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Abstract: This paper presents an Euleriean model for the simulation of compressible two-phase flow problems.
The starting point of the study is a seven equation, two pressure, two velocity model. This model contains
relaxation terms that drive the systems toward pressure and velocity equilibrium. We perform an asymptotic
analysis of this system in the limit of zero relaxation time and derive a five equation hyperbolic reduced system.
We study the mathematical properties of the system, the structure of the waves and the expression of the
Riemann’s invariants. We then describe two different numerical approximation schemes for this system. The
first one relies on a linearized Riemann solver while the second uses more heavily the mathematical structure
of the system and relies on a linearization of the characteristic relations. Finally, we present some numerical
experiments and comparison with the results obtained by the two pressure, two velocity model as well as some
test cases in interface computations.
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Un Modéle réduit a cinq équations pour les problémes d’écoulements
diphasiques compressibles.

Résumé : Cet article présente un modéle Eulérien pour les problémes d’écoulements diphasiques compressibles.
Le point de départ de ’étude est un modéle & sept équations contenant deux pressions et deux vitesses. Ce modéle
contient des termes sources de relaxation qui conduisent le systéme vers ’équilibre des pressions et des vitesses.
Nous réalisons une analyse asymptotique de ce systéme dans la limite des temps de relaxation infiniment petits
et dérivons un modéle réduit & cing équations, inconditionellement hyperbolique. Nous étudions les propriétés
mathématiques du systéme, la structure des ondes et ’expression des invariants de Riemann. Nous proposons
ensuite deux schémas numériques pour ce systéme. Le premier est basé sur un solveur de Riemann linéarisé
tandis que le deuxiéme utilise de maniére plus forte la structure du modéle et se base sur la linéarisation des
relations caractéristiques. Enfin nous présentons une série d’expériences numériques et des comparaisons avec
les résultats donnés par le modéle & deux pressions et deux vitesses, ainsi que des expériences sur des problémes
d’interfaces.

Mots-clés : Ecoulements diphasiques, Problémes d’interfaces entre fluides compressibles, Relaxation hyper-
bolique, Solveur de Riemann, Produits non conservatifs.
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1 Introduction

Modelling of two-phase flows is typically based on averaging procedures ([9], [7]). In their most general form,
these averaging techniques produce models characterized by two differents velocities and pressures for each phase
supplemented by one or several topological equations. Thus, in one dimension and for non-isentropic flows, a
two-phase model of this type consists of at least 7 equations (two mass conservation equations, two momentum
equations, two energy (or pressure) equations plus one topological equation). These type of models have been
known for a long time [14], [16], [4] but have been seldom used due to their complexity. However, some recent
works [1] have shown that they possess several advantages over the more classical 6 equation system : these
models are unconditionally hyperbolic, they are able to treat multiphase mixtures as well as interface problems
between pure fluids and they allow the treatment of fluids characterized by very different thermodynamics be-
cause each fluid uses its own equation of state. However these models are numerically complex to solve because
of the large number of waves they contain and of the sensibility of the results with respect to the relaxation
procedures. These facts motivate the research of cheaper models and the present work.

To reach this objective, we remark that in many cases, the typical time scales associated with the occurence
of pressure and velocity equilibrium are small. This, a priori allows the construction of a reduced model based
on an asymptotic analysis of the seven equation model in the limit of zero relaxation times. The procedure we
use in this paper is therefore similar to the one proposed for detonation studies in [10].

The summary of this work is as follows. In section 2, we give a brief description of the seven equation model.
Then we perform an asymptotic analysis of this model for zero relaxation times and obtain a limit system
characterized in one dimension by five partial differential equations. In section 3, we study the mathematical
properties of this reduced model ; in particular we show that it is an unconditional hyperbolic system whatever
the state laws of the pure fluids are. We study its mathematical structure and prove that the system contains
fields which are either genuinely non linear or linearly degenerate and finally, we give the expression of the
Riemann’s invariants. Then in section 4, we study two numerical procedures to solve this system. These
numerical techniques do not require any hypothesis on the equation of state of each fluid. The first one of
VFRoe-ncv type (see [5]) is based on the solution of a linearized Riemann’s problem written in “entropic”
variables. The second numerical scheme uses more heavily the mathematical structure of the reduced system
and is an extension of the acoustic solver described for instance in [17] for the Euler system of gas dynamics.
With respect to the different numerical test, the acoustic solver seems to be more robust than the VFRoe-ncv
one when computing low Mach number two-phase flows. Finally in section 5, the model have been applied to
several difficult physical problems. In each case, the method provides reliable results, is able to compute strong
shock waves, and to deal with interface problems occuring in compressible multifluid flows.

INRIA
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2 Derivation of the Model

2.1 The seven equation model

The starting point of this study is the seven equation model presented in [1] which is a slight variation of the
Baer-Nunziato 1986 model [4]. In term of conservative variables *(ay k., a prtk, Qk prer, a2), this model can be
written :

(O
a1p1 + div(aipru) =0 (1.1)
ot
0
% + div(aiprur @ ur) + Vaipr = prVoaa + AM(uz —u1) (1.2)
8a1p1€1 . Oaa
T + d1v(a1p161 + oa; )’Uq = pIW + /\UI(’LLQ — ul) (13)
8a2p2 .
S 5 + div(aspeus) =0 (1.4)
Oaspou .
% + div(azpeus ® uz) + Vasps = prVas — AN(uz —u1) (1.5)
dazpoe . oo
TP 4 div(azpses + azpa)us = —pr—- — Mup(us —wi) (L6)
ot ot
oa
| 0—752 + upVa = u(ps —p1) (1.7)

The notations are classical. ay are the volume fractions of each phase (a1 +ag = 1), pr the phase densities, wuy,
the vector velocities, py the pressures and ey = e +u?2 /2 the specific total energies, with ¢ the specific internal
energies. On the other hand, py and uy stand for the interfacial pressure and velocity. In the Baer-Nunziato
1986 model [4], these variables are chosen as p; = p» and uy = wu;. But other choices are possible and for
instance in [1], Saurel and Abgrall take the following interfacial values :

2 2 2
up =Y arprur/ Y oxpe and  pr=) arp (2)
k=1 k=1 k=1

We note that the choice of interfacial velocity and pressure can have a deep impact on the structure of the waves
present in this model and on the fulfilment of entropy inequalities (see [6]). However, in this paper as we will
assume that the phase pressures and velocities relax to a common value, these choices are not important and will
not affect the derivation of the reduced model. Actually, the model (1) contains relaxation parameters A and
1 > 0 that determine the rates at which the velocities and pressures of the two-phases reach equilibrium. The
rationale for the introduction of such terms is discussed for instance in [1]. Here we are interested in situations
where the relaxation times are small compared with the others characteristic times of the flow. Thus we set
A= MXN/eand p = p'/e where X' and p' are O(1) and we will analyse the case e — 0. This analysis can be
performed directly on the system (1) with the conservative variables ®(aypx, ar prtr, ok prex, @2), however it is
more convenient to work with the set of variables ®(sy,uy, py, @2) where s, are the phase entropies and to use
the quasi-linear form of the equations. This is the purpose of the next section.

2.2 Quasi-linear “entropic” form of the model

In the sequel, the material derivative of a quantity ¢ with respect to the velocities u; of each phase k as well
as the interfacial velocity u1 will be denoted by :

Do _ 99

. = = 3
Dt at+ukV¢ for k=1,2 and k=1 (3)

RR n° 4778
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Using this notation, the momentum equations (1.2)-(1.5) and the mass conservation equations (1.1)-(1.4), it is
easily seen that the velocities u; obey the following equations :

Diu

a1 p1 5; +Vaipr = pIVOzl + )\(’UQ — 'u,l) (4.1)
D2u2

Q2P +Vaops = prVaz — Mug —u1) (4.2)

from which we deduce the equations for the kinetic energies u? /2 of each phase :

Diu?/2

ai1p1 ID;/ +u1.Vaypr = prui.Vog + Mg (uz —uq) (5.1)
Dsu?/2

2P 2Di/ +us.Vasps = pruz.Vaz — duz.(uz —u1) (5.2)

>From (5.1)-(5.2), using e, = £x + u2/2 and the total energy equations (1.3)-(1.6), we get the equations for
the specific internal energies ¢, :

Die;

P +aiprdivey = pp(ug — w1).-Vay + ppr(p2 — p1) + Aup — ur).(ug —u1)  (6.1)
Dsey .
agpzD—t +agpedivus = prug — u2).Vag — upy(pe — p1) — Mug — uz2).(u2 —wuy) (6.2)

Next, using the volume fraction equation (1.7), it is easily seen that we can rewrite the mass conservation
equations (1.1)-(1.4) in term of phasic densities p; under the form :

Dip1

T, +aipdivur = pi(uy —w1).Voa + ppi(p2 —m) (7.1)
D3 po .
a2, +azpadivuy = pa(uy —ug).Vao — ppa(p2 — ) (7.2)

To obtain the equations for the phase entropies s, we use the Gibb’s relation for each phase k :

der = Tidsyk + i—gdpk for k=1,2 (8)
k

where T}, is the temperature of phase k. Taking the material derivative of the Gibb’s relation (8) and multiplying
by arpr we get :
Dysy, Dyer  awpr Dip
GPRIR T TP T T T DE O )

from which we deduce with (6.1)-(6.2)-(7.1)-(7.2) the equations for the phase entropies sy :

Dis

OélplTlg—t1 = (pr —p)(ug —u1).Vaqg + p(py — p1) (P2 — p1) + A(ug — u1).(ug — ) (10.1)
Dys;

azpeTa—= = (pr = p2)(ug — u2).Vaz — p(py = p2)(p2 = p1) = Aup — u2).(u2 —u1)  (10.2)

Finally, to get the equations for the pressures p;, of each phase, we write that p, = pr(pr, si) and obtain the
following expression for the differential dpy, :

Opr ) (31% )
dpr, = | =— dor + | =— ds for k=1,2 11
Dk ( Dok . Pk B, N k (11)

Now introducing the coefficients x, = (0¢r/0pr)p, and ki = (Ock/Opk),,, we write the differential of the
specific internal energies ¢, under the following form :

dex = xidpy + kedpe  for k=1,2 (12)

INRIA
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Writing the equality of (8) and (12), solving for the differential of the pressure and comparing with (11) we get
the well-known relations :

Opx 1 pe Opk Ty
a2:<—> = (£ _ and — =— for k=1,2 1
F Opr ) o, Hk(mc2 X) 05k ) o Kk (13)

where aj denotes the sound speed of each phase. Now from (11)-(13) and after multiplication by the volume
fraction oy, we obtain the relation :

Dypr ok, pr Dipr  arTy Dysy
Ak Dt K (pk:2 ) Dt + K Dt or k ’ ( )

from which we deduce with (7.1)-(7.2)-(10.1)-(10.2) the equations for the pressures p;, of each phase :

D . P p
a5 Fapaddive = P ) (up — ). Von + (32 — 1)
K1 p1 K1 p1
+ A (uy — u1).(u2 —uq) (15.1)
ript I 1)-(us 1 .
2P2 21 _ p2,P1 P2 PI
az—p = + aappadivuy = E—Q(g — xz2)(up —u2).Vas — Mn—2(p—% = x2)(p2 — p1)
- 2 (uy — u2).(u2 —uq) (15.2)
. I 2)-(u2 1 .

Finally introducing the notation aiI = (p1/p% — Xr)/kr where a,1 stands for the sound speed of the phase k at
the interface, we can rewrite equations (15.1)-(15.2) under the form :

D : A
a1 1})1:1 + arpraidive; = PlafI(uI —u1).Vag + Np1af1(p2 -p1)+ ﬁ(“l —u1)-(uz —w1) (16.1)
1/1
D:. . . . A
5—172 + agpoaidivuy = pza;I(uI —uz).Vay — NP2G;I(172 -p1) = Kap (ug —u2).(ug —u1) (16.2)
202

Let us summarize the results of this section. In term of “entropic” variables (s, u, px, a2), the seven equation
model (1) can be written under the quasi-linear form :

( D;s
alplTlﬁ = (pr—p)(ug —u1).Vau + p(py — p1)(p2 — p1) + AMug — u1).(u2 —u1) (17.1)
Djsy
azpaTe—7= = (pr —p2)(ug —u2).Vas — pu(py — p2)(p2 — p1) — A(ug — u2).(u2 —u1) (17.2)
Dl’ll,l
P + Vaip = prVag + Auz — uy) (17.3)
Dsu
{ Q2p2 ;tQ + Vasps = ppVag — Aug —uy) (17.4)
D1p1 2 1. _ 2 2 A
Qg Di +aiprardive; = plall(ul —u).Vay + #Plall(pz —p1) + Fpl(ul —up).(ug — up) (17.5)
23 Daps + aspeasdivus = paali(uy — u2).Vas — ppaaiy(ps — p1) — (ug — u2).(uz — u1) (17.6)
Dt oI ol Kap2
DIOQ
_ _ 17.
\ g 1u(p2 — p1) (17.7)

RR n° 4778



10 H. Guillard and A. Murrone

2.3 Derivation of a reduced model

In this section, to simplify the notation, we present only the one dimensional case or alternatively the expression
A(U)OU /0x can be understood as a shorthand notation for Z‘;Zl A;(U)oU /Ox;.

The derivation of the model can be presented briefly as follows : Consider an hyperbolic system with stiff
source term :

oU oU _ R(U)
ot +AU) dx ¢

In this equation U = U (x,t) the state vector belongs to 2, some open subset of R". We assume that (18) is
hyperbolici.e for any U € 2, the matrix A(U) is diagonalizable in IR and possesses a complete set of eigenvectors.

(18)

We are interested in the behavior of the solutions of (18) when the relaxation time ¢ goes to zero. Therefore,
we expect these solutions to be close to £ the subset of RN defined by :

£ ={U e RY;R(U) =0} (19)

We make the following assumption :

Assumption 1 : The set of equations R(U) = 0 defines a smooth manifold of dimension n. Moreover, for
any U € £ we explicitly know a parametrization M from w an open subset of IR™ on V' a neighborhood of U in £.

We call € the equilibrium manifold while in reference to the Boltzmann equation, the smooth diffeomorphism
M will be called the “Maxwellian”. We note that for any u € w the Jacobian matrix dMy, is a full rank matrix.
Moreover we have the following result :

Proposition 1 : The column vectors of dMy, form a basis of ker R'(M(u)).

Proof : Denote Ty (€) the tangent space of £ at U. Since M is a diffeomorphism from w onto V' C £, dMuy,
is a bijection from IR"™ onto Ty (y)(€). Therefore the column vectors of dMy, are n independent vectors that
form a basis of Ty (y)(£). But, since the equilibrium manifold £ is defined by the implicit equations (19), the
result simply follows by noting that Ts(w)(€) is precisely ker R'(M (u)).

We will denote the column vectors of dMay, {dMY,...,dMZ}. Now let {I',...,IN~"} be a basis of
Rng(R/'(M (u))) the range of R'(M(u)) and define the N x N matrix S by :

S =[dMY,....dMg I, ... . IV (20)

Thanks to proposition 1, S is an invertible matrix. Let us denote by P and @ the n x N and N —n x N
matrices composed of the first n and last N — n rows respectively of its inverse, we have :

Proposition 2 : Let ker(R'(M(u))) and Rng(R'(M (u))) be equipped respectively with the basis {dMy,, ...,dMg}
and {I',...,IV~"} then in these basis P and @Q are respectively the projection on ker(R'(M())) in the direc-
tion of Rng(R'(M(u))) and the projection on Rng(R'(M(u))) in the direction of ker(R'(M (u))).

Proof: Let v € R", w € RN ~" and for U € R" let us write :
n ) ] N-—n o
U=> vdMj+ > w'l (21)
=1 =1

n

then the vectors 3.7, v/dMj, and Zj\:" w7 are clearly respectively the projection on ker(R'(M (w))) in the
direction of Rng(R'(M(w))) of U and the projection on Rng(R'(M(u))) in the direction of ker(R'(M(u))) of
U. In matrix form (21) can be written :

v
U=5 [ v ] (22)
from which we deduce :

HESSE

INRIA
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We note the following simple properties :

Proposition 3 : We have

1. P.dMy = Id(n) where Id(n) is the n by n identity matrix

2. PR'(M(u))=0

Proof : The first result follows from S~1.§ = Id(N). To prove the second result, we note that for any
U € R™, obviously R'(M(w))U is in the range of R'(M (u)).

Note that Assumption 1 is a very weak one. However, we emphazise that this assumption gives only the
possibility to write a formal asymptotic expansion. In particular, this weak assumption does not imply that the
reduced system is well-posed or hyperbolic nor does it implies that the expansion is convergent. More stronger
assumptions are needed to establish results of this type. For a survey on some recent results on hyperbolic
systems with stiff relaxation terms, the interested reader can see [13].

Now, to obtain a reduced model, we look for a solution in the form :

U=Mu)+eV (24)
Introducing this expression in (18) gives :
oM (u) OM(u)
o AM(w) = R (M ).V .
+el5 + A2 + v P LR v, v = o)

Thanks to proposition 3, multiplying this equation by P gives :

ou ou
5 T PAM (w)).dMy - = O(e) (26)

The reduced model of (18) is thus obtained by neglecting the terms of order .

2.4 Application to the seven equation model

The application of the previous asymptotic analysis to the seven equation model (17) is straighforward. We
just need to identify the Maxwellian M (u) and then to compute the Jacobian matrix dMy, and the projection
matrix P. Let u = (s1, 82, u,p, as) € IR® the Maxwellian is defined by :

S1
$2
u
u—U=Mu)= u
p

p
Q2

The jacobian matrix of this transformation is :

dMu =

OO OO OO
SO OO OO
S OO -HMEOO
O EFHOOOoOOo
_o OO0 o oo

RR n° 4778



12 H. Guillard and A. Murrone

The linearized source term evaluated on a Maxwellian is :

0 0 0 0 0 0 0
00 0 0 0 0 0
00 -1 1 0 0 0
R(M@)=[00 1 -1 0 0 0
00 0 o -1 1 0
00 0 0 1 -1 0
0 0 0 o -1 1 0
A basis of the range Rng(R'(M (w))) of this matrix is the set :
0 0
0 0
-1 0
I' = 1 |; 2= 0
0 -1
0 1
0 -1

The inversion of the matrix S = [dMY,, . ..,dM;,, I*, I?] thus gives the projection on ker(R'(M (u))) :

o 0 0 0
o 0 0 0
1/2 1/2 0 0
0 0 1/2 1/2
0 0 -—1/2 1/2

)

Il
coocor
cooro
—o oo o

To obtain, the reduced model, we just need now to compute the matrix product P.A(M (w)).dMy,. After some
straighforward computations, we then get a five equation reduced model written in term of “entropic” variables

t(517827u7p7a2) : D
¢ s1

Dt =0 (27.1)

DT? =0 (27.2)
< %1;+%Vp =0 (27.3)

%’Z+ paldivu = 0 (27.4)

DDOétz - alo@%divu (27.5)
) k=1 Xk’ PO,

where we have introduced the notation D¢/Dt = 0¢/0t + u.V¢, the mixture density p :

2
p=> arp (28)
k=1
and also the averaged sound speed a defined by the following formula :
Loy o (29

INRIA
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To end this section, we note that after some algebraic manipulations, the model (27) may be written in term of
conservative variables (a1 p1, asps, pu, pe, az) as :

30gtp Lt div(on pru) - 0 (30.1)
Jdasps . _

e + div(aspau) =0 (30.2)
dpu )
e +divijpu®@u)+Vp = 0 (30.3)
dpe )
N + div(pe + p)u =0 (30.4)
o 2 _ 2
ga2 +u.Vay = o péal—pwzzdivu (30.5)

[ ot D k=1 Ok PROY

where e the specific total energy is defined by e = ¢ + w2 /2 while the specific internal energy ¢ is given by the
relation pe = Ei:l arprer(p, Pr)-

Remark : In [12] and [3], a diffuse interface method for the simulation of interfaces between compressible
fluids was introduced. This model (in the sequel referred to as the “five equation-transport model”) is very
similar to (30) except that instead of (30.5), equation for the volume fraction is simply a transport equation :

% +u.Vas =0 (31)
In view of (30.5) and since for interface problems, the zone where the product a;jas is expected to be small,
the differences between the two models seem unimportant. However, as we will see the mathematical properties
of the two models are quite different. In particular, the “five equation-transport model” of [12] and [3] is not
compatible with the fact that the material derivatives of the phase entropies are zero. This is quite obvious
from the form (27) of the present reduced model. But it can also be seen as follows : Let us write the equality
of the pressures in the two phases :

p1(s1,p1) = p2(s2, p2) (32)
and take the material derivative of this expression to obtain :
Op\ Dsi_ (0p2) Dso_ (Op2) Dp>_ (0p) Dpx (33)
831 o1 Dt 652 P2 Dt 8p2 5o Dt 8,01 51 Dt

Now, with (30.1)-(30.2) we have :

Dpk 1 Dak:pk: Dak 1 . Dak
PR _ = — = — — 4
Dt~ anl Dt Pk Dt] ” [akprdive + pr i (34)
and we get from (33) :
om Dsq Op2 Dssy 5 N pgag pla% Das
et o 22 == - 2)d = 35
(831) D <632 , Dt *(pra1 = paay)dive = (C05 + Z05) T (35)

that shows that equation (30.5) is a direct consequence of the assumptions Dsi/Dt = Dss/Dt = 0 and
conversely that the assumptions Das /Dt = 0 is not compatible with these relations. Actually, (35) shows that
if Day /Dt = 0 then the phase entropies must evolve according to the relation :

6271 DSI ap2 DS2 _ ) .
(881)p1 Dt <332>p2 Dt = (p2a3 — pray)dive (36)
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14 H. Guillard and A. Murrone

3 Mathematical Study

For regular solutions, the mathematical study of the model can be performed with any set of independant
variables. Here, for instance, we will use the set of variables ®(s1, s2,u,p, Y2) where Vi, = agpr/p stand for the
mass fractions of each phase. It is easily seen from the mass conservation equations (30.1)-(30.2) that Y obey
the equations DY}, /Dt = 0 and the five equation reduced model can be written :

( Ds;

o = 0 (37.1)
%‘9; = 0 (372)
< %’:+%vp = 0 (37.3)
l;—lt)+p&2divu = 0 (374)
.DT}? - 0 (37.5)

where the mixture density p and the averaged sound speed & have been defined in the previous section 2. On
the other hand, the system is clearly invariant by rotation. As a consequence for the sake of simplicity, we can
perform the mathematical study for the system written in one dimension.

3.1 Hyperbolicity

So if we set g = ¥(s1, $2,u,p, Y2), for smooth solutions, the system (37) can be written in one dimension as :

9q 9q
— 4+ A(g)=— =0 38
5 TAD 5, (38)
where the matrix A(q) is defined by :
v 0 0 0 0
0w O 0 0
Alg)=]1 0 0 uw 1/p O (39)
0 0 pa2 u O
0 0 O 0 u

Since the characteristic equation of the matrix A(q) is given by (u — A)3((u — A)2 — a2) = 0, we obtain three

distinct eigenvalues for the matrix A(q) :

A(g)=u—a
A2(q) = A3(q) = Ma(q) = u (40)
)\5((]) = u+d

where @ is given by the relation (29). Thus a is clearly real and all the eigenvalues of the matrix A(q) are
real. The expression (29) where the average “acoustic impedance” pa? appears as the harmonic average of
the “acoustic impedances” of the pure phases pra? implies that the sound speed of a mixture can be less than
the sound speed of either phase. This fact is well-known in the two-phase litterature (see for instance [16] or [7]).

The right eigenvectors 7;(g) (for i € {1,...,5}) which verify the relation A(q)r:(q) = Xi(q)ri(q) can be
choosen as :

0 1 0 0 0
0 0 1 0 0
ri(q) = a ro(@)=| 0 | m(g)=| 0 [ ra(l@=| O | rs(@)=| @ (41)
—pa? 0 0 0 pa?
0 0 0 1 0

INRIA
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We denote also by l;(q) (for i € {1,...,5}) the left eigenvectors which obey the relation *A(q)l;(q) = Mi(q)l:(q).
After normalization of the left and right eigenvectors to have l;(q).r;(q) = 6;;, we get :

0 1 0 0 0
0 0 1 0 0
lLi(q) = 1/2a L@=] 0| l@=| 0| L@=] 0| Ikl@=| 1/2a (42)
—~1/2pa® 0 0 0 1/2pa°
0 0 0 1 0

The system is thus clearly hyberbolic since the matrix A(q) is diagonalizable in IR and its eigenvectors span
the whole space IR%. We note that this system is unconditionally hyperbolic as soon as the sound speed in the
pure fluids are real whatever the state laws of the pure fluids are.

Remark : In the “five equation-transport model” of [12], [3], the sound speed is given by the expression :
2
€ =) &Yid} (43)
k=1

where &, = (Oprer/Opk),, and € = Zizl arée. Thus as in (29), the sound speed of the mixture appears as
some average of the phase sound speeds. However, these averages are different in the two models. In some
extreme cases, for real fluids the coefficients &, can be negative and the formula (43) does not guarantee that
the mixture speed of sound is real while formula (29) will always yield a real speed of sound.

Figure 1 displays the sound speed of an air-water mixture with respect to the air volume fraction, under
atmospheric conditions, respectively for the five equation reduced model and the “five equation-transport model”.
One can notice that the values of the sound speeds are very different in the two models.
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Sound speed of an air-water mixture (m/s)

0

Figure 1: Sound speed of an air-water mixture under atmospheric conditions for the 5 equation
reduced model (solid line) and the 5 equation transport model (dotted line).

3.2 Existence of a mathematical entropy

Since the phase entropies sy, so satisfy (37.1)-(37.2), the existence of an entropy for the five equation reduced
system is obvious. The simplest choice is to define S by :

pS = a1p151 + aapass = pY151 + pYass (44)
and we have : 808
% +div(pSu) = 0 (45)
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16 H. Guillard and A. Murrone

3.3 Structure of the waves

In this section, we analyze the structure of the waves. The objective is to show that the system contains fields
which are either genuinely non linear or linearly degenerate (see for instance [8]). So let us start with the
characteristic fields associated to the waves u — @ and u + a.

Proposition 4 : The characteristic fields associated to the waves A1(q) = u — d and A\5(q) = u + @ are
genuinely non linear i.e we have VgA1(q).r1(q) # 0 and VgAs(q).r5(q) # 0 for all admissible state vector q.

Proof : We can deduce from the eigenvalues (40) and the right eigenvectors (41) the relation :

Vg (@)ri(a) = Vghs(a)rs(q) = a + pi g—; (46)

So the proof consists to show that a + pa®da/dp is always non zero and the principal difficulty is to evaluate
the term 0d/0p. Let us first rewrite, in term of the mass fractions Y}, the mixture density (28) as :

1 &Y
__ZE (47)

and also the averaged sound speed (29) under the form :

-3¢ L (48)

(prax)?

Now let us consider the following differentiation of the sound speed a for an arbitrary variable ¢ :

48 () )]

Using this relation (49) for ¢ = p and introducing expressions (47),(48) we get :

. 0 . A '( A)2 95 2 ]rk 2
200 .3 |\pa) O _ Tk
i+ pa a— pa 5 3 E ( ) ,0E E

k=

~ 2

da [ (pa)” 2,0 (1
A+ Ag_: A~ 43 _ v, 2L L
Tty T 7 2 Bp( (prax)® ) p; “op (pk)]

k=1

Then introducing the coefficients ¢, = (dar/dpk)s, for each phase and recalling that the definition of the phase
sound speeds implies (Opx/dpk)s, = 1/a2, we obtain the following results :

A~

. 000 o e Vi1 + praxthy)
i+ pa®— =a— pa® —(pa)ZZ——I-pZ

dp I Pt pray, —~ (pra)?
(51)
r 2
. .04 12 Yi(1+ prartr) 1
a+pa2—=a—pa3 —pa) —_—— + —
dp I ( ; pi.aj; pa?
which give us after simplifications :
5,04 - Y (1 + praxtr)
a+pa2— = P3a5z # (52)
— Py,

And finally assuming that 1, > 0 i.e the phase sound speed increases with the pressure, when the entropy is
constant, we get (1 4+ prarir) # 0 and this achieve the proof.
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Remark : We note that if the fluids are governed by the Stiffened-Gas equation of state ; the condition
P > 0 is equivalent to v, > 1 where v, denotes the adiabatic exponent of each phase.

Now let us examine the characteristic field associated to the wave wu.

Proposition 5 : The characteristic field associated to the wave A2(q) = A3(q) = Ay(q) = u is linearly
degenerate i.e we have : VgA;(q).7:(q) =0 (for i € {2,3,4}) for all admissible state vector q.

Proof : We deduce from the eigenvalues (40) the relation :
VgXi(q)-ri(q) = (0,0,1,0,0).r;(q) for i€ {2,3,4} (53)

Then introducing the right eigenvectors (41) in the relation (53), it is easily checked that VgAi(q).r:(q) = 0
(for 7 € {2,3,4}) and this complete the proof.

3.4 Riemann’s invariants

In this section we compute the Riemann’s invariants of the system. Let us begin with the Riemann’s invariants
w associated to the eigenvalue A;(q) = u — G. The problem is thus to find w such as Vqw.ri(q) = 0. So if we
search w such that Vgw is colinear with *I5(q), *I3(q) and “I4(q), it is easily checked that s1, s and Y5 are three
Riemann’s invariants associated to this wave. Now if we search Vgw colinear with *(2als) = (0,0,1,1/pa,0),
we get the last Riemann’s invariant :

L

u+ [ —

p PO

We note that this last expression for w is formally equivalent to the well-known expression of the Riemann’s
invariant u + 2a/(y — 1) of the Euler equations of gas dynamics. To summarize, the Riemann’s invariants
associated to the wave u — a are defined by :

{81, s2, Yo, u+/

dp
v } (54)

After similar algebraic manipulations, it is easily checked that the Riemann’s invariants associated to the wave
u + & are defined by :

d
{315 52, Y27 (O p_g} (55)

P

On the other hand, the Riemann’s invariants associated to the wave u are given by :

{u, p} (56)

To close this section, we also note that if the system is written in term of conservative variables, the first four
equations of (30) are in conservative form and give us a set of 4 jump conditions that discontinuities have to
satisfy :

(Alapu—0)] = 0 (57.1)
Alazpa(u—0)] = 0 (57.2)
\ Alpu(u—o)+p] = 0 (57.3)
Alpe(u—a)+pu] = 0 (57.4)

with A¢ = ¢r — ¢ and o the velocity of the discontinuity. However, the equation for the volume fraction
aa is not in conservative form and therefore, the system must be supplemented or regularized to specify the
admissible shock waves. As discussed in [10], such a regularization can be obtained by a close examination
of the structure of the large gradient relaxation zones or by a construction of subscale models of the physical
processes occuring within the discontinuities. Here, we adopt a simpler approach and rely on artificial viscosity
to regularize the model.
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4 Numerical Approximation

4.1 The VFRoe-ncv scheme

In this section, we describe a quasi-conservative finite volume scheme. The method is based on VFRoe-ncv type
scheme [5] i.e on the solution of a linearized Riemann’s problem at each interface of the mesh. Consider the
following linearized Riemann’s problem between the states (.); and (\)g

9q 9q _
En +A(<q>)8x_0
(58)
| gqp if <0
q(w,0) = qgp if >0

Here, we use the set of variables g = *(s1, s2, Un,vs, p, Y2) where v,,v; are respectively the two components of
the vector velocity in the local basis (1, z, M1 ) Where 1, 5 is the unit normal vector to the interface. We define
A(< g¢>) by:

< Vp > 0 0 0 0 0
0 < v, > 0 0 0 0
_ 0 0 < vy > 0 <1l/p> 0
Al<g>)= 0 0 0 <uvp> 0 0 (59)
0 0 < pa? > 0 < vp > 0
0 0 0 0 0 < Vp >

where < . >= ((.)1 +(.)r)/2 denotes the arithmetic average between the states (.)1 and (.)g. Section 3.1 shows
that the matrix A(< g >) is diagonalizable and the solution procedure reduces to the solving of a Riemann’s
problem for a linear hyperbolic system.

We denote by r;(< g >) (for ¢ € {1, ...,6}) the right eingenvectors and by I;(< g >) (for i € {1, ...,6}) the left
eigenvectors of the matrix A(< g >), satisfying *l;(< g >).r;(< g >) = 6;;. The solution of the problem which
depends only to the variable z/t is composed, in the (z,t) plane, of constant states separated by characteristic
lines. Here we are interested by the solution at the interface i.e on z/t = 0.

The approximate state at the interface, noted here q7 p, is given by :

ap+ Y (< a>)(ar—ar)ri(< q>)

. T A; <0
drgr = Q(E =0,q;,qp) = (60)
ar— Y (< q>)(qp—ar)ri(< qa>)
A >0

In the sequel we will denote by Q = *(aip1, azps, pu, pv, pe,as) the set of conservative variables where u,v
are the two-components of the vector velocity w in the global basis corresponding to the vector g written in
entropy variables *(s1, 82, Vn,vt, p, ¥2). In particular Q7] p will represent the solution of the linearized Riemann’s
problem (58) written in conservative variables.

To deal with the non-conservative equation :

9 2_ . 2
gar +u.Vas = ajos 'I);al—pNdeivu (61)
ot 2kt Ok PR,
we re-write it under the form :
0 _ 2
2 4 div(apu) + B@)divu =0 with B(Q) = —g 2L (62)
ot D k=1 Ok PR
and we write the five equation reduced model as :
0
8—? + divF(Q) + divuB(Q) = 0 (63)
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where the vector B(Q) = %(0,0,0,0,0, B(Q)). Integrating this equation on a cell C; gives :

9Q; + F(Q).ndl+/ B(Q)divu d2=0 for ie€{l,..,N} (64)
ot ac; c;

A

where N is the number of cells and A; the area of the cell C;. Then we update variables @Q, by the following
expression :

nt+l _ on
QLY Inal(@)Q)) =0 )

J€v(3)

A;

where v(i) denote the set of cells C; that share an edge with C; and where n;; = facﬁ ndl is the averaged
normal vector of the interface 9C;; = 9C; N 9C;. Defining n,; = n;;/||n;;|| and

(vn),'j = Ui My = uijnfj + Uij'nzyj (66.1)

(ve)sj = uij.nf‘j = _uijng'!j + vi;ng; (66.2)
the normal and tangential components of the velocity at the cell interface, we propose the following expression

for ¥(Q7,Q7) :
PY(QF, Q%) = F(Qj;).n,; + B(Q})uj;.m,; (67)

where Q;; is the solution (60) of the linearized Riemann’s problem between the states (.); and (.);-.

*

The conservative part F(Q;;).n;; can be explicitely written :

F(Qj;)-mi5 = "((a1prvn)iys (a2pavn)iy, (puvn )i + pijniy, (pvvn)is + piymiy, ((pe + p)vn)iys (avn)iy)  (68)

while the non-conservative part B(Q;")u;;.n;; is defined by :
B(Q})uj;m,; ='(0,0,0,0,0,B(Q})(vn)};) (69)

4.2 Evolution of a contact discontinuity

As shown in [2], one key point for the simulation of interface problems between compressible fluid is the capability
of the scheme to compute an isolated contact discontinuity without pressure oscillations. In the following, we
thus study the capability of the scheme to preserve a uniform pressure and velocity flow. Consider an initial
flow where pressure and velocity have uniform values ; w; 1 = u; = w;41 = v and p; 1 = p; = p;y1 = p but
other quantities apg, a2 can be discontinuous. We denote by Q; ;,Q;, Q,, the conservative variables vectors.
Then if we suppose for instance u > 0, it is easily seen that the solution of the linearized Riemann’s problem at
each interface is given by :

Q;_. /2 = Qi

Q;'k+1/2 =Q; (70)

Q:+3 /2 = Qi+1
And thus the only cell whose value is changed between t and t + At is the cell downstream of the discontinuity.
The value of @ in this cell becomes :

Q:‘L-l-—l—ll = Q:'L+1 - )‘(F(Qj+3/2) - F(Q;‘k+1/2)) - )\B(Q?+1)(uf+3/2 - uf+1/2)
Q:-L.:_ll = Q?+1 - )‘(F(Qi+1) - F(Q,)) - )‘B(Q?ﬂ)(“iﬂ — u;) (71)
Q?—l-—l—ll = Q:’L+1 - )‘(F(Qi+1) - F(Ql))
with A = At/A;. So the mass conservation equations can be written :
(arpr)ift = (awpr)iyn — Mul(awpr)iyy — (aep)?]  for k=12 (72)
And we get for the evolution of the mixture density p = Zi:l QP -

P?:ll = P?-H - )\“[P?ﬂ - P?] (73)
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Now if we look at the momentum conservation equation, we have :

(PU)ZS = (pu)iy, — )‘[Pin+1“2 +p— piu’ + p]
(74)
(PU):LJ:I = (pu)iyy — M?[pfyy — p7]
that together with (73) gives :
ultt =l =u (75)
Then the total energy equation is written :
(pe)i! = (pe)iyr — Aul(pe)iyr — (pe)?] (76)

Using the equation for the mixture density (73) and the result u:fll =}, =u, we get (where ¢ stands for the

internal mixture energy) :

(pe)ii = (pe)is — Mul(pe)y — (po)}] (77)
Then using the Stiffened-Gas state law for each phase, we have the following expression for the mixture internal
energy :

2
P+ VT
pe=D a1 (78)
k=1

Solving for the pressure with the volume fraction equation :

(a2)i = (a2)Py — Mu[(02)}yy — (a2)7] (79)

We get :
p::l—ll = pz-l—l p (80)

Therefore, this result guarantee that a contact discontinuity will remain at constant velocity and pressure
(although it will evolve toward a smeared profile due to the numerical diffusion).

4.3 Acoustic Solver

The results of the previous section show that the VFRoe-ncv scheme preserve an isolated contact discontinuity
and that the velocity and the pressure must stay constant in this case. Numerical experiment confirm that this is
indeed the case except at very low Mach number. This seems surprising because the previous proof is independent
of the Mach number. However, this proof assumes that the computations are done with ezact arithmetic. In
practice, this is not the case and round-off errors perturbate the computations. A close examination of the
results shows that the computation of the interface pressure in equation (60) is extremely sensible to round-off
errors at small Mach number. This is the reason why we have developped another approximate Riemann solver
where the computation of the pressure appear to be less sensible to small random perturbations. This second
numerical scheme uses more heavily the mathematical structure of the reduced system. It can be understood as
an extension of the acoustic solver described for instance in [17] for the Euler equations of gas dynamics. With
respect to the different numerical test, this acoustic solver seems to be very robust with respect to the Mach
number and specially for interface problems. The principle of this solver is to write linearized characteristic
equations starting on the two side of the discontinuity and to compute their intersection to get the velocity and
pressure at the interface. To be more specific we first transform the system of partial differential equations into
ordinary differential equations by multiply them with the left eigenvectors :

dq

9q
81
1(a)-(5 + Al)50) = 0 (51)
which can be immediately rewritten :
9q 9q
t — 82
@) (5 + Mla)g0) =0 (52
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Now, denoting ¢}, gf, respectively the states on the left and right side of the contact discontinuity and
linearizing (82) with respect to ¢;, and gr we get :

‘li(qr)-(g; —qp) =0

t (53
ls(ar)-(qdr —qr) =0
which gives after some algebraic manipulations :
prap(up —ur)+ (pr —pL) =0
(84)
prar(up —ugr) — (Pr —Pr) =0
Then using the fact that v} = u} = v* and p} = py = p*, we get the following expressions for v* and p* :
4 = PravvL +praRUR PR DL
pLar + prar prar + praR
(85)
« _ PRARPL + prarpr _ prirprir(ur —uL)
pLAL + PRAR pLAL + PRAR
And finally the solution of the Riemann’s problem is given by :
( . ~
qr, if — < ur —ar
X . R x .
q7 if wur—ar < T < u
x
9(3:91,98) = . (86)
qr if w* < 7 < UR +ar
. . x
ar if ur+ar < n
\

The same numerical scheme which has been presented in section 4.1 can be used with this Riemann solver. We
also note that as shown in expression (85), in an isolated contact discontinuity with p;, = pr and ur, = ug the
interface values of the velocity and pressure will again have this common value. The results of section (4.2) thus
remain valid when this approximate Riemann solver is used.
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5 Numerical results

5.1 Multifluid /Interface problems : Validation tests
5.1.1 Pure interface advection

This first validation test is a one dimension interface advection between water and air. The state laws for the
air and the water are given by the Stiffened-Gas formulation :

p=(11—1)pe; —pm  with vy =14 and m =0 air (87.1)
p = (v2 — 1)p2ecg — yamro with 72 =44 and m =6.108 water (87.2)

The length of the domain is 1 m and initally the interface is located at x = 0.5 m. The water with density
p2 = 1000 kg.m ™2 is located on the left side and the air with p; = 50 kg.m™? is on the right side. Both fluids
have same pressure p = 10° Pa and velocity « = 1000 m.s~! at time 0. A small amount of water (respectively
gas) ap = 1078 is initially present in the gas (respectively water) side. The discretization is done on 1000 cells
grid and the CFL number is equal to 0.6. The results are shown at 229us. In order to compare the results with
those given by another similar diffuse interface method, Figure 2 displays the mixture density, the pressure, the
velocity and the volume fraction for the present reduced model and also for the “five equation-transport model”
of [12] and [3]. For this last model, the numerical method used is the one described in [12]. On this simple test
case, the two models are perfectly in agreement and display the same capability to preserve constant velocity
and pressure profiles.
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Figure 2: 5 equation reduced model (left) and 5 equation transport model (right) in the pure
interface advection : mixture variables. Computed solutions with 1000 cells (symbols).
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5.1.2 Water-air shock tube

We consider a shock tube of one meter length filled on the left side (z < 0.7) with a high pressure liquid water
and on the right side with air. This test problem consists of a classical shock tube with two fluids and admits
an exact solution. The state laws are the same than in the previous test case. The initial condition consists
in a pressure discontinuity between p = 10° Pa in the liquid side and p = 10° Pa in the gas side. As in the
previous test case, the right and left chambers contain nearly pure fluids : the volume fraction of the gas in the
water chamber is a; = 107® and inversely the water volume fraction is as = 1072 in the gas chamber. Again,
we compare the results of the present five equation reduced model with those obtained with the “five equation
transport model” of [12] and [3]. Figure 3 displays for the two models the mixture density, the pressure and the
velocity. The exact solutions are represented on these curves by a dotted line. This computation uses a mesh
with 1000 cells, with a CFL number equal to 0.6 and the results are shown at time 229us. The results for the
two models seem to be of comparable accuracy with respect to the exact solution.
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Figure 3: 5 equation reduced model (left) and 5 equation transport model (right) in the water-air
shock tube : mixture variables. Computed solutions with 1000 cells (symbols) and exact solutions
(dotted lines).
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Although for this problem, these quantities do not have any physical meaning, it can be of interest to look
at the phase quantities p, €, which respectively stand for the phase densities and internal energies (cf Figure
4). If for the mixture variables the two models have the same behaviour, it is clear that large differences can
be noticed on the phase quantities between the two models. Finally let us mention that on this test problem,
the results on the phase variables are in good agreement with those published for the seven equation model in
[1] or in [11]. In particular, the sharp gradient in the air density and internal energy located upstream of the
contact discontinuity are also present in the results obtained with the seven equation model. (Compare Figure
4 (left) with for instance Figure 7 of [1])
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Figure 4: 5 equation reduced model (left) and 5 equation transport model (right) in the water-air
shock tube : phase variables. Computed solutions with 1000 cells (symbols).
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5.2 Two-phase flow problems : Comparison with the seven equation Model
5.2.1 First two-phase flow problem

Our second series of numerical experiments deals with two-phase flow and consider problems where the two
phases are simultaneously present at the same location. The first experiment considers the same problem than
in section 5.1.2 except that the volume fraction is constant and equal to a; = 0.5 everywhere in the domain.
On the left side (x < 0.5) the pressure is 10° Pa while it is equal to 10° Pa on the right side. The velocity is
zero at time 0. Again the discretization is done on a 1000 cells grid and the CFL number is fixed and equal
to 0.6. The results are shown at time 200us. We compare in Figure 5 these results with those obtained by
the seven equation model of [1]. The numerical method used to solve the seven equation model is the one
described in [1], except that the relaxation procedures have been improved as described in [11]. The results
are in perfect agreement and this confirms that the present five equation model is a correct asymptotic limit of
the seven equation model in the limit of zero relaxation time. In particular, we observe that even if the initial
composition of the mixture is constant, it evolves in space and time and that this evolution is the same in the
results obtained with the two models.
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Figure 5: 5 equation reduced model (left) and 7 equation model (right) in the first two-phase flow
problem. Computed solutions with 1000 cells (symbols).
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5.2.2 Second two-phase flow problem

The same problem than previously is now considered except that we allow a change in the composition of the
mixture. We also change the initial density of the gas for p; = 1 kg.m 3. The initial conditions are thus

p1 =1kgm™>, py = 1000 kg.m ™%, 4 = 0 m.s~! everywhere in the domain while :

p=10°Pa if x < 0.7 p=10°Pa otherwise
a; =0.2 if x <07 a1=0.8 otherwise

The results are shown at time 200us (cf Figure 6). The pressure and velocity curves computed with the
two models are identical but we notice some differences between the results obtained with the two models in
the volume fraction and mixture density profiles. In particular, the post-shock values of the mixture density
and volume fraction are not the same and the seven equation model shows an oscillation near the contact
discontinuity zone. At the present time, these differences remains unexplainable. Further experiments done
by changing the relaxation procedures or the hyperbolic solver in the numerical solution of the seven equation
model do not change the results and therefore, it seems that these features are not numerical artifacts but are
indeed present in the solution of the seven equation model.
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Figure 6: 5 equation reduced model (left) and 7 equation model (right) in the second two-phase
flow problem. Computed solutions with 1000 cells (symbols).
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5.2.3 Shock propagation in solid alloys

We now evaluate the model capabilities for the computation of shock waves in a two-phase mixture for a test
problem involving strong shocks. This type of experiment is particularly important if one want to use the model
in DDT studies. Althoug the model does not admit a full set of Rankine-Hugoniot relations it is possible to
solve the equations in an unsteady regime and to determine a numerical velocity of the shock. This will be done
in simulating an impact situations in a two-phase mixtures as described in Figure 7.

Shock
Imposed
velocity Two—phase

mixture

YYvVy

Figure 7: Schematic representation of the two-phase impact problem

In order to evaluate the computed results, we will compare them with those obtained with the seven equation
model and with experimental data. Actually, for many material, the relation between the shock velocity and the
impact velocity is a linear relation, intrinsically characteristic of the material and experimentally determined :

Us = Go + S Up (88)

where ag is the material sound speed under atmospheric conditions, u, the shock velocity, u, the impact velocity
and s is a dimensionless constant. The relation (88) is experimentally available for some alloys. Here, we will
consider an epoxy/spinel alloy. The equation of state of the two phases are respectively choosen as :

p=(11—per —mm  with p; =1185kgm™ 4, =294 and m =3.2.10°  epoxy  (89.1)
p = (72 — 1)paey — yomro with  po = 3622 kg.m™> v =1.62 and my = 141.10° spinel (89.2)

By computing several unsteady problems with variable impact velocity, we will be able to numerically determine
the curve (88) and to compare it with the experimental data. Figure 8 diplays the results at different time
=30, 60 and 90 us in a computation where the impact velocity is u, = 3000 m/s and the proportion of epoxy
is a3 = 0.595. Several computations of this type give the results shown in Figure 9. All the computations use
a 1000 cells grid and the CFL number is equal to 0.6. We notice a very good agreement with the experimental
data. In addition, we also show in Figure 9 the results obtained with the seven equation model. We note that
the present results are of comparable accuracy with those obtained by this model.
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Figure 8: Results of the 5 equation reduced model for the epoxy/spinel under shock impact at
3000m/s. Computed solution with 1000 cells.
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Figure 9: 5 equation reduced model (solid line) and 7 equation model (dotted line) in the Mixture
Hugoniot (epoxy/spinel) problem and experimental data (symbols).
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5.3 Two dimensional tests

We end these series of numerical experiments by some relevant two-dimensional test-cases. These last experi-
ments are computed with a second order MUSCL technique for the space discretization. The time scheme uses
the second order, three stage TVD Runge-Kutta discretization described in [15].

5.3.1 First two dimensional test : Bubble drop

This first test shows the drop of a heavy bubble under the effect of the gravity in a closed box as described
in Figure 10. Although it seems simple, this computation presents several numerical difficulties. In particular,
the Mach number in this computation is extremely low (it is equal to zero at time t=0 and increases slighly
up to a value of 1072 in the course of the computation). This is for this test-case that we had to build the
acoustic Riemann solver described in section 4.3. The box is one meter large and two meters high and the
mesh is composed of 50 x 100 points. In this computation, the CFL number was equal to 0.8. Figure 11
shows the isovalues of the volume fraction at different times. Although an accurate simulation of this problem
would require a finer mesh (or an adaptive procedure to follow the interface) the results are very promising. In
particular, the numerical diffusion do not prevent the developpement of interface instabilities and the volume
fraction remains bounded.

X=0.5
Y=1.7
””””” r=0.2
p =
y= g=90
u= _
p= LY—2

T <D
iy

Figure 10: Initial configuration for the first two dimensional test : bubble drop.
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TIME=0s TIME=0.1s TIME=0.15s

ALPHA, MIN = 1e-08, MAX =1-1e-08 ALPHA, [MIN =9.56116e-09, MAX =/0.999984 ALPHA, [MIN =9.39081e-09, MAX =/0.998144

TIME=0.2s TIME=03s TIME=0.

ALPHA, [MIN = 8.76456e-09, MAX =0.976372 ALPHA, [MIN =9.38467e-09, MAX =|0.84449 ALPHA, [MIN = 8.95337e-09, MAX =|0.655994

Figure 11: Isovalues of the volume fraction for the first two dimensional test : bubble drop.

5.3.2 Second two dimensional test

The second test-case is an idealized representation of the sudden heating of a sphere of light material enclosed
in a shell of dense one. This test case has been initially considered in [12]. On Figure 12, we present the initial
conditions of the problem. The mesh contains 400 x 400 nodes and the CFL number is equal to 0.8. The mesh
is regular. Due to the discretization of the circular interfaces, in addition to the development of shock waves
in the direction normal to the interfaces, hydrodynamical instabilities of Richtmyer-Meshkov type will develop.
Figure 13 shows the isovalues of the volume fraction at time = 0, 1.58 ms, 2.63 ms. We clearly observe the
developement of these instabilities, producing an intense mixing of the heavy and light fluid near the interface.
We also note that although the present results are not totally identical with those obtained in [12], a good
agreement with these results is reached.
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T <D
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P OPR R
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X=0.2 X=0.25 Lx=0.8

Figure 12: Initial configuration for the second two dimensional test.
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TIME =0s TIME = 1.58ms

ALPHA, MIN = 1e-08, MAX = 1-1e-08

TIME = 2.63ms

; N

ALPHA, MIN =1.86011e-08, MAX = 1-1e-08

Figure 13: Isovalues of the volume fraction for the second two dimensional test.
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6 Conclusion

We have derived a five equation reduced model from an asymptotic analysis in the limit of zero relaxation time
of a seven equation two velocity, two pressure model. Although, this model cannot be cast in conservative form,
the mathematical structure of the model have been analyzed and shown to be very close to the structure of
the Euler equations of fluid dynamics. This model presents an interesting alternative to the use of the seven
equation model : it is cheaper, simpler to implement and is easily extensible to an arbitrary number of materials.
For instance, in three dimensions, for a number k of different material, the two velocity, two pressure model
uses 6k — 1 variables while the reduced model will use only 2k + 3 variables.

From a numerical point of view, we have proposed two different approximation schemes of this system. The
first one (VFRoe-ncv) relies on an approximate linearized Riemann solver. The second one, that is useful for
the simulation of interface problems in low Mach number flows, uses the mathematical structure of the model
and relies on the linearization of characteristic relations.

The numerical results show that the reduced five equation model is able of accurate computations of interface

problems between compressible material as well as of some two-phase flow problems where pressure and velocity
equilibrium between the phases is reached.
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