.

Let us suppose initially that p; > ps and d; < d»; that is, the supplier offering the flat rate offers
a better quality of service (lower delay) as well.

It is clear then that there are thresholds in 2 and w for which one or the other supplier is cost-
effective for a user. Specifically, for z(w) > p1/pe, supplier 1 is cheaper. Since in this example,
supplier 1 also has a better QoS in that the delay it offers is lower, users with z(w) > p1/ps will
choose supplier 1 for all w. Similarly, when = < p;1/p2 and w > @ = (p1 — p2x)/(d2 — d1), supplier
1 is chosen. Supplier 2 is chosen for all other values of w, x.

Then, the revenues of providers 1 and 2 can be expressed by:

Ri(p) = m l[j /00 p(z, w)dwdz +/p2 /w(m) ulx w)dwda:] , (5)

P

Ro(p) = pg/p /w(z (z,w)dwdz, (6)

INRIA



Pricing information services in a competitive market 9

where, as before,

N _ — D27
In that case, we can write out the first order conditions for equilibrium, that is, dR;(p)/dp1 = 0
and ORa(p)/dp2 = 0.

Then, the question of interest is whether this system has a nontrivial solution, that is, one in
which p; # 0, ¢ = 1,2 for different assumptions on the forms of the distribution u(z,w), and, if so,
what are the properties of that equilibrium.

3.1 Simplified model: homogeneous usage levels and uniformly distributed
values of QoS

We may first consider a simplified model in which we do not maintain a distribution of usage levels
x, but rather examine the equilibrium in which all users are defined by a unique, constant, usage
level, . Then, p(z,w) = p(w).

To further simplify, let the distribution of delay-cost tradeoff constants, w, be uniform on the
interval [0, 1]. Then, assuming still that da — d; > 0, provider 1 will obtain 1 — @w(z) of the market
when p; > pez. Note that if p; < pax, provider 1 obtains the entire market, since both price and
delay are less than that offered by provider 2. Therefore, consider the former setting; we have that

N b1 — P22

Rp) = pl- @) =p 1= 222, ®

N — Pz
Ray) = (o) = pus |22 )
(10)

Solving, we obtain that the equilibrium prices are

pr o= 2d/3, (11)
pr = df3, (12)

where d = da — dy. The equilibrium threshold, @w*(z), for choosing provider 2 is
w*(z) =1/3.

The two prices are equal only in the case where the two providers offer the same QoS, that is,
dy = da, and, indeed, both would be zero. Provider 1, offering the flat, subscription-based price
structure always has the larger market share, with 2/3 over provider 1’s 1/3.

However, we observe here that the use of a uniformly-distributed value of QoS parameter, w,
can lead to misleading conclusions. By taking the distribution, u(w) to be uniform, we assume
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10 Z. Liu, C. Xia, and L. Wynter

that there are as many economical-minded users as there are ’big-spending’ users. High values of w
signify a high willingness to pay for an improved QoS. Common knowledge, and empirical data, tell us
otherwise, however — the proportion of users who opt for cheaper, lower QoS, service configurations is
generally much larger than the proportion who pay highly for the best QoS. Typically, an exponential,
or log-normal distribution should be used to model such tradeoff parameters over the population.
Through the example, we see that the simplification of uniformly distributing that parameter may
lead to the misleading conclusion that the market share for provider 2, appealing to users wishing
for cheaper, lower QoS, service, would always be fixed at 1/3; were the distribution more realistic,
as we shall see, this conclusion will no longer be valid.

REMARK 2 Both providers offer flat, subscription-based services Note further that this result is un-
changed if both providers charge flat, subscription-based fees. In that case, the equilibrium prices are
simply p1 = 2d/3, p, = d/3, where provider 2’s price is now flat rather than multiplied by the usage
level, z, and the threshold w*(xz) = w* =1/3.

This type of result contrasts with that of Gibbens, Mason, and Steinberg [3][Prop.1], who consider
two service providers, each offering one type of service, defined by price and delay, and, as in this
example, a uniformly-distributed value of QoS parameter, w. In their model, delay is linear in usage
for both providers, and prices for both providers are flat (subscription- rather than usage-based).
They conclude that the unique equilibrium in this case occurs when both providers’ prices are equal.
However, the assumption that both providers offer services with the same delay level is clearly a
strong one; we saw from the equilibrium we computed in our above simple example, that, if delays
of both providers are equal, (d; = ds so that d = 0), then prices are indeed equivalent for the two
providers, but they are also zero. Furthermore, the use of a uniformly-distributed QoS parameter,
as we shall confirm, leads to biased results.

3.1.1 New Entrant with Better QoS

Let us return again to a market situation in which provider 1 charges a flat fee and provider 2 a
usage-based fee, pox. Assume this time that provider 2’s QoS can be better than that of provider
1,i.e., do < di. Then a user (z,w) will choose provider 2 if p; > pax, or if p1 < pox and w > w(zx),
where w(zx) is given by (7). In the latter setting, provider 1 will then get w(z) of the market when
p1 < p2x.

Therefore, when assuming all users have a single usage level z, the revenue of the two providers
are respectively,

N T —
Ri(p) = piv(z)=p 22— (13)
di — ds
~ z —
Ro(p) = por(l—(x)) = pow |1 - 2270 (14)
dy —ds
(15)
Solving, we obtain that the equilibrium prices are

o= —df3=1T% 5, (16)
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Pricing information services in a competitive market 11

(di —da)

2
prx = —2d/3= >0

3 p— 29

since, as before, d = dz — d;, which is now negative, and
w*(z) =1/3.

That is, provider 2, now having a better QoS, will get 2/3 of the market in equilibrium.

3.2 Exponentially-distributed usage levels and value of QoS parameters

Suppose now that both the usage levels,z, and the values of QoS,w, are distributed according to
exponential distributions, each with its own mean, 1/a and 1/b, respectively, where a,b > 0. Then,
p(z,w) = g(z)h(w), with g(z) = ae~*® and h(w) = be v,

For usage levels, this hypothesis is a well-motivated one, since it represents the usual Poisson
arrivals into the system. For describing the dispersion of the value of QoS parameter over the
population, the exponential distribution seems also well-justified since it possesses a shape close to
the commonly used log-normal distribution.

The system (5)—(6) then simplifies due to the separability of the distributions on z and w.
Evaluating the expression for R;(p), we obtain

bp1 apy

Ri(p) = Qpe™ 7 + (1 - Q)pie” 72,
where
a

_bp2”
a—-3

Q=

The expression for provider 2’s revenue is less compact. We obtain

p1/p2 » [ bp2]
Ry(p) = ap2/ T [e‘” —e de ¥4 :c] dz, (18)
0

= ze “dx —

ap1/p2 —B [afT] A
12 %2/ 2 :L'eizd:L', (19)
0

-2 P1 bpo
_%[1_(1+&[a_%)65[a71]_ (20)

Now, defining dummy variables u and z and letting v = ap;/p2 and v = [a — bp2/d](p1/p2) =
u — bp1 /d, and then noting that 8/0ps = (Ou/0p2)(8/0u) = —(ap1/p3)(8/Ou) and that 8z/0u = 1,
we obtain in terms of v and w:
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12 Z. Liu, C. Xia, and L. Wynter

OR; u U

e R (1_—) 1-u)e ™ 21
o z( +z—u)er "+ p, (1-u)e (21)
ORy 1 u? 2u 2ud w2 Wl W

= = 14+ =(1=-=)er v |1 2 T ) etv] (22
0 a[+z2< z)e <+u+u z3+z2 P z+z e (22)

It is not possible to solve the system (21)—(22) analytically; however, we may examine the system
numerically for simultaneous solutions (i.e. interior solutions). The Figure 4 provides a graphical

illustration of the zeros of each function, 81;;5” ) , which we shall denote dR1, and %ﬁp), denoted dR2.
In the figure, when dR1 or dR2 is negative, at a point (u, z), the corresponding point in the space
(u, z) is black. When dR1(u, z) > 0, then the point (u, 2) is colored red, and when dR2(u,z) > 0,
the point (u,z) is colored green. The Figure 5 then illustrates those two graphs super-imposed,
providing the simultaneous zero of the two equations. Note however, that the roles of the colors are

reversed in the Figure 5; black represents positive and colors the negative zones.

25 3 35 a

FiGURE 5: The two plots of Figure 4 super-imposed to illustrate the interior Nash equilibrium
solutions in the space of dummy variables (u, )
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Pricing information services in a competitive market 13

Two equilibria were identified; that is, two points in the (u, z) plane were found at which black,
green, and red meet (i.e., simultaneous zeros of both dR1 and dR2). The first point is (u,z) =
(2.5701,1.96),

The other solution was found at (u, z) = (2.133, —2.64).

Figures 6 and 7 provides a graphical study of the uniqueness of the (non-trivial) equilibrium
solution. Figure 6 provides the zeros of each derivative function, dR1 and dR2, while Figure 7
superimposes them to illustrate possible equilibrium points. The left image of Figure 7 set examines
larger values of u, where it can be seen that the curve becomes asymptotic to the singularity; no
other solution exists in that direction. The second of the plots in Figure 7 illustrates negative values
of z, namely z goes from [—4, 4].

In terms of extremal, solutions, we would not expect interesting solutions in which either p; or
P2 were zero.

Solving then for the equilibrium prices, p and p3, when (u, 2) = (2.5701,1.96), we obtain:

FIGURE 7: Graphical examination of the solution space on a larger domain; no other equilibria
appear
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0.61d-,

0.24d—.

1
4.77d—
77db,
a
2.23d—.
3db

(25)

(26)

Analyzing the revenue of the two providers at this solution, we consider a continuum of values for
the two means, a, the mean on client usage levels, and b the mean value of users values of QoS, and
a number of possible QoS differences, d = ds — d;. The revenues depend upon the QoS differences,
and increase as d increases, as can be seen from Figure 8. However, the ratio of Ry to R; stays
constant at around 1.1; that is, provider 2 always has a higher revenue than that of provider 1. This
contrasts with the results obtained when the distribution governing the value of QoS parameter was

uniform.

3.2.1 Both providers charge flat fees

Suppose now that both providers 1 and 2 choose to charge flat, subscription-based fees. Then,
assuming still that d, > dy and p, < p;, the revenues of the two providers are given by

Ri(p)

Ry(p)

n " ),
D2 /0 ! p(w)dw.

L 1
an 40 &0
Means, aand b

FIGURE 8: Revenues of provider 1 (blue) and provider 2(green) as d increases on the x-axis
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With exponentially-distributed value-of-QoS parameters, we have that

R1(p) = m (1 _ e—bw) =p (1 _ 67(,(1’1;1:2)) (29)
Ro(p) = pa(e®®) =pret(*7%). (30)
Solving, we have that
OR,; bp1 —ba
— =1 — -1 v — 31
apl + ( d )e 07 ( )
OR; bp2 —bub
-/ = (ZE£ 41 v — 32
apz ( d * )e ( )

Then, as opposed to the case in which provider 2 chooses usage-based pricing, when both providers
choose flat pricing, there is no positive solution to the system.

3.2.2 New Entrant with Better QoS

Assume now that dy < dy, that is, provider 2, who charges a usage-based fee, offers a better QoS.
Then a user (z,w) will choose provider 2 if p; > psz, or if p; < pox and w > w(x), where w(z) is
given by (7). The corresponding revenues of providers 1 and 2 can be expressed by:

Ri(p) = ;m / / (e, w)dwds, (33)
2L Jo

D2 [/m / zp(z, w)dwdz +/ / a:,u(x,w)dwda:l (34)
0 0 o Ju(e)

Ra(p)

where w(zx) is given by (7).

Again, suppose that both the usage levels and the values of time are distributed according to
exponential distributions, each with its own mean, 1/a and 1/b, respectively, where a,b > 0. Then,
w(z,w) = g(x)h(w), with g(z) = ae~* and h(w) = be~*". Evaluating the system (33)-(34) at the
given exponential distributions, we obtain

Ri(p) = (1-Q)pe 72, (35)
Rx(p) = % l | " ve dx +Q2e_p¢+b /m :ce_zdx] (36)

a
.
a2

where, as before, d = di — d2 (but now negative) and Q =

Define, as before, dummy variables u and w and letting u = ap; /p2 and z = [a — bp2/d](p1/p2) =
u — bpy /d, we obtain in terms of u and z:

ORy

S = - Ha-we (7
88_1;2 - é[1—(1+u+u2—%3+1:—z(1+z)(1—2ju)>eu] (38)

RR n° 4679



16 Z. Liu, C. Xia, and L. Wynter

Solving the above system then gives the equilibrium: u* = 1, and z* = 2.5227, which is the only
real solution of (3 —e)z® — 2z —2=0.

The equilibrium prices of the two providers are thus

1
pi = —L5227dy >0, (39)
ps = api. (40)

Note that both equilibrium prices are therefore non-negative, since here, d = ds — d; < 0.

4 Two Tier Pricing

Let us now consider the question of two-tier pricing, as is practiced by the provider described in
Section 2. Suppose that provider 2 now charges using a two-tier, or burst-rate, pricing structure,

where ;
| pez, ifz<T
pa(2) = { g2z, otherwise

and ga > py. That is, provider 2 still charges a (linear) usage-based fee but the burst rate will be
higher when the usage level is above a given threshold T'.

Assume that provider 1 still charges a flat fee, p1, and that the delays are the same as in the
previous section, i.e. dy —d; > 0.

For a user characterized by two-tuple (z,w), his strategies can be summarized by the following
three cases:

HIUT > g—:, a user would choose provider 1 if either z > 5—; or x < z—; and w > w(x), where
w(z) is given by (7) as before. In this case, the revenues of the two providers R; and R» are
the same as in (5) and (6), and are independent of g¢5.

2) If 22> T > 2, users would choose provider 1 if either 2 > T or z < T and w > @(z). Then,
the corresponding revenues are

D1 l/TOO /000 w(z, w)dwds + /OT /w(?;) ,u(a:,w)dwda:] , (41)

T pi(z)
[ e »
0 0

Ry (p)

Il

Rs(p)

3) If Z—; > T, users would choose provider 1 in one of the following three sub-cases: i) z > 5—;; ii)
T > z and w > @ (z); and iii) T <z < B and w > dy(z), where

i, (z) = L2 (43)
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The corresponding revenues are given by

Ri(p) = m / / u(x,w)dwdw—}—/”/ p(z, w)dwdz
% 0 T wq(x)

+f0T fucj?z) ,u(a:,w)dwdx] ,

(44)

T ir(x) B pidg(e)
Ra(p) - 2 / / o, w)dwdz + g /T : / o, w)dwdz,
0 0 0

4.1 Uniform distributed QoS

As before, we begin with the simplest model based on a single usage level, z, and assume that the
distribution of delay-cost tradeoff constants, w, is uniform on the interval [0,1]. Assume still that
dy —dy > 0.

Note that when x < T, the user strategy is independent of g. By checking through the three
cases introduced above, one can easily identify that provider 2 will obtain the portion w(z) of the
market when p; > pox, and 0% of market otherwise. In this case, the revenues of the two providers
are the same as in Section 3.1, hence the same equilibrium exists as before, namely,

pi =2d/3, and p; =d/3z

and w* = 1.

When z > T', however, the unit price using Provider 2 will be ¢2. So provider 2 will obtain the
portion w,(z) of the market when p; > gaz, and 0% of the market otherwise. Hence

= m-og) =g 1= PR (46)

Ry = qaziy(z) = gz [IM—TQQSU] , (47)

which can be easily solved to obtain

py =2d/3, and ¢ =d/3x

and w* = 1.

That is, assuming the delay-cost tradeoff w is uniformly distributed, the multi-tier pricing struc-
ture does not change the Nash equilibrium.

5 Perspectives

We have studied the question of whether pricing e-services must result in a ruinous game, as suggested
by [2]. We have shown that, on the contrary, this is not the case when the model of the game includes

RR n° 4679
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not only the providers’ price functions, but also some measure of the Quality of Service they offer.
However, the nature of the equilibrium, in terms both of prices and of market share, depends heavily
on the assumptions made on user behavior. The simplified model of uniformly-distributed value of
QoS parameters, for example, leads to a fundamentally different conclusion than the more well-
motivated exponentially distributed value.

Finally, we consider single-tier versus two-tier pricing strategies, where the latter is used by
a major web hosting service. We show that the equilibrium that results, under the simplified
assumption of uniformly-distributed values of QoS, is identical to the single-tier equilibrium. A
numerical study of this model in the presence of exponentially- or log-normally-distributed values
and/or other measures of QoS is a worthwhile subject for future research.

Similarly, incorporating usage-dependent values of QoS parameters would be an interesting topic
of study, as the resulting model is significantly more complex, both theoretically and numerically.
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