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Une équation cinétique pour un gaz de partciules
coalescentes

Résumé : Nous démontrons l'existence globale de solutions pour une équation cinétique
modélisant la coalescence de particules identifiées par leur masse, leur impulsion et leur
position. Nous montrons que les solutions tendent vers 0 asymptotiquement en temps grand.
Le point clef de notre analyse est la preuve que, pour toute fonction positive convexe, la
norme d’Orlicz associée est une fonctionnelle de Liapunov. Les résultats d’existence et de
comportement asymptotique se déduisent alors par des techniques de compacité faible et
forte dans L' dans I’esprit de la théorie de DiPerna et Lions pour I’équation de Boltzmann.

Mots-clés : Existence, stabilité, compacité faible et forte, comportement asymptotique,
fonctionnelle de Liapunov, coalescence cinétique, norme d’Orlicz, moments, entropies, gaz
de gouttelettes, dynamique stellaire, potentiel de Manev, énergie cinétique



On a Kinetic Equation for Coalescing Particles 3

1 Introduction

We consider the Cauchy problem for a kinetic equation modelling (at a mesoscopic level)
the dynamic of a system of particles undergoing coalescence (or sticky) process. More
precisely, describing the gas of particles by the density f(¢,x,m,p) > 0 of particles with
mass m € Ry := (0,+00) and momentum p € R? at time ¢ > 0 and position z € Q C R?,
we study the existence and long time behaviour of solutions to the equation

hf+v-Vof = Q(f) in (0,400) x 2 xY,
f(0) = f™ in QxY. (1.2

[y
=
R

Here and below, in order to shorten the notations, we introduce the mass-momentum variable
y:= (m,p) € Y := R; x R? and the velocity variable v = p/m. The collision operator Q(f)

i given by Q() = Qu(/) —~ Qs(/), where
@ = 5 [ [ atu=9) 56 S ) dn'ay. (1)

N = [, [ o) 10) 16 an'ay. (1.4

The meaning of these terms is the following. Denoting by {y} = (m,p) a particle of mass-
momentum y, Q1(f)(y) accounts for the formation of particles {y} by coalescence of smaller
ones, i.e., by the reaction

W+l -y S ),y = () € (0,m) x B?,

and Q2(f)(y) describes the depletion of particles {y} by coagulation with other particles,
i.e., by the reaction

alv)
W+ " y+y'}, Y ev

At a microscopic level, the collision of two particles {y} and {y'} leads to the formation
(by coalescence) of a single particle {y”} with rate a(y,y’), the mass and momentum being
conserved during the collision. In other words,

a(v.) .
{y} +{y'} % {y"} with y” = (m",p") = (m+m',p+p).

In contrast to the Boltzmann equation for elastic collisions, this is an irreversible microscopic
process. Observe, in particular, that it does not preserve the kinetic energy:
//|2

PP mm’

S 2m o 2m/ 2m”  2(m+m)

Pre(y,y') : lv—0']> > 0.

Particles evolving according to these rules are met, for instance, in dense sprays involved
in combustion reactions, where liquid droplets are carried by a gaseous phase and undergo
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4 Escobedo, Laurengot & Mischler

coalescence processes (due to collisions). The dynamics of the density of liquid droplets are
then described by equation () [B, B4l B35, B6], see also [10, 12, 25]. In this context, the
coalescence kernel a is given by

a(y,y') = ans(y.y') = (r+1")* v —v'], (1.5)

where 7 = m!/3, ' = (m’)'/3 denote the radii of the particles and v = p/m, v' = p'/m/,

their velocities. Note that this kernel corresponds to the well-known cross section for hard
spheres in the Boltzmann theory. In fact, equation (I only takes into account coalescence
and neglects the fragmentation of the droplets due to the action of the gas, as well as the
condensation/evaporation of the droplets and the elastic (grazing) collisions of Boltzmann
type. However, all these effects may be met together, for instance, in combustion theory
[37]. In this case, one usually considers the following equation [2T]

Org +Va(vg) + V(B g) + 0r(wg) = Qeou(g) + Qur(g),

for the density g(¢,z,r,v) of droplets which, at time ¢ > 0, are at the position x € Q with a
radius » > 0 (droplets are supposed to be spheres), and velocity v € R3. In this equation,
B and w denote the droplet acceleration and evaporation rate, respectively, the term Q. (g)
represents the effects of the break-up of the droplets due to the action of the gas, and the
term Qeoni(g) represents the effects of binary collisions between particles. It includes both
elastic collisions and collisions giving rise to the coalescence of the colliding particles. Similar
equations may also be found in aerosol theory [22].

Another physical situation in which coalescence occurs may be found in stellar dynamics
in the modelling of clouds of particles (galaxies!) interacting by an attractive Manev pair
potential —a/r — /72 (see [6, 23] and the references therein). In particular, for & = 0 and
e = 1 (Newtonian potential), the associated cross-section is

m+m’ 1

ay,y) = anp(y,y) = —— P (1.6)

In both models described here, the coalescence rate a corresponds to the collision fre-
quency. But, collisions may not always result in a coagulation event. This fact can be
accounted for by the introduction of a coalescence efficiency E (representing the probability
that the two colliding particles do really stick). Then a(y,y’) = E(y,y’) ao(y,y’), where ag
is the frequency of collisions and may be given, for instance, by () or (LH), see [35].

Let us now describe the coalescence rate a that we will consider in this paper. We assume
that « fulfils the symmetry and positivity conditions

0<a(y,y)=aly,y)  ae on Y? (1.7)

and the structure condition

a(y,y') <aly,y+v)+aly,y+y). v,y €v. (1.8)

INRIA



On a Kinetic Equation for Coalescing Particles 5

We also require the growth conditions

a&,R(M) = sup / a’(y7y/) 1a(y,y’)2M dy — 0, (19)
Y E€Ys,rJY5 R M—o0
!/
ws,r(R) = sup / a(y,/y)dy — 0, (1.10)
perdm >R Jysn V| R/ —oo

for any R > §, with Y5 p := (0, R) x Bg. In particular, the coalescence kernel apg and anyp
fulfil the above assumptions, as it is shown in Appendix B.

As for Q, we may consider the case of the whole space 2 = R?, the case of the 3-
dimensional torus Q2 = T or the case of a bounded domain of R3. In the latter cases, one has
to supplement ([CI) with either periodic boundary conditions or, for instance, no-incoming
flux conditions

vf=0 on {zed, n(z) -v<O0}, (1.11)

where ~f stands for the trace of f on the boundary and n(z) denotes the outward normal
unit vector field. In order to simplify the presentation, we only consider the case = R? in
the sequel. However, we keep the notation (2 to differentiate between the space of positions
and the space of momenta (or velocities).

We finally require that the initial datum has finite total number of particles, finite total
mass and finite mean momentum, that is,

0< fme LN QxY,(1+m+|p|) dydz). (1.12)

Our main result is the following.

Theorem 1.1 Assume that the coalescence kernel a fulfils the assumptions (LZ4)-ALI0)
and that the initial datum satisfies (LIA). There ezists at least a solution f > 0 to the
coalescence equation (L1)-(LZ) which satisfies

FeC(0,+00) LH(QxY)), Q(f) € L'(Qr xY)

for all T > 0, where Qp := (0,T) x Q. Moreover,
Op+divej <0 in  D'(Qr), with p= /medy, j= /Ypfdy, (1.13)
and, in particular,
t— /Q/Y m f(t,z,y)dydx is a non-increasing function of time. (1.14)

Finally, the solution satisfies f(t) — 0 in LY(Q x Y) as t — +oo.
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6 Escobedo, Laurengot & Mischler

Furthermore, if f* € LP(Q x Y) for some p € [1,00], then
t— ||f(D)llraxy) i a non-increasing function of time. (1.15)

Finally, if supp f* C Vg = {(x,y) € Q x Y,|v| < R} for some R > 0, then supp f(t) C Vg
for anyt > 0. If f"m|v|?> € LY(Q xY) (that is, f™ has finite kinetic energy), then

t— | f(t)m|v|*|l1axy) i a non-increasing function of time. (1.16)

To our knowledge, the existence of solutions to the coalescence equation (LIJ) has not
been studied yet when the distribution function f depends on the four variables (¢, z, m, p).
In the spatially homogeneous case f = f(t,m, p), existence and uniqueness of solutions are
established in [35], while a numerical scheme is developed in [36]. Let us point out that, in
[35, B6], the formulation of () is different and involves the variables (r,v) (with r = m!/3,
v = p/m) instead of (m, p). Nevertheless, the two formulations are equivalent as it is shown
in Appendix A. When the distribution function f = f(¢,m) does not depend on (z,p),
the equation (L) reduces to the classical Smoluchowski coagulation equation which has
been extensively studied since the pioneering work of Melzak [30]. We refer to the survey
by Aldous [I] and the book by Dubovski [20] for a more detailed description. When the
distribution function f = f(¢,z,m) does not depend on the momentum, a related equation,
the diffusive coagulation equation, has received much attention recently. In this equation, the
evolution of f with respect to the position = € 2 is modelled by a diffusion term —d(m)A, f
instead of the advection term v-V,, f. Since the works by Bénilan & Wrzosek [5] and Collet &
Poupaud [T1] concerning the discrete diffusive coagulation equation, existence of solutions to
the continuous diffusive coagulation equation has been investigated in [2, 3], 27, B1]. Let us
point out here that the key estimates used in of Theorem [l are in the spirit of |26, 27, BT].
We finally mention that, very recently, a kinetic equation (with velocity variable) for particles
undergoing linear fragmentation has been studied in [21], 24].

Remark 1.2 On the one hand, it is likely that the existence result stated in Theorem [l
extends to the case where the droplets acceleration and evaporation are taken into account
(that is, V,(Bf) + Om(wf) is added to the left-hand side of (L)), under suitable assump-
tions on the acceleration and evaporation rates. Following [Z7], a linear fragmentation term
could also be added to equation (L) under, for instance, an assumption of weakness of the
fragmentation mechanism with respect to the coalescence mechanism. On the other hand,
the present analysis does not carry over to the case where elastic collisions are also included
and a collision term of Boltzmann type is added to the right-hand side of (L1). In that case,
the LP-norms are no longer Liapunov functionals and we do not know how to remedy to this
fact.

Let us now give some comments on Theorem [l Tt turns out that Theorem [Tl is a
consequence of a stability result (see Section 3) which asserts that a sequence (f,,) of solutions
to (ICI) satisfying natural bounds converges weakly in L', up to a subsequence, to a solution
to (LI). Roughly speaking, the main mathematical difficulty is to prevent the formation of
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On a Kinetic Equation for Coalescing Particles 7

a Dirac mass at some point of the phase space 2 x Y. The structure assumption (LX) allows
us to prove that, for any nonnegative and convex function, the associated Orlicz norm is a
Liapunov functional, which prevents concentration by the Dunford-Pettis theorem. In fact,
we can prove the weak compactness in L! of both (f,,) and (Q(f,)). Strong compactness
in L' of y-averages of f, then follows by the velocity averaging lemma, of solutions to the
transport equation. The remainder of the proof is then performed in the spirit of the
DiPerna-Lions theory for the Boltzmann equation [T5].

Let us finally remark that, for the kernel apg, stationary solutions to (LIl are

with g € M1(0,+0o0) is a bounded measure and u € R3. Theorem [l implies that the zero
solution is the only stationary state which is reached in the long time when starting from an
L! initial data. We thus identify more accurately the asymptotic state than in [35]. Let us
also mention that, if S; , is a solution to (ILI)) which is a stationary solution for each (¢, z),
that is, Sy, is given by (CID) with p = p, and v = u(¢, z), it satisfies

8,58,5@ +wv- szt,z =0.
Introducing o(t, ) :==< m, f » >, we realize that (o, u) satisfies the pressureless gases system
0o + 0z (ou) =0, Dt (ou) + 05 (ou?) = 0, (1.18)

see [8, @, B8] and the references therein.

We now outline the contents of this paper. In the next section, we collect some qualitative
and formal information on the solutions. They lead to the natural bounds that one can
expect on the solutions. In Section 3 we specify the notion of solution we deal with, and state
the key stability theorem (Theorem Bf]) which is proved in Section 4. Section 5 is devoted to
the proof of the convergence of the solutions to zero for large times. We then briefly explain
in Section 6 how the stability result adapts to prove Theorem [[T1 We finally establish the
equivalence between the two formulations radius-velocity (r,v) and mass-momentum (m,p)
of (CTI)) in Appendix A and then check that the coalescence kernels ays and ayp given by

(C3H) and (LH) do satisfy (CT)-(CI0) in Appendix B.

Acknowledgements. We gratefully acknowledge the partial support of the European Re-
search Training Network HYKE HPRN-CT-2002-00282 during this work. The first and
third authors were partially supported by CNRS and UPV/EHU through a PICS between
the Universidad del Pafs Vasco and the Ecole Normale Supérieure. We also thank Pierre
Degond for fruitful discussions which motivate us to extend Theorem [[Tlto initial data with
possibly infinite kinetic energy.
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8 Escobedo, Laurengot & Mischler

2 Conservation laws and Liapunov functionals

In this section we derive some (formal) conserved quantities and non-increasing ones as well.
Let us start with the following fundamental (and formal) identity: for any ¢ : Y — R,
there holds

1
[anow=3 [ [awy)ss @ -o-0) afay (219)
v v Jy
This identity is obtained after changing variables and applying (without justification) the

Fubini theorem to Q:(f). Here and below, we put g = g(y), ¢’ = g(v') and ¢" = g(y +v')
to shorten notations.

Suitable choices of functions ¢ in ([ZI) lead to several qualitative information on the
solution f to the coalescence equation (Il), and on the reaction term Q(f) as well. We list
some of them now.

e Mass conservation. With the choice ¢(y) = m, the term ¢” — ¢ — ¢’ vanishes and we
deduce the total mass conservation:

/Q/me(t,x,y) dydx = /sz/Ym f™(x,y) dydz, t>0. (2.20)

e Momentum conservation. Similarly, with the choice ¢(y) = p, the term ¢ — ¢ — ¢’ also
vanishes and we deduce the mean momentum conservation:

//pf(twmy) dydx = / / p f™(x,y) dydz,  t>0. (2:21)
QJy QJy
It is next clear from ([ZTI9) that, if ¢ : Y — R is subadditive, that is,

y+y) <o) +o(y') foral (y,y')€Y?, (2:22)

the following map
t o [ [ sy o) dydo
oJy

is a non-increasing function of time. We now identify several classes of functions satisfying
222): we first consider functions depending solely on m, then functions depending solely
on v, and finally functions being the product of a function of m and a function of v.

e Typical examples of subadditive functions is ¢(y) = m® for o € (—o0,1]. In particular,
the choice ¢(y) = 1 shows that the so-called total number of particles decreases with time
(as expected)

/Q/Yf(t,z,y) dydx+% /Ot /gl/yfyaff’ dy’dyd:cdt:/ﬂ/yfi"(a:,y) dydz. (2.23)

INRIA
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Another consequence is that, if supp f(z,y) C Ms = {(z,y) € Q x Y, m > §}, then
supp f(t) C M for any ¢ > 0. Indeed, it is sufficient to notice that ¢(y) = 1y 5(m) satisfies
(222). That means that no particle of size smaller than § can be created if there are none
initially. A weaker version of this fact is the following: for any non-increasing function
¢: Ry — Ry (such as ¢(m) =m*, a < 0), we have

Ve + 3 [ [ etrenanie < v, 224
with
Voh) = [ [ #Ge)otm) dyds
Vol) = [ [ aotm)srays.

e For any non-decreasing and nonnegative function ¢ : Ry — R, we notice that
p+ 2| < Ipl+ [P/ < (m +m') max(|v], [v']),

and thus [v”| < max(|v|,|v]). The monotonicity of ¢ then implies that ¢ fulfils Z22).
Consequently,

s / /Y F(t,2,9) B(1]) dydz

is a non-increasing function of time. As a first consequence of this fact, we realize that, if
supp fi* C Vg = {(x,y) € Q x Y,|v| < R}, then supp f(t) C Vg for any t > 0 (apply the
previous result with the choice ¢ = 1z y))-

e Consider now a nonnegative and non-increasing function ¢; : Ry — R and a nonnegative
and convex function ¢» : R® — R. Then

t — /Q/)/f(t,gc,y)m d1(m) ¢2(v) dydx

is a non-increasing function of time. Indeed, putting ¢(y) = m é1(m) ¢2(p/m), y € Y, the
convexity of ¢o and the monotonicity of ¢; ensure that

oy +y')

m —+ m/ m +m/
dr(m+m') (m g2(v) +m' ¢2(v'))
m ¢1(m) g2(v) +m’ pr(m') ga(v'),

and the function ¢ satisfies (Z22).

(m+m’)¢1(m+m’)¢2( M 1/)

IN A
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10 Escobedo, Laurengot & Mischler

A first interesting consequence of this result is the decay of the kinetic energy (with the
choice ¢(y) = |p|2/m, that is, ¢1(m) = 1 and ¢a(v) = [v]2):

/Q/}/f(t,x,y)%dydx—k%/Otfssze(f(t,z,.))dmdt—/Q/)/fi"(:zr,y)%dydx, (2.25)

where

Exo(f) = /Y /Y o/ dy'dy. (2.26)

A more general property is actually valid. Consider a nonnegative and non-decreasing
convex function A € C1([0,+00)) such that A\(0) = 0. With the choice ¢(y) = m A(|p|/m)
(that is, ¢1(m) =1 and ¢2(v) = A(Jv])), the function ¢ is subadditive and we have

1 ! in
| [ seomymauhayis+ 5 [ [ egeaydsit< [ [ i mmael) s,
(2.27)
where

= [ [ amA(@,M) F1ajay. aAB) = [ B - N () d.

m m+m A
(2.28)
Indeed, putting w = (|p| + |p|)/(m + m'), the monotonicity of A entails that

o) + oY) — ey +y') = m (A(V']) = Mw)) +m (Ajo]) = A(w)).

The convexity of A and the identity m’ (Jv’| — w) = m (w — |v|) then imply

o) + o) — oy +y) = m (W] —w) X (w) —m TA'(z)dz
> m w()\/(w)—)\/(z))dz:A(|v|,w).

]
Another consequence is the following. For any convex function w : R* — R, the function
t—s / / ft,z,y)w(x —vt) dyde
oJy

is a non-increasing function of time. Indeed, for each (t,z) € R, xR?, ¢ : y —~ w(zr—vt)isa
convex function of v and is thus subadditive. Therefore, after multiplying (1) by w(z—vt)
and integration, the contribution of the coalescence term is nonnegative, while the terms
resulting from the free transport cancel. In particular, taking w(z) = |2|%, 8 > 1, z € R3, we
obtain

//f(t,x,y)|m—vt\9dydx§//fi"(x,y)|x|9dydm, t>0. (2.29)
oJy oJy

INRIA



On a Kinetic Equation for Coalescing Particles 11

e Finally, let ® : [0,+00) — [0,400) be a nonnegative and convex function satisfying

®(0) = 0. Then
t— // ft,z,y)) dydx
Q

is a non-increasing function of time. More precisely, we have the following result

Lemma 2.3 Any solution [ to (L1)-(L2) satisfies
t .
/Q/ flt,z,y) dydx—!—/o A Do (f(1,2)) dxdr < /Q/Yfl)(fl (x,y)) dydz, (2.30)
where Do(f) := Dy (f) + Dg(f),
D) = 5 [ als/) 4V £) BUAS) dydy’ >0, (2.31)
Di(f) =

—

) a(ya y/) \Ij(f) fl 1(m,+oo)><]R3 (y/) dy/dy >0,
Y

and U(u) :=u &' (u) — ®(u) > 0 for u > 0. Here and below, we use the notations f V f' =
max {f, '} and f A f" = min{f, f'}.
When ®(u) = wP, p > 1, this result has been proved in [31] for the Smoluchowski

equation.

Proof. We first recall that the convex conjugate ®* of ® is a nonnegative convex function
given by
®*(u) := sup {u w— P(w)}

w>0

for v > 0. In addition, we have the Young inequality
uw < P(u)+ 2" (w), wu,w>0, (2.32)

and the inequality
(P (u)) < V(u), u>0. (2.33)
By Z32) and [Z33) we have
[Larreunaiy = [ atrar) v oy
Y2 Y2

a (fAF) ARV )+ @5((f")} dy'dy

IN
—

Y2

IN
—

@ (FALY RV )ty + [ alrAp) v iy

Y2

RR n° 4748



12 Escobedo, Laurengot & Mischler

We now use (LX) to bound the second term of the right-hand side of the above inequality
and deduce that

/ a f (") dy'dy
Y2

IN

[Launryauy ) atay
b [ () +aly' ) (0 ) W) d'dy
Y2

IN

/ a(fAf)fV ) dy'dy+2 / a(y',y") f U (f") dy'dy
Y?2 v2

IN

[Launryauy ) atay
#2 [ a W) Lomynsly) dy'dy.
Y2

Consequently,

/ QU () dy =
Y

[La b1 @ =) - @) ayiy

IN
N = N =

/ a (FAS) (V) dyfdy + / 0 ' () Lomyrs () dy'dy
Y2 vy?2
- [ e £avdy -5 [ @) 5 ) dydy,
Y2 Y2
whence (Z30). (]

We summarize, in the next result, the a priori estimates on the solutions to (III) obtained
in this section.

Theorem 2.4 Assume that [ satisfies

K(fm) = /Q/( (" (2,9)) fi"<:v,y>(< )+1+m+p|+mA('p'))) ddy < oo,

(2.34)
for some nonnegative and non-decreasing convez functions ® € C1([0, +o0)) and A € C1([0, +o0))
such that ®(0) = 0 and A(0) = 0, and some nonnegative and non-increasing function

r € C((0,400)). Then a solution [ to (LI)-ALA) formally satisfies

jgg/ﬂ/ < [tz )+ f(tz,y) ( (m )+1+m+|p+m)\<| |>)> dedy < K(f™),
(2.35)

| [ Gete.a) 4 900570 + ¥4 r2) + Ex(7 ) dadr <2 K™, (2:36)

where Y1, Yy, Ex and Do are defined in [ZZ4) (with ¢ =1 and ¢ = r, respectively), (ZZ8)
and (Z30), respectively.

INRIA



On a Kinetic Equation for Coalescing Particles 13

3 Stability result

Definition 3.5 Let f'" be a nonnegative function satisfying (LIHA). A weak solution to
(L1)-[@2) is a nonnegative function

fec(o,+oo) LNQXY)),  f(0)=f",

satisfying (Z33), (Z38) for some nonnegative and non-decreasing convex functions ® €
CY([0,4+0)) and X\ € C1([0,+0)), and some nonnegative, convex and nmon-increasing func-
tion r € C1((0,+0c0)) such that ®(0) =0, \(0) =0,

lim \(u)= lim ®(u) =400 and lim r(m)=+oo, (3.37)

Uu—-+00 u—-+o00 u m—0

together with the equation (L) in the sense of distributions. It must also satisfy the qual-

itative properties (LI13)-(L1A). Notice that the bounds (ZF4), (Z38) imply that equation
(L) makes sense since, for any T € R,

Qi(f) e LN (QrxY), i=12 (3.38)
We now state a weak stability principle for weak solutions to (CII)-(T2).

Theorem 3.6 Forn > 1, let f,, be a weak solution to (L)-(LA) with initial datum f,(0).
Assume further that (Z238) and (Z38) hold uniformly with respect to n > 1 with K(f,(0)) <
Ky for some Ky > 0 and functions (O, \,r) satisfying (ZZA). Then there exist a subsequence

(fni) of (fn) and a function f such that [ is a weak solution to (L1)-(L3),
fo, — f in C([0,T);w— L*(Br x Y)),

(3.39)
Qi(fn.) = Qi(f) in L'((0,T) x Br x YR)
for any T,R € Ry and i € {1,2}, with Yr := (0, R) X Bg, and
[ 0w) fudy— [ 6w rdy i L'(0.7) Br) (3.40)
Y v

for v € D(Y). Here D(Y) denotes the space of C*°-smooth and compactly supported func-
tions inY and C([0,T);w— LY (Q2 xY)) the space of weakly continuous functions from [0,T)
in LY(Q xY).

4 Proof of Theorem

In this section, we consider a sequence (f,) of solutions to ([[LI)) satisfying the requirements
of Theorem We first prove that Z30) and 36) guarantee the weak compactness
in L' of (f,) and (Q;(f,)), i = 1,2. The next step is to use the properties of the linear
transport equation to obtain the strong L'-compactness of y-averages in a way similar to
the Boltzmann equation [T5]. Thanks to the strong compactness thus obtained, we may
identify the limit of the nonlinear coagulation term (Q(f,)).
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14 Escobedo, Laurengot & Mischler

4.1 Weak compactness of the coalescence term

We first prove that (235) and (Z36) imply the weak L'-compactness of (f,,) and (Q1(fn))-

Lemma 4.7 For each T > 0 and R > 0, the sequence (f,) is weakly compact in L*((0,T) x
Br xY) and the sequence (Q1(f,)) is weakly compact in L'((0,T) x Br x YR), where Yr

is defined in (Z29).

Proof. We fix T' > 0 and R > 0. Observe first that the first assertion of Lemma ET is a
straightforward consequence of (Z3H), (B3M) and the Dunford-Pettis theorem.

We next study the weak compactness properties of (Q1(f,)). Let E be a measurable
subset of (0,7') x Br x Yr and let M, N, § and R; be positive real numbers such that
Ry > R+ 2R?/6. Putting ¢ = 1 and

A=Atz y,y) =ay,y) fult,z,y) fult,z,y),

and performing the change of variables (y,3') — (v',y — v’), we have

Qi(fn) pdy=T1 + T
Yr

with
5 R R 5
27, = / / / / Ay dydy'+/ / / / A" dydy’
o Jr3 Jo JB(—p',R) s JrsJo JB(—p'R)
R R
+/ / / / A" dydy’
s J{lp'I>R1} Jé6 JB(-p',R)
R R
+/ / / / A" 1,>n dydy (4.41)
s J{p'|<R:} s JB(—p',R) a
and

1 R R
J1 = 5/ / / / A(p” ]-aSN dydy/.
o HIp'|<Ra} Y6 JB(-p',R)

On the one hand, observing that

P

m

lpl Ip'[ + Ipl R Ry
Al = —|>A =0A | —, —
" <m7 m+m' )~ sr(Fa) =0 5’ 2R

/
< P+ Il

R R
<<= ,
-5 2R m+m

so that
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for y € (0, R) x B(—p', R) and y’ € (6, R) x B%,, and

A = a(fuVfo)(faNfp)

< a(fuV fr) Mg ag <M+(I)é\/[) a(faV I3)®(fa ASH)Lgng >m
< Al LM+ s alh VL) R A f) (1.42)
we get
1 1
277 < 00) / // /B( p’R) dydy’ +7‘(6 / // /B( p,R dydy’
|p| |p|+|p|> /
- A A dyd
+A5xR(R1) /5 /{Ip'>R1}/5 /B(—p',R)m (m m+m/ v
M s (Fo 4 fL) dydy’
M / / /
+W /\/;/62,121»1?.1 @ (fnV fn) O(fn A fn) dydy
S 2 Dfaltn) + s Efalt2)

r(8) s.n(Ry)

+2MagyR+Rl(N)/Yfn(t,z)dy+2 DY (fa(t,2)).

M
(M)

On the other hand, by (L3) and ([Z42), we have

/ / Ala<n " dydy'
Ys,r+Rry Y Y5, R+ Ry

AN, ' 2 M 1
M N /YS . /Yé R+R1(fn + 1) " dydy' + ) DY (fa(t, 2))

Ji

IN

IN

< zMN/ fo ' dy'dy + 2L DY (fa(t ).

(M)

We now gather the previous estimates and integrate over (0,7) x Br. Owing to (Z33) and
(E&36), we end up with

T 2 Ko Ko 4 M
2 n dydzdt < + + K,
/o /B , @) @ dy r0) " Ren(m) T a0 0

T
+2Mas pir,(N)Ko+ MN / / fn @ dy'dydxdt .
Br Jy?
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16 Escobedo, Laurengot & Mischler

Using the already established weak compactness of (f,,) in L((0,T)x Bg xY) and (L),
we may pass to the limit first as |E| — 0, then as N — +oo, R; — +o00, and finally as
M — 400 and § — 0 to conclude that

T
lim sup / / Q1(fn) 15 dydzdt =0,
0 JBrJyg

|[E|—0 n>1

after noticing that (B37) implies that As gr(R1) — +00 as Ry — +oo. Therefore, (Q1(fn))
is weakly compact in L'((0,T) x Br x Yr) by the Dunford-Pettis theorem. o

Owing to the structure of the coalescence equation (LTI, it turns out that the weak
L'-compactness of (Q1(f,)) provides some additional information on (Q2(f,)). This fact
was first observed in [26] for the discrete diffusive coagulation equation and a result in the
same spirit is also available for ().

Lemma 4.8 For any R, T > 0, there ezists a nonnegative and non-decreasing function
0 =0r 1 € C([0,+00)) such that

0'(u) — +oo  when u — 400
and

/ ! / / 0 (1) Qs(f) dydzdt < C(6, R, T) (4.43)
0 Br JYs r

for any 6 € (0,1).

Proof. From Lemmal7, we know that (f,,(0)), (f») and (Q1(f»)) belong to weakly compact
subsets of L*(2 x Y) and L((0,T) x Bag x Yag), respectively. The Dunford-Pettis theorem
and a refined version of the de la Vallée-Poussin theorem [28|, Proposition I.1.1] imply that
there is a nonnegative, convex and non-decreasing function 6 = 07 € C'([0,+0o0)) such
that

0'(u) - +o00 as u—+oo and u6'(u)<Cpl(u), u>0,

for some constant Cy > 1 and

K= sup { / / 0 (0) dyd + / : /| / (00 + 0@ dydmdt} < too.

We fix x € D(R® xY), 0 < x < 1, such that x = 1 on Bg x Y5 and suppy C
Bar % Ys5/22r. We infer from (L)) that

/Q/ye(f"(T))Xdydx"F/QT/Yel(fn) Q2(fn) x dydzdt
:/QT/YH’(fn)Ql(fn)x dydxdt+/§2TL9(fn)v-me dydmdtJr/Q/’/@(fn(O))xdydm.
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Since # and 6’ are nonnegative and
0% (0" (u)) < u ' (u) — 0(u) < Cy 0(u), u>0,

the Young inequality entails that

/ T / VU Qalf) dydod < /QT [ #5) @uth) x dudat
T
< / /B @) 0@y dyasa
+ % /OT/BZR /YS/MR O(fn)p- Vax dydzdt + K4
< 2 (s S wades) [ [ o) o,
whence @Z3). o

Lemma 4.9 For each R,T > 0, the sequence (Q2(f)) is weakly compact in L'((0,T) x
BR X YR).

Proof. We fix T > 0 and R > 0. Let E be a measurable subset of (0,7) x Br x Yr and
M, N, §, Ry and R, be positive real numbers such that B; > R and Ry > 2R?/§. Putting
Y = 1E and

A= An(t7 r,y, y/) = a(y, y/) Itz y) fu(t, @, y/) )

we have
Q2(fn) ¢ dy =T2 + J2 (4.44)
Yr
with
é 00 §
I, = // / Agody'dy+/ / A dy'dy
0o JBrJo Jgrs YsrJo JR3
o Ry
o [ ey [ [T aparay
Ys,r /R1 JR3 Ys,r /6 {lp'|>R2}
Ry
-|—/ / Aplysn dy'dy (4.45)
Yg,R § BR2
and

Ry
Jo = / / / Aplo<n dy'dy.
Ys. r § BR2
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18 Escobedo, Laurengot & Mischler

On the one hand, observe again that

/
Il R _ B2 _Jpl+ ]
m~— 6 2R T m+m
so that

|p| |p| |pl| 2
LI > a8 B
mA<m,m v ) 2 Mar(RRo/ ) =00 (5 50

for y € Y5 r and y’ € (6, R1) x B%,, and that

O) |

a(y,y') .o
gan "M Ty

n

A=A >m+1p,<m) <A

on Ys g X (Ry,00) x R3. Using the growth conditions (CH) and (CI0), a similar computation
to the one performed to estimate Z; leads to

9 1
1

+W /Y&R 0'(fn) Q2(fn)dy+MW6,R(R1)/Y|y|fn(t,sc)dy

Ex(fult, @)

+2 M as r,(N) /Y fndy+2 % Dy (fnl(t,)).

On the other hand, performing exactly the same computations as for 7, we obtain

’ / 2 M 1
Fo < 2MN [ g dydy+ 5o Dh(h(to).

We integrate @Z4) over (0,7) x Br and use the estimates for Zo and J> and Lemma EX
to obtain, thanks to (234) and ([236)),

! 2K,  K(,R)
n < =y M K
/0 /BR Yr Q2(fn) ¢ dydrdt < 7(9) + o' (M) + M ws r(R1) Ko
Ko AM
+ ——F+2Maspr,(N) Ko+ —— K
KRRy Ry 2 M o) Kot gy K0

T
+2MN / / fn o dy' dydaxdt .
0o JBrJy?

Using the already established weak compactness of (f,,) in L((0,T) x Bg X Y), we may
pass to the limit first as |F| — 0, then successively as N — 400, Ry — 400 and R; — +o0,
and finally as M — +oo and § — 0, to conclude. (]

Thanks to Lemma EE7 and Lemma B3 there are a subsequence of (f,,) (not relabeled)
and nonnegative functions f, Q1, Q2 such that

fn—f weaklyin L'((0,T)x Br xY), (4.46)
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and
Qi(fn) = Q; weaklyin L'((0,T) x Br x YR) (4.47)

fori=1,2, T >0and R > 0.

It remains to identify @Q;, i = 1,2, in terms of f. Since Q(f,) involves quadratic terms,
some strong compactness is needed and is the subject of the next section.

4.2 Strong compactness of y-averages

Theorem 4.10 Let T > 0 and consider two bounded sequences (g,,) and (G,,) of L (Q7xY)
such that
Otgn +v-Vegn =G, in Qp xY.

Assume further that (g,) is weakly compact in L'((0,T) x Br x Yg) for each R > 0. Then,
for any ¢ = (y,y') € L>(Y?) with compact support, there holds

/ gn(t,z,y)Y(y,y' ) dy belongs to a strongly compact subset of L*((0,T) x Br x Yg)
Y

(4.48)
for each R > 0.

This is a particular case of the velocity averaging lemma [7, I8, 29], noticing that v =
v(y) = p/m satisfies the nondegeneracy condition

meas {y€Y, o-v(y)=u}=0

for every o € S? and u € R. Nevertheless, it can be seen as a consequence of the classical
averaging lemma [15], 18] as we show below.

Proof. First step. We assume further that (g,) is bounded in L?((0,T) x Br x Yg). We
fix « = a(m) € C.(R;) and observe that

gn(t,z,v) := / gn(t,z,m, mv) a(m)dm, G,(t,z,v):= / Gr(t, z,m, mv) a(m)dm
0 0
belong respectively to a bounded subset of L (Qr x R3) and L (Qr x R?) and satisfies
Agn,

WJﬂ;-vmgn:c?n in  (0,7) x QxR

Using the classical velocity averaging lemma [I8], we get that

/Rg /Omgn@az,m,mv)a(m) dmp(v) do

belongs to a strongly compact subset of L .(Qr) for every 3 € C.(R?).
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Second step. Performing the change of variables (m,v) — (m,p = mwv), the previous step
and the compactness of the support of a imply that ZR) holds true with ¢(y,y") =
a(m) Alp/m) m~>.

We now fix y € C.(Ry) and ¢ € C.(R?). Consider k¥ € N and ¢ € N3. We deduce
from the previous step with a(m) = m* x(m) and B(v) = v* ((v) that @ZR) is valid for
U(y,y') = mF1=3 pf x(m)¢(p/m). Therefore, @ZR) holds for ¢(y,y') = ¢(y) x(m)¢(p/m)
for any ¢ € C.(Y) by the Stone-Weierstrass theorem.

Choosing ¢ € C.(R?) such that ¢ =1 on B, for a sufficiently large p (depending on the
support of ¢ and x), we realize that ([4R) is actually true for ¥(y,y") = ¢(y) x(m) for any
¢ € C.(Y). Finally, using the weak compactness of (g, ), we may let Y — 1 and deduce that
EZR) is valid for ¥(y,y’) = @(y) for any ¢ € C.(Y).

We then proceed as in [I5, Corollary IV.2] to remove the additional assumption that
(gn) is bounded in L? (derenormalization technique) and to extend the result to the class of
functions ¢ € L>°(Y?) (density argument), thus completing the proof of Theorem EET0L [

4.3 Passing to the limit in the coalescence term

We aim to show that Q; = Q;(f) for i = 1,2, where f, Q; and Q- are defined in ([f28) and
E1D).

Step 1. For n > 1, we put

Pn ::/ fndy, pr:/ [ dy,
Y Y

pn — p in  L'Y(0,T) x Bg) anda.e.in (0,T)x Bpg (4.49)

and claim that

for each R > 0. Indeed, fix R > 0. We have p,, = pM + o with
o= | fady
Ym

forn > 1 and M > 0. By Theorem EEI0, (p) belongs to a strongly compact subset of
L'((0,T) x Bg) for each M > 0, while o/ satisfies

1
Yy, Y

and thus converges to zero in L!((0,T) x Br) as M — oo, the convergence being uniform
with respect to n > 1 by ([Z3H). The claim Z9) then readily follows.

Step 2. We next consider ¢ € D(Y) and R > 0 such that suppp C Yg. Let 6, N, R; and
R5 be positive real numbers such that R; > R+ 2R?/§ and Ry > 2R?/§, and put

1
by = 3 ayp”lo<n 1x,, by =apls<nlx,,
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with X1 = {(y,9') € Y*;m,m' € [§,R], p € Br,, p € Br(-p')}, Xo = {(y,¥') € Y}y €
}%,Ra m/ € [67 R1]7 p/ S BR2}'
We first claim that, for i = 1,2, n € (0,1) and Ry > 0, there holds

1 / 1
o [ bifidy dy = [ 1] by 150
T+npn Jy Yy L+np Jy " Jy (4.50)

weakly in L'((0,T) x Bg,). Indeed, notice that, since b; € L>°(Y?) with compact support,
Theorem BT and @A) imply that

1 / 1
— [ b frdy — /bif’dy’ ae.in  (0,7) x Br, x Yg,
T+npn Jy 14+np Jy 0.7) 0

and it is bounded in L*®(Qr X Y) by N ||¢|/rL~/n. Combining these properties with the
weak convergence [A6) of (f,,) yields @h0) by standard integration arguments, see [27,
Lemma A.2] for instance.

We now aim at passing to the limit as n — 0. As a first consequence of Lemma £ and
EXT), we obtain that

T !
b; - bi fn
/ / / I/ dy' dydxdt < hmlnf/ / / I Jo dy dy dx dt
0 Br, v2 1+77p n—-+oo B, yv2 1+77pn

< sup / T /Y Qi fa) dy da dt

n>1JQ

A

for each n € (0,1). The parameters Ry, R, N, ¢, R1, Ry and n being arbitrary, we deduce
from the Fatou lemma that

T
/ / / / a(pff’dy’dydxdtgsup/ / Q2(fn) dydzdt < . (4.51)
0 JBg,JYJY n>1Jor Jy

We next observe that, for M > 1 and n € (0,1), we have

MPn__ _ _ NPn
L+npn  141npn

(Lpp<rr +1p, o) <M+ 1, 50

Consequently,

T
sup/ / Tom o 1P / bi fo frdy'dy < nM SUP/ Q2(fn) dy dx dt
n>1Jo JBr, L +1Pn Jy2 n>1Jar Jyg

T
+ SUP/ / / 1, >m Q2(fn)dydzdt.
n>1J0 BRO Yr

We first use ([Z36) to pass to the limit as n — 0 and then use Lemma B9 and [Z9) to let
M — 400 and conclude that

T
lim sup / / liad / bi fu fhdy' dydzdt =0.
=0 n>1Jo Jpp, L H0Pn Jye
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Also, it follows from (EX0) that

T
lim// P /biff’dy’dydxdtzo.
n=0Jo JBp, L+10p Jy2

Combining the previous two identities with [A), we end up with

Aj@Lmﬁ@wy4 Lﬁme@%y (4.52)

weakly in L'((0,T) x Bg,).
Step 3. We now show that Q; = Q;(f) for i = 1,2. For i = 1,2, we write

| @eds =2+ [ 1. [ briay iy,

where 77" and 7} are given by (A1) and @AH) with A = a f, f,, respectively. Also,

/YQi(f)SDdyZIH-/Yf/Ybif'dy'dya

where Z; and 75 are given by @Z1) and @ZH) with A = a f f’, respectively. By (X)) and
the analysis of Section 3, we have

I'"+Z; — 0 in LYQp xY)

uniformly with respect ton > 1 as N — +o00, Ry — 400, Ry — +00 and § — 0. This last
fact and (@52 then imply that

/YQz-(fn)sady - /YQi(f)cpdy

weakly in L'((0,T) x Bg,), from which we conclude that Q; = Q;(f) for i = 1,2. Owing to
(E26) and EAD), it is now a standard matter to pass to the limit in the equation satisfied
by f. and obtain that f satisfies (IT)) in the sense of distributions.

4.4 Further properties of f

In fact, owing to (Z3H), B30 and the Dunford-Pettis theorem, the first assertion of
Lemma EE7 can be strenghtened.

Lemma 4.11 For T > 0 and R > 0, there is a weakly compact subset Kr of L'(Br x Y)
such that f,(t) € Kr for each t € [0,T] and n > 1.
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We now improve the convergence [28) of (f,,) to 839). Consider T > 0 and R > 0. On
the one hand, it follows from Lemma ELTT that {f,.(¢),n > 1} belongs to a weakly compact
subset of L'(Bg x Y) for each ¢ € [0, T]. On the other hand, we infer from (T)) and (Z36)
that

<C(y) Koh

/ / (fult+h) = fo(t)) ¥ dydz
QJY

for every every ¢ € D(Q x Y), t €[0,T) and h € (0,T — t), whence

lim sup
h—0 n>1

=0 (4.53)

/Q/Y (fat +h) = fu(t)) ¢ dydx

for every ¢ € D(QxY) and t € [0,T). A density argument and Lemma BT then imply that
(ERJ) actually holds true for every ¢ € L>°(Br xY') (recall that a function in L>°(Bg xY) is
the pointwise limit of a sequence of functions in D(Q2 x Y') which is bounded in L>(Bg xY)).
Therefore, a variant of the Arzela-Ascoli theorem entails that, up to the extraction of a
subsequence,

fo—f in C([0,T};w— L*(Br xY)).

We next check that f enjoys the properties listed in Definition B Owing to ([EZ6) and
the convexity of @, standard weak compactness arguments entail that f satisfies (Z35). Next,
proceeding as in Section 4.3, we obtain that V1 (f), V-(f) and E\(f) belong to L*(R; x Q)
with the help of the bound [Z3#). It does not seem possible to use a similar argument
to check that Dg(f) belongs to L*(Ry x Q) and we thus proceed directly on the equation
satisfied by f. More precisely, we approximate ® by a sequence of convex functions growing
at most linearly at infinity and employ approximation arguments as in [I6, Section 2| to
show that Dg(f) belongs to L'(R, x ). We finally prove the strong continuity of f as in
[16, Corollary I1.2] with the help of the L'-bound on r f to control the behaviour of f for
small m and the following lemma to control the behaviour of f for large z.

Lemma 4.12

lim  sup / / flt,x,y)dyde =0.
R—+00 yel0,1] J{|z|>R} JY

Proof. Let A > 0. We multiply ([LT)) by m A A and integrate over Y, which can be done,
since Q(f) and f belong to L'(Qr x Y) for every T > 0. The contribution of the collision
term being nonnegative by (IJ), we get

8t/(m/\A)f(t,a:,y)dy+divz/(m/\A)vf(t,:c,y)dng in D'(Qr).
Y 1%

We obtain (LI3) by passing to the limit A — +oo.
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Next, let £ € C®°(R3) be such that 0 < ¢ < 1, {(z) = 0 if |2] < 1/2 and &(x) = 1 if
|z| > 1. For R > 1 and x € R3, we put {g(7) = £(z/R). Let R > 1. We now multiply (CI3)
by £r(z) and integrate over €2; to obtain

IVelow [
/Q er(x) plt, ) i < /Q En(e) p" (@) dr + o1 / /Q () dudr

< [ e ERE KRG
Q

thanks to (Z35).
Now, for ¢ € [0,7T] and ¢ € (0,1), it follows from (Z35) and the above inequality that

1 é
/{sz} /y O] /{IZR} /0 /R r(m) f(t,,y) dydz
1 e}

— T m x dydzx
e /{M}sR( )/5 [ fttp)dy
K(fm) 1 Vel o
— )de + ———— K T.
3 /{mp}” (o) dar + LVELE e giny

Lemma B2 then follows from (LI2) and B3D) by letting first R — +o0o and then 6 — 0
in the above inequality. (]

IN

Let us finally briefly explain how it is possible to get the additional qualitative properties
(CIN—-(CI6). The monotonicity (LI of the mass readily follows by integration of (LIJ).
We should actually have the mass conservation [20), at least for coagulation coeflicients
with a moderate growth, but we do not know how to prove it. For (ILTH), we may consider a
sequence (Py) of convex functions growing at most linearly at infinity such that ®(s)  sP
as k — oo for any s > 0 and we first establish that || ®x(f(¢))| L1 is a non-increasing function
of time by a direct (and allowed) computation as it has been (formally) done in Lemma 23
We then let & — oo and we conclude by the monotone convergence theorem. Concerning
(CI6), we may argue as follows. We assume that the sequence of solutions (f,) satisfies

t— / / fu(t,z,y) mo(m) ¥(|v|) dydz is a non-increasing function of time,  (4.54)
QJy

for any decreasing function ¢ € L*°(R,) and any convex function ¥ which grows at most

quadratically at infinity. In particular, ||f,(¢) m |v|?|z: is uniformly bounded. This is not

a restrictive assumption, at least for an approximated solution, because (R4 has been

(formally) derived in Section 2. We then choose ¢(m) = ¢r(m) = lo<m<r and ¥(s) =
Ur(s)=s*1o<s<r + (2Rs — R?)1,55. For A > R, we have

/ / St 2,y m b (m) W (o)) dyde = / / fults ) m o (m) W R ([0]) 10y <4 dydz
QJY QJY
+/Q/an@,:c,y)mw(m)wlvl)1‘U|>Adydx.
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Since m(bR(m) \I/R(|’U|) ]'IU\SA S LOO(Y) and

2R 2R
/ / Pt 2y m i (m) U (o)) 1oy a dydec < 220 / / fult )y m o dydz < 2,
QJY A QJY A

we may pass to the limit as n — 400 and deduce that

/ / fult, ) m b (m) ©(Jo]) dydz — / / £t y) m dr(m) g (|e]) dyd.
DJY QJY

€

Therefore, recalling [@H4), we realize that
t— / / ft,z,y)mor(m) ¥r(Jv]) dyde is a non-increasing function of time (4.55)
QJy

for any R > 0. The assertion (TG then follows from ([E32H), letting R — oo and using the
monotone convergence theorem.

5 Large time behaviour and pressureless gases system

We first prove the last assertion of Theorem[IIl Let f be a weak solution to (LI)-(T2) in the
sense of Definition Bl We consider an increasing sequence (t,,)n>1, tn — +00, of positive
real numbers and put f,,(¢,.) := f(t, +¢,.) for t > 0 and n > 1. Owing to Definition B3, we
realize that the sequence (f,,) satisfies the assumptions of Theorem Bl Therefore, fixing
T > 0, it follows from Theorem that, up to the extraction of a subsequence,

fa(t) = F weaklyin L'(Qr xY).

Moreover, on the one hand, we infer from B2 with by = a1o<n 1Y62R that

/s

5§, R

On the other hand, the bound [Z36) yields

/ / afnfédy'dydxdtﬁ/ /yl(f) drdt — 0.
Qr JY? tn Q

T
/ / / aly<n FF dy dydxdt =0,
0 JBrJY?, B

aFF' =0 ae on (0,7)xR>xY?
Consequently, ' = 0 a.e., since 0 < F € L' and a > 0 a.e. on Y? by (D).

alo<n fo fhdy'dy — / alo<n FF' dy'dy weaklyin L'((0,T) x Bg).
Y52,R

Therefore,

whence
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Remark 5.13 When Q = R3 and |z| fi* € LY(Q x Y), an alternative proof of the conver-
gence to zero may be performed with the help of (ZZ9) and (Z30). We refer to [, [37] for
more details about this dispersion argument.

Remark 5.14 It is mathematically challenging to have a better understanding of the re-
lationship between the coalescence equation (Ll) and the pressureless gases system (LI8).
Since colliding particles always stick together in the pressureless gases system, one can erpect
that it is the natural hydrodynamic limit of the coalescence equation:

Oufe v Vofe= = QU

This is not true if f-(0) = f™ satisfies (LI1A). Indeed, for i = 1,2, we have
1 2 )
L [ataara<? [ yideasagsn,
€ JarJy € Jar

and |®(f-(t))||zr < ||®(f™)||p1 for some ® as in Definition We may then argue as
above to prove that f- — 0 as ¢ — 0. It would be interesting to figure out whether, if
we start from a sequence of “well-prepared” initial data, the sequence (f:) converges to a

non-trivial solution to (L) of the form (LI4).

6 Proof of the existence Theorem 1.1

The proof is essentially the same as that in [27, Section 5] and proceeds in two steps: we
first consider an approximated problem and then to use the stability result (Theorem B in
order to pass to the limit. For the sake of completeness, we sketch below the main ingredients
of these two steps.

Step 1. Approximation. We introduce the modified coalescence term

Qsx(9) == Qs(g) + g,
with

- 1
Qs(9) ::mQas(g)u Py :=/Y|g|dy

and where Q) is defined by (L3), (CZ) with the coalescence kernel as(y,y') := min{a(y,y’),1/d}.
For A > 672 we obviously get that Qs maps X, in X, where the Banach space
(X, |I-llx) is defined by

X={geL>Y); (+y)’>geL>Y)},
with | g]lx := ||(1 + |y|)® g||L~ and X, denotes the positive cone of X. Moreover,

Vge X, [Qsa(9)llx <Cllglx (6.56)
Vo, € X, |lgilx <R = [|Qsx(92) — Qsx(91)llz1(v) < Crllg2 — 91| L{657)
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for some constants depending only on §, A (and R).

We next consider [ € L>®(Q; X ) and T > 0. Putting B := ||f"|| L (q;x), We define
the metric space (Xr,d) by

X7 = {g eC([0,T); LY x Y)) N L>((0,T) x Q; X), s[up ] gl Lo :x) < 23} ,
te(0,T

d(g1,92) :== sup |/(g1 — 92)(t)||L1(Q><Y)7 91,92 € X1,
t€[0,T]

and the map ® : X; — Xp in the following way: for any g € Xr, h = ®(g) is the unique
solution to ‘
Oh+v-Vaih+ M= Qsa(g), h(0)=f",

with periodic boundary conditions when {2 is the torus and with the noincoming-flux bound-
ary conditions when (2 is bounded. It is straightforward to verify that ® is well-defined and
satisfies

920 = @(9) =0,

by the maximum principle for A > §=2. In addition, we infer from (E350) and (E57) that
there exist T'> 0 and k € (0,1) such that

geEXr = ®(g)eXr

and
d(®(g1), P(92)) < k d(g1,92) for gi,92 € Xr.

By the contracting map theorem, ® has a unique fixed point f5 in X, which is actually a
solution to the modified coalescence equation

Ofs+v-Vofs = Qs(fs) in (0,T)xQxY, (6.58)
f5(0) = f™ in QxY, (6.59)

with periodic boundary conditions when {2 is the torus and with the noincoming-flux bound-
ary conditions when 2 is bounded.

By standard iterative arguments, (.56) ensures that fs is in fact a global solution (with
T = o) and satisfies

[fs(®)llLe@ix) S exp(C(L +1)), ¢ =0.

Step 2. The limit § — 0. Given now an initial data f" satisfying the condition ([CITJ), we
introduce the approximation f;" given by

"(z,y) := min {fi"(x,y), %} 1o, (7) 15, , ()
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with 25 =  when Q is either the torus or a bounded domain, and Qs := Bj;5 when
Q =R3. Clearly, fi" € X, and we denote by fs the corresponding solution to the modified

coalescence equation (G5Y), E29).

We first show that, under the assumption ([CIJ), the initial data f™ and fi" satisfy
(Z34) uniformly with respect to §. For that purpose, we collect some properties of f** in
the next lemma.

Lemma 6.15 Assume that f" satisfies (L13). There erist two nonnegative and non-
decreasing convex functions ® € C1([0,4+00)) and A € C1([0,+00)) and a nonnegative, con-
vex and non-increasing function r € C*((0,+0c0)) depending only on f™ satisfying ®(0) = 0,
A0) =0, [ZFD) and such that

/Q /Y @ (f"(x,y)) + [ (2,y) <T(m) A <%>) dydz < +00. (6.60)

Proof. Since f € L'(Q2 x Y), the de la Vallée-Poussin theorem |4} 33| ensures that there
is a nonnegative and non-decreasing convex function ® € C([0, +00)) satisfying ®(0) = 0,
@3D) and ¢(f™) € L} (QxY). Similarly, it follows from (CI2) that (z,y) — p/m belongs to
LY(Q x Y;mf"(z,y)dzdy) and the de la Vallée-Poussin theorem [T4} 33] ensures that there
is a nonnegative and non-decreasing convex function A € C([0, +c0)) satisfying A(0) = 0,

B31) and
//m)\(M) i (x,y) dyde < +o00.
QJy m

We next notice that fi* € L'(Q x Y') implies that
1 )
(z,y) — — € LYQ x Y;mf™ (z,y)dzdy) .
m

Using again the de la Vallée-Poussin theorem, we conclude that there is a nonnegative,
non-increasing and convex function o € C*([0, +00)) satisfying o(0) = 0, o(u)/u — +oc as
u — 400 and

(z,y) — o (%) e LNQxY;m f"(x,y)dxdy) .

Putting r(m) := m o(1/m) for m > 0, this last fact implies that f* € L'(Qx Y, r(m)dzdy),
while the behaviour of o for large u entails that r fulfils (837). Next, since o is a convex
function with ¢(0) = 0, m — o(m)/m is a non-decreasing function and r is thus a non-
increasing function. The other properties of r finally follows from the properties of o.
Summarizing, we have constructed three functions ®, A and r with the properties stated in
Lemma ETH such that (E60) holds true. (]

Since fi™ < f™, we readily obtain that @B0) holds for (fi") uniformly with respect to 4.
Owing to the properties of fs, we may justify the computations performed in Section 2 and
deduce that the family {f5} satisfies the bounds ([Z35) and [Z36) uniformly with respect
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to 0 (notice also that the modified coalescence kernel as/(1 + 6 py,) satisfies ((L7)-(TI0)
uniformly with respect to 0). Arguing as in the proof of Theorem Bf in the same way as it
is done in [27)], we deduce that there are a subsequence (f5,) of (f5) and a function f such
that

f5. — f in C([0,T);w— LY (Bgr x Y)),

Qs.(f5.) = Q(f) in L'((0,T) x Bg x Yg)

for any T > 0 and R > 0. We therefore conclude that f is a weak solution to (CI))-([C2)
enjoying the properties stated in Theorem [Tl

A  From (r,v) to (m,p).

We first show in this appendix that the equation ([Il) with the collision term Q(f) given
by (L3) and () is deduced from the usual droplet equation as it is presented for instance
in [36], through a simple change of variables.

Let us consider a function g = g(t, x, r, v) which solves the equation:

Og+v-Veg=0Q(g) in (0,400) x 2 x R, x R3, (A.61)
where Q(g) := Q1(g) — Q2(g) is given by
1 Tl
Q1(g)(r,v) = 5/ / —1 B(ri,7",v1,0") g(ri,v1) g(r*,v*) dr*dv*, (A.62)
rR3Jo T1
Qs(g)(r,v) = / / B(r,r*,v,0%) g(r,v) g(r*,v*)dr*dv*, (A.63)
r3 Jo
and
3 *3 %
w311/3 riv—r*v
T YA ek i (A4
B(r,r*,v,0*) = E(r,r*,v,v") 7 (r +7*)? Jv — v*|, (A.65)

the function F being a positive function, called the coalescence efficiency. We perform the
following change of variables:

~11/3
m:=1r3 p:=r3v, and f(t,x,m,p):= m 59 (t,:v,ml/3, ﬁ) .
m

It then follows from ((Af1)) that

~11/3
atf(t7x7m7p) = o 8tg (taxaml/gu 2)
3 m
m—11/3 s D m—11/3
- /3 _) _ ( 1/3 £)

3 Ql(g) (t,:v,m ) m 3 Q2(9) t,x,m ) m .
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We now compute the two terms on the right-hand side. Starting with Q,, we obtain

Qg(g)(t,:v,ml/3,£>:g(t,x,ml/3,£>// B(m1/3,r*,£,v*> g(t,x,r* v*)dr*, dv*.
m m R3 Jo m

We change variables under the integral

* *3 * *3 % x*—11/3

1
m* =7r*, p*=r*v, dr*du*:§m dm™ dp*,

and obtain,

Q5(9) (t,w,m1/37£) =3 m!/3 f(t,w,m,p)/ / a(m,p,m*,p*) f(t,z,m*, p*)dm*dp*
m Rr3 Jo

with
a(m,p,m*,p*) = B <m1/ m*1/3 p P > .

"m’ m*

On the other hand, using the same change of variables and [A64]), we obtain

Q.1(g) (t x, m1/3 p)

m
11/3

= / / B(r,r*,v1,0") g(t, x,r1,v1) g(t, 2, r™,0%) dr* dv*
R3

= 3 ”/3// a(m —m*,p—p*,m*,p*) f(t,z,m —m*,p—p*) f(t,z,m*, p*) dm* dp*.
R3

Using the notation y = (m, p) introduced in Section 1 and [A68), we may write a as follows

2
a(y,y') =B (m1/3 (m/ )13, p, v ) E(m'3, (m")Y3,v,0") (m1/3 + (m’)1/3> v — /|

m’ m/

B Properties of ays and ayp

We check here that Theorem [l guarantees the existence of a weak solution to ([ILII)-(T2)
when the coalescence kernels are given by either (LH) or (LH). For that purpose, we only
have to show that these kernels enjoys the properties (LX)-(CI). We first consider agg
and prove the following result.

Lemma B.16 For any o > 0 the function
a(y,y) = (m* +m'")" o~
satisfies (L) and (L4). Moreover, if 0 < o < 1/2, it also satisfies (LI1).
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Proof. Let us start with ((CR). To this end, we notice that,

” vim+m') mu+mv'|  m ,
o =" = m!’ - m! __//|U_v|7
and similarly,
|v/_v// — _I/ |v_v/|
Therefore,
m’ 2 m
amwmww>={wuwﬂﬂm+wﬁm“ W%WM

ay2 m o 2 m
> {(mo‘—i—m' )2 it (m'“ +m )2 m—} v — /|
> (m+m)’ o] = a(y,y).
On the other hand, it is clear that a is bounded on Yy, so that (CH) is obviously true.
Finally, if ¢ € Y is such that m’ > R’ > 1+ R and y € Y5 g, we have
R
dpf) < (e () SO (e mt i)

C(R,0
< LB,

and (CIO) follows since « € [0,1/2). (]

Lemma B.17 For a € [0,1] and v € R, we put

m+m'\°
a@w0=< ) ="

mm’

If =3 <~ <0, the function a satisfies (L8)-L10).

Proof. Since o < 1, it follows from the formulae for [v — v”| and |v" — v”'| computed in the
proof of Lemma [B.Tf and the subadditivity of u — u® that

" I\ /e / " ~v/a @
aoy) +aly ) > {m (ﬂ) e omy } I

m m// m// m/ m//

, m/ (04+'Y)/0‘ m (a-{-’y)/a Ot
= o) ()
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Since (a +7)/a < 1, the function u — u(*t7)/ is subadditive, from which we deduce that

/

Yt+a
m m
a(y,y") +aly',y") > aly.y) {W + W} =a(y,y).

We next turn to (CH). Since v > —3, there exists ¢ > 1 such that v¢q > —3. For
y' € Y5 R, we have

2 aq mp/ Yq B
/ a(y,y')dy < <5> / p—— | m dy
Y&,R Y&,R m
R
< CR’”"// P dy
) Br(—mp’/m’)
< ¢ / 1p" dp
BR+R2/6

which is finite since v¢ > —3 and does not depend on y’ € Y5 g. The property (L) then
follows from the inequality

1
/Y a(y.y') 1a<y,y/>szy§W/Y a(y,y')" dy .
5, R 5,R
Finally, we have
2 « P p/ vy
!/

a(y,y)dy < (—) / — -

~/Y5,R ( ) 6 Ysr | m’

for m’ > R’ > R and p’ € R3. Now, if |p/|/m’ > 2R/, we have

/ /
2 N A I
m m/ m/ m ~— 2m’/
and
p/ vy
[ awna=cen [ Bl d<cen
Ys r Ys,r | T

since 7 < 0. On the other hand, if [p'|/m’ < 2R/J, we have Bg/,,,(—p’/m') C Bsr/s and

R
/ aly,y) dy < C(5, R) / / m® p|7 dy < C(6. R)
Y5, r 1 Br/m(=p’/m’)

since 7 > —3. The assertion (CI0) then readily follows. (]

INRIA



On a Kinetic Equation for Coalescing Particles 33

References

(1]

2]
(3]

[4
15
6
17
8
[9
[10]
[1]
[12]
[13]

[14]
[15]

[16]
[17]
[18]

[19]

[20]
[21]

[22]

RR n°

D.J. Aldous, Deterministic and stochastic models for coalescence (aggregation, coagulation): a re-
view of the mean-field theory for probabilists, Bernoulli 5 (1999), 3-48.

H. Amann, Coagulation-fragmentation processes, Arch. Rational Mech. Anal. 151 (2000), 339-366.

C. Baranger, Collisions, coalescences et fragmentations des gouttelettes dans un spray: écriture
précise des équations relatives au modéle TAB, mémoire de DEA, ENS de Cachan, 2001.

C. Bardos and P. Degond, Global ezistence for the Vlasov-Poisson equation in 3 space variables with
small initial data, Ann. Inst. H. Poincaré Anal. Non Linéaire 2 (1985), 101-118.

Ph. Bénilan and D. Wrzosek, On an infinite system of reaction-diffusion equations, Adv. Math. Sci.
Appl. 7 (1997), 349-364.

A.V. Bobylev and R. Illner, Collision integrals for attractive potentials, J. Statist. Phys. 95 (1999),
633-649.

F. Bouchut, F. Golse and M. Pulvirenti, Kinetic equations and asymptotic theory, Series in Appl.
Math., Gauthiers-Villars, 2000.

F. Bouchut and F. James, Duality solutions for pressureless gases, monotone scalar conservation
laws, and uniqueness, Comm. Partial Differential Equations 24 (1999), 2173-2189.

Y. Brenier and E. Grenier, Sticky particles and scalar conservation laws, SIAM J. Numer. Anal. 35
(1998), 2317-2328.

P.R. Brazier-Smith, S.G. Jennings and J. Latham, The interaction of falling water drops: coales-
cence, Proc. R. Soc. London 326 (1972), 393-408.

J.F. Collet and F. Poupaud, Ezistence of solutions to coagulation-fragmentation systems with diffu-
sion, Transport Theory Statist. Phys. 25 (1996), 503-513.

M.H. Davies and J.D. Sartor, Theoretical collision efficiencies for small cloud droplets in Stokes
flow, Nature 215 (1967), 1371-1372.

M. Deaconu and N. Fournier, Probabilistic approach of some discrete and continuous coagulation
equations with diffusion, Stochastic Process. Appl. 101 (2002), 83—111.

C. Dellacherie and P.A. Meyer, Probabilités et potentiel, chapitres I a IV, Hermann, Paris, 1975.

R.J. DiPerna and P.-L. Lions, On the Cauchy problem for Boltzmann equations : global existence
and stability, Ann. Math. 130 (1989), 321-366.

R.J. DiPerna and P.-L. Lions, Ordinary differential equations, transport theory and Sobolev spaces,
Invent. Math. 98 (1989), 511-547.

R.J. DiPerna and P.-L. Lions, Global solutions of Boltzmann’s equation and the entropy inequality,
Arch. Rational Mech. Anal. 114 (1991), 47-55.

R.J. DiPerna, P.-L. Lions and Y. Meyer, LP regularity of velocity averages, Ann. Inst. H. Poincaré
Anal. Non Linéaire 8 (1991), 271-287.

R.L. Drake, A general mathematical survey of the coagulation equation, in “Topics in Current Aerosol
Research (part 2),” International Reviews in Aerosol Physics and Chemistry, Pergamon Press, Ox-
ford, 1972, pp. 203-376.

P.B. Dubovskii, Mathematical Theory of Coagulation, Lecture Notes Series 23, Seoul National Uni-
versity, Research Institute of Mathematics, Global Analysis Research Center, Seoul, 1994.

G. Dufour, M. Massot and Ph. Villedieu, Ftude d’un modéle de fragmentation secondaire pour les
brouillards de gouttelettes, preprint, 2002.

S. K. Friedlander, Smoke, Dust and Haze, Addison-Wesley Publishing Company, 1977.

4748



34

Escobedo, Laurengot & Mischler

(23]
[24]
[25]
[26]
[27]
28]
[29]
[30]
[31]
[32]
33]
[34]
[35]
[36]

[37]
[38]

R. Illner, Stellar dynamics and plasma physics with corrected potentials: Viasov, Manev, Boltzmann,
Smoluchowski, Hydrodynamic limits and related topics (Toronto, ON, 1998), 95-108, Fields Inst.
Commun., 27, Amer. Math. Soc., Providence, RI, 2000.

P.E. Jabin and J. Soler, A kinetic description of particle fragmentations, preprint, 2002.

I. Langmuir, The production of rain by a chain reaction in cumulus clouds at temperature above
freezing, J. Meteor. 5 (1948) 175-192.

Ph. Laurencgot and S. Mischler, Global ezistence for the discrete diffusive coagulation-fragmentation
equations in L', Rev. Mat. Iberoamericana 18 (2002), 221-235.

Ph. Laurencot and S. Mischler, The continuous coagulation-fragmentation equations with diffusion,
Arch. Rational Mech. Anal. 162 (2002), 45-99.

Lé Chau-Hoan, Etude de la classe des opérateurs m-accrétifs de L'(Q) et accrétifs dans L>°(S2),
Thése de 3¢me cycle, Université de Paris VI, 1977.

P.-L. Lions, B. Perthame and E. Tadmor, A kinetic formulation of multidimensional scalar conser-
vation laws and related equations, J. Amer. Math. Soc. 7 (1994), 169-191.

Z.A. Melzak, A scalar transport equation, Trans. Amer. Math. Soc. 85 (1957), 547-560.

S. Mischler and M. Rodriguez Ricard, Ezistence globale pour ’équation de Smoluchowski continue
non homogéne et comportement asymptotique des solutions, prépublication Université de Versailles
Saint-Quentin, 2002.

B. Perthame, Time decay, propagation of low moments and dispersive effects for kinetic equations,
Comm. Partial Differential Equations 21 (1996), 659-686.

M.M. Rao and Z.D. Ren, Theory of Orlicz Spaces, Monogr. Textbooks Pure Appl. Math. 146, Marcel
Dekker, Inc., New York, 1991.

P.J. O’Rourke, Collective drop effects on vaporizing liquid sprays, Ph.D. Thesis, Los Alamos National
Laboratory, Los Alamos, NM 87545, November 1981.

J.M. Roquejoffre and Ph. Villedieu, A kinetic model for droplet coalescence in dense sprays, Math.
Models Methods Appl. Sci. 11 (2001), 867-882.

Ph. Villedieu and J. Hylkema, Une méthode particulaire aléatoire reposant sur une équation cinétique
pour la simulation numérique des sprays denses de gouttelettes liquides, C. R. Acad. Sci. Paris Sér. 1
Math. 325 (1997), 323-328.

F.A. Williams, Combustion theory, Addison-Wesley Publishing Company, 1985.

Ya.B. Zeldovich, Gravitational instability: an approzimate theory for large density perturbations,
Astron. Astrophys. 5 (1970), 84-89.

INRIA



/<

Unité de recherche INRIA Rocquencourt
Domaine de Voluceau - Rocquencourt - BP 105 - 78153 Le Chesnay Cedex (France)

Unité de recherche INRIA Futurs : Domaine de Voluceau - Rocquencourt - BP 105 - 78153 Le Chesnay Cedex (France)
Unité de recherche INRIA Lorraine : LORIA, Technop6le de Nancy-Brabois - Campus scientifique
615, rue du Jardin Botanique - BP 101 - 54602 Villers-lés-Nancy Cedex (France)
Unité de recherche INRIA Rennes : IRISA, Campus universitaire de Beaulieu - 35042 Rennes Cedex (France)
Unité de recherche INRIA Rhone-Alpes : 655, avenue de I’Europe - 38330 Montbonnot-St-Martin (France)
Unité de recherche INRIA Sophia Antipolis : 2004, route des Lucioles - BP 93 - 06902 Sophia Antipolis Cedex (France)

Editeur
INRIA - Domaine de Voluceau - Rocquencourt, BP 105 - 78153 Le Chesnay Cedex (France)
http:/ /www.inria.fr

ISSN 0249-6399



	Introduction
	Conservation laws and Liapunov functionals
	Stability result
	Proof of Theorem 3.6
	Weak compactness of the coalescence term
	Strong compactness of y-averages
	Passing to the limit in the coalescence term
	Further properties of f

	Large time behaviour and pressureless gases system
	Proof of the existence Theorem 1.1
	From (r,v) to (m,p).
	Properties of aHS and aNP

