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∑
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∑
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F1(x) = P exp(−α1x), B1(x) = RL
1 P exp(α1(x − 2L))
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Fi = Bi = 0

¹ºz:�
i ≥ 2

±�f�giqr�§��z:t{siw�qrz�|Z��z:���ykC��~Az:| � �,wyz�w�gikn�$u���kI¨�gikC��k wygikn�"u�j�u�|Zu�j@~itrqª©6�$uxwyq{z:|
k�.<kC�/w%g�u��2|�z�wL�:k�wLu�~�~Ak^u��yk � ± ¦ | � kCk � ¶:w�gik§������w�k$j 2J�i±95=7 � kC�y���yq{¸6kC�Lu���w�uxwyq{z:|�u��y���yk$��qrj@k�z�¹<j@z��yk���k$|�k$��u�t
w�qrjQk � kC~AkC| � k$|Nw�kC·Ns�u�w�qrz�|��C± ¦ |V~i��u���w�qv��k�¶8wygik�tru:��kC�n��wyu���wy�nz�| w�gik*|iz:qr��k � s�k�wyz�uZ¹ºs���wygik$�Qw�kC��j |�z�w
~i��k^��kC|NwLq{|�kC·Ns�uxwyq{z:|���2>��±65�¯���±Þ�4¯���± �W7�¶xw�gik]��z�¯Â�Cu�trt{k �'R ��j@~it{q{©�k � o\~6z�|Nwyu�|ik$z:s��]wRj@qv����qrz�|��02Ò�]oPw 7#2Ò��k$k0/ �N1�7�±

i�yz�j³u"j�uxwygik$j�u�w�qv�$u�tN~6z�qr|:w+z�¹�«\qrk$¨I¶4¨�gikC|�w�g�k,2Ò�]oPw 7­w�kC��j�qv�
wyu�®:k$|Iqr|Nw�z§u:�$�$z�si|NwC¶^wygik%z:|itr� u � j@qr�y��q{¸itrk
��w�uxw�qrz�|Au��y���yk$��qrj@k�qv��w�g�k�|iz:|�¯Jwy��qr«\qru�tXz�|�k�±"Ã"zx¨,k$«:k$�^¶�u��§��z\z:|Mu���wygik�tvu���k$�]��w�u���wy�C¶iw�g�kn��z:|Nw��yq{¸isiw�qrz�|Zz�¹
w�gik'2J�§oPw 7R�$u�|Q¸6k��$z�j@~itrk�wyk$tr��|ik$�:t{k^�/wyk � ±+²�k"u���k%w�g\s��Rt{z\z�®\qr|i�§¹ºz��Ru]~ig\����qv�$u�t\��z�trs�wyq{z:|nz�¹ 2J�i±95$¯å�i± �x¯å�i± ��7/¶
��u�w�qv��¹º�\qr|i�Qw�gik ¹ºsi��w�g�k$�"u��y��sij@~�w�qrz�|��LG

Fi > 0
u�| �

Bi > 0
¹ºz��

i = 1, . . . , n.
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∀ i = 1, . . . , n, ∀x ∈ [0, L], (FiBi)(x) = (FiBi)(0) = (FiBi)(L).
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5�±
gij = −gji

¶A��zQw�gAuxw�w�g�k]j�u�w��yqª�
G
qv�"��®:k$¨�¯å���\j@j@k�wy��qv��±

��±,wygik�j�uxwy��q{�
G
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G
qr��q{|\«:k$��w�qr¸it{kIq{¹

n
qr��k$«�kC|Zu�| �

G
qr�"z�¹2�yu�|i®

n − 1
qr�

n
qr�

z �i� ±
�i±

αi = 0
¹ºz��"u�t{t

i = 1, . . . , n
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X�	� ����
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¦ |�wygik,¹ºz�trt{zx¨�qr|i�]¨%k���k�w
Y = (F, B) ∈ R

2n u�| � ¨%k � k�©A|ik G(F, B)
u��+¸AkCq{|��§wygik

n×n
j�uxw��yq{��¨�qªwyg

��z\k�E���qrk$|Nw��
GijFiBj

±2f�gik
2n
¯ � qrj@k$|���qrz�|�u�tA�y·:sAu��yk�¯Âj@u�w��yqª�

J(Y )
qv�Lwygik$|���z:|���wy��sA�/w�k � ¸\�Qw�gik]kC·Ns�u�w�qrz�|

J(Y ) :=

(

G(F, F ) −G(F, B)
−G(B, F ) G(B, B)

)

,
2J�i±65�7

u�| � qv����trkCu��ytr����®:k$¨�¯å���\j@j@k�wy��qv��±8²µkI¨���q{w�k
Jαβ(Y )

wygik���z\k�E��$q{kC|Nwy��z�¹­w�g�qr��j�u�w��yqª� 2
α, β = 1, . . . , 2n

7/±
� zx¨ ¹ºz:��w�¨%zQ¹ºsi|A�/w�qrz�|A�

H
u�| �

K
z�¹

Y
¨,k � k�©A|ik w�gikI¸��yu:��®�k�w

{H, K}(Y ) =
2n
∑

α,β=1

∂H(Y )

∂Yα
Jαβ(Y )

∂K(Y )

∂Yβ
.

2J�i±Þ��7

²�kI¨�qrt{t
��kCk§wyg�uxw�wygiqr�"¸i�yu:��®�k$w � k$©�|ik^��u��x��� 
\
���� V�
_�WZX^W��MJ¶�wyg�uxw"qv���yuxw�qv��©�kC�,wygik w�gi�yk$k q � k$|Nwyqªwyq{k^�$¶�¹ºz:�"u�trt
H
¶
K
u�| �

Q
¹ºs�|��/wyq{z:|���z�¹

Y
G

{H, K} = −{K, H} 2J��®:k$¨�¯å���\j@j@k�wy��� 7
{

{H, K}, Q
}

+
{

{K, Q}, H
}

+
{

{Q, H}, K
}

= 0
2��Nu��$z�¸iq<q � k$|Nw�q{w�� 7

{H · K, Q} = H · {K, Q}+ K · {H, Q} 2Ò¬­k$qr¸i|iq6@I��sitrk�7
f�giqr�"qr��u@��z:|���kC·Nsik$|A��k z�¹
w�gik ¹ºz:t{trzx¨�q{|��Qtrk$j@j�u�2º¨�q{w�g

m = 2n
7-G

�L¼ 
 
 £�����
 � ��M
m ≥ 1

��� �
Aαβ

VX���A
_^���`baT
-c��k����Md
-�eZu�!�NMO
-��� �Jiu��
X����

m � Aαβ = −Aβα �
	 �	��M

A(Y )
V\�'M8I �0����Md
-��� �Ji'��
_�W��


m
`b��M8IAZ\�L��� Z��e���KMO


AαβYαYβ 	�
 IK���UM�IK�k�\m�mn�F�eZX�NMO�e�N�

(H, K) 7→
m
∑

α,β=1

∂H(Y )

∂Yα
Aαβ(Y )

∂K(Y )

∂Yβ
.

�����]�n��
0���x�N� 
\
��N� �H
_�WZX^W��M 	
����������� ¦ w�qv��¨%kCt{t<®\|izx¨�|U2J��kCk!/ ;�1�7Lw�gAuxw�w�gik �ykC��sit{w,qv�,w��ysik qª¹
w�gik j�uxwy��q{�

A(Y )
�yuxw�qv��©�kC�%w�g�k]�yk$tvuxwyq{z:|

m
∑

α=1

(∂Aβσ(Y )

∂Yα
Aαδ(Y ) +

∂Aσδ(Y )

∂Yα
Aαβ(Y ) +

∂Aδβ(Y )

∂Yα
Aασ(Y )

)

= 0,
2Ò��± ��7

¹ºz��"u�trt
Y ∈ R

m ±RÄ,s�w�¨,kIg�u4«�k
m
∑

α=1

∂Aβσ(Y )

∂Yα
Aαδ(Y ) = AβσAβδYβYδYσ + AβσAσδYβYδYσ

f�gNsA�,w�gikI�yk$tvuxwyq{z:|D2J�i± �W7%qr�"kC·Nsiqr«4u�t{kC|Nw,wyz

AβσAβδ + AβσAσδ + AσδAσβ + AσδAδβ + AδβAδσ + AδβAβσ = 0

u�| � ¨,k ��k$k]wyg�uxw�wygiqr�"��kCtru�w�qrz�|�qv�"�yuxwyqr��©�k � s���q{|��nwygik ¹Òu���w�w�g�u�w
Aαβ

qv�"��®�k$¨�¯å���Nj@j@k�wy��qv��±
� zx¨ ¨%k ��kCk�wyg�uxw

J(Y )
qr��z�¹Xw�giqv��¹ºz:��j*¶\s���q{|i�Qwygik ~�u���w�q{w�qrz�|

Y = (F, B)
u�| � wyg\s���2Ò��± �W7 � k$©�|ik^��u

�+z:qr�y��z�|*Ä%��u���®:k�w^±+�³��q{j@~itrkI��z:jQ~�s�wyu�w�qrz�|}w�gikC|��\qrk$t � ��wygik ¹ºz�trt{zx¨�qr|i�Q��k^��s�tªw�G
� ¢ À��LÀ  ��Ò¡�� À�� �	� � � j�m�mK�=
��uM8I ��M'�N��� M8I �

αi = 0
���n��M8I ��M

G
� 
4
_^���`baT
-c��k����Md
-�eZ 	!
 I ��� M�IK�u
-c=
\Mf���

2J��±65�7�� 
k�Xt�j��#"����9���KM MT��M�IK��
-c=
-MT���
Y ′ = J(Y )∇H0(Y )

2Ò��± lP7
` I ��
_�

J(Y )
� 
'M8I �'�!�NMO
-��� 2Ò��±95=7'��� �

H0(Y )
� 
�M�IK�#IK���)����MT�N�K�e�N�

H0(Y ) =

n
∑

i=1

(Fi − Bi)
i���


Y = (F, B).
2Ò��± ;W7
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��k$j�u���®Qw�gAuxw%q{¹
n
qv�LkC«�kC|�u�| � qª¹Xwygik

αi
u��yk"|iz:|[@$kC��zA¶�wygik$|�w�gikC��k§k���qr��w

n
��k^u�tA�$z\k�E���qrk$|Nwy�

ai
��s���g

w�g�u�w�w�gik�������wyk$j 2>��±65�7%qr�"kC·Nsiqr«4u�t{kC|Nw,wyz@w�gik�������wyk$j

Y ′ = J(Y )∇Ha(Y )
2Ò��± ��7

¨�gik$�yk
J(Y )

qv�,w�gikIj�uxwy��q{�U2J�i±65�7�u�| �
Ha(Y )

qr��w�gikIg�u�j@q{t{w�z:|iqru�|

Ha(Y ) =
n
∑

i=1

(

Fi − Bi + ai log Fi

) ¹ºz��
Y = (F, B).

2Ò��±Þ��7

¦ | � k$k � ¶i¨,kI��kCk§wyg�uxw"¨,k g�u4«�k

∇Ha(Y ) = (1 + a1/F1, . . . , 1 + an/Fn,−1, . . . ,−1)T .

f�gNsA��w�g�k�������w�kCj 2>��±65�7�qv�"k^·:s�q{«xu�trk$|Nw�wyz�w�gikn������w�k$j 2Ò��± ��7�q{¹2u�| � z�|�t{��qª¹2¨,k�g�u4«:k
aT G = −αT ¨�gik$�yk

α
� k$|iz�w�kC��w�g�k�«�k^�/wyz��

(αi)i=1,...,n
u�| �

a
wygik�«�kC��w�z:�

(ai)i=1,...,n
± v���qr|i�Mwygik}u:����sij@~�w�qrz�| w�g�u�w

G
qv�

q{|\«�kC��wyq{¸�t{k ¨�gikC|
n
qr�"k$«�kC|X¶�¨,k]�:k�w�w�g�kI��k^��sit{wC±

f�gikI�8z�qv����z�|���wy��sA�/w�s���k z�¹+w�g�kI~i��z:¸itrk$j �\qrk$t � ��|�uxwysi��u�tÿqr|N«xu���qvu�|Nwy�,z�¹­w�g�kI~i��z:¸itrk$j*±
� ¢ À��LÀ  ��Ò¡�� À�� �	� � � j�m�mK�=
��uM8I ��M

αi = 0
�N�n�

G
� 
�
_^W��`baT
-c��)�!��MO
-�eZ��Ji4��� �W���!�N� 
X���P^ 	 
 IK�u
-c=
\Mf���2J��±65�7�� 
'M�I�jP
��\t�j��#"=�N�9���qM Mf�!M8I � �x��� 
\
����U
-c=
-MT��� 2J�i± l�7 	

�8i
n
� 
0� "=����M8I �'
-c=
\Mf��� mK�=
\
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\
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n
l]�=
-���)��
'��� "���
-�e�N�KMO


ci = FiBi
�
i = 1, . . . , n 	

�8i
n
� 
D����� M�IK�U
\c=
-Mf��� mK�=
\
���
X
���


n + 1
lb��
-���k��
 ��� "���
-�e�N�KMO


ci = FiBi
�

i = 1, . . . , n
� ��� �

∑n
i=1 ai log Fi

` I ��
_�
a = (ai)

n
i=1

� 
%
-jKZXI?M�IK��M
aT G = 0 	

����������� Ä%�M�$z�|���w��ys���w�qrz�|X¶ÿq{¹
Yα 6= 0

¹ºz��
α = 1, . . . , n

¶ÿw�g�kQj�u�w��yqª�
J(Y )

� k�©�|ik � qr| 2Ò�i±65�7§g�u:�§w�gik
��u�jQk]��u�|i®�u:�LwygikIj�uxwy��q{�

G
±R�Zz��yk$zx«:k$�^¶�q{¹
¨,kI��k$w

ci = FiBi
¹ºz��

i = 1, . . . , n
¶�¨,k]��k$k]w�gAuxw�w�gik «:kC�/wyz����

∇ci
u��yk�qr|*w�gikn®�kC��|ikCtXz�¹

J(Y )
±"�§�"wygikC��k�«�k^�/wyz����"u��ykIt{qr|ik^u��yt{��q{| � k$~6k$| � k$|NwC¶Aw�gik

ci
¶
i = 1, . . . , n

¶<u��yk
n
C,u:��qrj@q{���,z�¹+w�gikI���\��w�kCj*±

¦ ¹
n
qv�Qk$«�kC|X¶2wygik$�yk}qv�Q|izµz�w�g�k$�[C,u���q{j@qr�n¸6kC�Cu�s���k}w�gik��yu�|i®´z�¹

J(Y )
qr�

n
¹ºz:�n�:k$|ikC��qv�}|iz�| @$k$�yz

Yα
¶

α = 1, . . . , n
±

¦ ¹
n
qr��z �i� u�| � q{¹8¨%kI��k�w

A(Y ) =
∑n

i=1 ai log Fi
¶�wygik$|*¨,k]gAu4«�k

∇A(Y ) = (a1/F1, . . . , an/Fn, 0, . . . , 0)T ,

u�| � ¨,k �$z�j@~is�wyk � q{�ykC��w�tr��wyg�uxw

(

∇A(Y )T J(Y )
)

α
=

{

(aT G)αFα
q{¹

1 ≤ α ≤ n,
(aT G)α−nBα

q{¹
n + 1 ≤ α ≤ 2n,

u�| � gik$|��$k ∇A(Y )T J(Y ) = 0
±2��� ∇A(Y )

qv�,q{| � k$~6k$| � k$|Nw�z�¹­wygik ∇ci
¹ºz�����kC|ik$�yqv�

Y
¶Nwygiqr��j@k^u�|��Lw�g�u�w

A(Y )
qr��wygikItvu���w�C,u:��qrj@q{��z�¹­wygik�������w�kCj�±
o\si~i~6z:��kI|izx¨ w�g�u�w

αi 6= 0
± 
iz:����qr«�k$|

i
¨,kI��z�j@~isiw�k w�gAuxw

F ′

i Bi = −αiFiBi +
∑n

j=1 Gij(Fj + Bj)FiBi
u�| �

B′

iFi = αiBiFi −
∑n

j=1 Gij(Fj + Bj)BiFi.

u�| � wygNsA��q{w}qv����trkCu���w�gAuxw
F ′

i Bi + FiB
′

i = 0
¶"u�| � g�k$|��$kZw�gik

ci := FiBi
u���kM�$z�|���wyu�|Nw�u�trz�|i�
wygik

w���ux��kC��w�z:��qrkC�,z�¹ 2J�i±95=7/±2f�g\s��,w�gik�������wyk$j wygik����\��w�kCj 2J�i±95=7%¨�qªwyg
αi 6= 0

��w�qrt{tÿ~6z:�y��kC�y��k^�Lwygik
n
qr|\«xu��yqru�|:w��

ci = FiBi
¹ºz:�

i = 1, . . . , n
±
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-M�� � �Tm ����������
X�	� ����
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f�gik�������w�kCj 2J�i±95=7§�Cu�|µ¸Ak���k$kC|µu:�]w�gik@k���~i�ykC�y��q{z:|dz�¹%w�gik � k$�yq{«xuxwyq{«:knz�¹
log(Fi)

¹ºz:�
i = 1, . . . , n

±
�Zz��yk$zx«:k$�^¶:¨,kI®\|izx¨ wyg�uxw"qr|Zu�trt­�$u:��k^�$¶\wygikI~i�yz � s��/w��

ci := FiBi
u���k qr|\«4u���qvu�|Nw��L¹ºz:�

i = 1, . . . , n
±Lf�g�u�w

qr��¨�g\��¨,k j�u�®�k]wygik ¹ºz�trt{zx¨�qr|i�@��g�u�|���k]z�¹8si|i®\|izx¨�|��LG

(F, B) 7→
{

ci = FiBi,
ui = log(Fi/

√
ci)

i = 1, . . . , n.
2ºlA±95=7

f�giqr�+��g�u�|i��k2z�¹isi|i®\|izx¨�|��­qr�­¨%kCt{t � k�©A|ik � s�| � k$�­w�gik,u��y��s�jQ~iw�qrz�|[2>��± l�7ÿu�| � ¨%k%g�u4«�k8wygikLqr|\«�kC�y��kR�yk$tvuxw�qrz�|

Fi =
√

cie
ui

u�| �
Bi =

√
cie

−ui .

¦ w�qr�"w�g\s��§��trkCu��"w�g�u�w�¨%kIgAu4«�k
Fi + Bi = 2

√
ci cosh(ui)

u�| �
u′

i = F ′

i /Fi
±�f�gik�������wyk$j 2J�i±95=7��$u�|�wygNsA�

¸AkI¨��yqªw�w�kC|X¶
{

u′

i = −αi + 2
∑n

j=1 Gij
√

cj coshuj

c′i = 0

¹ºz��
i = 1, . . . , n.

2ºlA± �W7

f�gikI¸Az:si| � u������$z�| � qªwyq{z:|���u��yk |izx¨

u1(0) = log(P/
√

c1)
u�| �

ui(0) = 1
2 log R0

i

¹ºz��
i = 2, . . . , n,

2ºlA± ��7
u�| �

ui(L) = − 1
2 log RL

i

¹ºz:�
i = 1, . . . , 0

u�| �
un(L) = − 1

2 log Rout.
2Òl�± l�7

¬Xk$w�s����$z�|���q � k$�"|�zx¨ wygik�q � kCu�t
�$u:��k:¶i¨�gikC��k
αi = 0

u�| �
G
qr�§��®:k$¨�¯å���\j@j@k�w��yqv�§z�¹2j@u���q{j�u�t­�yu�|i®<±

¦ |}wygikI|ikC¨ ��z\z:� � qr|�u�w�kC�C¶\w�g�k Ã§u�j@qrtªwyz�|iqvu�|
H0(Y )

q{| 2J�i±<;�7%¨���q{w�k^��|izx¨

H0(u, c) = 2
n
∑

i=1

√
ci sinh ui.

f�gikM��tvu��y��qr�Cu�tHY]u��y¸Az:s��\¯Â¬­q{k�w�g�k$z��yk$j ��w�uxwykC�@wyg�uxw}uµ�8z�qv�y��z:| ������wyk$j
y′ = A(y)∇H(y)

�$u�| ¸Ak
t{z��$u�t{tr��¨��yqªw�w�kC|*u:��u@������w�k$j z�¹+w�gik ¹ºz:��j

z′ = J0∇K(z)
¨�q{w�g

J0 =

(

J−1 0
0 0

)

,
2Òl�±<;�7

¨�gik$�yk
J
qv�,w�gikIj�uxwy��q{�

J =

(

0 I
−I 0

)

¨�gik$�yk
I
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
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
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
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
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


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√
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√
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Bi > 0 } wyz�w�g�k~i��z:¸itrk$j ¨�q{w�g*¸6z�si| � u��y����z:| � q{w�qrz�|���2Òl�±Þ�4¯Âl�± �x¯Âl�± l�72z:|�wygik���k�w { (u, c) ∈ R

2n | ci > 0 } ±²�k}¨�q{trt,|izx¨ ��wys � �µw�giqv�ntru:��wQ~i��z:¸itrk$j)q{|V��k$«:k$��u�tL��w�kC~��C± 
+q{����w�z�¹�u�t{t>¶8¨%k}|iz�wyk�w�gik�~i�ykC��k$|��$k�z�¹
w�gik@qr|igiz�j@z:��k$|�k$z�sA��¸6z�si| � u��y�Z��z�| � qªwyq{z:|

u1(0) = log P/
√

c1
� k$~6k$| � q{|i�*z:|

c1
¨�giqrt{kQw�g�kQz�w�gikC�y� u���k
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q
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¸Az:si| � u������$z�| � qªwyq{z:|���q{|

x = 0
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β ∈ R

n �
A
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v0 ∈ R
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`b��M8I
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vi(x)
�
i = 1, . . . , n

�W� � �n�\�[�N�
[0, L]

� 
�����j�Md�e��� �hi�M8I �)�\t�jK�NMO�e�N� 
��

� ��

i = 1, . . . , n











v′i(x) = βi +

n
∑

j=1

Aij
cosh vj(x)

‖ cosh vj‖1

,
i���


x ∈ [0, L],

vi(0) = v0
i .
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v���q{|��Zw�giqv���ykC��sit{w�¨�q{w�g
βi = −αi

¶
v0

i = 1
2 log R0

i

¹ºz:�
i = 1, . . . , n

u�| �
Aij = Gijqj

¹ºz��
i, j =

1, . . . , n
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µi = − 1
2 log RL

i − 1
2 log R0

i + αiL
i��N


i = 1, . . . , n.
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�]� i'��� �u�N�K��c�� i%M8I � "��XZ�Mf��


q = G−1µ

��NMO� 
 � ��


qi > 0
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²�kZ¨�qrtrt � qr�y��sA���@tvuxwyk$�Qw�gikM�$z�| � qªwyq{z:| 2d;�± �W7Qu�| � ��gizx¨ w�gAuxw�q{w@qv���yuxw�qv��©�k � q{| �$u:��k^�Qz�¹ ~i�yu:�/wyqr�Cu�t
q{|Nw�kC��k^��w'2J��kCkI�R��z:~AzN��q{w�qrz�|*�i± �n¸AkCt{zx¨�7�±
��������� ��� ������� ��������� �
	�� ��
 � ²µk]��k$k§w�gAuxw

v
qv�,��z:t{s�wyq{z:|�z�¹ 2O;�± �N7Lq{¹
u�| � z�|itr�@qª¹
qªw�qv�%��z�trs�w�qrz�|�z�¹Xwygik

kC·Ns�uxwyq{z:|
v = Φ(v)

¨�gik$�yk
Φ
qv� � k�©A|ik � ¸\�

Φ(v)i(x) = v0
i + βix +

n
∑

j=1

Aij

∫ x

0

cosh vj(t)

‖ cosh vj‖1

dt,
¹ºz��

i = 1, . . . , n.
2d;�±65C��7

�§|}wygik���~�u��$k
(L∞)n ¶�¨,k � k�©�|�k w�gik�|�z��yj ‖v‖

∞
= maxn

i=1 ‖vi‖L∞

± ¦ ¹
v ∈ (L∞)n ¶i¨,k���kCk§wyg�uxw§g�u4«�k¹ºz��"u�trt

x ∈ [0, L]
¶

‖Φ(v)‖
∞

≤ ‖v0‖
∞

+ L‖β‖
∞

+ ‖A‖
∞

,
2O;i±95W5�7

¨�gik$�yk ‖ ·‖
∞

� k$|�z�w�k^�2k$q{w�g�k$�2wygik�|iz��yj z:|
(L∞)n z��8w�g�k���w�u�| � u�� � qr|�©�|iq{w���|�z��yj�¹ºz��2«:kC��w�z��Ru�| � j�uxw��yq{�q{|

R
n ± � z�w�k wyg�uxw�¨,kIs���k � wygik ¹Òu���w�w�g�u�w

0 ≤
∫ x

0

cosh vj

‖ cosh vj‖1

≤ 1.
2O;�±65^�W7

�Zz��yk$zx«:k$�^¶NsA��qr|i��wygikI¹Òu���w"w�gAuxw"¹ºz:��u�trt
j = 1, . . . , n

¶ ‖ cosh vj‖1
≥ L

¶i¨,k�u�tv��zQgAu4«�k ¹ºz��§u�trt
v ∈ (L∞)nu�| �

i = 1, . . . , n
¶

∣

∣

∣

∣

dΦ(v)i(x)

dx

∣

∣

∣

∣

≤ |βi| +
1

L

n
∑

j=1

|Aij | cosh ‖vj‖L∞

u�| � gikC|���k
‖Φ(v)′‖

∞
≤ ‖β‖

∞
+

1

L
‖A‖

∞
cosh ‖v‖

∞
.

f�gNsA�
Φ
� k�©�|�kC�"uQ¹ºsi|A�/w�qrz�|*¹º�yz�j

(L∞)n w�z (W1,∞)n ± � zx¨e¨%k��$z�j@~is�wykIw�g�u�w�¹ºz�� u
u�| �

v
qr| (

L∞
)n ¶

¨%k g�u4«:k§¹ºz:�"u�trt
i = 1, . . . , n

¶

Φ(u)i(x) − Φ(v)i(x) =

n
∑

j=1

Aij
1

‖ coshuj‖1

∫ x

0

(

coshuj(t) − cosh vj(t)
)

dt

+
n
∑

j=1

Aij

(

∫ x

0

cosh vj(s)

‖ cosh vj‖1

ds

)

1

‖ coshuj‖1

∫ L

0

(

cosh vj(t) − coshuj(t)
)

dt.
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v���q{|i�@wygik ¹Òu���w�w�g�u�w�w�gik
L1 |iz��yj���z�¹+w�gik coshuj

u�| �
cosh vj

u��yk ���ykCuxwyk$�,w�gAu�|
L
¶�u�| � 2O;�±65^�W7%¨%kI�:k�w

w�gikI¸6z�si| � G

|Φ(u)i(x) − Φ(v)i(x)| ≤ 2

n
∑

j=1

|Aij |‖ coshuj − cosh vj‖L∞
,

¹ºz��"u�trt
i = 1, . . . , n

± � zx¨ ¨%kI��k$k]w�gAuxw"q{¹
u
u�| �

v
�yuxwyqr��¹º� ‖u‖

∞
≤ M

u�| � ‖v‖
∞

≤ M
¶�¨,k g�u4«�k

‖Φ(u) − Φ(v)‖
∞

≤ 2‖A‖
∞

(sinh M)‖u− v‖
∞

.
2O;i±95Cl�7

¦ |*u@��q{j@qrtru���¨,u4�:¶\¨%k]©�| � wyg�uxw

‖Φ(u)′ − Φ(v)′‖
∞

≤ 1

L

(

1 +
coshM

L

)

‖A‖
∞

(sinh M)‖u − v‖
∞

.
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Φ
qr�"�$z�|Nw�qr|\siz�sA�L¹º�yz�j
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[0, L]

qr�@¸6z�si| � k � ¶%w�g�k�qr|x��k^�/w�qrz�|
W1,∞ → C(0, L)

qr���$z�j@~�u���wC± f�g\s��
Φ
� k$©�|ik^��uµ�$z�|Nw�qr|\siz�sA�

��z�j@~�u:�/w"u�~�~it{qv�$u�w�qrz�|
Φ :
(

L∞
)n −→

(

L∞
)n

¨�qªwygM¸Az:si| � k � qrj@u���k
K ⊂ C(0, L)n 2Ò��k$k[2d;�±65�5=7h7/±�Ä,�}w�gik@o���g�u�s � k$��w�gikCz��yk$j*¶

Φ
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vq{|
K
±

f�gNsA�
v
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v ∈ C∞(0, L)
± f�g�qr� ��gizx¨"�

w�gikI~i�yz�~6z:��q{w�qrz�|X±

��¼ 
 £�¢�� � � � ¦ | wygik}�Cu���k�¨�gik$�yk
βi = 0

¶
wygik*������w�k$j 2d;�± �N7 qv��qr|\«xu��yqru�|:wn¸N�´�y�$u�t{qr|i�Mz�¹�w�gik}q{|Nw�kC��«xu�t
[0, L]

± ¦ | � kCk � ¶+¨,k���kCknwyg�uxwnqª¹�w�g�k@¹ºsi|��/wyq{z:|��
vi
¶
i = 1, . . . , n

¶8u��yk���z:t{s�wyq{z:|�� z�¹�2O;i±Þ��7]z�|
[0, L]

¶­w�gikC|
w�gik ¹ºsi|A�/w�qrz�|A�

y 7→ vi(Ly)
u��yk]��z�trs�wyq{z:|���z�¹
w�gikI�yu�j@k§k^·Ns�uxwyq{z:|}z:|

(0, 1)
2º¨�q{w�g�wygik

L1 |iz��yj z�| (0, 1)
±

f�giqr�"qr��k^u���q{tr����k$k$|�¸\����g�u�|i��k z�¹+«xu��yqru�¸it{k:±

¦ | / ��1
¨,kI~i��zx«:k]w�g�u�w�¹ºz��
n = 2

¶
αi = 0

u�| �
G
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 IK��
X��� �W� 
-Me
k�N�U�qj��!V\��
 ε > 0


-jKZ\I�M�IK��M i���
!����� �!�NMO
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v0 �N�n�
β
��NMO� i\c����P�

‖v0‖
∞

+ L‖β‖
∞

+ ‖A‖
∞

< ε,
2O;�±65�;W7

M�IK�?
����Fj�MO�e�N�
v
�Ji�� 
_�\m ��
\��Md�e��� ;�±653� 
?j��K�et�jK� 	 ����
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"=��
���M�IK�?
��\t�jK���nZ\�

v(k) i���
 k ≥ 0
�W� � �n�\�BV�c

v(k+1) = Φ(v(k))
` I ��
_�

Φ
� 
0�W� � �n�\�[V�c42O;i±95^�W7'�N�n�

v(0) = 0
Z\�N� "���
O����
%Mf��` �N
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v 	
f�gikLjnsit{w�qr~it{qv�$u�w�qrz�|I¸\�

L
q{| wygikLqr|ik^·:sAu�trqªw��!2O;i±95=;�7<qv�Xz:|it{� � sikRw�z"giz:j@z���kC|ik$q{w����ykCu:��z:|��]2J��kCk�2O;i±95W5�7h7�±
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��kC�Cu�trt<w�g�u�w�¹ºz��"�:q{«:k$|�~6z:��q{w�qr«�kI|\sij�¸6k$���

R0
i

¶
RL

i

u�| �
αi
¨%kI��k�w

µi = − 1
2 log RL

i − 1
2 log R0

i + αiL
¹ºz:�

i = 1, . . . , n
u�| �

q = G−1µ
± 
�z��

δ > 0
¶�¨%k � k$©�|ik]w�g�k���k$w

Ωδ = { R0
i , R

L
i , αi ∈ R

3n | |R0
i − 1| < δ, |RL

i − 1| < δ
u�| � |αi| < δ } 2O;�±65C��7

� z�wykIw�gAuxw�¹ºz:��u�trt
δ > 0

¶
Ωδ
qr�§u � z�j�u�q{|Zz�¹

R
3n ��z:|:w�u�qr|iqr|i�@w�gikn~Az:q{|Nw (1, 1, 0)

2ÒqJ± k�±
R1

i = 1
¶
RL

i = 1u�| �
αi = 0

¹ºz��2u�trt
i = 1, . . . , n

7/± v���q{|i� �R�yz�~6z:��q{w�qrz�|);i± l ¨�q{w�g
βi = −αi

¶
v0

i = 1
2 log R0

i

¹ºz��
i = 1, . . . , nu�| �

Aij = Gijqj
¹ºz��

i, j = 1, . . . , n
¶�¨,k � k � sA��k w�g�k ¹ºz�trt{zx¨�qr|i�Q��k^��sit{wLG

��� ¼\À ¢ ¼ 
 � � � 
 IK��
_�!� �W� 
\M ��
_�\�N�s�Kj���V\��
 δ

-jKZXI�M�IK��M � i

(R0
i , R

L
i , αi) ∈ Ωδ


���Md� 
 � ��

∀ i = 1, . . . , n qi > 0

` I ��
_�
q = G−1µ

`b��M�I ∀ i = 1, . . . , n µi = − 1
2 log RL

i − 1
2 log R0

i + αiL,
M�IK���DM�IK�0
��N��j�Md�e���3�hi0M�IK�)�\t�jK��Md�e��� 2O;i±95$¯f;i± �^¯h;�± �N7k� 
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-��M�I�� Z\��� "���
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X�0M8IP� 
x
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�	` �%�����]�n�,M8I ��
��\t�jK���nZ\�

u
(k)
i (x)�hi	i\j�� Z�Md�e���K
����

[0, L]
V�c

u
(0)
i (x) = 0

i���

x ∈ [0, L]

� ��� � i��N
#�����
k > 1

�
u

(k)
i (x)


��NMO� 
 � �-
HM8I �%�\t�jK�NMO�e�N� 
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i = 1, . . . , n
(

u
(k+1)
i

)

′

= −αi +

n
∑

j=1

Gijqj

cosh u
(k)
j

‖ coshu
(k)
j ‖

1

,

u
(k+1)
i (0) = 1

2 log R0
i .
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	 � � � � v"| � k$��wygik�u��y��s�jQ~iw�qrz�| 2O;�±65�;W7,u�| � s���q{|���2d;�±65�5=7�¶i¨,k ��k$k wyg�uxw�¹ºz:�"u�trt
v ∈ (L∞)n ¶ Φ(v)

wyu�®:kC�%«xu�trsikC�,qr|�wygik§¸Au�trt
B∞(0, ε)

z�¹
(L∞)n ± ¦ ¹ v

u�| �
u
u���k]��z:t{s�wyq{z:|��,z�¹ 2d;�± �N7�¶:wygik$�

w�g\s��"�yuxwyqr��¹º� ‖v‖
∞

< ε
u�| � ‖u‖

∞
< ε

±
v���q{|i�QwygikIkC·Ns�u�w�qrz�| 2O;�±65$lP7�¶i¨,k]w�g\s���g�u4«:k�¶�u�� ‖A‖

∞
< ε

¶

‖Φ(u) − Φ(v)‖
∞

≤ 2ε(sinh ε)‖u− v‖
∞

.
2O;i±95 �W7

¬Xk�w
k = 2ε(sinh ε)

± ¦ w"qv����trkCu���w�g�u�w,¹ºz:�
ε
��s�E���qrk$|Nw�tr����j�u�trtJ¶i¨,k g�u4«�k

k < 1
±2f�giqv��j@kCu�|��,w�gAuxw

u = v
±

� zx¨ ¨,k�«:k$�yqª¹º�@wyg�uxw,¹ºz��
ε
��s E��$q{kC|Nw�tr����j�u�trt>¶

Φ
qv����z:|:wy�yu:�/w�u�|NwR¹º�yz�j

B∞(0, ε)
wyznq{wy��k$t{¹�¶iu�| � w�g\s��C¶Nw�g�u�w

w�gik���kC·NsikC|���k
v(k) � k�©A|ik � qr|�wygik w�gikCz��yk$j �$z�|\«�kC���:kC�Lw�zx¨�u�� � wygikIsi|iqv·Nsik���z:t{siw�qrz�|

v = Φ(v)
±

��¼ 
 £�¢�� � ��� ¦ |3/ ��1Â¶6qr|Zwygikn�Cu���k�¨�gik$�yk
β = 0

¶6¨,kn��gizx¨eu}��trqr��gNw�tr� � qF.<k$�yk$|Nw§�ykC��sit{wLG 
iz:�§u���qr«�k$|
v0 ¶w�gikC��k�k$�\qv��w�u�| �

ε
��s���gµw�gAuxw�q{¹ ‖A‖

∞
< ε

¶­w�gik���z�trs�wyq{z:|�qv�Isi|iqv·Nsik�±�Ã"kC��k:¶
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i = 1, . . . , n

7�u�| �
R0

i

2
i = 2, . . . , n

7�u�| �
P
±]v§��qr|i�Qw�gikI�yk$tvuxwyq{z:|D2d;�±<;�7�¶\w�giqv��¨��yqªwykC�

Rin =
4P 2

q2
1

‖ coshu1‖
2

1
=: g(Rin).

2J�i±65�7

� z�wykRwyg�uxw8q{|�z�� � k$�­w�z � k�©�|ikLw�gikL¹ºsi|���w�qrz�|
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|g(R) − g(R̃)| ≤ 2C(G)(1 + δ
4 )2(coshM(δ))(sinh M(δ))|R − R̃ |.

f�gNsA�$¶�u:�
M(δ)

w�kC| � �+wyz
0
u:�

δ → 0
¶�¨%k��Cu�|@��si~�~AzN��k,w�gAuxw

δ0
qr�L��s�E��$q{kC|:wyt{�n��j�u�trti��s���g�wyg�uxw2¹ºz:�

δ < δ0
¶

g
qr�"�$z�|Nw���u���wyu�|:w,¹º�yz�j

Iδ
wyz@qªw���kCtª¹�±

Ã"k$|A��k�¶iw�gikC��k k���qv��w���u@si|iqv·Nsik]©i��k � ~Az:q{|Nw�¹ºz:�
g
¶iu�| � wygiqv���\q{kCt � ��w�gik �ykC��sitªw^±

��������� ��� ���������	� ��
 � ¬­k�w
δ0
¸6k ��s���g�w�g�u�w

ρ(δ) ≤ 1
2

¹ºz:�
δ ≤ δ0

±2�§�
u
u�| �

ũ
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� ���)+ �n � �4* � �!�[& (���+���( � ��� � � "�� � ( �� � � $'"
n

$'&!&

¦ |dwygiqv�I��k^�/w�qrz�|­¶ÿ¨%kQ¨�q{trtR��si~i~6z:��knwyg�uxw
n = 2p + 1

± ¦ |µ~i��u��/wyqr�Cu�t2��qªwys�uxwyq{z:|��$¶<wygik@j�uxw��yq{�
G
qr� z�¹

�yu�|i®
2p
¶�u�| � wygik$�yk§k$��qr��wy��u�tr¨�u4�\�,un«�kC��w�z:�

a
��s���g}w�g�u�w

aT G = 0
u�| � un«�k^�/wyz��

b
��sA��g�w�gAuxw

Gb = 0
2ºq{¹

G
qv�"��®�k$¨ ���\j@j@k�w��yqv��¶�¨,k��$u�|}wyu�®�k

a = b
7/±

²�k�¨�qrt{t�~i�yzx«�k�qr| wygiqr�@��kC��w�qrz�| k$�\qv��w�k$|A��k}u�| � si|�qr·NsikC|ikC�y���ykC��sit{w�¹ºz:��wygik�������wyk$j 2ºlA± �W7 wyz���k$w�gikC�
¨�qªwyg�w�gik§q{|�qªwyqru�tA¸6z�si| � u��y�Q�$z�| � qªwyq{z:|���2Òl�± �x¯Âl�± l�7+si| � k$�%��j�u�trt{|�kC�y�Lu��y��sij@~�w�qrz�|��Lz�|@wygik � u�wyu�± � z�wyk�w�g�u�w
qª¹2¨,k���z�|A��q � k$�"w�gik�¸6z�s�| � u��y�}�$z�| � qªwyq{z:|��'2O;i± �x¯f;i± ��7/¶\wygik����\��w�kCj ¹ºz:�

n
z ��� �$u�|�|iz�w"¸6k � qr��k^�/wyt{�}¨���q{w�wyk$|

u���u@������w�kCj 2O;i± ��7,¸Ak^�$u�sA��k]w�g�kIj@u�w��yqª�
G
qv��|iz�w"qr|\«�kC��wyq{¸itrk�±

Ã"zx¨,k$«:k$�^¶­wygik$�yk�k���qv��w���¸\�µg\�N~6z�wygikC��qv�nuZ«:kC��w�z��
a = (ai)

n
i=1

��s���g´w�gAuxw
aT G = 0

u�| � ud«�k^�/w�z:�
b = (bi)

n
i=1

��s���g�wyg�uxw
Gb = 0

± ¦ |�w�gik]¹ºz�trtrzx¨�q{|i�A¶:¨,k]¨�q{trtX��s�~i~AzN��k§w�gAuxw,w�gik]©�����w���z\k�E��$q{kC|Nwy�
a1
u�| �

b1z�¹
a
u�| �

b
� z@|iz�w"«xu�|�qr��gX±

² gik$|
αi = 0

¹ºz�� u�trt
i
¶6¹ºz:t{trzx¨�q{|���w�gikQ~i�yz\z�¹2z�¹L�L��z:~AzN��q{w�qrz�|M��± ��¶A¨,kn�$z�j@~is�wyk�wyg�uxw]q{|dw�giknq{|iq{w�qvu�t

��z\z�� � qr|�uxwyk]������wyk$j
(F, B)

¶iwygik ¹ºsi|���w�qrz�| ∑n
i=1 ai log Fi

qr�"u�|}qr|\«xu��yqru�|:w�z�¹+w�g�k�������w�k$j*±
² gik$|

αi 6= 0
¶�qªw"qv����trkCu���w�g�u�w"¨%k g�u4«:k

d

dx

(

n
∑

i=1

ai log Fi

)

= −
n
∑

i=1

aiαi

u�| � w�g\s���¨,k ��k$w�w�gikI�yk$tvuxwyq{z:|

n
∑

i=1

ai (log Fi(L) − log Fi(0)) = −
n
∑

i=1

aiαiL.
2Â�\±65�7
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5 � l]�=
-Mf�����6���,l	IK��
-Md�e��
���� ���Nj����,��c���
-M�� � �Tm ����������
X�	� ����
-Md���n�������

��kC�Cu�trt<w�g�u�w�ux¹ów�kC��w�gik���gAu�|i�:k]z�¹+�$zNz:� � q{|�u�w�k^�#2Òl�±65�7�¶i¨%k g�u4«:k

log Fi(L) − log Fi(0) = ui(L) − ui(0).

¦ |���kC��wyq{|��nwygikI¸6z�si| � u��y����z:| � q{w�qrz�|���2Òl�± �W7,u�| � 2ºlA± lP7,q{| 2>��±95=7,¨%kI��k$k]w�gAuxw
n
∑

i=1

ai (ui(L) − ui(0) + αiL) = 0.

¦ ¹+¨,kI��si~�~AzN��k]w�gAuxw
a1 6= 0

¶\w�gikI~i�yk$«\qrz�s����yk$tvuxwyq{z:|�qrj@~it{qrkC��w�g�u�w

u1(0) = u1(L) + α1L +
n
∑

i=2

ai

a1
(ui(L) − ui(0) + αiL) ,

2>��± �W7

u�| � w�g\s��C¶iu��
u1(0) = log P − log

√
c1
¶i¨,k§©A| �

log
√

c1 = log P + 1
2 log RL

1 − α1L +
∑n

i=2
ai

a1

(

1
2 log(RL

i R0
i ) − αiL

) 2Â�\± �W7
¨�qªwyg}wygikI|iz�wyuxwyq{z:|

RL
n = Rout

±
f�giqv�
��gizx¨"�<wyg�uxw+q{|IwygikLz �i� �$u���k�¶Cw�g�k%��z:|���wyu�|Nw

c1
qv� � k$w�kC��j@qr|ik � u�|�u�tr�Nw�qv�$u�t{tr�"¹º�yz�j w�gik%~�u���u�j@k$w�k$���

z�¹<w�gik§~i�yz�¸itrk$j*±8f�gNsA�$¶N¨%k§�$u�|��$z�|���q � k$�2wyg�uxw%w�gik�¸Az:si| � u����@��z:| � q{w�qrz�|�qr|
u1(0)

qr�Lz�¹<w�gik�¹ºz��yj
u1(0) =

log
√

R0
1

¨�gikC��k
R0

1 = P 2/c1
qv����qr«�kC|X±

C%z�|���q � k$�]|izx¨�w�g�k@������wyk$j 2ºlA± �W7�wyz��:k�w�g�k$�]¨�qªwygMw�g�kn¸6z�si| � u��y�M��z:| � q{w�qrz�|��)2ºlA± ��7�u�| � 2ºlA± lP7/± ¦ |Nw�k$¯
����uxw�qr|i�n¹º��z:j

0
w�z

L
¶�¨,k ��k$w�¹ºz��

i = 1, . . . , n
¶

ui(L) − ui(0) + αiL = 2
n
∑

j=1

Gij
√

cj‖ coshUj‖1
.

f�giqr�§������w�kCj��Cu�|*¸Ak�¨���q{w�wyk$|
Gq = µ

¨�gik$�yk
µi = ui(L) − ui(0) + αiL

u�| �
qi = 2

√
ci‖ coshui‖1

¹ºz:�
i = 1, . . . , n

±8f�g�k§j�uxwy��q{�
G
qv�,|iz�w�qr|N«:k$��w�qr¸itrk�¶\¸is�w�¨,k§®\|izx¨ wyg�uxw�w�g�k]®:k$�y|ik$t6z�¹

GT qv�%z�¹ � qrj@k$|���qrz�| 1
¶

��~�u�|i|ik � ¸\�@w�gik]«�k^�/wyz��
a
±2�Zz:��kCzx«�k$�^¶�wygik ®�kC��|ikCtAz�¹

GT qv�Lwygik]z���w�giz:��z�|Au�t�z�¹Xw�g�k]qrj�u��:k�z�¹ G ±RÄ%siw%wygik��z�|A��w�u�|Nw
c1
qv����s���g�w�g�u�w�w�gik]«�k^�/w�z:�

µ
u�| �

a
u��yk�z���w�g�z���z:|�u�t 2Ò��k$k!2>��± �W7J7/±Rf�g�qr�,j@kCu�|��%w�g�u�w

µ
qv��qr|�w�g�k

q{j�u��:k z�¹
G
¶Au�| � w�gAuxw

q
qv� � k$w�k$�yj@q{|�k � si~}w�z�u�|�k$trk$j@kC|:w"z�¹­wygikI®�kC��|ikCtÿz�¹

G
±

¬Xk$w
q0 ¸Ak�u�|N��~�u���w�qv��sitvu�����z�trs�w�qrz�|�z�¹
w�gik�������wyk$j Gq = µ

±Rf�gikI��z:t{s�wyq{z:|
q
�$u�|�wygNsA��¸AkI¨��yq{w�w�kC|

q = q0 + λb

¨�gik$�yk
λ ∈ R

± � zx¨ ¨��yqªwyq{|��nwygik ©�����w"�$z�j@~Az:|ik$|Nw"z�¹­w�g�qr��k^·Ns�uxwyq{z:|}�\qrk$t � �

2
√

c1‖ coshu1‖1
= q0

1 + λb1,

u�| � w�g\s���¨,k ��k$w

λ =
1

b1

(

2
√

c1‖ coshu1‖1
− q0

1

)

=
1

b1

(

2
P√
Rin

‖ coshu1‖1
− q0

1

)

.

¨�gik$�yk
Rin = R0

1

qv��©i��k � ±8²µk���s�jQj�u���q6@$k]w�g�kC��kI��k^��sit{w"u��,¹ºz:t{trzx¨"��G
� ¢ À��LÀ  ��Ò¡�� À���� � 
!� j�m�mK�=
��4M�IK��M

n
� 
4�L�W���

G
� 
4�hi!
_�N�P^

2p
�xM8I ��
_�u� �W� 
-Me
�� "=�\Z�MT�N


a = (ai)
n
i=1


-jKZ\I
M�IK��M

a1 = 1
�N�n�

aT G = 0
�]���n�)M8I ��
_�'� �W� 
-Me
�� "=�\Z�MT�N


b = (bi)
n
i=1


-jKZ\IuM�IK��M
b1 = 1

���n�
Gb = 0 	 
 IK���M�IK��
-c=
-MT��� 2Òl�±Þ�4¯Âl�± �x¯Âl�± l�7,� 
0�\t�j��#"����9���KM Mf��M8I �'
\c=
-Mf��� ���

u
��� �

λ
�

u′

i(x) = −αi +
n
∑

j=1

Gij(q
0
j + λbj)

coshuj(x)

‖ coshuj‖1

i���

i = 1, . . . , n

��� �
x ∈ [0, L]

λ = 2P√
R0

1

‖ coshu1‖1
− q0

1

ui(0) = 1
2 log R0

i

i���

i = 1, . . . , n.
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_�

R0
1 = e(2L

∑n
i=1

aiαi)(RL
1 )−1

n
∏

i=2

(RL
i R0

i )
−ai

2Â�\±<;�7

���fm ���n��
u���K�Fc����BM8I � ���NMT�U�hi�M8I �%mn
_�WV��6�������N�n�A` I ��
_�
q0 � 
[�[���#"=���?mK��
-Md�eZ�j��6��
�
����Fj�MO�e�N� �hi

Gq = µ`b��M�I
µ
�����]�n�\�u�=
�jP
-jK��� V�c

µi = − 1
2 log RL

i − 1
2 log R0

i + αiL.

��kC�Cu�trt<w�g�u�w
X
� k$|iz�w�kC��u�|}kCt{kCj@k$|Nw�z�¹

Uδ
� k�©�|�k � q{| 2J�i±Þ��7�±R�§�

R0
1

qv����qr«�kC|}¸\��2Â�\±<;�7�¶�¨%kI��k$k]w�g�u�w
w�gik"«:kC��w�z��

q0
i

� k$~6k$| � z�|�t{�nz�|
X
¶�u�| � ¨%k�¨��yqªwyk

q0
i (X)

± � z�w�k�w�g�u�wLq{¹
X ∈ Uδ

¨�q{w�g
δ
��s�E��$q{kC|:wyt{�Q��j�u�t{t>¶

w�gik§|Ns�j�¸6k$�
R0

1

qr�%��trz:��k�w�z
1
u�| � w�gik§«�k^�/w�z:�

q0 qr�,��trz:��k � wyz 0
± v���qr|i��wygiqr�C¶N¨%k]�$u�|�~���zx«:k�w�gik§¹ºz�trt{zx¨�qr|i�

��k^��sit{wLG
��� ¼\À ¢ ¼ 
 � � � 
 IK��
_�!� �W� 
\MO
'��
_�\���	�Kj���VX��
 δ0


\jKZ\I M8I �NMni��N
k�����
δ < δ0

� � i
X ∈ Uδ

� 
#
-jKZ\I�M8I �NM

∀λ ∈ [0, δ], q0
i (X) + λbi > 0

i���

i = 1, . . . , n,

M�IK���U� i
P
� 
'�4
_�\���s�qj��!V\��
#
\jKZ\I�M8I �NM

q0
1(X)

√

R0
1

2L
≤ P ≤ (q0

1(X) + δ)
R0

1

L(R0
1 + 1)

,
2Â�\± �W7

` I ��
_�
R0

1

� 
[�W� � �n�\��V�cA2>��± ;W7 ��M8I ���3M�IK�%m 
_��V��9��� 2Â�\± l�70IK�=
u��j��q�et�jK��
�����j�Md�e���
(u, λ)

`b��M�I
λ ∈ [0, δ] 	�A�N
_�\� "���
��

u
� 
�M8I �'
��N��j�Md�e���D�Ji%M�IK��
-c=
-Mf��� 2ºlA± �x¯>lA± ��¯>lA± lP7H`b��M8I

√
ci =

q0
i + λbi

2‖ coshui‖1

i��N

i = 2, . . . , n

���n�
c1
���#"���� V�c42Â�\± �W7 	

����������� 
�z��"u�|N�
λ ∈ R

u�| �
X ∈ Uδ

¶i¨,k � k�©A|ik w�gik�u�~i~itrqr�Cuxwyq{z:|
Φλ

u:�

Φλ(v)i(x) = 1
2 log R0

i − αix +

n
∑

j=1

Gij(q
0
i (X) + λbi)

∫ x

0

cosh vj(t)

‖ cosh vj‖1

dt,
¹ºz:�

i = 1, . . . , n.
2>��±Þ��7

²�k���wyu�w�k]w�gik ¹ºz:t{trzx¨�qr|i�@��k^��sit{wC¶�¨�g�qr��g*qv��uQ�$z�|���kC·NsikC|���k z�¹­w�g�kI¸Az:si| � �'2d;�±65�5=7%u�| � 2O;�±65$lP7�±
�L¼ 
 
 £ � � � 
 I ��
_��� �W� 
-M δ0 > 0

���n� M�IK��
_��� �W� 
-MkZ\���qMO���qjK��jP
,i\j�� Z�Md�e���K

M(δ) > 0

���n�
ρ(δ) > 0
��NMO� 
8i\c����P�

M(δ) → 0
�N�n�

ρ(δ) → 0
��


δ → 0
�,
-jKZ\I M8I �NM]i���
 �N���

δ < δ0
��� i

X ∈ Uδ
M8I ����i���
 �N���

λ ∈ [0, δ]
�
Φλ


���Md� 
 � ��

‖Φλ(u) − Φλ(v)‖

∞
≤ ρ(δ)‖u − v‖

∞i���

u
���n�

v
���

B∞(0, M(δ)) ⊂ (L∞)n

� zx¨I¶Xq{¹
δ < δ0

u�| �
X ∈ Uδ

¶Xw�gikC|�¹ºz:��u�trt
λ ∈ [0, δ]

¶ÿw�gikC��k@k$�\qv��wy�Iu�si|iqv·Nsik
u(λ) ��z�trs�w�qrz�|µz�¹ u(λ) =

Φλ(u(λ))
±Rf�g\s��$¶�¨,k��$u�| � k�©�|ik wygik]¹ºsi|���w�qrz�|

g(λ) =
2

√

R0
1

P‖ coshu
(λ)
1 ‖

1
− q0

1(X).
2>��± ��7

f�gik�~i�yz�¸itrk$j�qv�"�yk � s��$k � wyz���g�zx¨ wyg�uxw
g
g�u��§u�si|iqv·NsikI©i��k � ~Az:q{|Nw�qr|

[0, δ]
±�Ä%siw"w�gikQ��z:| � q{w�qrz�|32>��± ��7

q{j@~itrq{k^��¸\� ��q{j@qrtru�����z:j@~is�wyu�w�qrz�|���u:��qr| wygikZ~i�yz\z�¹ z�¹If�gik$z:��kCj �i±65�¶%w�g�u�w
g
j�u�~A�

[0, δ]
qr|:wyz´qªw���kCtª¹�±

�Zz��yk$zx«:k$�^¶:¨,kI��kCk§wyg�uxw�¹ºz:�
λ
u�| �

λ̃
¨%k g�u4«:k

|g(λ) − g(λ̃)| ≤ 2
√

R0
1

P (sinh M(δ))‖u(λ) − u(λ̃)‖
∞

.
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Ä%�
u�| u����:sij@k$|Nw���q{j@qrtru���w�zMw�gik}z�|ik�qr| trk$j@j�uM�i±Þ�*¨,k���z:|���trs � k@wyg�uxwn¹ºz��
δ0
��s�E���qrk$|Nw�tr�µ��j�u�trtJ¶+wygik

¹ºsi|��/wyq{z:|
g
qr�"�$z�|Nw���u���wyu�|:w,¹º�yz�j

[0, δ]
wyz�qªw���kCtª¹�±Rf�g�qr�"��gizx¨"�%w�g�kI��k^��sit{wC±

� � (�� � "'+-*�� � ��� � � "'+ � � �� ��

¦ |Vwygiqv�n~Au���wC¶R¨,k���z�tr«�k�w�gik*���\��w�kCj 2J�i±95$¯å�i± �x¯å�i± ��7]q{| u���q{w�s�u�w�qrz�| z�¹§~i��u���w�qv�$u�t,qr|:wyk$�ykC��wC±´²µk}¨�qrtrt
��z�|A��q � k$�§w�g�kQ�Cu���k�¨�gikC��k

n = 4
z��

n = 5
±If�gikQtrk$|i��w�gdz�¹Rw�g�k�©�¸6k$�

L
qr�§wyu�®�kC|MkC·Ns�u�t­wyz

100
j@k�w�kC�y�C±

f�gik ��k�>�kC��w�qr«Nq{w�����z\k�E��$q{kC|:w��
R0

i

u�| �
RL

i

u���k§wyu�®�k$|}kC·Ns�u�t�wyz
0.99

k��i�$k$~�w,¹ºz��,w�g�k]tvu���w�z�|ik:¶
Rout = 0.1

±
f�gikIj�uxw��yq{�

G
z�¹+�"u�j�u�|��:u�qr|���qv�,wyu�®�k$| 2ºs�~}wyz@w�kC��j���z�¹8z�� � kC�

10−9 7�u��

G = 10−3













0 −5.354693 −0.833641 −0.165746 −0.001215
5.109551 0 −5.091333 −0.800871 −0.246770
0.757437 4.847864 0 −4.883841 −0.694188
0.143011 0.724173 4.637914 0 −3.546259
0.001000 0.212878 0.628922 3.383213 0













.

¹ºz��
n = 5

u�| � w�g�kQ��si¸�¯Âj�uxw��yq{�*z�¹Rz�� � k$�
4
j�u � k�¸\�Z�yu�qr��qr|i��w�g�kntvu���w]�$z�trsij@|�u�| � trq{|iknz�¹Rwygiqv�§j�u�w��yqª�

¨�gik$|
n = 4

±
o\qrjQqrtvu��yt{�:¶:wygik j�uxw��yq{��z�¹+u�w�wyk$|\s�uxwyq{z:|}�$zNk�E���qrk$|Nwy�,qv�Lw�u�®:k$|}u:�%w�gikI��si¸�¯Âj@u�w��yqª��z�¹
u�~�~i��z:~i�yqru�w�k§��q6@$k

z�¹

� qru��
(α) = 10−3













0.388799 0 0 0 0
0 0.346712 0 0 0
0 0 0.296873 0 0
0 0 0 0.252234 0
0 0 0 0 0.218211













.

� z�wykD2J��kCk�/ �L1Â¶9/65�1Â¶9/Þ�=187�w�g�u�w�w�g�k}j�uxwy��q{�
G
qv��z�¹"w�gik}¹ºz�trtrzx¨�q{|i�M¹ºz���j�G@wygik$�yk�k$�\qv��wy�QuMtrzx¨%kC��w��yqvu�|i�:sitru��

j@u�w��yqª�
L
¨�q{w�g3@Ck$�yzM��z\k�E��$q{kC|:w���z:|
w�gik � qru���z�|Au�t>¶+��s���g
w�gAuxwnq{¹

D
qv�Iw�g�k � qvu��:z�|�u�tRj�uxw��yq{��¨�q{w�g´wygik

¹º��k^·:s�k$|��$q{k^�
νi > 0

�$z��y��k^��~6z�| � q{|i��w�z@wygik
Fi
u�| �

Bi
z�|}w�gik � qvu��:z�|�u�tJ¶Nwygik$|

G
qr��z�¹­wygik ¹ºz��yj

G = L − DLT D−1.

f�giqr�"jQk^u�|��,wyg�uxw
Gij = Lij

¹ºz��
i > j

u�| �
Gij = −Lji

νi

νj

¹ºz��
i < j

±2²�kI��k$kIqr|*~�u���w�qv��sitvu��,wyg�uxw
GD

qv�
��®:k$¨�¯å���\j@j@k�w��yqv��¶�u�| � w�g\s��

G
g�u:��u�tr¨,u4����uQ|iz�|}w��yqr«Nqvu�tÿ®:k$�y|ik$tÿq{¹

n
qr�"z ��� ±

²�k�©�����w@�$z�|���q � k$�nw�gik*~i�yz�¸itrk$j 2d;�±65�¯h;�±Þ�4¯h;�± �W7§¹ºz:�
n = 4

¨�qªwyg u���qr«�kC|
Rin = 20

±´²µk*s���k}w�g�k
u�tr��z��yq{w�gij 2O;i±95x�N7�±8²µk"©�����w,��z�j@~isiw�k � q{�ykC��w�tr��wyg�uxw%¹ºz��

i = 1, . . . , 4
¶N¨,k�g�u4«:k

qi > 0
±8²µk�s���k�w�g�k�wRsitrk$�

jQk$w�giz � ¨�qªwyg�qr|Nw�k$�:�yu�w�qrz�|���w�kC~
h = L/1000

¶�u�| � w�g�k �$z��y��k^��~6z�| � q{|��I¹ºz��yj�sitvuIwyzQ�$z�j@~is�wyk�wygik q{|Nwyk$����u�t
q{| 2O;�±654��7�±�f�gik@��z:t{siw�qrz�|Mqv�]~it{z�w�wyk � qr|�w�gikQt{k$¹ów]�:�yu�~igiqv��qr|M©��:si�yk[5�± ¦ |dw�gikQ�yq{�:g:w]����u�~ig�qr��q{|d©���si�yk[5:¶
¨%k]~itrz�w�wyk � w�gik �yk$tvuxwyq{«:k�k$�y�yz��,q{|

L1 |iz��yj ¸6k�w�¨,k$k$|}w�g�k �$z�j@~6z�|ikC|:w��Lz�¹­wygikI��z:t{s�wyq{z:| u
z�¹ 2O;�±65�¯h;�±Þ�4¯h;�± �W7

¹ºz��
Rin = 20

u�| � w�gik���s��$�$kC�y��qr«�k]u�~i~���z4��qrj@u�w�qrz�|��
u(k) ��qr«�kC|�¸\��2O;i±95x�N7�±2²µkI��kCk]w�g�u�w�w�gikI��z:|\«�k$�y��kC|���kqr��trqr|ikCu��,qr|�w�giqv��~i��u���w�qv�$u�tX�$u���k�± � s�jQkC��qv�$u�t{tr��¶�¨%k z�¸A��kC��«:k�wygik���u�j@k§trq{|�kCu��"�$z�|\«�kC���:k$|��$k"¹ºz:��tru����:k

Rin
±

²�k��$z�|���q � k$�]|izx¨�w�gik@|\sij@k$�yqv�$u�t8u�~�~i��z4��qrj�uxw�qrz�|Zz�¹Rw�g�kQ~���z:¸it{kCj 2ºl�±Þ�4¯Âl�± �x¯Âl�± l�7,¨�g�k$|
n = 4

u�| �
P = 5

±�²µkQu�~i~i�yz4�\qrj�uxwyk�u�©i��k � ~Az:q{|Nw z�¹2w�g�k�¹ºsi|���w�qrz�|
g
� k$©�|ik � q{| 2Ò�i±65�7"¸\� � k$©�|iqr|i�}w�gikQ��k^·:s�k$|��$k

Rk+1 = g(Rk)
u�| �

R0 = 20
±Qf
zZ��z:jQ~�s�w�kQw�g�k@¹ºsi|��/wyq{z:|

g
¶X¨,k@s���kQwygik�~i�yk$«\q{z:s�� u�tr��z:��q{w�gij ¹ºz:� w�gik

jQz � q{©�k � ~i�yz�¸�t{kCj�±Qf�gik���z:t{siw�qrz�|µq{|�w�gik��$zNz:� � q{|�u�w�kQ������w�k$j
(F, B)

qr� ~itrz�w�w�k � qr|dwygik@t{k$¹ów�����u�~ig�qr�nz�¹
©���si�yk��i±µf�g�k�©i��k � ~Az:q{|NwQqr�

Rin ' 43.708504
± 
+q{|�u�t{tr��¶2¨,k}�$z�|���q � k$��w�gik*�$u:��k}¨�gik$�yk

n = 5
±�²µk

��z�j@~isiw�k w�gAuxw"qr|�wygikI~i�yz�~6z:��qªwyq{z:|Z��±95 ¨,k �Cu�|}wyu�®�k

a '













1
−0.152781
1.066044
−0.198392
1.551714













, b '













1
−0.145786
0.968595
−0.171179
1.277317













,
u�| �

q0 ' 102













0.149596
3.435993
−0.465061
3.352517

0













.
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(F, B)

¹ºz:�
P = 5
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λ(k+1) = g(λ(k))
¨�gik$�yk@w�giqv�Iwyq{j@k

g
qv���:q{«:k$|µ¸N�dw�gik�¹ºsi|��/wyq{z:|

2>�\± �W7�±Rf�gikI��z:t{siw�qrz�|�qr�
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