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Abstract: In this paper, we revisit the fluid TCP model and propose an explicit solution of
the non-linear differential equation. We show that as soon as the queue never empties, we have
a very non-intuitive rate dynamic and that in partcular the ratio w(t)/rtt(t) is a constant.
We test the analytical solution by comparison with NS2 simulation results.
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Note sur le modéle fluide de TCP

Résumé : Nous revisitons ici le modéle fluide de TCP et proposons une solution explicite
de I’équation différentielle non-linéaire associée. Nous montrons que tant que la file d’attente
n’est pas vide, nous avons une évolution du débit contre-intuitive et qu’en particulier le ratio
w(t)/rtt(t) est une constante. Nous testons la solution analytique par comparaison avec des
résultats de simulation NS2.

Mots-clés : TCP, AIMD, modéle fluide



TCP fluid model 3

1 Introduction

There are many papers studying the dynamic of TCP congestion control mechanism based on
fluid approximation (e.g. cf. [6, 7, 11, 5, 3, 9, 1, 2]). Fluid models are extensively used to
study in particular AQM type routers interacting with TCP sources.

The aim of this paper is to revisit this family of model to underline some basic properties
of TCP that were introduced in [3].

2 Fluid model of DropTail queues

2.1 Single Flow Model
A single bottleneck link model is described by:

¢ [network scenario]: C the service capacity, B the buffer size, Rpin the minimum RTT
or the pure propagation delay without queueing delay;

e [state variables]: R(¢) the RTT at time ¢, W(t) the window size, Q(t) the queue size
and X (¢) the packet send rate of the source.

TCP’s AIMD dynamic can be described by fluid model as follows.
Before the congestion, i.e., if X(t) < C:

. 1
W) = )
R(t) = Rumin (2)
Q) = 0 (3)
X() = Zf) (4)
When the congestion starts, i.e., when X (¢) > C, and when Q(¢) < B:
1
W(t) = 0] (5)
R(O) = Bunt 20 (6)
Q) = Xt -C (7)

X(t) = (1+W+t)>c (8)

Equation (8) can be explained as follow: when the input rate to the bottleneck link is
higher than its service capacity, the output of this link becomes constant equal to C, which
also is the rate at which the source receives ACKs. Since the source increases its window
size by 1/W (t) of every new ACK reception, its packet send rate is exactly: (1 + 1/W(t))x
acks rate. This in particular implies that once the congestion starts, the send rate of the
source decreases in time! This is neither obvious nor very intuitive.
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4 Dohy Hong

Theorem 1. The explicit solutions of equations (5) - (8) are:

2
R(t) = 4/ 5t+ R, 9
() = \ot+ R )
W(t) = CR(t) =+/2Ct+W(0)? (10)
Q) = W(t)—W(0)=+v2Ct+W(0)?2 - W(0) (11)
1
X(t) = Ct—— (12)
\/ 6t + R12nin
In particular, the solution satisfies the equality:
W) _
R(t)
Proof We have from (5) and (6)-(8) that:
W(t)R(t) = R{t)W (t) =1
Therefore )
(RW)(t) = 2
which implies that R(¢)W (t) = 2t + R2, C. From this last equality, we get that:
: 2 2t+R2, CW(t
R(t) — _ + RmmCW( )
W (1) W (t)?
Multiplying by W (t), we get '
Wi(t) 1
W(t) 2t+ R, C
which admits as solution:
W(t) = \/2Ct + W(0)?2
with W (0) = R2, C?. From this, we find the other solutions. a
O

Remark 1. In literature on TCP fluid modelling, Equation (8) is not generally used. Instead,
many authors write:
W (t)
X(t) = ——=. 13
0 = g (13)
This is in a first view incompatible with the remark that W(t)/R(t) = C. There are two
reasons that explain why this last approzimation (13) is not so bad apparently:

e the first one is the integer part effect of cwnd variable. As shown in Figure 1 (Top), when
taking W (t) without the integer part, W/R is almost as the packet send rate. Whereas
taking the integer part (because only the integer part is used in packet send action by
TCP), the quantity W/R is quite constant as predicted by our results;
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e the second one is the pure transmission delay effect between the source and the bottleneck
queue. To erase this effect we took by default a delay between source and bottleneck queue
equal to zero (in particular in Figure 1 Top). Let’s call this delay 6. Figure 1 (Bottom)
shows that this has a similar effect as the first point. This is due to the fact that when
the window size is increased, the impact on the queue size (therefore on RTT) is delayed

rate in pkts/s

rate in pkts/s
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Figure 1: Top: Integer part effect on W. Bottom: Delay effect on W'.

by §. Figure 1 (Bottom) shows also the combined effect of these two points.

For the above two reasons, the approrimation (13) has the same monotonicity than X (t),
but it may also be very bad. In particular modelling interaction of TCP with AQM router, one
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6 Dohy Hong

should be aware that while the buffer is not empty, the approrimation (13) may introduce an
arbitrary deviation from the real case up to 1/R(t).

2.2 Multiple Flows Model
For N parallel flows sharing a bandwidth C, Equations (5)-(8) become:

1
wile) = R;(t) )
Rit) = Riint Q0 (15)
Q) = X@t)-C (16)
Xi(t) = (1+L>Yv(t) (17)
2 W,L(t) 2 bl

where Y;(t) is the rate at which ACKs arrive to source i.

Theorem 2. We have the equality:

I

i(t)
; Ri(t) ¢

Proof We have:

Wilt) = o7 B and » Y(t)=C
? i=1
Therefore,
N N N
Wi(t
S OW) = Y ) = LYl =C
i=1 i=1 " i=1
a
O
We introduce the following notation:
o w(t) = W(t)/N =L, Wi/N;
o z(t) = X()/N = 2[L, Xi/N;
e ¢ =C/N;
* q(t) = Q(t)/N;
o r(t) = 3L, Ri(t)/N;
® Tmin = Ei\il Ri,min/N;
Theorem 3. q is the solution of the equation:
al c
2 4) = ¢
q( ) ; Q(t) + CRi,min

INRIA
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Proof From (16)-(17), we have:

_ Ny N N
= W =
O
O
Now we consider the following approximation equations:

) 1

(HO) : w(t) = =D (18)
t

r(0) = o+ 1 (19)
q(t) = =z(t)—c (20)
(t) = c+ui(t) (21)

Among the equations (18)-(21), only (18) is an approximation. (18) becomes exact if
Zfil R;/N = N/ (ZZI\;I 1/R,->. This is true in the homogeneous case (i.e., all R; min are
equal) or is asymptotically true if R; min << q(t)/c.

Theorem 4. Under the assumption (H0), the solution is given by:

r(t) = \/gt +r2. (22)
w(t) 2ct + w(0)? (23)
q(t) 2ct + w(0)2 — w(0) (24)
z(t) = c+ ; (25)
V 2t + Tmln
Theorem 5. While q(t) > 0, we have:
wit) _
r(t)

except during the transient period, between packet losses time and the window decrease updates
time (i.e. during Fast retransmit/Fast recovery phase).

Proof Before the first loss, we have.

w(?)

r()
If p(t) is the synchronization rate at time ¢ (that is the window decrease at time ¢ is w(t)p(t)/2),
then just after the first window decrease updates, we have:
w(t) w(t™) — w(t™)p/2

rENC  ramC () —w(t)p2 — W) -

RR n® 4703



8 Dohy Hong

It is well known that TCP does not utilize 100% of the bandwidth (e.g. cf. [8]). The
following Lemma gives a simple buffer dimensionning rule.

Lemma 1. For the link utilization to be 100 %, it is sufficient to have:
e [Under the DropTail policy] B > rminC.

o [Under any AQM policy] p(q) < tﬁfﬁ’ under the assumption that p(q) (the packet

drop probability when the queue size is q) is small enough to be approzimately equal to
the proportion of flows erperiencing packet losses when the queue size is q.

Proof The queue never empties if

q(t) —w(t)p(t)/2 = q(t)(1 — p(t)/2) = p()rminC/2 > 0,

which is equivalent to
p

q(t) > rp‘rminc.
Under the DropTail policy, losses only occur when ¢(t) = B, so that the queue never empties
if B > rpinC > zp%meinC- O
O
Que
150 /////

Figure 2: Queue size evolution.

3 Comparison with NS2 simulation

The default simulation scenario is: C=1000 pkts/s, B=200 pkts, N=10, RTTmin=200ms,
Packet size = 1 Kbytes.

Figure 2 shows the square root evolution of the queue size in time (in seconds) during the
congestion avoidance phase.

Figure 3 shows the accuracy of the condition of Lemma 1: in this case, the buffer never

empties if B>200 pkts. With B=202, the buffer indeed never empties, whereas with B=198,
the buffer empties just at congestion epoch.

INRIA
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queue, B=199 pkts, N=10 queue, B=202 pkts, N=10
10 T T T T T T T T 10 T T T T
NSp, BH198 qudue —f S2|B=402: fuede ——|

8 1 8
6 6
4 4
2 2
0 0
2 . . . . . . . . . 2 . . . . . . . .

0 10 20 30 40 50 60 70 80 9 100 0 10 20 30 40 50 60 70 80 9 100

Figure 3: Queue emptiness tests. Left: B=198, queue empties. Right: B=202, queue never
empties.

Send rate
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Figure 4: Send rate evolution.

Figure 4 shows that as predicted by the theory, the total send rate of the sources decreases
I when the queue fills in with a pick rate of C' + 1/rmin = 1050 pkts/s as initial condition.

On Figure 5, the RTT is computed based on the queue size (and not on the srtt). Figure
5 shows that the property that W/RTT is constant is very well satisfied.

Figure 6 shows that the property that W/RTT is constant is quite well satisfied even for
the model with different RTTs.

We see that our estimate is quite accurate to predict the results shown by NS2 simulations.
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Figure 5: Evolution of W/RTT.
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Figure 6: Heterogeneous RTTs: RTT=0.1+Unif[0,0.2]. N=10 (above. Left: B=200 pkts,
Right: B=400), N=30 (below. Left: B=400, Right: B=1000).
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