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Abstract: We consider in this paper an auction-based pricing scheme recently introduced
by Lazar and Semret to allocate bandwidth among users. This mechanism, called Progressive
Second Price, was studied using tools from non-cooperative game theory, for a fixed set of
players (i.e., users). We compare here the results obtained in that case with the more
realistic situation when players randomly enter or leave the game. We assume that they
enter according to a Poisson process, and leave it after an exponentially distributed sojourn
time. We show that this stochastic assumption cannot be skipped since it can lead to very
different results.
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Le mécanisme du second prix progressif en
environnement stochastique

Résumé :  Nous considérons dans cet article une méthode de tarification basée sur des
enchéres et récemment introduite par Lazar et Semret pour allouer la bande passante entre
utilisateurs. Ce mécanisme, appelé second priz progessif, a été étudié a ’aide d’outils issus
de la théorie des jeux non coopératifs, pour un nombre fixé de joueurs (i.e., utilisateurs).
Nous comparons ici les résultats obtenus dans ce cas avec la situation plus réaliste ou les
joueurs entrent ou sortent aléatoirement du jeu. Nous supposons qu’ils entrent dans le jeu
selon un processus de Poisson, et en sortent aprés un temps de séjour exponentiellement
distribué. Nous montrons que cette hypothése aléatoire ne peut étre oubliée.

Mots-clé : Chaines de Markov, Théorie des jeux non coopératifs, Tarification, Télécom-
munications
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1 Introduction

Despite the exponential growth of the available resources in communication networks, the
increase of the number of users, and the new services that need more and more bandwidth,
often lead to congestion problems.

It thus becomes obvious that the pricing schemes based on flat-rates (independent of
users’ consumption) are not suitable anymore, because they do not take into account the
negative externality caused by a particular user on the others.

Many recent papers have suggested and studied new allocation and pricing mechanisms,
for wireless networks where the externality is the interference [1, 15, 18], and for wired
networks where the externality is expressed in terms of losses and/or delay [3, 4, 7, 8, 11,
12, 14, 21]. In both cases, the resources (bandwidth, computing power) have to be fairly
distributed among users. All of those works consider an economic approach to study the
different proposed mechanisms, and many authors use in particular the formalism of non-
cooperative game theory to describe the behavior of users and resource sellers. Indeed, as the
potential users of a network compete for the resource, and can be considered as behaving
selfishly, the framework of non-cooperative game theory is particularly well-suited to predict
the outcomes of the allocation and pricing model. Thus, the concepts of strategy and Nash
equilibrium are central notions of the paper.

In this paper, we focus on the recent results presented by Semret and Lazar in [10] and
[16], concerning an auction mechanism, called Progressive Second Price (PSP), that could
be used to allocate bandwidth among users (also called players from now). In their work,
the authors present the PSP, and show some properties using tools from game theory: they
exhibit an incentive compatible user behavior, prove that a Nash equilibrium is reached after
a finite time, and that the corresponding allocation is efficient in the sense that it maximizes
the social welfare.

However, one important assumption made by Lazar and Semret is that the number I of
players is constant during all the game, which does not seem very realistic when considering
Internet connections for example. Indeed, in the "real world", connections enter or leave the
network randomly, their duration depending on the type of application. This phenomenon
is likely to deteriorate the optimality of the auction, and requires further investigation.
There already exists a few recent papers where the number of players vary over time [13,
19]. In particular, Stahl shows in [19] that some auction mechanisms can be efficient for a
constant number of players, but that the efficiency can be lost in a stochastic environment.
Nevertheless, in [13, 19] the auctions are static, meaning that players cannot modify their
bids, whereas in the PSP the auction is dynamic.

In this paper, we plan to look at what extent the properties of the PSP mechanism
highlighted by Lazar and Semret still hold when players enter and leave the game according
to Poisson processes. In order to do that, we will introduce a continuous-time Markov chain
that will be used to describe the auction behavior, and we will investigate the properties of
the PSP in such a stochastic context.

The paper is organized as follows. In Section 2, we describe the PSP mechanism presented
by Lazar and Semret in [10], and quote their main results. We introduce in Section 3 the
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4 Patrick Maillé , Bruno Tuffin

Markov chain model used to study the game with random arrivals and departures of players,
and present two different possibilities of initial bid, depending on the player’s ignorance or
knowledge of the bid profile at his arrival. Section 4 is dedicated to a theoretical study of
that Markov chain, focusing on the existence of a stationary distribution. We then present
and comment in Section 5 some numerical results obtained from simulations, since obtaining
analytic results is difficult, and we finally conclude and give some directions for future work
in Section 6.

2 The Progressive Second Price mechanism

We present here the PSP mechanism, that was first described by Lazar and Semret in [10],
for the allocation of variable-size shares of a resource among several users. An extension of
the scheme to a network context was studied later by Semret et al [17], but we concentrate
here on the case of a single resource, basically the bandwidth of a single communication
link.

Denote by Z = {1,...,I} the set of players, and by @ the total amount of available
resource. Players submit bids, and then the auctioneer (i.e., the network) shares the resource
and computes the price to be charged to each player based on the received requests.

Bids are chosen to be 2-dimensional: each player ¢ € 7 submits a bid s; = (¢;,p;) € S; =
[0, Q] x [0, +00), where g; is the desired quantity of resource and p; the unit price player 4
is willing to pay for that resource. Through the paper, s = (s1,...,s;) will denote the bid
profile, and s_; = (81, .-, 8i—1, Si+1, ---» S7) Will be the bid profile that player 4 faces, so that
s = (84;5—4). The Progressive Second Price (PSP) allocation and pricing rule is defined as
follows: player i is allocated the quantity a;(s), and is charged the price ¢;(s), where (if A
designs the minimum)

+
ai(s) = aA Q- D 1)
Pr2pi k#1
ci(s) = Y pilaj(s—i) —a;(si;5-0)] ()

i#i

The motivation for that choice for the pricing rule is that ¢; covers the “social opportunity
cost” of player i’s presence, i.e. the declared willingness to pay of players who are excluded
by player i’s bid (see Figure 1), which is often called the second price. Also, from (1), the
players are sorted by their unit price, those bidding the highest get the bandwidth they
request, and so on until no more resource is available.

It can be remarked that the allocation rule given by Equation (1) punishes players who
bid at the same price and ask more than the available quantity at that price, which may
result in a non-optimal allocation since the bandwidth is not fully allocated. This was argued
by Tuffin in [20], where a slightly modified allocation rule is presented. We describe here

INRIA
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Figure 1: Allocation and price to pay for player ¢

this revisited scheme, which will be used in the rest of the paper. Define

+

Qi(y,s-i) = |Q — Z Qe 3)

k#i:pr >y

as the remaining bandwidth at a given unit price. The allocation

ai(s) =g A LQi(Pi,S—i) (4)
Zkipk =p; Ik
allows players who bid at the same price p; to totally share the available quantity at price p;.
The price charged to each player is then still computed using Equation (2). It is shown in [20]
that the results that Lazar and Semret obtained are still exact for the modified allocation
rule.
In order to model the players’ behavior, we also need to represent their perception/valuation

of the service they can get. Player i’s preferences are modeled by a quasi-linear utility func-
tion of the form

Ui(s) = 8i(ai(s)) — ci(s), (5)

where 6; is player i’s valuation function, which depends on the quantity of resource he
receives.

Since players are assumed to act selfishly, so that they will choose their bid in order
to maximize their individual utility function.! The allocation game works as follows: each

11n [10], a budget constraint for each player can be taken into account. However, for simplicity sake, we
consider in this paper the case without budget constraint.

RR n~°4758



6 Patrick Maillé , Bruno Tuffin

player can make a bid each T units of time, knowing perfectly the bids made by the other
players s_;. Moreover, it is assumed that two players never bid at exactly the same time.
As a player’s bid is a reply to s_;, Lazar and Semret define the set of player i’s e-best replies
(for an € > 0) as

Si(s—i) = {si € S; : Ui(si;5—3) > Ui(s};s—;) —€,Vs; € S},
meaning that Sf is the set of bids that player i can make, ensuring him a utility close to the
maximum reachable from less than e.
An e-Nash equilibrium is then defined as a fixed point of S = [[;c; Sf(s—:), where no

player can increase his utility by more than e by unilaterally changing his bid.
To derive theoretical results, some assumptions are made on the valuation functions [10]:

Assumption 1 For anyi € Z,
* 6;(0) =0,
e 0; is differentiable,
e @) >0, non-increasing and continuous
o Iy, >0,V2>0,0i(z) > 0=V < 2,0(z) <0;(n) —vi(z—n).

Then, defining a truthful bid as a bid s; = (g;,p;) such that p; = 6}(¢;) (that is, bidding
a price equal to the marginal valuation), Lazar and Semret prove in [10] the incentive
compatibility property, which describes how players could choose their bids:

Proposition 1 Let
Gi(s—;) =sup{z:2 < Q; (0(2),s—:)}- (6)
Under Assumption 1, Vi € T,Vs_; € S_; such that Q;(0,5_;) =0, Ve > 0,

Yi = (vi,w;) with { vi = [Gézs;z)ﬁi_(v% 0;(0)]* o

is a truthful e-best reply for player i to s_;.

To ensure that the bandwidth is not sold at a too low level, a bid so = (@, po) is
introduced. This means that the owner of the resource will sell it at a minimum unit price
Do, which is called the reserve price. The seller can thus be seen as a player (not in 7)
with a valuation function 6;(q) = poq. As a consequence, the hypothesis Q;(0,s_;) = 0 of
Proposition 1 is verified.

The authors suggest that players submit bids according to Equation (7), with the con-
straint that there are never more than one player sending a bid at the same time,? if and
only if it increases their individual utility by at least e. This is justified in [10] by considering
a “bid fee” of e. Then it can be shown (see [16], Proposition 4) that under Assumption 1, the
allocation game converges after a finite number of bids to a truthful 2e-Nash equilibrium.3

2This condition is met for example when players choose to bid asynchronously every T units of time.
3The convergence of the bids is proved in [16] when players act as we describe here, and the equilibrium
that is reached is necessarily a 2e-Nash equilibrium

INRIA



The Progressive Second Price Mechanism in a Stochastic Environment 7

In order to obtain results about the efficiency of the PSP mechanism, some additional
conditions are imposed on the valuation functions:

Assumption 2 3k > 0,Vi € Z,
o V2,2 2> 2 >0,0(z) —6j(2) > —k(z — 2'),
e 9:(0) < +o0
The following result can then be shown (see [16]):

Proposition 2 Consider an e-Nash equilibrium s* € S¢, and the corresponding allocation
a* = (ao(s*),a1(s*),...,ar(s*)). Define a* := minjez(0},0r>00; and assume that Assump-
tions 1 and 2 hold. If a* > \/€/k, then

max [ Y fia) | — D i(a)) = O(Ver) (8)

acA \ . X
i€TU{0} i€TU{0}

where A= {a € [0,Q)"F! : 3. a; < Q}.

3 The Markov model for auctions, arrivals and depar-
tures

In this section, we look at the previous auction mechanism behavior in a stochastic environ-
ment. We thus make some assumptions on the way players enter the game, submit bids and
leave, driving to a Markov process.

3.1 The hypotheses

Assumption 3 There ezists a finite number T of different valuation functions. Thus a
player i is characterized by his type (or class) t; € {1,...,T}, meaning that his valuation
function is 8; = 6(;,y. New players enter the game according to a Poisson process with rate
A, and the type of a new player is chosen according to the discrete probability distribution P.
It is supposed that players’ types are independent random variables, so that players of type
t arrive according to a Poisson process with rate Ay = AP(t).

Each type can correspond to a different kind of application (telephony, video, file transfer...)
with different bandwidth requirements.

Assumption 4 FEach type-t player sojourn time in the game is an exponentially-distributed
random variable, with parameter p;, independent of all other processes, and in particular
independent of the cumulative bandwidth the player is allocated during his sojourn.
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8 Patrick Maillé , Bruno Tuffin

Different mean sojourn times are necessary for different applications, since watching a video
generally needs a much longer connection time than loading a web page for instance.

Assumption 5 Each type-t player in the game has the opportunity to submit a new bid
at different times. Inter-bid times are assumed to follow an exponential distribution with
parameter vy, independent of all other random variables.

Assumption 6 The set of possible bid quantities is discrete with a discretization step a:
the bids that can be submitted are of the form s; = (g, p:), where g; € [0,Q]q4 := [0, Q] NaN.

Assumption 6 is introduced in order to obtain a Markov chain with a discrete state space.
This is done for two reasons: first it is easier to analyze than Markov chains with continuous
state space, and second in practice a continuum of prices is unlikely to happen.

Because of this discretization of the possible quantities that can be asked and because
of the finite number of different valuation functions, the situation where several players bid
at the same unit price is likely to happen. To make sure that the bandwidth is optimal-
ly distributed, we are going to use the allocation rule (4), rather than (1), following the
arguments of [20].

As another consequence, each player chooses his bid as follows.

Assumption 7 When submitting a new bid, an already present player chooses to maximize
his immediate utility function, using truthful bids. Formally, a player i will submit the bid

8i(s—s) = (@i, pi = 0;(di)), with §; = arg max U; ((¢:,60;(q:)); 5—4) -
q€[0,Qla

It can be verified (see an example on Figure 2) that there are only two candidates: §; = §; :=

sup {Qi €10,Qla:q<Q =Xz, 50(0) Qi} and §; = @; + a.

Unlike Lazar and Semret, we do not introduce a “bid fee” € here, so players can submit
bids as soon as it improves their utility. Actually, since the bid set is discretized, a bid
change will correspond to a utility improvement greater than a certain threshold.

We then distinguish two different cases, each of which corresponding to one of the fol-
lowing knowledge assumptions when entering the game.

Assumption 8 When a player i enters the game, he is not aware of the other bids, and
submits the (initial) bid (gi,0;(q;)), where ¢; is chosen randomly according to a uniform
distribution on the possible quantities in a bid, independent of all other random variables.

Given that the player totally ignores the bid profile, he chooses its bid randomly. Af-
terwards, he will be informed of the profile and will be able to change his bid according to
Assumption 7. This situation could happen depending on the degree of signaling procedures
that are implemented in the network. However, we will also consider the case where arriving
players submit their best bid:

INRIA
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Figure 2: The two candidates for the best bid: on the left, the utility associated with the
bid g; (area in grey) is smaller than that associated with the bid g; + a (the difference is
the area in black). This is the case because 0(g; + ) is strictly greater than the price
p := max{p; : p; < 0;(¢;)}. The right-hand figure illustrates the case when 6;(g; + o) = p;
player ¢ must then compare the utility he would obtain by bidding §; (in grey), and that he
would get by bidding g; + «, considering the allocation rule (4).

Assumption 9 When a player i enters the game, he is informed of the bid profile, and
immediately submits his best bid like described in Assumption 7.

Both situations (as expressed by Assumptions 8 and 9) will be compared numerically.
We now need to define the state space of the random process.

3.2 State space of the Markov chain

When Assumptions 3 to 7 hold, as well as one among Assumptions 8 or 9 is chosen, the
random process X described above is a continuous-time discrete-space Markov chain defined
over the state space
u=J (1.7} x[0,Qla)™,
meN

where a state x is represented

T = ((tlalh);---a(ti;(h);---,(tman)) (9)

if there are m players in the game. Indeed, a state of the process is then the set of pairs
(ti,q;) for all players i in the game at that moment. ¢; is player i’s type, characterizing his
valuation function and thus his future bids, and ¢; is his asked quantity, which is sufficient
to describe the current bid (knowing the type t;), since bids are assumed to be truthful.

RR n~°4758



10 Patrick Maillé , Bruno Tuffin

Moreover, we decide to keep the players in their order of entry in the game, so that the
arrival of a new type-t,ew player submitting bid gpeyw will imply a transition from state z to

state 2’ = ((tla ql)a ey (tm; qm)a (tnew; Qnew))-

3.3 Transition rates

Denote by x — =’ a transition from state = to state z’ (were z,z’ € U). There are three
possible types of transition for the Markov chain X we study:

e Arrival of a new player

T = ((t17q1)5 ey (tman)) -z = ((tlaql)a ey (tm;qm)a (tm-l—l;qm-l—l)) (10)
occurring with rate

— y(z,2') = m)\ﬂl’(tmﬂ) Vtmt1 € {1,---,T} for the uniform initial bid case

(following Assumption 8), and

- (z,2") = AP(tm+1)  if gmt1 = Gm1 (see Assumption 7) and Vi1 € {1,---
N5 )= 0 otherwise,
for the initial best-reply case (Assumption 9).

e Departure of a player
T = ((t17q1)7"'7(ti—17qi—1);(ti7qi)7(ti+laqi+1);"'7(tmaqm))
- o = ((t17q1)7"'7(ti—17Qi—1)7(t’i+17Q’i+1)7"'7(tm7 qm)) (11)
occurring with rate v(z,z') = p;.

¢ New bid from an already present player (the bid can be unchanged if it is already
optimal for the concerned player)

x = ((tl,ql),...,(ti,qi),...,(tm,qm))
- 33/ = ((tlaql)a ey (tia‘ji)a ey (tmaqm)) (12)

with §; described in Assumption 7. This transition occurs with rate y(z,z') = v;.

3.4 State-space organization and infinitesimal generator

We indicate here how the states can be sorted, in order to write down the infinitesimal
generator matrix for the Markov chain. We decide to organize the states with the condition
that the total number of players increases. For example, if we define C' = |@Q/a], the states
can be ordered as follows:

® ,1,0),1,a),..,(T,Ca),((1,0);(1,0),((1,0); (1,a)) , ..., (T, Ca); (T, Cax)), ...
SN AN A

0 player 1 player: T(C+1) states 2 players: T2(C+1)? states

INRIA
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where () means that there are no players in the game.

Thus the state space can be separated in blocks corresponding to the number of players
in the game: the m'® block contains the (T'(C + 1))™ possible states with m players. The
only transitions that can occur from a block are to the next one (an arrival of a player),
to the previous one (a departure), or to a state in the same block (a player submitting a
new bid). Consequently, the infinitesimal generator matrix Q of the Markov chain X is
block-tridiagonal, with an increasing block size, of the form:

"B, A; O
D1 B1 A1 0
0 D2 B2 A2 0

where

e A, is the (T(C +1))™ x (T(C +1))™ " -matrix containing the transition rates for
arrivals of new players (the values in this matrix depend on which of Assumptions 8
or 9 is chosen).

e B, is the (T(C +1))™ x (T(C + 1))™-matrix containing the transition rates that
correspond to new bids of already present players.

e D,,,m > 1, is the (T(C +1))™ x (T(C + 1))™ "-matrix that contains the transition
rates for departures of players.

4 Theoretical results for the Markov chain

In this section, we investigate the properties of the previous Markov chain. From the char-
acteristics of some states that can be deduced from Assumptions 3 and 4, we are going to
infer the existence of a stationary distribution.

A first result is the following and is a direct consequence of Assumptions 3 and 4:

Lemma 1 The processes ny, ...,n, where n; gives the number of type-t players in the game,
are independent (continuous time) Markov chains corresponding to the number of customers
in M/M/oo queues. The chain n; corresponds to a queue with an arrival rate Ay = AP(¢)
and a service rate fi;.

In particular, all those Markov chains are irreducible and positive recurrent chains, whose
stationary distribution is perfectly known [9]. The independence of those processes ensures
that the process n = (ny, ..., nr) is also an irreducible positive recurrent Markov chain, whose
stationary distribution is the product of the stationary distributions of processes n, ..., nr.

RR n~°4758
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As a result, the state (), corresponding to the case when there are no players in the game, is
a recurrent positive state.

We now prove the existence of a stationary distribution for the Markov chain, in the
uniform case (Assumption 8). Next, we demonstrate the result for the best-reply case
(Assumption 9).

4.1 Irreducibility in the uniform case

To show that the continuous time Markov chain is irreducible, it is sufficient to show
that from any state z = ((t1,¢1),---, (tn,qn)) € U, we can reach any other state ' =
(( lla q/1)7 Tt (t%’aq;ﬂ)) eu.

From state x, state (} can be reached with a non-zero probability (by departure of all
players), and state 2’ can also be reached from state () with a non-zero probability (successive
entries of the n’ players, player i’s type being t; and his bid ¢}), thanks to Assumption 8.
Consequently, ' can be reached from x which proves that the Markov chain is irreducible
in the uniform case.

4.2 Existence of a stationary distribution in the uniform case

Theorem 1 The Markov chain X = {X(t)} with uniform initial bid is positive recurrent,
meaning that there exists a steady-state distribution.

Proof: To prove the positivity of the Markov chain X, we use here a result from [2]:

Lemma 2 Let {X(t)} be a recurrent irreducible continuous-time Markov chain. Then there
exists a unique steady-state measure ¢ (known up to a multiplicative constant). This measure
verifies p(e) > 0 for every state e and ¢Q = 0, and it can also be obtained by

Ry
/ 1[X(t>=e1dt] (14)
0

where b is a state, arbitrarily chosen, and Ry is the time of first return to state b, when the
Markov chain begins at state b.

p(e) =By

We apply this result to state b = () (no player in the game), since our Markov chain
we study is irreducible and recurrent (it has a recurrent state ). Our aim is to prove that
there exists a probability distribution 7, such that 7Q = 0, which would imply the positive
recurrence of the chain X. To do so, we need to show that the measure ¢ is bounded.

INRIA
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We have seen that state @) is positive recurrent, which means that Eg[Rg] < +oco. This
implies that

Ry
Z (%) Z Eg l/o l[x(t):i]dt]

ieU 1eN
Ry
Ey / Zl[Xu):ﬂdt]
0 jeN

= Eg[Ry] < +oo,

where the second inequality comes from Fubini Theorem.
We can thus introduce the probability measure 7 such that «(e) = % for all state
ieU
e. 7 is then the unique probability measure such that 7Q = 0. This shows that the Markov

chain is positive recurrent in the uniform case, with stationary distribution . O

4.3 Existence of a stationary distribution in the best-reply case

We simply extend here the results obtained in the uniform case. Assumption 9 does not
imply the irreducibility of the Markov chain over the state space U/ since some states are
unreachable from others. Nevertheless, we will consider the set of states that can be reached
with a non-zero probability from state (). Denote by U, this set.

Assuming that the game begins with no players, only the states in Uy, need to be con-
sidered. We can then restrict the Markov chain state space to that set, which immediately
yields the irreducibility (all the states in Uy, can be reached from §) by hypothesis, and § is
still a recurrent positive state). The positive recurrence follows also, using the same argu-
ments as for the uniform case, and consequently the existence of a stationary distribution is
ensured. We then have the following theorem:

Theorem 2 Assume that the initial state is () and denote Sy, C U the space of states
reachable from (. Then the Markov chain X is irreducible over Sy, and positive recurrent,
meaning that there exists a steady-state distribution.

4.4 Solution method

We first notice that Markov processes with heterogeneous block-tridiagonal infinitesimal
generator matrices were studied by Taylor and Bright in [5, 6]. That type of processes
is called Level-dependent quasi-birth-and-death processes. The generator matrix @) of the
Markov chain we study (given by Equation (13)) fits the theory developed by Taylor and
Bright. Thus, the conditions they obtained regarding the existence of an equilibrium distri-
bution and its computation could be applied. However, in the case we consider, the block
size grows exponentially with m, and the suggested methods are intractable. For this reason,
we will use simulation as the solution method.

RR n~°4758
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5 Numerical results

In this section, we compare by means of simulation the results obtained with a fixed number
of players with the more realistic results obtained when players are entering and leaving the
competition. Simulation is used because of the intractability of other numerical analysis
methods.

In the case of a fixed number of players, we assume that each user changes his bid
randomly (following an exponential random variable as explained in previous sections), and
not sequentially as in Lazar and Semret’s original method. This allows to check the effects of
the varying number of players in the game. The other difference with respect to the original
method is that we use the allocation procedure (4), in order to take into account the cases
of equal bids (especially because the bid space is discrete).

We consider the two different strategies described above when players enter and leave
randomly the game: either their first bid is randomly and uniformly chosen, which would
correspond to a situation where they do not have any indication of the profile before entering
the game, or they give their best reply as their initial bid in the case when they do know
the profile.

The steady-state values we are going to display (in the tables in figures) are the following:

e The average number of players, per class (or type) and overall.
e The average revenue for the network, and the part generated by each type of players.

e The average ratio of overall valuation with respect to the optimal one that would be
obtained in steady state (from Lazar and Semret’s theory). Somehow, it measures the
transient effect caused by the random entrance and departures. Note that in the case
where there is no players, this ratio is taken to 1 and that we do not consider the
seller’s utility.

e The average bid price per type of players (over time)

e The average cumulative utility generated per type, i.e., >, _; 0i(a;) for t =1,...,T.
e The average bandwidth obtained by each type.

e The average ratio of quantity asked with respect to quantity obtained for each type.

In Table 1 (with numerical values described in the caption), we compare the results
obtained for the three above schemes. The utility function that we consider is

0t (q) = wi,(Q min(Q, ¢) — (min(Q, ¢))*/2)

where u;, is a type-dependent parameter that has to be specified. The values of arrival
and departure rates are chosen so that the per-type mean number of players in the random
cases is the same than when the per-type number of players is constant (it can be checked
in Table 1 and from traditional M /M /oo queue analysis). We can point out several results.
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ur =1, us =2, Q =100, =1 and py = 0.5.

The Progressive Second Price Mechanism in a Stochastic Environment 15
Value confidence interval (case of a | confidence interval (best- | case of a
uniform first bid) reply case) constant

number of
players

N (1.99749e+00, 2.00220e+00) | (1.99807e+00, 2.00278¢+00) | 2.00000e+00

Average Rev- (1.39219e+03, 1.39613e+03) | (8.33222e+02, 8.35983e+02) | 1.15501e+02

enue

Average va- (8.73367e-01, 8.75090e-01) (8.36121e-01, 8.37735e-01) 9.99986e-01

lution ra-

tio/optimum

Ny (9.98669¢e-01, 1.00077e+00) (9.99483e-01, 1.00159e+00) 1.00000e+-00

Type 1 average (2.79823e+01, 2.80494e+01) | (8.73873e+00, 8.76924e+00) | 6.60000e+01

bid price

Type 1 utility (2.1575%+03, 2.16261e+03) | (2.19628e+03, 2.20128e+03) | 2.79973e+03

Type 1 revenue (3.71955e+02, 3.73056e+02) | (3.05133e+02, 3.06140e+02) | 6.02824e+01

Type 1 band- (3.07314e+01, 3.08021e+01) | (3.77419e+01, 3.78249e+01) | 3.36634e+01

width

Type 1 ratio al- (6.16461e-01, 6.16923e-01) (5.19584e-01, 5.20024e-01) 9.90099e-01

located /asked

Ny (9.99073e-01, 1.00118e+00) (9.98836e-01, 1.00094e+00) 1.00000e+-00

Type 2 average (4.00736e+01, 4.01684e+01) | (9.69903e+00, 9.73226e+00) | 6.60000e+01

bid price

Type 2 utility (6.16583e+03, 6.18036e+03) | (5.34291e+03, 5.35532¢+-03) | 8.86678¢+03

Type 2 revenue (1.02014e+03, 1.02317e+03) | (5.28035e+02, 5.29897e+02) | 5.52182e+01

Type 2 band- || (4.63886e+01, 4.64962e+01) | (4.73145e+01, 4.74209e+01) | 6.63366e+01

width

Type 2 ratio al- (6.88488e-01, 6.88955e-01) (5.72479e-01, 5.72917e-01) 9.90099e-01

located /asked

Table 1: Values obtained when T'=2, A = 2, P(1) = 0.5, iy = po =1, 1y = 1, vy = 2,
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First, looking at the utility ratio with respect to the optimal one, we can see that the result is
not exactly 1 in the case of a fixed number of players. This is due to the discretization of the
possible bids. Also, because of the transient effects of arrivals and departures, it is smaller
in the random cases. Second, the revenue is much larger when players randomly enter and
leave the game, because a bid made by an arriving player can imply a high social cost due
to the already present players who obtain less resource than asked. This phemomenon does
not appear in the case of a constant number of players, as when the equilibrium is reached
players obtain almost all the resource they ask. The high difference in the seller’s revenue
that results shows that the assumption of a stochastic environment can hardly be skipped
to study the mecanism. Surprisingly, the uniform initial bid provides a larger overall utility
ratio with respect to the optimal one (and a better revenue as well) than the best reply case.
There is an explanation to this phenomenon: this can be due to the fact that when a player
enters, he has probability 0.5 of leaving the network before changing his bid, also there is
a good chance (2/3) that a new player enters also, changing then the profile, so that the
initial best-reply is not that good anymore and in average can even be worse. Also, sampling
uniformly the initial bid modifies the slope of the average bid prices. Third, the utilities and
bandwidth allocations are also different when the number of players is random from the case
where this number is fixed. Finally, one can check that the ratio of the allocated amount of
bandwidth with respect to the asked one is quite low in the random case (between 0.52 and
0.68), thus players might be unhappy with their allocation. It is also interesting to note that
even when the number of players is constant, the players do not get the bandwidth they ask
in steady-state. This is due to the fact that they propose the same unit price and require in
overall more than the available bandwidth so that it is shared proportionally among them
(this shows the interest of totally sharing the bandwidth as suggested in [20]).

Table 2 looks at the same example, but with a larger discretization step. It shows that
the best reply case gives better results here (in terms of revenue). It illustrates the difficulty
of choosing between both mechanisms. Here too, the players do not get the quantity they
ask in steady-state in the fixed number of players’ case, and the proportion they get is worse,
due to the larger discretization step.

In all the following figures, we consider the first example (with 7' =2, A = 2, P(1) = 0.5,
pm=pe=11v =1L =2 u =1, u =2, Q =100, « =1 and py = 0.5) as the basic
result and we observe how the performance measures react when one parameter is varying.

Figures 3 and 4 consider (for the uniform and best reply case respectively) the case where
the probability that an arriving new player is of type-1 varies from 0.1 to 0.9. At the same
time, we vary the departure rates in order to make sure that the mean number of players for
each type is one (so that the results can still be compared with those obtained with a fixed
number of players in Table 1). The ratio of allocated bandwidth with respect to the asked
one is increasing for type-1 and decreasing for type-2. This could be a consequence of the
random effect for the uniform case: there is a high probability that a type-1 player enters the
game, with a high bid price, after a new bid is made by a type-2 player, and so the new player
is allocated the resource asked by the type-2 player. Indeed, as the probability increases,
type-2 players (i.e., those who will pay more) stay longer in the network, optimizing their
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ur =1, us =2, Q =100, a = 10 and py = 0.5.

The Progressive Second Price Mechanism in a Stochastic Environment 17
Value confidence interval (case of a | confidence interval (best- | case of a
uniform first bid) reply case) constant

number of
players

N (1.99747e+00, 2.00218¢+00) | (1.99826e+00, 2.00297e+00) | 2.00000e+00

Average Rev- (1.34032e+03, 1.34408e+03) | (1.73501e+03, 1.73963e+03) | 6.45000e+02

enue

Average val- (8.65663e-01, 8.67384e-01) (9.31474e-01, 9.33298e-01) 9.98819e-01

uation ra-

tio/optimum

Ny (9.99008e-01, 1.00111e+00) (9.99362e-01, 1.00147e+00) 1.00000e+-00

Type 1 average (3.08852e+01, 3.09590e+01) | (3.14128e+01, 3.14935e+01) | 6.00000e+01

bid price

Type 1 utility (2.05516e+03, 2.06000e+03) | (2.14114e+03, 2.14599e+03) | 2.97521e+03

Type 1 revenue (3.66256e+02, 3.67325e+02) | (5.13497e+02, 5.14899¢+02) | 3.96818e+02

Type 1 band- (2.81950e+01, 2.82606e+01) (2.98906e+01, 2.99567e+01) | 3.63636e+01

width

Type 1 ratio al- (5.53001e-01, 5.53472e-01) (5.82434e-01, 5.82885e-01) 9.09091e-01

located /asked

Ny (9.98717e-01, 1.00082e+00) (9.99148e-01, 1.00125e+00) 1.00000e+-00

Type 2 average || (4.72383e+01, 4.73497e+01) | (3.98925e+01, 3.99943¢+01) | 6.00000e+01

bid price

Type 2 utility (6.29609e+03, 6.31107e+03) | (6.82312e+03, 6.83912e+03) | 8.67769e+03

Type 2 revenue || (9.73981e+02, 9.76844e+402) | (1.22142e+03, 1.22483e+03) | 2.48182e+02

Type 2 band- (4.51886e+01, 4.52942e+-01) (4.92965e+01, 4.94089e+01) | 6.36364e+01

width

Type 2 ratio al- (6.59441e-01, 6.59924e-01) (6.88869e-01, 6.89327e-01) 9.09091e-01

located /asked

Table 2: Values obtained when T'=2, A = 2, P(1) = 0.5, pu = po =1, 1y = 1, vy = 2,
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Figure 3: Evolution when the type probabilities and departure rates vary, so that the average
number of players is kept constant to one (uniform case).
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bids more easily, but the very frequent arrivals and departures of type-1 players perturbate
the game: in the uniform case, type-1 players get less and less resource (their initial bid is
often under type-2 players’ bids), whereas in the best-response case, their allocation grows.
The same kind of ideas can be used for understanding the utility curves, as well as the for
the revenues.

Figures 5 and 6 illustrate the evolution when the total arrival rate increases. Both initial
bid cases show similar behaviors. The revenue and the average bid price (and of course
the average number of players) increase with the arrival rate (i.e., demand). Concerning
the obtained average bandwidth and the average utilities, the curves show that the more
demanding (type-2) players have increasing values whereas type-1 players hit a maximum,
meaning that they suffer more of congestion: when there are too many players in the game,
the resource is only allocated to players who value it most, i.e. type-2 players here. Also,
for the allocated/asked, both types reach a maximum, still because of congestion, but the
optimal point is at a larger value for type-2. Finally, the ratio overall valuation/optimum is
decreasing because the number of arrivals increases between two changes of bid rate, making
it harder to approach the optimal point.

In Figures 7 and 8, only the proportion of type-1 and type-2 players varies. The results
are similar for both initial bid cases. The revenue decreases with the number of type-2
players (as they value more the bandwidth), and the average per-type bandwidth, bid price
and total per-type utility also vary with the per-type average number of players. The single
notable difference between the uniform and best reply cases is that, for the best reply case,
the ratio of the overall valuation with respect to the optimal one has a minimum. The fact
that it increases after a while is probably due to the idea that most of the overall utility is
generated by type-2 players (who value more the resource), less numerous for large values
of p and that this ratio is set to one when no customers are in the game. Also, for the best
reply case, one can note that the minimum value occurs about when the revenue generated
by type-1 begins to exceed type-2’s.

Figures 9 and 10 show how the game reacts to an increasing reserve price. The revenue
increases with the reserve price, as well as the bid prices (the maximal value of py corre-
sponding on the figures to the maximal unit-price of type-1 players), at least up to a given
level for the revenue where the price is somehow considered too expensive: the bid price
increases, but the corresponding asked bandwidth decreases, giving a maximum. This level
is of course higher for type-2 than for type-1. On another hand, we can observe different be-
haviors between the uniform and best reply cases: the average ratios valuation with respect
to the optimum and allocated bandwidth with respect to the asked one decrease in the first
case, but rather increase in the second case. This might be due to the fact that the initial
bid in the uniform case has a high probability of being smaller than the reserve price.

Figures 11 and 12 show the results depending on the value of the discretization step.
The results are quite chaotic. We can note that a discretization step of one provides bad
results (in terms of revenue for the best reply initial bid, with respect to the uniform one)
as observed in Table 1.

INRIA



The Progressive Second Price Mechanism in a Stochastic Environment

0.98
§
g2 0%
g
S o9
S o2
=
&
T 09
I
T o088
<
0.86
0051152253354
lambda
80 e ‘ 0.7 e
ype L V) ]
. 70 Type2 ------ g % g-gg Typez
i 60 . % 064 - 1
E S0 1 8 oe2r / 1
T ¢ . 1 < o6p 1
30t 1 B 0%, 1
S ol 1 g 9%r, ]
2 g o054t/ —
10 + .~ 1 > 052+ i
s z O
ol v os Ll v v
0051152253354 0051152253354
lambda lambda
4500 . 70 ey
Ol —_— ype -
4000 - Typel 60 Type2 --==<% |
3500 - i £
3000 |- g g S0r . il
g 2500 | i a0 b / 1
b oo : ’
© 1500 g §7 21 ]
> 20+ 4
1000 R
500 1 0/ 1
0 oy L L L L L 0 L L L L L L L
0051152253354 0051152253354
lambda lambda
4 s 10000 E——n
ot —— | ype ]
$ 351 Typel 1 9000 Type2 ----*
g 3l Type2 -/~ ] 8000 P
S 8 7000 - 1
B 251 1 = o000k s J
T E]
€ 2t g 5000 |- p 1
2 150 7§ w0 S 1
g .l |z 3000 1
E /,// 2000 + / -
< 051 /.~ 1 1000 |/ 4
O /‘/\ L L L L L L 0 L L L L L L L
0051152253354 0051152253354
lambda lambda

Figure 5: Evolution when the total arrival rate A varies (uniform case)

RR n~°4758



22

Patrick Maillé , Bruno Tuffin

0051152253354

1
£ 098
=]
E 09}
& o094
£ omf
S 09t
ke
7 088
S oss
g 0
T 084
>
< o8t
08 L——
45 e
ype /
40 Type2 -~ a
8 st e
z O 7
% 25 . ’/ 4
2
% 20 + 1
5 15 1
z 0t 1
5t » 4
O B L L L L L
0051152253354
lambda
4000 e
Totd ——
3500 - Typel 1
3000 [ Type2 ===
g 2500
& 2000 | .
2 ;
@ 1500 | VA
1000 ’ ]
500 + - 4

= R R S N

0
0051152253354

lambda

Average number of players
N

"Tota ——
Typel

Figure 6: Evolution when the total arrival rate A varies (best reply case)

051152253354
lambda

lambda

Average bandwidth Average Ratio Allocated/asked

Average utilities

0.6 T

058 - Type2 --———--
056 | /

054 |/
052
05 |
048 |
046 |
044 |
(Y7 J) S ——

005115225335

lambda

‘Ty;‘)e :f
60 - Type2 =

3

2 /
10 -/

0
005115225335
lambda
9000 T

T‘ypé 1 ‘

8000 - Type2 ~~/—//

7000 | .
6000 -
5000 |- 4
4000 |
3000 |
2000 |/
1000 |/

0
0051152253354

lambda

INRIA



The Progressive Second Price Mechanism in a Stochastic Environment

0.886
§ osm
£
8 0882
>
= 0.88
5
g 0878
o
% 0.876
g
z 0.874
gl
0.10.20.30.40.50.60.70.80.9
Type-1 probability
60 Tvhel T 0.9 T Tl
55 [ ype ] B - ype
S Type2 -—--——-- L Type2 - a1
g 50| ype | g 08 ype
5 45+ 9 ? 07+ i
EXI " | £ 06 "
= o1 T % o
ke F A B o AN
N = 05¢r N
gt 8
T 2+t 1 % 04 N
< 151 a o o3l 1
J g o
10 ¢ q X
sl o o2 b v
0.10.20.30.405060.70.80.9 0.10.20.30.40.50.60.70.80.9
Type-1 probability Type-1 probability
2200 T ‘tal T 80 el
2000 o — | . ype
70 P~ Type2 1
1800 Typel - - Type2
1600 g 60f . 1
g 1400 2 50 ]
2 1200 “ 8 ul |
% 1000 g
T 80 - 8 g’ 30 - N
600 - \\\ T ; 20 F \\\ 4
400 - >
200 | J 107 ]
ok vy ol v
0.10.20.30.40.50.60.70.80.9 0.10.20.30.40.50.60.70.80.9
Type-1 probability Type-1 probability
22 A 10000 [ E—
2 ot —— |~ Type ]
8 15|  Drel ] 00T . Type2 -
& o Type2 --—--- 8000 - . 1
5 161 1 8 7000 S .
5 14| 1 £ 6000l J
o] L | = "
g 1‘i I 1 2 000} 1
2 o8l | & a0 A
3] . N > *\
2 06l . 4 & 300 o
S oaf 2000 B
< 02¢f g 1000 + 1
ob— v v 3} S
0.10.20.30.40.50.60.70.80.9 0.10.20.30.40.50.60.70.80.9
Type-1 probability Type-1 probability

Figure 7: Evolution when the type-1 probability varies (uniform case)

RR n~°4758



24

Patrick Maillé , Bruno Tuffin

0.847
g 0846
g 0845
B o8
> 0843
T 08
o 0841
g om
% o839
T 0838
< 0837
083 L+
0.10.20.30.40.50.60.70.80.9
Type-1 probability
18 Tvhel 0.8 Tl
ype ype
16 [ Type2 ------ 1 % 0.7 L7 Type2 --——--
g_ 14 1 ko) N
o 0.6 S q
; 12 + q § ’
g 10 + 9 <é 05 N q
(0] = N
g 8 . 1 & oal o
o 6l | [} A
z ® |
n | g 03r q
N <
2 o o2l v vy
0.10.20.3040.50.60.70.80.9 0.10.20.30.40.50.60.70.80.9
Type-1 probability Type-1 probability
1400 —T—T 80 —T—T
Totdl —— . Typel
1200 Typel 70 Type2 -~ 1
NNL YHEe T < L 4
1000 5 €
50 L 4
g a0 g §
: Sl ]
g 60 g, 0l |
400 - : 1 z 2ot 1
200 \\\\f 10 b ™
ol v v vy ol v v
0.10.20.30.40.50.60.70.80.9 0.10.20.304050.60.70.80.9
Type-1 probability Type-1 probability
22 T T‘tal‘ T 10000 ‘T‘ \1 T
otal —— L ype |
0 2 Type T 9000 [ Type2 ------
z 18 . Type2 ------ A 8000 [ ™ R
2 16" 1 8 700t 1
; 14 1 = 6000 ,
. =)
€ 12t : { o 5000 1
g2 1r 1 g 4000 - 4
§ o8l 4z 3000 S
T 06 o 2000 A
< 04t RN 1000 | b
02 L L L L L L L - 0 L L L L L L L
0.10.20.30.40.50.60.70.80.9 0.10.20.30.40.50.60.70.80.9
Type-1 probability Type-1 probability

Figure 8: Evolution when the type-1 probability varies (best reply case)
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Figure 10: Evolution when the reserve price po varies (best reply case)
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Figures 13 and 14 show the evolution of the performance measures by simultaneously
varying both utility parameters. It can be verified that the average utilities increase with the
parameters as well as the network revenue since players value more the allocated bandwidth.
One interesting result is (still) with the average ratio of overall valuation with respect to
the optimal one where it can be observed that, at a given level, the ratio decreases with the
type-1 utility parameter, but increases with type-2’s. The reason is that the type-1 change-
of-bid rate is exactly the departure rate and two times less that the arrival rate, meaning
that the network state changes often between two change of bids, making the optimal value
unlikely to happen, whereas it is less true for type-2, for which the change-of-bid rate is two
times type-1’s.

Figures 15 and 16 show the results when changing the change-of-bid rates v; (i = 1,2).
In both cases, one type-performance increases with its change-of-bid rate (as it can optimize
its utility), but it also decreases if the rate of the other type increases (as then it adapts
proportionally less its bid than the other type). The case of the average ratio of overall
valuation with respect to the optimal one, which seems to decrease with an increasing type-
1 rate, might be due to the fact that most of the revenue is generated by type-2 and that
type-1 changes decrease its revenue (and in general a player leaves or enters before that the
optimal profile is obtained).

6 Conclusions and perspectives

In this paper, we have confronted an allocation and pricing scheme which is efficient in a
static context to a more realistic case, where players can enter and leave the game. We have
used Markov chains theory to model the process, and to prove the existence of a station-
ary distribution. We have then studied the behavior of the mechanism, using simulation,
and highlighted the loss of efficiency of the PSP mechanism in a stochastic environment,
especially if the time interval between two changes in the set of present players is not big
enough with respect to the time of convergence of the auction process. Also, surprisingly,
as observed numerically, not providing the bid profile before the initial bid could result in a
higher revenue for the seller.

We now address some points that can be the subject of future work. During our study,
we have assumed that the sojourn time of each player is exponentially distributed, and
independent of the resource obtained so far. This assumption can be justified for applications
like telephony or video, where the sojourn time is the duration of a conversation or a program.
It would also be interesting to consider that the users have a certain amount of data to
transmit (like for file transfer). In that case, their sojourn time in the game would be related
to the cumulative bandwidth they have obtained. This situation can be investigated, but it
would imply the loss of the Markov property.

Some more work could also be done on the strategic aspect of the game: we assume in this
paper that players follow the strategy described in [10], i.e. maximize their immediate utility.
However, in game theory, the problem of the strategy choice may rely on a very complex
optimization calculus, where time discounting and predictions of future bid profiles would
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be taken into account. Though those considerations are beyond the framework currently
chosen, but deserve some investigation.
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