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g=hiT\jkJ3Yi`mldgonZprqrl

sm[WtGt-TWhuY*vGJ)huJ8XwEGJ3hwXwEGJxP-y�z|{~}W��L���NI�dhuQUJ3hmK\�B�W}�L��8�5t_[\VBJI`

�����I�3�~�G�W�W� � ��q�� � Q]vGv|JIP���QUJ3S]vG`�q�f/^_[~YiQRTBP_`w�)Q]`5[�tG^Ge_SRQ]X��BJ3b�X�hibdt|YuT/`cb|`cYuJIH�^�`cQUPGV ��H�^_S�YiQ��
�~[WhuQ][~YiJ8�*t-TWSUbdPGTWH�Q][\S�TWt-J3hw[~YiQRTBP_`mT~�BJ3h��_PGQRYuJ5�_JISUvG`I�)��Y)E_[W`�e-J3J3P tGhiTWt-TB`uJIv¡edb£¢/[WXIfB^_JI`�g�[\Yi[WhuQUP
¤ TBSRSUT~¥*QUPGV
YuEGJ¦Q]v|JI[B`)T ¤*§ [\Yi`u^GH�T\YuT£[WP_v �¨H¦[\Q©�<�¨P YuEGQ]`�t_[Wt�JIh�¥ªJ5t_huJ8`cJIPBY�[«P_J3¥¬[\P_v J�<X3QRJIPBY
[\YcYw[WXw�¦T ¤ YuE_QU`*X3hubdt|YiTB`ubd`cYuJIH®e_[W`uJIv�TWP ¤ [W`cYZ[\SUVWTBhuQRYuE_H�` ¤ TBh�X3TWH�tG^|YiQRP_V�MOhu¯BeGPGJ3h�e_[B`cQ]`I��D�E_J°[\Yc�
Yw[WXw��X3TWP_`uQ]`kYw`=`cQUH�tGSUb±QUP¦X�TWH�tG^GYuQUPGV�[�MOhi¯WeGPGJIh²e_[W`uQ]`²T ¤ YuEGJZtG^GeGSUQUXm�WJ3bB�²³ ¤ X�TB^Ghw`cJªYuE_JmJ�<X�QUJ3P�X�b
T ¤ YuE_QU`)[\YcYi[BXw�¡v|J3t-J3P_v_`)`kYihuTBPGVWSUb«TWP£YiEGJ¦XwEGTWQ]X�J±T ¤ YiEGJ¦[\SUVWTBhuQRYuEGH ¤ TBh°X3TWH�tG^|YiQRP_V�YiEGJ<MOhu¯BeGPGJ3h
e�[W`uQU`I´=¥*EGQUSRJ°YiEGJ�X3TWhihuJ8`ct-TWP_vGQRPGV�[\SUVWJIeGhw[\Q]XO`ub|`kYiJ3H¦`m[WhuJ)X�TBH�tGSRJ3YuJISRb ¤ [\hme-J3bBTWP_v�YuE_J�X3[Wt_[WX3Q�Ykb<T ¤
[WPdb�QUH5t_SRJIH5JIP/Yi[~YiQRTBP¦T ¤ YuEGJ�µr^�XwE/e-J3hiVWJIh=[\SUVWTBhuQRYuEGH«¶BQ�Y�¥�[W`=¥ª[B`�t�T/`u`uQRe_SRJ*YiT�eGhiJI[W�)YuEGJm�_hi`cY � ��q
XwE�[\SUSRJIPGVWJZ�9�W�ZeGQ�Yw`i�·QUP�TWP_SRbOYk¥ªTZvG[¸b|`·T ¤ prg�¹ºYuQUH5Jªedb)^_`uQRPGVZYuEGJrPGJ3¥�[\SUVWTWhiQRYuEGH»�²¼*QUH5t_SRJIH5JIP/YuJIv
QUP£p��|½�J)J8`kYw[\eGSUQU`uE
J�¾|t�JIhuQUH�J3P/Yi[WSRSUb�YuE�[~Y�YuEGJ�[WSRVBJ3eGhw[\Q]XZ`ub|`kYiJ3H¦`*X�TBH�QRPGV ¤ hiTWH � ��q e-J3E_[¸�BJ±¿AÀ~Á
Â~Ã�Ä hi[WP_v|TBHÅ`cb|`cYuJIH�`kÆ�`uT
YuE_[\Y)YuEGJIb�XI[\PÇe�J<`uTWSU�WJ8vÈQUP�ÉGÀ\ÊÌË~¿-À\Í±Î Â ÊrÁ©ÎÏÍ¦Ð°¥*EGJ3P YiEGJ<v|J3VBhuJIJ¦v�T ¤
YiEGJ¦^GPGQU�~[\hiQU[\YuJ�t-TWSUb/P_TWH�QU[WS²QU`)�G¾|JIvo���_TWh)tGhw[WX�YuQ]X3[WS²�¸[WSR^_J5T ¤ v ¥ªJ<X3[WP�J8`kYw[\eGSUQU`uEÇtGhiJIX�Q]`uJ3SUb¡YuEGJ
X3TWH�tGSUJ�¾|QRYkb<T ¤ YuEGQ]`m[~YuYi[BXw�-´=Ñ�ÒÔÓaÕ8Ö°�ÔhuJ8`cta�=Ñ�ÒÔÓ�×¨Ø~Öc��¥*E_J3P �IÙGÚmvaÚ)�8K\����hiJI`uta���8KW�GÚmvoÚZ¼G�I}B���
Û¡Ü/ÝAÞiß�à �~á��W��� Q]vGv|JIP���QRJISUv<q�f/^_[~YiQRTBP_`�� � ��qr��¶ § ^GS�YiQR�~[WhuQ][~YiJmt�TBSRbdPGTBH�QU[WS�J8fB^�[~YuQUTWP�`3¶dMOhu¯BeGPGJ3h
e�[W`uJI`I¶dnZSRVBJ3eGhw[\Q]X�prhubdt|Yw[\P_[WSRb|`uQU`I¶_prTWH�tG^|YiJ3hmnZSRVBJ3eGhw[G�
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	 ���� 	 � � ��q � � QUv_v|J3P ��QUJ3S]vG`Zq�f/^_[~YiQRTBP_`i�*JI`cY�^GP£X3hubdt|YiTB`ubd`cYuFIH�J��<X�SUN�tG^Ge_SRQ]f/^GJ�e_[B`cN�`u^Gh
SUJI`�t-TWSUbdP��WH�J8`
�ÔH�^GSRYuQU�~[\hiQRN8`i�5vG[WP_`5SRJ8`¦X�TBhut_`±�_P_Q9� � ��q®[ N�YuN«tGhiTWt-TB`uN
t_[\h¦¢/[WX3f/^GJ8`5g�[\Yi[WhuQUP
JIP�`u^GQU�¸[WP/YOSUJI`OQ]v|N3J8`)v|J § [~Yi`u^GH�T\YiT�J3YO�¨H¦[WQ9���O[\P�`OX3J�Y�[\huYuQ]X�SUJ�P_TW^_`OtGhiNI`uJ3P/YuTBP_`�^GPGJ�PGTW^_�WJ3SUSUJ
[\YcYw[Wf/^GJ�YuhiFI`5J�<X3[BX�J�e_[W`uN3J«`c^_h5SUJI`5PGTB^G�WJ8[\^|¾ [WSRVBTWhiQ�YiEGH�JI`5v|J¡X3[\S]X�^_S�vGJI`5e_[W`uJI`5v|J£MOhi¯WeGPGJIhI�
��� [\YcYw[Wf/^GJ�X�TBP_`uQU`cYuJ�`uQRH�tGSUJ3H�JIPBY��¦X3[WSUX3^GSRJIhm^GPGJ�e_[W`uJ�v|J±MOhi¯We_PGJ3hZvGJ�SU[¦X3SRN�tG^GeGSUQUf/^GJB�mµªQRJIP«`u^Gh
S�� J�<X3[BX�QRYuN�v|J�X3J�YuYuJ�[~YuYi[BfB^_J�v|N3t-J3P_v ¤ TBhcYiJ3H�J3P/Y�vG^£XwEGTWQR¾�v|J�S�� [\SUVWTWhiQRYuEGH�J°^|YuQUSUQU`uN�t-TW^GhZXI[\S]X�^GSUJ3h
S][�e_[W`uJªvGJ*MOhi¯We_PGJ3h8´·[\SUTWhw`�fB^_JrSUJI`²`ub|`kYiF3H�JI`�[\SUVWNIeGhiQUf/^GJ8`·tGhiT~�WJIP_[\P/Y�vGJ � ��qÇ`uTWP/Y²X�TBH5t_SRF3YuJ3H�JIPBY
QUP_[BX3X�J8`u`uQUeGSRJ8`m[\^G¾�H�J3QUSRSUJ3^_huJ8`*QRH�tGS][\P/Yw[~YuQUTWP�`Zv|J�S�� [\SUVWTWhiQRYuEGH�J�v|J�µª^_XwEde-J3hiVWJIhI¶|QUS·J8`kYZt-TB`i`uQReGSUJ�v|J
hiNI`uTW^�v|huJ
SUJ
t_huJIH5QUJ3h<XwE�[\SUSRJIPGVWJ � ��q �Ô�B� eGQ�Yw`i�5JIP$`uJ3^_SRJIH5JIP/Y�v|J3^|¾ÈjkTW^Ghw`¦v|J«YuJIH�t_`�prg�¹�JIP
^GYuQUSRQ]`u[WP/Y�SUJ°PGTW^_�WJ3So[WSRVBTWhiQ�YiEGH�JO�²¼
��QUH�tGSU[WP/YuN°J3P£p�� ���ZTW^_`�N3Yi[WeGSRQ]`i`cTBP_`ªJ�¾|t�NIhuQUH�J3P/Yi[WSRJIH�J3P/Y�f/^GJ
SUJI`�`ub|`kYiF3H�JI`ª[\SUVWNIeGhuQ]f/^GJI`rQ]`u`u^_`ªv|J � ��q ¿AÐª`cJ°X�TBH5t-TWhuYuJmÉ Â~Ã X�TBH�H5J°v|J8`ª`ub|`kYiF3H�JI` Â Ê�� Â Á�À\Î��uÐ Ã J�Y
f/^�� QUSU`)t-J3^_�WJ3P/Y� 3YuhiJ¦huN8`cTBSR^ J3PÇYiJ3H�t_`�t�TBSRbdP��BH5Q][\S²SUTWhw`ifB^_J¦SRJ<v|JIVWhiN"!£v|^�t-TWSUbdP��WH�J<`uJIX�hiJ�Y�J8`kY
�_¾dN�g=SR^�`mJ�¾G[BX YuJIH�J3P/YI¶�J�Y�t-TW^_hZSUJI`*�~[\SUJ3^_hi`�[Wv|H�Q]`u`uQRe_SRJ8`mv|J�vo¶-TWP¡H�TBPBYihuJ�f/^GJ�SU[<X3TWH�tGSUJ�¾|QRYuN�v|J
S�� [~YcYw[Wf/^GJ°JI`cY)´�Ñ�Ò�Ó Õ Ö°��hiJI`uta��Ñ�Ò�Ó ×kØ Öc��f/^_[\P�vÈ�8ÙGÚmvoÚ)�¸K\���ÔhuJ8`ct·�ª�¸K\�_ÚmvoÚZ¼|�8}B� �
# à �8� Þ �%$ 	 ��� g�TBSRbdP��BH�JI`OH�^GSRYuQU�~[\hiQRN8`3¶aµ�[B`cJ8`OvGJ¦MOhi¯We_PGJ3h8¶�prhubdt|Yw[\P_[WSRb|`uJ±[WSRVBN3eGhiQUf/^GJB¶·pª[\S]X�^GS
�_TWhiH�J3S©�
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D�E_JÈ`cJ8X�^GhiQRYkbºT ¤ H¦[WP/b�tG^GeGSUQ]X£�WJIb�X3hubdt|YiTB`ubd`cYuJIH¦`¦huJISRQUJI`�TWP YiEGJ£QUPBYihi[BX Yw[\eGQUSRQRYkbºT ¤ `cTBH�J¡¥rJISRS
�dPGT~¥*P�H¦[~YuE_J3H¦[~YiQUXI[\SotGhiTWeGSUJ3H �ÔQRP/YiJ3VWJIh ¤ [WX�YuTWhiQ��I[~YiQRTBPa¶A�3�I�i� ��l|QRP_X3J)`cTBSR�dQUPGV5`ub|`kYiJ3H T ¤ [WSRVBJ3eGhw[\Q]X
J8f/^_[~YiQRTBP_`ªQU`*[�v|QR<X�^GSRY*tGhuTBeGSUJ3HÅ� �mg²�¨X�TBH5t_SRJ3YuJ8��¶GQRYmQU`*[±VWTdT|v�XI[\P_vGQUvG[\YuJ ¤ TWh�YiEGJ)v|JI`uQRVBP�T ¤ PGJI¥
t_^GeGSUQUX5�WJIb£J3P�X�hib/tGYuQUTWP�[WP_v `cQUVWP_[\Yu^GhiJ�`uXwEGJIH�JI`I� � ��q®� � QUv_v|J3P���QRJISUv_`°q�f/^_[~YiQRTBP_`i��Q]`)[
tG^GeGSUQUX
�BJ3b«X�hibdt|YuT/`cb|`cYuJ3H ^_`uQRPGV���H�^_S�YiQR�~[\hiQ][~YuJ¸�*t-TWSUbdPGTWH�Q][\S·TBt�JIhi[\YuQUTWP_`mT~�WJ3hm�_PGQRYuJ���J3S]vG`3�Z��Y�E_[B`Ze-J3JIP
t_huTBt�T/`cJ8v�edb�¢B[BX3f/^GJI`�g²[\Yi[\hiQUP�� g²[~Yw�WÙWe�� ¤ TWSUSUT~¥*QRPGVOYiEGJmQ]v|JI[B`=T ¤o§ [\Yi`u^GH�T\YuT±[\P_v5�¨H¦[\Q�� § �k�B��������Y
E�[W`=SUTWP_V�e-J3J3P�huJIVB[\hwv|J8v5[B`�[��WJ3hib5tGhuTBH�QU`uQRP_V�X�hibdt|YuT/`cb|`cYuJ3H�e-JIX3[W^_`uJmQ�Y*X3[WP¦e�JO^_`uJIv�YiT�tGhiT|v|^_X�J
`uQUVWP_[\Yu^GhiJI`�[W`*`uEGTBhcYm[W`°�¸K\�_¶-�8�W�5[\P_v�J3�BJ3P«�W�5eGQRYi`I�
�¨P�� ��lG�W���Z[�t�TBSRbdPGTBH�QU[WS�YuQUH5J¡[\YcYi[BXw��TWP � ��q¬¥ª[B`±t_huJ8`cJIPBYiJIv��ªYiEGQU`�H�J3YuEGT|v�QU`�e_[B`cJ8v TBP

Ä hiJ3SUQRPGJ8[\hiQ��8[~YiQRTBPdÆOYiJIXwEGP_QUf/^GJ8`3�±�¨P��ÌprTW^_�_����YuEGJ¦X�TBH�tGSRJ3¾|Q�Ykb¡T ¤ YuEGQ]`)[~YuYi[BXw�
¥�[W`OJ8`kYiQRH¦[~YiJIv£YuT«e�J
[\YªS][W`cY�Ó� !#"�$&%O¥*EGJ3hiJ !5Q]`ªYuEGJ°v|JIVWhiJ3JOT ¤ YiEGJ¦�Ô`uJIX�hiJ�Y �=^_PGQR�~[WhuQ][~YiJ�t-TWSUbdPGTWH�Q][\S-T ¤ � ��qm�GD�EGJ)`u[WH�J
[\YcYw[WXw�5¥ª[B`=QUH5t_huT~�BJIv5edb<prTB^GhuYuTWQ]`'� prTB^_�G�#�-YuT�TBe|Yi[WQRP<[�YuEGJITWhiJ�YiQUXI[\S�X3TWH�tGSUJ�¾|QRYkb±T ¤ Ó)(* !#" $ %,+�-/.]×�0i��¨P YuE_QU`°t_[Wt�JIh)¥rJ5tGhiJI`uJ3P/Y�[
PGJ3¥�[\P_v�J�<X�QUJ3P/Y�[~YuYi[BXw�¡T ¤ YiEGQ]`�X�hibdt|YuT/`cb|`cYuJ3H e�[W`uJIv£TBP ¤ [B`kY
[WSRVBTWhiQ�YiEGH¦` ¤ TWhªX�TWH�tG^GYuQUPGV±MOhi¯WeGPGJIh=e_[B`cQ]`1� µª^_X3Ù/¼/¶/µª^_X¸{~�|¶/µr^�X8{~�2�©�²D�EGJmt_^GeGSUQUX*�BJ3b5T ¤ � ��q Q]`�[
SUQ]`kYªT ¤ [\SUVWJIeGhw[\Q]X*JIf/^_[\YuQUTWP_`I¶B[WP_v<`uQRP_X3JOMOhi¯WeGP_J3h�e�[W`uJI`rQU`ª[)¥ªJ3SUS��dPGT~¥*P�[WP_v¦J3¦X3QRJIP/YrH�J�YiEGT|v ¤ TWh
`uTWSU�dQRP_V�t-TWSUb/P_TWH�QU[WS�`ub|`kYiJ3H�T ¤ JIf/^_[~YiQRTBP_`I¶-TB^Gh°[~YcYw[WXw�«Q]`��BJ3hib¡`cQUH�tGSRJB´m¥ªJ5X3TWH�tG^|YiJ5[
MOhu¯BeGPGJ3h
e�[W`uQU`ZT ¤ YuE_J�tG^Ge_SRQ]X��BJ3b
T ¤ � ��qm�·³ ¤ X3TW^Ghw`cJ�YuEGJ±J�<X�QUJ3P_X3b«T ¤ YuEGQ]`°[~YuYi[WXw�«v|JIt�JIP_vG`O`kYihuTBPGVWSUb�TBP
YiEGJZXwEGTBQUX3J*T ¤ YuE_J�[\SUVWTBhuQRYuE_H ¤ TWhrX�TWH�tG^GYuQUPGV)YuE_J�MOhu¯BeGPGJIh=e_[W`uQ]`3��½ Q�YiE¦YuE_JZe-JI`cY�QRH�tGSUJ3H�JIPBYw[~YiQRTBP
T ¤ YiEGJ�µª^_XwEde-J3hiVWJ3h*[WSRVBTWhiQ�YiEGH3� µr^�X3ÙB¼��·TWPGSUb<YiT~b|`�J�¾G[\H�tGSUJI`mXI[\P«e-J�`cTBSR�BJIv �54�6875eGQRYi`w� �m³�P
YuEGJ
TWYuEGJIh°E_[\P_va¶aedb¡^_`cQUPGV�YuEGJ�PGJI¥ [WP_v£J3¦X3QRJIP/Y:9�;¡��� �_[W^_�BK��Ï�O[\SUVWTBhuQRYuE_H ¤ TBh�X�TBH5t_^|YuQUPGV¡MOhu¯BeGPGJ3h
¥ªJ5¥rJIhuJ�[\eGSUJ±YuT«eGhiJI[\�«YiEGJ5�_hw`kY � ��q»XwE_[\SUSUJ3PGVBJ
�9�W��eGQ�Yw`i��QUPÇTWPGSUb«Yk¥rT«vG[¸b|`OT ¤ prgr¹�YuQUH5J�TBP
[È`cQUPGVWSUJ�t_huT|X�J8`u`uTWh��ÔnmSUtGE_[/� � D�EGJ�VBTB[\SrT ¤ YiEGQU`±t_[Wt�JIh±Q]`)YiTÈtGhiJI`uJ3P/Y5[£H5J3YuEGT|v|TBSRTBVWb�YuT `kYi^_v|b
J3¾|t�JIhuQUH�J3P/Yi[WSRSUb�[)X�hibdt|YuT/`cb|`cYuJIH SUQR�BJ � ��q�¥*Q�YiE<[\SUVWJIeGhi[WQUXrYiT/TBSU`I��½�J*H¦[WvGJZ[)`cJIhuQUJI`�T ¤ X3TWH�tG^|YiJ3h
`uQUH�^GS][~YiQRTBP_`�TWP�hiJI[\SG`uQ��3J � ��q�tGhiTWeGSUJ3H¦`m�Ô^Gt5YuT¦�8ÙW�OeGQRYi`w��`cTOYuE�[~Y�¥ªJ*X3[\P�J8`kYw[\eGSUQU`uE�tGhiJIX�Q]`uJ3SUb)YuEGJ
X3TWH�tGSUJ�¾|QRYkb�T ¤ YuEGJOMOhu¯BeGPGJ3h=[\YcYw[WXw�A´ ¤ TBh=[\SUSGtGhw[WX YiQUXI[\S|�~[\SU^GJ8`²T ¤ !��ÔSRJ8`u`�YiE_[\P<¼G�8KW�·YiEGJZX�TBH�tGSRJ3¾|Q�Ykb
Q]`*[~YmH�T/`kY=<�Ò�Ó�×kØ¸Ö��
�¨P��Ìp�ldg/�)�B���©¶d[\P_T\YuE_J3h=[\SUVWTBhuQRYuE_H �?> ����¥�[W`=tGhuTBt�T/`cJ8v ¤ TBh�`uTWSU�/QUPGV�[WSRVBJ3eGhw[\Q]Xr`ub|`kYiJ3H¦`²T~�BJ3h��G�

P_Q�YiJ*�_J3S]vG`I����YrQU`rX�SUJI[\hiSUb�[\P�QUPBYiJ3hiJI`cYuQUPGV)t-TWQUPBY�YuT�X�TBH�t_[\hiJ�YuEGJ
> �¡[\P�v5YuEGJ�MOhi¯We_PGJ3h=[WtGtGhiTB[WXwE_JI`'�
e_^|Y)YuEGJ¦JI�~[\SU^_[~YiQRTBP�T ¤ YuE_J�YuEGJITWhiJ�YuQ]X3[WS=X�TBH5t_SRJ3¾dQRYkb£T ¤ `u^_XwE�[\SUVWTWhiQRYuEGH¦`OQU`)vGQ�<X�^_S�Y8� § TWhiJ3T~�BJ3h8¶
[B`�H¦[WP/bÇTWYuEGJIh±[\SUVWTBhuQRYuE_H�`�� � � �=¶�YiEGJ
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Grobner Bases / HFE (d=96)
PC Pentium III 700 Mhz
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