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Stabilisation pratique et asymptotique des systémes
chainés via ’approche de commande par fonctions
transverses

Résumé : Une approche de commande pour la stabilisation pratique et asymptotique
des systémes sans dérive commandables soumis & d’éventuelles perturbations est présentée.
Ce type de systéme apparait naturellement lorsque ’on s’intéresse & la stabilisation de
trajectoires de systémes sans dérive sur des groupes de Lie. L’objectif de commande est
d’une part d’assurer la stabilisation pratique quelque soit la perturbation —dans le but, par
exemple, de stabiliser toute trajectoire dans ’espace d’état, réalisable ou non—, et d’autre
part la stabilisation asymptotique, ou la convergence vers zéro des variables d’erreur, lorsque
le terme de perturbation est nul ou tend vers zéro. Un cadre général est présenté dans cet
article, et une solution de commande particuliére est proposée pour la classe des systémes
chainés.

Mots-clés : stabilisation pratique, stabilisation asymptotique, systéme chainé, groupe de
Lie, fonction transverse
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4 Morin & Samson

1 Introduction

The development of the transverse function (t.f.) approach [4] finds its original motivation
in the problem of practical stabilization of the origin of a control system in the form

m

S: T = Z u; X;(x) + P(x,t) (1)

=1

with € R*, n > m, {X1,...,Xm} a set of smooth vector fields (v.f.) which satisfy the
Lie Algebra Rank Condition (LARC) on an open ball centered at = 0, and P an additive
perturbation, continuous in x and ¢, but otherwise arbitrary. Note that such a perturbation
may well forbid the existence of any equilibrium point for the controlled system. The t.f.
approach provides a general solution to this problem. Up to now, and to our knowledge,
this solution is unique in its class, eventhough several other methods and many control laws
have been devised during the last decade to address the stabilization and path tracking
problems when P = 0. The importance of considering the perturbed case in association
with the objective of practical stabilization is well illustrated when S is a system on a Lie
group and the control objective consists of tracking a trajectory. Indeed, it is shown in
[4] that the error system associated with this problem is in the same form as the original
system, except for the apparition of a perturbation P. Moreover, when the trajectory is
not a solution of the control system, asymptotic stabilization is not possible. Other rea-
sons for considering practical stabilization as a reasonable control objective, in the case of
nonlinear driftless systems, are also pointed out in [4]: lack of robustness of exponential
(continuous/time-varying or discontinuous) stabilizers, non-existence of feedback controllers
capable of stabilizing asymptotically every feasible trajectory [3],... and incapacity of most
existing asymptotic stabilizers to ensure e-ultimate boundedness of the closed-loop trajec-
tories when a destabilizing perturbation P is present. However, it is important to realize
that practical stabilization is by no means opposed to asymptotic stabilization. It is merely
a weaker requirement, whose interest precisely resides in the fact that it is weaker and thus
applicable to more numerous situations. Once practical stabilization is granted, it may still
be possible, and desirable in some cases, to achieve asymptotic stabilization, or at least
convergence to zero. When, for instance, P vanishes after some time. For the same reasons,
feedback controllers derived with the t.f. approach should not be considered as antagonis-
tic to other controllers proposed for nonlinear driftless systems —asymptotic stabilizers in
particular. A more pertinent issue is the possibility of deriving a practical stabilizer which
also ensures asymptotic stabilization when the perturbation P allows for it. For instance,
can the t.f. approach be used to this purpose?

This question is addressed in the present paper, and a partial positive answer is brought
to it. More precisely, an extension of the approach in [4] is proposed in order to achieve
asymptotic stabilization of the origin of S when P = 0, and asymptotic convergence to the
origin when P tends to zero as time tends to infinity. The main ingredient of this extension
is the concept of generalized transverse function introduced in Section 2. The principles
of the t.f. approach and design of stabilizers are also exposed in this section. A solution
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Practical and asymptotic stabilization of chained systems 5

to the problem of practical and asymptotic stabilization, for the popular class of chained
systems, is proposed in Section 3, and illustrated by simulation results in Section 4. Finding
a more general solution thus remains an open subject of research. In order to facilitate the
reading of the paper, we have distributed the results’ proofs along two sections: the cores are
given in Section 5, whereas intermediate technical results of lesser conceptual significance
are regrouped in the Appendix.

Since the t.f. approach finds its most natural exposition in the context of systems which
are invariant on Lie groups, we have chosen to recast the systems and control problems
evoked above in this framework. Let us recall the prominent role played by Lie groups in
control theory [6, 2]. In particular, controllable driftless systems can always be approximated
by controllable driftless homogeneous systems which are, after a possible dynamic extension,
systems on Lie groups. The chained systems, which are more specifically addressed here,
are systems on Lie groups.

The following notation is used throughout the paper. The tangent space of a manifold M
at a point p is denoted as M,,. The differential of a smooth mapping f between manifolds,
at a point p, is denoted as df (p). We also use standard notation for Lie groups —see e.g [1]
for more details on this topic. G denotes a Lie group of dimension n, with Lie algebra —of
left-invariant v.f.— g. The identity element of G is denoted by e. Left and right translations
are denoted by [ and r respectively, i.e. I,(7) =r.(0) = o7. As usual, if X € g and p € G,
exptX is the solution at time ¢t of § = X(g) with initial condition g(0) = e. The adjoint
representation of G is Ad, i.e. for 0 € G, Ad(o) = dI,(e) with I, : G — G defined by

I,(g) = ogo—!. By extension we define Ad(c)X(g) 2 dly(e)Ad(o)X (e). The differential of
Ad is ad, defined by (adX,Y) = [X,Y].

2 Control of perturbed driftless systems by the t.f. ap-
proach

Consider a control system

m

S(g): 9= uiXi(g)+P(g,t) (2)

=1

on a Lie group G, with X3, ..., X,, independent left-invariant smooth v.f. which satisfy the
Lie Algebra Rank Condition (LARC). We assume that the drift term P(g,t) is a continuous
function of ¢ and ¢, and that!

V(g.,t) e GxR,  P(g,t) € span{X1(g),..., Xm(g)}" (3)

The definition of a transverse function, as originally given in [5] for v.f. on an arbitrary
manifold —i.e. not necessarily on a Lie group—, is now recalled.

INote that (3) can always be obtained after a possible preliminary feedback.
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6 Morin & Samson

Definition 1 Let Xi,...,X,, denote smooth v.f. on a manifold M. A function f €
C>®(T?; M), with T 2 R/27Z and p € N is called o transverse function (for the v.f. Xi,...,
X)) if,

Vo €T spanlX (o). Xl [0 g0 G} = My (@

Note that by this definition, the image set Im(f) = f(T?) is compact. The main contribution
of [5] was to show that if a set of v.f. X;,..., X, satisfies the LARC at some point ¢ € M,
then for any neighborhood U of ¢, there exists a transverse function with values in .

In the context of stabilization, transverse functions allow to introduce ¢ as a new —
virtual— control input vector. This leads us to introduce the following dynamic extension
of S(g):

g-ZuX )+ P(g,t)

O'—UU

S(g,0) : (5)

where (u,u,) is viewed as an extended control vector. In the following subsection, the
practical stabilization of S(g) with the t.f. approach is exposed —see [4] for more details.

2.1 Practical stabilization

Given a neighborhood U(e) of e, the problem consists in determining a (smooth) feedback
control for §(g, o) which asymptotically stabilizes a set contained in U(e) x TP.

Define z 2 f(o)g™! with f any t.f. with values in U(e). All we have to do is find
a feedback control which asymptotically stabilizes z = e. By differentiating the equality
f(c)gtg = e, one easily shows that along any smooth trajectory (g,c)(.) of S(g, ),

= —dry1 (o)) (Y il 0)) = 5L 06 + a1 (o) Pla.)) ©)
i=1
Now, for any v.f. Z on G, the property of transversality of f ensures that the equation
of
Zu Xi(f(0)) = (o) = ~dl(g)Plg, 1) — dry(2) Z(2) 7

admits a feedback solution (u,u,)(g,o,t). Applying any? such feedback law to S(g,c), and
using the fact that (dry(2))~ 1o dry-1(f), it follows from (6) that

£=2(z2) ®)

2The only (weak) requirement is that the solutions of S(g, o) must be well defined for ¢ € [0, 00).
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Practical and asymptotic stabilization of chained systems 7

Therefore, provided that Z is chosen so as to asymptotically stabilize e for System (8), the
feedback law (u,u,) defined by (7) makes the set f(T?P) x T? C U(e) x TP asymptotically
stable.

In general, the solution (u,u,) of (7) is not unique. It is shown in [4], however, that one
can always find® transverse functions f € C>°(T"~™;G), i.e. p=n —m with the notation of
Definition 1. It is clear from the transversality condition (4) that this value of p is minimal,
and that the solution (u,u,) of (7) is unique in this case. Allowing the transverse function
f to depend on a larger number of variables provides complementary control inputs which
can be used to guarantee complementary control objectives. The asymptotic stabilization
problem will be addressed in this way.

2.2 A framework for asymptotic stabilization

Let us introduce, in the framework of Lie groups, the following specific class of transverse
functions. From now on, variables in T"~™ will be indexed starting from m + 1, i.e. if
0eT ™ 0= Omi1,---,0n)

Definition 2 A function f € C®(T™ ™ x T™ ™; G) is called a generalized transverse func-
tion for the v.f X1,..., X, on the Lie group G if, for any o = (0,8) € T ™ x T" ™,

of af

an{Xa(£(0)), - Xn(F(0), 5= ()., ()} = Gy Q

and for any € TP~ ™,
f(0,8)=e (10)

It is clear that any generalized transverse function is a transverse function. It is also quite
simple to build a generalized transverse function f € C*°(T"~™ xT"~™; G) from a transverse
function f € C*(T" ™; ). For example, define

v(6,8) €T x T"™™,  f(6,8) = (f(B)~" f(6+5)
Let us now consider any generalized transverse function. We let
f=uv, B=w (11)

so that ¢ = u, = (v, w). With this notation, Equation (7) is equivalent to

ZuX ) - Gp(al = S - dL@Ple.0) - dr(Z()  (2)

From (9), this equation has a unique feedback solution (u,v)(g,0,t) for any function w. The
v.f. Z is again chosen so as to make z = e asymptotically stable. Now the objective is to

3Expressions of such functions are given in that paper —see also the next subsection.
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8 Morin & Samson

define w in order to make 6 tend to zero. Indeed, this latter property implies, in view of
(10), that f tends to e so that, from the fact that z = f(o)g~' tends to e, the asymptotic
convergence of g to e follows. Note that such a convergence cannot be obtained without
the drift term P satisfying some extra conditions. For instance, if P(e,t) is different from
zero, then it follows from (3) that e cannot be an equilibrium for System (2), whatever the
control u. Therefore, convergence of P(g,t) to zero when g tends to e and ¢ tends to infinity
is an absolute requirement to the convergence of the system’s solutions to e.

The feedback law (u,v) defined by (12) ensures the convergence of z to e independently
of w. Hence, the asymptotic behavior of 6(t) and 3(t), for the controlled system, is described
by the zero-dynamics obtained by setting z = e in (12), i.e.

>0, 0K, (1(0) - G @la..) = oo — P, i~

From the initial assumption that X, ..., X,, are independent, there exist v.f. X,,11,..., X,
such that span{X;,...,X,} = g. For any such set of v.f., there exist smooth functions a; ;
and b; ; such that

n

of Z . .
a—ﬁj(a) a =1 b’l‘v](a.)X"‘(f(o.))
(14)

With d; (i = m+1,...,n) denoting the one-forms defined by (d;, X)) = 6, x, the application
of d; to each side of (13) yields, since 6 = v,

Vismiloon, o)=Y a0 Xi(f0)),
J i=1

A(0)f) = -B(oyw+ Y (di(f(0)), P(f(0), 1)) (15)
1=m+1
with
A(o) = (a3,;(0))ij=m+1,...,n , and B(o) = (b:,5(0))s,j=m+1,...n (16)

and e; the (¢ — m)-th unit vector in R*~™. Note that the transversality condition (9) is
equivalent to the matrix A(c) being invertible for any o.

Equation (15) is important because it explicitly relates the control w (the time-derivative
of ) to the variation of #. In particular, the simplification obtained when P = 0, i.e.

6= —A"1()B(o)w (17)

suggests various ways of choosing w to make |6(¢)| non-increasing on the zero-dynamics.
However, a difficulty arising at this stage, to ensure the convergence of 6(t) to zero, comes
from the fact that B(o) tends to the null matrix when € tends to zero —since f(0,8) =
e, V3 = 3—2(07 B3) = 0, V3. This difficulty is itself related to the well-known impossibility
of ensuring exponential stabilization of e by means of a smooth feedback. The matter would
still be easily settled if B(c) were invertible everywhere except at § = 0. Unfortunately,

INRIA



Practical and asymptotic stabilization of chained systems 9

this is not true in general and further inspection of this matrix, in relation to the way the
structure of f combines with the structure of Lie algebra g, is required. Although we do
not know whether a solution always exists, we were able to use the specific structure of
the Lie algebra associated with chained systems and derive a solution in this case. Prior
to reporting it in the next section, we propose below a formulation of the problem which,
whereas it is restricted to the zero-dynamics (17), prepares the ground to a solution for the
complete system.

Problem 1 Given a neighborhood U(e) of e, determine a triplet (f,w,V’) consisting of a
generalized t.f. f € C®°(T"™™ x T"~™;U(e)), a function w € C}(U(0) C T*~™;R*~™),
and a positive definite* function V' € C1(¢4/(0) C T*~™; R) with bounded first-order partial
derivatives, such that, along the trajectories of the zero-dynamics (17),

V(0) < Vinax => V(0) < =W (0) (18)
for some positive definite function W and some Vinax > 0 such that V—1([0, Vinax)) C U(0).

Note that (18) clearly implies that & = 0 is locally asymptotically stable for the system
(17). Once the above problem is solved, it is not difficult to infer a solution to the problem
of asymptotic stabilization of e for System S(g,0). Such a solution is pointed out in the
following proposition.

Proposition 1 Assume that Problem 1 is solved by a triplet (f,w*, V'), and let Z denote a
smooth v.f. which asymptotically stabilizes e for the system 2 = Z(z). Consider for S(g,0)
the feedback control (u,v,w) with (u,v) defined by (12) and w defined by

1
Vinax — V(6)
with k denoting any Koo -function®. Then,

1. the set f(T™ ™) x T™ ™ x T" ™ is asymptotically stable for S(g,0) whatever P.
2. the set {e} x {0} x T* ™ is asymptotically stable for S(g,c), if P = 0.

w(f) = k( Jw* () (19)

3. (9,6)(t) — (e,0) as t — 400, if P(g,t) tends to zero as t — +oo —uniformly
w.r.t. g in compact sets.

The domain of attraction of the controller contains —in the coordinates (z,0, 3)— the set
D, x V[0, Vinax)) x T"~™, with D, the domain of attraction of the vector field Z. Note also
that, when P and Z are differentiable, the stabilizing feedback control (u, v, w) so obtained is
differentiable on the set G xU(0) x T~ ™. In particular, if P = 0, this rules out a convergence
rate as fast as exponential, as in the case of a time-periodic Lipschitz-continuous asymptotic
stabilizer of S(g). However, while the frequency of a time-periodic stabilizer is constant, the
time-derivatives of 8 and 3, which may be interpreted as self-adapting frequencies in the
case of a stabilizer derived with the t.f. approach, asymptotically tend to zero.

4ie. V0,V(0) > 0 and V(8) =0 < 6 = 0.
Si.e. k € C1(R»0;Rx0), k(0) = 0, k is strictly increasing, and k(s) — +oco as s — +oo.

RR n® 4712



10 Morin & Samson

2.3 A class of generalized transverse functions

In this section, we introduce a class of generalized transverse functions which is instrumental
in solving Problem 1 for the class of chained system. First, we need to recall the definition
of a graded basis of g ([4]).

Definition 3 Let X1,...,Xn € g denote independent v.f. such that Lie(Xy,...,Xn) = g.
Define inductively w* = u*~1 + [u,u*~1] with u = span(Xy,..., Xn), and let K = min{k :
uf = g}. A graded basis of g associated with X1, ..., Xy, is an ordered basis {X1,..., Xn}
of g associated with two mappings A\,p: {m+1,...,n} — {1,...,n} such that:

1. Forany k=1,...,K, u* = span{X1, Xa,..., Xgimu* }-

2. For k> 2 and dimu*~! < i < dimu*, X; = [X gy, Xpi)] with Xyy € u®, X, € ub,
and a+b==%k.

With any graded basis of g, one can associate a weight-vector (r1,...,r,) defined by
=k X; e\ ! = dimu ! <i < dimu*

Note that, 1 =71 <rs <--- <7, = K and, from Definition 3, Vi > m, 7; = ry) + 75()-
With {Xi,...,X,} any graded basis of g, let us define f € C> (T ™ x T ™; G) by
Vo=(0,8) €T ™" xT" ™, f(o) = falon)  fmt1(Om+1) (20)
with f; : T x T — G defined by
Voj = (6;,8;), fi(o;) = exp(a;j(0;)X;)exp (aja(0;)Xag) + @jp(05)Xp))  (21)
where
Otj,,\(O'j) = €;A(j) (Sin(é’j + ﬂ]) —sin ﬂ]) s Otj,p(O']‘) = 8;90) (COS(GJ‘ + ﬂ]) — COS ﬂ])
7 (22)
Olj(Jj) = % sin0j
and the ¢;’s are positive real numbers. This function obviously satisfies (10). As for the
transversality condition (9), we have:

Proposition 2 Let X4,...,X,, denote independent v.f. on a Lie group G of dimension n.
Assume that Lie(Xy,...,X,,) =g. Let f € C®(T" ™ x T* ™;G) be defined by (20)-(21)-
(22) with X1, ..., X, a graded basis of g. Then, there exist real numbers Nm41, ..., Nn,e0 > 0
such that, for (émt1,.-.,6n) = €(Mmt1,...,Mm) with € € (0,e0), f satisfies (9). More
precisely, the ni’s can be defined recursively by choosing any Nm+1 > 0 and, for k = m +
2,...,m, by choosing ni. large enough w.r.t. Nmi1,-- -, Nk—1-

Remark 1 The same result can be obtained when f; in (21) is defined by
1
fi(o;) = exp ((aj + 5041,A04j,p)(ffj)Xj> exp (,0(05) X p(5)) exp (a2 (05) X))

Details about this point can be obtained from the authors.
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3 Asymptotic stabilization of chained systems

A solution to Problem 1 is provided in the case where G = R™, m = 2 and the control v.f.
X1, X, are defined by

Xl(.%'):(1,0,.’11'2,...,1'“,1)1, XQZ(O,I,O,...,O)I (23)

with ¢ = x = (x1,...,7,) and e = 0. The practical relevance of this case comes from the
widespread use of chained systems to model the kinematic equations of various mechanical
systems subjected to nonholonomic constraints (unicycle and car-like mobile robots, for
instance) and also the possibility of using them as homogeneous approximations of dynamics
involved in several other physical systems (ships, induction motors,...).

The v.f. X; and X, defined by (23) are left-invariant w.r.t. the group operation

wivy  ifi=1,2
(wy)i = x¢+yz’+zj‘;12 (Z:i—]])'xﬂ otherwise

Furthermore, Lie(X;, X2) = g, so that chained systems (with P = 0) are controllable, and
the v.f. A
X17X2,Xk:[X17X]C,1] (k=3,,n) (24)

define a graded basis. The associated weight-vector r is given by
rn=re=1r,=k—-1 (k=3,...,n) (25)

Since the underlying Lie group G is R™, a simple example of v.f. which globally expo-
nentially stabilizes the origin of 2 = Z(z) on R” is defined by Z(z) = Kz with K denoting
any n X n Hurwitz-stable matrix.

The following notation for 8, € T = R/2nZ:

|6'|— 0, ifaiE[O,ﬂ')
e -0, if; e [—7(,0)
is used in the main result stated next.
Theorem 1 When m = 2 and the v.f. X1, Xo are given by (23), a solution to Problem 1
is the triplet (f,w, V) consisting of

1. the generalized t.f. defined by (20)-(21)-(22) with (Em+1,---16n) = EMm41s-- -, Mn), €
beeing any strictly positive value such that f ranges in U(e), and the i ’s beeing chosen
as indicated in Proposition 2.

2. the function w € C((—m,m)"~2; R"~2) defined by

1 .
wif) = —=10:“"V0:;  (i=3,....n) (26)

RR n® 4712



12 Morin & Samson

3. the function V € C*((—m,7)"%;R) defined by

V(9) 2 an—3/2|0i|n+27i with  Vipax = __rgin {ni—3/27rn+2fi}

1
=3

Remark 2 The solution to Problem 1 given in Theorem 1 applies also to a unicycle-like
mobile robot without having to transform its kinematic equations into the chain form —the
only restriction is that ¢ must be smaller than some finite upper bound ¢y > 0 whatever
U(e) whereas, in the case of chained system, ¢g = +00. One only has to check that the
proof of Theorem 1 works as well in this case with n = 3, G = R? x S!, g = (2,9, a), and
the system’s control v.f. defined by

Xi(g) = (cosa,sine,0)",  X5(g) = (0,0,1)’ (27)

These v.f. are left-invariant w.r.t. the group operation

9192 = (gygi )+R(a1)< ZZ )

a1 + a2

with g; = (%i, i, ;) and R(aq) the rotation matrix of angle a;. Also, Lie(X;, X2) = g and
{X1,X2, X5 = [X1,X2]} constitutes a graded basis of g with weight vector (r1 = 1,79 =
17 r3 = 2)

Let us comment on the rate of convergence provided by a feedback control derived
according to Proposition 1 and Theorem 1, when P = 0. This will be the starting point of
a more general discussion about what the t.f. approach can offer in comparison with other
control design methods, its limitations and assets. Assuming that the v.f. Z used in the
expression of (u,v) is chosen so as stabilize the origin of 2 = Z(z) exponentially, the rate of
convergence of g(t) to e coincides with the slower rate of convergence of 6(t) to zero on the
zero-dynamics. This latter rate is itself given by the rate of convergence of V(6(t)) to zero,
and thus related to the lowerbound W of |V| as pointed out in (18). In the proof of Theorem
1, W(8) is proportional to |[#|"*1 while k|0|"1 < V(0) < k2|0|? in the neighborhood of
6 = 0. One deduces that V(0(t)) tends to zero at least as quickly as t~#=1. In fact, a
complementary analysis would show that V(6(t)) cannot tend to zero faster. Therefore

|6(t)| tends to zero like tiﬁ, and so does |g(t)| towards e. This polynomial rate of
convergence is similar to the one which can be obtained by applying a smooth time-periodic
stabilizer to S(g). Therefore, one can conclude that, as far as asymptotic stabilization is
concerned, no clear advantage results from designing a stabilizer with the t.f. approach. In
the authors’ opinion this conclusion is correct, but it conveys only a partial picture of the
properties granted by the approach. Indeed, the primary feature of such a controller, which
has motivated the development of the t.f. approach in the first place, is the capacity of
ensuring practical stabilization, with easily tunable arbitrary small ultimate bound of the
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Practical and asymptotic stabilization of chained systems 13

state error, independently of the “perturbation” P acting on the system. As shown in [4],
this allows for example to track any trajectory in the state space (it does not have to be a
solution to the system’s equations) with arbitrary good precision, in the sense that tracking
errors are ultimately bounded by a pre-specified (non-zero, but otherwise as small as desired)
threshold. To our knowledge, no other controller proposed so far in the literature has this
capacity. Our motivation, for the present paper, was to show that such a controller can also
be endowed with the extra property of ensuring asymptotic point-stabilization, when such
a feature is desirable. This is achieved via the concept of a generalized t.f. depending upon
two sets of variables whose time-derivatives are used as extra control inputs. Transversality
is maintained with respect to the first set 6, while the second set 3 is used to enforce some
type of “phase-tuning” which allows to reduce the size of the t.f. when the perturbation P
vanishes.

4 Simulation results

The control law proposed in the previous section has been tested by simulation on a four-
dimensional chained system. The following parameters for the definition of the transverse
function have been used: ¢ = 0.2, n3 = 1;n4 = 8. The v.f. Z(z) in (12) has been chosen
as Z(z) = —0.3z. Finally the Ky -function &k in (19) has been defined by k(s) = 10Vimaxs
with V,ax defined according to Theorem 1. The initial condition for the simulation was
z(0) = (0,0,0,10), and o(0) = 0. Figure 1 displays the state variables versus time. As
discussed in the previous section, the convergence rate to zero is slow. For comparison,
Figure 2 displays the same variables when no attempt is made to achieve convergence to zero,
i.e. with w =0 and 8 = 0 in the control law defined by (12). In this case 6(t) exponentially
converges to some O, € T"™ ™, and z(t) exponentially converges to f(fm,0). Note that
the solution to Problem 1 given by Theorem 1 is only one of its kind and that much room
is left for improving the proposed stabilization method.

5 Proofs

The following notation is used in the proofs. With v denoting a smooth function of the
variables x and y —possibly vector-valued—, we write v = o(z¥) (resp. v = O(z*)) if
% — 0 as |z| — 0 (resp. if % < K < oo in some neighborhood of z = 0)
uniformly w.r.t. y belonging to compact set. Finally, for indexed variables z; with i =
k,...,n we define the set of indexed vectors {Zp}pek,...,.n} by setting Z, = (x,..., 7).

5.1 Proof of Proposition 1

Let us first recall, as shown in Section 2.2, that the control (u,v)(g,0,t) defined by (12)
yields
2=2Z(z) (28)
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Practical and asymptotic stabilization of chained systems 15

with z = fg~! and Z chosen so as to ensure asymptotic stability of e for the above system.
Now, the projection of both members of the equality (12) onto (span{Xy,..., X, })* yields
the following equality —compare with (15)—

n

6 =—A" (0)B(o)w+ AN o) D (di(f),dl(9)P(g,t) + dry(2)Z(2))e; (29)

1=m+1

where we have used the same notation as in Section 2.2. Using the fact that z = fg~!, we

rewrite this equation as

n

6=-A"(0)Blo)w+A (o) Y (di(f),dl.(z )Pz f,) + dro-15(2)Z(2))e: (30)

1=m+1

Since w(#), as defined by (19), tends to infinity when V' (6) tends to Vinax, boundedness of w
along a trajectory of the closed-loop system is ensured provided that 6(0) is chosen so that
V(0(0)) < Viax and

V(8(0)) < Vinax = 36 > 0:¥t, V(0(t)) < Vinax — 6 (31)

To show that the above proposition is true, we proceed by contradiction. Assume that (31)

is not true for some trajectory, then there exists a sequence 6, = 0(t,))nen such that
V(0n) — Vinax and V(6,,) > 0 (32)

On the other hand, by differentiating V' along this trajectory and by using (18), (19), and
(30), we obtain

%—Z(G)A_l(a) Do A dL(zT )P )+ dr-ap(2) Z(2))es (33)

i=m+1

In view of (32), this implies that

n

1 oV -

m)W(Gn) < 2 (0)ATH o) D (di(f), dl (27 )P fo ) =dra-a 5 (2) Z(2) e

K ST .
=m+1

As n tends to infinity, the term on the left-hand side tends to infinity because V (6,,) tends
t0 Vimax > 0, whereas the term on the right hand-side is bounded because, i) by assumption
% is bounded on U(0) D V=([0, Viax)), ii) 2, and subsequently z~!, are bounded due to
the asymptotic stability of e for the system (28), and iii) P(z~! f,t) is bounded because P is
continuous and P(g,t) tends, by assumption, to zero as t tends to infinity uniformly w.r.t g
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16 Morin & Samson

in compact sets. The resulting contradiction implies that (31) is true. This in turn implies
that the control law is well defined and bounded along any trajectory of the closed-loop
system and that the trajectories are complete.

From here the asymptotic stability of (g,0) = (e,0) when P = 0, and the convergence of
(g,0)(t) to (e,0) when P tends to zero, follow immediately from the asymptotic stability of
e for the system (28), and from (33).

5.2 Proof of Proposition 2

We proceed in three steps summarized in the form of three lemmas which are proved in the
appendix. The first two lemmas also point out specific properties of the partial derivative
of f(0,3) with respect to 3 that are used in the proof of Theorem 1. For j = m + 1, the

. _ A .
convention O(¢;_1) = 0 is used in Lemma 2.

Lemma 1 There exist analytic functions v; ; and w; ; (i € {1,...,n}, j€ {m+1,...,n})
such that:

af] Z vi,j(05)Xi(fi(o5)) af] Z w;,j(07) Xi(fi(05)) (34)

with
O(e}") Vi
viy = .o(sj’) ifi<j&r;=r; (35)
&; Py e
7+0(sj) ifi=jy
and
O(e7H)0(0; Vi
woo{ 000 v "
g;’ (1 —cost;) +o(e; )o(67) ifi=j

Lemma 2 There exist analytic functions a;; and b;; (1 € {1,...,n}, j € {m+1,...,n})
such that

= S0 @OXf@), 51(0) = Y bis@) Xl ) (1)
i=1 J i=1
with
0() vi
ai={ 0(z—1)0(E ) +o(eF)  ifi<j&ri=r; (38)
%‘ +0(5-1)0E7 ) +o(E) ifi=j
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Practical and asymptotic stabilization of chained systems 17

and

0(z7)0(8;) Vi

J

big = { e;’ (1 —cosb;) + O(g;-1)0(s 771)0(8;)0(8;-1) + o(ej')o(63) ifi=

J

(39)

The second lemma would be a direct consequence of Lemma 1 if the partial derivative of f
and f; with respect to 8; and 3; were equal. Note also that, if all O and o terms in the above
expressions were equal to zero, then the transversality property would follow from (37-38)
and from the fact that {X;,...,X,} is a basis of g. Although this is not the case, one can
show that these terms can be neglected provided that the ¢;’s are adequately chosen.

Lemma 3 There exist n — m numbers Nm41, - - .,Mn, and g9 > 0 such that choosing
(Emt1y--+16n) = E(Mmals---s7n)
with € € (0,e9] yields
Vo e TP x T ™, DetA(o) #0 (A(o) = (ai;(0))ij=m+1,..,n) (40)

5.3 Proof of Theorem 1

The proof relies on the following lemma, proved in the appendix, which points out comple-
mentary properties of the functions a; ; and b; ; in Lemma 2 in the case of chained systems.

Lemma 4 In the case of chained systems, the functions a,; and b;; (i = 1,...,n, j =
3,...,n) are homogeneous polynomials of degree r; in €3, ..., ;. Furthermore,
aij = O(g;i*’f‘j)’ by, = O(é}nax<1,ri77ﬁ+2)) (41)
Let A A
Ap(0) = (ai,(0))ij=s,..p»  Bp(o) = (bij(0))i=3,....0 (42)

We note that A,, = A and B,, = B, with A and B defined by (16). We also remark that
A, and B, only depend on 5, = (03,...,0p), and &, —this is easily verified from (85). The
dependence w.r.t the latter vector of parameters is omitted in the notation of these matrices
for the sake of lightening the notation.

Theorem 1 is obtained as a particular case, corresponding to p = n, of the following
proposition.

Proposition 3 For any p = 3,...,n, there exists a set of positive numbers {ns,...,np}
such that setting (es,...,ep) =e(s,...,np) with € > 0 implies that

i) the matriz Ay(o) is invertible for any o, and

Vi,j=3,....,p, (4,7 (0))i;=0("") (43)

RR n® 4712



18 Morin & Samson

i1) the origin of

0, = — A, (0)By(0)w, (44)
is locally asymptotically stable, and along the trajectories of (44),
Vp(05) < Voymae = Vp(0p) < —apf|" ™' (a > 0) (45)
with .
VoBo) £ 30 P Vomes = min {7 (46)
i—3 1=9,..,P

The proof of the proposition proceeds by induction. For p = 3, it follows from (25) and
Lemmas 2 and 4 that
5g3 Eg T 2
ass(o) = EERER b3 3(0) = e5*(1 —cosf3) = e5(1 — cosB3) (47)
Therefore, a3 3(o) > 0 for any e3 > 0, and Property i) is satisfied.

From their definitions, w; and V; are of class C! on U 2 V5 1[0, Va,max)) = T'\ {7}, and
V3 has a bounded first-order derivative on this set. Let n3 = 1. From (26) and (47), we can
rewrite (44) as

63 = —a;é(a) (e53(1 — cosb3)) B3 = —2(1 — cos 3)fs (48)
From (46), one easily verifies that, along the trajectories of (48),
O3 # 1 = Va(63) = —2(n — 1)(1 — cos 3)|63|" " (49)
We deduce from (49) that
03 #m = V3(03) < —asl63]"t (a3 > 0)

This concludes the proof of Proposition 3 for p = 3.

Let us now assume that i) and ii) hold true up to some p < n, with &, = 7,, and
show that they are also true for p + 1, with &,41 = 7p41. Then i) and ii) are still true
when £,11 = efjpq1 with € > 0, thanks to the homogeneity properties of the a;;’s and
b; ;’s —see Lemma 4. Indeed, when 7,4 is multiplied by ¢, then A, and B,41 are just
pre-multiplied by the diagonal matrix Diag(e™,...,e"+1), thus leaving the equation (44)
and the subsequent analysis unchanged.

From (42), Ap+1 and Bpyq can be written as

A a B b

— P *,p+1 _ P *,p+1

Ap+1 = ( N Bp+1 = b b (50)
Ap+1,%  Qp41,p+1 p+1,%  Up+i,p+1

Let us recall (see e.g. [8, Ch. 2]) that if A;; and Ass are square matrices with A;; nonsin-

gular, the matrix
Ay Ags
A=
<A21 Az
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Practical and asymptotic stabilization of chained systems 19

is invertible if and only if the Schur complement of A;; in A: S El Aoy — AglAﬁlAlg is
invertible. Then

A= (Al_ll " Al_llAuS_lAQlAl_ll _A1_11A12S_1) (51)

_571A21A;11 §-1

From (50), the Schur complement of A, in Apy1 is S = @py1,pr1 — Apy1,+4, s py1 and, in
view of (25) and Lemmas 2 and 4,

eP
§= L2+ ¢ (epn) (52)

with ¢?(ep41) a polynomial of degree p—1 in £,41 —note that the term a,41,+A,  ay ps1
depends on €41 only through ay p4+1. This implies that .S, and thus A, are invertible for
ep+1 large enough. In order to prove i), there remains to show that (43) holds true for p+ 1.
Since (43) is true for p, this follows directly from the fact that for any p=3,...,n — 1 and

€3,...,Ep+1 such that A, and A, are invertible,
ATt 0 Ri1 R ATt 0
-1 _ (4p 11 L2 P
= (7 )+ (e Ry (% L) +r (5)

|Rij| < C€;i1|gp+1|”7” fori<p
|Rij| < 05;f1|§p+1|”_” fori=p+1

1>

with

Epy1 2 1= { (54)

for some constant C. (53) is just a rewriting of (51) with

— qg—14—-1 —1
Rll =S Ap a*;P+1aP+1,*Ap
Ris = —SilAgla*’p+1

— -1 -1
Ry =-8 ap+1,*z4p

and from here, (54) is easily obtained from Lemma 4, (43), and (52), using the fact that
neither A, nor a,+1,» depend on €,41, and the fact that each a; ; satisfies

T

|ai ;| < C|Z;

0;|m (55)

for some constant C since, by Lemma 4, a; ; is a polynomial in e3,...,¢; of degree r; and
satisfies (41). Note that a relation similar to (55) holds for b, ;, i.e.
T

bi| < Ol 7| et i+ (56)

This relation will be used later on.
Let us now examine the case of ii). Throughout the rest of the proof, we assume that
ep+1 > 1. From (50) and (53)

A-1B,w
A_l B +]_U_) +1 = P PP +F2 (57)
T 8™ bpt1,p41Wp1
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20 Morin & Samson

with S
b w
— _ p Ux,p+1Wp+1
F, RBP+1wP+1 + ( S_lbp—l—l,*wp ) (58)
From (39) and Lemma 4, it is not difficult to deduce that
bpt1,p+1 = €py1(l —cosbpi1) + Re (59)
with -
|Rol < Cepiilfpra (60)

for some constant C' —recall that 5,41 > 1. From (57) and (59), System (44) for p+ 1 can
be written as

i —AS'Byw, _ ( 0 ) _om
P =5 1el (1 = cosbpr1)wptt S Rywpy1 2 (61)
N ., —_—
Fy F

We claim that the Lie derivative —denoted here as Fo(V,41)— of V41 along Fyy defined by
(61) satisfies

n |n 1/2 n
Fy(Vp1) < —apl, ™" = a1 0™ (ap, 0 > 0) (62)

Indeed, by (46), Voq1 = Vo + 65;}/2|0p+1|"’?’+1 —recall that £,41 = 7jp+1— and it follows
from (61) that

Fo(Vpi1) = =4, By (V) — (n — p+ 1)S 272 (1 = cos b1 wpe1 65577 (63)
with the notation z{™} = |2|»~1z, also used in subsequent relations. From (45),
_A;IBP“_)p(Vp) = Vp < _O‘p|ép|n+1 (64)

and, proceeding as for ag s , it is simple to verify, by using (26), (52), and the fact that
Ep+1 = Mp41 >1, that

—(n—p+1)S7 e P (1 = cos by )wp 017 < —engAl0pa T (65)

Then, (62) follows from (63), (64), and (65).
From (26), (52), (60) and (61), it is straightforward to verify —using again the condition

€pt+1 > 1— that
—1/2/4 n n
|FL (V)| < aaep {2100 + aalpi " (66)
Finally, we claim that

o - n |n n
Ba(Vo)| < (2 + s 112) 18" + alfpa |+ (67)
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Indeed, from (50), (53), and (58),

7y = ((BuBp + Rizbps1,)@p + (Rurbs i1 + Rizbpr,pr1)Wpis + Ay b pratpia
Ro1 By, + Ro1bspi1Wpt1 + S7 0pi1,40p

Using (25), (26), (43), (54), (55), and (56), it is tedious but not difficult to show that

I(Fo)il < Cepfy|0pial’ + Cllpya | PH0ppa [Pt fori=3,...,p (6®)
[(Fo)py1l < Cepfy|0pra Pt
We infer from (46) and (68) that
|F2(Vy)| < asepiy|Opsa | + a6lfpra |72 (0p 41|77 (69)
Using Young’s inequality one can obtain
S 1 Qs n
s |41 "2 (0p 1 [P < HOp [+ ar|p [T
O 5 |n+1 n+1 (70)
< S 10" + aglfpa|
for other constants ay,ag. We deduce from (69) and (70) that
Qp —1) 5 |ntl ntl
B(V,)] < (B +assy s ) 0,1+ + arolfpa] (71)
We also deduce from (68) that
[Fa(Vosr = V)| < aney {1y [+ (72)

and (67) then follows from (71), (72), and the condition e,y > 1.
Let us now use (62), (66), and (67) to determine an upperbound for V,;1. We obtain:

Vor1 = Fo(Vpy1) — Fi(Vpg1) — Fa(Vpy1)
a 1o\ - .
< - (7" - 01125;42) |6+ — (0‘15;421 - 0613) 10 p "1
Since by (62), o, and « are strictly positive, for e,41 large enough,
Vor1 < —apy1l0pr1 ™™t (apr > 0)

This concludes the proofs of Proposition 3 and Theorem 1.
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Appendix: proofs of Lemmas 1-4

The proofs of these lemmas rely on the following two properties.

Claim 1 Let Y and Z denote two time-dependent left-invariant v.f. on G, and o, T
solutions of ¢ = Y(o,t) and 7 = Z(7,t) respectively. Then v £ o7 is a solution of
v=Ad(r7Y) Y (v,t) + Z(v,t).

This is well known and simple to verify.

Claim 2 Let X;,...,X,, denote a graded basis of the Lie algebra g of o Lie group G. Let
Ap,ge{l,....,n}, ap €R, and s € N. Then, there exist analytic functions g1,...,gn such
that, for any ax, o, € R,

o

1 n
Z =(ad’(ar X» + @, X,), Xg) = ng(ax,ap)Xk
j=s k=1

%

Furthermore, if ax,a, are analytic function of x and y such that ay = O(z™) and o, =
O(a™), then gr(ax,a,) is an analytic function of x and y and

gk(OéA,Olp) — O(xmax{s min{r)\,r,,},rkfrq})

The proof can be viewed as a direct adaptation of [7, Section 2]. See also [4] where a similar
result is proved.

Proof of Lemma 1
In order to simplify the notation, let
X,\IX)\(J-), XP:XP(J')7 ax =050, Op = Qjp (73)

With this notation, it follows from (21) that f; = exp(a;X;)exp(a Xy + a,X,). From
Claim 1,

dfj = d(exp(aAX)\ + apo))(fj) + dOéjAd(eXp( arXy — 04p )) (f]) (74)

Using the fact (see e.g. [1]) that Ad(expY)Z = (expadY, Z), and

|Il>

SR =

k:O

& exp(X +57) 1m0 = (9(adX), ¥)(exp X),
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we infer from (74) that

dfj = (dp(ad(arXx + a, X)), dar X + dop X, )(f;) + daj(exp ad(—an Xy — X)), X;)(f;)
= dax X, (f;) + da, X, (f;) — 3lonXn + @, X, don X + da, X,)(f5)

o 4Nk
+ kzﬁ (I(c +1)1)! (ad*(ar X» + a,X,),dax Xy + da, X,)(f;)

+dOéij(fj)+dajZ%(ad (—an X —a,X,), X;)(f5)
k=1""

(75)
Since X; = [X, X,] —by Definition 3—, it comes from (75) that
dfi = daxX(f;) + da, X, (f;) + (daj — 3(arda, — apdan)) X;(f;)
Handa, —aydon) 3 T (adt (00X +0,X,), X))
arda, — a,da a a
S T ’ (76)
— 1
+day Y i (ad* (s X — 4, X,), X,)(f)
k=1
Tt follows from (22) that
ay, day = O(});  a,, da, = 0(e}");  aj, daj = O(}) (77)
Therefore, by application of Claim 2 —with ¢ =¢; and y = 0;,—,
oo k+1 n
; k+2 (ad® (an X + @, X,), X;)(f5) = ;gk(am%)Xk(fj) (78)
for some analytic functions ¢1, ..., g, which verify:
glar, a,) = O(g}tla.x{ly’r‘kfrj}) (79)
Similarly, by applying Claim 2 again,
[ e} 1 n
> a@d (manXy =, X,), X;)(f;) = > hi(ax,a,)Xi (80)
k=1 k=1
with )
hi(a, a,) = O™ 0777 (81)

RR n° 4712



24 Morin & Samson

From (76), (78), and (80), we get

df] = (dOz,\ “+ (a/\dap — OédeéA) gA(a)\,Oép) + da] hA(OéA7ap))XA(fj)
+ (dap + (axday, — apdan) gp(ax, ap) +daj hy(an, a,)) Xp(f5)

1
+ (daj - i(axdap —a,day) + (arda, — ayday) gj(ay, a,) + daj hj(ou,ap)> X;(f5)

+ Z ((arda, — apday) ge(on, a,) + daj hp(ax, a,)) Xik(f;)

kg{X\p,j}
(82)
From (22), it is simple to show that
1 e -
doj — §(a>\da,, —a,day) = %d@j +¢;’ (1 — cost;)dp; (83)
and 5 s 5
Je% a, o,
ay, —, a,, —, a; =0(0;); — =0 84
A 6,8] P aﬁj J ( ]) aﬂj ( )

If f is an analytic function of ¢ and € such that f = O(|e|?) and f = O(|6]9), then f =
O(Je|P)O(]6]4). Therefore, by using (77), (79), (81), (83), and (84), in (82), it is tedious but
simple to recover all relations in Lemma 1 —for the last relation of (36), note that g; and
h; are O(#;) because they are functions of ay and a, which vanish when a) = a, = 0.

Proof of Lemma 2

From Claim 1, and relations (20) and (34),

of
06,

af

= ;Uk,jAd(f;L-li—l e FXe(f) a3,

= Z wk,jAd(fn_z.l1.1 T f]:ll)Xk(f) (85)
k=1

From the fact that Ad(g;192) = Ad(g1)Ad(g2) and (21),

j—1
Ad(fh 7= [ Ad, ™
p=ml (86)

7j—1

= H Ad(exp(—ap,a X (p) — p,p X p(p))Ad(exp —a, X))

p=m+1

By application of Claim 2, for any p,q,k =1,...,n and (a,,a,) € R?

Ad(exp —apXp — g X)X = Xp + D b ((ap, 0g) X

=1
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for some analytic functions h . Moreover, if a, = O(e™7) and a, = O(c™) are analytic
functions, then h;’q(ap, ag) = O(em@*(Lmi=mk)) | This is used to infer from (77) and (86) that

A 70X = X+ YgieXe with gy = O ) (80

From (87),

n

ka,jAd(f;il "'fj_,ll)ch(f) = Z (Uz‘,j + ZW,;‘Q},k) Xi(f)
k=1 =1 k=1

and a similar expression holds when replacing v by w. Therefore, in view of (85), (37) holds

with

n
aij Svi+ Y vkigiy=A+B+C, A=Y w;gl,, B=vi;,C= Y w;g,
k=1 TE<Ti Tk >Ti
(88)
and

biy Swig+ Yy wig gl =D+E+F, D=3 wy;ghi, E=wi;, F= > we;g,
k=1 rE<T; TE>T;
(89)
Lemma, 2 follows from this decomposition. Let us first show how (38) is obtained. From
(35) and (87), A, B,and C in (88) are O(¢}’). This gives the first relation of (38).
For i < j and r; = r;, A vanishes at £;_1 = 0 because of (87), and in view of (35),
B =0(¢}") and C = O(£}*) = o(&}"). This gives the second relation of (38).
For ¢ = 3, the only difference with the previous case comes from the B term which, in
view of (35), is equal to &’ /2 + o(e}’). This gives the third relation of (38).
Let us now show how (39) is obtained. From (87),
95k = 0(6;-1) (90)
because, by (21) and (22),
0_j71 =0= fm+1 == f]‘,1 =€ == Ad(f;},’_l .- 'f]jl)Xk = Xk

The first relation of (39) is then simply obtained from (36), (87), (89), and (90).

For i = j, E in (89) accounts for the term s;j (1 — cosf;) —up to higher order terms— in
the second relation of (39), whereas D and F' account for the remaining term by inspection
of (36), (87), and (90).

Proof of Lemma 3

We refer to the proof of [4, Lemma 3|. More precisely, the property stated in Lemma 3
depends only on the properties of the functions a; ; in Lemma 2, and these properties have
been established in the proof of [4, Lemma 3].
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Proof of Lemma 4

Let us first show how Lemma 4 —relation (41), in particular— is obtained from the following
two claims.

Claim 3 For any 1,7,

Vi, = 6;i1~)i,j with 9; ; = O(@;iir]‘) (91)
wi; = E;iﬂji,j with @; ; = O(g}tlax(l,m—rﬁz))
where the functions ¥; ; and W; ; do not depend on the e ’s.
Claim 4 FEach function g;'-’k in (87) is a polynomial in e3,...,e;_1 homogeneous of degree
ri — . Furthermore,
i 0(6’_;-1_1”“) ifr; <rp <mr; (92)
9iok 0(9;1;17"]‘*_1) ifrp < T; < T4

By using this last claim, and from (88) and (89), it is straightforward to show that a; ; and

b;,; are polynomials homogeneous of degree r; in €3, ...,¢;. Then, by (91), E and F in (89)
are O(grjnax(l’ri_rﬁz)). As for the term D, it can be decomposed as
D=3 wejg5n+ D Whiln (93)
TE<T; TE=Ti

From (91) and (92), the first sum in (93) is a O(H;nax(l’r’r”H))0(0_?__1”“) if r; <ri <y
and a O(Gj)O(é;-i—l”H) if 1 < r; < r;. Therefore, in both cases, it is a O(@Pax(l’”_”H)).
As for the second sum in (93), it follows from (91) that it is a O(g;“ax(l’ri_rj+2)). This
proves (41) for the term b; ;. The proof for a, ; is similar and left as an exercise.
There remains to prove Claims 3 and 4.

In the case of a chained system, each element X; of the graded basis, for j = 3,...,n, is
equal to [X )y, X,(;)] with A(j) = 1 and p(j) = j — 1. Tt is also a constant v.f.. With the
notation used in the proof of Lemma 1 these two facts imply that

X1 ifj<n

(ad(axXx + @, X)), X;) = { 0 ifj=n

Relation (76) in Lemma 1 then becomes

dfj = dOL)\XA(fj) + da,,X,,(fj) -+ (da]‘ - %(a,\dap - apdoz,\)) Xj(fj)
(—an)®
k!

<

SIG S
+(axda, — apdan) maxXﬂk(fj) + dao;
k=1 .

Xjrr(£5)

£
I
-
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Claim 3 is easily obtained by identifying this equality with (34), and by using (22) and (25).
Let us now prove Claim 4 by showing how relation (92) is obtained. The first step involves

the evaluation of Ad(f, DXy, forpe {3,...,n—1} and k € {1,...,n}. We distinguish two

cases.

Case 1: k # 1. From the definition (24) of X,..., X, and (21),

Ad(fp_l)Xk = Ad(exp(—ap X1 — ap,p Xp_1))Ad(exp —ap X ) X

= Ad(exp(—ap X1 — appXp-1)) Xk
n—k

)
=Xk + Z %Xk+j (94)
=1 ’
n—k

=Xp+ Y el hitI Xy, with hht? = 0(69)

[y

where the last equality comes from (22) and (25), and hkﬂ is a function which does not
depend on ¢,. From (25), rpy; =1 +j for k> 1and 0 < j < n — k. Therefore, from (22)
and (94)
Ad(f )Xk = Xe+ ) epi™™h,  X; with b, = O(677™) (95)
i>k

By applying (95) recursively, it follows that, for any k # 1,

Ad(fi" -+ £ Xk = X+ ) g5 Xi with gf, = O(6;°7™) (96)
i>k
where each g;-,k is a polynomial homogeneous of degree r; — rj in €3,...,e;_1. This yields

(92) for r; <rp <7y, and also for 7, < r; <7; (and k # 1) after noticing that, in this case,
T; — Tk Zri—Tj+1-
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Case 2: £k = 1. We have

Ad(fp_l)Xl = Ad(exp(—ap X1 — o, Xp—1))Ad(exp —ap X)Xy
= Ad(exp(—ap X1 = ap,p Xp1)) (X1 + apXpia)
= X1+ apXpi1 + [—opa X1 — app Xpo1, X1 + apXpi1]

[e%) 1 B
+ Z y(adk 1(_ap,AX1 — ap,pXp-1), [ap X1 — app Xp1, X1 + apXpi1])
k=2

= X1+ apXpp1 — aprapXpta + 0y, Xp

oo 1 ~
+ Z E(adk H=apa Xt = ap,p Xp1), —ap 2 @p Xpia + 0 p X))
k=2

= X1+ opXpi1 — appapXpio + ap p Xp

o (—op)* ! o~ (—ap)* !
— QpAQp Z TX;IMMA + ap,p Z TXH/@A
k=2 ’ k=2 ’
(97)
It follows from (22) and (97) that
Ad(f; )X = X1+ ) el by X, with b, = O(65") (98)

i>1

and h; does not depend on ¢,. By applying (98) recursively, and by using (96), it follows
that,

Ad(f5 - 25X = X1 + ) gi, Xi with gl = 00777 ™) = 00777 ™)

j—1 j—1
>1

where each g},l is a polynomial homogeneous of degree r; —7; in €3, ...,£;_1. This concludes
the proof of Claim 4.
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