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Un critére de relative compacité sur I’espace de
Wiener-Sobolev et application a I’étude d’EDP
Stochastiques semi-linéaires

Résumé : On montre un critére de relative compacité dans ’espace de Wiener-Sobolev qui
représente une extension naturelle pour les champs aléatoires du critére d’injection compacte
de I’espace de Sobolev H' dans 2. On donne alors une forme spécifique de ce critére pour
des champs aléatoires solutions d’EDP Stochastiques dont les coefficients appartiennent 3
une certaine famille. On emploie finalement ce résultat pour construire la solution d’une EDP
Stochastique dont la condition terminale est une distribution. On montre de plus qu’une
telle solution a une représentation probabiliste par une Equation Différentielle Doublement
Stochastique Rétrograde formulée dans un sens faible

Mots-clés : Calcul de Malliavin, décomposition en chaos de Wiener, EDP stochastiques,
équations différentielles doublement stochastiques rétrogrades, solutions faibles



Relative compacteness criterion in Wiener-Sobolev spaces 3

1 Introduction

The aim of this paper is to give a relative compactness criterion on the Wiener-Sobolev
space which will be used in the frame of Stochastic PDEs. A relative compactness criterion
on the Wiener space has already been given in Da Prato et al.(1992) but this criterion is
not appropriate for SPDEs because it takes care only of the underlying Brownian noise
and not on the space variable. On the other hand classical compact embedding theorems
represent useful tools for constructing solutions of PDEs. But of course, these theorems
are deterministic and so do not take care of the stochastic part. So we need a relative
compactness criterion which deals with both variables in the same time. More precisely, the
solution of a SPDE is a random field (¢, z, w) such that for each fixed ¢, (v, w) — u(t,z,w) is
an element of some Sobolev space, as a function of z, and of the Wiener space, as a function
of w. So if one constructs the solution of a SPDE using some approximation procedure (as it
is the case in the problem presented in this paper), then one has a sequence (u, )nen and one
wants to obtain u as the limit of this sequence, say in L2(O x Q), with O a bounded domain
in R, Roughly speaking the deterministic criterion says that if the derivatives are bounded
(for a bounded sequence of L?(0)), then the sequence in relatively compact in L?(0). The
stochastic criterion says that if the Malliavin’s derivatives are bounded, then the sequence is
relatively compact in the Wiener space. In fact, one needs one more condition for obtaining
compactness and we come back further on this point. Qur criterion takes care of both in
the same time, and it turns out that it is the appropriate tool in order to deal with random
fields. The abstract criterion is given in Section 2 and then in Section 3 we specify this
criterion in the case of families of solutions of SPDEs. Finally in Section 4 we use it in
order to construct a solution for a SPDE with a distribution A as final condition. This
situation may appear for example in the filtering theory (see Pardoux (1989), Rozovskii
(1990)) when one discuss the Zakal equation of the conditional law density. We have to
consider only weak solutions of our SPDE and there are two ways of defining such solutions.
On one hand one may define solutions in viscosity sense and there are several recent papers
on this subject: Lions and Souganidis (2000), Buckdahn and Ma (2001), Buckdahn and Ma
(2002). On the other hand one may consider the variational formulation of SPDEs and
look for solution in some Sobolev spaces and this is the approach that we adopt. In the
case of determinist semi-linear PDEs, this approach appears in Barles and Lesigne (1997)
and afterward it has been extended to Stochastic PDEs in Bally and Matoussi (2001). In
order to construct the solution, we approximate the distribution by a sequence of smooth
functions (g, )nen and then we use the relative compactness criterion in order to prove that
the sequence of solutions (uy,),en of the standard SPDEs with final condition g, is relatively
compact, and so to obtain the solution corresponding to the distribution as the limit of this
sequence. We also prove uniqueness of the solution but this employees ad-hoc arguments
which are of course not related to relative compactness. Finally we give the probabilistic
interpretation of the solution in terms of BDSDEs (Backward Doubly Stochastic Differential
Equations) formulated in a weak sense.

Let us give an idea about the abstract relative compactness criterion. We consider a bounded
domain O of R? and we assume that u,, is measurable, z +— u, (¢, z,w) is in H'(0O), dt x
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4 Bally € Saussereau

dP—almost surely and w +— u,(t,z,w) is in D2 (one time differentiable in Malliavin’s
sense) dt x dx—almost surely. Then we assume three types of condition. First of all we
assume that the sequence (u,,)nen is bounded in L?([0,7] x Q;H!(©)). This is the stochastic
variant of the standard boundedness assumption in H!(0). We consider then a test function
¢ € C°(R?) we denote uf = [,. o(x)un(t, z,w)dz and we assume that for each fixed ¢
the sequence (uf),en is bounded in L2([0,7];D%?). Note that the integration against ¢
has a regularization effect and the second hypothesis concerns only the stochastic behavior.
Finally, the third hypothesis is a Kolmogorov type condition on u¢ and their Malliavin’s
derivatives. We denote h = (h1, ho) € [0,7] x [0,7] and we assume that

T T T
/ |Euﬁ(t+h1,w)—IEuﬁ(t,w)|2dt+/ / E}D9+h2uﬁ(t+h1,w)—Dguﬁ(t,w)}thdG Ih\—0> 0,
0 o Jo —

where the functions are assumed to be continued by 0 outside [0,7]. Under theses hypotheses,
we prove that (u,)nen is relatively compact in L2([0,7] x O x Q). Note that, if u,, depends on
x only, our hypotheses reduce to A) and this is the standard compact embedding of H*(O)
in L2(0). On the other hand, if u,, depends on ¢ only, our hypotheses reduce to C') and this
is the classical relative compactness criterion of a bounded sequence of L2([0,77]). Finally, if
u,, depends on w, a relative compactness criterion of this kind has been given by Da Prato
et al.(1992).

Let us now see the counterpart of this criterion in the frame of SPDEs. We consider the
SDPEs

T T
u(t,x) = g(x) —|—/t Eu(s,a:)ds+/t f(s,z,u(s, z), Vu(s, z)o(x))ds

T —
—|—/ h(s,x,u(s,z))dBs, (1)
t
where v = (u1,...,un), Vu designates the matrix of first order derivatives with respect
. d * o d ol
to x and Lu = (Luq,...,Luy) with L = %Em:l(aa )mm + > =1 bi(z) 5. The
stochastic integral with respect to the standard Brownian motion (B},..., Bl)o<i<7 is a

backward stochastic integral (see Kunita (1982) or Pardoux and Peng (1994)). The solution
(t,z,w) — u(t,z,w) will be a random field ]—'ET— measurable with ffT = o{Br — Byt <
s < T} VN (N is the collection of negligible sets with respect to the Wiener measure P%
on the canonical space Qs = C([0,T];R)).

Our aim is to prove that, if the coefficients o, b, f, g and h are bounded in an appropriate
way, then the corresponding solutions represent a relative compact set of random fields. So,
given L, € and ¢ > 0, we define 'z .. to be the class of coefficients (b, o, f, g, h) such that

A) a) b, o and their derivatives up to order 3 are bounded by L.
b) ogo* > el

B) f, h and their derivatives of first and second order with respect to =, y and z are
bounded by L

INRIA



Relative compacteness criterion in Wiener-Sobolev spaces 5

C) for every 0 <t < T, ||[Pr_tglloo < L/(T —t). Here, P, is the semigroup associated to
L.

Moreover, we denote by Uy, . . the class of the solutions of (1) with coefficients (b, o, f, g, h)
in 'z _ .. Then our result (see Theorem 3, Section 3) says that Uy, . . is relatively compact
in L2([0,7] x O x Q), for every 7 > T and O € R?. This is done in Theorem 3.
The difficult point in our Theorem is that the final condition is allowed to blow up as ¢t T T
and there is a significant effort needed in order to handel this difficulty. We note that
under the uniform ellipticity assumption A)b), the semigroup of the diffusion process of
infinitesimal generator operator L has a smooth density and the derivative of this density
may be controlled. So the hypothesis C') on Pr_;g will be verified as soon as g is bounded in
a distribution sense. This is the starting point the result presented in Subsection 4.2 where
we approximate the distribution by a sequence of smooth functions (g, )nen which will be
bounded in a distribution sense (see Remark 6).

2 A relative compactness criterion in Wiener-Sobolev
spaces

We prove in this Section a relative compactness criterion which will use the Wiener chaos
decomposition. We introduce some notation (for more details, see Nualart (1996) or Zakai
(1985)). Let (2,F,P) a probability space. We consider an arbitrary measured space (T,B,u)
and we denote H := L2(T,B,u)). The scalar product on H is denoted by < .,. >y and
k|| denotes the norm of an element h € H. We consider a Gaussian process on H,
W = {W(h),h € H} defined on (Q,F,P), i.e. W is a centered Gaussian family of random
variables such that E(W(h)W(g)) =< h,g >g for all h,g € H. For each n > 1, we
denote H,, the closed linear subspace of L2(2,F,P) (Wiener chaos of order n) generated
by the random variables {H, (W (h)),h € H,||h||p = 1} where H,, is the n—th Hermite
polynomial. We denote by G the o—field generated by the random variables {W (h),h € H}.
We have the orthogonal decomposition L2(Q,G.P) = @, -, Hn,. We denote I,,, the multiple
stochastic integral [...f(t1,...,tm)W(dt1)... W (dty,) of a symmetric elements of L2(T™).
This multiple integral is a map from the symmetric elements of L?(T™) onto the Wiener
chaos H,, and any square integrable random variable F' € .2(,G,P) can be expanded into
a series of multiple stochastic integrals:

F=>" In(fm) . (2)

m=0

where fo = E(F), Iy is the identity mapping on the constants, and f,, are symmetric
elements of L?(T™). We recall that

o0

IF15 = D mil fonllEe oy - 3)

m=0

RR n° 4805



6 Bally € Saussereau

Remark 1. Later, we will take T = [0,T] x {1,...,d} and u the product of the Lebesgue
measure times the uniform measure on 1,...,d, then H = L2([0,T] x {1,...,d},u) is iso-
morphic to L*([0,T];R?) and {W(t) :== W([0,] x {i}),0 <t <T]1<i<d} is a standard
d—dimensional Brownian motion. Furthermore, for any h € H, we denote hi = h(t,i) and
W(h) = Z?:l fOThide. The multiple stochastic integral I,,(frm), defined for square inte-
grable symmetric kernels f,, ((tl,il), cee (tm,im)), can be expressed as a sum of iterated Itd’s
integrals:

d T ptm to ‘ ‘
Ln(f) = m! Z /0/0 /O Fon ((t1,50)s <oy (b i) AW AW

Zl,...,’imzl

We recall briefly some facts concerning the Malliavin derivative of a square integrable
random variable ' : € +— R in our general framework. We denote C;°(R") the set of
infinitely differentiable functions f : R™ — R such that f and all its partial derivatives
have polynomial growth. Let S denote the class of smooth random variables F' that is
F=f(W(h),...,W(hy)) withn € N, hy,...,h, € H and f € C2(R™).

The derivative of a smooth random variable F' is the stochastic process { D F',t € T} defined
by

D=3 L (W) W )i

We will denote D2 the domain of D in L2(Q2), i.e. D%? is the closure of S with respect to
the norm

IF|f 2 = EIF* + E[|DF |2y -

Let F € L?(Q) having the decomposition (2) with symmetric kernels. Then F € D2 if and
only if 377" mm!|| fu|If2(pmy < 0o and we have

DiF = mlp1(fn(- 1)) and E /T DFPu(d) = 3 mml| flPaipny . (4)
=1

m=1

We denote IIj, the projection on the k—th Wiener Chaos Hj. As an immediate consequence
of (4), we have

2

k
F=>"TnF|| = Y aFl3= > m!fmlfzerm
m=0 2 m>k+l m2>k+1
1 1
<= > mmll il < TIFIR
m2>k+1

INRIA



Relative compacteness criterion in Wiener-Sobolev spaces 7

So we get the following estimate

<

b 1
-2 TnF|| < —|
m=0 2 \/E

Consider now a random field v € L2(T x Q ; H'(O)) where O C R? is a bounded domain.
The decomposition in Wiener chaos of v is given by

[ Fl|1,2- (5)

u(t, z,w) Zlmfmta: )()

We denote C*(0O) the class of k—times differentiable functions and have a compact support
included in O. For a function ¢ € C°(0), we define v¥(t,w) = / p(x)v(t, z,w)dr. Then
o

the kernels of the Wiener chaos decomposition of v¥ are
St ) :/<p(x)f’n(t,x,t1,...,tm)dx .
o
Theorem 1. Consider a sequence (v, )nen of L2(T x Q ; HY(O)) and suppose that

) s E [ [0t ) s 0 () < 0

b) For all p € C*(0) and t € T, v¥(t,.) belongs to D12 and sup/Hv,‘f(t, MNps p(dt) <
neNJT
00

¢) For all ¢ € C°, m € N, the sequence (f} is relatively compact in L?(T x T™).

;@)nEN

14+a

d) There exists a > 0 such that sup]E/ (/Ivn(t,a:)|2u(dt)> dr = K < 0.
neN @] T

Then {v,;n € N} is relatively compact in L?(T x O x Q).

If we moreover suppose that the measure 1 is finite, then d) is a consequence of a) and the

same conclusion holds.

Proof. We denote H}(O) is the closure of C1(O) in H}(O).

Step 1: We first prove that a sequence (v, )nen of L2(T x Q ; Hi(O)) which satisfies the
hypotheses a), b) and c¢) is relatively compact in L?(T x O x Q).

We use the spectral decomposition of the Laplacian operator: there exists (e, )nen Hilbertian
basis of .2(0) and a sequence (\,,)nen of real numbers with \,, > 0 et /\nmoo satisfying
en € H(O) N C>®(0) and —Ae,, = A\ye,,. Moreover (e,/v/An)nen is an Hilbertian basis of
H}(O) with the scalar product defined by

< f,g>= /OVf(x)Vg(z)dm . (6)

RR n° 4805



8 Bally € Saussereau

We develop v,, as an element of 1.2(0):

t x, w Z 'Un sy W ez( ))Lz(o)el( ) ’
=1

and we evaluate the rest of this sum. Using the fact that e, is an eigenvector of the Laplacian
operator and integrating by parts we get

2

E/r Z (vn(t,.,w),ei(.))Lz(O)ei(m) p(dt) Z / Un(t, ., w),e) ]LQ O)u(dt)

i>N 12(0) i>N
~Y® /AQ Oty ). Aei) 2 ) 1(dt)
>N
_YE / 52 (Tl W),V o) H(dt)
i>N
Ve; \ 2
ZE/ (an W), ) p(dt).
N SN Vi L2(0)

Since (e,,/v/An)nen is an Hilbertian basis of H{(O) with the scalar product (6) and using
a), we may dominate the above series by means of the eigenvalues of the Laplacian:

1 9 C
—IE/ Vo, (t, ., w)|- dt) < — .

Since this evaluation is uniform with respect to n, we may ignore the rests and so the relative
compactness of the sequence (v, )nen in L2(T x O x Q) reduces to the relative compactness
of each of the sequences ((vy(t, "w)7ei)L2(O))neN , i € N, in the space L2(T x ). Since
C°(0) C L%(0) is dense, standard arguments show that it is sufficient to prove the relative
compactness of v (t,w) = ((vn(t,.,w),¥)L2(0) , n € N for each ¢ € C(0).

We now develop v¥ in Wiener chaos:

o0

Usatw ijfnap ()a

and we employ (5) and hypothesis b) in order to truncate this series at level k:

ldt) < —= /W IMan pldlt) < %

L2(Q)

Uﬁ(t,(d) - Z Im( ;Z}g;(tv )) (w)

Now it is clear that the relative compactness of (v¥),cn in L2(T x ) reduces to the relative

compactness of each sequence (I, (f;",(t,.))(w)), oy » M €N, in L?(T x Q). In view of the

INRIA



Relative compacteness criterion in Wiener-Sobolev spaces 9

isometry property, this is equivalent to the relative compactness of (f;,)nen in L2(TxT™),
i.e. to the hypothesis ¢).

Step 2: Now, we suppose that v,, belongs to L?(T x Q ; H'(0O)) for any n and we suppose
hypotheses a), b), ¢) and d).

Let (¢r)ken a sequence of C°(O) such that 0 < ¢, < 1 and for any ¢ € N this sequence
converges in LI(0) to 1o (the indicator function of O). We define v, 1 := @rv, so that
Upk € H&(O)

For each fixed k, the sequence (v, i )nen is in the frame of above first step, so it is relatively
compact. We choose a subsequence (v,, r)pen such that it is a convergent sequence of
L2(T x O x Q) for any k € N. Since

[on, () = vn, k(£ 2)] < [Lo (@) — i ()] X |vn, (£, )],

we may use d) and Holder’s inequality in order to get

E [ 0= v )0 Bopp(@) < E [ [lo(e) = ouf@)® [ fon, (1.2)utat) da

a

<o (ot o) o ([ firtrmn] ")

Lta e
<ex K (/ 1o(z) — i (2)]** 0 dx) .
o

So we have

supE / 1Ok — v )t )22 oy dt) ——— 0.
reN T k—+oc0

Using [|vn, —Un, lL2(rx0x0) < |V, = Vn,.kllL2(Tx0x0) F [|Un, & = Un, [lL2(Tx Ox Q) + V0, 8 —
Un, kl|L2(TxOx ), the result follows.
If we suppose that the measure f is finite, then there exists ¢ > 2 such that |[ul|L.) <

cl|ull g1 (o). We choose a := (g — 2) and we get

Ef ( | |vn<t,x>|2du(t>)l+adxsmT)aE [ it drdue

< e u(T) E /T ot 2) 201 oy dit) < K -

O

Our criterion is still infinite because we say nothing about how to handel the relative
compactness assumption c). In the case of a classical d—dimensional Brownian motion, we
are able to give a Kolmogorov type criterion. The chaos of order m will no more appear and
we will able to give a condition involving only the first order Malliavin’s derivative. This is

RR n° 4805



10 Bally € Saussereau

what we are doing now.
We deal with the case of T := [0,T] x {1,...,d} which correspond to a standard Brownian

motion in R? (see Remark 1). For any f € L2((0,7)™) and h = (hy,...,hn) € R™, we
denote

(rnf)(t) £ f(t+h).

We recall that a bounded sequence (f,,)nen of L2((0,7)™) is relatively compact if the
two following conditions hold:

(Cyn1) For any open set 7 = (a1,81) X ... X (Qm,fm) With 0 < a; < B; < T, 1 <1i < m,

sup ”(Thfn) - an]%P(T) <C |h| , Vh € R™ 7ma‘x|hi| < min(aiﬂT - ﬁl) )
neN 1 i

(Cn2) For any ¢ > 0, there exists an open set 7 = (ay,31) X ... X (am,Bm) With 0 < a; <
B; <T, 1<i<msuch that

sup || fullLzo,rym\1) < € -
neN

We can now state the following version of Theorem 1.

Theorem 2. Let O be a bounded domain of R? and let (v,)nen be a sequence of L2(T x
Q; HYO)). Suppose that

T
(1) supE/ an(t,.,w)Hip(O) dt < oo
neN 0

T
(2) For all p € C2°(0) and t € [0,T], v¢(t,.) belongs to D2 and sup/ [0 (t, )21 dt <
neNJo

00
(3) For all p € C°, the sequence (Ev¢),en of L2([0,T]) satisfies
(3i) For any0 < a <3 <T and h € R such that |h| < min(a, T — ), it holds

B
supj/|Evﬁ(t+—h)——Evﬁ@det<:C7|h
neNJq

(3ii) For any e > 0, there exists 0 < a < 8 < T such that

wg/ Evs ()2dt < e.
neN J[0,T)\(a,B)

(4) For all p € C* the following conditions are satisfied :

INRIA



Relative compacteness criterion in Wiener-Sobolev spaces 11

(41) For any 0 < a < 8 <T,0< o < ' <T and h,h/ € R such that |h| V |M| <
min(a, o/, T — 8,T — '), it holds

supE/ / | Doy nvf (t + h') — Dgug (t)|?d0dt < C (|h] + |1])
neN a Jao’

(4i) For any e > 0, there exists 0 < a < 3 < T and 0 < o’ < ' < T such that

supE/ | Dgv? (t)|?dbdt < e.
neN  J[0,71%\ (e, 8) x (' ,3")

Then {vn;n € N} is relatively compact in L2([0,T] x O x Q).

Proof. It only remains to prove that hypotheses (3) and (4) of Theorem 2 imply hypothesis
¢) of Theorem 1. Thanks to the identity (3), we get

Z m!|| fat sz o, 11 x 0,1y < SHPE/ [lvg ( ||]L2 oy dt < oo
neN
m>0

So for any order m, the sequences (f,’,)nen are bounded in L?([0,T7] x [0,7]™).
Hypothesis ¢) of Theorem 1 is true for the chaos of order 0 thanks to (3) of Theorem 2. It
remains to check that (4¢) implies the condition (C),111) and (4i7) implies (Cy,412). Let
T £ (ag,00) % (1,81) X ... X (Qm,Bm) such that 0 < a; < B < T, 0 < i < m, and
h = (ho,h1,..., hm) € R™TL Tt holds

| fi,) — fﬁfgo”iz(ff)

m Bo  pBi
<C E / / | £ (o + oy s ti + hay ) — [ (tos s i, - ||]L2 (jo,7pm—1) Glodti -
i=1 /a0 Jai

A . A . .
We denote o = mini<;<m a; and 3 = maxi<;<m (;- Since the kernels are symmetric
functions we obtain

Bo B
||(Thf£?w)_fg}<p||i2(7) §C’m/ / ||f£?w(t+h0’0+h1")_ ;n (t,6 ||1L2(0Tm 1)dtd9
ag Jao!

Bo B’
=C m/ / E‘I,n_l(f:fw(t+ho,0+h1,.) —f,’[jw(t,o,.))fdtda .

RR n° 4805



12 Bally € Saussereau

Using successively the orthogonality of the iterated multiple stochastic integrals, (4) and
(41) we finally get

lemfim) = £ o
2

Bo B’ , ,
< CE/ / Z m/ Ly 1 (7, (E+ ho, 0+ ha,.) — f7,(8,0,.))| dtdd

m’>1
Bo B’
e / / E|Dpsnvf (t + ho) — Dovf (t)[2dtd6 < C(lho| + i) < C || .
ag Jao!

Now we prove the property (Cp,4+12). Let € > 0. We assume (444) and we introduce
T £ (a,B) x (/50

where o and (' are defined above. Clearly

[OvT]m+1 \T C L_J {(0701) U (ﬂ,T)} X [O,T]i X {(0,0/) U (6’7T)} % [O’T]m—l—z’ ’
1=0

with the convention that [0,7]° £ (. Then it holds that

/[T] +1\T|fﬁ}¢(t0,t1,...,tm)|2dt0...dtm
07 m

m

<

/ 7ty )b .y
i=1 7 {(0,0)u(8,T)}x[0,T) x{(0,a")U(B",T)} x[0,T]™ 1"

Using the same arguments as above, we obtain

/[T] +1\T|f]{f¢(to,t1,...,tm)|2dt0...dtm <supE | Dgv? (t)|?dOdt < ¢
0,7)™

neN /[O,T]Q\(aﬂ)X(a’ﬁ’)
and the property (Cy,+12) follows. O

3 A relative compact set of random fields solutions of
SPDEs

In this section, we are interested in the semilinear SPDEs denoted by £(b, o, f, g, h):
T T
u(t.o) = gla) + [ Luls,a)ds+ [ (s.,u(s,2), Tuls. 2jo(a))ds
t t

T —
—|—/ h(s,xz,u(s,z))dBs .
t
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Relative compacteness criterion in Wiener-Sobolev spaces 13

See (1) for precisions about the notations. We suppose that all the coefficients are smooth
(essentially bounded and three times differentiable with bounded derivatives), then the
SPDE £(b, 0, f,g,h) has a unique solution v € C%2([0,T] x R?) which is F/%,— measurable
for any t < T (see Pardoux and Peng (1994)). We introduce the probabilistic background as-
sociated to the differential operator L. For each (t,z) € [0,T] x R?, we consider the diffusion
process (X5*);<s<7 solution of the stochastic differential equation (in short SDE):

AXP = b(XIT)ds + o(XDP)dW, , t<s<T
X =u.

Here, {W/,0 <t < T,1 <i < m} is a standard Brownian motion defined on its canonical
space 23 = Cy([0,T];R™). The diffusion process is a Markov process and L is its infinitesimal
generator. For any z € R?, this Markov process starting from 2 generates a semi-group
denoted by (P)icio,1]-

We denote CF(RP;R?) the set of functions of class C* from RP into RY whose partial
derivatives of order less than or equal to k are bounded (and hence the function itself has
linear growth). We introduce the following set of coefficients:

Definition 1. Given L >0, € >0, ¢ > 0, we say that the set of coefficients (b, o, f,g,h)
belongs to I'y . . if:

o b (resp. o) from R? to R? (resp. to Ii&dxm) are bounded by L and 3 times differentiable
with bounded derivatives (again by L).

o if uniformly elliptic, that is oo™ > €ly.
f from [0,T] x R x RN x RV*™ to RN and h from [0,T] x R x RN to RN satisfy

i) for any s € [0,T], (2,y,2) — (f(s,a:,y,z),h(s,x,y)) is of class C} and all the
derivatives are bounded by L on [0,T] x R? x RN x RNxm,
i) sup |f(s,z,y,2)| < L(1+yl)
i#i) sup [h(s, z,y)| < L
$,T,Y
e g from R? to RY is an infinitely differentiable function such that there exists ¢ > 0
such that for anyt < T':

L
KA
Remark 2. We recall that we will use this result in order to construct the solution of a
SPDE with a tempered distribution as final condition. Then g will be regularization of this
distribution and so Pr_.g explodes as t T T'. The speed of this explosion is given by ¢ and
it will depend of the order of the distribution. This will be precise in Remark 6 hereafter in
Section 4.

Anyway, if g is bounded, then iv) is trivially true with ¢ = 0.
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14 Bally € Saussereau

The main result of this section is the following Theorem.

Theorem 3. We denote by Uy, . . the set of all the solutions of the SPDEs £(b, o, f,g,h)
with the coefficients b, o, f,g,h in T'p .

Then Uy, is relatively compact in L?(O x [0,7] x Q2), for any 7 < T and any open bounded
subset O of RY.

In order to prove this Theorem, we will use the Theorem 2. So we have to show some
a priori estimates for the solution of the SPDEs £(b, 0, f,g,h). For that sake, we mainly
use the stochastic representation of SPDEs in term of BDSDEs: for the case of smooth
coefficients see Pardoux and Peng (1994), and see Bally and Matoussi (2001) for Lipschitz
continuous coefficients.
Let (2, F, P) be the canonical probability space associated with the two mutually indepen-
dent standard Brownian motions {W;},0 <t <T,1<i<m}and {B{,0<t<T,1<i<I}.
The m x [—dimensional Wiener measure is denoted by P and defined on Q2 = Q; x Q5 and
F is the completion with respect to P of the Borel o—field generated by the projections. If
we denote P and PP the Wiener measures associated respectively to W and B so that
dP(w1,ws) = dPW (w1) ®dPP(ws). For 0 <t < r < T we define F}). = o{W,—W;; t <5 <
7} VN where N is the collection of P—negligible sets. For ¢ € [0,T] we let F; = FV v F[,
(notice that (F;)o<i<7 is not a filtration). For any r € N, we denote M?(0,T;R") the set
of r—dimensional random processes {¢:;t € [0,7]} which satisfy: E fOT|g0t|2dt < oo and ¢y is
F: measurable for a.e. ¢ € [0,T].
The following Theorem is proved in Pardoux and Peng (1994).

Theorem 4. Suppose that o, b, f, h and g are C;. Let x €R? and t€[0,T] be fized. Then
the BDSDE
T T T
t,x t,x t,x t,x t,x t,x to\ 55 t,x
Yot —g(Xy) [ v 2 [ e viiB, - [ Ziraw, t<s<t
(7)

has a unique solution {(Y*, ZL")t <s < T} such that Esup,c,op [YI*]* < 00 and Z5* €
M2(t, T; RN ™).
Moreover, if we define u(t,z) := Y, then u € C%2([0,T] x RY) and u solves the equation

T T -
u(t,z) = g(ac)—&—/t {Lu(s,z) + f(s,z,u(s,z), Vu(s, z)o(x))}ds —|—/t h(s,z,u(s,x))dBs.
(8)

Conversely, if u € C%%([0,T] x R?) solves the equation (8), then the couple of processes
(YEo Z0%) = (u(s, X1),Vu(s, XE%)o(XE")) solves the BDSDE (7).

Notice that there are two independent Brownian motions coming on : the Brownian
motion B which represent the noise in the Stochastic PDE and the Brownian motion W

INRIA



Relative compacteness criterion in Wiener-Sobolev spaces 15

which is used in order to represent by means of diffusion process the operator L which
appears in the Stochastic PDE. We will use Malliavin’s calculus with respect to B and
never with respect to W. So DF = (D'F,..., D'F) € (IL?([0,T] x €))" will be the generic
notation for the Malliavin’s derivative of some functional F' with respect to B. We refer
to Pardoux and Peng (1994) for further details about this and for the next Proposition.

Proposition 1. Assume that the coefficients f and h are C? as functions of y and z, and
let (Ys,Zs) be the solution of BDSDE (7). The Malliavin derivative of (Ys,Zs) exists and
satisfies the linear equation

]
DY = KOS Vi) 4 [0, (X0 Y 285D 4 0 XL, Vi, 20Dy 28
] - 0
+ / O, h(XE", V") DY " B, — / DoZb"dW, | ©)

We suppose now that the set of coefficients (b, o, f, g, h) belongs to I'g _ ..

Notation 1. For anyt € [0,T), C; will denote a set of constants which depend on 1/(T —t)*
and on L,e and . In particular, when we say that a constant ¢ € C, this means that c
depends on the above constants only.

Lemma 1. Let {(Y}*, Z®)t < s < T} be the solution of (7). Then for any 7 <T,p€e N
there exists a constant C € C, such that

T p
sup sup E |Yrt’w‘2p + sup E </ ‘Z,’f””|2) dr < C . (10)
t

z€RY reft,T) zeRd

Proof. We write the equation (8) under the mild form, that is:

T T
u(t,x) = Pr_ig(z) + / Pr_of (1, u(r,.), Vu(r, .)o(.))dr + / Pr_ih(r, ., u(r, ))cﬁr ,
t t
where (P;);c(o,7] is the semi-group of the diffusion process. This may be obtained by taking
conditional expectation with respect to the o—field 7} in the BDSDE (7) and using the
representation Y* = u(s, x), ZL* = Vu(s,z)o(z). Since (b,0, f,g,h) € T ., we have

T T
/t Pr_of (1, u(r,.), Vu(r, .)o(.))dr| < /t L1+ Pr—¢|u(r,.)|)dr ,

and since h is bounded

2p

T
EP / Pr,th(r, Su(r, ))cﬁr < cpf/% )
t

RR n° 4805



16 Bally € Saussereau

Using |Pr_sg(x)| < L/(T — t) it follows that there exists C' € C, such that for any ¢ < 7:
T
EBJu(t,z) < C (1 +/ EBP, Ju(r,)Pdr | .
t

We take sup, s and we use the Gronwall Lemma and obtain sup sup EZ|u(t,z)[* < C.
te[0,7] xR

So for any r € [t, 7], and x € RY we have
BV = Bt XN = [ ol b pEPlurp)Pray <C . a)
Let us now evaluate Z. Writing the BDSDE (7) between ¢t and 7 gives
/ 2L AW, = u(r, X5%) — ult,@) + / XY 20V / h(xXEr Y B, .
t t t

Using Burkholder’s inequality and the fact that f has linear growth and h is bounded we
obtain

T r T
IE</ ‘Zﬁ’zdr|2> dr < O(E|u(7’,Xﬁ7z)|2p+E|u(t,x)|2p+/ E|Yrt7z|2”dr) :
t t

We deduce from (11) that E( [, |Z52(?) dr < C . O

Remark 3. The above lemma is standard but usually the constant C' depends on ||g||c-
What is special here is that the contribution of g comes on in the constant C which depends
on HprtgHoo

Lemma 2. Let {(Y*, Z1%)t < s < T} be the solution of the BDSDE (7). Then for any
p € N, there exists a constant C depending on ||V f|lco, [|VA|co, |P]leo and p such that

0 p
sup  sup E|DpY | +E </ |D9Zﬁ’z|2dr> <C. (12)
0<t<s<OLT xcRd t

Proof. Note that the equation (9) does no more depend on g. So using standard estimates
(see Pardoux and Peng (1994)), we can get for any p € N the existence of ¢, independent of
0,t,s, n and x such that :

0 P
E|DgY %P + E (/ |D9Zﬁ’m|2dr> < ER(XyT, Y ") .
t

Since h is bounded, we get (12). O
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Relative compacteness criterion in Wiener-Sobolev spaces 17

We shall state some a priori estimation concerning the increments of the Malliavin’s
derivative of the solution of (8). The techniques developed below are not standard. We
treat a special case as an example in order to emphasize the difficulties which come on.
Assume for the moment that B is a one dimensional Brownian motion, h(r,z,y) := h(y)
and f(r,z,y,z):= f(z). We write the equation (9) in this simple case:

t,o __ t,x o !/ t,x t,x o / t,x t@(_ f t,x
DoYE® = hYP™) + | f/(Z5"YDoZb%dr + | W (V) DeY,5"dB, — | DgZb"dW, .

Our aim is (see (4i) of Theorem 2) to prove that E|DyY, — Dy Y,|? < c|f — 0'|. We take
0 < 0’ and we write

DgYst’w — DGIYSWC = h(Y;@) — h(Y;}w) — / f'(Zﬁ@)Dg/Zf,’wdr
[’
0/ - ’
= / W (Y1) Do Y-*dB, + / Dy Z5% AW,
0 0
0 0 -
+ / F(ZE™) Do ZL" — Dy Z5]dr + / W (V%) [DaY* — DyY*] B,
59 S
_ / [DeZ'* — Dy Z5]dW, .

There are two interesting terms in the right hand side of the above equation:

, 2 ,
0
. / W (Y,"") Dy Y,""dB,| = E/ [ (Y,5)? | Do Y, [Pdr
0 0

! 9/
and E / De,zﬁdeT = E/ |D9'Zﬁ’z|2d7" .
6 0

The first term is easy to handel: by (12) we dominate it by ||2[|« (sup,., E|D,Y,>"|?)|6 — 0|
The second term is more delicate because (12) gives not an evaluation of sup, , E|D, Z/*|?

but of fOTE|D,7Zﬁ’”|2dr only. This is the motivation of the whole work which starts now.
So the main effort (which is done in Lemma 8 from the appendix) is to pass from the
"weak" norms in L2([0,7] x Q,dr ® P) to the "strong" norms which involve a supremum over
r. In order to solve our problem we employ the representation Z, = Vu(r, X,)o(X,) and
we use the SPDE satisfied by Vu. This motivates the evaluations concerning the process
yDbe = Tu(s, X6 given below.

We introduce some notation. For a function v : R? — R¥, we denote by Vv its Jacobian
matrix and by V2v the tensor of the second order derivatives. For (t,2,vy,2) — f(t,z,y, 2),
we denote f, (respectively f, and f.) the Jacobian matrix of f with respect to x (respectively
y and z). We use analogous notations for the function h.
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18 Bally € Saussereau

Proposition 2. Let u be the solution of (8). Then Vu solves the SPDE
T T
Vu(t,z) = Vg(sc)+/ LVu(s, x)ds —|—/ [fu(s,2,u, Vuo) + fy(s,z,u, Vuo)Vu(s, z)
t t
+ f2(s,@,u, Vuo)(V?u(s, z)o + VuVo) + VuoVo* + VuVb]ds
T
-
+/ (ha(s, @, u) + hy(s,z,u)Vu(s,z))dB; .
t

Moreover, for any (t,z) € [0,T] x R%, we have Vu(t,z) = V""" | V2u(t, z)o(z) = 2"
where the couple of processes (Yr(l)”f’w, Zﬁl)’t’w)tSTST is the solution of the BDSDE:
T
sz(l)ﬂf,ac — Vg(X}’r) +/ |:fr(ry X;t,ac,}/rt@,}/r(l),t@) + fy("", Xﬁ@’}/;t@,}/T(l%t’x)y;(l%t’z
+ fz (’I", X;f,m, }/Tt,gc, }/T(l),t,z)(}/T(l),t,xo,(Xﬁ,r) + Zr(l),t,r)

+ 2Tt (X + Y, (X ) dr

T T
o [ el X0 ey X YO0 B, — [ Zaw, )

Proof. The proof is analogous to that in Pardoux and Peng (1994) so we skep it. O

We state now two lemmas which play a crucial part in our evaluations. The proofs of
these lemmas are given respectively in the Appendix B and C. We assume that the set of
coefficients (b, 0, f, g, h) belongs to I'z . .. Then the two following Lemmas hold.

Lemma 3. Let 7 < T. For any p € N, there ezists C), € C; such that:

2p
sup sup E ’DQYS(I)’W <G, . (14)

t<s<t1t<O<T

Lemma 4. Let 7 < T and p € N. There exists C, € C; such that for all 0 <t < s <7,
0,0 inlt,T), it holds

E|DgY!" — Do Y| < Cpx |0 — 6P .
Finally, we shall need the following norm equivalence result.

Proposition 3. Let p : R? — R be a continuous, positive function such that there exists
M > 0 such that for |z| > M, p € CZ(R%R). We assume moreover that b and o are bounded
by L and are 3 times differentiable with bounded (by L) derivatives. Then there exists two
constants k1 and k2 such that for 0 <t < s < T, ¢ belongs to L' ([0,T] x R dt @ p(z)dx)
and we have:

T
K1llellLr (0,1 xre, dt@p(z)da) < / AdE|¢(57X§’w)|P($)d$d3 < Ka|lellLjo,71x R4 dt@p(a)dz) >
t
(15)

The constant k1 and ko depend on T, on p and on the bounds of the derivatives of b and o.
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Relative compacteness criterion in Wiener-Sobolev spaces 19

This result was first proved in Barles and Lesigne (1997) and Kunita (1982) for p = 1. In
the case of a general p, which we need here, the proof is given in Bally and Matoussi (2001).
This result will allow us to obtain a priori estimates for SPDEs from a prior estimates for
BDSDEs. Now, the above Lemmas and Theorem 2 enable us to prove Theorem 3.

Proof of Theorem 3.

We have to prove that all the assumptions of Theorem 2 hold true for fixed O (an open
domain of R?) and (b,0, f,g,h) € T'f .

Step 1: We first prove that for any 7 < T, there exists C € C, such that

BB /[0 ]||u(t7.7w)||§,1(0) it < C . (16)

We use the fact that u(¢, z) = ¥;"" and (10) in order to get that for any 7 < T, there exists
C € C; such that

sup sup EP|u(t,z)* <C . amn
z€R? t€(0,7]

We also deduce from (10) that
IE/ Vu(r, X0)o (XE0%) [ dr = IE/ |z [Par < C .
t t

Now we introduce a nonnegative function ¢ € L' (R¢) which is equal to one on O and satisfies
the hypotheses of the equivalence of norms result (15). We obtain

m/ /EB|Vu(r,a:)a(x)|2C(a:)drdx§/ EW/IEB‘Vu(r,Xf’m)a(Xﬁ’x)PC(a:)drdx
RdJt R4 t
< C I<llLrraey-
Since o is uniformly elliptic, |Vu(r, z)o(x)|? > €|Vu(r,z)|?. Then we have
em//EB|Vu(r, )| drdx < Iil/ /EB|VU(T7£C)O'($)|2C(£C)de1' < O ¢l wey-
oJt R Jt
The above inequality and (17) yield (16).

Step 2: Forall o € C°(0) and t € [0,7], u?(t,.) := [pa u(t, z)p(x)dz belongs to D2 and
there exists C € C; such that

| e oaa<c.
[0,7]

Indeed, since Dyu(t,z) = DgY;"", we get from (12) that for any 7 < T, there exists C' € C,
such that

sup sup sup EB|Dyu(t,z)|* <C . (18)
0<t<7 t<O<T pcRd
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20 Bally € Saussereau

Step 3: We check that hypothesis 3) of Theorem 2 is fulfilled.
From (17), we first get that for all ¢ € C>°, EBu? € L2([0,7]) and for any ¢ > 0, there exists
0 < a < B < 7 such that

/ [EBu?(t))?dt < e.
[0,7\(a,8)

It remains to prove that there exists C' € C, such that for any 0 < a < <7 and h € R
(|h] < min(e, 7 — B3)), it holds

B
/ [EBu?(t 4+ h) — EBu?(t)|?dt < C |h| .

This will be an immediate consequence of the following estimation: there exists C' € C;, such
that V¢, € [0,7],

< C(1+ [l ey + I1£7 @l a1t = t'] -
(19)

/go(x)EBu(t,x)dx — /go(x)EBu(t’, x)dx

o o

Let t,t’ < T. We write the equation (8) between ¢ and ¢':

t’ t’
u(t,z) —u(t' z) = / Lu(r,x) + f(r,z,u, Vuo) dr —|—/ h(r,o@u)cﬁr.
t t

We denote £* the adjoint operator of L. Integrating against ¢ and taking expectation gives

x BU f,C—U/fE xr = B ’ u\r,x * x r,xr,u uo X xrar .
[ o@B? futt.) (v o) de = E® [ [ o) (@) + 1.0 Vuoota) dod

Now, we can proceed as in the proof of (10). Using (10), we get that there exists C € Cy -
such that

<[t —t'] C(1+ [[@llr ey sup sup EPju(r,z)]) ,
xR rel0,7]

< C(1+ gl ray) [t =t

t/
EB/ f(r,z,u, Vuo)p(z) drdz
RaJ¢

In the same way, one have

t/
EB/ /du(r,aj)/l*go(x)drdx < O ol oy It — ] |
t R

and (19) follows.
Step 4: We finally check that hypothesis 4) of Theorem 2 is fulfilled.
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From (18), we deduce that for any ¢ > 0, thereexists 0 < a < f<7and 0 < o/ < ' <7
such that

EP / | Dou? (t)|>dodt < .
[0,7]2\(a,8) x (a’,3)

It remains to prove that forany 0 < a < < 7,0< o’ < ' <7 and h,h' € R such that
|h| V |W| < min(e, &', 7 — 8,7 — 3'), it holds

B B8
IEB/ / Dosnué(t+ 1) — Dou? (t)2d0dt < C (|h] + |B]) - (20)
Taking s =t in Lemma 4 we get that
B 8
IEB/ / |Dosnué () — Dou? (1) 2d0dt < C |h] .
So (20) will follows from
B B
EB/ / |Dou? (t + h') — Dgu?(t)|?dodt < C' |1'] . (21)
In order to prove (21), we use BDSDE’s representation of the random field u and we get

Duu(t) = [ p()Doult, o) = [ o) DY ds = [ @B DY
O (@)

O

6 ——

= / P(2)EV (X", Yy " )dx + / o(z)EV / Dyh(X1" Y1) DpY,"dB, | dx
O O t

6
+/ ‘p(m)]EW </ ayf(Xft”ma }/rt7za Zﬁ7z)D9}/rt7z + 8Zf(Xﬁ7za }/rt’ra th’7z)D9th’7zdr> du.
(@] t

We denote (X'%),<.<7 the inverse map of the diffeomorphism = — X/* and J(X'?) the
determinant of the Jacobian matrix of X** ( Kunita (1982) or Ikeda and Watanabe (1990)).
Remind that we have the representation Y% = wu(r, X}*) and ZL* = V(r, X}%)o(X5?).
By a change of variable we get

Dou¥(t) = /O EW o(X0")J (X" Vh(x, u(6, x))dx

’ w t,T T
v ( [ ot )F(r7g7x)dr> N

t

6 N . —
+ / / EY (X5 J(XE*YH (r,0,2)dB, | dr with
(@] t

H(r,0,z) = Oyh(x,u(r, z))Dou(r, z) and
F(r,0,z) = 0y f(z,u(r,z), Vu(r,z)o(x))Dou(r, x)
+ 0, f(z,u(r,x), Vu(r,z)o(x)) Do Vu(r,z)o(zx) .

)

8 8

(r
(r

)
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Using the above expression we get

Dou?(t + ') — Dgu®(t) = /O EW (@( X5 ) (X)) — (X5 T (XE)) bz, w8, 2))d

t+h'
+ / < / IEng(Xﬁ’m)J(X,f’m)F(r,0,3:)dr> da
(@] t

0
+ / < / EY (o(XpH ") 1 (X5 —go(Xé@)J(Xg’w))F(n97x)dr> dx
(@] t+h'

t+h' . R -
+ / / EW o(X5™)J(XE™)H (r,0,2)dB, | dx
(@] t

6
+ / ( / EY (p(X5 ") (X5 ’f)—QD(X;’I)J(X;@))H(r,9,@2@) dz.
(@] t+h’

Recall that u(t,z) = Y,"* and Vu(t,z) = Yt(l)’t’x. Then as a consequence of (14) and (18)
with s =t we have
EB|Dou(r, 2)|*? + E|DgVu(r, z)|?? < C,

for any p € N. So that EB|F(r,0,z)|?’ + EB|H(r,0,2)|?* < C, for any p € N. This
evaluation is uniform with respect to 6 and r.

Moreover one can find a non negative integrable function x — c¢(x) depending on ¢ such
that

A A A~ g/ A gl 2
EY |o(X7")J(X7T) = (X7 )X )| < cla)lt — 1]

Using Cauchy-Schwartz inequality we get (21) and (20) follows.

Remark 4. The constants in the above estimations may depend on the test function . But
since we are interested in some properties of u¥ for every fived o € C>°(RY), these constant
are convenient.

4 Stochastic PDEs with a distribution as final condition.

In this Section we use the relative compactness criterion for the solutions of SPDEs in order
to prove existence and uniqueness for the solution of the following system of semi-linear
Stochastic PDEs

T T
u(t, x) :A+/ ﬁu(s,;v)ds—&—/t f(s,z,u(s, ), Vu(s, x)o(z))ds

t

T —
—l—/t h(s,z,u(s,x))dBs . (22)
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The final condition A is a distribution so we have to introduce the Sobolev spaces in which
the solution of the SPDE is defined. First of all, since we work on the whole space R¢ and
not on some bounded domain, we have to consider weighted sobolev spaces. So we consider
a weight p : R? — R which satisfies:

Hypothesis 1. p : R? — R is continuous, positive and there exists M > 0 such that for
x| > M, p € C}(R%R). Moreover we assume that the weight p satisfies - € L'(R%).

Remark that the equivalence of norms result (15) holds for such a weight. Our distribution
A will belong to the dual of a weighted Sobolev space. More precisely, we denote H{ the
weighted Sobolev space defined as the completion of C2°(R?) with respect to the norm

2, = 3 / 10np(2)2p(z)da
0<|a|<k

8l

where a = (o, . .., o) is a multi-index, |a] = a1 +. ..+« itslengthand 9, = ——————.
O0%q, ... 0%q,

H;C, , is the class of functionals u : Hy — R defined by
Z / ua(2)dap(z)dz Yo € HY,
0<lal<k

where u, € L? (R?, p~!(z)dz) ,|a| < k. Note that H;C’ , coincides with the topological
dual of H}. The operator norm on H;C’ , 1s given by

[ull,p = sup{l(u, )| : ¢ €Hp ,lplk, <1}
We assume that
Hypothesis 2. There exists an integer k such that A € H;c, ,- For o € HY, we write
(A, ) / Aa( z)dx , where \, € L2(R? | p~!(x)dz). (23)
0<a<k

Remark 5. Let S (respectively S') be the space of rapidly decreasing functions (resp. the
tempered distribution space). The spaces S and S’ are characterized by

S = ﬂ HZ‘Z S = U H;f,pp

p,k>0 p,k>0

where pp(z) = (1 + ||? )p. In particular A can be a tempered distribution.

We introduce the following space of random fields :
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Definition 2. W, , is the space of random fields u : [0,T[xR? x Q3 — RY such that
e u(t,x,.) is FPp—measurable.
e ForallT <T,ueL?([0,7] x RY x Qo;ds ® p~ ! (x)dz @ dPP).

o Vu(t,.,ws) ezits dt@dPP—a.e. and satisfies Vu € L*([0,7] x R x Qo;ds @ p~ (z)dz ®
dPB), forall T <T.

lim(u(s,.), @) = (u(t,.), p) dt @ dPB(wy) — a.e. Yy € Hy -

sTt

dt @ dPP—a.e., u(t,.,wy) € M}, , is such that
T
IEB/O |lu(s, .,w2)||3n’pds < 00 .

We are now able to give the definition of a weak solution of the SPDE (22):

Definition 3. Suppose that A € H;C’p. A solution of (22) is a random field u : [0,T[xR? x
Qs — RY such that

(i) w € Wiya,

(ii) EP|lu(s,.) — A||i+z,psT—T>0

(i4i) for all o € C2([0,T] x R?), for all t ,7 € [0,T[ with t < T,

/ 6Sg0(s,;v)u(s7m)dsdx—l—/
t JRd

Rdu(t,;v)go(t,ac)dm:/ u(T, z)p(r, x)dx

R4
—|—/ A(u,go)(s,ac)dacds—l—// o(s, ) f(s,z,u, Vuo)dxds
t JRd t JRd

T —
+// ©(s,z)h(s, z,u)drdB, PP —a.s., (24)
t JRra

(00" ki for1 <
833k

N | =
E

1 - -
where A(p, ) = 5 Vpoo*Vip + @div(b— A)yp and A; =
k=1
1 <d.
We make the following assumptions.

Hypothesis 3. b and o belong respectively to C; ™ (R4R?), OF 73 (R4R?*™) and are boun-
ded (remind that k is the order of the distribution A).

Hypothesis 4. Uniform ellipticity: there exists a constant € > 0 such that oo™ > €l;.
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Hypothesis 5. The functions f and h are bounded and Lipschitz continuous:

sup (Ih(s,z,9)| + | f(s,2,9,2)]) < L
z€R4,s€(0,T],yeRN ,zeRN xm

and for any y,y’ € RN, 2,2/ € RVxm:

sup (|h(s,x,y) - h(S,.Tf,y/” + |f(S7I7yaZ) - f(saxay/a zl)|) < E(|y - yl| + |Z - Z/|) .
z€R4,5€[0,T]

The main result of this Section is the following.

Theorem 5. We assume Hypotheses 1 to 5. There exists a unique solution of the SPDE
(22).

The proof of this Theorem is given in the following three subsections.

4.1 Proof of Uniqueness

Let u and @ be two solutions of (22). We denote w := u — @, F(t,z) = f(t,z,u, Vuo) —
f(t,x,u, Vuo) and H(t,z) = h(t,z,u) — h(t,z,u). We will first prove that w solves a linear
SPDE in distribution sense.

Let 7 < T. uw and @ solves (22) so that, taking the difference between the equations verified
by u and % (in the weak sense (24)), we get

/ /Rdasﬁp s, x)w(s, z)dxds —|—/ w(t, z)e(t, x)dx —/ w(T, x)o(T, x)dx (25)

// (s,2)L*p(s,x)) dmds+// (s,x)F smdmds—i—// (s,z) sm)dmdB
R4 Rd R

We want to pass to the limit as 7 — T'. Since F' and H are bounded we get

// (t,z)p sxdmds // (t,z)p(s, z)dzds and
RY RY

/ H(t,z)p(s, x)dmcﬁs Ploas, / H(t,z)p(s, x)dmst
Rd TTT Rd

It remains to treat the terms where w appears. Here we must take care of the fact that
w is integrable only on [0,7] (see Definition 2) but not on [0,T]. Using the property (i7) in
Definition 3, we get
1 / w(T, z)p(t, x)dz| <EP
Rd

/R ufr,2)p(r, 2)dr — Alp(, .))‘

+E®B

/ a(r, ) (r, )dz — A(p(r,.))
Rd

S EPlu(r,.) = Allrrz.pl@lrrz, + EP (0T, .) = Allkr2,plelkr2.0

— 0.
T—T
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Moreover one has

<O lwls, llkt2,ple(s, etz

/ w(s, z)L*p(s,x))dx
Rd

< C lw(s, )llk+2,0 sup lo(s, k2,0 -
s<T

Since w € W2, (see (i) in Definition 3) , s — ||w(s,.)||x+2,, is integrable on [0,7] x Q2 so
we may use the dominated convergence Theorem in order to get

// SIE(pSJJdZ‘d // (s,x)L*p(s, x)dzds PP —
Rd Rd

/ w(s,z)0sp(s,x))dx
]Rd

Since

< C flw(s, )lk+2,p sup [0sp(s, )k+2,p »
s<T

we use again the dominated convergence Theorem and obtain
T pB T
/ Os(s, x)w(s, x)dxds ﬁf O0s(s, x)w(s, z)dzxds .
t JRA T t JRdA

Reporting all these in (25), we get that w € Wi2 , solves the linear SPDE (in distribution
sense): that is for all ¢ € C2°(]0,T] x R?) one has

T T T
/t (we Do (5, ))ds + (wep(t, ) = / (we (s, .))ds + / (F(s,)p(s,))ds
T —
—|—/t (H(s,.),p(s,.))dBs .

Notice that w satisfies the above variational formulation on the whole [0,7] whereas u and
@ satisfy (24) only on [0,7], 7 < T. The point here is that the final condition disappears by
taking the difference of v and @w. We are now in the frame of Bally and Matoussi (2001),
Proposition 2.1 and we get that w = 0 almost everywhere.

4.2 Existence: the case of smooth coefficients

We prove the following intermediate result:

Theorem 6. We assume that Hypotheses 1 to 4 are fulfilled. We moreover assume that the
coefficients [ and h satisfy i), ii) and iii) of Definition 1 and f is moreover bounded. Then
there exists a random field u solution of (22).

Moreover u has the property EP|ju(r,.) — A||z+2)p < (T —7).
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Now we present the strategy that we employ in order to construct the solution of (22)
and we explain why a relative compactness criterion is the appropriate tool to achieve it.
The idea is simple and standard. Since the operator L is uniformly elliptic the associated
semi-group has a regularization property so, even if up = A is a distribution, u; will be a
function as soon as t < T and Vu; will exists pointwise. This is essential in order to give
a sense to f(t,x,u, Vuo) and to h(t,z,u). In order to put this idea to work we consider a
sequence of smooth functions g,, such that g, — A in distribution. More precisely: let 7, (x)
a sequence of regularization kernels 1, = nn(nz) where n € C°(R?) is a non-negative
function such that 0 € supp n and fRd n(x)dz = 1. For any n > 1, we define Ay, o := 1y, * Ay
where (A\q)1<|a|<k are the coefficients given by (23).

Our sequence of smooth function is defined by

gn(z) = Z (_1)|a‘8a)‘n,a(x)7

0< o<k

and for ¢ € HY, we denote

M) = [ an@e@de = 3 [ Aole)dupla)ds

0< || <E
One can prove using standard arguments that

lim [|A, —Al},=0. (26)

Then we replace the final condition A in (22) by g, and we denote u,, the solution of this
new equation:

Un(t, ) = gn(z / Ly (s,z)ds + f(s,x,un(s, ), Vup (s, z)o(x))ds

/ h(s,x,un(s a:))dB (27)

The result of Pardoux and Peng (1994) insures that u, exists and it remains to pass to
the limit (or at least extracting a convergent subsequence) and to construct u = lim,, .
Of course one has to take care of the fact that g, blows up as n — oo but one may hope
that uniform ellipticity will enable us to get round this difficulty. The first and natural
idea is to use the classical compact embedding theorem of H'(O) in L2(0): if we prove
that [|us| 10y, n € N is bounded then (un(t,.))nen will be relatively compact in L2(O)
and so we may subtract a convergent subsequence u,,, k¥ € N. But u, as a random field
depends on w and so the subsequence (ny)ren will depend on w and it is not clear that one
may subtract a common subsequence which is convergent for every w. This is the specific
difficulty concerning this problem and this is why we have to employ a relative compactness
criterion which takes care of both z € O and w € Q. The adequate result is the relative
compactness criterion given by Theorem 2.
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Remark 6. If A satisfies Hypothesis 2, then under the uniform ellipticity assumption (Hy-
pothesis 4) and Hypothesis 3, we have Pr_yg,(x) = [papr—¢(2,y)gn(y)dy, where p.(z,.) is
the density of the law of the diffusion process starting from x. Besides (see Friedman (1990)
or Kusuoka and Stroock (1985)), there exists c1, ca, ¢ > 0, depending on the bounds of the
derivatives of o and b and on the ellipticity constant €, such that

2
c —colz —
D> [04ps(x,y)] < S—ieXp (%) :
0<Jal<k

Using this estimate we get

gl _ ¢ 1Ak

|Pr—ign(z)| < (T —t)s — (T -t :

This 1is the only way to have an estimation of Pf_,g, uniformly with respect to n.

Thanks to this Remark, one may find L > 0, ¢ > 0 and ¢ > 0 (independent of n) such
that the set of coefficients (b, 0, f, gn, h) belong to the set I'f . .
Consequently by Theorem 3, for every 7 < T and every bounded open set @ C R?, the
sequence (U )nen of L2([0,7] ; H1(O) x D1?) solutions of £(b, 7, f, gn, h) is relatively compact
in L2([0,7] x O x Q). The relatively compactness is given only on [0,7] since if u,, has a
convergent subsequence, one may not hope that it converges on [0,7] entirely since u(T),.)
must be a distribution. Then, passing to a subsequence (always denoted by (up)nen in
the following), we may assume that there exists a random field u such that w, (¢, z,ws) —
u(t, x,ws) dt ® do @ dPP(w;)-almost-everywhere on [0,7] x R? x Q5. Moreover, since the
estimates (10) and (12) hold true for w,, uniformly with respect to n, we obtain for every
7 < T and every p € N:

sup sup sup (EB|un(t,x)|2p —|—/ EB |V, (r, x)|2dr> <C. (28)
neNzeRe t€(0,7] 0

As a consequence, we also get

H”"p - UHLQ([O,T]deXQQ;ds@)p*l(w)dz@dPB) oo 0 vr<T.

Let us now prove that Vu,, — Vu almost surely and in L.2. We define

(Y2, Zb%) i= (un(s, X0%),Vun (s, X0")o (X07)) , t <s <T.

This couple of processes solves the BDSDE (see Theorem 4)

t ta g t t t ’ t tay\o R
Vit =0 (X5 + [ pn X Vi Ziar+ [ b Xt Vi aB,
T

S

—/ ZEEdW, < s<T. (29)

n,r
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Classical estimations on the BDSDE (29) (see Pardoux and Peng (1994)) yield

n,r n,r

[ Bizes -z Par < B - vin P [ BV - Vi

1

Integrating against p~' and using twice the equivalence of norms result (15), we get

/tr/Rd EB|Vu, (s, 2)0(x) — Vi (s, z)o(x)]?p~ (z)deds <

dx T dx
C E8 u, (1, 2) — tp (1, 2)|?—— + C / / BB |y, (s, 2) — tm (s, )| ——ds
R4 p(x) t JR4 p(z)
and the above terms converge to 0 as n,m — +oo. Since oco* > ely, we conclude that
the sequence (Vuy,)nen is Cauchy in L2([0,7] x R? x Qg ; ds ® p~!(x)dr @ dPB(wq)). Let
v = lim,, Vu,. A standard argument shows now that v € H'(O) and v = Vu. Using (28)
we get that

sup sup EB|u(t,z)|? +/ BB |\Vu(r,z)?dr <C , V1 <T.
xR te[0,7] 0

Since (un, , Vu,) — (u, Vu) almost-surely and in L2([0,7] x R? x Qy ; ds ® p~1(x)dz ®
dPB(wy)) we may pass to the limit in the equation (24) for w,, in order to obtain (24) for
(u, Vu).

We shall need in the following, the notion of stochastic test functions. Let ¢ € C2(R%). We
define

b 2 Q x [1,T] x RY = R by (s, 2) = (X5)J (X5 (30)

with J(X?*) the determinant of the Jacobian matrix of 2 — X%, the inverse map of
x — X% Tt is proved in Bally and Matoussi (2001) (see Kunita (1982) also) that if
¢ € C°(R?), then for P—almost every w, 1; belongs to H{, and we have the estimation

2
sup E[44(s, )], < cloli (31)
t<s<T

where ¢ > 0 depends on 7" and on the weight p only.

Proof of Theorem 6:
It remains to prove that u constructed above satisfies the properties (i7) and (i) in the

Definition 3. We first prove that EZ||u(r,.) — A||i+2,pﬁ—T>0.

Remind (see (26)) that u,(T,.) = A, —— A with respect to the ||.|[s,,—norm. We fix
7 < T and we write

/ u(r, z)p(x)dr — A(p) = lim (tn (7, 2) — un (T, z)) p(x)dz , PP-almost surely.
R4

n—oo [pd
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Let us compute [p, (un(7,2) — un (T, x))p(x)dz. Since u, solves (27), we have the following
weak formulation on [0,7] (and not only on [0,7] since g, is a function)

T
/Rdufl(t,x)@(t,x)dx = /Rdw(T, o) un (T, z)dz +/t Rdﬁun(svx)w(&x)dmds
T
+/t /Rdsp(s’x)f(s’m’u"(s’x)7v“n(saf)U(x))da?ds

T —
+// o(s, z)h(s,z,un(s,z))dxdBy .
t JR4
It follows that

[ utrayplard = M) = lim ((19) + (I2.9) + (I2.) with (32)
(I, ) = /TT/Rdun(s,x)E*gp(x)da:ds
(In9) = /T T/R (s, Vuyo)pla)duds
(I3, ) = /TT/Rdh(s,;v,un)@(x))dxcﬁs .

Since f is bounded, |(I2, )| < c¢(T — 7)|¢lo,, and then

EP|I3R, <c(T—7)%. (33)

Moreover one has

/TT/Rdh(Smmun)sD(x)dazcﬁs = /Rd </TTh(S,;v,un)cﬁs> ﬁs@(x) pz)dz,

and thanks to the Cauchy-Schwartz inequality with respect to the measure p(x)dx we get

o= [, /TTh(“““")m | 5] (/W|so<ac>|2p<oc>doc)é

< / /Th( VB ) gl that
= 5, T, Un s ®lo,p , SO tha
Ré|Jr p(ﬂ]‘) P

1B, < /
Rd

[N

[N

2
dx

T —
h(s,z,u,)dBg
. o S
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—1

Then, since h is bounded and p~" is integrable, we get

EP| IR, < e(T—17) . (34)

Remind that we have no estimation of u, (s, z) near T so we have to estimate I as follows.
We integrate the BDSDE satisfied by Y,"? = u,, (s, X[") (see (29)) against ¢ := L*¢

T
/Y;;§¢(x)dx:/ gn(Xéiw)@[J(x)dx—i—/ /f L XPE Y Z0T ) drp () da
R4 Rd Rd
T
+/ h(r,Xffw,Y,f;f)dBﬂ/) da:—/ /Zfl‘f,dWT x)dr t<s<T.
s R4

We write the above BDSDE for s = ¢ and we use the fact that u,(¢,z) = IEWY;:Z” (the last
equality is due to the fact that Y,f:f is deterministic with respect to W) in order to get

/un(t,x)¢(x)dm:/ EY g, (X551 dx+/ / EW f(r, X2o,Y,0r, Z0% ) drp(x)dae
R4 R4

/d/ EWh(r, X", Y} 2 dB, Y (x)dx
R

Now we integrate with respect to ¢t € [r,T] and we obtain

(Ly, @) = (I 0) + (2 0) + (1%, @) with

(IL1 o) = // EY g, (X537 ) () dadt

(112 ) = ///wa X% up(r, X%, Vuno (r, X.2%))dr ¢(z)dxdt
RaJt

1,3 _ w 8,T 52\ 91

(L7, ) = E h(r, X% w, (s, X7))dB, ¥(x)dzdt .
R2J¢

Note that |¥]o,, = [L*¢lo,p < Cl¢l2,p, 80, in the same way that we obtained (33) and (34),
we have

EP| I

i, T EPILY

oT —71) . (35)

Finally we evaluate I}''. We denote (T, x) = ¢(X5")J(X5") (see (30)), by a change of
variable we get

(1N ) = / : /R Ga(@)EY (w(X;w)J(X;w)) dwdt = /R gula) ( / TEth(T,.)ds> do .
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Since sup,< <r B [t:(s, )5, < cl[2, < clplita, (see (31)), it follows

}(J}flv 90)| < ||gn|

k,p

T
/ EW oy (T, .)dt

k,p

T
< gnllip / IEY (T, )1 pit

T
k7p/ |k+2,pdt
.

< (T - T)||gn||k,p|90|k+27p :

< |gnl

Since [|gnllr.p < cl|Allk,p,

EP L[R2, < (T —7)
then using (35), we get that

EP|| L[R2, < e(T —7) - (36)
Combining (33), (34) and (36) with (32) we finally get that

EP||u(r,.) = Allf, < (T —17)
with ¢ depending on || f||sc, ||h]lco and ||A]lx,p-
The same technics as above gives easily that
ligl(u(s, D) = (u(t,.), @) dt @ dPB(ws) —a.e. Vo € Hj, , and

sup B |lu(r,.)|[74a, < 00 - (37)
0<7<T

T
It follows from (37) that the solution satisfies EZ / [lu(s, .)||,2n’pds < 0.
0

4.3 Existence: the case of Lipschitz continuous coefficients

We prove the existence part of Theorem 5. Now we drop the smoothness assumption on the
coefficients f and h and just assume Hypothesis 5.
Let o € O (RY, RN RN*™.R*) be a mollifier with

/ o(z,y, 2)dzdydz =1,
R4 xRN xRN xm
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and for [ € N,
Ql(l',y,Z) — ldXNXNme(l$7ly7lZ)
fraye) = [ Frw—aty—yf 2~ )ola' o/ ) dy/d
RAXRN xRN xm

hl(r,z,y,2) = / h(r,z —a',y —y')o(a’,y', 2")da'dy'dz" .
R xRN xRN xm

Since f and h are globally Lipschitz continuous

K@) = I = flloo + I = hlloe —— 0. (39)

Moreover, {f',g' ; | € N*} satisfy i), ii) and ii) in the definition of I'; . - (see definition 1)
and are bounded by L uniformly with respect to . So one may introduce for any [ > 0 the
random field u' : [0,7[xR? x Qs — R which is the unique solution (as constructed in the
previous Section) of the SPDE:

T T
ul(t,x):A+/ Eul(s,gc)ds—i—/t fl(s,x,ul (s, ), Vul (s, 2)o(2))ds

t
T
+/ h'(s,x,ul(s,z))dB, . (39)
t
We will construct the solution of 22 (with Lipschitz coefficients) as the limit of the above
approximating sequence. We have the following Proposition.
Proposition 4. Let {u! , | € N*} be the solutions of SPDEs (39). For any 7 < T, there

exists a random field v such that

EB /]Rd A (|U,l(7~’ m) - U(Ta 'r)‘Q + |vul - vu|2)p_1(3;)drdx—>0 .

p—00
Proof. Let [,I’ > 0. We denote wh! = u! — ul,
Fl’l/(r7 z) = fi(r,z,ul, Vulo) — fl, (r,a:,ul,,Vul,U) and

Hl’l,(r, x) = fl(r,;v,ul,Vula) - fl/(r,x,ul,,Vul,U) .

Thanks to Bally and Matoussi (2001), the distribution valued process (Yzfl’?7st;7’z"7s)s€[0,T]
defined by

(WMW%=/wW@®%@@M

Rd

(Zii0) = [ Vet (s, 2)o(@)n(s z)da
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solves in the sense of distribution

T , T , - T
Ylfiaf/ FH(r, Xﬁ“)dr+/ H" (7‘7Xﬁ")dBT—/ Zy AW, .

S S S

Since both F!'| H' are bounded (by 2L, uniformly in [,1), we may write this equation
pointwise:

T , T , - T
Vit = [ F i s [ e xis, - [ 2

S S S

We write
FWV(r, X)) = fHr, X, il (r, X)), Vil (r, X))o (X)) — £ (r, X, dl (r, X), Vil (r, X))o (X))
+ fl/(r, Xr,ul(r, XT),Vul( no(X,)) — (r Xr,ul/(r, XT),Vul/(r, X )o(X,)) ,
HY (r, X)) = B (r, X, il (r, X)) — BY (r, X, ub (r, X))
+ B (r, X i (r, X)) — BY (r, X i (r, X))
Let 6 > 0. By (38) we can find ng such that [,1’ > ng implies
|FH (r, X0)| < 8+ LIYVSE, | + L1Z) | and
[HYY (r, X)) < 6+ V52,
Estimates on BDSDE yield

T
B [ 12 <0 w0 B i d (126, P
t

S

Using the Gronwall’s Lemma we get that for [,1’ > ng,

T
BIY/ P+ B [ 1207, Par < cs?
S

1

Taking s = ¢ and integrating against p~" we first obtain

/ BBl (1, 2)2p=) (z)dz < c6 and then (40)
Rd

/ / EB |wh (¢, 2))?p~ Yz)dwdt < c T 6% .
o Jrd

Using the equivalence of norms result (see (15)) and the uniform ellipticity, we get in the
same way

/ / EB |V (r,2)2p ' (2)drdz < ¢ / / IE|Z;;,C pN(z)drdr < ¢ §? .
Rd.
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So the sequence (u'(.,.));en is a Cauchy sequence of L2([0,7] x R? x Qg;dt ® p~* (z)dz @ dPP)
(remind that u! belongs to this space thanks to Definition 3) hence it converges to a function
u of this space. It is the same situation for the sequence (Vu!(.,.));en and it is easy to check
that its limit in L?([0,7] x R? x Q2;dt @ p~!(2)dz @ dPP) is Vu and we get the result. [

Remark 7. Thanks to (40), we have for any 7 < T':

!’
sup leJ H]L2(]Rd><92;p_1(w)dw®ﬂg) <cd .
t€[0,7]

So the sequence (u'(.,.))ien is also a Cauchy sequence of C([0,7];L2((R? x Qg;p™ ! (2)dz ®
dpP5)).

Proof of the existence:

Let u constructed in Proposition 4. We may prove (24) by passing to the limit as in the

proof of Theorem 6. Let us now show that E”|lu(r,.) — Al|7,, p?o. We first write for
T

any [ € N:

u\7,x xX)axr — = UTiC—UlTiv x)ax Uleﬂ xX)axr — .
[ wtraeta)is = Ate) = [ (uro) —ulra))e()ie + [ ulra)plnis = M)

Rd

We first compute

2
< lu(r, x) — ul(r, x)}p(Rd;p_l(r)dz) l¢lo,p SO that

/ (u(T, x) — ul(T, ;v))gp(x)dm
]Rd

IEBHu(T7 D)= ul(T, )||% p < sup |u(7', x) — ut
’ tel0,7’]

2
(7,2) ‘]L2 (RIXQ3p=1 (z)de®dPB)

with T > 7" > 7.
Let 6 > 0. By Remark 7, there exits [y € N such that
EPlu(r,.) —u'(r, )7, <0 . (41)

Since EP|[u!(7,.) = A[|7, < (T — 7), we have
EP [ (r,.) = AR, < ér (I lloo + [ Allk,p + 21IR|o0) (T — 7)
=er(BL+ [[Allk,p) (T —7) .
Combining this with (41) yields the result.

One can easily check that sup EZ|u(t, .)||i+2,p < 00 80 that u € Wiya .
t€[0,T]
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4.4 Weak formulation of BDSDEs

We recall briefly how we can establish the link between SPDEs and BDSDEs formulated in
a weak sense. For more about this we refer to Bally and Matoussi (2001).

The main idea is to use the function v; as a random test function. These functions are defined
n (30). The problem is that s — (s, .) is not differentiable so that ftT(us, 051+ )ds has no
sense. Anyway, it is shown in Bally and Matoussi (2001) that we way replace 0s¢:ds by the
Ito integral with respect to di(s,x) thanks to the following semimartingale decomposition

of Yy (s, x).

Lemma 5. For every function p € C2(R?)

Vi(s,x) = Z/a

3,j=1

(T ))dW] /SL*wt(r, x)dr

Then we may extend the weak formulation of the SPDEs in the following way.

Proposition 5. If u is solution of (22) then for all function ¢ € C2(RY), fort <7 < T,
the following equality holds P—a.s.

/tT/Rdu(sw)dzﬁt(SafC)dfc—s—/ U(taﬁf)%(tw)di:/ Oy (1, x)u(T, ) d

//Rd ))da:ds+// Yi(s, ) f(s,z,u, Vuo)drds
// Yi(s,z)h(s,x u)dmdB

Proof. The proof is the same as that of Proposition 2.3 of Bally and Matoussi (2001). O

Definition 4. The Hj , x My, , valued process (Y, Z\)i<s<- solves the BDSDE

tx vt r tr vt\Tn ’ t,.
=A+ f (r, X1® VP Z8Ydr + h(r, X%, Y. )dB, Zdw, (42)

with final condition A if
i) (Vb Zt) is Fs—mesurable fort <s <T.
i) For all p € C2(RY) and for allt <7< T

/ o@)Yivdr = [ Yioo(a)de + / () [ / f(r,xﬁ@,w,zwdr} dz
R4 R4 d s

—|—/Rd<p(x) Uh r, X5 V) 0B ] da:—/Rdcp(a:) [/:Zﬁ’mdwy} da
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iii) For all ¢ € C2(RY), / o(z)Yede l? A (T, ).
Rd T

Theorem 7. Let u be the unique solution of (22). The couple of processes (Y%, Z1%),
t < s <7 defined by YI* = u(s,X®) and ZL* = Vu(s, XL%)o(XE7) satisfies the weak

BDSDE (42).

Proof. The proof of (ii) is the same as in Bally and Matoussi (2001), Theorem 3.1.
We check now iii). Let ¢ € C%(R?). Using a change of variable we obtain

2 2

B|[ @i~ Au(T.)| =B [ dilropulna)s - AudT..)
R4 Rd
< c(I1(r) + I2(7)) with
2
L(r)=E /Rdu(T, x) (Ye(m,x) — e (T, x)) dx| and

2

Iy(t)=E | (u(T, D = A (T )) | .
Since u is the unique solution of (22) it satisfies (37). So we can write

N(r) <EPu(r, )30 B [e(r,.) — (T, )iy,

< sup BZ|Ju(r, I 0, B [00(7,.) = vu(T, Mesap-

2

Since sup EY Z Dap(XET)J(XET) — Dup(XET) T (X5T) ?0, it follows that
v€RT o<al<k !

2
EW [e(T,.) — (T, .)|1€+27p TT—T>O )
and so I1 (1) — 0 as 7 T T'. Moreover using (31)

2
Iy(1) S EP|fu(7,.) = Alli 2, B [0e(T, )itz
2
SEP|lu(r, ) = MR ia, 9liia, -

and using (i7) of the definition 3 we get Io(7) — 0 as 7 T T, and #ii) follows.

O

A Appendix: A priori estimates for a class of BDSDEs

In this Appendix we prove a priori estimates for a class of BDSDE for which the coefficients
have linear growth with respect to y and z but the "constants" which control this growth are
random (and not bounded). Independently of our study of SPDE, this kind of estimation
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are of own interest and non-standard. That is the reason why they are presented here in the

following general framework. We consider a couple of adapted square integrable processes
(Ya, Zi)o<t<7 which verify the BDSDE

T T T
Y =& —|—/ F(s,w,Ys, Zs)ds +/ H(s,w,Ys,ZS)zi_BS —/ ZdWs . (A1)
t ¢ t

We do not bother about the existence and uniqueness of the solution of this equation: we
just consider a couple of processes which verify the equality, if any such couple exists.

A.1 [P—estimates for BDSDESs
We consider (Y3, Zi)o<i<r verifying (A.1). Our hypotheses are:
o Ll Fr,P)VO<t<T. (A.2)

e There are some non-negative adapted processes a, b, d: [0,T] x 2 — R*
and two real constants ¢ and e such that:

|F'(s,w,y,2)| < a(s,w) +b(s, w)y| + ¢l 2|
[H(s,w,y,2)] < d(s,w) +ely]

Eirp = (j; swds)2 —|—E(j; swgds)p<oo
(ft sw2ds) < 00

Lemma 6. Assume that (A.2) and (A.3) hold for some p > 1. Then there exists constant
Cp (which depends only on p and c) such that

(A.3)

T P
E[Y;[* +E </ |Zs|2d8> < Cp(ll&ll3h + E7p)
t
T 2p\ 2 T 2p\ 2
P P

+C, [e% + (E(ft |b(s, w)|2ds) ) } (E(ft |V, |2ds) ) . (A.4)

Moreover if the non-negative adapted process b(s,w) is bounded by a constant b, then
T P
ElY;|* + E </ |ZS|2ds> < M1, (A.5)
t

2 P h2pP 2p
with Mz, = C, (nm b+ E () als,w)ds) p+E(LTd(s,w)2ds)p>eT ey (#re)

The important point in (A.4) is that we may control the "strong" norm sup,¢(o 7 E|Y;|?
by the "weak" norm (E| fOT |Y,|2ds|?P)=. Note anyway that we are obliged to take a higher
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power inside the expectation in the "weak" norm and so we may not use the Gronwall’s
Lemma in order to eliminate Y in the right hand side of (A.4). Note also that (A.4) is

void of reason if E( fOT |Y,|?ds)? = +oo. But in our context, we are able to prove that this
quantity is finite for reasons which do not appear in a general framework.

Proof. Here C), is the generic notation for a constant which depends on p and may vary
from line to line. The dependence of ¢ of will be pointed out hereafter.

Proof of (A.4): We fix t < T and for s €]t,T] we define ®(s) := Y, + [;’Z,dW,. Using Itd’s
formula we get

T
E|$(T)[* = E|Y;[* + 2p(2p — 1)E / B(r) 2|2, [Pdr > E|Y;[?
t
We write the equation (A.1) in the form

T T T
o(T) :Y,g—i—/t ZsdW :&—i—/t F(s7w7YS,ZS)ds+/t H(s7w7YS,ZS)cﬁS .

Then E|Y;|?? < E|®(T)[*
p

T 2p T
<CpE|ft|2”+CpE</ |F(Saw,Ys,Zs>Id8> +CPE</ |H(Saw,n,zs)|2d8> ’
t t

and moreover, by (A.3) we get
2p

T
EY: | < Gy El&[* + C, E (/ (a(s,w) + b(s,w)|Ys| + CIZs|)dS>
t

+C,E (/tT (d(s,w) +eYS|)2ds>

T 2p
<CpEI&IPP+CpEirp+C, B </ b(s,w)|YS|ds>
t

T p T
+C, (T —t)PE </ |ZS|2ds> +C, eE (/ |Ys|2ds>
t t

Using the Cauchy-Schwartz inequality we have

T 2p a1 - 2\ 2
E(/ b(s,w)|YS|ds> <(E(ffb(s,w>2ds) ) E(/ |Ys|2ds> AT

p

P

(A.6)

|
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We denote
r,:= CP(H&ng + Et’T,p) +C, [eQP + (E(ftT |b(s,w)|2ds)2p) 2} (E(ftT |YS|2dS)2p)

Reporting (A.7) into (A.6), we get

[N

E|Y;[> <T,+C, ¢* —ME(/ |Z|ds> . (A.8)

Using Burkholder’s inequality and (A.1), we write

T p T
E(/ |Zs|2ds> <C,E / ZsdW
t t

T T -
=C,E §t—Yt—|—/ F(s,w,Ys,ZS)ds—&—/ H(s,w,Ys, Zs)dBg
t t

2p

2p

The same computations as before yields

</|Z|ds>p<CF+C’c —tp]E</|Z|ds>

Then we choose T — ¢ small enough in order to have C, ¢*? (T'—t)? < 1 and we obtain

T p
E(/ |Zs|2ds> <C, T,
t

We report the above estimation into (A.8) and we obtain E|Y;|?? < C, T, i.e. (A.4) for
T — t small. Extending this result to any arbitrary time interval implies that C, depends
on c.

Proof of (A.5):

Assume now that the process b is bounded by b. Then we do the same reasoning as above
except for the fact that in (A.7) we do no more use of Schwartz’s inequality but we dominate

directly
T ~ T p
E / b(s,w)Yods| < B2 (T — )’ < / |Ys|2ds> .
t t

The same computations as above permit to eliminate the term in Z and we obtain
2
E|Y;|*? < C (H&H —l—IE(ft a(s,w)ds) p—l—IE(j;t (s,w)%ds)")
— p
+Cy(e + B ( v, Pds )
T 2 T
C,,(Hftﬂgg —l—IE(ft a(&w)ds) p—l—IE(j; d(s7w)2ds)p)
+C, TP H(e? + B)E [ |V, [?Pds.

2p
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So we may use the Gronwall’s Lemma in order to get (A.5). O

A.2 A priori estimates for BDSDEs far from the final time

Note that in the evaluation (A.4) and (A.5), Hft||§§ appears. As we can see in the previous
sections, we use these evaluations in the case when & is a distribution and this is the
delicate point. The following lemma permits us to get round this difficulty. We prove that,
at least when we are far from 7', we obtain evaluations of the moments of Y and Z which
are independent of the final condition.

Lemma 7. Assume (A.2) and (A.3) for some p > 1. Then for any0 <t <7 <T
p
s 2d$) S CpEt,T,p + Cp |:€2p + ﬁ

B+ 2 ([
+ (BT Ws.oPas™) ] (BT vRa™) . (as)

In particular for any d >0 and t <T — 6

T-§ p
E|Y;t|2p +E / |ZS|2ds < CpErr—s/2,p
t

1
» T—5/2 2p) 2 T—5/2 2
+ Gyl + (BT bs, ) 2ds)™ ) | (OS2 v ds) ”) . (A10)
Proof. We take t < s < u < 7 and we write the BDSDE (A.1) between s and u
u U PR U
Y, =Y, +/ F(r,w,Yr,Zr)dr—k/ H(r,w,Y,, Z,)dB, —/ Z,dW, .

We will integrate between s and 7 with respect to u in the above equation. For this we use
the stochastic Fubini’s Theorem (see Protter (1995)) and we obtain

1 /(/ZTdWT)du: L /(/ZMu)dWT:/ZTT_TdWT.
T—38J4 s T—38J, - s T—S

In the same way, we apply Fubini’s Theorem to the other terms and get

[ =

F(r,w, Y., Z, )dr—|—/ (r,w,YT,ZT)ZZ—BT —/ —ZdW, .

(A.11)
Now on s and 7 are fixed. We denote
Y, =I=tY, | Z, =127, , &= | Yidu ,

ﬁ's(r,w,y,z) =I=F(rw, =y, =z2) , ﬁs(r,w,y,z) =T H(rw, I8y, I=22) .

T ’T— ry T—"T T—S ’ ‘r—ry’ T—"T
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With this notations (A.11) becomes (note that Y, = Y;)

z:g+/gm%ﬁjmhﬁ/mmMmzﬁa_/zmm. (A.12)

S

We moreover note that

a(r,w) + b(r,w)|Y,| + ¢|Z,| ,
< d(r,w) +€|Y;| and
El& 1 < L (B[] |Yu/?du)” .

(t—s)P
Since the evaluations which lead to (A.4) are uniform with respect to the time variable, the
same calculus for the equation (A.12) give (A.9).
Fix now 6 > 0 and take 7 = 7' — §/2. Since == > §/2 for t < r < T — §, we obtain

(A.10). O

A.3 Dependence of the solution of BDSDESs on a parameter
In this section we consider a couple of square integrable adapted processes (Y;?, Z¢ Jo<i<T
which solves
Ty Ty - Ty
Y =€+ | F(s,w,0,Y% 2%ds+ | H(s,w,0,Y?)dB, —/ Z%awy, . (A.13)
t t t

Here 6 is a parameter with values in a metric space (©,d) and § — Ty is a deterministic
function from © to [0,7]. We assume

(i) supE|g?? < o0 .
0co

(i4) There are some adapted processes a and d defined on [0,7] x Q x © and
b, ¢ and e defined on [0,7] x Q such that:

F(s,w,0,y,2) = a(s,w,0) + b(s,w)y + c(s,w)z

H(s,w,0,y) =d(s,w,0) +e(s,w)y

EiT.p i= SUDgee SUDse (o 7] E (la(s,w,0)[*? + |d(s, w, 0)|**) < oo
Sup,, SUP,¢(o, 7] (|b(s,w)| + |c(s,w)| + |e(s,w)]) =M < oo

(i) E( i a(s,w,0) — a(s, w, 0’)ds) T E( I d(s,w,0) — d(s,w, 9’)|2ds)p < Cd(9,0'y
(iv) B¢ —¢" [P < Cd(9,0')" .

Notice that the coefficient H does not depend on the variable z anymore.
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Lemma 8. Assume that (i), ..., (iv) hold for some p and assume also that
(v) supsup (IE|Y;9|4P + E|Zf|4p) <K <oo.
00 t<T
Then there exists a constant K, which depends on p, K, M such that
! T9 !’ p
ElY? Y |?? + E (/ |z — 78 |2ds> < K, (d(0,0') + [Ty — Ty |P) . (A.14)
t
Proof. Let 0,0 € ©. We suppose Ty < Ty and we denote
/ Tel / / Tel VAN ey Te, ’
T(6,0)=¢% — €% — F(s,Y?, 2%)ds — H(s,Y?)dB, +/ Z%aw, .
Ty Ty Ty
Thanks to (i7), (iv) and (v) it holds
E[Y(0,0)*" < C(d(0,0') +|To — Tor|?)
We write
! Te ! !
Y/ - =760 +/ (a(s,0) —a(s,0") +b(s) (Y = Y)) +e(s)(2{ — Z7))ds
t
To )y e— To ’
b [ (dls0) = d(s,0) + (o) = YO )B. - [ 20 - 2w
t t
=7(6,0")
T ’ ’
+ / Lit,1)(5) ((a(s,0) — a(s,8") +b(s)(YY = Y) +e(s)(Z] — Z7))ds
t
T ’ <
b [ L 6) (ls.0) = dls.8) + ()2~ Y)) B
t
T ’
— / 1[t7T9](3)(Zse — Zse )dWS .
t
Using (A.5) first and (iii) we get
, Ty , P 2ppp
BY Y[ +E ( |20z |2ds> < ¢, (170,013 + C do,0)7 )M "
t
and (A.14) follows. O
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B Appendix: Proof of Lemma 3

The aim of this section is to prove Lemma, 3, i.e. to evaluate the LP —norms of the Malliavin
derivatives of Y,;(l). There will be two specific difficulties in doing it. The first one is that
we want to obtain bounds which are independent of the final condition (which blows up in
our frame). The second one is that the coefficients of the equations of DngU (see (B.7)
below) have not linear growth but quadratic growth and so standard evaluations does not
work. We shall point out these difficulties in a precise way through our proof. The main
tools are the lemmas proved in the Appendix A.

We first notice that thanks to (10) and (12), for any 7 < T, there exists a constant C), € C,
such that

T p
sup E|Y |2 +E (/ |Zﬁ@|2dr) <Cp,,t<7,zcR? (B.1)
t<s<T t
T P
sup E|DgY P +E (/ |D9Zﬁ’r|2dr> <C,,t<0<71,zcR?. (B.2)
t<s<t t

Now we prove analogous estimations for the process (Y (1), Z(1)).
Step 1: We prove that for any 7 < T there exists C, € C, such that

T p
sup E|y(Dtz2 L | (/ |Zﬁ1)7t’z|2dr> <Cp,t<T,zeR?. (B.3)
t

t<s<t
Since Zt@ = YV 6(X1) we get that |Yi"""| < (sup,cpa |o(2)])|Z57| and using (B.1)
with 79 := (T + 7)/2 we obtain
To P
E (/ |YT(1)’t’x|2dr> <CEC, . (B.4)
t

We recall now the BDSDE (13) satisfied by the couple (Yr(l), Zr(l)) (in order to relieve the
reader of the notation we forget the superscripts ¢, z):

T T
YD = vg(xt) - / Z20aw, + / [fe(r, X0, Yo, Y,0) 4 F (1, X, Yy, Y, 0) Y0

s . _
+ F2(r, XT,K,,lﬁ,(l))Zﬁl)}dr+/ ha (7, X0, Yy) + hy(r, X, ;) Y, VdB, (B.5)
where F'(r, X,,Y,,Y,V) = Vb(X,) + f,(r, X,, Yy, Y,O) + fo(r, X, Y, Y, D)o (X,
and F2(r, X, Y, YV) = Vo' (X,) + £.(r. X, ¥, Y1)

Estimations like (B.3) for the BDSDE (B.5) are standard but we point out the fact that in
classical computations the final condition is involved and this is unsatisfactory in our frame.
So we use the Lemma 7 from the previous Appendix. The BDSDE (B.5) is linear in V(!
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and Z() with bounded coefficients. So the hypothesis (A.3) is verified. By (A.10) we have
forany § >0 and t < 79— §:

06 P 1/2
Emmﬁ“ﬂ‘:(/ IZS)IQdS) <o(e (5P mpa)) "
t

and by (B.4), the above quantity is bounded. We choose 6 = (7' — 7)/2 and (B.3) is proved.
Step 2: We prove that for any 7 < T there exists C,, € C; such that

T P
sup E|DgYV42)2P LR </ |DGZ§1>W|2dr> <Cp,t<O0<7,2cRY.  (B.6)
t

t<s<t

It is clear that if (B.6) is true, we obtain in particular (14) of Lemma 3. We first write the
equation satisfied by the Malliavin’s derivatives of the couple (Y (1), Z(1).

0
DYV :w(e)—/DGZS)dWT
9 S
+/ (YO)(r) +O(r, X, i, YV, ZN DY,V + F2(r, X, Y, YD) Dp 2 ) drr

+ / "WO)r) + 0,h(r, X, Vi) DoY) B, | (B.7)
where we denote:
@ () = ha(8, Xo. Yp) + hy(8, Xo, Yp) Yy "
YO)(r) = fay(r, Xp, Yy, YD) DoV, + FX(r, X, Yy, Y, V)Y, DyY,
+ F2(r, X, Y, Y1) 2V Dy,
V(o) (r) = hry(ra X, Y, ) DY, + hyy(T, Xr,Yr)(DgY})YT(l)
O(r, X, Yp, YV, ZW) = fo, (r, X, Y2, V) + FY (1, X, Y, V) + F) (r, X, Y, YY)
+F2(r, X, Y., Y,z
The important fact in this equation is that © is not bounded, so, in order to prove (B.6), we
have to apply (A.4) from Lemma 6. Let us check (A.2). In £ £ w(6) is involved only Y1),

Then (A.2) follows from (B.3). Using (B.2) and (B.3) we obtain that E([,” |[¥(6)(r)|?)? < C,
hence (A.3) is fulfilled.

We check now that for all 8, E( ;" Y(6)(r)dr)?* < C. Let us detail the most difficult term:

E( f] F2(r, Xf’vaYr(l))Zr(l)Dgiﬁ,dr)Qp
S E(ftT |FyQ(T7 XT; }/T; }/'r(l))DQ}/TPdr)p(j: |Z’£1)|2d,’q)P

< (B(J] 1F20 X0, Y0, YO ) DoY, [2ar) VB ( ] |Z£1>|2dr)2p)”2,
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We obtain the expected estimations using the boundedness of F2, (B.2) and (B.3).
It remains to evaluate ©. Clearly © is not bounded and that is why we obtain (A.4) but
not (A.5). As a consequence of (B.3) we have

E( [T 10(r, X, Yy, 287, 20 2dr)P < C, || V2 f + YV 4+ Vb+ 0o E(J |21 [2dr)?
<C.

So the hypotheses of Lemma 6 are satisfied and we may use (A.4) and we get
T p
sup E|DgYV|? +E (/ |Dgz,£1>|2dr) < C, (B(J |DoY, V) 2dry2p)/? .
t<s<t t
Since DyZL* = DgYs(l)’t’xa(XQz) and o is uniformly elliptic, we get that |D9Y5(1)7t’1| <
(1/€)|DgZ%*| (remind that € is the uniform ellipticity constant of o). We use moreover
(B.2) and this yields

T P
E (/ |D9YT<1>W|2dr) <C,,Vt <O<T,
t

and (B.6) is proved.

C Appendix: Proof of Lemma 4

Proof. The result will follows from the Lemma 8 from the Appendix A with
a(r,w) 20, b(r,w) = (X, Y0, Z,) c(r,w) = (X, Y, Z,)
d(r,w) £ 0, e(r,w) £ hy(X,,Y;) .

Then the equation (9) coincides with the equation (A.13). We check the hypotheses of
Lemma 8. Since h is bounded, (i) holds true. Moreover, b, ¢, and e are bounded and it only
remains to verify (iv) and (v).

It is well known that under our assumptions, we can find a constant C),, such that

E|Xs — Xo|?? < Cpls —s'|P Vs, s € [0,7],

and using classical estimation (see Pardoux and Peng (1994)), there exists C}, € C. such
that

T p
E|Y, - Yy |* +E (/ |Z, — ZT/|2dr) < Cpls —§'|P Vs, s" € [0,7] ,
0

so (iv) holds true.
Let us check (v). The first part of this condition, namely

sup supE|DpY | < K
0€(t, T) s<T
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comes from the estimation (12). Now we prove that

sup supE|DyZb%|"? < K .
0€(t,T] s<T

Since Z1* = Vu(s, X1*)o(X5") and o is bounded, this estimation will be true as soon as

sup supE|DgVu(s, X5%)|* < K, or equivalently
0€(t,T] s<T

sup_sup E[DpY 7| < K,
0e(t,T] s<T

which is exactly the estimation (14) of Lemma 3. Hence all the hypotheses of Lemma 8 and
the conclusion of this Lemma yields the expected result. O

References

Bally, V. and Matoussi, A. (2001) Weak solutions of SPDEs and Backward Doubly Stochas-
tic Differential Equations. J. Theoret. Probab. Vol. 14, No. 1, 125-164.

Barles, G. and Lesigne, E. (1997) SDE, BSDE and PDE. Pitman Res. Notes Math. Ser.,
364, 47-82, Longman, Harlow.

Brézis, H. (1996) Analyse Fonctionnelle. Masson.

Buckdahn, R. and Ma, Y. (2001) Stochastic viscosity solutions for nonlinear stochastic
partial differential equations. II. Stochastic Process. Appl. 93, no. 2, 205-228.

Buckdahn, R. and Ma, Y. (2002) Pathwise stochastic Taylor expansions and stochastic
viscosity solutions for fully nonlinear stochastic PDEs Ann. Probab. 30, no. 3, 1131-1171

Da Prato, G., Malliavin, P. and Nualart, D. (1992) Compact families of Wiener functionals.
C. R. Acad. Sci. Paris Sér. I Math. 315, 1287-1291.

Friedman, A. (1964) Partial Differential Equations of Parabolic Type. Prentice-Hall, En-
glewood Cliffs, NJ.

Tkeda, N. and Watanabe, S. (1990) Stochastic Differential Equations and Diffusion Pro-
cesses, second edition. North Holland.

Kunita, H. (1982) Stochastic differential equations and stochastic flow of diffeomorphisms.
Ecole d’été de probabilités de Saint-Flour, XII 1982, 143-303, Lecture Notes in Math. 1097,
Springer, Berlin, 1984.

Kusuoka, S. and Stroock, D.W. (1985) Applications of Malliavin calculus. II. J. Fac. Sci.
Univ. Tokyo TA, Math. 32, no. 1, 1-76.

RR n° 4805



48 Bally € Saussereau

Lions, P.-L. and Souganidis, P.E. (2000) Uniqueness of weak solutions of fully nonlinear
stochastic partial differential equations. C. R. Acad. Sci. Paris Sér. T Math. 331, no. 10,
783-790.

Nualart, D. (1996) The Malliavin Calculus and Related Topics. Springer Verlag.

Pa}rdoux, E. (1989) Filtrage non linéaire et équations auz dérivées partielles associées. Ecole
d’Eté de Probabilités de Saint-Flour XIX, 67-163, Lecture Notes in Math. 1464, Springer,
Berlin, 1991.

Pardoux, E. and Peng, S. (1994) Backward doubly SDEs and system of semilinear SPDEs.
Probab. Theory Related Fields 98, 209-227.

Protter, P. (1995) Stochastic Integration and Differential Equation, a New Approach. Appl.
Math. Springer-Verlag.

Rozovskii, B. L. (1990) Stochastic Evolution Systems. Linear Theory and Applications to
Non-linear Filtering. Kluwer Academic Press.

Zakai, M. (1985) The Malliavin calculus. Acta. Appl. Math. 3, 175-207.

INRIA



/<

Unité de recherche INRIA Rocquencourt
Domaine de Voluceau - Rocquencourt - BP 105 - 78153 Le Chesnay Cedex (France)

Unité de recherche INRIA Lorraine : LORIA, Technopdle de Nancy-Brabois - Campus scientifique
615, rue du Jardin Botanique - BP 101 - 54602 Villers-lés-Nancy Cedex (France)
Unité de recherche INRIA Rennes : IRISA, Campus universitaire de Beaulieu - 35042 Rennes Cedex (France)
Unité de recherche INRIA Rhone-Alpes : 655, avenue de I’Europe - 38330 Montbonnot-St-Martin (France)
Unité de recherche INRIA Sophia Antipolis : 2004, route des Lucioles - BP 93 - 06902 Sophia Antipolis Cedex (France)

Editeur
INRIA - Domaine de Voluceau - Rocquencourt, BP 105 - 78153 Le Chesnay Cedex (France)
http:/ /www.inria.fr

ISSN 0249-6399



