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Abstract: Chamfer disctances are widely used in image analysis, and many ways have
been investigated to compute optimal chamfer mask coefficients. Unfortunately, these meth-
ods are not systematized: they have to be conducted manually for every mask size or image
anisotropy. Since image acquisistion (e.g. medical imaging) can lead to anisotropic discrete
grids with unpredictable anisotropy value, automated calculation of chamfer mask coeffi-
cients becomes mandatory for efficient distance map computation. This report presentes a
systematized calculation of these coefficients based on the automatic construction of cham-
fer masks of any size associated with a triangulation that allows to derive analytically the
relative error with respect to the Euclidean distance, in any 3-D anisotropic lattice and that
also allows to compute norm constraints.
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Calcul automatique
de coefficients de masques de chanfrein
pour les grands masques et les images anisotropes

Résumé : Les distances de chanfrein sont largement utilisées en analyse d’image, et il
exite plusieurs facons de calculer des coefficients optimaux pour les masques de chanfrein.
Cependant, cest méthodes ne sont pas systematiques : elles doivent étre effectuées “a la
main” pour chaque taille de masque, ou chaque valeur d’anisotropie de I'image. Comme les
acquisistions d’images (par exemple les images médicales) conduisent & des grilles discréte
dont I'anisotropie n’est pas constante, ’on souhaite un calcul automatique des coefficients
des masques de chanfrein pour un calcul de carte de distances efficace. Ce rapport présente
une méthode de calcul systématique de ces coefficients basée sur une triangulation du masque
de chanfrein qui autorise le calcul analytique de ’erreur relative par rapport a la distance
Euclidienne, quelle que soit I'anisotropie ou la taille du masque. De plus, elle prend en
compte des contraintes de norme.

Mots-clés : analyse d’image, distance de chanfrein, contrainte de norme, image anisotrope
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1 Introduction

Distance transformations (DTs) are widely used in image analysis since they allow to recover
morphometric features of a binary shape. Among other applications, they can be applied
to skeleton computation [Pud98|, Voronoi diagram construction, or shape-based interpola-
tion [HZB92]. Distance transformation transforms a binary image into a grey level image
where the value of each foreground pixel corresponds to its shortest distance to the back-
ground. Brute-force computation of DT is not compatible with expected image analysis
requirements, so DTs are usually computed by propagation. Exact Euclidean maps can be
computed using morphological operators [SM92, HM94| but with time and memory consum-
ing algorithms. Several Euclidean distance transformations (EDT) have also been proposed
(e.g. [Dan80, Rag93]) that propagate a vector instead of a scalar, leading to memory con-
suming approaches. A good trade-off between precision and computational cost for DT is
achieved by chamfer maps that are been made popular by Borgefors [Bor86]. These maps
are computed through two raster-scan on the image that propagate the distance values by
the way of chamfer masks. The coefficients of the mask are (proportional) estimation of
short-range distances: the larger the chamfer mask is, the closest to the Euclidean map
the chamfer map will be. The calculation of optimal coefficients can be done by minimiz-
ing either an absolute error [Bor84] or a relative one [Ver91]. It has first been done for 2-D
3 x 3 masks [Bor84] in isotropic lattices, then extended to larger masks [Bor86, Ver91] and to
higher dimensions [Bor96]. Anisotropic lattices have also been considered [MBLKF94, SB02].
However, those calculations remain tedious and are not systematized: thus they have to be
conducted manually for every mask size or anisotropy value.

Our motivation is the computation of DT in 3-D medical images: they are usually ac-
quired on anisotropic lattices (slice thickness is usually larger than the pixel size) and this
anisotropy may vary from one acquisition to the other. The efficient computation of cham-
fer maps requires then the calculation of the chamfer mask’s coefficient to be automated.
calculation of these coefficients for any mask size and any anisotropy value. In addition
to classical error criteria, we also consider norm constraints [Rem00] that guarantee pre-
dictable results. Our approach is based on the automatic construction of chamfer masks of

INRIA
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any size associated with a triangulation that allows to derive analytically the relative error
with respect to the Euclidean distance.

In the following, we first recall some basic definitions. Then we describe error estimation
and norm constraints. Some results (coefficients of isotropic 73 and anisotropic 3% masks)
are given before we conclude.

2 Discrete Geometry

Before determining chamfer mask coefficients, we must first exactly define what a chamfer
mask is, how it does work, and what its properties are. In this section, we will review some
basic definitions of discrete geometry, and define the tools used to compute chamfer maps.
Then, we will see some conditions on the mask, given by [Rem00], to ensure that the metric
induced by the chamfer map is a norm.

2.1 Basic Properties

In this section, we review some basics in discrete geometry.

We consider the discrete space E = Z2 or Z3.
An image I is an application from E to Z :
) { E—Z
(2,9, (2)) — I(2,y,(2))

As in the continuous space, we define a discrete distance and discrete norm as follows:

DEFINITION 2.1 (discrete distance)
A function d : E — N is o discrete distance on E if and only if it verifies the following
properties for each X, y e E:

e dX) = 0 —=%=0 (definition)
o dX) > (positivity)
e dX)= ( X) (symmetry)
o d(X+7)<dRX)+d(F) (triangular inequality)

DEFINITION 2.2 (discrete norm)
A functionn : E — N is a discrete norm on (]E Z) if and only if it verifies the following
properties for each X, y €EE and each A€ Z, AX, A\.y€E :

e nX)=0=%x= (deﬁmtzon)
e n(X)>0 (positivity)
e n(X) =n(—-x) (symmetry)
e n(X+y) <nX)+ny) (triangular inequality)
o n(AX) =|\.n(X) (homogeneity)

RR n° 4792
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Two of the three usual continuous norms of R™ :
o Ni(w) =30 |uil
o No(u) = /iy [uil?
o No =mazi=1..n|u
can be transposed into the discrete norms of Z™ :
o Nyg(u) =30, |ui|l (=Nsifn=2, Ngifn=3)
o  Ngjz6(u) = mazi=1. nlui| (= Ng if n =2, Nag if n = 3)

T POl =25 | [[PQ3|]s = 25
T N4(PQT) =25 | Ny(PQ32) = 24
i — No(PQ1) = 25 | Ns(PQ3) = 31

PQ1 is transformed into PQ? by rotation.

Figure 1: N4 and Ng are not invariant by rotation

These two metrics are discrete, simple.But they are not invariant by rotation (see figure 1).
This means that the distance between two points of an object can vary according to the
orientation of this object. This is an important drawback for many application, particularly
for skeletonization, where the final result is expected not to vary under rotation. The
Euclidean metric is invariant by rotation, but can not easily be transposed into a discrete
distance. Indeed, neither the square nor the truncature of the Euclidean metric verify the
conditions of a distance (they do not respect the triangular inequality). This will lead us to
approximate the Euclidean metric, in order to keep the invariance by rotation.

To better understand how to obtain a chamfer map with good properties, we first detail
what a chamfer map is, how a chamfer mask is constructed, and then which conditions on
the mask yield a chamfer map which respects norm properties.

2.2 Chamfer Map

A distance map is a grey level image, where the value of each point of the foreground
corresponds to its shortest distance to the background (and/or respectively, the value of
each point of the background corresponds to its shortest distance to the foreground). Figure
2 gives an example of such a 2D distance map.

Formally, a distance map is defined as follows:

DEFINITION 2.3 (Distance Map)
Let X C E be the foreground of an image I(i.e.p € E, I(p) > 0) and X the background of
the image (i.e.p € E, I(p) <0). The distance map of I is:

E—N
DMx : - . _
X { p+— d(p,X) = inf{d(p,q),q € X}

INRIA
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(a) Original image (b) Distance map

Figure 2: Example of 2D distance map

An efficient way to compute a distance map, in terms of precision and cost calculation, is to
compute chamfer distances. Chamfer distances, first proposed by Montanari and Hilditch
and popularized by Borgefors ([Bor84] et [Bor86]), are based on the idea of propagating local
integer distances. A chamfer map is computed on a binary image. It uses chamfer mask
to propagate local distances: chamfer masks (see figure 3) run over the image. As soon as
they find a background pixel in the neighborhood of an object pixel, the minimal distance
is given to the object pixel. Then the chamfer masks propagate this distance by adding the
pixel size to the object neighbors of the former object pixel. Figure 4 shows the propagation
of the Ng norm inside the object.

There are two ways to compute chamfer maps : sequential and parallel.

The parallel algorithm is the most intuitive one. The parallel chamfer mask (figure 3
(a)), corresponds to a local neighborhood of the considered pixel, weighted by the different
costs ¢;. During the parallel process, a chamfer mask is centered on each pixel of the image.
The new value of the centered pixel is obtained as follows : for each point of the mask,
we compute the sum of the corresponding mask weight and the corresponding image value.
The final value is the minimum between this sum and the former center pixel value. This

RR n® 4792
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ca| o
2| 1|2 lcal 2| c1] 2| ca)
cl|0 |cl cl|0 |cl
c2|cl|c2 ’c4 c2|cl|c2 c4‘
3x3 parallel mask 4[4
5x5 paralel mask

(a) Parallel chamfer masks of width 3 and 5

3x3 'forward’ sequential mask 5x5 'forward’ sequential mask
||| cal o
cijo c4| c2|c1|c2| c4
cl| O
0|cl
0 |cl
‘cz clic2
[calc2|ct|c2|ca
3x3’"backward’ sequential mask c4 c4

5x5 "backward’ sequential mask

(b) Sequential chamfer masks of width 3 and 5

Figure 3: 3 x 3 and 5 x 5 2D chamfer masks

calculation is done simultaneously on every pixel of the original image, which yields to a
new image. The process is applied on this new image, and so on, until no pixel is changed in
the image (see figure 4). Although this algorithm can be easily parallelized, its calculation
cost can not be predefined. Indeed, this cost depends on the size of the object.

Rosenfeld and Pfaltz have shown in [RP66] that the parallel algorithm could be replaced
by two sequential operations on the image. To do this, we split up the parallel mask into
two sequential masks symmetrically in relation to the origin, as shown in figure 3 (b).

The image is first initialized to 0 for the background and to infinity (in practice a high value)
for the foreground. Then we proceed to :

e a first forward pass, which goes all over the image, from the up left hand corner to the
bottom right hand corner, with the forward mask

INRIA
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0/0]|0|0|0O|0O|0O[O|O(0O]|O|O]|O
oj0fj1|1|1|1|1|1|1f|0|0|0|0O
0|0J1|1|1|o|0||1|1f0|0|0
0[0|0|0|1||w|w|o|1|{1]0]|0
0/0|0[0)1 ||| |1l|1]0
0]/0J1|1|1|o|c|0|o|o|w|l]|0
0[0f1|o|o|w||o|o| o co|l]|0
0|01 |co|w|o||w|o|1|1]1]0
0|01 |c|w||w|w|c|1|0|0|0
0]0J1|1|w|o||o|o|1]0]|0]|0
0[0|0f1|1|o|o|w|c|1|0|0]|O
0|0|0|Of1|1(1({1|1(1f0OlO|O
o|/0|0|0|O|O|O|O|O|O|O|O]|O

0]/0/0|0|/0(0|0|0[0|0|0]|O|O
0|0 |oo|o||e||w|w|0|[0|0 |0

0|0 foo|o|o|o|w|w| |0 |0 |0

00|00 |0|o|o|w|c || |0 |0

00|00 |0|oo||w|| ||| |0
0|0 foo|o|o|o|o|c|c||o o]0
0|0 foo|o|o|o||c || o |0

0|0 foo|o|o|o|o|o|c|cw|o o]0

0|0 |oo|oo|c|||w|w| 0|0 |0

0|0 foo|o|o||w||w|cof0|0|0

0[{0|0foo||o|w|w| |0 |00
0/0|0|0Joojo|||o|cof 0/0 |0
0|/0|0|0O|O|O|O|0O]|O|O|O|O]|O

(c) border pixels

(b) initialization (0 & in-

finity)

(a) initial object

o|lo|o|o|o|o|o|o|o|o|o|o|o
o|lo|o|o|d|d|-|-|o|o|o|o|o
olo|o|d|-|n|a|d|o|o|o|®lo
O|OlH | Hd N/ NN | | | —H]O
o|ld|d|n|ama|a|a|a| oo
old|n|an|mmm|m|lm;|a|-d]o
old|N|m|m|mm|mlmolmo|lcH|o
old|n|an|a NN |m|o|a|a|-|o
Old|dA|ld|ld|dA|NMON|N|H HJO
o|ld|d|o|old|n|a|a|w|—|o|o
o|-|d|o|o|d|d|d|—|d|o|o|o
o|lo|o|o|o|o|o|o|lo|o|o|o|o
o|lo|o|o|o|o|o|o|o|o|o|o|o
o|lo|o|o|o|o|o|o|o|o|o|o|o
o|lo|o|o|d||-|-|o|o|o|o|o
olo|o|d|-|n|a|d|o|o|o|®lo
O|OlH AN NN | | | —H]O
old|d ||| 8NN |||
o|-|n|wn|8|8/8|8|8|8|c|]o
o|—+|n|8(8|8|8|8|8|8|n|]o
old|ln|n|aN|N|N| 8|8 oo
ofld|d|—|d|d|n| 8| H|o
o|ld|d|o|old|n|a|a|d|—|o|o
o|l-|d|o|o]d|d|d|—|d|o|o|o
o|lo|o|o|o|o|o|o|o|o|o|o|o
o|lo|o|o|o|o|o|o|o|o|o|o|o

(e) second propagation

(d) first propagation

Figure 4: Parallel propagation of the norm Ng

e a second backward pass, which goes all over the image, from the bottom right hand

corner to the up left hand corner, with the backward mask.

Figures 5 and 6 show the first and last iterations of the forward and the backward pass of
a 3 x 3 chamfer mask propagating the norm Ng, i.e the 3 x 3 masks of the figure 3 with

61262:1.

At each iteration, i.e. for each pixel of the image, the mask is centered on the pixel, and for
each point of the mask, we calculate the sum of the cost of this point of the mask and the

image value that it covers. The value of the center pixel becomes the minimum between this
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Figure 5: Forward pass of the sequential 3x3 forward mask on the initialized image 4 (b)
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Figure 6: Backward pass of the sequential 3x3 backward mask on the last image of figure 5

sum and its previous value. Let us call (x;,¥;) the coordinates of the different points of the
e for the forward pass:

mask (forward or backward), each weighted with the cost w;, and I the image application,

we obtain :

up to down

left to right

for each pixel (z,y) of the image, do

I(z,y)

min(zi,yi,u),-)EfoTwardMask:(I(x + iy + yz) + wl)

e for the backward pass:

right to left

down to up

for each pixel (z,y) of the image, do

I(z,y)

min(zi,yi,u)i)ebackzwardMask(I(m —ZiyY — yi) + w’l)

INRIA



Optimal chamfer mask coefficients 11

This algorithm can be easily extended to three dimension. Let us call (z;,¥;, z;) the co-
ordinates of the different points of the mask, and w; their weights, we obtain in the same
way:

e for the forward pass:

front to back
up to down
left to right
for each pixel (z,y,2) of the image, do:

I(wa Y, Z) = min(zi,y,',zi,wi)eforwardMask(I(m + Ti,Y + Yi, 2 + Zi) + wi)
e for the backward pass:

back to front
down to up
right to left
for each pixel (z,y,z2) of the image, do:

I(ﬂ,‘, Y, Z) = min(zi,yi,z,:,w,:)Eback:wardMask: (I(.TJ —Zi Y — Yi, Zi) + wi)

Even if we have only considered 3D images, the algorithm could be easily extended to any
dimension.

2.3 Chamfer Mask

Here, we define more formally the notions that we covered more intuitively before. We define
a chamfer mask as follows:

DEFINITION 2.4 (Chamfer mask)

A chamfer mask is a set Mg = {(0i,w;i), 1 < i < m} of weighted vectors representing
authorized displacements. It is centered in O, symmetrical with respect to its center and
contains ot least a base of E.

Figure 7 shows examples of 3 x 3(x3) chamfer masks used to compute (a): Ny, (b): Ns, (¢):
Ne, and (d) NQG.

By construction, a chamfer mask is symmetrical in relation to the axis (O, %), (O, %),
(O, Z). It can thus be built from its restriction to:

e the first quarter of the plan for 2D masks, i.e. +Z% = {(z,y) € Z> : 0< 2,0 <y}
(see figure 8 a)

e the first eighth of the space for 3D masks, i.e. 1Z% = {(z,y,2) € Z% : 0< 2,0 <
¥,0 < z} (see figure 8 c).
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=
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Figure 8:

Moreover, for isotropic images, the voxel size is the same in the z, y and z directions.
Therefore the mask is also symmetrical in relation with the bisectors of (O, %), (O, %) and
(O, 2). Isotropic chamfer masks can thus be built from their restriction to:

e the first eighth of the plan for 2D masks, i.e. 1Z2 = {(z,y) € Z? : 0 <y < z} (see
figure 8 b)

o the first forty eighth of the space for 3D masks, i.e. £Z*={(z,y,2) €Z® : 0<z <
y < z} (see figure 8 d).

Afterward, we will only consider the generator of a chamfer mask MY, that is to say, the
part of the chamfer map included into :

e 372 for the 2D anisotropic masks
e 177 for the 2D isotropic masks

e 173 for the 3D anisotropic masks

INRIA
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e =73 for the 3D isotropic masks

Figure 9 shows some examples of such generators.

VS R B N N -
/N
/4 \ AR
(a) 5x5 isotropic (b) (c) 3x3x3 anisotropic

3x3

anisotropic

Figure 9: Examples of chamfer mask generators

2.3.1 Chamfer Distance

DEFINITION 2.5 (path from A to B)
Given a chamfer mask Mg and two points A, B, a path from A to B is a sequence of
vectors U; € MY, going from A to B. We obtain :

i EMc

The cost (W) of the pass Pap writes:

W(PAB) = me,
i=1

A mask generator MY, contains at least a base of E. Therefore we can decompose any vector

B — 4 with vectors of M. Associating a null weight to the null vector, we get: for all A,
B in E, it exists at least a cost W(Pag).

DEFINITION 2.6 (Chamfer distance)
A chamfer distance dg between two points A and B in E is the minimum of the costs
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associated to every paths Pap linking A to B :

dc = minp,, W (Pag)

2.3.2 Visible Points

Let us look at the 5 x 5 isotropic magk generator shown in figure 9 (a). Imagine that we
add a vector 9(2,0) so that ¥ = 2.@ in the mask generator (see figure 10). Then, there are

b c
/
A1
=8 |~V
0 1.01 2.0

Figure 10: overloaded mask generator

two cases :

e if w= = 2wz then, the mask is redundant. Rosenfeld’s algorithm already associates the
right weight to the point reached by 7. So this weight slows the algorithm unnecessarily.

e if w= # 2wg , then the distance map is not homogeneous along the ot direction, which
is undesirable.

In the following we will not take any vector Dina generator such that there exists a vector v;
in the generator verifying : ¥ = A;, A € Z. That is to say, we will consider mask generators
containing only wisible points.

DEFINITION 2.7 (Visible point)

A point P(z,y(,z)) € E is said to be visible from the origin, if there is no point on the
fundamental network of E located on (OP) between O and P. A necessary and sufficient
condition for P to be visible is gcd(z,y(,2)) = 1. (see [HW78] for a demonstration,).

Visible points can be automatically determined with Farey series (see Appendix A).
Figure 11 shows 2D and 3D first visible points in the lexicographic order.
2.3.3 Influence Cone

Determining the property of the map induced by a chamfer mask, as for example its error
to the Euclidean metric, is quite awkward when dealing with large masks. This difficulty
can be reduced if we are able to triangulate the mask generator MY, into regular cones.
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(a) first 2D visible points (b) first 3D visible points

Figure 11: First visible points in lexicographic order

In this section, we will see what a regular cone is, and how to decompose a chamfer mask
generator into regular cones. Then, we will see that it is possible to know the property
of a chamfer mask, only by knowing the properties of each of its cones. In dimension 2,
the most intuitive cone organization consists in ordering Farey series points in increasing
lexicographic order. Figure 12 shows an example of the organization of the cones for a 3D
7 x 7 mask. In dimension 3, however, a set of weighted vectors can be organized in cones in
many ways: figure 13 shows two ways of ordering the vectors of the mask M,:

Mg = {((17 0, 0)7"‘)1)7 ((17 1, 0)7"‘)2)7 ((17 1, 1)7 w3)7 ((27 1, 0)7 w4)7 ((27 1, 1)7 w5)7 ((27 2, 1)7 wﬁ)}'
The Farey organization (13 (a)(b)) induces the 4 following cones :

(2,1,1),(1,0,0), (2,1,0), (2,1,

The other organization (13 (c)(d)) induces the 4 following cones :
((2,1,1),(1,6,0),(2,1,0)), (2, 1,1),(2,1,0), (2,2, 1)), (2, 1,0),(1,1,0),(2,2,1), {(2, 1,1), (2

-

Once the cone organization of a chamfer mask is decided, we can determine chamfer
properties by looking at each of its cone. Let us look first at the cones properties. We can
then deduce the properties of the mask.

DEFINITION 2.8 (Continuous cone)

A continuous cone (v;,v;(, V%)) represents the region of R% 3 delimited by the vectors v;, v}
(and ¥t ). That is:
(0,0, 01)) = {M € E: OM = \.W; + Xj.05(+ e 0%), i, Aj(; ) € RY}
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16 Fouard & Malandain

Figure 12: 2D triangulation of an isotropic 7 x 7 mask generator

DEFINITION 2.9 (Discrete cone)

A discrete cone {((0;,v;(,Uk))) is the set of points in Z> * included in the continuous cone
(05, 75(, 0%)) -

DEFINITION 2.10 (Regular cone)

A regular cone is a discrete cone ({03, U;(,Vk))) which verifies A; j( x) = £1 where

Ty .Z'J;- (.Z'U-;C)
ANije=| Ya Y5 (V)

(Z'u'% ) (Z'u'} ) (zv'fc )

Our aim is to compute chamfer mask coefficients to induce a chamfer map as close as possible

to the Euclidean map. To do so, we must know the behavior of the chamfer map according
to the chamfer mask coefficients, that is to say, we need to extend the local properties of
the chamfer mask coefficients to the whole chamfer map. Particularly, we would like to
deduce the properties of a chamfer mask from the properties of its cones which are easy to
manipulate.

A regular cone presents the interesting property that each point which belongs to it can
be reached by an integer linear combination of the vectors delimiting the cone (see [HW7§]
for the demonstration). Thus, if we choose a mask generator M¢ = {(7;,w;), 1 < i < m}
whose triangulation is regular, for each P in a regular cone ({0, vi{1, (vi{2))) of Mg, there
exists a couple/triplet (n;,niy1, (niz2)) € N* 3 such that OP = n;v. +ni410i51 (FNipavig2)
and which induces a minimal distance. This means that the chamfer distance of any point
in the regular cone {{0;,v;71, (v;12))) depends only on the vectors v}, v;71 (and v;32).

On the other hand, if the cone is not regular, there exists at least one point in the dis-
crete cone which can not be reached by a integer linear combination of the delimiting vec-
tors. [Ver91] gives an example (see figure 14) of this kind of cone : the vector 7(3,2,1) C
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1,11

2,2,1)

1,1,0

(2.1.0)

21,1

1, , 0)

(b) Projection of (a) on the Plan

(a) Farey triangulation

1,11

0

g

(2.1.0 @1

1, , 0)

¢) on the Plan

(

(d) Projection of

(c¢) Another triangulation

Figure 13: Two possible organizations of a 3D isotropic 5 x 5 x 5 chamfer mask generator

d v3. We can notice that this cone is not regular since:

-
V1, U2 an

((v1(2,1,0),73(2,1,1),03(2,2,1))) can not be reached by an integer linear combination of

the 3 vectors

2 =—2+#+1
1

AN o~ o~

2
v1V2V3 = 1
0

A

In the following we will only use regular triangulations since we want to predict the
behavior of our masks. In dimension 2, if we take the points given by Farey series, ordered
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M

Y.

Figure 14: Example of non regular cone

in their angle with the horizontal direction (for example the 7 x 7 mask shown in figure 12
which generator is M7, = {(a@,w.), (d,wa), (&,w.), (€,we), (b, wp)}), we are sure to obtain a
regular triangulation (see Appendix A for the demonstration). In dimension 3, we can also
build regular triangulations based on Farey series, as shown in Appendix A.

3 How to induce a norm ?

3.1 Conditions on the chamfer mask to induce a distance
In [Rem01], E. Remy resumes Verwer’s demonstration to show that

Theoreme 3.1 (distance condition)
The chamfer distance dg induced by any chamfer mask M is a discrete distance .

However he also gives an example to illustrate that when the chamfer distance induces a
discrete distance, but not a discrete norm, it can lead to unpredictable results. This example
(see figure 15) is a section of a chamfer map calculated with a 2D 3 x 3 isotropic mask which
[ 1]
=3

-3 4182

Figure 15: Example of discrete distance where the straight line is not the shortest path
between to points

generator is : {(@(1,0),w, = 3), (b(1,1),w, = 1)}. The conditions of definition, positivity,
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symmetry and triangular inequality of a discrete distance are respected. Yet we do not have
the homogeneity property (this is why it is not a norm). We can notice that the straight
line is not the shortest path between two points. Moreover, in a distance map which does
not verifies the conditions of a norm is not invariant by scaling. This means that considering
two paths, if the first one is twice larger as the second one, it may not have a distance value
twice larger as the first one. Moreover, a distance that is not a norm is not scale invariant.
Joint with skeletonization for example, it could lead to skeletons depending on the scale
of an object. These drawbacks will lead us to consider chamfer map inducing not only a
distance, but also a norm.

3.2 Conditions on the chamfer mask to induce a norm

In this section, we present conditions for the chamfer mask to produce chamfer maps inducing
a norm on (E,Z). In fact, a function is a norm if and only if its ball is convex, symmetric
and homogeneous. In [Rem01] E. Remy characterized the ball of the chamfer distance in
the following way:

DEFINITION 3.2 (Equivalent rational mask)
The equivalent rational mask My, of a chamfer mask Mc = {(0i,w;), 1 < i < m}, is
defined by:

Mg = { (ﬁ»& ﬁ) € Q® : (2,9, 2i,wi) € Mc}

)
Wi Wi Wi

Normalizing each weighted vector (77, w;) € M by its local distance value w;, we obtain the
following weighting: (%, %) = (% 1). According to the chamfer map metric, the points
of the rational equivaleﬁt mask are also located at a unit distance from the origin, are they
are weighted by 1. This is why we call equivalent rational ball the polyhedron formed by
a regular triangulation of the rational equivalent mask. Figure 16 shows two examples of

rational balls.

Theoreme 3.3 (Norm condition)
A chamfer mask built up with visible points and regular triangulation induces a norm if and
only if its rational equivalent ball is convex.

To check whether an equivalent rational ball is convex or not, we can use a local convexity
criterion. Indeed, the ball is convex if and only if the following local convexity criterion is
verified for each edge of its polyhedron.

DEFINITION 3.4 (local convexity criterion)
Two faces (P,Q,S) and (Q, R, S) of a triangulation (see figure 17) verify the local convezity
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(a) 5 x 5 mask

L,0)/7

(2,111

(1,0)/5

(d) its equivalent rational ball

A
PIRRVIR!

IFBEY

i

(c) 3x3%x 3 mask

(f) its equivalent rational ball

Figure 16: Examples of equivalent rational balls

criterion (named LCC(P,Q, R, S)) if and only if:

zQ

LCC(P.Q,R,S) = — L | ¥a
T Wp.WQWRWS | 2Q

wQ

TR
Yr
ZR
WR

xrs
Ys
z8
ws

zp
yp
zZp
wp

For symmetry reasons, we come down to the chamfer mask generator only.

As the chamfer mask generator is organized in cones, we would rather express the local
convexity criterion for each cone of the chamfer mask generator. Figure 18 shows the pro-
jection of a cone of the chamfer mask generator and its neighbors. We will then apply the
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o

Figure 17: (P,Q,S) and (Q, R, S) are 2 faces of a triangulation

B =B/(AC) We
we [T

o A’ = A/(BC)

A ERERRRREEREEES
WA B WA
' wB
C =CI(AB)
wC'

Figure 18: Geometry of LCC for chamfer mask generator cones

local convexity criterion on the three edges of the cone basis. We call A’, B’ and C' the
symmetric points of A, B and C' in the chamfer mask, that is to say, the third vertex of the
neighboring triangle. If the symmetric of a point belongs to the chamfer mask generator,
its weight (war, or wp or wer) is its corresponding one. If one of the symmetric point, A’
for example is not in the generator, then, as the mask is built by symmetry around the
generator, the weight w4, will be the weight of A.

We apply the LLC for each edge of the triangle ABC:"

e On the edge [BC], we consider the tetrahedron ABA'C to obtain:
*wpA Aparc —wBAgca +war Apoca —we Aapar >0 (1)

i.e.
Aapcwar —Aarpocwa —Aaacwp — Agparwe 20 (2)
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e On the edge [AC], we consider the tetrahedron B'ABC to obtain:
*wp Aapc —waApcp +wpAcpa—wecApap 20 3)

i.e.
Agpcwp —Appocwa —Aapcwp — Aapp we >0 (4)

e On the edge [AB], we consider the tetrahedron C AC’'B to obtain:
*wec Aac'p —waAc pe +wer Apca —wp Acacr 20 (5)

i.e
Aapcwer — Agrpecwa — Agorcwp — Aaperwe >0 (6)

When we put together the equations 2, 4, 6, we obtain the following constraints system of

inequalities:
war Aape Asarc Aapa wa
Aygpc| wp | — Appc Aapc Aupp wB >0 (7)
wer

Ac'pc Aacc Aape we
Figure 19 shows the equivalent rational balls of two different masks, one which induces
a norm, and another one which does not.

4 How to be as close as possible to the Euclidean norm?

In the previous section, we saw conditions to ensure that a chamfer mask induces a norm.
Now, we focus on the weights of the chamfer mask to obtain a chamfer map close to the
Euclidean one. For a chamfer norm, being close the the Euclidean norm means minimizing
the error between the map induced by the chamfer mask and a map induced by the Euclidean
norm. There are several ways to define the error of the chamfer map with respect to the
Euclidean map. In the following section, we present a short review of the state of the art in
terms of error computation, before introducing our approach.

4.1 State of the art for the error computation

The first approaches to compute optimal chamfer mask coefficients consisted in searching
“manually” the optimal real coeflicients for a given mask, and then to adapt them for integer
values.
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(a) Rational ball of a 3D 5 X 5 X (b) Rational ball of a 3D 5 X 5 X 5
5 isotropic chamfer mask inducing a isotropic chamfer mask not inducing
norm a norm

Figure 19: Convex and non convex equivalent rational balls

4.1.1 An example of 2D 3 x 3 isotropic real mask coefficients calculation

G. Borgefors was the first one to propose a method to calculate the optimal chamfer mask
coefficients for the dimensions 2, 3 or more in [Bor84|, [Bor86] and [Bor96]. Here is an
example of coeflicients calculation for a 2D 3 x 3 isotropic chamfer mask. For symmetrical
reasons, there are only two coefficients to calculate : a (the horizontal one), and b (the
diagonal one), as shown in figure 20 (a). Moreover, we can consider only the points such
that 0 < y < z. To find optimal coefficients, G. Borgefors minimizes the maximal error
induced by the chamfer map calculation in relation with the Euclidean map. She performs
the calculation on the points located on a straight line x = M, and minimizes the maximum
error on this line. Figure 20 (b) represents the geometry of the calculation. For each point
P(M,y) located on the line x = M, we get:

e Euclidean distance : deyciidian (O, P) = / M? + ¢?
e Chamfer distance : dchamfer(O,P) =y.b+ (M —y).a =y(b—a) + Ma

e absolute error at P : AE(y) = dehamfer (Y) — deuciidian(y) = y(b—a)+ Ma—+/M?2 + y?

To obtain these values, we must have
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M
blajb v Xy y Xy
(a) (b) on a straight line x = M (c) on a circle R = M

Figure 20: Chamfer mask error calculation

e b > a and b < 2a to consider the shortest path
e 0 <y < M (for the other cases, we use the symmetry)

The derivative of the function
0,M] — R

AE yr—y(b—a)+ Ma— /M2 + y2
y

iSAEI :y'—>(b—a)—m
M(b—a)

Tl The error can thus be maximal for:
—(b—a

and is null for y,,q. =

e (P0)y=0: EAOpqz = (a—1)M
b (P) Y = Ymaz:* EAlpee = (a - v1- (b - a)2)M
o (P2) y=u: EA2,0 = (b—2)M

G. Borgefors minimizes the maximum of these three errors, and obtains optimal values fo a
and b : gy = V2222 5 0.95509... and b,y = 22=HHV2VIZ2 1 36930, Note that

2
bopt < V2, indeed, taking b = v/2 corresponds to consider the error only on the horizontal

and diagonal directions. In fact, the maximum error comes from a direction located at about
23 degrees of the horizontal direction.
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4.1.2 Approximation of real optimal values to integer chamfer mask coefficients

Now that we have optimal real coefficients, we want to approximate them by integers for
homogeneity and computational reasons. To do so, we search to obtain a rational number

b; : bopt _ _ bopt _

2t as close as possible to ﬁ For example, for a;,; = 1, b = round(rit X @ing) = 1,
b, bo

for a;ns = 2, bins = round( a;; X amt) =3, and for a;p; = 3, bjns = round( aaz X aint) =4...

The latter one is the most popular couple of coefficients for 2D 3 x 3 isotropic chamfer mask.
When computing a chamfer map with the chamfer mask M?, = {((1,0),3),((1,1),4)}, one
must divide it by 3 to obtain the real values. In the following, we will note ¢ = a;n: the
scale coefficient of the chamfer map. To obtain the error induced by the map on a straight
line z = M, one must divide dchamfer by €.

4.1.3 Other error calculations

B.J.H. Verwer in [Ver91] criticized the definition of the error used, because the calculation
is done on a straight line. Indeed, on a straight line, the error committed in a 45 degrees
direction is bigger than the one committed in the horizontal direction. The error commit-
ted in the diagonal direction influences too much the error minimization by inducing an
anisotropy in the error minimization scheme. Verwer therefore proposed to calculate this
error on a unit circle. In fact, calculating an absolute error on a unit circle is equivalent to
calculating a relative error on a straight line or on a circle of any radius. We summarize in
the following table (see figure 1) the various error definitions and the maxima obtained by
the approach introduced in the previous section.

These methods can be extended for wider 2D masks [Bor86], [Ver91], for 3D masks see
[Bor96], for other dimensions [Bor84], and even for some anisotropic images [Che97], [SB02].
But they remain tedious and can not be systematized. When we get anisotropic images,
their anisotropy can vary from one to the other. This is why we want an automatic method
to compute chamfer mask coefficients.

4.2 Analytical expression of the error to the Euclidean distance
induced by the chamfer mask

4.2.1 Which error to use ?

We want to calculate chamfer mask coefficients which will induce a chamfer map close to
the Euclidean one. To do so, we choose coefficients which minimize the error with respect
to the Euclidean norm. In the previous section, we saw some calculation of absolute and
relative maximum error to the Euclidean norm. But these calculations were dedicated to one
kind of chamfer mask. We now consider a more general expression of the error against the
Euclidean norm. Thus we consider an anisotropic grid, with a unit horizontal displacement
and with anisotropy in the vertical and depth direction. Figure 21 represents an element of
this grid.
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For the line x = M

For the circle R = M

Point coordinates P(M,y) P(\/M?2 — 42 y)
Work Area Boundaries 40 =10 yo =20
(y =) =M v =5
deuclidian(07 P) \/M2 + ?/2 M
dehamfer(O, P) y.b+ (M —y).a y.b+ (\/M2 —y2 —y)a
ie. (b—a)y+ Ma ie. (b—a)y+a~/M?2—y?
Absolute error
Fabs(y) (b—a).y+Ma—\/M2+y2 (b—a).y+a.\/M2—y2—M
5Fas — — v _ — ay
3y (v) (b—a) NOE (b—a) NOE=T
Y _ _ 1 _ _(b—a)M
oy (YMaz) =0 Ymaz = (b — a)M\/m Ymaz = 7o o—ay
Possible maxima,
y=yo = F3.(y) (a—1)M (a—1)M
Y = Ymaz = F250(y) (a—+/1—=(b—a)*)M (V(b—a)3?+a*>—1)M
y =y = Fpis(y) (b-vV2)M (5 —OM
Relative error
Frel( ) F’rel ( ) _ th}ﬁi(y) Frel ( ) — Fcazbrqup(y)
Y tine\Y) = deuctidian (Y) circle\Y) = Tpcrigion (v
(b—a).y+Ma _ (b—a).y+a.\/ M2 —y? -1
iy i
BF"”I( ) M(M(b—a)—ya) (b _ a) _ ay
%y NI My/M2 4y
QF"ct _ _ b—a _ _ M(b—a
3y (yMaz) =0 Ymaz = MT Ymaz = \/ﬁ
Possible maxima,
y =90 = Fi(y) (a—1) (a—1)
Y = Ymaz = Freea(y) V(b=—a)?+a*-1 (b—a)*+a* -1
y =y = Fbis(y) 2(V2-b) 751

Table 1: Several computation error schemes

1=7

Figure 21: Anisotropic grid element
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As seen earlier, the absolute error can induce an irregularity of the distance around a
circle. Moreover, calculating the relative error on a plane is equivalent to calculating the
absolute error on the unit circle. We choose the projection on planes as the associated
calculation is easier.

4.2.2 General expression

For symmetrical reasons, the calculation of the maximum and minimum error to the Eu-
clidean distance is made only for the generator of the mask. Moreover, as seen in section
2.3.3 the generator of a mask is composed of regular cones. Let {{¥;, V';, Vx)) be a discrete
regular cone of a chamfer mask. For each point P(z,y, z) of this discrete cone, the chamfer
norm nc at the point P depends only on w;, w; and wg. This means that threre exist
a,b,c € Z such that

nce(P) = aw; + bw; + cwg (8)
with

0—}5 =a.V; + b.\_;j + c.Vg

We obtain the following system:

x T; Tj; Tk a

vy l=1 9% Y Yk b

z Zi Zj 2k c

i.e.
—1

a Z; Tj Tk x
bl=1 9% ¥ W y
C 4 25 2k z

As we considerer regular cones, A, ; = £1 and the matrix is reversal. We obtain:

1 T T; Tp

a = A Y Y Yk

L

7 k

1 r; T Xk

b= Yi Y Yk

Rijk 2z 2z

7 k

1 i Tj; X

c= A Yi Y Yy
3,5,k . )

2 % Z

1
a =

RR n° 4792
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1
b= A <(ykzi —yizk)x + (Tizk — Te2i)y + (Try; — xiyk).z) (10)
i’j’k
1
=X ((ylz] —y;2).x + (xj2 — x:25).y + (XY — xjyl)z) (11)
1,5,k
(12)

If we replace a, b, ¢ by their values ginen by (9), (10), and 11 in 8, we obtain:

ne = xoy ( ((yjzk —yrz;)-x + (Trzj — 2j20)-y + (2545 — ka?/j)~z) Wi
+ ( YuZi — Yizk)-T + (Xizp — Xp2i)-y + (TeYs — TiYk)- ) Y
+ ( Yizi — Y;2i)-7 + (€52 — 32;)y + (Tiy; — %‘yi)ﬂ) W )
= a5 ( ( Yi2k — Ykz;)wi + (Ynzi — Yizk)-wj + (Yiz; — yjzi)-wk)-x
+ ( Tpzj — Tj2k).wi + (Tizk — Th2i)wj + (T2 — xizj).wk).y
+

((%’yk — Tkyj)wi + (TrYi — Tiye) wi + (Tiy; — l"jyi)-wk) -z )
This can be expressed by:
no(z,y,2) =ax + Ly+7v.2 (13)
with
o a=(yjzr — Ynzj)-wi + (Yrzi — Yize)-wj + (Yizj — Y;j2i)-wk
o B=(zrz; —zjzk)wi + (B2 — Trzi)w; + (T2 — 2:25) Wk
o v = (zyk — ThYs)wi + (Tryi — Tiyk)-wj + (T:Y; — T59)-wr
The Euclidean norm at this point is:
ng(x,y,z) = \/dgx2 + d2y? + d222 (14)

The expressions 13 and 14 are also verified in the continuous cone.

The chamfer map is filled with integers and scaled with the weight of the unit displace-
ment (usually, the horizontal displacement). To obtain the real norm map value, we must
scale the map by this factor (called €). This leads us to consider the following relative error:

e _pp
Erclative = ———

nEg
ar + By + vz

202 4 d202 4 42 22

s\/de +dyy? +dzz

Figure 22 shows the cones of a 5 x 5 x 5 mask generator. Depending on the orientation
of the cone, this error has to be minimized on either the plane xt = M, ory = M, or z = M.

E’r‘elative (.T), Y, Z) = -1 (15)
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0.1 4

0.05 ~

Z axis

(=]

Y axis r 0.1

Figure 22: Cones of a 5 x 5 x 5 mask generator

4.2.3 Projection on the plan x = M, M #0

]

7, U%)) and the plan

In this section we consider the points on the intersection of a cone ({77,
) = (M, My}, Mz)

2
2 = M. The vertices of this triangle are the points V; = (M, M g—i, M
for I = 1,7, k. The coordinates of P(x,y, z) become P,,(Mz',My', Mz

8 e

[ ]
<
I
S
[
=
a

o =4
On this plan, the error function becomes:
1 ! !
Fp:(y',2') — oty

= —1 (16)
€ \/dg + d2y’? + 222

This function is defined and continuous on the triangle (V;V;Vy).
Figure 23 shows a 3D representation of this function for the unique cone of the following

chamfer mask generators:

(a) M% ={((1,0,0),3),((1,1,0),6),((1,1,1),8)} in an anisotropic image: d, = 1, d,, = 1.5,
d, =2
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(a)dz:1,dy:1.5,dz:2,04:3,5:3, (b) de =1,dy =1,d. =1, aa =1,
=2 B=vV2-1,7v=V5-V2

Figure 23: F,(vy', )

(b) MY = {((1,0,0),1), ({1, 1,0,v2), ((1,1,1),/5)} in an isotropic image.

As F, is continuous on a closed and bounded interval, it is bounded and reaches its
bounds. Its extrema can be located inside the triangle (case (a)), on the edges of the
triangle (case (b)), or on the summit of the triangle (case (c)).

a The extreme value is inside the triangle

OF, Bd; — (a +~2")y'd} + B2"d;

"2 17
oy’ w.7) e(d2 +d2y”? + d2212)% (a7
an( ) = VA2 + yy?dl — (a+ By')2 d2 (18)
e e(d2 + d2y™ + d222)3

_ (BdE ~d2
(17) and (18) are both null for (Yzrrazs 2eMaz) = ( )

ad?’ adz?

The extreme value of the function becomes :

Bd2  ~dz 1 [a2 B2 42
Forraz = Fy —Z, [ RS el [ 1 1
M (ady2 ozdz2) e\l d2 + dz + d? (19)
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b The extreme is on an edge
There are three edges, but we will only present the calculation for [V;V}]. In this case,

a point P belonging to the edge can be represented by P = aV; + (1 — a)V}, which
means:
o y' =ay; + (1 -a)y; = (y; — ¥;)a +y;

o 2 =azj+ (1 —a)2; = (2, — 2})a + 2;

The error function becomes:

_ 1 a+Baly —y5) +y5) +(a(z —2) +2)
Fepanel) = A ety =) F P F @)+ )

!

which is extremal for:
(i = y5) + vz = yi2))ds, = 2i(a(z) = 25) + B2y} — 25y;))d?
!

o (Blyi — v}) + (2 = 25))d2 — 9y
e (y; — yi)(aly; — v}) + v (yizh — yizi))de + (2 — 2) (alz] — 25) + B2y} — 25y;))d2

If 0 < Gmae < 1, the extreme value Fypagemaz Of Frrage is given by Fipageraz (Gmaz)
whose form is not simple enough to be displayed here.

¢ The extremum is reached on one of the triangle’s vertices V;, where the relative error is

given by:
1 wi 1

Frvertes = = - -
€ \/xfdﬁ +ypd2 + zPd?

4.2.4 Projection on the plan y =M, M #0
In this section we consider the points on the intersection of a cone ((7;,7;, 7)) and the plan
y=M.

The vertices of this triangle are the points V; = (M%7M,M%) = (Maz}, M, Mz]) for
I =1,j,k. The coordinates of P(z,y, 2) become P,,(Mz', My', Mz'")

°

8

I
SH

7

=1 and

o

<
Il

SE

o 2= 1.

On this plan, the error function becomes:

1 ! !

1 ar'+B+172 1 (21)
€\ B+ &+ @22

F,:(2',2) —
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a The extreme is inside the triangle

6Fy( Ly = —(B 4722 d2 + adl + az?d? (22)
a0 T T (@ 2 + d2)
BFy( ) ya'2d + yd2 — (B + ox')z'd2 (23)
7,2 =
02 e(d2a? + d2 + d222)3
2 2
(22) and (23) are both null for (2, 174z, Zyates) = (;% %)
The extreme value of the function becomes :
1 a2 B2 ~2
Fortar = 4| =+ 2 4+ 1 _4 24
vM £ d§+dy2+dz2 24)

b The extreme is on an edge
There are three edges, but we will only present the calculation for [V;V}]. In this case,
a point P belonging to the edge can be represented by P = aV; + (1 — a)V;, which
means:
o o' =az;+ (1 -a)z} = (z; — 2})a + 7}
o 2 =az+ (1 -a)z; = (2 — 2})a + 2;

The error function becomes:

FyEdge(a) = 1 Oé(a(.’yi - l’;) + l’;) + ’B + 'y(a(z§ _ z;) * Z;)
#JAr (e, — 25) + 2 + &+ Ealzl— )+ %)

which is extremal for:

! 1.0 2
J J J _zjxi))dz

(2 = 23)(B(xf — ) + (2325 — w527))dz + (27 = 25)(B(2; = 2) + ez — 25a7))d2

amaz -

2 2
—x;(B(zi — o) + @iz — @hz))dz + (5 — @) + (21 — 25))dy — 25(B(zi — 25) + alzi7)
! !
7 7 7

If 0 < @maa < 1, the extreme value Frrqgermaz Of Frrage is given by FppageMaz (Gmaz)
whose form is not simple enough to be displayed here.

¢ The extremum is reached on one of the triangle’s vertices V;, where the relative error is
given by:

1 Wi
FyVertez = - -1

€ \/xfdg +y2d2 + 22d2
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4.2.5 Projection on the plan z =M M #0

In this section we will consider the points on the intersection of a cone ((7;,7;,7%)) and the

plan z = M.
The vertices of this triangle are the points V; = (M2, M %, M) = (M, My;, M) for

I =4,7,k. The coordinates of P(x,y,z) become P,,(Mx',My',M2")

ox’:%,
e y' = 47 and
oz':ﬁ:L

On this plan, the error function becomes:

1 / /

1 ar’+By +7 _1 (26)
€ \/d%xﬂ + 2y + &2

F:(2y) —

a The extreme is inside the triangle

OF. iy = —(v + By")e'd; + ay”d; + ad? (27)
o' ) g(dixIQ + df,y” + sz)%
OF, @) = Bxd2 — (v + ax')y'd% + Bd? (28)
a9y’ = e(dZz" + d2y" + dz2)?

(27) and (28) are both null for (2,102, Yz Maz) = (:‘Ti;, %) The extreme value of the

function becomes :

1 [a2  p2 2
Fobtaw = 4 o5 + o5 + 25 — 1 29
M 2\ @ + a7 + 72 (29)

b The extreme is on an edge There are three edges, but we will only present the calculation
for [V;V;]. In this case, a point P belonging to the edge can be represented by P =

aV; + (1 — a)V;, which means:
e o' =az;+ (1 -a)z; = (z; — 2})a+ ]
oy =ay;+(1-a)y; = (y;—y;)a+y;
The error function becomes:
Frante = SO D
Va2 (a(al = o) + 24)% + dy(aly; — u}) +4))? +

which is extremal for:
A =l (y(@; = ) + Blaiyy — 2hyi))ds — v (v (i — o)) + alyial; = yia))dy, + (@) — o) + B(y; — v}))d2
mee (z} — o) (v(@] — 25) + B(ziy; — zjyi))dz + (yi — y;)(V(yi — ¥5) + alyiz) — y;z;))d3
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If 0 < @maw < 1, the extreme value FprqgeMaz Of Frgage is given by FipageMaz (Gmaz)
whose form is not simple enough to be displayed here.

¢ The extremum is reached on one of the triangle’s vertices V;, where the relative error is
given by:
1 w
FzVeTtem = - d -1
€ \/a;‘fdg +y2d2 + 22d2

4.3 Optimization of the error rate

Let be Fj4, the global error function of the mask generator. For each (z,y,z) € £Z° =
{(z,y,2) € Z® : 0 < 2,0 < y,0 < 2z} Fyy is the projection of E,casive on the plan
corresponding to the discrete cone where (x,y, z) lies. The extrema of F)q are obtained by
taking the extrema of the projection of the error fuction for each cone of the mask generator.
The absolute values of these extrema are called error rate and write :

® Tmin = mzn(Fp)
® Tmaz = max(FP)
o T = max(|7’mm|, |Tmaz|)

The error amplitude is defined as : amp = |Tmez — Tmin-

In the last section, we saw that the use of the scale factor ¢ is essential to compare
a chamfer distance dTC with the Euclidean distance dg. We first fixed it to the littlest
coefficient corresponding to the horizontal unit displacement.

In [Thi94], E. Thiel computes an optimized scale factor to reduce the error rate 7 to
the half of the error amplitude. Let us write 7. the error rate obtained with a scale . He

showed that by choosing

Copt = € ('Tmin' "2' |Tmaz| + 1) (31)
we obtain
_ |Tmin| + [Tmas|

Topt = D)

In the following, we will choose the chamfer mask coefficients that minimize 7,;.

(32)

5 How to compute automatically chamfer map coeffi-
cients ?
The computation of optimal coefficients for a mask of size (2n + 1)® is done in three steps:

generation of the Farey triangulation, generation of the norm constraints, and iterative
computation of the optimal sets of weights.
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5.1 Building the Farey triangulation

The recursive automated construction of the Farey triangulation of order n is described in
appendix A.2.2. This triangulation 73 corresponds to isotropic chamfer mask generator
MYZ . When dealing with anisotropic lattice, one have to add extra vectors to the mask
generator and extra cones to the triangulation.

This is achieved by symmetry considerations. For instance, for a 3% mask, if the voxel
size d, along z is different from the ones along x and y, d, and dy, we have to consider in the

mask generator, in addition to the vectors {(1, 6, 0),(1, f, 0),(1, f, 1)}, the two extra vectors
{(0, 0, 1), (1, 0, 1)} that corresponds to weights induced by the anisotropy. These extra vec-
tors belongs to the two extra cones, ({(1, 0, 0),(1, 0, 1),(1, 1, 1))} and ({(0, 0, 1),(1, 0, 1),(1, 1, 1)),
that are to be considered for the error computation and the local convexity constraints.

5.2 Generating convexity criteria

The triangulation 77 has been built as described above. It allows us to generate all the
local convexity constraints (equation 7) that are to be verified. They have to be generated
for every edge inside the mask generator, but also for the edges that are at the border of the
mask generator. For the latter, the fourth point (see figure 18) is derived from symmetry
considerations.

Please notice that each of the generated LCC depends on 4 weights w;.

5.3 Finding the optimal coefficients

This is the tough part. We have to identify the m-tuples (w; . .. wm ) of weights corresponding
to the chamfer mask generator MY, = {¥;,1 <i < m} to find the optimal ones that yield
optimal error.

These sets of optimal coeflicients are searched by a brute-force method. However, we try
to reduce this computationally expensive search by throwing away m-tuples (w1 ...wm) as
soon as part of them do not satisfy the local convexity constraints (as sketched by below
recursive algorithm?).

1: procedure TEST( n )

2: if some LCCs can be verified with (w;,...w,) then

3:  test these LCCs and return if one of them is not verified

4: if m equals to m then %All w; are set.

5 Compute the error 7,

6 if this 7., is smaller than the previous one then

7: (Wi, - .. ,wm) is an optimal set of coefficients

8 return

9: for wp41 from wy||[Vil|leo to wil||Vi||1 do %lteratively set a value to wp1.
10 TEST(n+1)

1Java code is available from http://www-sop.inria.fr/epidaure/personnel/Celine.Fouard/.
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11: %Main Program
12: for w; from 1 to some user provided value do
13:  TEST(1)

w1, the coefficient corresponding to the direction of smallest voxel size, varies from 1 to some
maximal value provided by the user, while the other coefficients are searched in the interval
[w1]|Vi]]oo,w1]|Vi]|1]. Error computation is only performed on coefficients sets that verify all
the local convexity constraints. As a result, this algorithm gives all the optimal m-tuples in
lexicographical order.

6 Results

6.1 wide isotropic masks
6.1.1 3 x 3 x 3 isotropic mask
The program gives the following properties of the 3 x 3 x 3 chamfer mask generator:

Mask Points:

0: [(1, 0, 0), 0]
1: [(1, 1, 0), O]
2: [(1, 1, 1), 0]

Mask Cones:

{[(, o0, 0), 01, [(1, 1, 0), 0, [(1, 1, 1), 01}

Cones Symetrics
{[(O’ 1’ O), O], [(1, O’ 1)’ O:I, [(1, 1, _1)’ O]}

These properties can be illustrated by figure 24. The local convexity criteria calculated with
the symetrics for each edge of the mask generator are:

Local Convexity Criteria

wl <= 2w0
w0 + w2 <= 2wl
2wl <= 2uw2

If we write the chamfer mask generator points with their lexicographic order ((1,0,0) — a,
(1,1,0) — b and (1,1,1) — ¢), we obtain the following properties:

Wp S Zwa (33)
We + we < 2wy (34)
wp < We (35)
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Figure 24: Projection of the geometry of the 3 x 3 x 3 chamfer mask generator

The following table summurize the first optimal 3 x 3 x 3 chamfer mask generator coef-
ficients.

1,0,0) | (1,L,0) | (I, L, 1)
a b C €opt Topt
1 1 1 1.211 | 0.211
1 2 2 1.207 | 0.207
2 3 3 2.252 | 0.126
2 3 4 2.225 | 0.112
3 4 5 3.244 | 0.081
4 6 7 4.291 | 0.073
7 10 12 7.473 | 0.068
11 16 19 11.740 | 0.067
12 17 21 12.801 | 0.067
19 27 33 20.235 | 0.065
22 31 38 23.429 | 0.065
26 37 45 27.681 | 0.065
41 58 71 43.629 | 0.064
123 174 213 130.886 | 0.064
198 280 343 210.693 | 0.064
224 317 388 238.359 | 0.064
239 338 414 254.313 | 0.064

RR n® 4792



38 Fouard & Malandain

6.1.2 3 x 3 x 5 isotropic mask
The program gives the following properties of the 3 x 3 x 5 chamfer mask generator:

Mask Points:

0: [(1, 0, 0), 0]
1: [(1, 1, 0), 0]
2: [(1, 1, 1), 0]
3: [(2, 1, 1), 0]

Mask Comnes:

{[(1, 0, 0, 01, [(1, 1, 0), 01, [(2, 1, 1), O}
{02, 1, 1, o], [(1, 1, 0), 0], [(1, 1, 1), 0]}
Cones Symetrics

{0(1, 1, 1), 01, [(1, 0, 1), 0], [(2, 1, -1), O]}
{0, 2, 1), o1, [(1, 0, 1), 01, [(1, O, O), 01}

These properties can be illustrated by figure 25. The local convexity criteria calculated with

N\ ‘\
@ e (121)

(1v0v0): (o
a .
. (lt,)l,o)

N ,
e
@1-1)

Figure 25: Projection of the geometry of the 3 x 3 x 5 chamfer mask generator

the symetrics for each edge of the mask generator are:

Local Convexity Criteria
w3 <= w2 + w0
w3 <= 2wl
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2w0 + 2wl <=

2w3

wl + 2w2 <= 2w3

The following table summurize the first optimal 3 x 3 x 5 chamfer mask generator coef-

ficients.
(1,0,0) | (1,1,0) | (1,1,1) | (2,1,1)

a b c e €opt Topt

1 1 1 2 1.211 | 0.211
1 2 2 3 1.207 | 0.207
2 2 3 4 2.293 | 0.146
2 3 3 5 2.252 | 0.146
2 3 4 6 2.225 | 0.112
3 4 5 7 3.167 | 0.056
5 7 9 13 5.264 | 0.053
7 10 12 17 7.344 | 0.049
7 10 13 18 7.341 | 0.049
10 14 17 24 10.486 | 0.049
10 14 18 25 10.459 | 0.046
12 17 21 30 12.519 | 0.043
17 24 30 42 17.721 | 0.042
24 34 42 59 25.010 | 0.042
41 58 71 101 42.719 | 0.042
41 58 72 101 42.715 | 0.042
46 65 80 113 47.924 | 0.042
53 75 92 130 55.210 | 0.042
58 82 101 142 60.415 | 0.042
70 99 122 172 72.914 | 0.042
82 116 143 201 85.410 | 0.042
99 140 172 243 103.117 | 0.042
111 157 193 272 115.610 | 0.042
140 198 243 343 145.811 | 0.042
169 239 293 414 176.012 | 0.041

6.1.3 3 x5 x5 isotropic mask

The program gives the following properties of the 3 x 5 x 5 chamfer mask generator:

Mask Points:

0: [(1, 0, 0), 0]
1: [(1, 1, 0), 0]
2: [(1, 1, 1), 0]
3: [(2, 1, 1), 0]
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4: [(2, 1, 0), 0]

Mask Cones:
{[¢2, 1, 1), 01, [(1, 1, 0), 01, [(1, 1, 1), 01}

{l, o, 0), 01, [(2, 1, 0), 01, [(2, 1, 1), 0]}
{0, 1, 00, 01, [(1, 1, 0), 01, [(2, 1, 1), O]}
Cones Symetrics

{[(, 2, 1), 01, [(1, 0, 1), 01, [(2, 1, 0), 01}
{[(1, 1, 0), 01, [(2, 0, 1), 01, [(2, 1, -1), OI}
{[(1, 1, 1), 01, [(1, 0, 0), 01, [(2, 1, -1), 01}

These properties can be illustrated by figure 26. The local convexity criteria calculated with

(0 .. @1
@
2,1,1 N
(213 _______ @11 o 21
100y b’ c’ a

a < d

(21,0 (11,0)

e’ 1 e

(z\‘l1l—1)
Figure 26: Projection of the geometry of the 3 x 5 x 5 chamfer mask generator

the symetrics for each edge of the mask generator are:

Local Convexity Criteria
wl + 2w2 <= 2w3

w3 <= 2wl

w3 + wl <= w4 + w2

w4 <= wl + w0

2w0 + w3 <= 2w4

2w4 <= 2w3
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The following table summurize the first optimal 3 x 5 x 5 chamfer mask generator coef-
ficients.

10,0 | LLO) | LLD | L0 | @&LD
a b C d € €opt Topt
1 1 1 2 2 1.211 | 0.211
1 2 2 3 3 1.211 | 0.211
2 2 3 4 4 2.293 | 0.146
2 3 3 5 5 2.252 | 0.126
2 3 4 5 6 2.225 | 0.112
3 4 5 7 7 3.167 | 0.056
4 6 7 9 10 4.179 | 0.045
6 8 10 13 14 6.254 | 0.042
7 10 12 16 17 7.210 | 0.030
10 14 17 22 24 10.297 | 0.030
17 24 29 38 41 17.491 | 0.029
19 27 33 43 47 19.525 | 0.028
22 31 38 49 54 22.597 | 0.027
26 47 45 59 64 26.703 | 0.027
29 41 50 65 71 29.781 | 0.027
34 48 59 76 83 34.897 | 0.026
41 58 71 92 101 42.080 | 0.026
46 65 80 103 113 47.195 | 0.026
53 75 92 119 130 54.348 | 0.025
60 85 104 135 147 61.520 | 0.025
63 89 109 141 154 64.591 | 0.025
82 116 142 184 201 84.058 | 0.025
116 164 201 260 284 118.895 | 0.025
145 205 251 324 355 148.614 | 0.025
198 280 343 443 485 202.900 | 0.025

6.1.4 5 x5 x5 isotropic mask

The program gives the following properties of the 5 x 5 x 5 chamfer mask generator:

Mask Points:
0: [(1, 0, 0), 0]
1: [(1, 15 0), O:I
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[(1, 1, 1), 0]
[, 1, 1), 0]
[(2, 1, 0), 0]
[(2, 2, 1), 0]

G W N

Mask Comnes:

{0, 0, 0), 0], [(2, 1, 0), O], [(2, 1, 1), O]}
{[¢2, 1, 0), 01, [(1, 1, 0), 01, [(2, 1, 1), 01}
{0, 1, 1), 01, [(1, 1, 0), 01, [(2, 2, 1), 01}
{0, 1, 1), 01, [(2, 2, 1), 01, [(1, 1, 1), 01}

Cones Symetrics

{[1, 1, 0, o1, [(2, 0, 1), 0], [(2, 1, -1), O]}
{0, 2, 1), 01, [(1, O, 0), O, [(2, 1, -1), OI%}
{[, 2, 1), 01, [(1, 1, 1), 01, [(2, 1, 0), O]}
{[1, 2, 1), 01, [(2, 1, 2), 0], [(1, 1, 0), 01}

These properties can be illustrated by figure 27. The local convexity criteria calculated with

C
[ ) (L,1.1)
¥ br
211
qu ------- el - ery--oo- o3 @21
' ¢’
w0 e . N
a < d
' (1,1,0)
el
@1-1)

Figure 27: Projection of the geometry of the 5 x 5 x 5 chamfer mask generator

the symetrics for each edge of the mask generator are:

Local Convexity Criteria
w4 <= wl + w0
2w0 + w3 <= 2w4d
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2w4 <= 2w3

2wl + w3 <= wb + w4
2w4 <= 2w3

2ub <= 2w3 + wil

wh <= w2 + wil

wh + w2 <= 2u3

w3 + 2w2 <= 2uwb

The following table summurize the first optimal 5 x 5 x 5 chamfer mask generator coef-
ficients.

1,0,0) | ,L,O) | L,LD) | L0 [ LD | (22,1

a b c d e f €opt Topt

1 1 1 2 2 2 1.211 | 0.211
1 2 2 3 3 4 1.207 | 0.207
2 2 3 4 4 5 1.207 | 0.207
2 3 3 5 5 6 2.252 | 0.126
2 3 4 5 6 7 2.225 | 0.112
3 4 5 7 7 9 3.167 | 0.056
4 6 7 9 10 13 4.179 | 0.045
5 7 9 11 12 15 5.149 | 0.030
9 13 16 20 22 28 9.245 | 0.027
11 16 20 25 27 34 11.288 | 0.026
20 29 35 45 49 62 20.500 | 0.025
29 41 51 65 71 88 29.722 | 0.025
49 70 85 110 120 150 50.220 | 0.025
69 98 120 155 169 210 70.718 | 0.025
71 101 123 159 174 217 72.766 | 0.025
80 114 139 179 196 245 81.982 | 0.025
89 126 155 199 218 271 91.201 | 0.025

Table 2:

6.1.5 7 x 7 x7 isotropic mask

The program gives the following properties of the 7 x 7 x 7 chamfer mask generator:

Mask Points:
0: [(1, 0, 0), 0]
1: [(1, 1, 0), 0]
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2: [(1, 1, 1), 0]
3: [(2, 1, 1), 0]
4: [(2, 1, 0), 0]
5: [(2, 2, 1), 0]
6: [(3, 1, 1), 0]
7: [(3, 2, 1), 0]
8: [(3, 3, 1), 0]
9: [(3, 3, 2), 0]

10: [(3, 1, 0), 0]
11: [(3, 2, 0), 0]
12: [(3, 2, 2), 0]

Mask Cones:

{[¢, 1, 1), 01, [(2, 1, 0), 0], [(2, 1, 1), 0]}
{[(2, 1, 0), 01, [(3, 2, 1), 0], [(2, 1, 1), 01%}
{0, 1, 1), 01, [(3, 3, 1), 01, [(2, 2, 1), 01}
{02, 1, 1), 01, [(2, 2, 1), 01, [(3, 3, 2), 01}
{[(1, 0, 0), 01, [(3, 1, 0), 01, [(3, 1, 1), 01}
{0¢, 1, 0), 01, [(2, 1, 0), 01, [(3, 1, 1), 01}
{[(2, 1, 0), 01, [(3, 2, 0), 01, [(3, 2, 1), 01}
{0¢, 2, 0), 01, [(1, 1, 0), 01, [(38, 2, 1), 01}
{[(2, 1, 1), 01, [(3, 2, 1), 01, [(3, 3, 1), 01}
{0¢, 2, 1), 01, [(1, 1, 0), 01, [(3, 3, 1), 01}
{[(2, 1, 1), 01, [(3, 3, 2), 01, [(3, 2, 2), 01}
{0¢, 2, 2), 01, [(3, 3, 2), 01, [(1, 1, 1), 01}
Cones Symetrics

{[¢, 2, 1), 01, [(2, 0, 1), 01, [(3, 1, 0), 012}
{[(, 3, 1), 01, [(3, 1, 1), 01, [(3, 2, 0), 01}
{0¢, 2, 1), 01, [(3, 3, 2), 01, [(3, 2, 1), 01}
{[Q, 2, 1), o1, [(3, 2, 2), 01, [(3, 3, 1), 01}
{[¢, 1, 0), 01, [(3, 0, 1), 01, [(3, 1, -1), 01}
{02, 1, 1, 01, [(1, 0, 0), 01, [(3, 1, -1), 01}
{0, 1, 0), 01, [(2, 1, 1), 0], [(3, 2, -1), 0]}
{[¢, 3, 1), 01, [(2, 1, 0), 01, [(38, 2, -1), 012}
{[, 1, 0), 01, [(2, 2, 1), 01, [(2, 1, 0), 01}
{[(2, 3, 1), 01, [(2, 1, 1), 01, [(3, 2, 0), 01}
{[(1, 1, 1), 01, [(3, 2, 3), 01, [(2, 2, 1), 01}
{[(2, 3, 2), 01, [(3, 2, 3), 01, [(2, 1, 1), 01}

These properties can be illustrated by figure 28. The local convexity criteria calculated with
the symetrics for each edge of the mask generator are:

INRIA



Optimal chamfer mask coefficients

___________ 21
<~ g’
~.. . h
ool ER%H
9
1
1
:
1 .
1 | el .7
a 1 d'l e‘l a’ h’ e! |1 d’ E)
[
(1.09), GO @10 e 10
N | / \ ’
~ ’ \ 7’
A / \ 4
N N 7 \ , ’
N v \ oL

/ Y

I
Nz

1
! 1
! 1
! 1
! 1

N 1,
' ¢

Figure 28: Projection of the geometry of the 7 x 7 x 7 chamfer mask generator

Local Convexity Criteria
w4 + 2w3 <= w7 + wé
2w6 <= 2w4 + w3

w6 + w4 <= w10 + w3
3w7 <= w8 + w4 + 2uw3
wd + w7 <= will + w3
3wb <= 2w3 + w8

3wh <= w9 + w8

w3 + w8 <= w7 + wb
w9 <= 2uw3

w3 + w9 <= wl2 + wb
wl0 <= w4 + w0

3w0 + w6 <= 2w10

2w10 <= 2w6
2w10 <= 2w6
wll <= wl + w4
2wll <= 2w7

3wl + w7 <= w8 + wil
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2wll <= 2w7
w7 <= w1l + w3

2u8 <= 2w7 + wil

wl2 <= w2 + w3
4wl2 <= 3w3 + 2w9
w9 + 2w2 <= 2wl12
wl2 + 3w2 <= 2w9

The following 3 summurize the first optimal 7 x 7 x 7 chamfer mask generator coefficients.

6.2 anisotropic masks

a | b | c e | flg | h| i | J |k I | m €opt Topt

1 1 1 2 2 3 3 3 3 3 3 3 1.211 | 0.211
112 2 3|44 |4 |5 |5]|5|6]|6 1.207 | 0.207
2 |23 4 | 5|66 |6 |6 |7 |7]|S8 2.293 | 0.146
2 |33 5|16 | 7| 788|899 2.252 | 0.126
2 3 4 6 7 7 8 8 9 (10|10 | 11 2.225 | 0.112
3 14| 5 7191919 (10|11 12|13 |14 | 3.158 | 0.053
4 6 7 10|13 |13 |14 |15 |16 | 17| 19 | 20 4.179 | 0.045
5 7 9 (11|12 15|16 |16 |18 |19 | 21 |22 | 24 5.186 | 0.037
5 7 9 (11|12 15|16 |17 |18 |19 | 21 |22 | 24 5.149 | 0.030
7 11012 (16 |17 |21 |22 23|26 |27 |29 | 31| 33 7.176 | 0.025
8 |11 |14 |18 |19 (24 |25 |26 |29 |30| 33|34 |38 | 8184 | 0.023
10 | 14 | 17 | 22 | 24 | 30 | 32 | 33|36 | 37| 41 | 43 | 47 | 10.224 | 0.022
11 | 16 | 19 | 25 | 27 | 34 | 35 | 37 | 41 | 42 | 46 | 49 | 53 | 11.238 | 0.022
12 | 17 | 21 | 27 |29 | 36 | 38 | 40 | 44 | 45 | 49 | 52 | 56 | 12.245 | 0.020
14 (20 | 24|31 |34 |34 |44 |46 | 51 | 53 | 58 | 62 | 67 | 14.248 | 0.018
17124 1 30| 38|42 | 52|54 |57 |62 |65 |71 |75 |81 | 17.275 | 0.016

Table 3:

Table 4 presents optimal sets of weights of a 3 x 3 x 3 chamfer mask for an anisotropic
grid with dz = 1,dy = 1.5,dz = 3.0. The points belonging to this mask are: aX(1,0,0),
aY (0,1,0), aZ(0,0,1), bY' Z(0,1,1), bX Z(1,0,1), bXY(1,1,0), and ¢(1,1,1).

Mask Points:

B W N RO

[(1, 0, 0),
[¢o, 1, 0),
[¢0, 0, 1),
[¢, 1, 1,
[(1, o, 1),

0]
0]
0]
0]
0]
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5: [(1, 1, 0), O]
6: [(1, 1, 1), 0]

Mask Cones:

{r¢1, 0, 0), 01, [(1, 1, 0), 01, [(1, 1, 1), 01}
{C(, o0, 0), 01, [(1, 1, 1), 01, [(1, O, 1), 01}
{[¢0, 0, 1), 01, [(1, 0, 1), 01, [(1, 1, 1), 012}
{[¢0, 0, 1), 01, [(1, 1, 1), 01, [C0, 1, 1), 012}
{r¢0, 1, 1), 01, [(1, 1, 1), o1, [(0, 1, 0), 01}
{r¢0, 1, 0), 01, [(1, 1, 1), o1, [(1, 1, 0), 01}

Cones Symetrics:

{C¢, 1, 00, 01, [(1, 0, 1), 01, [(1, 1, -1), 01}
{[¢0, 0, 1), 01, [(1, -1, 1), 01, [(1, 1, 0), 01}
{1, o, 0), 01, [(O, 1, 1), 01, [(1, -1, 1), 01}
{[¢0, 1, 0), 01, [(-1, 1, 1), 01, [(1, O, 1), 01}
{[¢1, 1, 0), 0], [(-1, 1, 1), 0], [(O, O, 1), O]}
{[(, o, 0), 01, [(1, 1, -1), 01, [(0, 1, 1), O]}

Local Convexity Criteria:
wh <= w1l + w0
w0 + w6 <= w4 + wb

2wb <= 2uw6
w4 <= w2 + w0
2wl <= 2u6

w2 + w6 <= w3 + wd
w3 <= wl + w2

2w3 <= 2w6

w6 + wl <= wb + w3

7 Conclusion

We have proposed an automated approach to compute optimal chamfer norm coefficients
for mask of any size and for lattice of any anisotropy. It is based on the Farey triangulation
that permits us to recursively build large masks while ensuring a regular triangulation of
the chamfer mask generators. It allows us to automatically compute the error of any mask,
thanks to analytical expressions of errors we can derive on regular cones. In addition, the
coefficients we calculate verify norm constraints, thus yields scale invariant chamfer maps.
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aX ay aZ bW Z bXZ bXY c Eopt | Topt(%0)
1 2 3 3 3 2 3 1.257 25.66
1 2 3 4 4 2 4 1.238 23.79
2 3 6 6 6 3 6 2.370 18.49
2 3 6 7 6 4 7 2.353 17.65
2 3 6 7 7 4 7 2.302 15.09
4 6 12 13 12 7 13 4.592 14.81
4 6 12 13 13 7 14 4.584 14.60
4 6 12 14 13 7 14 4.581 14.52
5 8 15 17 16 9 17 5.703 14.06
6 9 18 20 19 11 21 6.834 13.90
6 9 18 21 19 11 21 6.815 13.59
10 15 30 34 32 18 35 | 11.343 13.43

Table 4: 3 x 3 x 3 chamfer mask coefficients for anisotropic grid.

A Farey Series/Sets

A.1 Farey Series
A.1.1 Farey Series Points

DEFINITION A.1l (Farey Series)
A Farey series F,, of level n is an increasing sequence of irreducible fractions between 0 and
1 and whose denominator does not exceed n. i.e.:

0<y<

z<mn and
pgcd(y, ) =

Yer.iff { 1
z

0 and 1 are included in F,, as % and %

For example the Farey series at the level 5 writes:

goo {0 1112132341
5 — 175747375727573747571

The Farey series elements verify the following properties (see [HW78] for demonstration):

!
o If £ and £ are two successive terms of F,,, then zy' —yz’ = 1.

" ! " ’
Yy

o If ¥ Y- and ¥ are tree successive terms of F,,, then: ¥4; =
) T T ? T

y+y
z+zx’ "

!

o If £ and % are two successive terms of 7, then:

—z4+2' >n
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— The median giy, of £ and % is in the interval [¥, &

We can thus build F,,; from F,, by inserting the new term yiy, in each couple (£, i’:) if

z+ 2’ < n+ 1. For example, sta,rtmg form 7y = {2,1}, we can build 7, = {2, é, 1} by

; 0+1 _
addlng the term {77 =

1
——
R

01 »Jk w l\') H
|| I
’—‘IO—‘IO—llo—qo—qo—qo
R

b—'CﬂIb—'ﬂkI)—‘wI)—‘Nlb—‘Hlb—‘
[t S e T e
QO | =D | L0 | DD

O RO | N | =

{7
{7
{7
{7
{7
=1

% between 2 and 1. And so on...
3 1

t é}z 5041
P N N A SR

’ 67 5° 4° 3 5% 2° B5° 3% 40 50 6° 1
We can see these fractions £ as the coordinates of a point (z,y) of the fundamental network

of Z2. Figure 29 shows the representation of the 2D points of Fg.

6
5 m
(65)
4 |
(54)
3 g | |
43) | (63
2 e i
(32) (52)
1 b [ d f h k
@w | @y| Gy | 4y G| (61
0 0 a
(1,0)
0 1 2 3 4 5 6

Figure 29: first 2D visible points

DEFINITION A.2 (Visible point)

A point P(z,y) € Z? is said to be visible from the origin, if there is no point on the fun-

Here are the first Farey series:

damental network of Z? located on (OP) between O and P. A necessary and sufficient
condition for P to be visible is gcd(z,y) = 1. (see [HW78] for a demonstration,).

Let us write a, b, ¢, ...

a(1,0), k(6,1), h(5,1), f(4,1), d(3,1),

RR n° 4792

the visible points in the first eighth of the plan, ordered by their
distance to the origin. They are represented in figure 29. Now if we order the first visible
points by their angle to the horizontal direction, we obtain:

i(5,2),

c(2,1),

7(5,3),

e(3,2),

g(4v3>7 1(574)7

(36

m(6,5

)

) b(1,1)
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which exactly correspond with:

7i={ } (37)
Theoreme A.3

Let be V,, the set of wvisible points M;(x;,y;) ordered by their angle in relation to the hori-
zontal direction, and such that x; < n. Then, the rational numbers 2 are exactly the Farey
series of level n. '

(see [Thi94] for the demonstration).

We now have a mean to build the visible points which will be used in a chamfer mask, by
building the corresponding Farey series.

=] o
ol N
ol W
SRR N
W
[N
| wn
| =

ar| =
ANy
W=

1
K 67

A.1.2 Farey Series Triangulation

The triangulation formed with the Farey points in the increasing order (see (36) and (37)
for examples) is regular. Let z— and i’—; be two successive rational numbers of a Farey series,
and 7; and 7] the corresponding 2D vectors. Then, the discrete cone ({77, 7;}) is regular.
Indeed,

T; Ty
Yi Yj

ij = =2y —Yix; =1

(see the properties of Farey series).

A.2 Farey Sets

Farey series can be extended to 3D: they are called Farey sets.

A.2.1 Farey Sets Points

DEFINITION A.4 (Farey Set)

A Farey set F,, of level n is a set of irreducible points (£, 2) in [0,1]* whose denominator
does net exceed n. i.e.:

r<n and
y oz = . 0<y<«x and
(m’ m)ej:"lff 0<z2<zx and

pged(x,y,2) =1

DEFINITION A.5 (F)
Let (¥, 2) and (%, %) be two points of Frn. + is defined by:

y 2\~ (v 2\ _[(y+y z+72
G ¥ w)= s+ T+
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The Farey set elements verify the following properties:
Let Q R.S be 3 points of the Farey set Fo. If (Q, R, S) is a regular triangle of F,,, and

Pe Fry1 such that Pc (Q R, S) then

P=QFR or
P=R%S or
P=5+Q

We can thus build }{njl from ]/-'; in the same way than for the Farey series. Here are some

examples of Farey sets:
]:1 = {((1]7 %)7(%7 T) (% %)}

Fs = {1 ((1]71) (H) % 3); (%,é) (%
Figure 30 shows a spatial representation of

»3) (30 3}

2
2/
the Farey set }'3 By definition of the Farey

C

a g d i b
1.00) @lo @10 (G20 @10

Figure 30: Spatial representation of .7-';
sets, Farey sets points are 3D visible points (pged(z,y, z) = 1).

A.2.2 Farey Sets Triangulation

Here we expose an automatic method to build regular triangulation from Farey sets points.

First step _ _
We start from the cone ((@, b, 7)) with @(1,0,0), 5(1,1,0), and € (1,1,1), build with

RR n° 4792
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the points of 7} (see figure 31 (a)). This cone is regular:

A_, -

=1.
@,b,T

Il
SO =
O~ =
—

From n ton+1 A .
Then, for each direct triangle (ABC) of the regular triangulation of F,,, we choose the an
edge, for example [AC]. We then calculate

e~ | Tm = Tatzs
B =A+C:¢ vyg = yYitvug
i = 23tz

If zz > n+ 1, we mark the triangle as already done, and we choose another triangle of the

triangulation. Else, we obtain 2 new direct triangles (Kﬁ@ ) and (J/B\’B\é) These triangles
are regular:

3 Ty Tm Tz Zg x;%—x@
Az = |Ya2 Y Y | =|¥s Y5 Yait¥s
23 g @ 23 2p *itzg

= zays(za+zc)+28(Ya+yc)za+ (xa+zc)yazs
—(xA+xc)yBza — xBYa(24 + 20) — vA(YA + YC)2B

= TAYBZC + TBYCZA + TCYAZB — XCYBRA — TBYARZC — LTAYCXB

= Azpe

= 1

In the same way, we obtain Az 55 = Azgs = 1. We repeat the operation with the new
triangles until we do not find any point whose x-coordinate is lower or equal to n + 1. We

obtain the points and a regular triangulation of }{nrl
__ Figure 31 shows the projection on the plan x = 1 of the Farey triangulation from i'\l to
F4. For each step we compute the median of the largest edge of the triangle.

If we compute the points and this triangulation of F,,, we obtain the points and the
triangulation of a mask generator for a (2n 4+ 1) x (2n + 1) x (2n + 1) mask.
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