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Abstract: In this paper, we propose and analyze perfectly matched absorbing layers for a prob-
lem of time harmonic acoustic waves propagating in a duct in presence of a uniform flow. The
absorbing layers are designed for the pressure field, satisfying the convected scalar Helmholtz
equation. A difficulty, compared to the Helmholtz equation, comes from the presence of so-
called inverse upstream modes which become unstable, instead of evanescent, with the classi-
cal Bérenger’s PMLs. We introduce here a new PML model which makes all outgoing waves
evanescent. We then analyse the error due to the truncation of the domain and prove that the
convergence is exponential with respect to the size of the layers, for both the classical and the
new PML models. Numerical validations are finally presented.
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Couches parfaitement adaptées pour I’équation de Helmholtz
convectée

Résumé : Nous proposons et analysons des couches absorbantes parfaitement adaptées pour
un probléme de propagation d’ondes acoustiques en régime harmonique dans un conduit en
présence d’un écoulement uniforme. Les couches absorbantes sont construites pour le champ de
pression satisfaisant 1’équation de Helmholtz convectée. Une difficulté, par rapport & I’équation
de Helmholtz, provient de la présence de modes dits amont inverses qui deviennent instables,
au lieu d’étre évanescents, avec le modéle classique de Bérenger. Nous introduisons un nouveau
modéle de couches, qui rend toutes les ondes sortantes évanescentes. L’erreur due a la troncature
du domaine est alors analysée et nous prouvons que la convergence est exponentielle par rapport a
la taille des couches, & la fois pour le modéle classique et pour le nouveau modeéle. Des validations
numériques sont finalement présentées.

Mots-clés : ondes acoustiques, équation de Helmholtz convectée, modes de conduit, couches
absorbantes parfaitement adaptées, instabilités
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1 Introduction

The Perfectly Matched Layers (PMLs) have been introduced by Bérenger 3] in order to design
efficient numerical absorbing boundary conditions (more exactly absorbing layers) for the com-
putation of time-dependent solutions of Maxwell’s equations in unbounded domains. They have
been applied in numerous applications since then, most in time domain [4, 28, 5, 23] but also for
time-harmonic wave-like equations [27, 15].

In particular, perfectly matched layers have been used for the resolution in the time domain
of the linearized Euler equations [19, 13, 16, 26], which modelize the acoustic propagation in
presence of flow. In that case, it has been observed that perfectly matched layers can lead to
instabilities, due to the presence of waves whose phase and group velocities have opposite signs
[26] (see 2] for a general analysis of this phenomenon). Some techniques have first been developed
in order to overcome this difficulty, making the layers become stable but, unfortunately, no more
perfectly matched [16, 1]. More recently, ideas for designing stable PMLs for this problem have
emerged from several teams independently. These new approaches, which seem to be very closely
related, have been developed for time-dependent applications in [20, 11, 14] and for time-harmonic
applications in the present paper. These different works all deal with the case of a parallel flow,
which is orthogonal to the layers.

We are concerned with the propagation of acoustic waves in a duct in presence of a uniform
flow. For such a mean flow, the time-harmonic linearized Euler equations reduce into a scalar
convected Helmholtz equation for the pressure. Note that there is no difficulty to set the problem
in a bounded domain for this particular case, thanks to the Dirichlet-to-Neumann (DtN) operator.
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4 E. Bécache & A.-S. Bonnet & G. Legendre

However, the perfectly matched layers have the interest to be very simple to implement (local)
compared to DtN conditions. Actually, we aim at extending this method to vectorial cases,
involving more general flows. This point will be the object of a forthcoming paper.

When applying the classical (i.e. Bérenger’s) PMLs to the convected Helmholtz equation
in a duct, a simple modal analysis shows that the presence of the so-called inverse upstream
modes produces an exponential blow-up of the solution in the space variable. This is easy to
see, remembering the interpretation of the PMLs as a complex change of variable [8, 24, 10, 9].
This change of variable corresponds to a similarity applied on the axial wavenumbers of the
modes. For the classical Helmholtz equation, this similarity makes all outgoing modes become
evanescent. But in presence of flow, the transformation sends the inverse upstream modes into
the “bad” part of the complex plane, leading to the instabilities observed in the time domain.

The idea proposed here, which is similar to the ones developed independently for time domain
applications in [20, 14|, consists in applying a translation before the similarity to the axial
wavenumbers. This removes the presence of unstable modes. It will be refered to in the following
as new PMLs.

The object of this paper is the analysis of the convergence of both PML models, as the

thickness of the sponge layer tends to infinity. Similar convergence analyses have already been
carried out for the Helmholtz equation, via boundary integral equation techniques in [21] or the
pole condition in [18]. Surprisingly, we prove that, for the convected Helmholtz equation, the
two models always converge. In other words, contrary to time domain applications, the presence
of unstable modes does not affect the efficiency of classical PMLs.
Finally, let us emphasize that, in most papers concerning PMLs for time-harmonic applications,
coefficients are designed in order to satisfy requirements established for time domain applications.
We show that this choice is too restrictive: for instance, the particular dependance of these
coefficients regarding the frequency has no more justification for the present case.

The outline of this paper is as follows.

Equations of the scattering problem are presented in section 2. A formulation in a bounded
domain is given, involving DtN conditions on the fictitious boundaries, which are explicited
through modal expansions. Finally, the well-posedness is proven using Fredholm theory.

Classical and new PML techniques, with constant coefficients, are described in section 3:
thanks to a modal analysis, these layers are sketched to be “perfectly matched”. Besides, they
are absorbing, except the classical PMLs in presence of the so-called inverse upstream modes.

Section 4 is devoted to the analysis of the error due to the truncation of the layers. An
equivalent formulation of the problem with PMLs is written in the physical domain, the thickness
of the layers appearing in the expression of the Dirichlet-to-Neumann maps. This allows to prove
that both PML models converge to the physical solution, as the length of the layers tends to
infinity. More precisely, the error in the physical domain does not depend on the PML model
under consideration and decreases exponentially fast for both models. Note however that classical
PMLs lead to an exponentially large solution in the layers, whereas the solution computed with
new PMLs is evanescent in the layers.

Extension to the case of layers with spatially varying coefficients is discussed in section 5 and
numerical illustrations are given in the last section.

INRIA
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Figure 1: The infinite duct.

2 The physical and the mathematical models

2.1 The problem in the infinite duct

Let us consider the infinite rigid duct, carrying a mean fluid flow, shown in figure 1. The
problem is a two-dimensional one, set in the zy plane, where the z (resp. y) axis is parallel
(resp. normal) to the walls of the duct. Mathematically, the duct is defined by the unbounded
domain Q = R x [0, k], where h denotes the distance between the sound hard walls.

To describe the propagation of acoustic waves in the duct, we assume the following approxi-
mations to be valid:

e The fluid is homogeneous, non viscous and non heat conductive.
e The thermodynamic processes are adiabatic.

e The mean velocity vg is subsonic and uniform.

The perturbations are small and equations are linear in the acoustic quantities.

A harmonic time dependence exp(—iwt), w > 0 being the pulsation, is assumed (although
this factor is suppressed throughout).

The acoustic pressure field p(x,y) then satisfies the convected Helmholtz equation in the infinite
duct:
P?p  9%p

. Op .
(1) (1—M2)w+a—y2+2sz%+k2p:f1nQ,

where f € L2(Q) is a compactly supported function and M = vg/co and k = w/cg are respectively
the Mach number (—1 < M < 1) and the wavenumber, ¢y being the sound velocity in the fluid.
In addition to (1), the pressure verifies the Neumann homogeneous boundary condition on the
two rigid walls of the duct I' = 9€2:

0
(2) 9 _0gonT.

9y
To obtain a well-posed problem, a “radiation condition”, which selects the “outgoing” waves, has

still to be defined at infinity. This condition is nonlocal and is expressed thanks to the Dirichlet-
to-Neumann (DtN) operator. This requires the introduction of the so-called modes of the duct,
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6 E. Bécache & A.-S. Bonnet & G. Legendre

which are the solutions of (1)-(2) in absence of source (f = 0) and with separated variables.
These are given by:
ot
pE(z,y) = T on(y),

where

3) Poly) = \/% Puly) = \/% cos (24), ne N,

and axial wavenumbers 3 are the solutions of

2,2

—Q-M)B MR ="T

% , n €N

Let us introduce

(4) Ky =

and let Ny = [Ky| denote the floor of Ky. If n < Ny, B is real and equal to

kM £\ [k — 2 (1 M)
1— M2

(5) B =

In that case, p;- is called a propagative mode. The number of propagative modes is an increasing
function of the Mach number M, which is assumed to be positive in the remaining of the paper.
Simple calculations show that the group velocity g—‘g is positive for p;7 modes and negative for

p,, ones. A well-known effect of the presence of flow is the existence, when

\/1—M2n—7r<k<n—7r

h h’

of modes p,} which have a negative phase velocity % and a positive group velocity. They are

called inverse upstream modes.
The axial wavenumber ﬁ;t is complex if n > Ny:

—kM £ iy /(1 — M?) — k2
h2
(6) B = v :

In this case, pi is exponentially decreasing when z — 400 and called an evanescent mode.

2.2 Reduction to a bounded domain

We now want to select the outgoing solution (1)-(2), which corresponds to superposition of p;’
(resp. p,, ) modes when z — +oo (resp. £ — —00), i.e. either to the propagative modes with a
positive (resp. negative) group velocity or to the evanescent modes.

To derive the appropriate Dirichlet-to-Neumann boundary condition, we introduce the bounded
domain €2, located in between two boundaries Y1 respectively located at « = z_ and z = =
(see figure 2), such that the support of the source f is included in Qy:

Q={(z,y) €Q, z_ <z <z)}.

INRIA
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Figure 2: The bounded domain.

We set Q01 the complementary domains
Q_={(z,y)€Q, z<z_} and Q4 ={(z,y) €Q, z >z,}.
The solution p of (1) then satisfies the homogeneous equation
0p op O%p
2 . 2 s
and therefore can be decomposed on the modes. Consequently, in 2, i.e. for x < x_, we have

“+o00o

p(z,y) = Z (p(z_,.), W")LZ(E_) (pneiﬂ;(w—m_),
n=0
and in Q, ie. for z > x4,
+o00
p@y) =3 (@4, 0n) o,y P ),
n=0

where (-, -)z2(s,) (resp. (+,")r2(s_)) denotes the L?(24) (resp. L*(X_)) inner product for scalar
functions:

(4, 0) 25 = / u(y)o(y) dy.

+
The DtN operators T4 can then be defined as

Ty : HY?2(2y) — H Y2(3y)

(8) NNt
¢ =+ Z Zﬂn (d)a ‘Pn)p(zi) Son(y)7
n=0

and we have the following boundary conditions on ¥ for the solution of (1):

9p
(9) a—n = —T:tp on Ei,

where the vector n denotes the unit outward normal to X4.

Having established exact boundary conditions satisfied by p, we can now write a problem set in
the bounded domain . More precisely, consider the following problem: find p € H'(€);) such
that

( p ... Op 0% :
(1—M2)W+2sz%+a—y2+k2p:f in Q,
(10) . g—z =0 on I' N o0y,
)
\ % =-Tuip on Y.

RR n” 4690
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The fact that f is compactly supported in €2 shows clearly that problems (10) and (1)-(2) are
equivalent in the sense of the following proposition:

Proposition 1 If p is a solution of system (1)-(2), then Plg, s @ solution of (10). Conversely,
if p is a solution of (10), then p can be extended in a unique way to a solution of (1)-(2).

2.3 'Well-posedness

Formulation (10) has two main interests. On the one hand, from a theoretical point of view, it
allows to give a result of existence and uniqueness of the solution. On the other hand, we can
deal numerically with the new problem, since it is set on a bounded domain.

An equivalent weak form of system (10) can then be written as follows: find p € H'() such
that

(11) o0, (p.0) =~ [ fadady for all g € H'(9%),
97

where the sesquilinear form ag,(-,-) is defined by:
(12) aﬂb(p,Q) = b(p7 Q) +C(pJQ)7
with

Opdq  Opdq _
1 = 1-M?) =t dz dy + (T T
(13)  b(p,q) /Qb (( )8w8x+8y8y+pq zdy + (Typ,q)s, +{T"p,q)5_,

where the brackets (-, )y, (resp. (-,-)5,_) denote the natural duality pairing between H —12(%,)
and HY/2(%,) (resp. H '/2(X_) and HY/2(%_)), and

(14) c(p,q) = / (—ZikM @6 -1+ k2)pq> dz dy.
Q ox

It is shown in [6] that this problem is of Fredholm type. By the Fredholm alternative, problem
(11) is well-posed if and only if the homogeneous problem has no solution except the trivial one
p=0.

Theorem 1 The problem is well-posed if and only if
(15) k1 M2 % Vn € N.
Proof. Suppose that p is a solution of equations (1)-(2) with f = 0. Then, there are complex

constants A} and A, such that:

“+o00
. + _ -
p(z,y) = (Ai e 4 AL e ‘”) en(y),

n=0
with the definitions (3) to (6). Boundary condition (9) then gives:
An By = B7) = An (By = B7) =0,
so that p vanishes identically if 8 # 85 or, likewise, if k2 # (1 — M?) 21"
Suppose conversely that k = v/1 — M? 5T then

_ kM
i =P =13

and @, (y) €12 is a non-trivial solution of the homogeneous problem. O
In the sequel, we assume the problem is well-posed, which means that (15) is satisfied.

INRIA
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3 The Perfectly Matched Layer model

The PML model introduced by Bérenger for the time-dependent Maxwell equations can be con-
structed using a complex change of variable in the frequency domain as shown in [8, 10, 9], which
is the point of view adopted in the present paper. This is closely related to a theoretical approach
known as dilation analyticity [17].

In this section, we briefly recall some properties of the classical PML formulation for the Helmholtz
equation. Note that in the context of the propagation in a waveguide, the interpretation of the
method relies on the modal approach instead of the usual plane wave one. This modal analysis
allows us to point out the origin of the instabilities in the presence of flow and leads naturally
to the introduction of a new model of PMLs as a remedy.

3.1 Modal analysis of the Bérenger’s model in a waveguide

The purpose of the method is to provide a fictitious, absorbing medium, such that its interface
with the “physical” bounded domain does not reflect any outgoing mode. Transposing in the
frequency domain the Bérenger’s formulation set in the time domain, the model consists in using
the following substitution:

0 0
16 — —
(16) oz oz
where « is a complex function taken as
—iw
17 = =
(7) a(@) —iw + o(x)

with o(z) a real, positive function such as o(z) = 0 (and therefore a(x) = 1) in Qp, the derivative
with respect to y being left unchanged.
In the case of the Helmholtz equation, we obtain:

) ) 82 .
(18) a(2) 5 (a(ac) a_i) n 8—;; +kp=finQ.

Note that the writing of this equation in the weak sense implies the following jump conditions
at the interfaces between €2, and the PMLs:

(19) (o)) =0 and|ala) 52 o,0)]| =

For the modal analysis in the waveguide, we now assume that a(z) is a constant in '\ €, which
we still denote by « for the sake of simplicity. In other words:

|1 fzy <z <z,
(20) o(z) = { o otherwise.

For any «, the interface between the PML and the physical domain is perfectly transparent and
we will see that if « is well chosen, the transmitted waves decrease exponentially in the layer.
Classically, the modes in a waveguide are given by

(21) P (z,y) = P, (y), n €N,

RR n°® 4690



10 E. Bécache & A.-S. Bonnet & G. Legendre

where functions ¢, Vn € N, are defined by (3) and axial wavenumbers (3, are solutions of the
dispersion relation

n?r?

T,TLEN

ﬂnZ =K -

such that G, > 0 for the propagative modes and Im(3,) > 0 for the evanescent ones. Refering
to subsection 2.1, note that

Bn =By =By,

with the Mach number M taken equal to zero in the definitions (5) and (6) of .
In the same manner, one can define the modes in the PML as

(22) P o(x,y) = e (y), n €N,
with
B
ﬁn,a = _n.
(0]

If « satisfies the following assumption:
(23) Re(a) >0, Im(a) <0,

pia is exponentially decreasing for £ — 400, for any n. It is now straightforward to show that
an incident mode p;" generates an evanescent transmitted mode pﬂ;}a in 4 and no reflection at
the interface X, . Let us stress that assumption (23) is the only requirement on « to obtain a
perfectly matched layer. Surprisingly, the more restrictive choice (17) seems to be used in most
time-harmonic applications.

3.2 The new PML formulation for the convected Helmholtz equation

A natural idea for designing a perfectly matched layer for the convected Helmholtz equation,
already used in the literature for applications in the time domain, is to apply the technique
described in the previous subsection. It has been observed by several authors that this approach
leads to instabilities in the time domain [19, 13, 16, 26]. The presence of instabilities have
been explained in [2], thanks to an analysis via group velocities. In a ducted environment, this
phenomenon can be easily understood using the modal approach.

As in the no-flow case, the axial wavenumbers ﬁia of the modes pf,a in the PML are given by

" +
— n
n,a—?, TLEN

This can be illustrated by representing the 3 and ,Bff’a in the complex plane. We clearly notice
in figures 3 and 4 that the transformation

R
a
i)
=M@

due to the change of variable used in the PML is a similarity of ratio ﬁ and angle arg (é) =
—arg(a) around the origin in the complex plane. The main difference with the Helmholtz

INRIA
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151 Im(B%)-

u
N _Relf)
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Figure 3: First axial wavenumbers of the modes for the convected Helmholtz equation (k =
5 M = 0.3 and h = 1). Circles and squares are respectively associated with propagative
and evanescent modes, while filled and empty symbols respectively refers to downstream and
upstream modes.

80 Im(B;,)

20 )

-20

-60

-80

Figure 4: Effect of the similarity S, (o = 0.1(1 —1)) on the first axial wavenumbers of the modes
for the convected Helmholtz equation (k =5, M = 0.3 and h = 1).
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[

Im(B;,)

20

Re(B:,)

46 30 20 ST 10 2 3 2

-40

Figure 5: Effect of the similarity S, (o = 0.2(1 —1)) on the first axial wavenumbers of the modes
for the convected Helmholtz equation in presence of an inverse upstream mode (k =6, M = 0.4
and h =1).

equation is the possible existence of inverse upstream modes. Indeed, if p; is an inverse upstream

B

mode (as defined in subsection 2.1), the corresponding 3; is negative so that I'm (7) becomes

negative for any « satisfying assumption (23). This is illustrated in figure 5, the third propagative
downstream mode of the presented case being an inverse upstream mode. This leads us to the
conclusion that the PML model does not produce any unstable (i.e. exponentially growing in the
layer) mode if all the axial wavenumbers 3, , for the propagative downstream (resp. upstream)
modes are strictly located in the upper (resp. lower) half of the complex plane.

Guided by the previous geometrical interpretation, we propose to apply a translation in the
complex plane prior to the similarity which moves all the ﬁﬂ{’ o corresponding to the inverse
upstream modes in the right half-plane and keeps the [, , associated to propagative modes in
the left one. Such a transformation is equivalent to the following substitution in equation (1):

0 i
— —a—+1
ox ox
with A € R. The resulting axial wavenumbers are now given by
SR\
(24) frar="""2 nen

Although A could be chosen among several values, the most appropriate choice is the following;:

kM

This value corresponds to the real part of the wavenumbers of the evanescent modes and, for
any « satisfying assumption (23), the ﬁi a,\* are well located. Other choices for A would require
further restrictions on « in order to ensure that [, associated with evanescent modes also stay
in the good side of the complex plane (see figure 6).

Again, we denote in the following by A(z) the function defined as

_J 0 ifzy <z<az_,
(26) Az) = { A otherwise.

INRIA
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n 30p Im(B;,.)
- 200 .
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100
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Figure 6: Effect of the new transformation (translation prior to similarity S,) on the first ax-
ial wavenumbers of the modes for the convected Helmholtz equation in presence of an inverse

upstream mode (k =6, M =04 and h=1), a =0.2(1 —i) and A = —%.

Finally, the equation in the new PML medium can be written as:

2 2
27 (1-M?) <04(:1:) % + zA(w)) P+ g—yg + 2ikM (a(:v) % + z)\(:v)) p+Ek*p=fin Q.

where the function a(z) (resp. A(z)) is defined in (20) (resp. in (26)) with A € R and o € C
satisfying assumption (23). Writing this equation in a weak sense implies jump conditions at the
interfaces between €2 and the layers:

(28) ip(z,)] = 0 and [a@c) 2 (4,9) + iAa) (e y>] 0.

Remark: This new change of variable can also be used to derive stable PMLs in the time
domain, as done in [20, 14].

4 PML truncation. Error estimates

4.1 Truncation of the absorbing layer and well-posedness

Until now, we have considered an absorbing layer of infinite length. In practice, one has to bound
the computational domain and layers are of finite length L in this section.

We denote by QF the truncated domain and by %% the external boundaries, presented in figure 7.
For simplicity, we choose to use homogeneous Dirichlet boundary conditions on these boundaries,

sLioQb v (o) DFN0: B L

Figure 7: The truncated domain Q%.
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14 E. Bécache & A.-S. Bonnet & G. Legendre

but the analysis done in the following would still be valid for the natural boundary conditions
«@ % +iAp = 0. Let p” denote the solution in the truncated domain, satisfying

( 82

9 2
(1-M?) (a(:c) . + ’L)\(.’E)) p+ a—;;
+2ik M (a(@ % + z/\(:z:)> p+kip=f inQF,

L
38L:0 on T' N oQ”,
y

ka:() onZi.

Denoting V7, = {g € H'(QF) | ¢ =0 on %}, a variational formulation of (29) can be written as
follows: find p” € V;, such that

1
(30) aQL(pL,Q) = _/ - fqu dy7 Vq € VL7
QL &

where the sesquilinear form aqz(-,-) is defined as

aqr(p,q) = b(p,q) + cL(p, @),
with
br(p,q) = /QL ((1 ~ M?)a 2_2% + é g—z% +p6> dz dy,
and
. 2 Op _ 9 aq
cr(pyq) = /QL 1 (((M - A - 2kM) %q +(1-M ))\p%> dz dy

2 2
+/ ((1 — MQ))‘— + 2kMi kL 1) pqdz dy.
QL o' o} «a

Theorem 2 If « satisfies (23), problem (30) is of Fredholm type.

Proof. The bounded operator Cf, on H'(QF), defined by the Riesz representation theorem
as

(CLps @) i (ary = L, 9), V(p,q) € HY(QF)?,

is clearly compact (from the compacity of the embedding of H(Q2F) into L?(Q%)). On the other
hand, the sesquilinear form by,(-,-) is coercive on Vi,. To check this, it suffices to take the real

part of br(q, q):

2 2
1
%4 + Re (—) ‘@ + |q|2) dz dy
i a/ |0y

Re(ua.a) = [ (Re<a)<1_M2)

Y

2
Cllallz oz
where, thanks to assumption (23), C is a strictly positive constant depending on complex constant
a and Mach number M:
1

C = inf ((1 — M?*)Re(a), Re (—) ,1) .

(67
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4.2 Reduction to a problem posed in (),

Remember that our original problem (1)-(2) has been proved in section 2.2 to be equivalent to the
problem (10) posed in €. Having in mind the comparison of the solution p” of the problem (29),
posed in the truncated domain, with the solution p of the original problem, we first reformulate
(29) as a problem posed only in §2. Consider the following problem: find pf € H'(£) such that

( 2..L L 2,.L
ad 0 0
(1— M?) 65;’ +2z‘kM%+ 65; +E2pE = f in Oy,
L
(31) ! o _ on I' N 80y,
Ay
P L
x % :—Tipr on Y.

where T are operators defined as follows:

TL: HY?2(32y) — H Y2(%y)

—+00

(32) ¢ :FZ‘iVT:::(L) (6, n) 252y enly),
n=0

with

(33) VL) = g+ — P

1 — (BT —Bi)L/a”

Note that values v;*(L) are well defined, thanks to assumption (15).

n

Proposition 2 If p~ is a solution of (29), then pL|Qb is a solution of (31). Conversely, if pt is
a solution of (81), then it can be extended in a unique way to a solution of (29).

Proof. The key idea to reformulate the problem as a problem posed in 2 is to write an exact
boundary condition satisfied by the solution on the boundaries ¥1. We set Q% the complemen-
tary domains:

Qf:{(x,y) e 0f, z-—L<z<z_} and inz{(z,y)EQL, Ty <z <z4+L}.

Since pk = pL‘“i satisfies a homogeneous equation in these domains, it can be explicited through

a modal expansion. Consider for instance the solution in the right domain QfL Using the Dirichlet
boundary condition on the external layer boundary Ei, the solution can be written as

+o0o

. + _ _ P _
pi(m,y) = Z (p-|L—($+, -)a (p")LQ(E+) (A;il- e (2=o+) + An e’ (= $+)) gon(y),
n=0
where we have denoted fy,ﬂf = : X for the sake of clarity, and

inTF
" ez'ynL
A =F—F——.
eZ'YnL —eZ'YnL

We check easily that these quantities are always defined. Actually, the denominator would vanish
if there existed an integer n for which (v, —~,7)L € 2nZ, which means that (8, — 3, )L/a € 27Z.
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16 E. Bécache & A.-S. Bonnet & G. Legendre

If k2 # (1 — M?) ”27{2, the quantity 8 — 3, is never zero. Furthermore, with « satisfying

assumption (23), (8,7 — 3, )L/« has always a non-zero imaginary part and thus cannot belong
to 2wZ. We then write an exact boundary condition satisfied by pf_ on ¥4:

8pL +oo ' o
PONE n=0

Using the jump conditions (28) and relation (24), this yields an exact boundary condition satisfied
in the interior by p,f :

‘91’1? _ api .y L
(?ﬂ?) = ‘¥<7§;'|E +idpy,

= +

+00
= 1 Z (p£($+> -): Son)Lz(E+) (Aja—ﬁr—l— + A;/B;)) ‘Pn(y)-

n=0

Setting v,7 (L) = At B + A, B, , this can also be written as:
Ipy L, L
( ox =T (pb)‘2+’
lzy

where T denotes the operator defined in (32). O
Remark: It clearly appears in the expression (33) that operators 77, and thus problem (31),
do not depend on A. In fact, the computed solution pZ depends on X only in the layers.

4.3 Convergence and error estimates

We have shown that original system (1)-(2) and system (29) with absorbing layers of finite length
are both equivalent to problems posed only in €, respectively (10) and (31). We are now able
to compare the solutions of these two problems, which are solutions of the following variational
formulations:

For the original problem (10): find py € H'(£);) such that

(34) ammm:—éfwm%wemm@
b

where the sesquilinear form ag,(-,-) is given (12) and can be written as

(35) a0, (p, 4) = (Ap, (e, + (T4 Qs + (T-p, @) _,
with A the bounded linear operator on H'(£2;) defined by

9p 97 | 9p g dp_

A = 1— M? 2R 9ikM g — k2pg .
(36)  (Ap.0)uian) AK( )6vawyzkaﬁkw0M®

For the problem with finite length absorbing layers (31): find pf € H'(£2) such that

(37) als (k. q) = — /Q fadady, Vg € H'(Q),
b

INRIA
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where the sesquilinear form aéb(- ,+) can be written as

(38) aéb(paq) (Ap;Q)Hl(Qb) +< +D, Q>E + <T b, q > )

the operator A being defined in (36).
To prove the convergence and get error estimates, we follow an idea developed in [25], which has
also been used in [12]. We first show the

Lemma 1 Suppose that assumptions (15) and (23) hold. Then, there exist strictly positive
constants C = C(k, M) and n =n(0,k,h, M) (where 8 denotes the argument of ) such that, for

all (p,q) € (Hl(Qb))z, we have:
(39) |aq, (p,9) — a6, (P, @)] < Ce "™ |Ipll g1, lall i1y ) -

More precisely, the constant n is determined by:

— 2k : . ]VO2 (N() + 1)2
(40) N= 1 min | - sin(6) 4/1 — K—Oz, cos(0) \/;

where Ky is defined in (4).

Proof. From expressions (35) and (38), we have

aq, (p, q) — a5, (p, @) = (<T+p>‘1)z+ —(Ttp, q>2+) + ((T—p, Oy — (T_Lp,q>2_) -

Let us focus on the first term in the right hand side, the estimation of the second one being
analogous. From the definitions (8) and (32) of operators T and T, we have, for any ¢ €
H'?(54),

+o0o

(T_|_ — T_il_/) ¢ = Z (/Bn — Uy ( )) ¢n on(y) with ¢n, = (4, (pn)LQ(E+) :

n=0
Therefore, for any (¢,%) € (HY?(2,))?,

+o00

(T TP W)y, = — D iBT = v (L) $nty

n=0

with ¢, = (¢, ‘Pn)L2(>:+) and ¥, = (¢, <p”)L2(2+). This implies the following estimate:

(41) (@) - TE) 6 )y, | < ZW F(D)] |#nBal

From (33), we have

1B — B,

+ (L) = .
977 = v ()] 1 — ei(Bn —B1)L/a

Noticing that, for any z € C,

‘1 _ eiz| > eflm(z) _ 1‘7

RR n” 4690



18 E. Bécache & A.-S. Bonnet & G. Legendre

so that, if Im(z) < 0 and |I'm(z)| is large enough, this quantity is larger than

‘1 — eiz| > ‘e_Im(z) — 1‘ > 1e_‘””(z).
- -2

We can easily check, thanks to assumption (23), that, for all n € N, we have I'm ((5;,
0, so that, for L large enough, the previous estimate gives us

(42) B85 — ()| < 2|8 — B, | el(Bn—B)L/e),

Let us now distinguish the two cases:

The propagative modes n < Ny From (5), we have

2k n?
+ - = —
/Bn - IB'H, - m 1- Ko e =6, > 0.
Noticing that
2k

oo < 0 < T3

estimate (42) yields
4

(43) |[3+ —yt )| < 26, e N LIm(l/e) < ﬁ o g LIm(1/a)

The evanescent modes n > Ny +1 From (6), we have

_ 2tk [ n? _
This time, ¢y, is increasing and 4/ — — 1 < —. Estimate (42) thus yields
K() KO

4k n
+ + -6 L Re(1
(44) By — vy (L)] < T A e(1/a),
By substituting these estimates in (41), we see that
4k al
< Toam (Z IO |, |

+ Z *(5N0+1L Re(1/a) ‘¢n$n|

n—= N0—|—1

(7 = TE) 6 )y,

Setting 7 = |a| min(én, Im(1/a), 6n,+1 Re(1/c)), we then have

/2
< 1_ —nL/\aIZ (1_|__> |¢nqpn|

C e~/ el |¢‘H1/2(E+) |¢|H1/2(E+) )

(T = TE) 6 9)y,

VAN

—Ba) Lja) <
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The trace theorem finally yields, for any (p,q) € (H 1(Qb))2,

(@ = Thp.a)s, | <™ plingo, lallmgo,)

One can obviously obtain the same estimate on ¥ _ and finally prove claim (39). O
Setting V. = H(), we introduce linear operators A and AL in L(V,V'), respectively
associated to the sesquilinear forms ag,(,-) and aéb(- ,): Y(p,q) € V2,

(Ap,a)yr v = aq,(p,q) and (A"p,q), \, = ag, (p,q).
Obviously estimate (39) implies
(45) A - AL”L(V,V’) <Ce /e,
Problems (34) and (37) can both be written in terms of these operators as
(46) Apy = -,
(47) Apf = -,

It follows from taking the difference between (46) and (47) that the error p, — pl satisfies the
following equation:

(48) A" (po —py) = (A" = A) py
Thanks to estimate (45), we are now able to show the following result:

Theorem 3 Suppose that assumptions (23) and (15) hold. There exists Ly > 0 such that for all
L > Ly, A" is an isomorphism on H'(Q) and the solution pl of problem (31) converges to the
solution py of problem (10). Furthermore, there exists a constant C depending on M and k such
that:

(49) oo =il < €™ lpully
with 1 being defined in (40).

Proof. For g € V', we consider the problem: find u € V such that
(50) Alu = g.

We can rewrite the operator A" as A¥ = A + (A" — A) and, using that A is an isomorphism
onV,

AL = A(I+ A1 (AL — A)).
Problem (50) thus becomes
(IT+A(AF - A))u=A"4g.
Applying the Banach fixed point theorem, this problem admits a unique solution if

A (A"~ Al ey <1,

RR n® 4690



20 E. Bécache & A.-S. Bonnet & G. Legendre

which is satisfied as soon as

_1-1
”AL _‘AHL(V,V') < ”A 1“L(V,V’)'
This can be achieved for L large enough, L > L1, since ||AL — AH LWV tends to zero as L tends

to infinity, thanks to (45). Moreover, we have:

1
! < —
Lwvvy 1= HA ' (AL - 'A)”L(V,V')

bl

H (I+ A7 (A" - A))”H

which implies the following estimate:

4"l |
1- ||A_1(AL o ‘A)HL‘(V,V')

[elly <

Applying this result to the error, solution of problem (48) yields

A~ (A" = A) polly,
1- ”"4_1 (AL - A) ”z(v,v’)
H‘A_1||L‘(V,V') [ AHL‘(V,V') 125l
- 1= H‘A_IHL(V,V') ”AL - ‘A)”L(V,V')

is small enough, the quantity in the right hand side can be bounded by

lpo = [l <

When [[A% — Al

Hpb _prHV <2 ”"4_1||,c(v,v’) ”AL o ‘AHL‘(V,V') ”prV <2Ce™” ||Pb||v:

the last inequality coming from (45). O

Remarks: 1. We emphasize that error estimate (49) of theorem 3 does not depend on
parameter X. As a consequence, exponential convergence is obtained for both the classical and
the new PML models. This is a main difference of behaviour from the classical PMLs in the time
domain, as in that case the layers lead to instabilities in presence of inverse upstream modes
[19, 26, 1, 2].
2. Note that estimate (49) also proves that convergence holds when the length of the layers L is
fixed and || tends to 0. This is useful in practice for numerical computations. Indeed, L has to
be small in order to reduce the number of degrees of freedom. Moreover, it is more convenient
to change the value of parameter « than the length of the layers, which requires a new mesh of
the computational domain.
3. The value of 7 is strongly related to the position of wavenumber k with respect to the cut-off
frequencies. More precisely, for a given value of the argument 6 of coefficient «, the accuracy
deteriorates when k is close to a cut-off wavenumber (see figure 8).

5 Varying coefficients

In practical computations, it is very common to use a spatially varying coefficient a(x) in the
layers. Actually, it has been proven for finite difference schemes that discontinuities of « through
the boundaries ¥y generate spurious reflections after discretization [10]. In this section, we
show that the analysis done previously for constant coefficients « and A can be easily extended
to varying coefficients. Let us point out however that the numerical results presented in the
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10

0 é lb 15
Figure 8: Coefficient 7 plotted as a function of wavenumber k£ for M = 0.3, h =1 and 8 = —7.
next section are obtained with constant coefficients and that no significant effects due to the

discontinuities have been observed.
Let « and A be two functions of coordinate x, defined from R to C, such that:

a(z) =1and MNz) =0for z € [z_,zy].

We assume moreover that a(z) satisfies (23) for all z > x4 or z < z_. Let us consider once
more problem (29). Since the proof of theorem 2 does not use the fact that o and A are constant
in the layers, the theorem still holds and the problem is of Fredholm type.

To establish a convergence result with respect to the size of the layers, we follow the steps of
sections 4.2 and 4.3. The main point is that modal solutions in the layers are now

Py (2,y) = ¥5(2)en(y), n €N,

where ¢, is given by (3) and %" is defined by:

(ato)gs +x@) ) vz = i,
YE(zy) = 1.

It then follows from straightforward calculations that problem (29) is equivalent to problem (31)
set in domain €, with the following new definition for coefficients vF(L):

BE — Bi
_Yg(ze + L)’
P (z+ + L)

(51) v (L) =y +

1

Note moreover that

Yp(@e +L) _ ipmpry [T 1
7¢;(1++L)_e /z+ a(m)dx’

so that again vF(L) do not depend on \.
The final result then reads:
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Theorem 4 Problem (29) is well-posed and the solution pL of problem (1), with vE(L) defined
by (51), exists and converges to the solution py of problem (10) as L — +oo. Furthermore, there
exist three constants C = C(k, M) and 7+ = 7.(k, M, a, L) such that:

s — ¢ ||, <C (7™ +e) lIpolly »

with
2k . / ]Vo2 / (NO + 1)2
T = ]_—W min Im(Ii) 1-— K—OZ, Re(I:t) Toz -1 ,
:L‘j::l:L 1
where I+ = i/ @dx, Ky is defined in (4) and Ny denotes the floor of K.
T

6 Numerical results

In order to illustrate the conclusions previously laid on the PML models, numerical examples
are presented. The following configuration is considered: the computational domain is the same
as the one presented in figure 7, extending from z = —0.2 to x = 2.2 and y = 0 to y = 1. The
layers occupy the region from z = —0.2 to £ = 0 in the downstream direction and from z = 2
to £ = 2.2 in the upstream direction, the thickness L of the layers then being fixed and equal to
10% of the length of domain €,. A compactly supported source f is given by:

e Lif (z—1)2 + (y — 0.7)% < 0.04,
1 0 elsewhere.

The numerical solution of problem (30) posed in the domain bounded with PML is compared
to the computed solution (which is called the reference solution) of problem (11) posed in the
domain bounded with Dirichlet-to-Neumann operators. Both approximations are done with a
finite element method. The DtN map, usually expressed through an infinite series expansion, is
here approximated by truncating the series.

All the simulations have been conducted with the same unstructured mesh, whose mesh size is
linked to the problem via a resolution of approximately 20 nodal points per wavelength when
using second-order triangular (P,) Lagrange finite elements. For the computation of the reference
solution, the number of terms in the truncated DtN map is 8, which is sufficient for accuracy
in every of the tested cases. The coefficient « is chosen to be a complex constant in the layers,
whose argument is taken equal to —%, and coefficient A of the new PML model takes the value A*
defined in (25). Homogeneous Dirichlet boundary conditions are imposed on the outer boundaries
of the layers. The computations are done with the finite element library MELINA [22].

6.1 The no inverse upstream mode case

In this first simulation, we choose kK = 10 and M = 0.3. For such values of wavenumber and
Mach number, 4 modes are propagative and there is no inverse upstream mode. The solution
in the layers is then exponentially decaying for both the classical (i.e. A = 0) and new PML
models.

In figure 9, the relative error to the reference solution in H'(€) norm is plotted as a function
of the modulus of « for the two models. We observe no noticeable discrepancy between the
classical and new PML models, which behave similarly in this case. Both curves present a
minimum plateau and we can roughly distinguish three zones, as indicated in figure 9:
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Figure 9: Relative error —— 252 function of |a|, k = 14 and M = 0.2. Solid line is the
ref || g1 (Q,

result for the new PML model while the dotted line refers to the classical PML model.
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Figure 11: Real part of the pressure field, k =10 and M =0.3, a=1—4 and A = —%.

o|la| € [r1,72] A very good agreement between the DtN and the PML solutions, for the clas-
sical and new PML models, is obtained for a large range of values of |a| corresponding to the
plateau seen in figure 9. The real part of the corresponding solution is represented in figure
10. We also observe in this figure the effect of the flow on the propagation of sound, as the
wavelength of the solution is longer downstream of the source than upstream.

o|a| > r2 For larger values of ||, the layer is insufficiently absorbing and a reflection occurs
at the end of the layers, as represented in figure 11.

o|a| < r1 For small values of ||, the absorption in the layers is high but the mesh resolution
becomes too coarse to correctly represent modes in the PML medium, thus producing spurious
numerical errors as seen in figure 12.

We want to confirm the convergence estimate of theorem 3, which implies:

—In (M) >k n(C).

sl )~ |
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Figure 12: Real part of the pressure field, £ = 10 and M = 0.3, « = .02(1 — %) and A = —1@1\{[2.
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Figure 13: —1n W—) as a function of ﬁ, k=10 and M = 0.3. Solid and dotted lines
refll 1 (0,

respectively refer to results for the new and classical PML models.

To this end, the opposite of the logarithm of the relative error in H'(£);) norm is plotted as
a function of the inverse of |a| for both PML models. The exponential convergence of the
method, which can be deduced from the slope of curves in figure 13, agrees satisfactorily with
the estimation given by the theory for both PML models, as the two curves coincide for this
case.

6.2 The inverse upstream mode case

For the choice of ¥ = 9 and M = 0.4, the last of the four propagative downstream modes
(i.e. m = 3) has a negative phase velocity and is therefore called an inverse upstream mode.
The solution in the downstream layer is then exponentially decreasing or increasing with the
distance, depending on the applied PML model. Results for this case are shown in figures 14 and
15, where the relative error in H'(€);) norm and the opposite of its logarithm are respectively
represented.

As one can observe in the zoom in figure 14, curves of the relative error present again a
minimum plateau for both PML models. This time, the size of the plateau is smaller for the
classical PML and the error for this model has a rather erratic behaviour for small values of
|a|. The convergence of the method is nonetheless achieved for both models, with the predicted
exponential rate (see figure 15). However, the new PML model seems better suited to practical
computations, as one can choose an appropriate and optimal value of a for convergence more
conveniently.

At last, figures 16 and 17 respectively show the solutions for the new and classical models,
the value of || for this case corresponding to the minimum of the curves in figure 14. Note
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Figure 14: Left: relative error Ip=retllir ) as a function of |a|, k =9 and M = 0.4, right: zoom

”pref”Hl(Qb)
on the zone of interest. Solid line is the result for the new PML model while the dotted line

refers to the classical PML model.
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Figure 15: —In | ——r——)

||pref||H1(Qb)

) as a function of ﬁ, k=9 and M = 0.4. Solid and dotted lines

respectively refer to results for the new and classical PML models.
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Figure 17: Real part of the pressure field, k =9 and M = 0.4, « = .19(1 —4) and A = 0.

that whatever the behaviour of the solution in the layers, the solution in the “physical” domain
remains almost the same.

6.3 Some practical remarks on the use of PMLs for time-harmonic problems

We would like to point out that the numerical analysis which has been carried out in this section
was based on the knowledge of a reference solution. In practice, it would be useful to have a
posteriori criteria which indicate if the numerical solution is satisfactory or not. In transient
applications, the quality of the PML model is ensured as soon as the reflections produced at the
interface between the physical and the absorbing layer can be neglected. In particular, if the
excitation is a pulse localized in time, the exact solution should vanish after a large time, which
gives a criterion to evaluate the efficiency of the absorbing layer. The situation is completely
different in time-harmonic applications. For instance:

e The notion of reflection is more difficult to exploit: as illustrated in the previous numerical
results, it is not obvious to distinguish a “reflected” wave from an “incident” wave.

e The experiment of a pulse localized in time has no counterpart in time harmonic applica-
tions.

e A good choice of the absorbing layer parameters allows to select the outgoing solution of
the problem. A bad choice (Im(a) > 0) would select the ingoing solution, which is difficult
to detect when one does not know the exact solution.

e However, one can notice that when |¢| is too small, spurious numerical errors are observed.
They can be removed by refining the mesh inside the layer.
7 Conclusion

In this paper, we have studied perfectly matched layers for the convected Helmholtz equation. In
presence of inverse upstream modes, the solution can have arbitrary large values in the classical
PMLs, thus causing the instabilities observed in time domain applications. We have proposed a
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new PML model which always leads to an exponentially decreasing solution in the layer, even
in presence of inverse upstream modes. The error analysis surprisingly showed the convergence
for both the classical and new models. Nevertheless, numerical results seem to indicate that
the error is better controlled with the new model when inverse upstream modes are present. In
order to understand the different numerical behaviours of the two models, it remains to analyse
the convergence of the solution of the discretized PML models with respect to both the finite
element mesh size and the layer parameters « and L.

This is a preliminary step in dealing with more complex time-harmonic problems. In par-
ticular, it would be interesting to extend the present method to non uniform flows. This gives
raise to several difficulties. First, even for a parallel flow, the problem cannot be reduced to a
simple scalar equation anymore and has to be modelized with a vectorial model, for instance
linearized Euler equations or Galbrun’s equation [7]. Furthermore, a modal analysis cannot be
done so easily, since the orthogonality of the modes is lost and their completeness is an open
question. Finally, for some flows, there exist physical outgoing unstable modes which have to be
adequately treated by the absorbing model.
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