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] ^5_1`(a	b7cedgfh`�i5jlknmofqp[r,a�m�ptsumofq`(flvwkxmwfhptr
y a�vwzgvBmw_S`(aSv�{�p[`(s5jqa1|uaSv

}�~opx�?a1m4��knmo^u�
�4kts5sIpt~wm y a0~waY{�^5a1~�{�^5a�rI��b\�t�\��c��4s5~ofqj��x�t�[�	c�b\�7s�kx�[aSv

�����S�1�n�5�t�t��� a0s5~opn�ta�k�~oa1jlknmofq�[a�{1pt`(s�k[{
mwr�aSvov�{1~wfqmwaS~wfhptr$fqr � fha1r5aS~B�?dgpt Iptjha1�¡vws�k[{�a	¢�^5fl{�^$~oa1su�
~oaSvwa1r\m�v£k8r�kxmwi5~�kxj�a�|gmwaSr�vwfqp[r�px¤¥mw^�a�{�p[`(s�kt{�m¦a1`� La y5y fhr5�¡pt¤§vBp[ Lp[jqaS��vws�kt{1a

H1 fqr\mwp
L

2 ¨ knm¦mw^5ajha1�[a1j+pt¤�~�kxr y pt`©��a1j y vSª�] ^5aSr�¢�a0�[fq�[a�k8vBsIaS{1f«�L{0vBmokxmwaS`7aSr\m£px¤�mw^5flv£{1~wfqmwaS~wfhptr$¤¬pt~£~oktr y pt`©��a1j y v
vwptjhiumofqp[r�v£pt¤§vBaS`(f«�Gjqfhr5aYkx~0d\mwpu{�^�k[v?mofh{�}�kt~Bmofhktj�­¦fq®IaS~waSr[mofhktj�¯§°\i�knmofqp[r�v£¢�fqmw^±{�pga�²¡{1fqaSr[m�v� Lp[i5r y a y
fhr�kxr�kts5s5~opts5~oflknmwa	¢ k³ztª ´�fqr�ktjqjhz ¨ ¢�a0aS`(s5jqpnz$mw^�fhv£~waYvBi5jqm4mop¡{�ptrLv?mo~wi�{�m¦vwptjhiumwfhptr�v�¤¬pt~£vwa1`(fq�Mjhfqr�aSkx~dgmwpu{�^�ktvBmwfl{0}¥kx~wmwflkxj�­¦f«®µa1~oa1r\mwflkxj�¯§°\i�kxmwfhptr�v¦¢�f«mo^ y flv?mo~wfh 5iumofqp[r¶ktv£��r�ktj�{1ptr y f«mofqp[r+ª � a7ktjhvwp¡�[fq�[a
k¡s5~wp[ �kx �fqjhfhvBmwfl{0fhr\mwa1~os5~oa�m�knmwfhptr�pt¤¥mw^5flv�vBp[jqiumofqp[r�fhr�mwaS~w`8v¦px¤�· kt{�¸g¢�kt~ y ­¦pti5 �jqz�d\mopg{�^LktvBmwfl{�­£fq¤¹�
¤¬aS~waSr\mwflkxj'¯§°\i�kxmwfhptr�v�¤¬p[~w`�i5jhkxmwa y fhr�k�¢�aSkt¸¡vBaSr�vwatª
º�»\¼µ½o¾�¿ �nÀ��t� · kt{�¸g¢ kx~ y ­¦pti5 5jhzÁdu­£¯�v ¨ ��ktjqjhflk³�\fhrÁ{1ktjh{1i5jqiLv ¨ d\mwpu{�^�k[v?mofh{(sLkx~wmwflkxj y fq®µa1~oa1r\mwflkxjaY°\i�knmofqp[r�v ¨ � aSkt¸$vwptjhiumwfhptr�v ¨ � fha1r5aS~4{�^�kxp\v y aS{�p[`(sLp\vBfqmwfhptr

Â0ÃoÄMÅ³Æ?Ç4ÃoÄOÈÊÉ?Ë�ÌSÍYÎYÏÐÆBÉÑÄ�ÒµÓÔÃ�ËMËMÈ Õ³ÉwÃoÄOÈÊÖ
×\ØLÙ
Ú
Û§ÜBÚYÝnÙ
Ú
Û§ÜBÞYÝxÙ
Ú
Û�ß
ÚYÝxÙ
Ú
Û�Ú�àSÝxß
Þ
á�Ú
ÞYâ
∗ ã¬ä á ã¹å á+ÖSÉ?æ1Í³Æ?×³É?Ö
Í³ç¬ÄwÝ[Â0ÃoÄOÅYÕ	è³çÐÖ�ÏÐÆ?É?ÄBÝté'êoÄOÈÊÇ�ÆB×�Ä¥ÜBëYÝxì�Ö
Ç4Ã�ÈÊ×YÆ�í³Æ�îLÖ
ÓÊÍ³É?ÆwÃ�Í[Ýxé'ï,ÜBÚ
ÞYÝtà�ðYÜBÞ
ß ñgÆ§ÒµÅ³Æ?ËM×nÃ?òÉBÆ?í³ÆÑó8ôqõ�á å�ä Ò'öµ÷¬Ã�×³í ã¬ä á ã¹å á�Ö1É?æSÍ³Æ?×³É?Ö
Í³ç¬ÄBÝ�Â0ÃoÄMÅYÕ�è³çÐÖ�ÏÐÆBÉÑÄBÝ5é'êoÄOÈÊÇ�ÆB×�Ä�ÜBëYÝgì�Ö
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��� ����� � ��� r8`(ptr\mo~wa4i�r¡{�~of«mo_1~oa y a4~oa1jlknmofq�[a4{�pt`(s�k[{�fqm�� y kxr�v§j�� aSvws�kt{1a y a � fha1r�a1~w�Ñdgp[ Lp[jqaS��°\i5f
~oa1s�~��YvBaSr[moa§i5r�a�a1|\moa1r�vwfhptr�rLknmwi�~waSjqjha§sIpti5~�jhaSv�{�^�kt`7sLv�ktj��Yknmoptfh~waYv y i({�~of«mo_1~oa y � fhrn�?aS{�mwfhptr({�pt`(s�k[{
moa
y a�j�� aSvws�kt{1a y a0dupt Iptjha1�

H1 y ktr�v
L

2 ª � r y p[r5r5a0kxjhpt~�v�i5r5a�¤¬pt~o`(a	vws��S{�fq�L°\i5a y a�{1a	{1~wfqmw_S~wa�sIpti5~y aSv0{�^�kt`7sLv0kxj��Sknmoptfh~waYv	vBp[jqiumofqp[r�v y � ¯§­¦} d\mwpu{�^�k[v?mofh°\i5aYv y ptr\m0jqaYv0{�pga�²¡{1fqaSr[m�v0kxs5sLkx~wmwfha1r5r5aSr\m! 
i�r5a§{�aS~Bm�kxfhr5a�¤Ðkx`(fhjqjhatª � r0a1`(s5jhptfha���r�kxjha1`(aSr[m�{1a�~"�Svwi5j«m�knm+sIpti5~�{�ptrLv?mo~wi5fh~oa�jlk4vwptjhiumwfhptr y � i5r5a¥¯�­£}
dgmwpu{�^�ktvBmwfl°\i5a y p[r[m�jlk�{�p[r y fqmwfhptr±mwaS~w`(fhr�kxjha8aSvBm�i5r5a y fhvBmw~ofh 5iumwfhptr�ª � r `(ptr\mw~oa y a8s5jhi�v�°\i#� i5r5a
moa1jhjqa�vwptjhiumofqp[r�k7i5r5a0~oa1s�~��YvBaSr[m�knmofqp[r�s5~opt �kt 5fhjqflv?moa	s�kx~�i5r�a!$§°\i�knmofqp[r,­¦fq®��S~waSr[mofqaSjqjha�­¦pti5 5jha1`(aSr[m
dgmwpu{�^�ktvBmwfl°\i5a0�%��mo~wp[�t~�k y a£¤¬pt~o`�i5j��1a y ktr�v i5r�vwa1r�v�¤Ðktfq 5jha
& ¿ �Y� ½ ��' � �$�)( ktjh{1i5j y a��¶kxjhjqflk³�gfqr ¨ y �S{�p[`(sLp\vBfqmwfhptr�a1r�{�^�ktp[v y a � fha1r5aS~ ¨ ¯§­£}CvBmwpu{�^�k[v?mofh°\i5aYv ¨
�Y°\i�knmofqp[r�v y f«®*�1~oa1r\mofqaSjqjhaSv y pti5 5jha1`(aSr[m4vBmwpu{�^�k[v?mofh°\i5aYv ~��1mw~opt�t~�k y aSv ¨ vwptjhiumwfhptr�v�¤Ðktfq �jqaYv
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] ^�a�ktfq`�pt¤4mw^�fhv(s�ktsLaS~(fhv�mwp �[fq�[a$k*~waSjhkxmwfh�ta${1pt`(s�k[{
mwr�aSvov7{1~wfqmwaS~wfhptr ptr mo^5a � fqaSr5a1~w�?dgpt Iptjha1�
vws�k[{�a£¢�^�fh{�^�¢�fqjhjµ La	i�vwa y fhr¡mw^�a¦¤¬~�kx`(a�px¤�dgmwpu{�^�ktvBmwfl{¦}§­£¯�v1ª§� ~oa1jlknmofq�[a¦{�p[`(s�kt{�mwr5aYvwv�{�~of«moa1~ofqp[r
p[r¶mo^5a � fha1r5aS~�vBs�k[{�a(^�k[v0kxjh~waYk y z� Ia1aSr±�[fq�[a1r*fqrÁ­�k,}�~okxmwp.���/����0214365�5[��7£ �ium0mw^5flv�{1~wfqmwaS~wfhptr*fhv
r�pxm�kxs�s5~wp[s5~ofhkxmwa$¤¬pt~�dg}§­¦¯§v$ LaY{1kti�vBa,fqm¡mokt¸taYv8{1kx~oa,ptr5jhz pt¤¦mo^5a�i5r y a1~ojqzgfhr5�Á·�~opn¢�r5flkxr r5ptflvwa
ktr y r5pxm0ptr*mw^�a¡vBs�k[{�a7�nkx~ofhkt 5jqa[ª � r*mw^�a7ptmw^5aS~0^�kxr y {1jhk[vwvwfh{Skxj¥{�p[`(s�kt{�m�aS`� Ia y5y fhr5�,mo^5a1p[~waS`(v
~oa1s�~waYvBaSr[m�i�vBa1¤¬i5j mwpgp[jhv�¤¬pt~8{�p[r�vBmw~oi�{
mofqr5�±vBp[jqi5mwfhptr�v�px¤£}�­£¯§vSª ·�ium(px¤¦{1pti5~�vwa ¨ mw^�aSvwa�mo^5a1p[~waS`(vkt~wa y a1mwaS~w`(fhr5fhvBmwfl{�kxr y vwp y pÁr5ptm7m�kx¸[a�{1kx~oa,px¤¦mw^5a¶vBmwpu{�^�k[v?mofh{�s�kt~BmYªKdgpÁ¢�a�r5a1a y k±~oa1jlknmofq�[a
{1pt`(s�k[{
mwr�aSvov�{�~of«moa1~ofqp[r8¢�^5fl{�^ y aSktjhv�¢�f«mo^¡ Ipxmw^��³kt~wflkx �jqaYv¥fqr¡mw^5a�vwkt`7a4mwfh`7a[ª¥��pt~oa4s5~oaS{1fhvwa1jhz ¨ mw^5avwptjhiumofqp[r�px¤µk�dg}�­£¯±fhv¥k£~oktr y p[` ��a1j y

u(t, x, ω)
vBiL{�^�mw^Lknm�¤¬pt~�aSk[{�^0�5|ua y

t ¨ (x, ω) 7→ u(t, x, ω)
flv

ktr8a1jha1`(a1r\m§pt¤+vBp[`7a£dupt Iptjha1�(vBs�k[{�a ¨ ktv§k	¤¬i5r�{�mwfhptr8px¤ x ¨ ktr y px¤µmo^5a � fha1r5aS~�vws�kt{1a ¨ k[v§k�¤¬i5rL{
mwfhptrpt¤
ω
ª¥dgp0fq¤'ptr5a�{�p[r�vBmw~oi�{
m�v�mw^5a4vwptjhiumofqp[r7pt¤µk�du}§­£¯ÁiLvBfhr5��vwpt`(a4kxs5s�~wp³|ufh`(kxmwfhptr�s5~wpu{1a y i5~oa81Ðk[v¥f«m

flv�mw^�a4{1ktvwa fqr7mo^5a�s5~opt 5jha1` s�~waYvBaSr[moa y fqr7mo^5fhv�s�kxsIa1~�7 ¨ mw^5aSr7p[r5a ^�ktv¥k0vwaS°\i5aSr�{�a (un)n∈N

kxr y ptr5a
¢ kxr\m�v�mwp�p[ umoktfqr

u
ktv�mw^5a4jhfh`7fqm�pt¤µmw^5flv�vwaS°\i5aSr�{�a ¨ vok³z�fhr

L
2(O×Ω) ¨ ¢�fqmw^ O k0 Lp[i5r y a y8y pt`8ktfqr

fhr
R

d ª¥��pti��t^5jhz7vwsIaSkx¸gfhr5�0mo^5a y a1mwaS~w`(fhr5fhvBmwfl{£{1~wfqmwaS~wfhptr¡vok³zuv�mw^Lknm�fq¤+mo^5a y aS~wfh�nknmofq�[aSv§kt~wa£ Lp[i5r y a y
1¬¤¬pt~4k7 Ipti5r y a y vBaY°\i5a1r�{1a	px¤

L
2(O)

7 ¨ mw^�a1r�mw^5a�vwaS°\i5aSr�{�a	fhr,~waSjhkxmwfh�ta1jhz¡{�p[`(s�kt{�m4fqr
L

2(O)
ª§] ^5a

vBmwpu{�^�k[v?mofh{ {1~wfqmwaS~wfhptr8vok³zgv�mo^�knm�f«¤µmw^�a4��kxjhjqflk³�gfqr�� v y a1~ofq�nknmofq�[aSv¥kt~wa� Ipti5r y a y ¨ mw^5aSr(mw^5a¦vBaY°[i�a1r�{1a�fhv~oa1jlknmofq�[a1jhz7{1pt`(s�k[{
m§fhr¡mo^5a � fha1r5aS~�vws�k[{�atª:9Ñr8¤Ðk[{
m ¨ p[r5a£r�a1a y v§p[r5a£`(pt~oa£{1ptr y fqmwfhptr¡¤¬pt~�pt um�kxfhr5fqr��{1pt`(s�k[{
mwr�aSvov�ktr y ¢�a8{�p[`(a7 Lkt{�¸,¤¬i5~wmw^5aS~�ptr*mw^�fhv	sIptfhr\mSª � i5~�{�~ofqmwa1~ofhptr�m�kx¸[aSv0{1kt~wa7px¤� Lptmw^ fhr
mo^5a	vwkt`7a¦mwfh`(a ¨ ktr y fqm�moi5~or�v�ptium�mw^�kxm�fqm�fhv§mw^�a	kts5s5~opts5~oflknmwa4mwpgptjµfhr�pt~ y aS~§mop y aYkxjI¢�f«mo^$~�kxr y pt`�La1j y v1ª ] ^5a,kx �vBmw~�kt{�m�{�~ofqmwa1~ofhptrÁflv��[fq�[a1r fhr dgaY{
mofqp[rW��ktr y mw^�a1r fhr duaS{
mofqp[r ��¢�a$vwsIaS{�fq¤¬z mw^�fhv
{1~wfqmwaS~wfhptrÁfhr mo^5a,{1ktvwa�pt¤4¤Ðkx`(fhjqfhaSv�px¤�vBp[jqiumofqp[r�v�px¤�dg}�­£¯§vSª ´�fqrLkxjhjqzÁfhr dgaY{
mofqp[r b*¢�a�iLvBa�f«m(fhr
p[~ y a1~�mwp {�ptrLv?mo~wi�{�m(k vwptjhiumwfhptr ¤¬pt~8k dg}§­¦¯ ¢�fqmw^ k y fhvBmw~ofh 5iumwfhptr

Λ
ktv���r�ktj�{�ptr y f«mofqp[r+ªW] ^�fhv

vwfqmwi�kxmwfhptr `(k³zWkxs5sIaSkt~�¤¬p[~8a�|5kx`(s5jha,fqr mo^5a���j«moa1~ofqr��*mo^5a1p[~wz;1Ðvwa1a,}¥kx~ y ptiu|<14365[�)5=7 ¨ ��p)>Spn�uvB¸gfhf
1?365�5t��7@7	¢�^5aSr ptr5a y flvw{1i�vwv�mw^�aBAµkt¸nkDC£aY°\i�knmofqp[rÁpx¤4mo^5a${1ptr y fqmwfhptrLkxj�jhk³¢ y aSr�vBfqm?ztª � a$^�k³�[a8mwp
{1ptr�vwf y a1~�p[r5jhz�¢�aSkx¸7vBp[jqi5mwfhptr�v§px¤'pti5~�dg}§­¦¯ kxr y mo^5a1~oa£kt~wa m?¢�p0¢�k³zuv¥pt¤ y a���r�fqr5��vBi�{�^¡vwptjhiumofqp[r�v1ª
� r�ptr5a�^�kxr y ptr�a£`8k³z y a��Lr5a�vwptjhiumofqp[r�v§fhr��gflvw{1p[vwf«m?z8vwa1r�vwa¦ktr y mo^5a1~oa¦kt~wa�vBaS�taS~oktj�~oaS{�aSr\m�s�ktsLaS~ov
p[r¡mo^5fhv�vwi5 u�?aY{
mFE�G+fhptr�v kxr y dgp[i5�[ktr5f y fhv/1O�t�t�[��7 ¨ ·�i�{�¸ y kt^5r$ktr y ��k$1O�t�t�H3F7 ¨ ·�i�{�¸ y kt^5r$ktr y ��k
1M�x�[�[�)7�ª � rWmw^5a,pxmo^5a1~8^Lkxr y ptr5a�`8k³z {�p[r�vwf y aS~�mo^5a��nkx~ofhkxmwfhptr�ktj§¤¬p[~w`�i5jlknmwfhptrWpx¤0dg}§­¦¯§v¡kxr y
jhpgpt¸¶¤¬pt~�vwptjhiumofqp[rÁfqr vwpt`(a�dgp[ Lp[jqaS�±vws�k[{�aSv�kxr y mo^5flv�flv�mo^5a�kxs�s5~wp\kt{�^±mw^Lknm�¢�a�k y ptsumYªB9ÑrÁmw^5a
{Sktvwa�pt¤ y a1mwaS~w`(fhr5fhvBm�vBaS`(f«�Gjqfhr5aYkx~�}§­£¯�v ¨ mw^5flv�kxs�s5~wp\kt{�^�kts5sLaYkx~�v�fqr · kx~ojqaYv�ktr y G�aSvwfq�[r5aI14365�5=J)7
ktr y kx¤¹mwaS~w¢ kx~ y fqm�^�k[v� LaSa1r±a�|gmwaSr y a y mwp�d\mopg{�^LktvBmwfl{�}§­¦¯§v	fhr±· ktjqjhz�kxr y ��knmopti�vovwfK1M�x�t�H3F7�ª89Ñr
p[~ y a1~¦mwp�{�p[r�v?mo~wiL{
m�mw^5a¡vwptjhiumwfhptr ¨ ¢�a8kxs�s5~wp³|ufh`8knmwa�mw^5a y flvBmw~ofq 5i5mwfhptr± \z*k$vwaS°\i5aSr�{�a7px¤ vB`(pgpxmo^¤¬i�r�{
mofqp[r�v

(gn)n∈N

ktr y mo^5a1r�¢�a�i�vwa£mo^5a�~waSjhkxmwfh�ta¦{1pt`(s�k[{
mwr�aSvov�{1~wfqmwaS~wfhptr$fqr$pt~ y a1~�mwp7s5~opn�ta4mo^�knm
mo^5a�vBaY°\i5a1r�{1a px¤'vBp[jqiumofqp[r�v

(un)n∈N

pt¤�mw^�a4v?m�kxr y kt~ y dg}§­¦¯§v�¢�fqmw^7��rLkxj5{�p[r y fqmwfhptr
gn
flv�~waSjhkxmwfh�taSjqz

{1pt`(s�k[{
m ¨ kxr y vwp0mwp7pt um�kxfhr8mw^�a�vwptjhiumwfhptr${�pt~o~oaSvwsLp[r y fhr5�	mwp�mw^5a y flv?mo~wfh 5iumofqp[r�ktv§mw^�a¦jhfq`(fqm�pt¤+mw^�fhvvwaS°\i5aSr�{�a[ª � a¡kxjlvBp,s5~opn�ta(i5r5fl°\i5a1r�aSvov	px¤�mw^5a�vwptjhiumofqp[r* 5i5m�mw^5flv0aS`7s�jqpnz[a1aSv0k y �G^5pu{7kt~w�[i5`(a1r\mov
¢�^�fh{�^Ákx~oa(px¤�{�p[i5~ovwa(r5pxm�~oa1jlknmoa y mwp�~oa1jlknmofq�[a({1pt`(s�k[{
mwr�aSvov1ª¡´�fhr�kxjhjqz*¢�a(�[fq�[a�mo^5a¡s5~opt Lkx 5fhjqflvBmwfl{
fhr\mwaS~ws5~oa�m�knmofqp[r�px¤Imw^�a4vBp[jqiumofqp[r�fhr7mwaS~w`8v�px¤'· ­�d5­£¯§v�1Ð· kt{�¸g¢ kx~ y ­¦pti5 5jhz7dgmwpu{�^�ktvBmwfl{ ­£fq®µa1~oa1r\mwflkxj
¯�°[iLknmwfhptrLv+7§¤¬pt~o`�i�jhkxmwa y fhr,k7¢�aSkt¸�vBaSr�vwatª
G�a�m�i�v��[fq�[a§kxr�f y aYk4kx Ipti5m�mw^�a�kt �v?mo~ok[{
m�~oa1jlknmofq�[a�{�p[`7sLkt{
mor5aSvov�{1~wfqmwaS~wfhptr�ª � a�{�p[r�vwf y aS~�k£ Lp[i5r y a y
y pt`8kxfhr O pt¤

R
d ktr y ¢�a(ktvovBi5`(a�mw^�kxm un

fhv	`(aSk[vBi�~okt 5jqa ¨ x 7→ un(t, x, ω)
fhv	fhr

H1(O) ¨ dt ×

á�á ×�L�M�ð
Ú
Þ



b ����������� &���� �������@�����

dP− kxjh`(p[vBm�vBi5~oa1jhzWktr y ω 7→ un(t, x, ω)
flv¡fhr

D
1,2 1¬p[r5a�mwfh`(a y fq®µa1~oa1r\mwflkx 5jha�fhrC��kxjhjhfhk³�gfhr#� v

vwa1rLvBa
7
dt × dx− kxjh`7p\v?m7vBi5~oa1jhztª ] ^5aSr ¢�a�ktvovBi�`7a¡mw^5~oa1a�m?z\sIaSv�px¤�{�ptr y f«mofqp[r+ª*´�fh~ovBm�pt¤£kxjhj�¢�ak[vwvwi5`(a�mw^�kxm¥mw^5a4vwaS°\i5aSr�{�a

(un)n∈N

fhv¥ Ipti�r y a y fhr
L

2([0,T ]×Ω;H1(O))
ª¥] ^5flv¥flv�mw^5a4vBmwpu{�^�k[v?mofh{

�nkt~wflkxr\m�pt¤�mo^5a�v?m�kxr y kt~ y  Lp[i5r y a y r5aYvwv¥k[vwvwi5`(sumwfhptr�fqr
H1(O)

ª � a�{�p[r�vwf y aS~�mw^5aSr7k£mwaYv?m�¤¬i5r�{�mwfhptr
ϕ ∈ C∞

c (Rd)
¢�a y a1r5ptmwa

uϕ
n :=

∫

Rd ϕ(x)un(t, x, ω)dx
ktr y ¢�a¡ktvovBi5`(a(mo^�knm0¤¬p[~�aSk[{�^*��|ga y

ϕmo^5a�vBaY°\i5a1r�{1a
(uϕ

n)n∈N

flv( Ipti5r y a y fqr
L

2([0,T ];D1,2)
ª��4ptmwa�mw^Lknm(mw^5a�fhr\mwaS�t~�knmwfhptr kx�\kxfhr�v?m

ϕ^Lktv�k�~oa1�[i5jhkt~wf�>Skxmwfhptr8a1®IaY{
m�kxr y mw^5a0vwaS{�p[r y ^gzgsLptmw^5aYvBflv {�p[r�{�aS~wr�v�ptr�jqz(mo^5a�vBmwpu{�^�k[v?mofh{£ LaS^�k³�gfqp[~Sª
´�fhr�kxjhjhz ¨ mw^5a¡mw^5fh~ y ^\zgsIpxmo^5aSvwfhv�fhv7k
	£p[jq`(p[�tpt~opn�,m?zgsLa${�ptr y f«mofqp[rÁptr uϕ

n

ktr y mw^5aSfq~7��kxjhjhfhk³�gfhr#� v
y a1~ofq�nknmofq�[aSvSª � a y aSr5pxmoa

h = (h1, h2) ∈ [0,T ]× [0,T ]
kxr y ¢�a�k[vwvwi5`(a�mw^�kxm

∫ T

0

∣

∣Euϕ
n(t+h1, ω)−Euϕ

n(t, ω)
∣

∣

2
dt+

∫ T

0

∫ T

0

E
∣

∣Dθ+h2u
ϕ
n(t+h1, ω)−Dθu

ϕ
n(t, ω)

∣

∣

2
dtdθ −−−−→

|h|→0
0 ,

¢�^�a1~oa�mw^5a§¤¬i5r�{
mofqp[r�v�kt~wa�k[vwvwi5`(a y mop4 La�{�ptr\mofqrgi5a y  \z
0
pti5movwf y a

[0,T ]
ª��4r y a1~�mw^5aYvBaYv+^gzgsLptmw^5aYvBaYv ¨¢�a§s�~wpn�[a�mw^Lknm

(un)n∈N

fhv�~oa1jlknmwfh�taSjqz0{1pt`(s�kt{�m�fhr
L

2([0,T ]×O×Ω)
ª
�4ptmwa�mw^�kxm ¨ fq¤ un

y a1sIa1r y v�p[r
x
p[r5jqz ¨ pti5~ ^gzgsLptmw^5aYvBaYv�~wa y i�{�a¦mwp A)

ktr y mo^5flv fhv�mw^�a	vBmoktr y kt~ y {�pt`(s�k[{
m a1`� La y5y fhr5�(px¤
H1(O)fhr

L
2(O)

ª � r8mw^�a£pxmo^5a1~�^�kxr y ¨ fq¤ un
y a1sIa1r y v§p[r

t
ptr5jhz ¨ pti�~§^gzgsLptmw^5aYvBaYv�~oa y i�{1a�mwp C)

kxr y mw^5flv
flv§mw^5a	{�jlktvovBfl{1ktjL~oa1jlknmofq�[a£{�p[`(s�kt{�mwr5aYvwv�{�~of«moa1~ofqp[r8px¤�k� Lp[i5r y a y vwaS°\i5aSr�{�a¦px¤

L
2([0,T ])

ª�´�fhr�kxjhjhz ¨ f«¤
un

y a1sIa1r y v4ptr
ω ¨ k(~oa1jlknmofq�[a0{�pt`(s�k[{
mor5aSvov�{�~of«moa1~ofqp[r$pt¤�mo^5flv4¸gfqr y ^Lktv� Ia1aSr��tfh�ta1r� gz$­�k8}�~�knmop���K�D� 02143F5)5\�)7
ª

G�a�m�i�v�r5pn¢ vwa1a(mo^5a¡{�p[i5r\mwa1~os�kt~Bm0px¤�mw^�fhv�{1~wfqmwaS~wfhptr±fhr mw^5a(¤¬~�kx`(a8px¤4dg}§­¦¯§vSª � a�{�p[r�vwf y aS~	mw^5a
d5­£}�¯�v

u(t, x) = g(x) +

∫ T

t

Lu(s, x)ds+

∫ T

t

f(s, x, u(s, x),∇u(s, x)σ(x))ds

+

∫ T

t

h(s, x, u(s, x))
←−
dBs,

143F7

¢�^�a1~oa
u = (u1, . . . , uN ) ¨ ∇u y aSvwfq�[r�knmoaSv�mw^5a�`8knmw~ofq| pt¤���~�v?m(pt~ y a1~ y a1~ofh�³kxmwfh�taYv�¢�fqmw^ ~oaSvwsIaS{
mmop

x
kxr y Lu = (Lu1, . . . , LuN)

¢�fqmw^
L = 1

2

∑d
i,j=1(σσ

∗)i,j
∂2

∂xixj
+
∑d

i=1 bi(x)
∂

∂xi

ª�] ^5a
vBmwpu{�^�k[v?mofh{¡fqr\mwaS�t~�kxj�¢�f«mo^ ~oaSvwsLaY{
m�mwp�mo^5a,v?m�kxr y kt~ y ·�~opn¢�r5flkxrÁ`(pxmofqp[r

(B1
t , . . . , B

l
t)0≤t≤T

flv�k
 Lkt{�¸g¢�kt~ y vBmwpu{�^�ktvBmwfl{ fhr[moa1�[~oktj 1Ðvwa1a�		i�r5f«m�k 143F5t�\�)7�pt~§}�kt~ y ptiu|(kxr y }�a1r�� 143F5)5xb 7?7�ª�] ^5a�vBp[jqiumofqp[r
(t, x, ω) 7→ u(t, x, ω)

¢�fhjqj� La�k7~�kxr y pt`���aSj y FB
t,T−

`7aYktvwi5~�kx 5jha¦¢�fqmw^ FB
t,T = σ{BT −Bt; t ≤

s ≤ T} ∨ N 1 N flv£mw^5a7{�ptjhjhaS{
mofqp[r�px¤�r5aS�tjhfq�[fq �jqa�vwa�m�v£¢�fqmw^¶~waYvBsIaS{�m4mwp�mw^5a � fqaSr5a1~�`(aSktvwi5~oa
PBp[r�mo^5a�{1ktr5ptr�fh{Skxj'vBsLkt{�a

Ω2 = C0([0,T ];Rl)
7
ª

� i�~£kxfh`©flv mwp�s5~wpn�[a�mw^�kxm ¨ fq¤�mw^5a�{�pga�²¡{�fha1r\m�v σ ¨ b ¨ f ¨ g kxr y h kx~oa0 Lp[i5r y a y fqr�ktr�kxs5s5~opts�~wflknmoa¢ k³z ¨ mw^5aSr¡mo^5a�{1pt~o~waYvBsIptr y fqr���vBp[jqiumofqp[r�v�~oa1s�~waYvBaSr[m�k�~oa1jlknmwfh�ta¦{�pt`(s�k[{
m vBa1m�px¤+~�kxr y pt` ��a1j y vSª�dgp ¨�[fq�[a1r
L̄ ¨ ε ktr y ς > 0 ¨ ¢�a y a���r�a ΓL̄,ε,ς

mop( La	mo^5a�{�jlktvov�px¤¥{�pga�²¡{�fha1r\m�v
(b, σ, f, g, h)

vBi�{�^$mw^Lknm
��7 k=7

b ¨ σ ktr y mw^5aSfq~ y aS~wfh�nknmofq�[aSv i5s�mwp(p[~ y aS~��7kt~wa	 Ipti5r y a y  gz L̄ ª  7
σσ∗ ≥ εI

· 7
f ¨ h kxr y mw^5aSfq~ y aS~wfh�nknmofq�[aSv�px¤4��~�vBm(ktr y vwaS{1ptr y pt~ y a1~7¢�f«mo^ ~oaSvwsLaY{
m7mwp

x ¨ y kxr y z kt~wa Lp[i5r y a y  \z
L̄

ã¬ä á ã¹å
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( 7¡¤¬pt~�aS�ta1~oz
0 < t < T ¨ ‖PT−tg‖∞ ≤ L̄/(T − t)ς ª��£a1~oa ¨ Pt

fhv�mo^5a0vBaS`(fq�[~wp[i5s$k[vwvwpu{�flknmwa y mwp
L
ª

��pt~oa1pn�taS~ ¨ ¢�a y aSr5pxmoa	 \z UL̄,ε,ς

mw^5a0{1jhk[vwv�px¤�mw^5a�vwptjhiumofqp[r�v�px¤8143F7�¢�fqmw^,{�pga1²8{1fqaSr\mov
(b, σ, f, g, h)fhr

ΓL̄,ε,ς

ª�] ^�a1r�pti�~4~waYvBi�j«m*1OvBaSa�] ^5aSpt~oa1` � ¨ dgaY{
mofqp[r,�=7�vok³zgv�mo^�knm UL̄,ε,ς

flv4~oa1jlknmofq�[a1jhz${�p[`(s�kt{�m
fhr

L
2([0,τ ]×O × Ω) ¨ ¤¬p[~�a1�taS~wz τ > T

ktr y O ∈ R
d ª¥] ^5flv�fhv y ptr5a0fhr�] ^5a1p[~waS`-�5ª

] ^�a y f«²¡{�i�j«m4sIptfhr\m fhr�pti5~�] ^5aSpt~oa1`�flv�mw^�kxm�mo^5a	��r�ktj'{�ptr y f«mofqp[r$flv�kxjhjhpn¢�a y mwp( 5jhpn¢Ki5s,ktv
t ↑ Tktr y mw^�a1~oa�fhv$k vBfh�tr�f«�L{Skxr\m¡a�®µpt~wm�r5aSa y a y fqr=p[~ y a1~8mop ^�kxr y a1j£mw^5flv y fq²¡{�i5jqm?ztª � a¶r5ptmwa�mo^�knm

i�r y a1~¡mw^5a�i5r�f«¤¬p[~w` a1jhjqfhsumwfl{�fqm?zWk[vwvwi5`(sumofqp[r
A)b) ¨ mo^5a�vwa1`(fq�[~wp[i5s px¤�mw^5a y fq®µi�vBfhptr s5~opu{�aYvwv(pt¤fhru��r�f«moaSvwfq`8kxj¥�[a1r5aS~okxmwp[~£ptsIa1~�knmopt~

L
^Lktv	k$vw`(pgpxmw^ y a1rLvBfqm?z�kxr y mw^5a y aS~wfh�nknmofq�[a�pt¤�mw^5flv y aSr�vBfqm?z

`8k³z� Ia4{�p[r\mw~optjhjqa y ª�dgp	mo^5a�^gzgsLptmw^5aYvBflv
C)

ptr
PT−tg

¢�fqjhj5 Ia4�taS~wfq��a y ktv¥vwpgptr(ktv
g
flv� Lp[i5r y a y fqr

k y flv?mo~wfh 5iumofqp[r�vBaSr�vBa[ª¥] ^5fhv flv�mw^�a	vBmokt~Bmofqr���sIptfhr\m�mo^5a0~oaSvwi5j«m�s5~oaSvwa1r\moa y fhr�dgi5 �vwaS{�mwfhptr�b�ªÊ��¢�^�a1~oa
¢�a(kxs5s5~op³|ufq`8kxmwa0mo^5a y fhvBmw~ofh 5iumwfhptr* gz�k�vwaS°\i5a1rL{�a7px¤�vw`(p\ptmw^¶¤¬i5r�{
mofqp[r�v

(gn)n∈N

¢�^�fh{�^*¢�fqjhj¥ La
 Ipti�r y a y fhr�k y fhvBmw~ofq �iumwfhptr,vBaSr�vwa 1OvBaSa���a1`8kt~w¸��=7
ª

� � �������	��

��� ��������������������� ����
���� ��
���� 
�� " 
������ ��%µ&8�0)±����� �
�+�,�������

� a7s5~wpn�[a�fhr¶mo^5fhv0dgaY{
mofqp[r*k$~waSjhkxmwfh�ta�{1pt`(s�kt{�mwr5aYvwv�{�~ofqmwa1~ofhptr�¢�^5fl{�^¶¢�fhjhj�iLvBa�mw^5a � fha1r5aS~�{�^Lkxp[v
y aS{�p[`(sLp\vBfqmwfhptr+ª � a�fhr[mo~wp y iL{�a�vwpt`(a�r5ptmoknmofqp[r 1¹¤¬pt~¦`(pt~oa y a�m�kxfhjhv ¨ vwa1a �£i�kxjlkx~wm�143F5)5���7�pt~ Aµkx¸nkDC
1?365[�[�)7@7
ª G+a�m

(Ω,F ,P)
k	s5~opt Lkx 5fhjqfqm?z�vws�k[{�atª � a£{�p[r�vBf y aS~�kxr¡kx~o 5fqmw~�kx~oz�`(aSk[vBi5~oa y vws�kt{1a

(T,B,µ)ktr y ¢�a y a1r�pxmwa
H := L

2(T,B,µ))
ª¶] ^�a$vo{1kxjlkx~0s�~wp y i�{�m�ptr

H
fhv y a1r5ptmwa y  \z

< ., . >H
kxr y

‖h‖H
y aSr5pxmoaSv8mo^5a¶r�pt~o` pt¤0ktr=a1jha1`(a1r\m

h ∈ H
ª � a*{1ptr�vwf y a1~�k��	kxi�vovBflkxr=s�~wpu{�aYvwv¡ptr

H ¨
W = {W (h),h ∈ H} y a1��r5a y ptr (Ω,F ,P) ¨ fMª atª W fhv	k�{�a1r\moa1~oa y �	kti�vovBflkxr�¤Ðkt`(fqjhz�px¤�~oktr y pt`
�nkt~wflkx 5jhaSv$vBiL{�^Cmw^Lknm

E(W (h)W (g)) =< h,g >H
¤¬pt~,kxjhj

h, g ∈ H
ª-´�pt~�aSk[{�^

n ≥ 1 ¨ ¢�ay a1r5ptmwa Hn
mw^5a�{1jqp\vBa y jqfhr5aYkx~(vBi5 LvBs�k[{�a$px¤

L
2(Ω,F ,P)

1 � fha1r5aS~¡{�^�kxp\v�px¤¦pt~ y a1~
n

7��[a1r5aS~okxmwa y
 gzÁmo^5a�~�kxr y p[`��nkx~ofhkt 5jhaSv {Hn(W (h)),h ∈ H,‖h‖H = 1} ¢�^5aS~wa Hn

fhv(mo^5a
n− mw^��4aS~w`(fqmwasIptjhzgr5pt`(flkxjMª � a y aSr5pxmoa4 gz G mw^�a σ− ��a1j y �taSr5a1~�knmoa y  gz�mo^5a4~�kxr y p[` �nkx~oflkx 5jhaSv {W (h),h ∈ H} ª� a0^�k³�[a£mo^5a0pt~wmw^5p[�tp[r�kxj y aS{1pt`(sIp[vwf«mofqp[r

L
2(Ω,G,P) =

⊕∞
n=0Hn

ª � a y a1r�pxmwa
Im

mw^5a0`�i5j«mofqs�jqa
vBmwpu{�^�k[v?mofh{�fhr\mwa1�[~oktj ∫

Tmf(t1, . . . , tm)W (dt1) . . .W (dtm)
px¤¥k8vBzg`(`(a�mo~wfl{	a1jha1`(a1r\m�v�px¤

L
2(Tm)

ª
] ^�fhv	`�i5j«mofqs�jqa¡fhr\mwaS�t~�kxj�fhv0k,`8kts¶¤¬~opt` mo^5a�vwzg`7`(a1mw~ofh{7a1jha1`(aSr[m�v	px¤

L
2(Tm)

ptr\mwp�mw^�a � fqaSr5a1~
{�^Lkxp[v Hm

ktr y kxrgz¡vo°[iLkx~oa�fhr\mwaS�t~�kx 5jha¦~�kxr y pt`-�nkt~wflkx 5jha
F ∈ L

2(Ω,G,P)
{1ktr, La0a1|gsLkxr y a y fhr\mwp

k(vwa1~ofqaYv�px¤�`�i5jqmwfhs5jha�v?mopg{�^LktvBmwfl{¦fhr\mwaS�t~�kxjlv�E

F =

∞
∑

m=0

Im(fm) ,
1O�)7

¢�^�a1~oa
f0 = E(F ) ¨ I0 flv¡mo^5a¶f y a1r\mof«m?z `8kxs5s�fqr5�Wptr=mo^5a*{1ptr�vBmoktr\mov ¨ kxr y fm

kt~wa¶vwzg`(`7a1mw~ofh{
aSjqaS`(a1r\mov pt¤

L
2(Tm)

ª � a0~oaS{1ktjqjµmo^�knm

‖F‖22 =

∞
∑

m=0

m!‖fm‖2L2(Tm) .
1Ð��7

á�á ×�L�M�ð
Ú
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��
T = [0,T ] × {1, . . . , d} �����

µ
���H��� �+��� �H��� ��� ����� � �F(+����� �H�

� ���
� � �@� � 	�� ��� ����� � � 	 ������� � ���
� � �@� ���
1, . . . , d

� �������
H = L

2([0,T ] × {1, . . . , d},µ)
	2� 	2���D%

� ���
��� 	 � ���
L

2([0,T ];Rd)
����� {

W i(t) := W ([0,t]× {i}),0 ≤ t ≤ T ,1 ≤ i ≤ d
} 	2� � �����D���������

d− ��	�� ���H��	 ��� �D� � �@��
 �H	 ��� � ���
	 ����0�� � �����H����� ���@�������D����� �
h ∈ H ��
 � �)��� �D���

hi
t = h(t, i)

�D���

W (h) =
∑d

i=1

∫ T

0
hi

tdW
i
t

0"!��H� � � � � 	 ��� � �����F�#�H�
��� 	 � 	��H���$�D�+���
Im(fm)

�%�)�'& � �	�(���D� �*) �H�D�@� 	�� ����%
�)�@��(�� ��� ����� ��� ��	 �+
���������� �

fm

(

(t1,i1), . . . , (tm,im)
) �:�����I(+�/�#,����@���+���	������� � � � ��� 	������@�D���	�.-��$/10 �

	�� ���$�)�@��� ��2

Im(fm) = m!

d
∑

i1,...,im=1

∫ T

0

∫ tm

0

. . .

∫ t2

0

fm ((t1, i1), . . . , (tm, im)) dW i1
t1 . . . dW

im

tm
.

� a¡~oaS{1ktjqj¥ �~wfha�3�z±vBp[`(a(¤Ðkt{
m�v�{�p[r�{�aS~wr�fqr5��mo^5a���ktjqjhfhk³�gfhr y a1~ofq�nkxmwfh�ta(px¤�k�vw°\i�kt~wa(fhr\mwa1�[~okt 5jha
~�kxr y pt`;�nkx~ofhkt 5jqa

F : Ω 7→ R
fhr pti�~��taSr5a1~�kxj§¤¬~okt`(a1¢�pt~o¸Iª � a y a1r5ptmwa

C∞
p (Rn)

mw^5a,vwa�m�pt¤
fhru��r�f«moa1jhz y fq®µa1~oa1r\mwflkx 5jha(¤¬i5r�{�mwfhptr�v

f : R
n 7→ R

vwi�{�^±mw^�kxm
f
kxr y ktjqj�fqmov�s�kx~wmwflkxj y a1~ofq�nknmofq�[aSv

^Lk³�ta�sIptjhz\r�pt`(fhktj4�t~opn¢ mw^�ª<G�a�m S y a1r5ptmwa�mo^5a*{1jhk[vwv8pt¤ ��� �F�����Á~�kxr y pt`@�nkt~wflkx 5jhaSv
F
mo^�knm$fhv

F = f
(

W (h1), . . . ,W (hn)
) ¢�fqmw^

n ∈ N
¨ h1, . . . , hn ∈ H

ktr y
f ∈ C∞

p (Rn)
ª

] ^�a y a1~ofq�nkxmwfh�ta px¤µk0vB`(pgpxmo^�~�kxr y pt` �nkx~oflkx 5jha
F
flv�mw^5a4vBmwpu{�^�k[v?mofh{�s5~opu{�aYvwv {DtF ,t ∈ T} y a��Lr5a y gz

DtF =

n
∑

i=1

∂f

∂xi

(

W (h1), . . . ,W (hn)
)

hi(t) .

� a0¢�fhjqj y a1r5ptmwa
D

1,2 mw^�a y pt`8kxfhr,px¤ D fqr
L

2(Ω) ¨ fOª atª D
1,2 fhv�mw^5a�{1jqp\vBi�~wa	px¤ S ¢�fqmw^�~oaSvwsLaY{
m�mwpmo^5a0r5p[~w`

‖F‖21,2 = E|F |2 + E‖DF‖2
L2(T) .

G�a�m
F ∈ L

2(Ω)
^�k³�gfqr5��mw^5a y aY{�pt`(sIp[vwf«mofqp[r 1O��7�¢�f«mo^$vwz\`(`(a�mo~wfl{¦¸ta1~or5aSjhvSª�] ^�a1r

F ∈ D
1,2 fq¤�kxr yp[r5jhz¡f«¤ ∑∞

m=1mm!‖fm‖2L2(Tm) <∞
kxr y ¢�a0^�k³�ta

DtF =
∞
∑

i=1

mIm−1(fm(., t))
ktr y

E

∫

T

|DtF |2µ(dt) =
∞
∑

m=1

mm!‖fm‖2L2(Tm) .
1¬b=7

� a y a1r5ptmwa
Πk

mw^5a¦s5~opx�?aS{�mwfhptr8p[r(mw^5a
k− mw^ � fha1r5aS~ ( ^�ktp[v Hk

ª¥�£v�kxr8fh`7`(a y fhkxmwa�{�ptrLvBaY°[i�a1r�{1a
pt¤ 1¬b=7 ¨ ¢�a�^Lk³�ta

∥

∥

∥

∥

∥

F −
k
∑

m=0

ΠmF

∥

∥

∥

∥

∥

2

2

=
∑

m≥k+1

‖ΠmF‖22 =
∑

m≥k+1

m!‖fm‖2L2(Tm)

≤ 1

k

∑

m≥k+1

mm!‖fm‖2L2(Tm) ≤
1

k
‖F‖21,2.
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dup7¢�a	�ta1m�mw^5a	¤¬p[jqjhpn¢�fqr���aYv?mofq`8knmoa
∥

∥

∥

∥

∥

F −
k
∑

m=0

ΠmF

∥

∥

∥

∥

∥

2

≤ 1√
k
‖F‖1,2.

1O�)7

( p[r�vwf y aS~�r5pn¢ k(~�kxr y pt`��La1j y
v ∈ L

2(T × Ω ; H1(O))
¢�^5aS~wa O ⊂ R

d flv4k( Lp[i5r y a y,y pt`8kxfhr+ª] ^�a y aS{�p[`(sLp\vBfqmwfhptr�fqr � fha1r5aS~£{�^�ktp[v�px¤
v
fhv4�tfh�ta1r$ gz

v(t, x, ω) =

∞
∑

m=0

Im
(

fm
(

t, x, .)
)

(ω) .

� a y a1r5ptmwa
Ck

c (O)
mo^5a	{�jlktvov§pt¤

k− mwfh`(aSv y f«®µa1~oa1r\mofhkt 5jqa¦¤¬i5r�{�mwfhptr�v ktr y ^�k³�[a¦k�{1pt`(s�k[{
m�vwi5s5sIpt~wm
fhr�{1jqi y a y fhr O ª£´5p[~¦k8¤¬i�r�{
mofqptr ϕ ∈ C∞

c (O) ¨ ¢�a y a���r5a vϕ(t, ω) =

∫

O

ϕ(x)v(t, x, ω)dx
ª	] ^�a1r

mo^5a0¸taS~wr�a1jlv�pt¤�mo^5a � fha1r5aS~4{�^�kxp\v y aS{�p[`(sLp\vBfqmwfhptr�px¤
vϕ kt~wa

fm
ϕ (t, t1, . . . , tm) =

∫

O

ϕ(x)fm(t, x, t1, . . . , tm)dx .

��� »g¿ � » � ����� �D����	 �)���*� ���	) �H�������
(vn)n∈N

���
L

2(T× Ω ; H1(O))
�D��� � �F�����������������

���
sup
n∈N

E

∫

T

‖vn(t, ., ω)‖2H1(O) µ(dt) <∞

(�� � �D� �����
ϕ ∈ C∞

c (O)
�D���

t ∈ T
�
vϕ

n (t, .)
(���� ��� ���/���

D
1,2 �D���

sup
n∈N

∫

T

‖vϕ
n (t, .)‖2

D1,2 µ(dt) <

∞
��� � �D� �����

ϕ ∈ C∞
c

�
m ∈ N

� ���H� ���	) �H��� ��� (
fm

n,ϕ

)

n∈N

	2�/�+��� �D� 	������ � ������������� 	��
L

2(T×T
m)

0

��� !������@� ��,�	2��� �
a > 0

� �H�#�B���H���
sup
n∈N

E

∫

O

(∫

T

|vn(t, x)|2µ(dt)

)1+a

dx = K <∞ 0

!��H��� {vn;n ∈ N} 	2� �@�������
	��
��� � �������H�)��� 	��
L

2(T ×O × Ω)
0

- �(
 ��� �D�@����������� �F���������������D� �����*� ���
� � �@�
µ

	2� & �H	������ ���H���
d)

	2�*� ���D�����	) �H��� �������
a)

�D��� ���H�
���D� ������� ��� � ��	 ��� ���D� �
��0
� �@�6����0 � a y aSr5pxmoa

H1
0 (O)

flv�mw^5a�{1jqp\vBi5~oa	px¤
C1

c (O)
fhr
H1(O)

ª
	+� »�
 �L�7� a���~ovBm¦s�~wpn�[a¦mo^�knm	k¡vwaS°\i5a1rL{�a

(vn)n∈N

pt¤
L

2(T × Ω ; H1
0 (O))

¢�^5fl{�^�voknmwflvB��aSv4mw^5a
^gzgsIpxmw^�aSvwaSv

a) ¨ b) ktr y c) flv�~oa1jlknmofq�[a1jhz¡{�pt`(s�k[{
m�fhr L
2(T ×O × Ω)

ª
� a§iLvBa�mw^5a�vBsIaS{�mw~�kxj y aS{1pt`(sIp[vwf«mofqp[r�px¤umo^5aKG�kxs5jlkt{1fhktr0ptsIa1~�knmopt~FELmo^5a1~oa§a1|ufhvBmov

(en)n∈N

�4fhjh LaS~Bmofhktr
 Lktvwfhv�pt¤

L
2(O)

kxr y k	vwaS°\i5aSr�{�a
(λn)n∈N

pt¤I~oaSktjur\i�`� Ia1~�v¥¢�f«mo^
λn > 0

a1m
λn−−−−→

n→∞
∞ voknmofhvB¤¬zgfqr��

en ∈ H1
0 (O) ∩ C∞(O)

ktr y −∆en = λnen
ª���p[~waSpn�ta1~

(en/
√
λn)n∈N

fhv£kxr �4fhjh LaS~Bmofhktr� Lktvwfhv�pt¤
H1

0 (O)
¢�f«mo^�mw^5a�vo{1ktjhkt~�s�~wp y i�{�m y a��Lr5a y  gz

< f, g >:=

∫

O

∇f(x)∇g(x)dx . 1 ��7
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Ú
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� a y aS�ta1jhpts
vn
ktv kxr,a1jha1`(aSr[m�pt¤

L
2(O)

E

vn(t, x, ω) =

∞
∑

i=1

(

vn(t, ., ω), ei(.)
)

L2(O)
ei(x) ,

ktr y ¢�a§aS�³ktjqiLknmwa§mw^5a�~oaSvBm�px¤�mw^5flv�vBi5`,ª �£vwfqr5�¦mw^�a§¤Ðk[{
m�mo^�knm
en
flv�ktr�a1fh�taSr\�[aS{�mwpt~�px¤umo^5aKG�kxs5jlkt{1fhktr

p[sLaS~okxmwp[~ ktr y fqr\mwaS�t~�knmofqr5�7 gz¡s�kt~Bm�v ¢�a	�ta1m

E

∫

T

∥

∥

∥

∥

∥

∥

∑

i≥N

(

vn(t, ., ω), ei(.)
)

L2(O)
ei(x)

∥

∥

∥

∥

∥

∥

2

L2(O)

µ(dt) =
∑

i≥N

E

∫

T

(

vn(t, ., ω),ei

)2

L2(O)
µ(dt)

=
∑

i≥N

E

∫

T

1

λ2
i

(vn(t, ., ω),∆ei)
2
L2(O) µ(dt)

=
∑

i≥N

E

∫

T

1

λ2
i

(∇vn(t, ., ω),∇ei)
2
L2(O) µ(dt)

≤ 1

λN

∑

i≥N

E

∫

T

(

∇vn(t, ., ω),
∇ei√
λi

)2

L2(O)

µ(dt).

dufqr�{1a
(en/
√
λn)n∈N

flv	kxr �4fhjq Ia1~wmwflkxr* �ktvwfhv¦px¤
H1

0 (O)
¢�f«mo^�mo^5a8vw{Skxjlkx~£s�~wp y i�{�m 1 ��7¦kxr y i�vBfhr5�

a) ¨ ¢�a	`8k³z y p[`7fhr�kxmwa�mw^5a�kt Lpn�[a�vwa1~ofhaSv  gz¡`(aSktr�v px¤�mw^5a0aSfq�[a1rg�nkxjhi5aSv pt¤�mw^�a G�kxs�jhk[{�flkxr E

1

λN
E

∫

T

‖∇vn(t, ., ω)‖2
L2(O) µ(dt) ≤ C√

λN

.

dufqr�{1a§mo^5flv�a1�nkxjhi�knmofqp[r�flv�i5r5fq¤¬pt~o`�¢�f«mo^�~oaSvwsLaY{
m�mwp
n ¨ ¢�a�`8k³z0fh�tr5p[~wa§mw^5a ~oaSvBmov�kxr y vBp£mw^5a ~oa1jlknmofq�[a{1pt`(s�k[{
mwr�aSvov§pt¤'mw^5a0vwaS°\i5a1rL{�a

(vn)n∈N

fhr
L

2(T×O×Ω)
~wa y i�{1aSv§mwp�mw^5a�~waSjhkxmwfh�ta�{�pt`(s�k[{
mor5aSvov

pt¤�aYkt{�^±px¤ mw^�a¡vBaY°[i�a1r�{1aSv (
(vn(t, ., ω),ei)L2(O)

)

n∈N
, i ∈ N

¨ fhr mw^5a�vws�k[{�a
L

2(T × Ω)
ª�dgfqrL{�a

C∞
c (O) ⊂ L

2(O)
flv y aSr�vBa ¨ vBmoktr y kx~ y kx~o�ti5`(aSr[m�v�vw^5pn¢ mo^�knm�f«m�fhv�vBiu²¡{1fqaSr[m§mwp0s5~opn�ta mo^5a4~oa1jlknmwfh�ta{1pt`(s�k[{
mwr�aSvov�pt¤

vϕ
n (t, ω) = ((vn(t, ., ω),ϕ)L2(O) , n ∈ N

¤¬p[~�aSk[{�^
ϕ ∈ C∞

c (O)
ª

� a0r5pn¢ y a1�[a1jhpts
vϕ

n

fhr � fqaSr5a1~4{�^�ktp[v6E

vϕ
n (t, ω) =

∞
∑

m=0

Im
(

fm
n,ϕ(t, .)

)

(ω) ,

ktr y ¢�a	a1`(s5jhpnz 1M�)7 ktr y ^\zgsIpxmo^5aSvwfhv
b)
fhr,pt~ y a1~�mwp(mo~wi�r�{1kxmwa�mw^5flv4vwa1~ofqaYv knm4jha1�taSj

k
E

∫

T

∥

∥

∥

∥

∥

vϕ
n (t, ω)−

k
∑

m=0

Im
(

fm
n,ϕ(t, .)

)

(ω)

∥

∥

∥

∥

∥

L2(Ω)

µ(dt) ≤ 1√
k

∫

T

‖vϕ
n (t, .)‖2

D1,2 µ(dt) ≤ C√
k
.

�£pn¢Wfqm§flv§{1jqaYkx~¥mo^�knm�mo^5a4~oa1jlknmofq�[a {1pt`(s�k[{
mwr�aSvov¥px¤
(vϕ

n )n∈N

fhr
L

2(T×Ω)
~oa y i�{1aSv�mop0mw^�a4~waSjhkxmwfh�ta

{1pt`(s�k[{
mwr�aSvov�px¤�aSkt{�^$vBaY°[i�a1r�{1a (
Im
(

fm
n,ϕ(t, .)

)

(ω)
)

n∈N
, m ∈ N

¨ fhr
L

2(T×Ω)
ª 9Ñr��gfqaS¢=px¤+mo^5a
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flvwpt`(a�mo~wz0s5~optsIa1~wm?z ¨ mo^5flv�fhv�aY°[i�fq�nkxjha1r\m�mwp�mw^�a�~oa1jlknmofq�[a�{1pt`(s�k[{
mwr�aSvov�pt¤ (fm
n,ϕ)n∈N

fqr
L

2(T×T
m) ¨fMª atª�mwp7mo^5a0^gz\sIpxmo^5aSvwflv

c)
ª

	+� »�
�� � �4pn¢ ¨ ¢�a�vBi5s�sLp\vBa£mw^�kxm vn
 Ia1jhptr��[v¥mop

L
2(T×Ω ; H1(O))

¤¬pt~ kxrgz
n
kxr y ¢�a�vBi5s�sLp\vBa

^gzgsIpxmw^�aSvwaSv
a) ¨ b) ¨ c) kxr y d) ªG�a�m

(ϕk)k∈N

k$vwaS°\i5aSr�{�a7px¤
C∞

c (O)
vwi�{�^¶mw^�kxm

0 ≤ ϕk ≤ 1
kxr y ¤¬pt~0kxrgz

q ∈ N
mw^�fhv0vwaS°\i5aSr�{�a

{1ptrg�taS~w�[aSv�fhr
L

q(O)
mop

1O
1¬mw^5a¡fhr y fl{1kxmwp[~0¤¬i5r�{�mwfhptr pt¤ O 7
ª � a y a1��r5a

vn,k := ϕkvn
vBp�mo^�knm

vn,k ∈ H1
0 (O)

ª
´�pt~�aSk[{�^(�5|ua y

k ¨ mo^5a�vwaS°\i5aSr�{�a (vn,k)n∈N

fhv�fqr�mw^5a¦¤¬~�kx`(a£pt¤�kx Ipn�ta���~�vBm�vBmwa1s ¨ vwp�fqm fhv�~waSjhkxmwfh�taSjqz{1pt`(s�k[{
mSª � a*{�^5pgp\vBa�k vwi5 �vwaS°\i5aSr�{�a
(vnp,k)p∈N

vBi�{�^ mo^�knm�f«m$fhv$k {�p[r\�[a1~o�taSr[m¡vwaS°\i5aSr�{�a�pt¤
L

2(T ×O × Ω)
¤¬p[~4kxrgz

k ∈ N
ª§dgfhr�{1a

|vnr
(t, x) − vnr,k(t, x)| ≤ |1O(x) − ϕk(x)| × |vnr

(t, x)|,
¢�a	`8k³z¡i�vwa

d)
kxr y ���tj y a1~ � v fhr5aY°[iLkxjhf«m?z¡fhr�pt~ y a1~ mop7�[a�m

E

∫

T

‖(vnr,k − vnr
)(t, .)‖2

L2(O)µ(dt) ≤ E

∫

O

|1O(x)− ϕk(x)|2
∫

T

|vnr
(t, x)|2µ(dt) dx

≤ c
(∫

O

|1O(x) − ϕk(x)| 2(1+a)
a dx

)
a

1+a

× sup
r∈N

E

(

∫

O

[∫

T

|vnr
(t, x)|2µ(dt)

]1+a

dx

)
1

1+a

≤ c×K
(∫

O

|1O(x)− ϕk(x)|2× 1+a
a dx

)
a

1+a

.

dup7¢�a	^�k³�ta

sup
r∈N

E

∫

T

‖(vnr ,k − vnr
)(t, .)‖2

L2(O)µ(dt) −−−−−→
k→+∞

0 .

�¦vBfhr5� ‖vnp
− vnr

‖L2(T×O×Ω) ≤ ‖vnp
− vnp,k‖L2(T×O×Ω) +‖vnr,k− vnr

‖L2(T×O×Ω) +‖vnr,k−
vnp,k‖L2(T×O×Ω)

¨ mo^5a0~waYvBi�j«m ¤¬ptjhjhpn¢4v1ª
9G¤�¢�a�vwi5s5sIp[vwa(mw^�kxm�mw^�a¡`(aSktvwi5~oa

µ
fhv���r5fqmwa ¨ mo^5a1r mo^5a1~oa¡a�|uflv?m�v q > 2

vwi�{�^ mo^�knm ‖u‖Lq(O) ≤
c‖u‖H1(O)

ª � a�{�^5pgp[vwa
a := 1

2 (q − 2)
kxr y ¢�a0�ta1m

E

∫

O

(∫

T

|vn(t, x)|2dµ(t)

)1+a

dx ≤ µ(T)a
E

∫

T

∫

O

|vn(t, x)|2+2adxdµ(t)

≤ c µ(T)a
E

∫

T

‖vn(t, x)‖2H1(O)dµ(t) ≤ K .

� i5~�{�~of«moa1~ofqp[r±flv�vBmwfhjqj�fqr5��r5fqmwa� IaS{Skxi�vwa8¢�a¡vwk³z*r5pxmo^5fqr���kx Iptium�^�pn¢ mop�^�kxr y a1j¥mo^5a¡~oa1jlknmofq�[a
{1pt`(s�k[{
mwr�aSvov�ktvovBi5`(sumofqp[r

c)
ª 9Ñr,mw^5a�{1ktvwa0px¤¥k¡{1jhk[vwvwfh{Skxj

d− y fh`7aSr�vwfqp[r�kxj�·�~opn¢�r5flkxr�`7ptmwfhptr ¨ ¢�akt~wa4kt 5jha mwp��[fq�[a4k 	£p[jq`(p[�tpt~opn��m?zgsLa£{1~wfqmwaS~wfhptr�ª�] ^5a¦{�^�kxp\v�px¤'pt~ y a1~
m
¢�fhjqjLr5p�`(pt~oa4kxs5sIaSkt~§kxr y

¢�a	¢�fqjhj+kx �jqa	mop7�[fq�[a�k({1ptr y fqmwfhptr,fhrg�tptjh�gfqr���ptr�jqz8mo^5a	��~�v?m�p[~ y aS~4��kxjhjhfhk³�gfhr#� v y aS~wfh�nknmofq�[atª¥] ^5flv fhv
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¢�^Lknm�¢�a0kt~wa y p[fqr5�(r5pn¢0ª
� a y aYkxj+¢�fqmw^,mo^5a�{1k[vBa0pt¤

T := [0,T ]× {1, . . . , d} ¢�^�fh{�^�{�p[~w~oaSvwsIptr y mwp¡k8vBmoktr y kx~ y ·�~opn¢�r5flkxr`(ptmwfhptrÁfhr
R

d 1OvBaSa���aS`(kt~w¸ 3F7�ª¶´5p[~�kxrgz
f ∈ L

2((0,T )m)
ktr y

h = (h1, . . . , hm) ∈ R
m ¨ ¢�ay a1r5ptmwa

(τhf)(t) , f(t+ h) .
� a¡~oaS{1ktjqj�mo^�knm7k, Lp[i5r y a y vBaY°[i�a1r�{1a

(fn)n∈N

px¤
L

2((0,T )m)
flv0~oa1jlknmofq�[a1jhz¶{�p[`7sLkt{
m�fq¤ mw^5a

m?¢�p7¤¬ptjhjqpn¢�fhr5�({�p[r y fqmwfhptr�v ^5p[j y E

(Cm1)
´5pt~4ktrgz¡ptsIa1r�vwa�m T , (α1,β1)× . . .× (αm,βm)

¢�fqmw^
0 < αi < βi < T , 1 ≤ i ≤ m ¨

sup
n∈N

‖(τhfn)− fn‖2L2(T ) < C |h| , ∀h ∈ R
m ,max

i
|hi| < min

i
(αi,T − βi) ,

(Cm2)
´5pt~	kxrgz

ε > 0 ¨ mw^�a1~oa�a�|uflv?m�v¦ktr¶p[sLaSr¶vBa1m T , (α1,β1) × . . . × (αm,βm)
¢�fqmw^

0 < αi <
βi < T , 1 ≤ i ≤ m vwi�{�^$mw^�kxm

sup
n∈N

‖fn‖L2([0,T ]m\T ) < ε .

� a�{1ktr$r�pn¢ vBmoknmoa�mw^5a	¤¬p[jqjhpn¢�fqr��7�[a1~�vBfhptr$px¤�] ^5a1p[~waS` 3tª
��� »g¿ � » � � ��� ��� O (�� � (+� � �����#� ����� ��	�� ���

R
d �����I� ���

(vn)n∈N

(�� �$���	) �H��� ��� ���
L

2(T ×
Ω ; H1(O))

0�& �F�����������������

��� �
sup
n∈N

E

∫ T

0

‖vn(t, ., ω)‖2H1(O) dt <∞

��� � � �D�������
ϕ ∈ C∞

c (O)
�����

t ∈ [0,T ]
�
vϕ

n (t, .)
(���� ��� ��� ���

D
1,2 �����

sup
n∈N

∫ T

0

‖vϕ
n (t, .)‖2

D1,2 dt <

∞
��� � � �D�������

ϕ ∈ C∞
c

� ����� ���	) �H�����+�
(Evϕ

n )n∈N

���
L

2([0,T ])
�����
	2��& ���

(3i)
� �����D� �

0 < α < β < T
�D���

h ∈ R
� �H�#�B���H��� |h| < min(α, T − β)

� 	�� ���D� �
�

sup
n∈N

∫ β

α

|Evϕ
n (t+ h)− Evϕ

n (t)|2dt < C |h|

(3ii)
� �����D� �

ε > 0
� �������@�*�#,�	2��� �

0 < α < β < T
� �H�#�B���H���

sup
n∈N

∫

[0,T ]\(α,β)

|Evϕ
n (t)|2dt < ε.

��� � � �D�������
ϕ ∈ C∞

c

���H� ���D��� � 
 	�� �B�������D	�� 	 �D���*�D�@�8���D� 	2��& �	� 2
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	��
������������������������������	�������	 ���!	��#"$	 ��������%�&'�)(��������*�
�����+��� 3�3

� � 	 � � ��� �D� �
0 < α < β < T

�
0 < α′ < β′ < T

�����
h, h′ ∈ R

� �H�#� �����D� |h| ∨ |h′| <
min(α, α′, T − β, T − β′)

� 	�� ����� �
�

sup
n∈N

E

∫ β

α

∫ β′

α′

|Dθ+hv
ϕ
n (t+ h′)−Dθv

ϕ
n (t)|2dθdt < C (|h|+ |h′|)

� � 	�	 � � �����D� �
ε > 0

� �������@����,�	2��� �
0 < α < β < T

�D���
0 < α′ < β′ < T

� �H�#�B���H���

sup
n∈N

E

∫

[0,T ]2\(α,β)×(α′,β′)

|Dθv
ϕ
n (t)|2dθdt < ε.

!��H��� {vn;n ∈ N} 	2� �@�������
	��
��� � �������H�)��� 	��
L

2([0,T ]×O × Ω)
0

� �@�6����0 9Gm ptr�jqz8~oa1`8kxfhr�v§mwp7s5~opn�ta4mo^�knm ^gzgsLptmw^5aYvBaYv
(3)

kxr y
(4)

px¤�] ^�a1pt~oa1`-��fq`(s5jhz¡^gzgsLptmw^5aYvBflv
c)
pt¤�] ^5aSpt~oa1` 3[ª¥] ^�kxr5¸uv�mop(mw^5a0f y a1r\mof«m?z 1O��7 ¨ ¢�a	�[a�m

∑

m≥0

m!‖fm
n,ϕ‖L2([0,T ]×[0,T ]m) ≤ sup

n∈N

E

∫ T

0

‖vϕ
n (t, .)‖2

L2(O) dt <∞ .

dup�¤¬p[~4kxrgz¡p[~ y aS~
m ¨ mo^5a�vwaS°\i5a1rL{�aSv (fm

n,ϕ)n∈N

kx~oa� Lp[i5r y a y fhr
L

2([0,T ]× [0,T ]
m

)
ª

�£zgsLptmw^5aYvBflv
c)
pt¤¥] ^�a1pt~oa1` 3�fhv�mw~oi5a	¤¬pt~£mw^5a�{�^�ktp[v�pt¤�p[~ y a1~4�7mw^Lkxr5¸uv�mop

(3)
px¤¥] ^5a1p[~waS` �5ª 9Gm

~oa1`8ktfqr�v¦mop�{�^5aS{�¸,mo^�knm
(4i)

fh`(s5jhfqaYv	mw^5a¡{1ptr y f«mofqp[r
(Cm+11)

ktr y
(4ii)

fh`(s5jhfqaYv
(Cm+12)

ª G�a�m
T , (α0,β0) × (α1,β1) × . . . × (αm,βm)

vBiL{�^ mw^Lknm
0 < αi < βi < T , 0 ≤ i ≤ m ¨ kxr y

h = (h0, h1, . . . , hm) ∈ R
m+1 ª 9Gm4^5p[j y v

∥

∥(τhf
m
n,ϕ)− fm

n,ϕ

∥

∥

2

L2(T )

≤ C
m
∑

i=1

∫ β0

α0

∫ βi

αi

∥

∥fm
n,ϕ(t0 + h0, ., ti + hi, .)− fm

n,ϕ(t0, ., ti, .)
∥

∥

2

L2([0,T ]m−1)
dt0dti .

� a y aSr5pxmoa
α′ , min1≤i≤m αi

kxr y
β′ , max1≤i≤m βi

ª dgfhr�{1a�mw^�a�¸taS~wr5aSjhv8kt~wa�vwzg`(`7a1mw~ofh{
¤¬i�r�{
mofqp[r�v�¢�a�p[ umoktfqr

∥

∥(τhf
m
n,ϕ)− fm

n,ϕ

∥

∥

2

L2(T )
≤ C m

∫ β0

α0

∫ β′

α′

∥

∥fm
n,ϕ(t+ h0, θ + h1, .)− fm

n,ϕ(t, θ, .)
∥

∥

2

L2([0,T ]m−1)
dtdθ

= C m

∫ β0

α0

∫ β′

α′

E
∣

∣Im−1

(

fm
n,ϕ(t+ h0, θ + h1, .)− fm

n,ϕ(t, θ, .)
)∣

∣

2
dtdθ .
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�¦vBfhr5�±vBi�{S{�aYvwvwfq�[a1jhz¶mo^5a�p[~Bmo^5pt�[ptr�ktjqfqm?z¶pt¤�mw^5a�fqmwa1~�knmoa y `�i5jqmwfhs5jqa,vBmwpu{�^�ktvBmwfl{8fhr\mwa1�[~oktjhv ¨ 1¬b 7�kxr y
(4i)

¢�a���r�ktjqjhz��[a�m
∥

∥(τhf
m
n,ϕ)− fm

n,ϕ

∥

∥

2

L2(T )

≤ C E

∫ β0

α0

∫ β′

α′

∣

∣

∣

∣

∣

∣

∑

m′≥1

m′Im′−1

(

fm′

n,ϕ(t+ h0, θ + h1, .)− fm′

n,ϕ(t, θ, .)
)

∣

∣

∣

∣

∣

∣

2

dtdθ

= C

∫ β0

α0

∫ β′

α′

E|Dθ+h1v
ϕ
n (t+ h0)−Dθv

ϕ
n (t)|2dtdθ ≤ C(|h0|+ |h1|) ≤ C |h| .

�£pn¢K¢�a	s5~wpn�[a£mo^5a0s5~optsIa1~wm?z
(Cm+12)

ª G�a�m
ε > 0

ª � a�k[vwvwi5`(a
(4ii)

kxr y ¢�a0fqr\mw~op y i�{1a

T , (α,β)× (α′,β′)m ,

¢�^�a1~oa
α′ ktr y β′ kx~oa y a���r�a y kx Ipn�ta[ª ( jhaSkt~wjhz

[0,T ]
m+1 \ T ⊂

m−1
⋃

i=0

{(0,α) ∪ (β,T )} × [0,T ]
i × {(0,α′) ∪ (β′,T )} × [0,T ]

m−1−i
,

¢�fqmw^�mo^5a�{�p[r\�[a1r\mwfhptr�mw^�kxm
[0,T ]

0
, ∅ ª�] ^5a1r�f«m4^�ptj y v mw^Lknm

∫

[0,T ]m+1\T

|fm
n,ϕ(t0, t1, . . . , tm)|2dt0 . . . dtm

≤
m
∑

i=1

∫

{(0,α)∪(β,T )}×[0,T ]i×{(0,α′)∪(β′,T )}×[0,T ]m−1−i

|fm
n,ϕ(t0, t1, . . . , tm)|2dt0 . . . dtm .

�¦vBfhr5�7mw^�a�vwkt`7a0kt~w�[i5`(a1r\mov ktv�kt Lpn�[a ¨ ¢�a0pt um�kxfhr
∫

[0,T ]m+1\T

|fm
n,ϕ(t0, t1, . . . , tm)|2dt0 . . . dtm ≤ sup

n∈N

E

∫

[0,T ]2\(α,β)×(α′,β′)

|Dθv
ϕ
n (t)|2dθdt < ε ,

ktr y mw^5a0s5~optsIa1~wm?z
(Cm+12)

¤¬ptjhjhpn¢4v1ª

� � �����1�	��

��� �������,���§�e��������� ������.$��� �,����.�������������
������e���
&(:�>6AC�

9Ñr�mo^5fhv�vwaS{�mwfhptr ¨ ¢�a0kx~oa�fqr\mwaS~waYv?moa y fqr�mo^5a�vBaS`(fqjhfqr�aSkx~£du}§­£¯�v y aSr5pxmoa y  \z E(b, σ, f, g, h) E

u(t, x) = g(x) +

∫ T

t

Lu(s, x)ds+

∫ T

t

f(s, x, u(s, x),∇u(s, x)σ(x))ds

+

∫ T

t

h(s, x, u(s, x))
←−
dBs .
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�����+��� 3Y�

dua1a 1?3F7�¤¬p[~£s5~oaS{1fhvwfqp[r�v4kt Lp[ium4mw^�a�r5pxm�knmofqp[r�v1ª � a�vwi5s5sIp[vwa0mw^�kxm¦kxjhj+mo^5a�{1pga�²¡{�fha1r\mov£kx~oa�vB`(pgpxmo^
1ÐaSvovBaSr\mwflkxjhjqz= Ipti5r y a y kxr y mw^5~oa1a*mwfh`(aSv y fq®µa1~oa1r\mwflkx 5jha±¢�f«mo^  Ipti5r y a y y a1~ofh�³kxmwfh�taYv+7 ¨ mo^5a1r mw^5adu}§­£¯ E(b, σ, f, g, h) ^�ktv4k7i5r�fh°\i5a�vwptjhiumwfhptr u ∈ C0,2([0,T ]× R

d)
¢�^�fh{�^�fhv FB

t,T−
`(aYktvwi5~okt 5jha

¤¬p[~¥kxrgz
t ≤ T 1Ðvwa1a�}¥kx~ y pti5|0ktr y }�aSr5� 14365�5xb 7?7
ª � a fhr[mo~wp y iL{�a�mw^5a s5~opt �kt 5fhjqflv?mofh{� �k[{�¸\�[~wp[i5r y k[v?�

vwpu{�flknmoa y mwp	mo^5a y fq®µa1~oa1r\mwflkxj5p[sLaS~okxmwp[~
L
ª�´5pt~§aSkt{�^

(t, x) ∈ [0,T ]×R
d ¨ ¢�a4{�ptrLvBf y a1~�mw^5a y f«®µi�vwfqp[rs�~wpu{�aYvwv

(Xt,x
s )t≤s≤T

vBp[jqiumofqp[r$pt¤�mo^5a�v?mopu{�^�ktvBmwfl{ y f«®µa1~oa1r\mofhktj'aS°\i�knmofqp[r!1Ðfqr�vw^5pt~wm£du­¦¯ 7�E
{

dXt,x
s = b(Xt,x

s )ds+ σ(Xt,x
s )dWs , t≤s≤T

Xt,x
t = x.

�£a1~oa ¨ {W i
t ,0 ≤ t ≤ T ,1 ≤ i ≤ m} flv0k�vBmoktr y kx~ y ·�~opn¢�r5flkxr�`(pxmofqp[r y a1��r5a y ptr*f«m�v	{1kxr�ptr5fl{1ktjvws�k[{�a

Ω1 = C0([0,T ];Rm)
ª�] ^5a y f«®µi�vwfqp[r�s5~opu{�aYvwv�fhv�k£�¶kx~o¸tpn�£s�~wpu{�aYvwv�kxr y

L
flv�fqmov�fhru��r5fqmwaYvBfh`8kxj

�[a1r5aS~okxmwp[~Sª¶´�pt~7kxrgz
x ∈ R

d ¨ mo^5fhv(��kt~w¸[pn�¶s5~opu{�aYvwv�v?m�kx~wmwfhr5��¤¬~opt` x
�[a1r5aS~okxmwaYv�k¶vwa1`(fq�M�[~wp[i5s

y a1r5ptmwa y  gz
(P x

t )t∈[0,T ]
ª

� a y a1r5ptmwa
Ck

b (Rp ; Rq)
mo^5aÁvBa1m�pt¤�¤¬i5r�{�mwfhptr�v,pt¤�{�jlktvov

Ck ¤¬~opt`
R

p fhr[mop
R

q ¢�^5p\vBa±s�kx~wmwflkxj
y a1~ofq�nknmofq�[aSv£px¤§p[~ y aS~£jhaSvov4mo^�kxr*pt~¦aS°\i�kxj�mop

k
kt~wa� Lp[i5r y a y 1Ðktr y ^�a1r�{�a�mw^5a�¤¬i5r�{�mwfhptr*f«m�vBaSj«¤�^�ktv

jhfhr5aSkt~��t~opn¢ mw^ 7�ª � a0fqr\mo~wp y i�{1a�mw^5a	¤¬p[jqjhpn¢�fqr��(vwa�m�pt¤�{1p\a1²¡{�fha1r\mov6E
��»������ � �Ð¿�� ����� 	��
���

L̄ > 0 , ε > 0 , ς > 0
� 
 � ����� �����D� ����������� �������F�
	 ��	 ��� � �

(b, σ, f, g, h)(���� ��� ���8���
ΓL̄,ε,ς

	 ��2

� b
� �@���
�'0

σ
� ���+���

R
d ���

R
d

� �+���
�'0����
R

d×m �����@� (���� ���)�	��( �
L̄

����� � �
	�� ���.��	 �����@���H�
	 �)(�� �

 	���� (���� ���)�	� ������	������
	��
��� � �*�=��	�� ( �

L̄
�)0

σ
	 � � �H	 ���D���*��� ����� 	 � �
	 � �K���H��� 	2�

σσ∗ ≥ εId
0

f
���@���

[0,T ]× R
d × R

N × R
N×m ���

R
N �D���

h
���@�D�

[0,T ]× R
d × R

N ���
R

N �����
	2��� �
	 � ���D�$�D� �

s ∈ [0,T ]
�

(x, y, z) 7→
(

f(s, x, y, z),h(s, x, y)
) 	2� ���$�����
���

C3
b

����� �D��� �����
������	������
	��������D�@��(+� � �����#� ( �

L̄
���

[0,T ]× R
d × R

N × R
N×m 0

	�	 �
sup
s,x,z
|f(s, x, y, z)| ≤ L̄(1 + |y|)

	�	�	 �
sup
s,x,y
|h(s, x, y)| ≤ L̄

� g
���+���

R
d ���

R
N 	2� ��� 	���& � 	������ � �D	 �����+��� � 	 ��(�� � � � �����
	 ��� � �H�	� �����D���������@�$��,�	2��� �

ς > 0� �H�#�B���H������������� �
t < T

2

	�� �
sup
x∈Rd

∣

∣

(

PT−tg
)

(x)
∣

∣ ≤ L̄

(T − t)ς

0

�$» � �u��� � � "�� �@��������� ���H���%
 � 
 	���� � ��� ��� 	2� �@��� � � �/	�� ��������� ���!�����H���
� �H���/����� ������� � 	 �D� ��� �
& ��
�� 
 	���� � �������H���@�	� ��	2���
��	 ( � �
	 ���.����& ����� ���D����	��
	 ����0 !������

g

 	���� (����@�$� � ������	��F���
	 ���.������� 	2�

�D	2��� ��	 ( � � 	 �D� ����� ���
PT−tg

��,���� ������� �
�
t ↑ T 0 !��H� �
�����	�I������� 	2� �#,�� � ����	 ��� 	2�%�)	������ ( �

ς
�D���

	�� 
 	���� �����H�����$���8������������������� ����� ��	2��� ��	 ( � �
	 ��� 0 !�� 	2� 
 	���� (�� � �@����	2���*	��I����� �D��
��������@����������� 	��
&'�����
	 ��� � 0
� � � 
 ����� 	 �

g
	2��(+� � �����#� � �������

iv)
	2�8�
��	��6	 �D��� � �
� �H�(
 	����

ς = 0
0
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] ^5a0`8ktfqr�~waYvBi�j«m4pt¤�mw^�fhv4vwaS{�mwfhptr�fhv�mw^5a	¤¬p[jqjhpn¢�fqr��7] ^5aSpt~oa1`,ª
��� »g¿ � » ��� � " � ����������� ( � UL̄,ε,ς

����� ����� ��� ����� ���H� ������� � 	 �D��� ��� ����� & ��
�� � E(b, σ, f, g, h)
 	����I���������6� 	 ��	 ���H� �
b, σ, f, g, h

	��
ΓL̄,ε,ς

0
!��H��� UL̄

	2� �@��� �D� 	��������$������������� 	��
L2(O × [0,τ ] × Ω2)

�����D�*��� �
τ < T

�����I�D� � �+�H��� (�� � ���)�	�
� �H(������ O ���

R
d 0

9Ñr±pt~ y a1~£mwp�s5~opn�ta0mo^5fhv0] ^�a1pt~oa1` ¨ ¢�a�¢�fhjqj�i�vwa�mw^5a(] ^5a1p[~waS`��uª�dgp�¢�a7^�k³�[a0mwp,vB^�pn¢ vBp[`(a
k,s�~wfhpt~of�aSvBmwfh`8knmoaSv	¤¬p[~0mw^5a�vBp[jqi5mwfhptr px¤�mw^5a,dg}§­¦¯§v E(b, σ, f, g, h) ª,´5p[~�mw^Lknm�vokx¸[a ¨ ¢�a8`8kxfhr5jhziLvBa�mw^�a,vBmwpu{�^�k[v?mofh{$~oa1s5~oaSvwa1r\mokxmwfhptr pt¤	dg}�­£¯§v¡fqrWmwaS~w`�pt¤�· ­	du­£¯�v�E,¤¬p[~�mo^5a�{1k[vBa�px¤	vB`(pgpxmo^
{1pga�²¡{�fha1r\mov¦vBaSa�}¥kx~ y p[iu|�ktr y }�a1r5� 14365�5xb 7 ¨ kxr y vwa1a7·�ktjqjhz,kxr y ��kxmwp[i�vwvwf 1M�x�[��3F7 ¤¬pt~�G�fqsLvw{�^5fqm@>
{1ptr\mwfhrgi5ptiLv�{1pga�²¡{�fha1r\movSª
G�a�m

( Ω, F , P )
 Ia mw^�a {Skxr5p[r5fl{1kxjgs5~opt Lkx 5fhjqfqm?z0vBsLkt{�a ktvovwpg{1fhkxmwa y ¢�fqmw^�mw^5a m?¢�p¦`�iumwiLkxjhjqz�fhr y aSsLaSru�

y a1r\m£v?m�kxr y kx~ y ·�~opn¢�r5fhktr�`(pxmofqp[r�v {W i
t ,0 ≤ t ≤ T ,1 ≤ i ≤ m} kxr y {Bi

t ,0 ≤ t ≤ T ,1 ≤ i ≤ l}
ª

] ^�a
m× l− y fh`7aSr�vwfqp[r�kxj � fha1r5aS~4`(aSktvwi5~oa	fhv y a1r5ptmwa y  gz P kxr y,y a1��r5a y p[r

Ω = Ω1 × Ω2
kxr y

F flv�mw^5a�{1pt`(s5jha�mofqp[r�¢�fqmw^,~waYvBsIaS{�m�mop
P
px¤�mw^5a0·�pt~oa1j

σ− ��aSj y �taSr5a1~�knmoa y  gz8mo^5a	s5~wpt�?aS{�mwfhptr�vSª:9G¤
¢�a y a1r�pxmwa

PW kxr y
PB mw^�a � fqaSr5a1~0`(aSk[vBi�~waYv�k[vwvwpu{�flknmoa y ~oaSvwsIaS{
mofq�[a1jhz�mwp

W
kxr y

B
vBp�mo^�knm

dP (ω1, ω2) = dPW (ω1)⊗dPB(ω2).
´5pt~

0 ≤ t ≤ r ≤ T ¢�a y a1��r5a FW
t,r = σ{Ws−Wt; t ≤ s ≤

r} ∨N ¢�^5a1~oa N fhv�mo^5a0{�p[jqjhaS{�mwfhptr�pt¤
P− r5a1�[jqfh�tfh 5jha�vwa�m�v1ª¥´�pt~ t ∈ [0,T ]

¢�a�jqa1m Ft = FW
t ∨FB

t,T1Ðr5pxmofh{1a7mw^�kxm
(Ft)0≤t≤T

flv	r5ptm0k$��jqmw~�knmofqp[r 7
ª(´5p[~�kxrgz
r ∈ N

¨ ¢�a y a1r5ptmwa M2(0,T ;Rr)
mw^5a¡vwa�m

pt¤
r− y fq`(aSr�vBfhptrLkxjµ~oktr y p[` s�~wpu{�aYvwvwaSv {ϕt;t ∈ [0,T ]} ¢�^5fh{�^�vwkxmwflv?¤¬z�E

E
∫ T

0
|ϕt|2dt <∞

ktr y
ϕt
fhv

Ft
`7aYktvwi5~�kx 5jha£¤¬p[~£k5ª atª

t ∈ [0,T ]
ª

] ^�a¦¤¬p[jqjhpn¢�fhr5�8] ^5a1p[~waS`-fhv s�~wpn�[a y fhr,}¥kx~ y ptiu|�ktr y }�a1r5�B143F5)5tb=7
ª
��� »g¿ � » ��� � & �F�)�H�
���*�������

σ
�
b
�
f
�
h

�����
g

���@�
C3

b

0 � ���
x∈R

d �D���
t∈ [0,T ]

(+��& , �	�)0�!������
����� � 
8& 
 �

Y t,x
s = g(Xt,x

T ) +

∫ T

s

f(Xt,x
r , Y t,x

r , Zt,x
r )dr +

∫ T

s

h(Xt,x
r , Y t,x

r )
←−
dBr −

∫ T

s

Zt,x
r dWr t ≤ s ≤ T

1
JD7

�H�
� � � �H	 ) �H������� � �
	 ��� {(Y t,x
s , Zt,x

s ),t ≤ s ≤ T} � �H�#� �����D�
E supt≤s≤T |Y t,x

s |2 <∞
�����

Zt,x
. ∈

M2(t, T ; RN×m)
0

� �D�@���������	� 	 � 
 ����� & � �
u(t, x) := Y t,x

t

� �������
u ∈ C0,2([0,T ]× R

d)
�����

u
����� �����8�������	) �H�D� 	 �D�

u(t, x) = g(x)+

∫ T

t

{Lu(s, x) + f(s, x, u(s, x),∇u(s, x)σ(x))}ds +

∫ T

t

h(s, x, u(s, x))
←−
dBs.

1Ð��7

� �D�H����������� ���*	 �
u ∈ C0,2([0,T ] × R

d)
����� �����$����� �	) �H���
	 ��� 1Ð��7 ��������� ����� �����F� ��� ����� �+�6�����+�����

(Y t,x
s ,Zt,x

s ) := (u(s,Xt,x
s ),∇u(s,Xt,x

s )σ(Xt,x
s ))

����� �����8����� � 
 & 
�� 1
J)760
�£pxmwfl{�a�mo^�knm8mo^5a1~oa�kx~oa�m?¢�p*fhr y aSsLaSr y aSr[m�·�~opn¢�r5flkxr `(pxmofqp[r�v8{�p[`(fqr5�±ptr<E�mw^5a�·�~opn¢�r5flkxr

`(ptmwfhptr
B
¢�^5fl{�^Á~oa1s5~oaSvwa1r\m0mw^�a�r5p[fhvwa8fqr mw^5a$dgmwpu{�^�ktvBmwfl{8}§­¦¯ ktr y mw^�a�·�~wpn¢�r5flkxr `(pxmofqp[r

W

ã¬ä á ã¹å
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	��
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�����+��� 3³�

¢�^�fh{�^ flv8i�vwa y fhr=pt~ y a1~(mopÁ~waSs5~waYvBaSr\m( gzW`7aYkxr�v¡px¤ y fq®Ii�vwfhptr s5~opg{1aSvov(mw^�a�ptsIa1~�knmwp[~
L
¢�^5fl{�^

kts5sIaSkx~�v(fhr mw^5a*dgmwpu{�^�ktvBmwfl{,}§­¦¯4ª � a�¢�fhjhj4i�vwa¶��kxjhjhfhk³�gfhr#� v8{Skxjl{�i5jhi�v8¢�fqmw^=~oaSvwsIaS{
m8mop
B
kxr y

r�a1�taS~ ¢�f«mo^�~oaSvwsIaS{
m mop
W
ª¥dup

DF = (D1F, . . . , DlF ) ∈ (L2([0, T ]× Ω2))
l ¢�fqjhj' La	mo^5a0�taSr5a1~ofl{r�pxmokxmwfhptr ¤¬p[~0mw^5a���kxjhjhfhk³�gfhr#� v y a1~ofq�nkxmwfh�ta¡pt¤�vwpt`(a8¤¬i�r�{
mofqp[r�kxj

F
¢�fqmw^ ~waYvBsIaS{�m�mwp

B
ª � a$~wa1¤¬a1~

mop(}�kt~ y ptiu|$ktr y }�aSr5�B143F5)5xb 7§¤¬pt~ ¤¬i5~wmw^5aS~ y a�m�kxfhjhv�kt Lp[ium�mw^�fhv4ktr y ¤¬pt~ mw^�a0r5a�|gm4}�~optsIp[vwf«mofqp[r+ª
� � ¿ 
§¿ � � � �Ð¿�� ��� � ��� � � � �����D�K���������6� 	 ��	 ���H� �

f
�����

h
���@�

C2
b

�
� � � �����
	 ���H�*���
y

�D���
z
� �D���

�����
(Ys, Zs)

(�� ���H� ������� � 	 �D� ��� � 
8& 
 � 1�JD7�0"!��H� � �D��� 	 ���F	�� ������	������
	����$���
(Ys,Zs)

�#,�	2��� � �D���
���D� 	2��& ���8���H�8� 	��������*�	) �H���
	 ���

DθY
t,x
s = h(Xt,x

θ , Y t,x
θ ) +

∫ θ

s

∂yf(Xt,x
r , Y t,x

r , Zt,x
r )DθY

t,x
r + ∂zf(Xt,x

r , Y t,x
r , Zt,x

r )DθZ
t,x
r dr

+

∫ θ

s

∂yh(X
t,x
r , Y t,x

r )DθY
t,x
r

←−
dBr −

∫ θ

s

DθZ
t,x
r dWr .

1 5�7

� a�vBi�s5sLp\vBa	r5pn¢Kmw^�kxm�mw^5a�vwa�m4pt¤�{1p\a1²¡{�fha1r\mov
(b, σ, f, g, h)

 Ia1jhptr5�\v�mwp
ΓL̄,ε,ς

ª
��¿ �S�5� �Ð¿�� ��� � �D����� �

t ∈ [0, T )
� Ct


 	������)��� �D���/�8����� ����������������� � �+
 � 	 �	� �����H���������
1/(T−t)ς

�D��� ���
L̄, ε

�����
ς
0 -�� �H�����
	 � � � ���	�(
 ����� 
 � ����� �����D� �!���D�������D�H�

c ∈ Ct
� ��� 	2� � �+�D��� �����D�

c�����H�����
���D� �������)(������ �+�D���������H� � ���H���)0
��» � � � ���(� ��� {(Y t,x

s , Zt,x
s ),t ≤ s ≤ T} (�� ���H�8������� � 	 �D�!��� 1
J)7�0�!����������D����� �

τ < T
�
p ∈ N�������@����,�	2��� �8� �+�D���������H�

C ∈ Cτ
� �H�	�$���H���

sup
x∈Rd

sup
r∈[t,τ ]

E
∣

∣Y t,x
r

∣

∣

2p
+ sup

x∈Rd

E

(∫ τ

t

∣

∣Zt,x
r

∣

∣

2
)p

dr ≤ C .
143Y��7

� �@�6����0 � a0¢�~of«moa¦mo^5a0aS°\i�kxmwfhptr 1Ð�=7�i5r y aS~ mw^5a0`(fhj y ¤¬pt~o` ¨ mw^�kxm4fhv6E

u(t, x) = PT−tg(x) +

∫ T

t

Pr−tf
(

r, ., u(r, .),∇u(r, .)σ(.)
)

dr +

∫ T

t

Pr−th
(

r, ., u(r, .)
)←−
dBr ,

¢�^�a1~oa
(Pt)t∈[0,T ]

fhv§mw^�a�vwa1`(fq�M�[~wp[i5s(px¤'mw^�a y fq®µi�vBfhptr�s5~wpu{1aSvov1ª�] ^5flv§`8k³z7 La�pt um�kxfhr5a y  \z7m�kx¸gfqr��
{1ptr y f«mofqp[r�kxj�a�|usIaS{�moknmofqp[r*¢�fqmw^ ~oaSvwsLaY{
m	mwp�mo^5a

σ− �La1j y FW
T

fqr±mw^�a(· ­	du­¦¯ 1
JD7�ktr y iLvBfhr5��mw^5a
~oa1s�~waYvBaSr[m�knmofqp[r

Y t,x
s = u(s, x) ¨ Zt,x

s = ∇u(s, x)σ(x)
ª dgfhr�{�a

(b, σ, f, g, h) ∈ ΓL̄,ε,ς
¨ ¢�a	^�k³�[a

∣

∣

∣

∣

∣

∫ T

t

Pr−tf
(

r, ., u(r, .),∇u(r, .)σ(.)
)

dr

∣

∣

∣

∣

∣

≤
∫ T

t

L̄(1 + Pr−t|u(r, .)|)dr ,

ktr y vBfhr�{�a
h
flv  Ipti5r y a y

E
B

∣

∣

∣

∣

∣

∫ T

t

Pr−th
(

r, ., u(r, .)
)←−
dBr

∣

∣

∣

∣

∣

2p

≤ cpL̄2p .

á�á ×�L�M�ð
Ú
Þ



3 � ����������� &���� �������@�����

�¦vBfhr5� |PT−tg(x)| ≤ L̄/(T − t)ς fqm�¤¬ptjhjqpn¢4v�mo^�knm mw^�a1~oa0a�|ufhvBmov C ∈ Cτ vwi�{�^�mw^�kxm�¤¬pt~4ktr\z t < τ
E

E
B |u(t, x)|2p ≤ C

(

1 +

∫ T

t

E
BPr−t|u(r, .)|2pdr

)

.

� a�mokt¸ta
supx∈Rd

ktr y ¢�a�i�vBa¦mw^�a ��~optrg¢ kxjhj G�a1`(`8k�ktr y p[ umoktfqr
sup

t∈[0,τ ]

sup
x∈Rd

E
B |u(t, x)|2p ≤ C ª

dup�¤¬p[~4kxrgz
r ∈ [t, τ ] ¨ ktr y x ∈ R

d ¢�a	^�k³�[a

E|Y t,x
r |2p = E|u(r,Xt,x

r )|2p =

∫

Rd

p(r − t, x, y)EB |u(r, y)|2pdy ≤ C .
143�3F7

G�a�m�i�v�r�pn¢Ka1�nktjqi�kxmwa
Z
ª � ~of«mofqr���mo^5a�· ­�d5­£¯ 1�JD7� Ia�m?¢�a1a1r

t
kxr y

τ
�[fq�[aSv

∫ τ

t

Zt,x
r dWr = u(τ,Xt,x

τ )− u(t, x) +

∫ τ

t

f(Xt,x
r , Y t,x

r , Zt,x
r )dr +

∫ τ

t

h(Xt,x
r , Y t,x

r )
←−
dBr .

�¦vBfhr5�,·�i5~w¸g^5p[j y a1~ � v¦fqr�aS°\i�kxjhfqm?z�kxr y mw^5a7¤Ðk[{
m�mw^�kxm
f
^�ktv�jhfqr�aSkx~	�[~wpn¢ mo^¶kxr y

h
fhv� Ipti5r y a y ¢�a

p[ umoktfqr

E

(∫ τ

t

∣

∣Zt,x
r dr

∣

∣

2
)p

dr ≤ C
(

E|u(τ,Xt,x
τ )|2p + E|u(t, x)|2p +

∫ τ

t

E|Y t,x
r |2pdr

)

.

� a y a y i�{�a�¤¬~opt` 143)3
7§mw^�kxm
E
( ∫ τ

t |Zt,x
r |2

)p
dr ≤ C ª

�$» � �u��� � � !���� ��(������I� ���*� �!	2� �����D��������� ( � � � � �H�D��� �!���H�B�+�D���������H�
C
�)�����������I�D� ‖g‖∞

0
" ���D� 	2�/� �H����	 �D�������@�8	2� ������� ���H� �����H�
��	 ( � � 	 �D� ���

g
����� ��� ���B	�� ���H� ������������� �

C

 � 	 �#� �)�����������

�D� ‖PT−tg‖∞
0

��» � � � � ��� ��� {(Y t,x
s , Zt,x

s ),t ≤ s ≤ T} (��������*����� � �
	 ��� ��������� � 
 & 
�� 1�JD7�0 !��H��� ���D� �D� �
p ∈ N

� ���H���+�*�#,�	2��� � � �����H������� �
C
�����H������	�� �$�D� ‖∇f‖∞

� ‖∇h‖∞
� ‖h‖∞

�D���
p

� �H�	�I�����D�

sup
0≤t≤s≤θ≤T

sup
x∈Rd

E|DθY
t,x
s |2p + E

(

∫ θ

t

|DθZ
t,x
r |2dr

)p

≤ C .
143³�)7

� �@�6����0��£pxmoa0mw^�kxm4mw^�a�aS°\i�kxmwfhptr 1 5=7 y pgaSv�r�p8`7p[~wa y a1sIa1r y p[r
g
ª�dgp8i�vwfqr���v?m�kxr y kx~ y aYv?mofq`8knmoaSv

1OvBaSa£}¥kx~ y p[iu|¡kxr y }�aSr5� 1?365)5tb=7@7 ¨ ¢�a	{1ktr¡�ta1m§¤¬pt~ kxrgz p ∈ N
mw^5a�a�|uflv?moa1r�{1a£px¤

cp
fqr y a1sIa1r y a1r\m�pt¤

θ, t, s ¨ n kxr y x vBiL{�^$mo^�knm E

E|DθY
t,x
s |2p + E

(

∫ θ

t

|DθZ
t,x
r |2dr

)p

≤ cpE|h(Xt,x
θ , Y t,x

θ )|2p .

dufqr�{1a
h
fhv  Ipti�r y a y ¨ ¢�a0�[a�m 143³�)7�ª
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� a¶vw^�kxjhj4v?m�knmoa�vBp[`7a�k s5~ofhpt~of�aYv?mofq`8kxmwfhptr={�p[r�{�aS~wr5fhr5�*mw^5a¶fqr�{1~waS`(a1r\mov(pt¤¦mo^5a���kxjhjhfhk³�gfhr#� v
y a1~ofq�nknmofq�[a¡px¤�mo^5a,vBp[jqiumofqp[r px¤$1Ð��7�ª±] ^�a�moaS{�^5r5fl°\i5aSv y aS�ta1jhptsIa y  Ia1jhpn¢-kx~oa¡r5ptm(vBmoktr y kt~ y ª � a
mo~waYknm8k*vwsIaS{�flkxj�{Sktvwa�k[v7ktr a1|ukt`(s5jqa�fhr pt~ y aS~�mop*aS`(s5^�ktvwf�>1a$mw^5a y fq²¡{�i5jqmwfhaSv(¢�^5fl{�^W{1pt`(a�ptr+ª
�¦vwvwi5`(a(¤¬pt~�mw^5a¡`(p[`7aSr\m0mw^�kxm

B
flv�k,ptr5a y fq`(a1rLvBfhptr�ktj§·�~wpn¢�r�fhktr¶`(pxmofqp[r ¨ h(r, x, y) := h(y)ktr y

f(r, x, y, z) := f(z)
ª � a0¢�~of«moa�mw^5a0aY°[iLknmwfhptr 1 5=7�fqr$mw^�fhv4vwfh`7s�jqa�{Sktvwa)E

DθY
t,x
s = h(Y t,x

θ ) +

∫ θ

s

f ′(Zt,x
r )DθZ

t,x
r dr +

∫ θ

s

h′(Y t,x
r )DθY

t,x
r

←−
dBr −

∫ θ

s

DθZ
t,x
r dWr .

� i�~�kxfh`6flv 1Ðvwa1a
(4i)

pt¤ ] ^�a1pt~oa1`;�)7¦mwp�s�~wpn�[a�mo^�knm
E|DθYs − Dθ′Ys|2 ≤ c|θ − θ′| ª � a8m�kx¸[a

θ ≤ θ′ ktr y ¢�a0¢�~of«moa

DθY
t,x
s −Dθ′Y t,x

s = h(Y t,x
θ )− h(Y t,x

θ′ )−
∫ θ′

θ

f ′(Zt,x
r )Dθ′Zt,x

r dr

−
∫ θ′

θ

h′(Y t,x
r )Dθ′Y t,x

r

←−
dBr +

∫ θ′

θ

Dθ′Zt,x
r dWr

+

∫ θ

s

f(Zt,x
r )[DθZ

t,x
r −Dθ′Zt,x

r ]dr +

∫ θ

s

h′(Y t,x
r )

[

DθY
t,x
r −Dθ′Y t,x

r

]←−
dBr

−
∫ θ

s

[

DθZ
t,x
r −Dθ′Zt,x

r

]

dWr .

] ^�a1~oa	kt~wa¦m?¢�p7fhr\mwaS~waYv?mofqr5�7moa1~o`(v fhr�mw^5a0~ofh�t^\m�^�kxr y vwf y a0pt¤�mo^5a�kx Ipn�ta�aS°\i�kxmwfhptr E

E

∣

∣

∣

∣

∣

∫ θ′

θ

h′(Y t,x
r )Dθ′Y t,x

r

←−
dBr

∣

∣

∣

∣

∣

2

= E

∫ θ′

θ

|h′(Y t,x
r )|2 |Dθ′Y t,x

r |2dr

ktr y
E

∣

∣

∣

∣

∣

∫ θ′

θ

Dθ′Zt,x
r dWr

∣

∣

∣

∣

∣

= E

∫ θ′

θ

|Dθ′Zt,x
r |2dr .

] ^�a ��~ovBm¥mwaS~w` fhv�aSktvwz�mop0^�kxr y a1j
E� gzI143Y��7�¢�a y pt`(fqrLknmwa�fqm§ gz ‖h′‖∞(supr,η E|DηY
t,x
r |2)|θ−θ′|

ª
] ^�a�vBaY{�ptr y moa1~o` flv�`(pt~oa y a1jhfh{Sknmoa0 LaY{1kxiLvBa 143³�)7��[fq�[aSv r5ptm£kxr,a1�nkxjhi�kxmwfhptr,px¤

supr,η E|DηZ
t,x
r |2 �ium�px¤ ∫ T

0
E|DηZ

t,x
r |2dr

p[r5jqz[ª8] ^5fhv	flv	mo^5a8`(pxmwfh�nknmofqp[r*pt¤§mw^�a8¢�^5ptjha(¢�p[~w¸�¢�^5fl{�^ v?m�kx~wmov	r5pn¢0ª
dupÁmw^5a*`8kxfhr=a�®µpt~wm 1¬¢�^5fl{�^=flv y p[r5a�fhr G+aS`7`8k �Á¤¬~wp[`@mo^5a*kts5sLaSr y fq|H78flv8mwp s�ktvov8¤¬~opt` mw^5a
� ¢�aYkx¸ � r5pt~o`8v¥fqr

L
2([0,T ]×Ω,dr⊗P)

mwp�mw^5a � v?mo~wp[r5� � r5p[~w`8v¥¢�^5fl{�^8fhr\�[ptjh�ta�k0vwi5s5~oa1`�i�` pn�[a1~
r
ª�9Ñr*p[~ y a1~¦mwp�vBp[jq�[a�p[i5~	s5~wp[ 5jha1` ¢�a7aS`(s5jqpnz,mo^5a(~waSs5~oaSvwa1r\mokxmwfhptr

Zr = ∇u(r,Xr)σ(Xr)
kxr y

¢�a(i�vwa(mw^5a�dg}�­£¯ voknmofhvB��a y  gz ∇u ª¡] ^5fhv	`(ptmwfh�³kxmwaYv	mw^5a8aS�nkxjhi�knmofqp[r�v0{�p[r�{�aS~wr5fhr5�$mw^5a8s�~wpu{�aYvwv
Y

(1),t,x
s := ∇u(s,Xt,x

s )
�tfh�taSr$ Ia1jhpn¢0ª

� a(fqr\mo~wp y i�{1a7vwpt`(a7r5pxm�knmofqp[r+ª�´5p[~�k�¤¬i5r�{�mwfhptr
v : R

d → R
N ¨ ¢�a y aSr5pxmoa7 gz ∇v fqmov��\kt{�p[ 5flkxr`8kxmw~of«|�ktr y  gz ∇2v

mw^5a�moa1r�vwpt~ px¤�mw^5a�vwaS{1ptr y pt~ y a1~ y aS~wfh�nknmofq�[aSvSª�´�pt~
(t, x, y, z) 7→ f(t, x, y, z) ¨¢�a y aSr5pxmoa

fx
1¬~oaSvwsLaY{
mwfh�taSjqz

fy
ktr y

fz
7µmw^�a��\kt{�p[ 5flkxr0`8knmo~wfq|�pt¤

f
¢�f«mo^�~waYvBsIaS{�m�mop

x
1Ð~waYvBsIaS{�mwfh�ta1jhz

y
kxr y

z
7�ª � a0i�vwa0kxr�ktjqp[�tp[i�v�r5pxm�knmwfhptrLv§¤¬p[~ mw^5a	¤¬i�r�{
mofqp[r

h
ª
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Ú
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� � ¿ 
§¿ � � � �Ð¿���� � � ���
u

(�� ����� ����� � �
	 ��� ��� 1Ð��760�!��H��� ∇u ����� ����� ���H�8& ��
 �

∇u(t, x) = ∇g(x)+
∫ T

t

L∇u(s, x)ds +

∫ T

t

[

fx(s, x, u,∇uσ) + fy(s, x, u,∇uσ)∇u(s, x)

+ fz(s, x, u,∇uσ)(∇2u(s, x)σ +∇u∇σ) +∇2uσ∇σ∗ +∇u∇b
]

ds

+

∫ T

t

(

hx(s, x, u) + hy(s, x, u)∇u(s, x)
)←−
dBs .

� �D�@���������	�����D�8�D� �
(t, x) ∈ [0,T ]×R

d � 
 �.�H����� ∇u(t, x) = Y
(1),t,x
t , ∇2u(t, x)σ(x) = Z

(1),t,x
t
 �H���+� �����������F� ���*���K� �@�F�����������

(Y
(1),t,x
r , Z

(1),t,x
r )t≤r≤T

	2�8���H�8������� � 	 �D�!��� ����� � 
8& 
 � 2

Y (1),t,x
s = ∇g(Xt,x

T ) +

∫ T

s

[

fx(r,Xt,x
r , Y t,x

r , Y (1),t,x
r ) + fy(r,X

t,x
r , Y t,x

r , Y (1),t,x
r )Y (1),t,x

r

+ fz(r,X
t,x
r , Y t,x

r , Y (1),t,x
r )

(

Y (1),t,x
r σ(Xt,x

r ) + Z(1),t,x
r

)

+ Z(1),t,x
r ∇σ∗(Xt,x

r ) + Y (1),t,x
r ∇b(Xt,x

r )
]

dr

+

∫ T

s

hx(r,Xt,x
r , Y t,x

r ) + hy(r,X
t,x
r , Y t,x

r )Y (1),t,x
r

←−
dBr −

∫ T

s

Z(1),t,x
r dWr .

1?3S��7

� �@�6����0£] ^�a�s�~wpgpx¤�fhv£kxr�ktjqp[�tptiLv�mop(mw^�kxm fhr,}¥kx~ y ptiu|�kxr y }�a1r5�B143F5)5tb=7�vBp7¢�a�vB¸[a1s�f«mYª
� a¡v?m�knmoa7r�pn¢�m?¢�p�jha1`(`8ktv	¢�^5fl{�^*s�jhk³z�k,{�~oi�{1fhktj�sLkx~wm	fhr±pti5~	a1�nktjqi�kxmwfhptr�vSª(] ^5a(s5~wpgpt¤Ðv¦pt¤

mo^5aSvwa�jha1`(`8ktv�kx~oa��[fq�[a1r�~oaSvwsLaY{
mofq�[a1jhz$fhr�mo^5a��£s5sLaSr y fq|*· kxr y ( ª � a7k[vwvwi5`(a0mo^�knm�mw^5a(vwa�m¦pt¤
{1pga�²¡{�fha1r\mov

(b, σ, f, g, h)
 Ia1jhptr��[v�mwp

ΓL̄,ε,ς

ª¥] ^5aSr�mw^5a	m?¢�p7¤¬ptjhjqpn¢�fhr5� G+a1`(`8ktv ^�ptj y ª
��» � � � �1�(� ���

τ < T
0 � �D����� �

p ∈ N
� �������@�*�#,�	2��� �

Cp ∈ Cτ
� �H�#�B���H��� 2

sup
t≤s≤τ

sup
t≤θ≤T

E

∣

∣

∣DθY
(1),t,x
s

∣

∣

∣

2p

≤ Cp .
1?31b=7

��» � � � � ��� ���
τ < T

�D���
p ∈ N

0 !������@� ��,�	2��� �
Cp ∈ Cτ

� �H�	� ���H��� ����� �����
0 ≤ t ≤ s ≤ τ

�
θ , θ′

	��
[t, T )

� 	�� ���D� �
�

E
∣

∣DθY
t,x
s −Dθ′Y t,x

s

∣

∣

2p ≤ Cp × |θ − θ′|p .´�fhr�kxjhjqz ¨ ¢�a	vw^�ktjqj'r5aSa y mw^�a	¤¬ptjhjqpn¢�fhr5�7r5pt~o`-aS°\i5fh�nkxjha1r�{1a	~waYvBi5jqmSª
� � ¿ 
§¿ � � � �Ð¿�� � � � ���

ρ : R
d → R

(��$� ����� � 	�� �H��� �	�:������	�� 	���� � � � ��� 	 �D�.� �H�#� ���H�������H���@�$�#,)	2��� �
M > 0

� �H�	� �����D� ���D� |x| ≥M � ρ ∈ C2
b (Rd,R)

0 " �����+� � � � � ���+�+�D�
��� �����D�
b

�D���
σ

���+�/(�� � ���)�	�
( �
L̄

�D���I���@� � �
	�� �����D	 �����+��� � 	 ��(�� � 
 	����!(���� ���)�	� � ( �
L̄
� ������	������
	��
����0 !��H��� �������@� ��,�	2��� ���'
 �

���D�������D�H� �
κ1

�D���
κ2

� �H�	� ���H��� ���D�
0 ≤ t ≤ s ≤ T

�
ϕ

(+��� �D� �D�*���
L

1([0,T ]× R
d,dt ⊗ ρ(x)dx)�D��� 
 � �H������2

κ1‖ϕ‖L1([0,T ]×Rd,dt⊗ρ(x)dx) ≤
∫ T

t

∫

Rd

E|ϕ(s,Xt,x
s )|ρ(x)dxds ≤ κ2‖ϕ‖L1([0,T ]×Rd,dt⊗ρ(x)dx) ,

1?3Y�)7
!��H�������H������� �

κ1
�����

κ2
�����H����� �D�

T
� �D�

ρ
����� ���B�����*(���� ����� �����������)����	��
�D� 	������ ���

b
�D���

σ
0

ã¬ä á ã¹å
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] ^�fhv¦~waYvBi�j«m�¢�k[v4��~�vBm¦s5~opn�ta y fqr±·�kt~wjhaSv¦kxr y G+aSvwfh�tr5a$14365�5=J)7�kxr y 		i5r5fqmok 14365[�[��7�¤¬pt~
ρ = 1

ª/9Ñr
mo^5a¦{Sktvwa�px¤�k0�[a1r5aS~oktj

ρ ¨ ¢�^5fl{�^8¢�a4r5a1a y ^5aS~wa ¨ mw^�a£s5~opgpx¤'fhv§�tfh�ta1r8fhr�· kxjhjhz�kxr y ��knmopti�vovwf 1O�t�t��3
7
ª
] ^�fhv¦~waYvBi�j«m�¢�fqjhj¥kxjhjqpn¢ i�v£mwp�pt um�kxfhr¶k¡s�~wfhpt~of�aYv?mofq`8knmoaSv£¤¬pt~0dg}§­¦¯§v¦¤¬~wp[` k¡s5~ofqp[~£aYv?mofq`8knmoaSv£¤¬pt~
· ­	du­¦¯§v1ª �4pn¢ ¨ mw^�a�kx Ipn�ta G+a1`(`8ktv�ktr y ] ^5a1p[~waS` ��a1r�kt 5jqa	i�v�mwp(s5~opn�ta	] ^5a1p[~waS`©�5ª
� � ¿+¿���¿�� � � »\¿ � » � � �
� a�^Lk³�ta(mwp*s5~opn�ta7mw^�kxm7ktjqj�mw^5a�ktvovBi�`7s5mwfhptr�v0pt¤£] ^5a1p[~waS` ��^5ptj y mw~oi5a¡¤¬p[~��5|ua y O 1Ðktr ptsIa1r
y pt`8kxfhr$pt¤

R
d 7 kxr y

(b, σ, f, g, h) ∈ ΓL̄,ε,ς

ª
	+� »�
 �I�¦� a	��~�v?m�s5~opn�ta¦mw^Lknm�¤¬pt~4ktrgz

τ < T ¨ mw^�a1~oa�a1|ufhvBmov C ∈ Cτ vwi�{�^$mw^�kxm

E
B

∫

[0,τ ]

‖u(t, ., ω)‖2H1(O) dt ≤ C .
143 ��7

� a	i�vwa£mo^5a�¤Ðkt{
m�mw^Lknm
u(t, x) = Y t,x

t

ktr y 1?3S��7§fhr$p[~ y aS~§mop��[a�m mw^Lknm�¤¬pt~�kxrgz
τ < T ¨ mw^�a1~oa¦a1|gflvBmov

C ∈ Cτ
vwi�{�^�mw^�kxm

sup
x∈Rd

sup
t∈[0,τ ]

E
B |u(t, x)|2p ≤ C .

143�JD7

� a�kxjlvwp y a y i�{1a	¤¬~wp[` 143Y��7§mw^�kxm

E

∫ τ

t

∣

∣∇u(r,Xt,x
r )σ(Xt,x

r )
∣

∣

2
dr = E

∫ τ

t

∣

∣Zt,x
r

∣

∣

2
dr ≤ C .

�£pn¢Á¢�a�fhr[mo~wp y iL{�a�k¦r5p[r5r5a1�\knmofq�[a¥¤¬i5r�{�mwfhptr
ζ ∈ L

1(Rd)
¢�^5fh{�^�fhv�aY°[iLkxj[mwp�ptr5a�ptr O kxr y voknmwflvB��aSvmo^5a0^gzgsLptmw^5aYvBaYv px¤�mo^5a0aS°\i5fh�nkxjha1r�{1a	px¤�r5pt~o`8v�~oaSvwi5jqm�143³�)7�ª � a0pt um�kxfhr

κ1

∫

Rd

∫ τ

t

E
B |∇u(r, x)σ(x)|2 ζ(x)drdx ≤

∫

Rd

E
W

∫ τ

t

E
B
∣

∣∇u(r,Xt,x
r )σ(Xt,x

r )
∣

∣

2
ζ(x)drdx

≤ C ‖ζ‖L1(Rd).

dufqr�{1a
σ
flv i5r5fq¤¬pt~o`(jqz�a1jhjqfhsumwfl{ ¨ |∇u(r, x)σ(x)|2 ≥ ε|∇u(r, x)|2 ª�] ^5a1r�¢�a0^�k³�ta

εκ1

∫

O

∫ τ

t

E
B |∇u(r, x)|2 drdx ≤ κ1

∫

Rd

∫ τ

t

E
B |∇u(r, x)σ(x)|2 ζ(x)drdx ≤ C ‖ζ‖L1(Rd).

] ^�a	kt Lpn�[a	fqr5aY°\i�kxjhf«m?z$kxr y 143�JD7�zgfqaSj y 143 ��7�ª
	+� »�
�� � ´5p[~�ktjqj

ϕ ∈ C∞
c (O)

kxr y
t ∈ [0,τ ] ¨ uϕ(t, .) :=

∫

Rd u(t, x)ϕ(x)dx
 Ia1jhptr��[v§mwp

D
1,2 kxr ymo^5a1~oa	a�|uflv?m�v

C ∈ Cτ
vBi�{�^$mw^Lknm

∫

[0,τ ]

‖uϕ(t, .)‖2
D1,2 dt ≤ C .

9Ñr y a1a y ¨ vwfqr�{1a Dθu(t, x) = DθY
t,x
t
¨ ¢�a	�ta1m�¤¬~wp[` 143³�)7§mw^�kxm�¤¬pt~4ktr\z

τ < T ¨ mw^5aS~wa0a1|ufhvBmov C ∈ Cτvwi�{�^$mw^�kxm

sup
0≤t≤τ

sup
t≤θ≤T

sup
x∈Rd

E
B |Dθu(t, x)|2p ≤ C .

143Y��7
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	+� »�
 ���¦� a�{�^5aY{�¸8mw^�kxm4^gz\sIpxmo^5aSvwflv
3)
px¤¥] ^5a1p[~waS`©��flv ¤¬i5jq��jhjqa y ª

´�~wp[` 1?3
JD7 ¨ ¢�a ��~�v?m§�[a�m¥mo^�knm�¤¬p[~§kxjhj ϕ ∈ C∞
c
¨
E

Buϕ ∈ L
2([0,τ ])

ktr y ¤¬pt~�ktrgz
ε > 0 ¨ mo^5a1~oa�a�|uflv?m�v

0 < α < β < τ
vwi�{�^�mw^�kxm

∫

[0,τ ]\(α,β)

|EBuϕ(t)|2dt < ε.

9Gm	~oa1`8kxfhr�v£mwp�s5~wpn�[a�mo^�knm�mw^5aS~wa7a�|uflv?m�v
C ∈ Cτ

vBi�{�^�mw^�kxm�¤¬p[~�ktrgz
0 < α < β < τ

ktr y
h ∈ R1 |h| < min(α, τ − β)

7 ¨ fqm4^5ptj y v
∫ β

α

|EBuϕ(t+ h)− E
Buϕ(t)|2dt < C |h| .

] ^�fhv¥¢�fhjhj� Ia£kxr8fh`(`7a y flknmwa¦{�ptrLvBaY°[i�a1r�{1a�pt¤µmw^5a�¤¬p[jqjhpn¢�fhr5�	aSvBmwfh`(kxmwfhptr E�mw^�a1~oa�a�|ufhvBmov
C ∈ Cτ

vBiL{�^
mo^�knm ∀t, t′ ∈ [0,τ ] ¨
∣

∣

∣

∣

∫

O

ϕ(x)EBu(t, x)dx−
∫

O

ϕ(x)EBu(t′, x)dx

∣

∣

∣

∣

≤ C
(

1 + ‖ϕ‖L1(Rd) + ‖L∗ϕ‖L1(Rd)

)

|t− t′| .
1?365�7

G�a�m
t, t′ < T

ª � a0¢�~wfqmwa	mo^5a0aS°\i�kxmwfhptr 1O��7� Ia�m?¢�a1aSr
t
kxr y

t′
E

u(t, x)− u(t′, x) =

∫ t′

t

Lu(r, x) + f(r, x, u,∇uσ) dr +

∫ t′

t

h(r, x, u)
←−
dBr.

� a y a1r5ptmwa L∗ mo^5a	k y �?p[fqr\m§p[sLaS~okxmwpt~�px¤ L ª 9Ñr\moa1�t~�knmofqr���kx�[ktfqrLv?m
ϕ
kxr y mokt¸\fhr5��a1|usLaY{
mokxmwfhptr¡�[fq�[aSv

∫

Rd

ϕ(x)EB
[

u(t, x)− u(t′, x)
]

dx = E
B

∫ t′

t

∫

Rd

u(r, x)L∗ϕ(x) + f(r, x, u,∇uσ)ϕ(x) dxdr .

�£pn¢ ¨ ¢�a�{1ktr�s�~wpu{�aSa y ktv4fqr,mo^5a�s5~opgpx¤¥px¤�1?3S��7
ª �¦vBfhr5�!143S�=7 ¨ ¢�a��[a�m�mw^Lknm4mo^5a1~oa�a�|uflv?m�v C ∈ C1,τvwi�{�^$mw^�kxm
∣

∣

∣

∣

∣

E
B

∫

Rd

∫ t′

t

f(r, x, u,∇uσ)ϕ(x) drdx

∣

∣

∣

∣

∣

≤ |t− t′| C
(

1 + ‖ϕ‖L1(Rd) sup
x∈Rd

sup
r∈[0,τ ]

E
B |u(r, x)|

)

,

≤ C
(

1 + ‖ϕ‖L1(Rd)

)

|t− t′| .
9Ñr�mo^5a0vwkt`7a	¢ k³z ¨ p[r5a	^�k³�ta

∣

∣

∣

∣

∣

E
B

∫ t′

t

∫

Rd

u(r, x)L∗ϕ(x)drdx

∣

∣

∣

∣

∣

≤ C‖L∗ϕ‖L1(Rd) |t− t′| ,

ktr y 14365=7§¤¬ptjhjqpn¢4vSª
	+� »�
 ���¦� a	��r�ktjqjhz�{�^5aY{�¸8mw^Lknm4^gzgsLptmw^5aYvBflv

4)
px¤¥] ^5a1p[~waS` ��fhv�¤¬i�j«��jhjha y ª
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´�~wp[` 1?3S�=7 ¨ ¢�a y a y i�{1a0mw^�kxm£¤¬p[~¦kxrgz ε > 0 ¨ mo^5a1~oa�a1|gflvBmov 0 < α < β < τ
kxr y

0 < α′ < β′ < τvwi�{�^$mw^�kxm
E

B

∫

[0,τ ]2\(α,β)×(α′,β′)

|Dθu
ϕ(t)|2dθdt < ε.

9Gm�~waS`8kxfhr�v4mop�s5~opn�ta�mw^�kxm¦¤¬p[~¦kxrgz
0 < α < β < τ ¨ 0 < α′ < β′ < τ

kxr y
h, h′ ∈ R

vwi�{�^�mo^�knm
|h| ∨ |h′| < min(α, α′, τ − β, τ − β′) ¨ fqm4^5ptj y v

E
B

∫ β

α

∫ β′

α′

|Dθ+hu
ϕ(t+ h′)−Dθu

ϕ(t)|2dθdt < C (|h|+ |h′|) . 1M�x��7

]�kx¸gfhr5�
s = t

fhrIG�a1`(`8k7b7¢�a	�ta1m�mw^�kxm

E
B

∫ β

α

∫ β′

α′

|Dθ+hu
ϕ(t)−Dθu

ϕ(t)|2dθdt < C |h| .
dupI1M�x�=7§¢�fhjhj'¤¬ptjhjqpn¢4v�¤¬~opt`

E
B

∫ β

α

∫ β′

α′

|Dθu
ϕ(t+ h′)−Dθu

ϕ(t)|2dθdt < C |h′| . 1M� 3F7
9Ñr,p[~ y aS~�mwp(s5~opn�ta 1O� 3
7 ¨ ¢�a0i�vwa	· ­	du­¦¯ � v£~waSs5~oaSvwa1r\mokxmwfhptr¡pt¤�mo^5a0~oktr y p[` ��a1j y

u
kxr y ¢�a��[a�m

Dθu
ϕ(t) =

∫

O

ϕ(x)Dθu(t, x)dx =

∫

O

ϕ(x)DθY
t,x
t dx =

∫

O

ϕ(x)EWDθY
t,x
t dx

=

∫

O

ϕ(x)EW h(Xt,x
θ , Y t,x

θ )dx +

∫

O

ϕ(x)EW

(

∫ θ

t

∂yh(X
t,x
r , Y t,x

r )DθY
t,x
r

←−
dBr

)

dx

+

∫

O

ϕ(x)EW

(

∫ θ

t

∂yf(Xt,x
r , Y t,x

r , Zt,x
r )DθY

t,x
r + ∂zf(Xt,x

r , Y t,x
r , Zt,x

r )DθZ
t,x
r dr

)

dx.

� a y a1r5ptmwa
(X̂t,x

s )t≤s≤T
mw^�a�fhrg�ta1~�vwa�`8kxs*px¤�mo^5a y f«®µa1p[`7p[~ws�^5fhvw`

x → Xt,x
r

ktr y
J(X̂t,x

s )
mw^5a

y a�mwaS~w`(fhr�kxr\m¥px¤Imw^�a �[k[{�pt �fhktr�`8knmo~wfq|�pt¤
X̂t,x

s

1 		i5r�f«m�k�1?365[�[�)7�p[~ 9Ñ¸ta y k�ktr y�� kxmokxrLkx Ia 14365�5t�=7?7
ª
�4a1`(fqr y mw^�kxm�¢�a�^�k³�ta7mw^�a¡~waSs5~oaSvwa1r\mokxmwfhptr

Y t,x
r = u(r,Xt,x

r )
kxr y

Zt,x
r = ∇(r,Xt,x

r )σ(Xt,x
r )

ª
·�z�k({�^�ktr5�ta	pt¤��nkx~ofhkt 5jha�¢�a	�ta1m

Dθu
ϕ(t) =

∫

O

E
Wϕ(X̂t,x

θ )J(X̂t,x
θ )h(x, u(θ, x))dx

+

∫

O

(

∫ θ

t

E
Wϕ(X̂t,x

r )J(X̂t,x
r )F (r, θ, x)dr

)

dx

+

∫

O

(

∫ θ

t

E
Wϕ(X̂t,x

r )J(X̂t,x
r )H(r, θ, x)

←−
dBr

)

dx
¢�fqmw^

H(r, θ, x) = ∂yh(x, u(r, x))Dθu(r, x)
kxr y

F (r, θ, x) = ∂yf(x, u(r, x),∇u(r, x)σ(x))Dθu(r, x)

+ ∂zf(x, u(r, x),∇u(r, x)σ(x))Dθ∇u(r, x)σ(x) .
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Ú
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�[� ����������� &���� �������@�����

�¦vBfhr5�7mw^�a�kx Ipn�ta�a�|us5~oaSvovBfhptr$¢�a	�ta1m

Dθu
ϕ(t+ h′)−Dθu

ϕ(t) =

∫

O

E
W
(

ϕ(X̂t+h′,x
θ )J(X̂t+h′,x

θ )− ϕ(X̂t,x
θ )J(X̂t,x

θ )
)

h(x, u(θ, x))dx

+

∫

O

(

∫ t+h′

t

E
Wϕ(X̂t,x

r )J(X̂t,x
r )F (r, θ, x)dr

)

dx

+

∫

O

(

∫ θ

t+h′

E
W
(

ϕ(X̂t+h′,x
θ )J(X̂t+h′,x

θ )− ϕ(X̂t,x
θ )J(X̂t,x

θ )
)

F (r, θ, x)dr

)

dx

+

∫

O

(

∫ t+h′

t

E
Wϕ(X̂t,x

r )J(X̂t,x
r )H(r, θ, x)

←−
dBr

)

dx

+

∫

O

(

∫ θ

t+h′

E
W
(

ϕ(X̂t+h′,x
θ )J(X̂t+h′,x

θ )− ϕ(X̂t,x
θ )J(X̂t,x

θ )
)

H(r, θ, x)
←−
dBr

)

dx.

�4aS{1ktjqj+mw^�kxm
u(t, x) = Y t,x

t

kxr y ∇u(t, x) = Y
(1),t,x
t

ª4] ^�a1r�ktv£k¡{�p[r�vBaY°\i5a1r�{1a0px¤*1?31b 7 kxr y 1?3S��7
¢�fqmw^

s = t
¢�a	^�k³�ta

E
B |Dθu(r, x)|2p + E|Dθ∇u(r, x)|2p ≤ Cp¤¬p[~$ktr\z

p ∈ N
ª dgp mo^�knm

E
B |F (r, θ, x)|2p + E

B |H(r, θ, x)|2p ≤ Cp
¤¬pt~�kxrgz

p ∈ N
ª ] ^5flv

aS�nkxjhi�knmofqp[r$flv i5r5fq¤¬pt~o`©¢�fqmw^,~oaSvwsLaY{
m mwp
θ
kxr y

r
ª

��pt~oa1pn�taS~¦p[r5a¡{1ktr±��r y k,r5p[rÁr5a1�\knmwfh�ta(fhr\mwa1�[~okt 5jha�¤¬i�r�{
mofqp[r
x 7→ c(x)

y aSsLaSr y fhr5��ptr
ϕ
vBi�{�^

mo^�knm

E
W
∣

∣

∣ϕ(X̂t,x
t̄ )J(X̂t,x

t̄ )− ϕ(X̂t′,x
t̄ )J(X̂t′,x

t̄ )
∣

∣

∣

2

≤ c(x)|t− t′| .
�¦vBfhr5� ( kxiL{�^\z\�?du{�^g¢�kt~Bm+>£fhr5aS°\i�ktjqfqm?z¡¢�a	�ta�m 1M� 3F7�ktr y 1O�x�=7§¤¬ptjhjqpn¢4vSª
�$» � �u��� � � !��H�/���D�������D�H� � 	�� ����� �)(��D�
�8����� 	�� ���
	 ���H��� � ���)���H�������D� ������������� � � � ��� 	 �D�

ϕ
0 � � �

��	����+�(
 � ���@� 	��H�����+�������#��	��I���D� � � �@��������� 	 ��� ���
uϕ ���D� ������� � & ,=�	�

ϕ ∈ C∞
c (Rd)

� ���H�����*�+�D���������H�
�D�@���+�D�H����� 	 ��� ��0

� &����8��9����+��
��©:�>6AC���-
���9 �;.�
��'����

) �¡��
����e��� �������,�����$.�
���
����±<

9Ñr(mo^5flv�dgaY{
mofqp[r¡¢�a£i�vBa4mw^5a¦~waSjhkxmwfh�ta4{�p[`(s�kt{�mwr5aYvwv�{�~of«moa1~ofqp[r�¤¬p[~�mo^5a¦vwptjhiumwfhptrLv¥px¤�dg}�­£¯§v�fhr8pt~ y a1~
mop*s�~wpn�[a�a�|uflv?moa1r�{1a�ktr y i�r5fh°\i5aSr5aSvov�¤¬pt~7mw^�a,vwptjhiumofqp[r px¤¦mw^5a�¤¬ptjhjhpn¢�fqr5�±vBzuvBmwaS` px¤¦vwa1`(fq�Mjhfqr�aSkx~
dgmwpu{�^�ktvBmwfl{�}§­¦¯§v

u(t, x) = Λ +

∫ T

t

Lu(s, x)ds+

∫ T

t

f(s, x, u(s, x),∇u(s, x)σ(x))ds

+

∫ T

t

h(s, x, u(s, x))
←−
dBs .

1M�t�)7
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���������
	��
������������������������������	�������	 ���!	��#"$	 ��������%�&'�)(��������*�
�����+��� �t�

] ^�a¦�Lr�kxj�{1ptr y f«mofqp[r
Λ
flv�k y fhvBmw~ofh 5iumwfhptr�vwp(¢�a	^�k³�[a£mop7fhr\mw~op y i�{�a�mo^5a�dgpt Iptjha1�$vBs�k[{�aYv�fhr,¢�^5fl{�^

mo^5a�vwptjhiumwfhptr,pt¤�mo^5a�dg}§­¦¯Kflv y a1��r5a y ª�´�fh~�v?m4pt¤¥ktjqj ¨ vwfqrL{�a�¢�a0¢�p[~w¸�ptr,mw^�a�¢�^5ptjha�vws�kt{1a
R

d kxr yr�pxm ptr�vwpt`(a� Lp[i5r y a y�y p[`(ktfqr ¨ ¢�a�^�k³�ta�mop7{1ptr�vwf y a1~�¢�aSfq�[^\mwa y vBp[ Lp[jqaS�(vws�k[{�aSvSª�dgp�¢�a	{�ptrLvBf y a1~k7¢�a1fh�t^\m
ρ : R

d → R
¢�^5fl{�^,vwkxmwflv?��aYv�E

�,¼ 
�¿ � � » � � � ���
ρ : R

d → R
fhv0{1ptr\mwfhrgi5pti�v ¨ sIp[vwf«mofq�[a(ktr y mw^5aS~wa(a�|uflv?m�v M > 0

vwi�{�^*mw^�kxm�¤¬p[~
|x| ≥M ¨ ρ ∈ C2

b (Rd,R)
ª���pt~oa1pn�[a1~�¢�a0ktvovwi5`(a¦mo^�knm�mo^5a0¢�a1fh�t^\m

ρ
vwkxmwflv?��aYv 1

ρ ∈ L
1(Rd).

�4a1`8kx~o¸(mw^�kxm mw^5a	aS°\i5fh�nkxjha1r�{1a	px¤�r�pt~o`(v�~oaSvwi5jqm 1?3Y�)7�^5p[j y v§¤¬p[~4vBiL{�^$k7¢�aSfq�[^\mSª � i5~ y flv?mo~wfh 5iumofqp[r
Λ
¢�fhjhj¥ LaSjqp[r5��mwp�mw^5a y i�kxj¥pt¤�k�¢�aSfq�[^\mwa y dgpt Iptjha1�*vBs�k[{�a[ª7��p[~wa7s5~oaS{1fhvwa1jhz ¨ ¢�a y a1r5ptmwa Hρ

k

mw^5a
¢�a1fh�t^\moa y dgpt Iptjha1��vws�k[{�a y a���r�a y ktv�mo^5a�{�p[`7s�jqa1mwfhptr�px¤

C∞
c (Rd)

¢�f«mo^,~waYvBsIaS{�m�mwp7mw^5a0r�pt~o`

|ϕ|2k,ρ =
∑

0≤|α|≤k

∫

Rd

|∂αϕ(x)|2ρ(x)dx ,

¢�^�a1~oa
α = (α1, . . . , αl)

fhv�k¦`�i5jqmwfq�Mfhr y a1| ¨ |α| = α1+. . .+αl
fqmov�jqaSr5�xmo^�ktr y

∂α =
∂l

∂xα1 . . . ∂xαl

ª

H′

k,ρ

flv�mw^5a�{1jhk[vwv pt¤�¤¬i5r�{�mwfhptr�ktjhv
u : Hρ

k → R
y a1��r5a y  gz

(u , ϕ) :=
∑

0≤|α|≤k

∫

Rd

uα(x)∂αϕ(x)dx , ∀ϕ ∈ Hρ
k ,

¢�^�a1~oa
uα ∈ L

2
(

R
d , ρ−1(x)dx

)

, |α| ≤ k ª �£pxmoa�mw^�kxm H′

k,ρ

{1ptfhr�{�f y aSv�¢�f«mo^=mw^�a�mwp[sLp[jqp[�tfl{1ktj
y i�kxj'pt¤ Hρ

k

ª�] ^�a�p[sLaS~okxmwp[~�r�pt~o`-ptr H′

k,ρ

flv��[fq�[a1r� gz

‖u‖k,ρ := sup {|(u, ϕ)| : ϕ ∈ Hρ
k , |ϕ|k,ρ ≤ 1} .

� a�ktvovwi5`(a¦mo^�knm
�,¼ 
�¿ � � » � � � � � ] ^5a1~oa	a�|uflv?m�v�kxr�fqr\mwaS�taS~

k
vwi�{�^$mw^�kxm

Λ ∈ H′

k,ρ

ª�´�pt~
ϕ ∈ Hρ

k
¨ ¢�a	¢�~of«moa

( Λ , ϕ ) =
∑

0≤α≤k

∫

Rd

λα(x)∂αϕ(x)dx ,
¢�^5a1~oa

λα ∈ L
2(Rd , ρ−1(x)dx).

1O�t��7

�$» � �u����� ��� ��� S � �@���
������� 	������ � S ′ �B(�� ���H���
������� �����@��� 	 � � � ���+���@���
��	�� � � � � ���
	 ����� � �@���
� 0 �����
����� �H���+�#� ��	2���
��	 ( � �
	 ��� � �H�)�����)0 !��H� �
�H�)����� S ����� S ′ ���@���	�����+�)��������	��F�#�I( �

S =
⋂

p,k>0

Hρp

k , S ′ =
⋃

p,k>0

H′
k,ρp


 �H���+�
ρp(x) =

(

1 + |x|2
)p 0+-�� ���D��� 	 � � � ���

Λ
�����!(+��� ����� �H���+�#� ��	2���
��	 ( � �
	 ����0

� a0fhr[mo~wp y iL{�a�mw^5a	¤¬p[jqjhpn¢�fhr5�7vws�k[{�a	px¤�~oktr y p[` ��a1j y v8E
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Ú
Þ



�xb ����������� &���� �������@�����

��»������ � �Ð¿�� � � Wm,ρ
	2�8����� �
�����+� ��� �@�����)��� & ��� ���

u : [0,T [×R
d × Ω2 → R

N � �H�	�I�����D�

� u(t, x, .)
	2� FB

t,T−
� ���
� � �@�)(�� �F0

� � �D�������
τ < T

�
u ∈ L

2
(

[0,τ ]× R
d × Ω2;ds⊗ ρ−1(x)dx ⊗ dPB

) 0

� ∇u(t, ., ω2)
�#,�	�� �

dt⊗dPB− �)0��F0��D��� �����
	2��&K��� ∇u ∈ L
2
(

[0,τ ]×R
d×Ω2;ds⊗ρ−1(x)dx⊗

dPB
) �������������

τ < T
0

� lim
s↑t

(u(s, .), ϕ) = (u(t, .), ϕ) dt⊗ dPB(ω2)− a.e. ∀ϕ ∈ Hρ
k+2

0

� dt⊗ dPB− �)0��F0 �
u(t, ., ω2) ∈ H′

m,ρ

	2� � �H�	�I�������

E
B

∫ T

0

‖u(s, ., ω2)‖2m,ρds <∞ .

� a�kx~oa	r5pn¢ kt 5jqa�mop7�[fq�[a�mw^5a y a1��r5fqmwfhptr,px¤�k(¢�aYkx¸¡vwptjhiumwfhptr�px¤�mw^�a�dg}§­¦¯ 1O�t��7�E
��»������ � �Ð¿�� � � & �F���������/���H���

Λ ∈ H′

k,ρ

0 � ���D� � �
	 ���B��� 1O�[�)7�	2���*�@�����)��� &K��� �
u : [0,T [×R

d×
Ω2 → R

N � �H�	�I�������
� 	 �

u ∈ Wk+2,ρ

� 	�	 �
E

B‖u(s, .)− Λ‖2k+2,ρ−−→
s↑T

0

� 	�	�	 � �����*�D���
ϕ ∈ C2

c ([0,T ]× R
d)
�������*�D���

t , τ ∈ [0,T [

 	����

t < τ
�

∫ τ

t

∫

Rd

∂sϕ(s, x)u(s, x)dsdx +

∫

Rd

u(t, x)ϕ(t, x)dx =

∫

Rd

u(τ, x)ϕ(τ, x)dx

+

∫ τ

t

∫

Rd

A(u, ϕ)(s, x)dxds +

∫ τ

t

∫

Rd

ϕ(s, x)f(s, x, u,∇uσ)dxds

+

∫ τ

t

∫

Rd

ϕ(s, x)h(s, x, u)dx
←−
dBs P

B − a.s., 1O�xb=7


 �����@�
A(ϕ, ψ) :=

1

2
∇ϕσσ∗∇ψ + ϕdiv(b − Ã)ψ

�D���
Ãi =

1

2

d
∑

k=1

∂(σσ∗)k,i

∂xk

�����
1 ≤

i ≤ d.
� a0`8kx¸ta�mo^5a	¤¬ptjhjqpn¢�fhr5�(ktvovBi�`7s5mwfhptr�vSª

�,¼ 
�¿ � � » � � � �1�
b
ktr y

σ
 LaSjqp[r5��~waYvBsIaS{�mwfh�ta1jhz�mwp

Ck+3
b (Rd;Rd) ¨ Ck+3

b (Rd;Rd×m)
ktr y kt~wa� Lp[i5ru�

y a y 1¬~oa1`(fhr y mo^�knm
k
flv�mw^5a0p[~ y a1~ px¤�mw^5a y fhvBmw~ofq �iumwfhptr

Λ
7�ª

�,¼ 
�¿ � � » � � � �1� �4r5fq¤¬pt~o`-aSjqjhfqs5mwfl{�fqm?z E�mo^5a1~oa0a�|uflv?m�v�k({�ptrLv?m�kxr\m
ε > 0

vwi�{�^�mw^�kxm
σσ∗ ≥ εId

ª
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���������
	��
������������������������������	�������	 ���!	��#"$	 ��������%�&'�)(��������*�
�����+��� �[�

�,¼ 
�¿ � � » � � � � � ] ^5a�¤¬i5r�{�mwfhptr�v
f
kxr y

h
kx~oa	 Lp[i5r y a y kxr y G+fhs�vo{�^5f«m+>0{�ptr\mofqrgi5p[i�v�E

sup
x∈Rd,s∈[0,T ],y∈RN ,z∈RN×m

(|h(s, x, y)|+ |f(s, x, y, z)|) ≤ L̄

ktr y ¤¬pt~4kxrgz
y, y′ ∈ R

N ¨ z, z′ ∈ R
N×m E

sup
x∈Rd,s∈[0,T ]

(|h(s, x, y)− h(s, x, y′)|+ |f(s, x, y, z)− f(s, x, y′, z′)|) ≤ L̄(|y − y′|+ |z − z′|) .
] ^�a�`8ktfqr,~oaSvwi5j«m�pt¤�mo^5fhv¦dgaS{�mwfhptr�fhv�mo^5a	¤¬ptjhjqpn¢�fhr5�Lª
��� »g¿ � » � � � " � �
��� � � ��� �+�H������������� � �����)0"!��H���+� �#,�	2��� � � � �H	 ) �H������� � �
	 ��� ��� ����� & ��
��
1M�t��7�0

] ^5a0s�~wpgpx¤�px¤�mw^5flv4] ^5aSpt~oa1`-flv �tfh�taSr$fhr�mw^5a	¤¬p[jqjhpn¢�fqr���mo^5~waSa�vBi� �vBaY{
mofqp[r�v1ª

���	� 
���
�
���
����������������������

G�a�m
u
ktr y

ū
 Ia(m?¢�p�vwptjhiumwfhptrLv	px¤ 1O�[�)7�ª � a y a1r�pxmwa

w := u − ū ¨ F (t, x) = f(t, x, u,∇uσ) −
f(t, x, ū,∇ūσ)

kxr y
H(t, x) = h(t, x, u)− h(t, x, ū) ª � a�¢�fqjhjµ��~�v?m s5~opn�ta�mo^�knm w vwptjh�taYv�k�jqfhr5aYkx~

du}§­£¯=fhr y flv?mo~wfh 5iumofqp[r�vwa1r�vwatª
G�a�m

τ < T
ª
u
kxr y

ū
vBp[jq�[aSv/1O�t��7�vBp�mw^�kxm ¨ mokt¸gfqr5��mw^�a y fq®µa1~oa1r�{1a� Ia�m?¢�a1aSr¡mo^5a	aS°\i�knmofqp[r�v��taS~wfq��a y gz

u
ktr y

ū
1¬fhr$mo^5a0¢�aSkx¸¡vwa1rLvBa 1O�xb=7@7 ¨ ¢�a	�ta�m

∫ τ

t

∫

Rd

∂sϕ(s, x)w(s, x)dxds +

∫

Rd

w(t, x)ϕ(t, x)dx =

∫

Rd

w(τ, x)ϕ(τ, x)dx
1O�t��7

+

∫ τ

t

∫

Rd

w(s, x)L∗ϕ(s, x))dxds +

∫ τ

t

∫

Rd

ϕ(s, x)F (s, x)dxds +

∫ τ

t

∫

Rd

ϕ(s, x)H(s, x)dx
←−
dBs.

� a0¢ kxr\m mwp(s�ktvov�mwp7mo^5a0jqfh`(f«m£k[v
τ → T

ª�dgfqrL{�a
F
kxr y

H
kt~wa	 Ipti5r y a y ¢�a��[a�m

∫ τ

t

∫

Rd

F (t, x)ϕ(s, x)dxds
P B−a.s.−−−−−→

τ↑T

∫ T

t

∫

Rd

F (t, x)ϕ(s, x)dxds
kxr y

∫ τ

t

∫

Rd

H(t, x)ϕ(s, x)dx
←−
dBs

P B−a.s.−−−−−→
τ↑T

∫ T

t

∫

Rd

H(t, x)ϕ(s, x)dx
←−
dBs .

9Gm�~waS`(ktfqrLv0mwp�mw~oaSknm�mw^5a8moa1~o`8v�¢�^5aS~wa
w
kxs5sIaSkt~ovSª �4a1~oa¡¢�a8`�i�vBm�m�kx¸[a¡{1kx~oa8px¤�mo^5a8¤Ðk[{
m�mo^�knm

w
fhv£fqr\mwaS�t~�kx 5jha0ptr�jqz�ptr

[0,τ ]
1OvBaSa�­£a1��r5fqmwfhptr*��7  5ium�r5pxm�ptr

[0,T ]
ª��¦vBfhr5�8mo^5a�s5~optsIa1~wm?z

(ii)
fhr

­¦a��Lr5f«mofqp[r�� ¨ ¢�a��[a�m

E
B

∣

∣

∣

∣

∫

Rd

w(τ, x)ϕ(τ, x)dx

∣

∣

∣

∣

≤ E
B

∣

∣

∣

∣

∫

Rd

u(τ, x)ϕ(τ, x)dx − Λ(ϕ(τ, .))

∣

∣

∣

∣

+ E
B

∣

∣

∣

∣

∫

Rd

ū(τ, x)ϕ(τ, x)dx − Λ(ϕ(τ, .))

∣

∣

∣

∣

≤ E
B‖u(τ, .)− Λ‖k+2,ρ|ϕ|k+2,ρ + E

B‖ū(τ, .)− Λ‖k+2,ρ|ϕ|k+2,ρ

−−−→
τ→T

0 .
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��pt~oa1pn�taS~�p[r5a	^�ktv
∣

∣

∣

∣

∫

Rd

w(s, x)L∗ϕ(s, x))dx

∣

∣

∣

∣

≤ C ‖w(s, .)‖k+2,ρ|ϕ(s, .)|k+2,ρ

≤ C ‖w(s, .)‖k+2,ρ sup
s≤T
|ϕ(s, .)|k+2,ρ .

dufqr�{1a
w ∈ Wk+2,ρ

1OvBaSa � 	 �	fqr,­¦a���r5fqmwfhptr���7 ¨ s→ ‖w(s, .)‖k+2,ρ
flv�fhr\mwaS�t~�kx 5jha£p[r

[0,T ]×Ω2
vwp

¢�a	`8k³z¡i�vwa¦mo^5a y p[`7fhr�kxmwa y {1ptrg�taS~w�[a1r�{1a¦] ^5aSpt~oa1`�fhr�p[~ y a1~�mwp8�[a�m
∫ τ

t

∫

Rd

w(s, x)L∗ϕ(s, x)dxds−−→
τ↑T

∫ T

t

∫

Rd

w(s, x)L∗ϕ(s, x)dxds PB − a.s.

dufqr�{1a
∣

∣

∣

∣

∫

Rd

w(s, x)∂sϕ(s, x))dx

∣

∣

∣

∣

≤ C ‖w(s, .)‖k+2,ρ sup
s≤T
|∂sϕ(s, .)|k+2,ρ ,

¢�a	i�vwa	kt�[ktfqr$mw^5a y pt`(fqrLknmwa y {1ptrg�taS~w�[a1r�{1a¦] ^5aSpt~oa1`©ktr y pt um�kxfhr
∫ τ

t

∫

Rd

∂sϕ(s, x)w(s, x)dxds
P B−a.s.−−−−−→

τ↑T

∫ T

t

∫

Rd

∂sϕ(s, x)w(s, x)dxds .

�4a1sIpt~wmwfhr5�7ktjqjImo^5aSvwa	fqr 1O�[�)7 ¨ ¢�a¦�[a�m mw^Lknm w ∈ Wk+2,ρ
vwptjh�taSv§mw^�a�jhfhr5aSkt~�du}§­£¯ 1Ðfqr y flv?mo~wfh 5iumofqp[r

vwa1rLvBa
7�E�mw^�kxm4fhv�¤¬pt~4kxjhj
ϕ ∈ C∞

c ([0,T ]× R
d)
ptr�a�^Lktv

∫ T

t

(ws,∂sϕ(s, .))ds + (wt,ϕ(t, .)) =

∫ T

t

(ws,L∗ϕ(s, .))ds+

∫ T

t

(F (s, .),ϕ(s, .))ds

+

∫ T

t

(H(s, .),ϕ(s, .))
←−
dBs .

�£pxmofh{1a0mw^�kxm
w
voknmwflvB��aSv mo^5a�kt Lpn�[a	�³kt~wflknmofqp[r�kxjµ¤¬p[~w`�i5jlknmwfhptr,p[r,mw^5a�¢�^�ptjha

[0,T ]
¢�^�a1~oaSktv

u
kxr y

ū
voknmofhvB¤¬z 1M�nb=7�p[r5jqz�ptr

[0,τ ] ¨ τ < T
ª¥] ^5a	sIptfhr[m4^�a1~oa�flv�mw^Lknm mw^5a	�Lr�kxj+{1ptr y fqmwfhptr y flvwkts5sIaSkx~�v� gz

m�kx¸gfhr5��mo^5a y fq®IaS~waSr�{�a(pt¤
u
kxr y

ū
ª � a¡kx~oa7r5pn¢ fhr¶mo^5a(¤¬~�kx`(a(px¤�· ktjqjhz¶kxr y ��kxmwp[i�vwvwf 1O�t�t��3
7 ¨}§~wp[sLp\vBfqmwfhptr��uª�3�ktr y ¢�a	�[a�m mw^�kxm
w = 0

kxjh`(p[vBm�a1�taS~wzg¢�^5aS~wa[ª

����� �����	��� ����� �
	��
������� � � 
������ 
�
��
��� 
������ �	�������

� a0s5~opn�ta¦mw^5a	¤¬p[jqjhpn¢�fhr5��fhr\mwaS~w`(a y fhkxmwa	~waYvBi�j«mFE
��� »g¿ � » ���1� "��8���+� � � � ������� � �+�H������������� � ��� � �D�@� � � � & ��� �	�)0 "��/� ���+�+�D�
��� �
��� � � �8���H��� �����
���F�
	 ��	 ��� � �

f
�D���

h
�����
	2��� �

i)
�
ii)

�D���
iii)

��� 
*�'& � 	�� 	 �D� � �����
f

	2� � �D�@��������� (���� ���)�	�)0 !������
�������@����,�	2��� �8� �@�����)��� & ��� �

u
������� � 	 �D�!��� 1O�[�)7�0

� �D�@���������
u
����� ����� � �+�+�H����� �

E
B‖u(τ, .)− Λ‖2k+2,ρ ≤ c(T − τ)

0

ã¬ä á ã¹å



���������
	��
������������������������������	�������	 ���!	��#"$	 ��������%�&'�)(��������*�
�����+��� �=J

�£pn¢�¢�a�s5~waYvBaSr\m£mw^�a7vBmw~�knmoa1�tz$mw^Lknm	¢�a�a1`(s5jhpnz�fhr¶p[~ y a1~4mop�{1ptr�vBmw~oi�{�m4mw^5a(vwptjhiumwfhptr�pt¤�1M�t�)7
ktr y ¢�a8a1|gs�jhktfqr±¢�^gz¶k,~waSjhkxmwfh�ta({�p[`7sLkt{
mor5aSvov0{�~ofqmwa1~ofhptr¶flv	mo^5a¡kxs5s�~wp[s5~wflknmoa�mopgptj¥mop,k[{�^5fha1�ta7fqmSª
] ^�a�f y aSk$flv�vwfh`7s�jqa(kxr y v?m�kxr y kx~ y ª�dgfqrL{�a�mw^5a(ptsIa1~�knmopt~

L
flv£i�r5f«¤¬p[~w`(jhz�a1jhjqfhsumofh{�mw^�a7k[vwvwpu{�flknmwa y

vwa1`(fq�M�[~wp[i5s�^�k[v�k$~oa1�ti�jhkt~wf�>Skxmwfhptr�s5~optsIa1~wm?z�vBp ¨ aS�taSr¶fq¤ uT = Λ
flv	k y flvBmw~ofq 5i5mwfhptr ¨ ut

¢�fhjqj¥ Ia7k
¤¬i�r�{
mofqp[r*ktv	vwpgptr¶k[v

t < T
kxr y ∇ut

¢�fqjhj�a�|ufhvBmov�sIptfhr\m?¢�fhvwatª�] ^5flv�fhv�aYvwvwa1r\mwflkxj�fhr¶pt~ y aS~£mop$�[fq�[a
k�vBaSr�vBa�mwp

f(t, x, u,∇uσ)
kxr y mop

h(t, x, u)
ª�9Ñr¶pt~ y a1~�mop�s5i5m£mw^�fhv¦f y aSk(mop�¢�pt~o¸�¢�a�{�p[r�vwf y aS~£k

vwaS°\i5aSr�{�a�pt¤µvw`(pgpxmw^7¤¬i5rL{
mwfhptrLv
gn
vBiL{�^�mo^�knm

gn → Λ
fhr y flv?mo~wfh 5iumofqp[r+ª���pt~oa�s5~oaS{�flvwa1jhz E�jqa1m

ηn(x)k±vwaS°\i5a1rL{�a�px¤¦~oa1�[i5jlkx~of >YknmwfhptrÁ¸[a1~or5a1jlv
ηn = ndη(nx)

¢�^5aS~wa
η ∈ C∞

c (Rd)
flv8k*r5ptru�Gr5aS�[knmofq�[a

¤¬i�r�{
mofqp[r$vwi�{�^¡mo^�knm
0 ∈ supp η ktr y ∫

Rd η(x)dx = 1
ª¥´5p[~ ktrgz

n ≥ 1 ¨ ¢�a y a���r�a λn,α := ηn ∗ λα¢�^�a1~oa
(λα)1≤|α|≤k

kx~oa�mw^5a�{1pga�²¡{�fha1r\mov �[fq�[a1r$ \z 1O�t��7�ª
� i�~4vBaY°[i�a1r�{1a�pt¤�vw`(p\ptmw^$¤¬i5r�{�mwfhptr�flv y a���r�a y  gz

gn(x) :=
∑

0≤|α|≤k

(−1)|α|∂αλn,α(x),

ktr y ¤¬pt~
ϕ ∈ Hρ

k
¨ ¢�a y aSr5pxmoa

Λn(ϕ) :=

∫

Rd

gn(x)ϕ(x)dx =
∑

0≤|α|≤k

∫

Rd

λn,α(x)∂αϕ(x)dx .

� r�a	{Skxr�s5~opn�ta�i�vBfhr5�8vBmokxr y kx~ y kt~w�[i5`(a1r\mov�mo^�knm

lim
n→∞

‖Λn − Λ‖2k,ρ = 0 .
1O� ��7

] ^�a1r�¢�a�~oa1s�jhk[{�a0mo^5a��Lr�kxj�{�p[r y fqmwfhptr
Λ
fhr 1O�[�)7£ \z

gn
ktr y ¢�a y aSr5pxmoa

un
mw^5a(vwptjhiumwfhptr�pt¤�mw^�fhv

r�a1¢KaY°\i�knmofqp[r E

un(t, x) = gn(x)+

∫ T

t

Lun(s, x)ds+ f(s, x, un(s, x),∇un(s, x)σ(x))ds

+

∫ T

t

h(s, x, un(s, x))
←−
dBs.

1M��JD7

] ^�a$~oaSvwi5jqm�px¤¦}�kt~ y ptiu| kxr y }�a1r5� 143F5)5tb=7	fhr�vwi5~waYv�mo^�knm
un

a�|uflv?m�v7ktr y fqm(~waS`(ktfqrLv�mop*s�k[vwv�mwp
mo^5a8jhfq`(fqm 1¬pt~�knm0jqaYktvBm�a�|gmw~�kt{�mwfhr5�,k�{�ptrg�[a1~o�ta1r\m	vBi5 LvBaY°[i�a1r�{1aF7	kxr y mop�{�ptrLv?mo~wi�{�m

u = limn un
ª

� ¤�{�pti�~ovwa�p[r5a7^�ktv¦mwp$mokt¸ta({1kt~wa�px¤�mo^5a7¤Ðkt{
m	mo^�knm
gn
 5jhpn¢4v�i5s ktv

n → ∞  5ium0ptr�a�`8k³z�^5p[sLa
mo^�knm8i5r�f«¤¬p[~w` aSjqjhfqs5mwfl{�fqm?z ¢�fqjhj�a1rLkx 5jha,i�v�mwp �ta1m7~opti5r y mo^5fhv y fq²¡{�i5jqm?ztª ] ^5a���~�v?m8kxr y r�kxmwi5~�kxj
f y aYk�flv�mop¶i�vwa¡mo^5a${1jhk[vwvwfh{Skxj�{�pt`(s�k[{
m7a1`� Ia y�y fqr���mw^�a1pt~oa1` pt¤

H1(O)
fqr

L
2(O)

E�f«¤£¢�a�s�~wpn�[a
mo^�knm ‖un‖H1(O)

¨ n ∈ N
flv0 Ipti5r y a y mw^�a1r

(un(t, .))n∈N

¢�fqjhj§ Ia¡~oa1jlknmwfh�taSjqz*{�pt`(s�k[{
m�fhr
L

2(O)ktr y vBp,¢�a7`8k³z¶vwi5 umo~ok[{
m�k,{�p[r\�[a1~o�taSr[m	vBi� �vBaY°\i5a1r�{1a
unk

¨ k ∈ N
ª8·�ium

un
k[v0k$~�kxr y pt` �La1j y

y a1sIa1r y v p[r
ω
ktr y vBp�mw^5a0vwi5 �vwaS°\i5aSr�{�a

(nk)k∈N

¢�fqjhj y a1sIa1r y p[r
ω
ktr y fqm�fhv�r5ptm4{�jhaSkx~�mo^�knm ptr5a

`8k³z�vwi5 umw~�kt{�m	k${�p[`7`(p[r*vwi5 �vwaS°\i5a1rL{�a�¢�^�fh{�^*fhv	{�p[rg�ta1~o�taSr\m4¤¬pt~�a1�[a1~oz
ω
ª�] ^�fhv�flv4mo^5a8vBsIaS{1f«�L{

y f«²¡{�i�j«m?z8{�p[r�{�aS~wr�fqr5�	mo^5flv§s5~opt �jqaS` ktr y mw^�fhv�fhv�¢�^gz�¢�a£^Lk³�ta mwp�a1`(s5jhpnz7k�~waSjhkxmwfh�ta£{1pt`(s�kt{�mwr5aYvwv
{1~wfqmwaS~wfhptr±¢�^5fl{�^±mokx¸[aSv0{Skx~oa7pt¤� Ipxmo^

x ∈ O ktr y
ω ∈ Ω

ª$] ^5a¡k y aS°\i�kxmwa8~oaSvwi5j«m�flv	mo^5a8~waSjhkxmwfh�ta
{1pt`(s�k[{
mwr�aSvov�{1~wfqmwaS~wfhptr��tfh�taSr� gz$] ^�a1pt~oa1`©�5ª
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�$» � �u��� � � -��
Λ

�����
	2��& ��� � �+���D���H����	2� � � �������
� ���)��� ���H� � � 	 ������� ����� 	 ��� 	 ��	�� � ����� � ��� �
	 ��� � � ��%
�H����������	2� � � �D��� � �+�H����������	2� � �+
 �(���D�
�

PT−tgn(x) =
∫

RdpT−t(x, y)gn(y)dy
��
 �����@�

pr(x, .)
	2�

�����%�����H��	�� ����� �����/� ��
 ��� �����%��	 � � ��	 �D�����@�F�+����� �����D��� 	�� � ���@���
x

0 ������	 �)��� � ����� �'��	 �	��� ��� � � ����� �
�D��� � � �H��
�� ����� & � �+�6�F�#
 � � ��� ��� ���K���H���@� �#,�	2��� �

c1, c2, ς > 0
�������H������	�� �B���!���H��(�� � ���
����� �����

������	������
	������*���
σ

�����
b

�D��� �D� ����������� 	 � �
	 ��	�� �$�����H�����D�H�
ε
� � �H�#�B���H���

∑

0≤|α|≤k

|∂y
αps(x, y)| ≤

c1
sς

exp

(−c2|x− y|2
s

)

.

� ��	�� � ��� 	2������� 	�� ����� 
 � �=���

|PT−tgn(x)| ≤ c ‖gn‖k,ρ

(T − t)ς
≤ c ‖Λ‖k,ρ

(T − t)ς
.

!�� 	2� 	2� ��������� � ��
 ��� ��� �H����� ���!����� 	�� ���
	 ��� ���
P x

T−tgn
� �H	 ���D���*� ��
 	���� �@���
�H����� ���

n
0

] ^�ktr5¸uv4mop¡mo^5fhv	��aS`8kx~o¸ ¨ ptr�a�`8k³z���r y L̄ > 0 ¨ ε > 0
kxr y

ς > 0
1Ðfqr y a1sIa1r y aSr\m�pt¤

n
74vwi�{�^

mo^�knm�mo^5a�vwa�m�px¤¥{�pga�²¡{1fqaSr[m�v
(b, σ, f, gn, h)

 LaSjqp[r5�7mwp7mw^5a�vwa�m
ΓL̄,ε,ς

ª
( p[r�vwaS°\i5a1r\mojqz± gz ] ^�a1pt~oa1` � ¨ ¤¬p[~�aS�ta1~oz τ < T

kxr y aS�taS~wz* Lp[i5r y a y ptsIa1rWvBa1m O ⊂ R
d ¨ mw^5avwaS°\i5aSr�{�a

(un)n∈N

px¤
L

2([0,τ ] ;H1(O)×D
1,2)

vwptjhiumwfhptrLv�pt¤ E(b, σ, f, gn, h)
flv�~waSjhkxmwfh�taSjqz0{�p[`(s�kt{�m

fhr
L

2([0,τ ] × O × Ω2)
ª8] ^5a(~oa1jlknmofq�[a1jhz,{1pt`(s�k[{
mwr�aSvov¦flv	�tfh�taSr*p[r5jhz�ptr

[0,τ ]
vwfqrL{�a7f«¤

un
^�k[v�k

{1ptrg�taS~w�[a1r\m£vwi5 �vwaS°\i5a1rL{�a ¨ p[r5a�`8k³z,r5pxm	^5p[sLa�mw^�kxm�fqm	{1ptrg�taS~w�[aSv�p[r [0,T ]
aSr[mofq~oa1jhz�vBfhr�{1a

u(T, .)`�i�vBm( Ia�k y flv?mo~wfh 5iumofqp[r+ªC] ^5a1r ¨ s�k[vwvwfhr5�¶mop k vBi5 LvBaY°[i�a1r�{1a 1Okxjh¢�k³zuv y a1r�pxmwa y  \z
(un)n∈N

fhr
mo^5a�¤¬ptjhjqpn¢�fhr5�=7 ¨ ¢�a7`(k³z�k[vwvwi5`(a0mw^Lknm�mw^5aS~wa7a�|uflv?m�v¦k�~oktr y pt` ��aSj y

u
vwi�{�^�mo^�knm

un(t, x, ω2) →
u(t, x, ω2) dt ⊗ dx ⊗ dPB(ω2)

�Gktjq`(p\v?mw�MaS�ta1~ozg¢�^5a1~oa�p[r
[0,T ] × R

d × Ω2
ª$��p[~waSpn�ta1~ ¨ vwfqr�{1a(mw^5aaYv?mofq`8kxmwaSv�143Y��7£kxr y 1?3Y��7�^5p[j y mo~wi�a�¤¬p[~

un
¨ i5r5fq¤¬pt~o`7jhz,¢�f«mo^¶~oaSvwsLaY{
m¦mwp n ¨ ¢�a�p[ umoktfqr�¤¬p[~¦aS�taS~wz

τ < T
kxr y aS�ta1~oz

p ∈ N
E

sup
n∈N

sup
x∈Rd

sup
t∈[0,τ ]

(

E
B |un(t, x)|2p +

∫ τ

0

E
B |∇un(r, x)|2dr

)

≤ C .
1O�t��7

�¦v�k8{�p[r�vBaY°\i5a1r�{1a ¨ ¢�a	ktjhvwp(�ta1m
∥

∥unp
− u
∥

∥

L2([0,τ ]×Rd×Ω2;ds⊗ρ−1(x)dx⊗dP B)
−−−→
p→∞

0 ∀ τ < T .

G�a�m�i�v�r�pn¢Ks5~opn�ta¦mw^�kxm ∇un → ∇u
kxjh`7p\v?m4vwi5~oa1jhz�kxr y fhr

L
2 ª � a y a���r�a

(Y t,x
n,s ,Z

t,x
n,s) := (un(s,Xt,x

s ),∇un(s,Xt,x
s )σ(Xt,x

s )) , t ≤ s ≤ T .

] ^�fhv�{1pti5s5jha0px¤�s5~opg{1aSvovBaYv vBp[jq�[aSv�mw^5a�· ­	du­¦¯ 1Ðvwa1a0] ^5a1p[~waS`-b=7

Y t,x
n,s = gn(Xt,x

T ) +

∫ T

s

f(r,Xt,x
r , Y t,x

n,r , Z
t,x
n,r)dr +

∫ T

s

h(r,Xt,x
r , Y t,x

n,r )
←−
dBr

−
∫ T

s

Zt,x
n,rdWr , t ≤ s ≤ T .

1O�)5�7
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( jlktvovwfh{SkxjµaSvBmwfh`8knmwfhptrLv ptr$mw^5a�· ­	du­£¯ 1M�D5=7�1OvBaSa0}¥kx~ y ptiu|�ktr y }�aSr5� 143F5)5tb=7?7§zgfqaSj y
∫ τ

s

E|Zt,x
n,r − Zt,x

m,r|2dr ≤ E|Y t,x
n,τ − Y t,x

m,τ |2 + C

∫ τ

s

E|Y t,x
n,r − Y t,x

m,r|2dr.

9Ñr\moa1�t~�knmofqr��7kt�[kxfhr�vBm
ρ−1 ktr y i�vBfhr5�(m?¢�fl{�a�mw^�a0aS°\i5fh�³ktjqaSr�{�a	pt¤�r5p[~w`8v ~oaSvwi5j«m 1?3Y�)7 ¨ ¢�a��[a�m

∫ τ

t

∫

Rd

E
B |∇un(s, x)σ(x) −∇um(s, x)σ(x)|2ρ−1(x)dxds ≤

C

∫

Rd

E
B |un(τ, x) − um(τ, x)|2 dx

ρ(x)
+ C

∫ τ

t

∫

Rd

E
B |un(s, x)− um(s, x)|2 dx

ρ(x)
ds

ktr y mo^5a,kx Ipn�ta¡moa1~o`8v7{1ptrg�taS~w�[a(mwp �*k[v
n,m → +∞ ª dgfhr�{1a σσ∗ ≥ εId

¨ ¢�a�{1ptr�{1jqi y a�mo^�knmmo^5a�vwaS°\i5aSr�{�a
(∇un)n∈N

flv ( kti�{�^gz$fhr
L

2([0,τ ] × R
d × Ω2 ; ds ⊗ ρ−1(x)dx ⊗ dPB(ω2))

ª/G+a�m
v = limn∇un

ª¦� vBmokxr y kx~ y kx~o�ti5`(aSr[m�vB^5pn¢4v4r5pn¢ mw^�kxm
u ∈ H1(O)

kxr y
v = ∇u ª �¦vBfhr5� 1O�t��7

¢�a	�ta1m�mo^�knm

sup
x∈Rd

sup
t∈[0,τ ]

E
B |u(t, x)|2 +

∫ τ

0

E
B |∇u(r, x)|2dr ≤ C , ∀ τ < T .

dufqr�{1a
(un , ∇un) → (u , ∇u) ktjq`(p[vBmB�Ñvwi5~waSjqz�kxr y fqr L

2([0,τ ] × R
d × Ω2 ; ds ⊗ ρ−1(x)dx ⊗

dPB(ω2))
¢�a7`8k³z$s�k[vwv£mwp�mw^5a7jhfq`(fqm	fhr�mo^5a�aY°\i�knmofqp[r 1O�xb=7 ¤¬p[~

un
fhr¶p[~ y aS~4mop�pt 5mokxfhr 1M�nb=7�¤¬pt~

(u , ∇u) ª� a0vB^LkxjhjIr�a1a y fqr$mw^�a¦¤¬p[jqjhpn¢�fhr5� ¨ mw^5a	r5ptmwfhptr$px¤�vBmwpu{�^�k[v?mofh{4mwaYv?m ¤¬i5r�{�mwfhptr�vSª G+a1m
ϕ ∈ C2

c (Rd)
ª � a

y a���r5a

ψt : Ω× [t,T ]× R
d → R

 gz
ψt(s, x) = ϕ(X̂t,x

s )J(X̂t,x
s ) ,

1O�t��7

¢�fqmw^
J(X̂t,x

s )
mo^5a y a�mwaS~w`(fhr�kxr\m¡pt¤�mo^5a �\kt{1pt 5flkxr `8knmo~wfq| pt¤

x 7→ X̂t,x
s
¨ mw^�a�fqrg�[a1~�vBa�`8kxs=pt¤

x 7→ Xt,x
s

ª 9Gm,fhv$s5~opn�ta y fhrK· kxjhjhz ktr y ��kxmwp[i�vwvwf*1M�x�[��3F7 1Ðvwa1a 		i�r5f«m�k#1?365t�\�)78ktjhvwp=7(mw^�kxm$fq¤
ϕ ∈ C∞

c (Rd) ¨ mo^5a1r�¤¬p[~ P− kxjh`7p\v?m a1�[a1~oz ω ¨ ψt
 Ia1jhptr��[v�mwp Hρ

k

kxr y ¢�a0^�k³�ta¦mw^�a0aSvBmwfh`(kxmwfhptr

sup
t≤s≤T

E |ψt(s, .)|2k,ρ ≤ c|ϕ|2k,ρ,
1O��3F7

¢�^�a1~oa
c > 0

y a1sIa1r y v4ptr
T
ktr y p[r�mo^5a0¢�a1fh�t^\m

ρ
ptr5jhztª

� � ¿+¿���¿�� � � »\¿ � » � �+�
9Gm7~waS`8kxfhr�v	mwp*s5~opn�ta7mw^�kxm

u
{�ptrLv?mo~wi�{�mwa y kx Ipn�ta¡voknmwflvB��aSv�mw^5a$s5~wp[sLaS~BmofqaYv

(ii)
ktr y

(iii)
fqrÁmo^5a

­¦a��Lr5f«mofqp[r��5ª � a	�L~ovBm4s5~opn�ta¦mw^�kxm
E

B‖u(τ, .)− Λ‖2k+2,ρ−−→
τ↑T

0.
�4a1`(fqr y 1Ðvwa1a 1M� �=747	mo^�knm

un(T, .) = Λn −−−−→
n→∞

Λ
¢�f«mo^ ~oaSvwsLaY{
m�mop�mw^5a ‖.‖k,ρ−

r5p[~w`,ª � a��5|
τ < T

kxr y ¢�a	¢�~wfqmwa
∫

Rd

u(τ, x)ϕ(x)dx − Λ(ϕ) = lim
n→∞

∫

Rd

(un(τ, x) − un(T, x))ϕ(x)dx , PB �Gktjq`(p\v?m�vBi�~waSjqz[ª
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G�a�m i�v {�p[`7s�iumwa ∫
Rd(un(τ, x)− un(T, x))ϕ(x)dx

ª�dgfhr�{�a
un

vwptjh�taYv�1M��JD7 ¨ ¢�a�^�k³�ta£mw^5a�¤¬p[jqjhpn¢�fqr��¢�aSkt¸(¤¬pt~o`�i5jlknmofqp[r$p[r
[0,T ]

1Ðktr y r5pxm4p[r5jqz�ptr
[0,τ ]

vwfhr�{�a
gn
fhv�k7¤¬i�r�{
mofqp[r 7

∫

Rd

un(t, x)ϕ(t, x)dx =

∫

Rd

ϕ(T, x)un(T, x)dx +

∫ T

t

∫

Rd

Lun(s, x)ϕ(s, x)dxds

+

∫ T

t

∫

Rd

ϕ(s, x)f(s, x, un(s, x),∇un(s, x)σ(x))dxds

+

∫ T

t

∫

Rd

ϕ(s, x)h(s, x, un(s, x))dx
←−
dBs .

9Gm�¤¬p[jqjhpn¢4v�mw^�kxm
∫

Rd

u(τ, x)ϕ(x)dx − Λ(ϕ) = lim
n→∞

(

(I1
n, ϕ) + (I2

n, ϕ) + (I3
n, ϕ)

) ¢�f«mo^ 1O�[�)7

(I1
n, ϕ) =

∫ T

τ

∫

Rd

un(s, x)L∗ϕ(x)dxds

(I2
n, ϕ) =

∫ T

τ

∫

Rd

f(s, x, un,∇unσ)ϕ(x)dxds

(I3
n, ϕ) =

∫ T

τ

∫

Rd

h(s, x, un)ϕ(x))dx
←−
dBs .

dufqr�{1a
f
flv  Lp[i5r y a y ¨ |(I2

n, ϕ)| ≤ c(T − τ)|ϕ|0,ρ
kxr y mw^5aSr

E
B‖I2

n‖2k,ρ ≤ c (T − τ)2 . 1O�t��7

��pt~oa1pn�taS~�p[r5a	^�ktv
∫ T

τ

∫

Rd

h(s, x, un)ϕ(x)dx
←−
dBs =

∫

Rd

(

∫ T

τ

h(s, x, un)
←−
dBs

)

1

ρ(x)
ϕ(x) ρ(x)dx,

ktr y mw^�ktr5¸uv�mwp(mw^�a ( kxi�{�^gz\�Ñd5{�^\¢ kx~wm@>£fqr5aY°\i�kxjhf«m?z�¢�f«mo^�~oaSvwsIaS{
m�mop7mw^5a0`(aSk[vBi�~wa
ρ(x)dx

¢�a	�ta�m

|(I3
n, ϕ)| ≤





∫

Rd

∣

∣

∣

∣

∣

∫ T

τ

h(s, x, un)
←−
dBs

∣

∣

∣

∣

∣

2
dx

ρ(x)





1
2
(∫

Rd

|ϕ(x)|2ρ(x)dx
)

1
2

≤





∫

Rd

∣

∣

∣

∣

∣

∫ T

τ

h(s, x, un)
←−
dBs

∣

∣

∣

∣

∣

2
dx

ρ(x)





1
2

|ϕ|0,ρ ,
vBp7mw^Lknm

‖I3
n‖2k,ρ ≤

∫

Rd

∣

∣

∣

∣

∣

∫ T

τ

h(s, x, un)
←−
dBs

∣

∣

∣

∣

∣

2
dx

ρ(x)
.
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] ^�a1r ¨ vwfhr�{�a h flv� Lp[i5r y a y kxr y ρ−1 fhv fhr\mwaS�t~�kx 5jha ¨ ¢�a	�ta�m

E
B‖I3

n‖2k,ρ ≤ c(T − τ) .
1Ð�tb=7

�4a1`(fqr y mo^�knm ¢�a�^�k³�[a£r5p7aSvBmwfh`8knmwfhptr$px¤
un(s, x)

r5aSkt~
T
vBp7¢�a�^�k³�[a4mwp7aSvBmwfh`8knmoa

I1
n

ktv�¤¬p[jqjhpn¢4v1ª
� a0fhr[moa1�[~okxmwa¦mw^5a�· ­	du­£¯CvoknmofhvB��a y  gz

Y t,x
n,s = un(s,Xt,x

s )
1Ðvwa1a 1O�)5�7?7 kt�[ktfqr�vBm

ψ := L∗ϕ
E

∫

Rd

Y t,x
n,sψ(x)dx =

∫

Rd

gn(Xt,x
T )ψ(x)dx +

∫

Rd

∫ T

s

f(r,Xt,x
r , Y t,x

n,r , Z
t,x
n,r)drψ(x)dx

+

∫ T

s

h(r,Xt,x
r , Y t,x

n,r )
←−
dBrψ(x)dx −

∫

Rd

∫ T

s

Zt,x
n,rdWrψ(x)dx , t ≤ s ≤ T .

� a0¢�~of«moa	mw^5a�kt Lpn�[a�· ­	du­¦¯=¤¬pt~
s = t

kxr y ¢�a	i�vwa	mw^5a0¤Ðk[{
m�mo^�knm
un(t, x) = E

WY t,x
n,t

1¹mo^5a0jhk[v?m
aY°\i�kxjhf«m?z�fhv y i�a	mwp7mw^5a	¤Ðk[{
m�mo^�knm

Y t,x
n,t

flv y a1mwa1~o`(fqr�fhvBmwfl{	¢�f«mo^,~waYvBsIaS{�m�mop
W

7�fqr�pt~ y aS~ mwp(�ta1m

∫

Rd

un(t, x)ψ(x)dx =

∫

Rd

E
W gn(Xt,x

T )ψ(x)dx +

∫

Rd

∫ T

t

E
W f(r,Xt,x

r , Y t,x
n,r , Z

t,x
n,r)drψ(x)dx

+

∫

Rd

∫ T

t

E
Wh(r,Xt,x

r , Y t,x
n,r )
←−
dBrψ(x)dx .

�£pn¢K¢�a	fqr\mwaS�t~�knmoa¦¢�fqmw^,~oaSvwsLaY{
m�mwp
t ∈ [τ, T ]

kxr y ¢�a�p[ umoktfqr

(I1
n, ϕ) = (I1,1

n , ϕ) + (I1,2
n , ϕ) + (I1,3

n , ϕ)
¢�f«mo^

(I1,1
n , ϕ) =

∫ T

τ

∫

Rd

E
W gn(Xt,x

T )ψ(x)dxdt

(I1,2
n , ϕ) =

∫ T

τ

∫

Rd

∫ T

t

E
W f(r,Xs,x

r , un(r,Xs,x
r ),∇unσ(r,Xs,x

r ))dr ψ(x)dxdt

(I1,3
n , ϕ) =

∫ T

τ

∫

Rd

∫ T

t

EWh(r,Xs,x
r , un(s,Xs,x

r ))
←−
dBr ψ(x)dxdt .

�£pxmoa0mw^�kxm |ψ|0,ρ = |L∗ϕ|0,ρ ≤ C|ϕ|2,ρ
¨ vwp ¨ fhr,mw^�a�vwkt`(a0¢�k³z8mo^�knm¦¢�a�p[ umoktfqr�a y 1Ð�[��7�ktr y 1Ð�xb 7 ¨¢�a	^�k³�ta

E
B‖I1,2

n ‖2k,ρ + E
B‖I1,3

n ‖2k,ρ ≤ c(T − τ) .
1Ð�\�)7

´�fhr�kxjhjhz�¢�a�a1�nkxjhi�knmoa
I1,1
n

ª � a y a1r5ptmwa
ψt(T, x) = ψ(X̂t,x

T )J(X̂t,x
T )

1Ðvwa1aI1Ð�t�=747 ¨  \z�k${�^�kxr��ta�pt¤�nkt~wflkx 5jha�¢�a	�ta1m

(I1,1
n , ϕ) =

∫ T

τ

∫

Rd

gn(x)EW
(

ψ(X̂t,x
T )J(X̂t,x

T )
)

dxdt =

∫

Rd

gn(x)

(

∫ T

τ

E
Wψt(T, .)ds

)

dx .

á�á ×�L�M�ð
Ú
Þ



�\� ����������� &���� �������@�����

dufqr�{1a
supt≤s≤T E |ψt(s, .)|2k,ρ ≤ c|ψ|2k,ρ ≤ c|ϕ|k+2,ρ

1OvBaSa 1O��3
7?7 ¨ f«m�¤¬p[jqjhpn¢4v

∣

∣(J1,1
n , ϕ)

∣

∣ ≤ ‖gn‖k,ρ

∣

∣

∣

∣

∣

∫ T

τ

E
Wψt(T, .)dt

∣

∣

∣

∣

∣

k,ρ

≤ ‖gn‖k,ρ

∫ T

τ

|EWψt(T, .)|k,ρdt

≤ ‖gn‖k,ρ

∫ T

τ

|ϕ|k+2,ρdt

≤ (T − τ)‖gn‖k,ρ|ϕ|k+2,ρ .

dufqr�{1a ‖gn‖k,ρ ≤ c‖Λ‖k,ρ
¨

E
B‖I1,1

n ‖2k+2,ρ ≤ c(T − τ) ,
mo^5a1r,i�vwfhr5� 1Ð�\�)7 ¨ ¢�a0�ta1m mw^�kxm

E
B‖I1

n‖2k+2,ρ ≤ c(T − τ) .
1Ð����7

( p[`� 5fhr5fhr5� 1Ð�[��7 ¨ 1Ð�xb 7�kxr y 1Ð����7�¢�fqmw^ 1Ð�\�)7�¢�a���rLkxjhjqz$�ta�m mo^�knm

E
B‖u(τ, .)− Λ‖2k,ρ ≤ c(T − τ) ,

¢�fqmw^
c
y a1sIa1r y fqr��8ptr ‖f‖∞ ¨ ‖h‖∞ ktr y ‖Λ‖k,ρ

ª
] ^�a	vokx`(a�mwaY{�^5r5fl{1v4k[v�kx Ipn�ta��tfh�taYv�aYktvwfqjhz8mo^�knm

lim
s↑t

(u(s, .), ϕ) = (u(t, .), ϕ) dt⊗ dPB(ω2)− a.e. ∀ϕ ∈ Hρ
k+2

kxr y

sup
0≤τ≤T

E
B‖u(τ, .)‖2k+2,ρ <∞ .

1Ð� JD7

9Gm�¤¬p[jqjhpn¢4v�¤¬~wp[` 1Ð� JD7�mo^�knm mw^�a�vBp[jqiumofqp[r�voknmofhvB��aYv
E

B

∫ T

0

‖u(s, .)‖2m,ρds <∞
ª

����� �����	��� ����� �
	��
������� � � 
���� ��� � � ��� ��� � 
 ��� ������
 � � � 
������ �	�������

� a£s�~wpn�[a mw^5a¦a�|ufhvBmwaSr�{�a£s�kx~wm§px¤�] ^�a1pt~oa1`��uª
�4pn¢ ¢�a y ~opts(mo^5a¦vw`(p\ptmw^5r�aSvov§ktvovwi5`(sumwfhptr8p[r8mw^5a
{1pga�²¡{�fha1r\mov

f
kxr y

h
kxr y �?i�vBm¦k[vwvwi5`(a �£zgsLptmw^5aYvBflv£�uª

G�a�m
% ∈ C∞

c (Rd,RN ,RN×m;R+)
 Ia�k�`(p[jqjhf«�La1~�¢�fqmw^

∫

Rd×RN×RN×m

%(x, y, z)dxdydz = 1 ,
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ktr y ¤¬pt~
l ∈ N

¨

%l(x, y, z) = ld×N×N×m%(lx, ly, lz)

f l(r, x, y, z) =

∫

Rd×RN×RN×m

f(r, x− x′, y − y′, z − z′)%(x′, y′, z′)dx′dy′dz′

hl(r, x, y, z) =

∫

Rd×RN×RN×m

h(r, x − x′, y − y′)%(x′, y′, z′)dx′dy′dz′ .

dufqr�{1a
f
ktr y

h
kt~wa��tjhpt Lkxjhjqz G�fqs�vo{�^5fqm@>�{1ptr\mwfhrgi5pti�v

K(l) = ‖f l − f‖∞ + ‖hl − h‖∞ −−−→
l→∞

0 .
1O�t��7

��pt~oa1pn�taS~ ¨ {f l, gl ; l ∈ N
∗} voknmwflvB¤¬z i) ¨ ii) kxr y ii) fhr�mw^5a y a���r5fqmwfhptr,pt¤ ΓL̄,ε,ς

1Ðvwa1a y a1��r5fqmwfhptr 3F7
ktr y kx~oa¦ Ipti�r y a y  gz

L̄
i�r5f«¤¬p[~w`(jhz¡¢�fqmw^�~oaSvwsLaY{
m mwp

l
ª�dgp(ptr5a0`8k³z¡fhr\mw~op y i�{�a�¤¬p[~£kxrgz

l > 0
mw^5a

~�kxr y pt`©��a1j y
ul : [0,T [×R

d × Ω2 → R
N ¢�^5fl{�^�flv�mw^�a�i5r5fl°\i5a�vwptjhiumwfhptr 1Ðk[v£{1ptr�vBmw~oi�{
moa y fhr�mw^5a

s�~waS�\fhptiLv duaS{
mofqp[r 7�px¤�mw^5a�du}§­£¯�E

ul(t, x) = Λ +

∫ T

t

Lul(s, x)ds+

∫ T

t

f l(s, x, ul(s, x),∇ul(s, x)σ(x))ds

+

∫ T

t

hl(s, x, ul(s, x))
←−
dBs .

1O�)5�7

� a(¢�fqjhj�{�p[r�vBmw~oi�{
m�mw^5a8vwptjhiumwfhptr±px¤��t� 1¬¢�fqmw^ G+fhs�vo{�^5f«m+>8{�pga�²¡{�fha1r\m�v+7¦ktv�mo^5a(jqfh`(f«m0px¤�mw^5a8kt Lpn�[a
kts5s5~op³|ufq`8knmofqr���vwaS°\i5a1rL{�atª � a0^�k³�[a£mo^5a	¤¬ptjhjqpn¢�fhr5�7}�~optsIp[vwf«mofqp[r+ª
� � ¿ 
§¿ � � � �Ð¿�� � � � ��� {ul , l ∈ N

∗} (+� ���H������� � �
	 ���H� ����& � 
 � � 1O�)5�7�0 � ��� ��� �
τ < T

�K�������@�
�#,�	2��� � � �@�D������� & ��� �

u
� �H�#�B���H���

E
B

∫

Rd

∫ τ

0

(

|ul(r, x) − u(r, x)|2 + |∇ul −∇u|2
)

ρ−1(x)drdx−−−→
p→∞

0 .

� �@�6����0�G�a�m
l, l′ > 0

ª � a y a1r5ptmwa
wl,l′ = ul − ul′ ¨

F l,l′(r, x) = f l(r, x, ul,∇ulσ)− f l′(r, x, ul′ ,∇ul′σ)
ktr y

H l,l′(r, x) = f l(r, x, ul,∇ulσ)− f l′(r, x, ul′ ,∇ul′σ) .
] ^Lkxr5¸uv�mwp�· ktjqjhz*ktr y ��knmopti�vovBf 1M�x�[��3F7 ¨ mw^�a y fhvBmw~ofh 5iumwfhptrÁ�nktjqi5a y s5~wpu{1aSvov (Y t,.

l,l′ ,s,Z
t,.
l,l′,s)s∈[0,T ]y a���r5a y  \z

(

Y t,.
l,l′,s, ϕ

)

:=

∫

Rd

wl,l′(s, x)ψt(s, x)dx

(

Zt,.
l,l′,s, ϕ

)

:=

∫

Rd

∇wl,l′(s, x)σ(x)ψt(s, x)dx ,

á�á ×�L�M�ð
Ú
Þ
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vwptjh�taYv�fqr�mw^�a�vBaSr�vBa	pt¤ y flv?mo~wfh 5iumofqp[r

Y t,.
l,l′,s =

∫ T

s

F l,l′(r,Xt,.
r )dr +

∫ T

s

H l,l′(r,Xt,.
r )
←−
dBr −

∫ T

s

Zt,.
l,l′,rdWr .

dufqr�{1a( Lptmw^
F l,l′ ¨ H l,l′ kx~oa� Ipti�r y a y 1¬ gz

2L̄ ¨ i5r5fq¤¬pt~o`(jqz¶fqr l, l′ 7 ¨ ¢�a�`8k³z�¢�~of«moa�mo^5flv	aS°\i�knmofqp[rsIptfhr\m?¢�fhvwa)E

Y t,x
l,l′,s =

∫ T

s

F l,l′(r,Xt,x
r )dr +

∫ T

s

H l,l′(r,Xt,x
r )
←−
dBr −

∫ T

s

Zt,x
l,l′,rdWr .

� a0¢�~of«moa

F l,l′(r,Xr) = f l(r,Xr, u
l(r,Xr),∇ul(r,Xr)σ(Xr))− f l′(r,Xr, u

l(r,Xr),∇ul(r,Xr)σ(Xr))

+ f l′(r,Xr, u
l(r,Xr),∇ul(r,Xr)σ(Xr))− f l′(r,Xr, u

l′(r,Xr),∇ul′(r,Xr)σ(Xr)) ,

H l,l′(r,Xr) = hl(r,Xr, u
l(r,Xr))− hl′(r,Xr, u

l(r,Xr))

+ hl′(r,Xr, u
l(r,Xr))− hl′(r,Xr, u

l′(r,Xr)) .

G�a�m
δ > 0

ª�·�z!1Ð�t�=7�¢�a�{Skxr$��r y
n0
vBiL{�^$mo^�knm

l, l′ ≥ n0
fh`7s�jqfhaSv

|F l,l′(r,Xr)| ≤ δ + L̄|Y t,x
l,l′,r|+ L̄|Zt,x

l,l′,r|
kxr y

|H l,l′(r,Xr)| ≤ δ + |Y t,x
l,l′,r| .

¯�v?mofq`8knmoaSv�p[r�· ­	du­¦¯=z\fha1j y

E|Y t,x
l,l′,s|2 + E

∫ T

s

|Zt,x
l,l′,r|2dr ≤ C δ2 + C

∫ T

t

E|Y t,x
l,l′ ,r|2dr + 1

2

∫ T

t

|Zt,x
l,l′,r|2dr.

�¦vBfhr5�7mw^�a ��~wp[r\¢ kxjhj�� v G+aS`(`(k7¢�a	�ta�m�mo^�knm ¤¬p[~
l, l′ ≥ n0

¨

E|Y t,x
l,l′,s|2 + E

∫ T

s

|Zt,x
l,l′,r|2dr ≤ c δ2 .

]�kx¸gfhr5�
s = t

kxr y fhr\mwa1�[~okxmwfhr5�(kx�[ktfqrLv?m
ρ−1 ¢�a	��~ovBm�pt um�kxfhr

∫

Rd

E
B |wl,l′ (t, x)|2ρ−1(x)dx ≤ cδ2 ktr y mw^5aSr 1Ðb[��7

∫ τ

0

∫

Rd

E
B |wl,l′ (t, x)|2ρ−1(x)dxdt ≤ c τ δ2 .

�¦vBfhr5��mw^�a7aY°\i5fq�nktjqaSr�{�a(px¤�r5pt~o`8v�~waYvBi5jqm 1Ðvwa1aB143³�)7@7¦ktr y mw^5a8i5r�f«¤¬p[~w`�aSjqjhfhsumwfl{�fqm?z ¨ ¢�a(�ta1m	fhr±mw^5avokx`(a	¢ k³z
∫

Rd

∫ τ

0

E
B |∇wl,l′ (r, x)|2ρ−1(x)drdx ≤ c

∫

Rd

∫ τ

0

E|Zt,x
l,l′,r|2ρ−1(x)drdx ≤ c δ2 .

ã¬ä á ã¹å



���������
	��
������������������������������	�������	 ���!	��#"$	 ��������%�&'�)(��������*�
�����+��� �\�

dup¦mo^5a�vBaY°\i5a1r�{1a
(ul(., .))l∈N

fhv¥k ( kxiL{�^\z�vwaS°\i5aSr�{�a pt¤
L

2
(

[0,τ ]×R
d×Ω2;dt⊗ρ−1(x)dx⊗dPB

)

1Ð~waS`(fqr y mw^Lknm
ul  Ia1jhptr5�\v�mwp�mw^5flv�vws�kt{1a�mw^�ktr5¸uv�mwp0­£a1��r5fqmwfhptr8��7�^5aSr�{�a�fqm�{�p[r\�[a1~o�taYv+mop	k¦¤¬i5rL{
mwfhptr

u
px¤µmw^5flv§vws�k[{�atª 9Gm§flv¥mo^5a£vokx`(a4vBfqmwiLknmwfhptr(¤¬p[~¥mw^�a£vBaY°\i5a1r�{1a

(∇ul(., .))l∈N

kxr y fqm�flv¥aYktvwz�mwp�{�^5aS{�¸
mo^�knm4fqmov jhfh`7fqm4fhr

L
2
(

[0,τ ]× R
d × Ω2;dt⊗ ρ−1(x)dx ⊗ dPB

) flv ∇u kxr y ¢�a	�ta�m�mo^5a0~oaSvwi5j«mYª
�$» � �u����� � !����D� 
�� ��� 1¬b[�=7	� 
 �%���D�
� �������D� �

τ < T
2

sup
t∈[0,τ ]

‖wl,l′‖L2(Rd×Ω2;ρ−1(x)dx⊗Ω2) ≤ cδ .

&'�B����� ���#) �H��� ���
(ul(., .))l∈N

	2� �D� ��� � � ���H�	� �B���	) �H��� ���$��� C([0,τ ];L2((Rd × Ω2;ρ
−1(x)dx ⊗

dPB)
) 0

� � ¿+¿���¿�� � � »�»�� � �S� » � � » �
G�a�m

u
{1ptr�vBmw~oi�{�mwa y fhrÁ}�~wp[sLp\vBfqmwfhptr±b�ª � a8`8k³z¶s�~wpn�[a$1M�nb=7� gz*s�ktvovBfhr5��mwp,mo^5a8jhfq`(fqm�ktv	fhr mw^5a

s�~wpgpx¤ px¤4] ^5aSpt~oa1` ��ª$G�a�m�iLv�r5pn¢ vB^�pn¢ mo^�knm
E

B‖u(τ, .)− Λ‖2k+2,ρ−−→
τ↑T

0.
� a���~�v?m�¢�~of«moa(¤¬pt~

ktrgz
l ∈ N

E
∫

Rd

u(τ, x)ϕ(x)dx − Λ(ϕ) =

∫

Rd

(

u(τ, x)− ul(τ, x)
)

ϕ(x)dx +

∫

Rd

ul(τ, x)ϕ(x)dx − Λ(ϕ) .

� a	��~�v?m4{1pt`(s5iumoa
∣

∣

∣

∣

∫

Rd

(

u(τ, x)− ul(τ, x)
)

ϕ(x)dx

∣

∣

∣

∣

≤
∣

∣u(τ, x)− ul(τ, x)
∣

∣

2

L2(Rd;ρ−1(x)dx)
|ϕ|0,ρ

vwp7mw^�kxm

E
B‖u(τ, .)− ul(τ, .)‖2k,ρ ≤ sup

t∈[0,τ ′]

∣

∣u(τ, x)− ul(τ, x)
∣

∣

2

L2(Rd×Ω2;ρ−1(x)dx⊗dP B)
,

¢�fqmw^
T > τ ′ > τ

ª
G�a�m

δ > 0
ª�·�z��4a1`8kx~o¸$J ¨ mo^5a1~oa	a�|ufqmov l0 ∈ N

vwi�{�^$mw^�kxm

E
B‖u(τ, .)− ul0(τ, .)‖2k,ρ ≤ δ .

1¬b 3F7

dufqr�{1a
E

B‖ul(τ, .)− Λ‖2k,ρ ≤ c(T − τ) ¨
¢�a	^�k³�[a

E
B‖ul(τ, .)− Λ‖2k,ρ ≤ c̃T

(

‖f l‖∞ + ‖Λ‖k,ρ + 2‖hl‖∞
)

(T − τ)
= c̃T

(

3L̄+ ‖Λ‖k,ρ

)

(T − τ) .
( p[`� 5fhr5fhr5�7mw^5flv�¢�fqmw^ 1¬b 3F7�zgfqaSj y v�mw^5a0~oaSvwi5jqmSª
� r�a	{Skxr�aSk[vBfhjqz${�^5aS{�¸8mo^�knm

sup
t∈[0,T ]

E
B‖u(t, .)‖2k+2,ρ <∞

vwp�mo^�knm
u ∈ Wk+2,ρ

ª

á�á ×�L�M�ð
Ú
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��� � � � ��� � 
�� � ��� � ��� 
 � 
������
	�� � �

� a	~waY{1ktjqjµ 5~ofqa*3�z8^5pn¢C¢�a	{1kxr�aSvBmokt 5jhfhvw^¡mo^5a	jqfhr5¸¡ Ia�m?¢�a1aSr�dg}§­¦¯§v4ktr y ·�­	du­¦¯§v ¤¬p[~w`�i5jhkxmwa y fhr
k7¢�aSkt¸¡vBaSr�vBa[ª�´5p[~�`7p[~wa	kx Ipti5m�mw^5flv�¢�a�~oa�¤¬aS~ mwp8· kxjhjqz$kxr y ��kxmwptiLvwvwf 1O�x�[��3
7
ª
] ^�a�`8kxfhr�f y aYk�fhv'mwp4i�vwa¥mo^5a¥¤¬i5r�{�mwfhptr

ψt
ktv�k ~�kxr y pt`KmwaSvBm+¤¬i5rL{
mwfhptr�ª�] ^5aYvBa¥¤¬i�r�{
mofqp[r�v�kt~wa y a1��r5a y

fhr 1Ð�[��7�ª§] ^�a0s5~wp[ 5jha1`©flv�mw^Lknm
s→ ψt(s, .)

fhv�r�pxm y fq®IaS~waSr\mwflkx 5jha0vBp(mo^�knm ∫ T

t
(us, ∂sψt)ds

^Lktv r5p
vwa1rLvBa[ª��£r\zg¢ k³z ¨ f«m flv�vw^5pn¢�r8fhr$· kxjhjqz8ktr y ��kxmwptiLvwvwf 1M�x�t�H3F7�mo^�knm ¢�a£¢ k³z�~oa1s5jlkt{1a

∂sψtds
 gz7mw^5a

9Gm
�(fqr\mwaS�t~�kxjµ¢�fqmw^�~waYvBsIaS{�m�mop
dψt(s, x)

mw^�ktr5¸uv�mwp7mw^5a	¤¬p[jqjhpn¢�fhr5�7vwa1`(fh`8kx~wmwfhr5�[ktjqa y aS{1pt`(sIp[vwf«mofqp[r
pt¤
ψt(s, x)

ª
��» � � � � � � �������
��� ��� � � ���
	 ���

ϕ ∈ C2
c (Rd)

ψt(s, x) = ϕ(x)−
d
∑

i,j=1

∫ s

t

∂

∂xi
(ψt(r, x)σi,j (x))dW

j
r +

∫ s

t

L∗ψt(r, x)dr.

] ^5aSr,¢�a	`8k³z¡a�|gmoa1r y mw^�a0¢�aYkx¸(¤¬pt~o`�i�jhkxmwfhptr�px¤�mo^5a�dg}§­¦¯§v£fqr�mw^�a	¤¬ptjhjqpn¢�fhr5�7¢�k³z[ª
� � ¿ 
§¿ � � � �Ð¿�� � � -��

u
	2�*����� � �
	 ���.���#1O�t��7*���H��������� ����� � � �����
	 ���

ϕ ∈ C2
c (Rd)

� �����
t ≤ τ < T

�
��������������� 
 	�� �B�	) �H��� 	�� �����D� �
�

P− ��0 ��0

∫ τ

t

∫

Rd

u(s, x)dψt(s, x)dx +

∫

Rd

u(t, x)ψt(t, x)dx =

∫

Rd

ψt(τ, x)u(τ, x)dx

+

∫ τ

t

∫

Rd

A
(

u(s, .), ψt(s, .)
)

dxds +

∫ τ

t

∫

Rd

ψt(s, x)f(s, x, u,∇uσ)dxds

+

∫ τ

t

∫

Rd

ψt(s, x)h(s, x, u)dx
←−
dBs .

� �@�6����0£] ^�a�s�~wpgpx¤�fhv�mw^5a�vokx`(a0ktv�mo^�knm4pt¤�}�~optsIp[vwf«mofqp[r,�5ª �7pt¤�· kxjhjqz$kxr y ��knmopti�vovwf 1O�x�[��3
7
ª
��»������ � �Ð¿�� �1� !��H� H′

0,ρ ×H′
0,ρ

�������H�#�8� �+�6�����+�
(Y t,.

s , Zt,.
s )t≤s<τ

����� ����� ���H� � 
8& 
 �

Y t,.
s = Λ +

∫ T

s

f(r,Xt,x
r , Y t,.

r , Zt,.
r )dr +

∫ T

s

h(r,Xt,x
r , Y t,.

r )
←−
dBr −

∫ T

s

Zt,.
r dWr ,

1Ðb\�)7


 	����(& � �D� �������D	�� 	 �D�
Λ

	 �
	 �

(Y t,.
s , Zt,.

s )
	2� Fs−

� ��� � �@��(���� ���D�
t ≤ s ≤ T 0

	�	 � � �D�������
ϕ ∈ C2

c (Rd)
�����.���D�������

t ≤ τ < T

∫

Rd

ϕ(x)Y t,x
s dx =

∫

Rd

Y t,x
τ ϕ(x)dx +

∫

Rd

ϕ(x)

[
∫ τ

s

f(r,Xt,x
r , Y t,x

r , Zt,x
r )dr

]

dx

+

∫

Rd

ϕ(x)

[∫ τ

s

h(r,Xt,x
r , Y t,x

r )
←−
dBr

]

dx−
∫

Rd

ϕ(x)

[∫ τ

s

Zt,x
r dWr

]

dx .
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	�	�	 � � �D�������
ϕ ∈ C2

c (Rd)
� ∫

Rd

ϕ(x)Y t,x
τ dx

L
2(Ω)−−−−→

τ→T
Λ (ψt(T, x))

0

��� »g¿ � » � � ��� ���
u

(��$������� � 	 ) �H� ������� � 	 �D� ��� 1O�[�)7�0�!��H� �����F� ��� ��� � �@�F�����������
(Y t,x

s , Zt,x
s )
�

t ≤ s ≤ τ
�)�'& � �	� ( �

Y t,x
s = u(s,Xt,x

s )
�����

Zt,x
s = ∇u(s,Xt,x

s )σ(Xt,x
s )

���D� 	2��& ��� ����� 
 ����

� 
 & 
�� 1¬b\��7�0
� �@�6����0£] ^�a�s�~wpgpx¤�px¤

(ii)
flv mo^5a�vwkt`(a	k[v fqr�· kxjhjhz¡kxr y ��kxmwptiLvwvwf 1O�x�[��3
7 ¨ ] ^5aSpt~oa1`-�5ª�3tª

� a�{�^5aY{�¸8r5pn¢
iii)

ª G+a�m
ϕ ∈ C2

c (Rd)
ª �£vwfhr5�8k7{�^Lkxr5�[a¦pt¤��nkx~oflkx 5jha¦¢�a0pt 5mokxfhr

E

∣

∣

∣

∣

∫

Rd

ϕ(x)Y t,x
τ dx− Λ (ψt(T, .))

∣

∣

∣

∣

2

= E

∣

∣

∣

∣

∫

Rd

ψt(τ, x)u(τ, x)dx − Λ (ψt(T, .))

∣

∣

∣

∣

2

≤ c
(

I1(τ) + I2(τ)
) ¢�f«mo^

I1(τ) = E

∣

∣

∣

∣

∫

Rd

u(τ, x) (ψt(τ, x)− ψt(T, x)) dx

∣

∣

∣

∣

2 ktr y

I2(τ) = E
∣

∣

(

u(τ, .)− Λ, ψt(τ, .)
)∣

∣

2
.

dufqr�{1a
u
fhv�mo^5a0i5r5fl°\i5a�vwptjhiumwfhptr�px¤ 1O�[�)7�fqm£vwkxmwflv?��aYv81Ð� JD7�ª§dgp8¢�a0{1ktr$¢�~of«moa

I1(τ) ≤ E
B‖u(τ, .)‖2k+2,ρE

W |ψt(τ, .)− ψt(T, .)|2k+2,ρ

≤ sup
τ≤T

E
B‖u(τ, .)‖2k+2,ρE

W |ψt(τ, .)− ψt(T, .)|2k+2,ρ .

dufqr�{1a
sup
x∈Rd

E
W

∣

∣

∣

∣

∣

∣

∑

0≤|α|≤k

∂αϕ(X̂t,x
τ )J(X̂t,x

τ )− ∂αϕ(X̂t,x
T )J(X̂t,x

T )

∣

∣

∣

∣

∣

∣

2

−−→
τ↑T

0 ¨ f«m�¤¬p[jqjhpn¢4v�mw^Lknm

E
W |ψt(τ, .)− ψt(T, .)|2k+2,ρ−−→τ↑T

0 ,

ktr y vBp
I1(τ)→ 0

ktv
τ ↑ T ª¥��p[~waSpn�taS~§i�vwfqr�� 1Ð�H3F7

I2(τ) ≤ E
B‖u(τ, .)− Λ‖2k+2,ρE

W |ψt(T, .)|2k+2,ρ

≤ E
B‖u(τ, .)− Λ‖2k+2,ρ |ϕ|2k+2,ρ ,

ktr y i�vBfhr5�
(ii)

px¤�mw^5a y a1��r5fqmwfhptr��7¢�a0�[a�m
I2(τ)→ 0

k[v
τ ↑ T ¨ ktr y iii) ¤¬ptjhjqpn¢4vSª

� � ���*����.�
���� � ����
1�0��
W���'��
S�3�	����� �n�0� � ���������-����� > &(>6AC�

9Ñr¡mw^5flv��£s5sIa1r y fq|8¢�a£s5~wpn�[a4k0s5~ofqp[~wfLaSvBmwfh`8knmwaYv¥¤¬p[~�k�{1jhk[vwv�px¤�· ­�d5­£¯ ¤¬pt~§¢�^�fh{�^(mo^5a¦{1p\a1²¡{�fha1r\mov
^Lk³�ta�jqfhr5aSkt~��t~opn¢ mw^�¢�fqmw^(~oaSvwsLaY{
m�mwp

y
ktr y

z
 5i5m¥mw^5a � {�ptrLv?m�kxr\mov � ¢�^5fl{�^({�ptr\mo~wp[j[mo^5flv��t~opn¢ mw^�kt~wa

~�kxr y pt` 1Ðktr y r�pxm	 Lp[i5r y a y 7
ª 9Ñr y a1sIa1r y a1r\mwjhz�px¤�pti5~	v?moi y z�pt¤�dg}§­¦¯ ¨ mo^5flv¦¸gfhr y pt¤§aSvBmwfh`8knmofqp[r
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Ú
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kt~wa�pt¤'pn¢�r7fhr\mwaS~waYv?m§ktr y r5ptr5�GvBmoktr y kx~ y ª�] ^�knm§flv¥mo^5a4~oaSk[vBp[r�¢�^gz�mw^5aSz7kt~wa�s5~oaSvwa1r\moa y ^5a1~oa�fhr8mw^5a
¤¬p[jqjhpn¢�fhr5���[a1r5aS~oktj+¤¬~�kx`(a1¢�pt~o¸µª � a({�ptrLvBf y a1~	k�{�pti�s5jqa�px¤�k y kxs5mwa y vw°\i�kt~wa�fqr\moa1�t~�kx �jqa�s5~wpu{1aSvovBaYv
(Yt, Zt)0≤t≤T

¢�^5fh{�^,�[a1~of«¤¬z8mo^5a�· ­�d5­£¯

Yt = ξt +

∫ T

t

F (s, ω, Ys, Zs)ds+

∫ T

t

H(s, ω, Ys, Zs)
←−
dBs −

∫ T

t

ZsdWs .
1O��ª�3F7

� a y p�r5ptm� Ipxmo^5a1~	kx Ipti5m¦mo^5a�a1|ufhvBmwaSr�{�a7kxr y i�r5fh°\i5aSr5aSvov�px¤¥mo^5a7vwptjhiumofqp[r�px¤�mo^5flv¦aY°\i�knmofqp[r E�¢�a
�?iLv?m£{1ptr�vwf y a1~�k8{�p[i5s5jha�pt¤�s5~opu{�aYvwvwaSv�¢�^5fl{�^,�ta1~ofq¤¬z8mw^5a0aY°\i�kxjhf«m?z ¨ f«¤¥kxrgz¡vwi�{�^�{�p[i5s5jha�a1|ufhvBmovSª

� ���
L

p− ����� � � � � ��� � 
�� ���
	 � � �
� a�{�p[r�vwf y aS~

(Yt, Zt)0≤t≤T
�taS~wfq¤¬zgfqr�� 1Ð��ª�3F7�ª � i5~�^gzgsLptmw^5aYvBaYv�kx~oa)E

• ξt ∈ L
2p(Ω,FT ,P) ∀ 0 ≤ t ≤ T .

1Ð��ª ��7

• ] ^5aS~wa0kt~wa0vwpt`(a	r5ptru�Gr5aS�[knmofq�[a¦k y kxsumoa y s5~opu{�aSvovwaSv
a ¨ b ¨ d E

[0,T ]× Ω→ R
+

ktr y m?¢�p(~waYkxj+{1ptr�vBmoktr[m�v
c
ktr y

e
vBiL{�^�mo^�knmFE



























|F (s, ω, y, z)| ≤ a(s, ω) + b(s, ω)|y|+ c|z|
|H(s, ω, y, z)| ≤ d(s, ω) + e|y|
Ξt,T,p := E

(

∫ T

t a(s, ω)ds
)2p

+ E

(

∫ T

t d(s, ω)2ds
)p

<∞

E

(

∫ T

t
b(s, ω)2ds

)2p

<∞

1O��ª ��7

��» � � � �1� � ��� � � �����H����1Ð��ªÊ�)7������.1O��ª ��7%����� �����D� ����� �
p ≥ 1

0 !��H���!�������@� ��,�	2��� �*���D�������D�H�
Cp

� 
 � 	 �	� �����H�����
�*�D�H� � �D�
p

�D���
c
�*� �H�	�I�������

E|Yt|2p + E

(

∫ T

t

|Zs|2ds
)p

≤ Cp

(

‖ξt‖2p
2p + Ξt,T,p

)

+ Cp

[

e2p +
(

E
( ∫ T

t
|b(s, ω)|2ds

)2p
)

1
2

]

(

E
( ∫ T

t
|Ys|2ds

)2p
)

1
2

.
1O��ª b=7

� �D�@��������� 	 � ������� �D�H%���� �=���
	����*� �)�+�����	�8� �@�F�������
b(s, ω)

	2��(���� �����	� ( � � �����H������� �
b̄
� ���H���

E|Yt|2p + E

(

∫ T

t

|Zs|2ds
)p

≤Mt,T,p
1O��ªÊ�)7


 	����
Mt,T,p = Cp

(

‖ξt‖2p
2p + E

(

∫ T

t a(s, ω)ds
)2p

+ E

(

∫ T

t d(s, ω)2ds
)p
)

eT pCp

(

b̄2p+e2p
)

.

] ^�a8fq`(sIpt~wmokxr\m0sIptfhr[m�fhr 1Ð��ª b 7�fhv	mo^�knm�¢�a8`8k³z¶{�p[r\mw~optj�mw^5a � v?mo~wp[r5� � r5p[~w`
supt∈[0,T ] E|Yt|2p

 gz8mo^5a � ¢�aYkx¸ � r�pt~o`
(E|
∫ T

0 |Ys|2ds|2p)
1
2
ª �4ptmwa�kxrgzg¢ k³z(mw^�kxm4¢�a�kt~wa	pt �jqfh�ta y mop(mokx¸[a0k(^5fq�[^5a1~

ã¬ä á ã¹å



���������
	��
������������������������������	�������	 ���!	��#"$	 ��������%�&'�)(��������*�
�����+��� ��5

sIpn¢�a1~�fhr�vwf y a�mw^5a$a�|usIaS{
m�knmofqp[r fqr mw^5a � ¢�aSkx¸ � r5p[~w` kxr y vBp¶¢�a¡`8k³z±r5pxm7i�vwa¡mw^�a ��~optrg¢�ktjqj�� v
G�a1`(`8k�fhr p[~ y aS~�mop*aSjqfh`(fqr�kxmwa

Y
fhr mo^5a$~ofh�t^\m�^�ktr y vwf y a$pt¤$1Ð��ª b 7
ª �4ptmwa,kxjlvBp�mw^�kxmI1O��ª b=7�fhv

�[ptf y pt¤¥~waYktvwptr�fq¤
E(
∫ T

0
|Ys|2ds)2p = +∞ ª�·�i5m4fqr�p[i5~4{�p[r[moa�|gm ¨ ¢�a�kt~wa0kx �jqa	mop¡s5~opn�ta¦mw^�kxm4mw^5flv°\i�ktr\mwfqm?z¡fhv��Lr5f«moa	¤¬pt~�~oaSk[vBp[r�v�¢�^5fh{�^ y p(r5ptm4kxs5sIaSkt~�fqr�k7�taSr5a1~�kxjI¤¬~�kx`(a1¢�pt~o¸µª

� �@�6����0 �£a1~oa
Cp

fhv�mw^�a��taSr5a1~ofl{8r5pxm�knmofqp[rÁ¤¬pt~7k¶{�p[r�vBmokxr\m�¢�^�fh{�^ y a1sIa1r y v7p[r
p
ktr y `8k³z±�nkt~wz

¤¬~opt`©jqfhr5a	mwp(jhfqr�atª�] ^5a y aSsLaSr y aSr�{�a0pt¤
c
px¤�¢�fqjhj' Ia0sLp[fqr\mwa y ptium4^5aS~waYkn¤¹moa1~Yª

� � ¿+¿���¿ � 1Ð��ª b=7 �¦� a¦�5|
t ≤ T kxr y ¤¬pt~

s ∈]t,T ]
¢�a y a���r�a

Φ(s) := Yt +
∫ s

tZrdWr
ª �£vwfqr5�*9Gm � � v

¤¬p[~w`�i5jlk�¢�a0�ta1m

E|Φ(T )|2p = E|Yt|2p + 2p(2p− 1)E

∫ T

t

|Φ(r)|2p−2|Zr|2dr ≥ E|Yt|2p .

� a0¢�~of«moa¦mo^5a0aS°\i�kxmwfhptr 1Ð��ª 3
7�fqr�mw^�a	¤¬pt~o`

Φ(T ) = Yt +

∫ T

t

ZsdWs = ξt +

∫ T

t

F (s, ω, Ys, Zs)ds+

∫ T

t

H(s, ω, Ys, Zs)
←−
dBs .

] ^�a1r
E|Yt|2p ≤ E|Φ(T )|2p

≤ Cp E|ξt|2p + Cp E

(

∫ T

t

|F (s, ω, Ys, Zs)|ds
)2p

+ Cp E

(

∫ T

t

|H(s, ω, Ys, Zs)|2ds
)p

,

ktr y `7p[~waSpn�taS~ ¨  gz 1Ð��ª �=7 ¢�a��[a�m

E|Yt|2p ≤ Cp E|ξt|2p + Cp E

(

∫ T

t

(

a(s, ω) + b(s, ω)|Ys|+ c|Zs|
)

ds

)2p

+ Cp E

(

∫ T

t

(

d(s, ω) + e|Ys|
)2
ds

)p

≤ Cp E|ξt|2p + Cp Ξt,T,p + Cp E

(

∫ T

t

b(s, ω)|Ys|ds
)2p

+ Cp c2p (T − t)p
E

(

∫ T

t

|Zs|2ds
)p

+ Cp e2p
E

(

∫ T

t

|Ys|2ds
)p

.

1O��ª ��7

�¦vBfhr5�7mw^�a ( kxi�{�^gz\�Ñd5{�^\¢ kx~wm@>£fqr5aY°\i�kxjhf«m?z�¢�a0^�k³�[a

E

(

∫ T

t

b(s, ω)|Ys|ds
)2p

≤
(

E

(

∫ T

t
b(s, ω)2ds

)2p
)

1
2



E

(

∫ T

t

|Ys|2ds
)2p





1
2

.
1O��ª JD7
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b\� ����������� &���� �������@�����

� a y aSr5pxmoa

Γp := Cp

(

‖ξt‖2p
2p + Ξt,T,p

)

+ Cp

[

e2p +
(

E
( ∫ T

t |b(s, ω)|2ds
)2p
)

1
2

]

(

E
( ∫ T

t |Ys|2ds
)2p
)

1
2

.

�4a1sIpt~wmwfhr5� 1Ð��ª J)7�fqr\mwpB1O��ª ��7 ¨ ¢�a0�[a�m

E|Yt|2p ≤ Γp + Cp c
2p (T − t)p

E

(

∫ T

t

|Zs|2ds
)p

.
1O��ª ��7

�¦vBfhr5�8·�i5~o¸\^�ptj y a1~ � v�fhr5aS°\i�ktjqfqm?z�ktr y 1O��ª�3F7 ¨ ¢�a0¢�~ofqmwa

E

(

∫ T

t

|Zs|2ds
)p

≤ Cp E

∣

∣

∣

∣

∣

∫ T

t

ZsdWs

∣

∣

∣

∣

∣

2p

= Cp E

∣

∣

∣

∣

∣

ξt − Yt +

∫ T

t

F (s, ω, Ys, Zs)ds+

∫ T

t

H(s, ω, Ys, Zs)
←−
dBs

∣

∣

∣

∣

∣

2p

.

] ^�a	vokx`(a0{�p[`(s5iumokxmwfhptr�v�k[v  La1¤¬pt~oa	z\fha1j y v

E

(

∫ T

t

|Zs|2ds
)p

≤ Cp Γp + Cp c
2p (T − t)p

E

(

∫ T

t

|Zs|2ds
)p

.

] ^�a1r�¢�a�{�^5pgp\vBa
T − t vw`8kxjhj'a1r5p[i5�t^�fhr�p[~ y a1~�mwp8^�k³�[a Cp c

2p (T − t)p ≤ 1
2

kxr y ¢�a	pt um�kxfhr

E

(

∫ T

t

|Zs|2ds
)p

≤ Cp Γp .

� a8~oa1sIpt~wm0mw^5a¡kt Lpn�[a7aYv?mofq`8kxmwfhptr fqr\mop.1Ð��ª ��7�kxr y ¢�a8pt um�kxfhr
E|Yt|2p ≤ Cp Γp

¨ fMª a[ª 1Ð��ª b 7¦¤¬pt~
T − t vB`8ktjqjMª�¯¥|gmwaSr y fhr5��mw^5flv	~oaSvwi5j«m�mwp�ktr\z�kt~w �f«mo~okt~wz$mwfh`(a7fhr\mwaS~w�nkxj�fh`(s5jqfhaSv¦mo^�knm Cp

y aSsLaSr y v
p[r

c
ª

� � ¿+¿���¿��B1Ð��ªÊ�)7 �
�¦vwvwi5`(a�r5pn¢ mo^�knm4mo^5a�s�~wpu{�aYvwv

b
fhv¦ Lp[i5r y a y  gz

b̄
ª4] ^�a1r�¢�a y p8mo^5a�vokx`(a0~oaSk[vBp[r5fqr��¡ktv4kt Lpn�[a

a1|5{�a1s5m�¤¬p[~�mw^5a ¤Ðk[{
m¥mo^�knm�fhr$1O��ª JD7�¢�a y p0r5p	`(pt~oa�i�vwa�px¤'du{�^g¢�kt~Bm+>�� v�fqr5aY°\i�kxjhf«m?z� 5ium�¢�a y pt`(fqrLknmwa
y fq~oaS{�mwjhz

E

∣

∣

∣

∣

∣

∫ T

t

b(s, ω)Ysds

∣

∣

∣

∣

∣

2p

≤ b̄2p (T − t)p
E

(

∫ T

t

|Ys|2ds
)p

.

] ^�a	vokx`(a0{�p[`(s5iumokxmwfhptr�v�k[v�kx Ipn�ta�sLaS~w`(fqm�mwp8aSjqfh`(fqr�kxmwa�mw^�a	mwa1~o`©fhr
Z
kxr y ¢�a0pt um�kxfhr

E|Yt|2p ≤ Cp

(

‖ξt‖2p
2p + E

( ∫ T

t
a(s, ω)ds

)2p
+ E

( ∫ T

t
d(s, ω)2ds

)p)

+ Cp(e
2p + b̄2p)E

(

∫ T

t |Ys|2ds
)p

≤ Cp

(

‖ξt‖2p
2p + E

( ∫ T

t a(s, ω)ds
)2p

+ E
( ∫ T

t d(s, ω)2ds
)p)

+ Cp T
p−1(e2p + b̄2p)E

∫ T

t
|Ys|2pds.
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���������
	��
������������������������������	�������	 ���!	��#"$	 ��������%�&'�)(��������*�
�����+��� b 3

dup7¢�a	`8k³z¡i�vwa¦mo^5a ��~optrg¢�ktjqj�� vKG�a1`(`8k7fqr,pt~ y aS~�mop8�ta1m81O��ªÊ�)71ª

� � � � ��� �	
�� � � � ��� � � � ��� � 
�� ���
	�� � � � � � � ��
 � �
����� � � � ��� � �

�£pxmoa	mw^�kxm4fqr�mw^�a0a1�nkxjhi�knmofqp[r!1O��ª b=7 ktr y 1Ð��ªÊ�)7 ¨ ‖ξt‖2p
2p

kxs5sIaSkt~ovSª��£v�¢�a0{1ktr�vwa1a0fhr�mw^5a0s5~oa1�gfhpti�v
vwaS{�mwfhptr�v ¨ ¢�a¶i�vBa�mw^5aYvBa�aS�nkxjhi�knmofqp[r�v8fhr=mw^5a*{1ktvwa�¢�^5aSr ξT

flv�k y fhvBmw~ofh 5iumwfhptrCktr y mw^�fhv$fhv¡mw^5a
y a1jhfh{Sknmwa	sIptfhr\mSª�] ^5a	¤¬p[jqjhpn¢�fqr��7jha1`(`8k7sLaS~w`(fqmov�iLv�mwp8�ta1m�~wp[i5r y mw^5flv y fq²¡{�i5jqm?ztª � a0s5~opn�ta¦mw^�kxm ¨kxm¦jhaSk[v?m£¢�^�a1r¶¢�a�kt~wa�¤Ðkx~4¤¬~opt`

T ¨ ¢�a�pt 5mokxfhr�aS�³ktjqiLknmwfhptrLv4px¤¥mo^5a�`(p[`7aSr\mov¦px¤ Y ktr y
Z
¢�^5fh{�^

kt~wa�fhr y a1sIa1r y a1r\m£pt¤�mw^�a	��r�kxj�{�ptr y f«mofqp[r+ª
��» � � � � � � �+� � � � 1O��ªÊ�)7*�����.1Ð��ª ��7 �����8���D� �

p ≥ 1
0 !������ ���D����� �

0 ≤ t < τ < T

E|Yt|2p + E

(∫ τ

t

τ−s
τ−t |Zs|2ds

)p

≤ CpΞt,τ,p + Cp

[

e2p + 1
(τ−t)p

+
(

E
( ∫ τ

t
|b(s, ω)|2ds

)2p
)

1
2
](

E
( ∫ τ

t
|Ys|2ds

)2p
)

1
2

.
1O��ª 5�7

-�� �H�����
	 � � � �D� �������D� �
δ > 0

�D���
t ≤ T − δ

E|Yt|2p + E

(

∫ T−δ

t

|Zs|2ds
)p

≤ CpΞt,T−δ/2,p

+ Cp

[

e2p+ 2p

δp +
(

E
( ∫ T−δ/2

t
|b(s, ω)|2ds

)2p
)

1
2
](

E
( ∫ T−δ/2

t
|Ys|2ds

)2p
)

1
2

.
1O��ª�3S��7

� �@�6����0 � a	mokt¸ta
t < s < u ≤ τ kxr y ¢�a	¢�~wfqmwa�mw^�a�·�­	du­¦¯ 1Ð��ª 3
7� La1m?¢�aSa1r

s
kxr y

u

Ys = Yu +

∫ u

s

F (r, ω, Yr, Zr)dr +

∫ u

s

H(r, ω, Yr, Zr)
←−
dBr −

∫ u

s

ZrdWr .

� a	¢�fqjhj+fhr\mwa1�[~okxmwa� La1m?¢�aSa1r
s
kxr y

τ
¢�f«mo^$~oaSvwsLaY{
m mwp

u
fhr�mo^5a�kx Ipn�ta¦aS°\i�kxmwfhptr+ª¥´5p[~ mw^5flv ¢�a�iLvBa

mo^5a�vBmwpu{�^�ktvBmwfl{�´5i5 5fhr5f�� v¦] ^5a1p[~waS` 1Ðvwa1a0}�~opxmwmwaS~ 14365�5[��7?7�kxr y ¢�a�p[ umoktfqr

1

τ − s

∫ τ

s

(∫ u

s

ZrdWr

)

du =
1

τ − s

∫ τ

s

(∫ τ

r

Zrdu

)

dWr =

∫ τ

s

Zr
τ − r
τ − sdWr .

9Ñr�mo^5a0vwkt`7a	¢ k³z ¨ ¢�a0kxs5s5jhz�´�i5 5fhr5f�� v£] ^�a1pt~oa1` mop(mw^5a0ptmw^5aS~ mwaS~w`8v�kxr y �[a�m

Ys = 1
τ−s

∫ τ

s

Yudu+

∫ τ

s

τ−r
τ−sF (r, ω, Yr, Zr)dr +

∫ τ

s

τ−r
τ−sH(r, ω, Yr, Zr)

←−
dBr −

∫ τ

s

τ−r
τ−sZrdWr .

1O��ª�3)3F7
�£pn¢Kp[r

s
kxr y

τ
kt~wa��5|ua y ª � a y aSr5pxmoa

Ỹr := τ−r
τ−sYr , Z̃r := τ−r

τ−sZr , ξ̃s := 1
τ−s

∫ τ

s

Yudu ,

F̃s(r, ω, y, z) := τ−r
τ−sF (r, ω, τ−s

τ−ry,
τ−s
τ−rz) , H̃s(r, ω, y, z) := τ−r

τ−sH(r, ω, τ−s
τ−ry,

τ−s
τ−rz) .
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� fqmw^�mo^5fhv4r5pxm�knmwfhptrLv81Ð��ª�3)3
7� LaY{�pt`(aYv81¬r5ptmwa	mw^Lknm
Ỹs = Ys

7

Ỹs = ξ̃s +

∫ τ

s

F̃s(r, ω, Ỹr, Z̃r)dr +

∫ τ

s

H̃s(r, ω, Ỹr, Z̃r)
←−
dBr −

∫ τ

s

Z̃rdWr .
1O��ª�3Y�)7

� a0`(pt~oa1pn�[a1~�r5pxmoa¦mo^�knm

|F̃s(r, ω, Ỹr, Z̃r)| ≤ a(r, ω) + b(r, ω)|Ỹr|+ c|Z̃r| ,
|H̃s(r, ω, Ỹr, Z̃r)| ≤ d(r, ω) + e|Ỹr|

kxr y

E|ξ̃s|2p ≤ 1
(τ−s)p

(

E
∫ τ

s |Yu|2du
)p

.

dufqr�{1a£mo^5a�a1�nkxjhi�knmofqp[r�v�¢�^5fh{�^$jqaYk y mwp 1O��ª b=7�kx~oa£i�r5f«¤¬p[~w`�¢�fqmw^$~waYvBsIaS{�m�mop�mo^5a¦mwfh`7a��nkx~ofhkt 5jha ¨ mw^5avokx`(a0{1ktjh{1i5jhi�v�¤¬pt~ mo^5a0aS°\i�kxmwfhptr 1Ð��ª�3Y��7��tfh�ta 1Ð��ª 5=7
ª
´�fq| r5pn¢

δ > 0
ktr y m�kx¸[a

τ = T − δ/2 ª dgfhr�{�a τ−r
τ−t ≥ δ/2

¤¬p[~
t ≤ r ≤ T − δ ¨ ¢�a$pt um�kxfhr1O��ª�3S�=7
ª

� � � � � � ��������� � � 
�� � ��� � 
 ��� ��� 
 � 
������
	�� � � 
 ��� � � �
��� ��� � �

9Ñr*mw^�fhv0vwaS{�mwfhptr±¢�a({�p[r�vBf y aS~	k,{1pti5s5jha7px¤�vo°\i�kx~oa7fqr\mwaS�t~�kx 5jha(k y ktsumwa y s5~opu{�aSvovwaSv
(Y θ

t , Z
θ
t )0≤t≤T¢�^�fh{�^,vBp[jq�[aSv

Y θ
t = ξθ +

∫ Tθ

t

F (s, ω, θ, Y θ
s , Z

θ
s )ds+

∫ Tθ

t

H(s, ω, θ, Y θ
s )
←−
dBs −

∫ Tθ

t

Zθ
sdWs .

1O��ª�3S��7

�£a1~oa
θ
fhv0k,s�kt~okt`(a�mwaS~	¢�f«mo^Á�³ktjqi�aSv	fhr k$`(a1mw~ofh{8vws�kt{1a

(Θ, d)
kxr y

θ 7→ Tθ
fhv�k y a�moa1~o`7fhr5flv?mofh{

¤¬i�r�{
mofqp[r$¤¬~opt`
Θ
mwp

[0,T ]
ª � a�ktvovBi�`7a

(i) sup
θ∈Θ

E|ξθ|2p <∞ .

(ii)
] ^5aS~wa0kt~wa0vwpt`(a0k y ktsumwa y s5~opu{�aYvwvwaSv

a
ktr y

d
y a���r5a y ptr

[0,T ]× Ω×Θ
kxr y

b ¨ c kxr y e y a1��r5a y p[r [0,T ]× Ω
vwi�{�^�mw^�kxm6E



















F (s, ω, θ, y, z) = a(s, ω, θ) + b(s, ω)y + c(s, ω)z

H(s, ω, θ, y) = d(s, ω, θ) + e(s, ω)y

Ξt,T,p := supθ∈Θ sups∈[0,T ] E
(

|a(s, ω, θ)|4p + |d(s, ω, θ)|4p
)

<∞
supω sups∈[0,T ]

(

|b(s, ω)|+ |c(s, ω)|+ |e(s, ω)|
)

= M <∞

(iii) E

(

∫ T

0 a(s, ω, θ)− a(s, ω, θ′)ds
)2p

+ E

(

∫ T

0 |d(s, ω, θ)− d(s, ω, θ′)|2ds
)p

≤ Cd(θ, θ′)p

(iv) E|ξθ − ξθ′ |2p ≤ Cd(θ, θ′)p .

�£pxmofh{1a¦mo^�knm�mo^5a�{�pga1²8{1fqaSr\m
H
y pgaYv r5pxm y aSsLaSr y ptr$mw^5a0�nkt~wflkx 5jha

z
kxrgzg`7p[~wa[ª

ã¬ä á ã¹å
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	��
������������������������������	�������	 ���!	��#"$	 ��������%�&'�)(��������*�
�����+��� b\�

��» � � ���1� � �+� � � �8�����D�
(i), . . . , (iv)

�H��� ������� ���D� �
p

�D��� �
��� � � �*��� ��� ���H���

(v) sup
θ∈Θ

sup
t≤T

(

E|Y θ
t |4p + E|Zθ

t |4p
)

≤ K <∞ .

!��H��� ���H���@���#,)	2��� �8� ������������� �
Kp


 � 	 �	� �����H�����
�*�D�
p
�
K
�
M

� �H�	�I�����D�

E|Y θ
t − Y θ′

t |2p + E

(

∫ Tθ

t

|Zθ
s − Zθ′

s |2ds
)p

≤ Kp(d(θ, θ
′)p + |Tθ − Tθ′ |p) . 1O��ª�31b=7

� �@�6����0�G�a�m
θ, θ′ ∈ Θ

ª � a�vwi5s5sIp[vwa
Tθ ≤ Tθ′

ktr y ¢�a y aSr5pxmoa

Υ(θ, θ′) = ξθ − ξθ′ −
∫ Tθ′

Tθ

F (s, Y θ′

s , Zθ′

s )ds−
∫ Tθ′

Tθ

H(s, Y θ′

s )
←−
dBs +

∫ Tθ′

Tθ

Zθ′

s dWs .

] ^Lkxr5¸uv�mwp
(ii) ¨ (iv) ktr y (v)

fqm4^5p[j y v

E|Υ(θ, θ′)|2p ≤ C(d(θ, θ′)p + |Tθ − Tθ′ |p) .
� a0¢�~of«moa

Y θ
t − Y θ′

t = Υ(θ, θ′) +

∫ Tθ

t

(

a(s, θ)− a(s, θ′)) + b(s)(Y θ
s − Y θ′

s ) + c(s)(Zθ
s − Zθ′

s )
)

ds

+

∫ Tθ

t

(

d(s, θ)− d(s, θ′)) + e(s)(Y θ
s − Y θ′

s )
)←−
dBs −

∫ Tθ

t

Zθ
s − Zθ′

s dWs ,

= Υ(θ, θ′)

+

∫ T

t

1[t,Tθ](s)
(

(a(s, θ)− a(s, θ′)) + b(s)(Y θ
s − Y θ′

s ) + c(s)(Zθ
s − Zθ′

s )
)

ds

+

∫ T

t

1[t,Tθ](s)
(

(d(s, θ)− d(s, θ′)) + e(s)(Y θ
s − Y θ′

s )
)←−
dBs

−
∫ T

t

1[t,Tθ](s)(Z
θ
s − Zθ′

s )dWs .

�¦vBfhr5� 1O��ªÊ�)7���~�v?m£ktr y
(iii)

¢�a��[a�m

E|Y θ
t − Y θ′

t |2p + E

(

∫ Tθ

t

|Zθ
s − Zθ′

s |2ds
)p

≤ Cp

(

‖Υ(θ, θ′)‖2p
2p + C d(θ, θ′)p

)

e2M2pT pCp ,

ktr y 1Ð��ª�31b 7�¤¬ptjhjqpn¢4vSª

á�á ×�L�M�ð
Ú
Þ



b[b ����������� &���� �������@�����

� � ���*����.$
 � � : ���8��� ����� �4� �3� �

] ^�a£kxfh` pt¤'mw^5flv§vwaS{�mwfhptr8flv¥mop�s5~opn�ta G+aS`(`(k�� ¨ fOª atª�mwp�a1�nkxjhi�knmoa�mw^�a
L

p− r5pt~o`8v¥px¤µmw^�a¦��ktjqjhfhk³�gfhry a1~ofq�nknmofq�[aSv£px¤
Y

(1)
t

ª0] ^5aS~wa�¢�fqjhj� La7m?¢�p$vwsLaY{�fq�L{ y f«²¡{�i�j«mofqaYv	fqr y ptfhr5��fqmSª0] ^5a���~�v?m	ptr�a�flv£mo^�knm
¢�a0¢ kxr\m�mwp8p[ umoktfqr, Ipti5r y v4¢�^5fl{�^�kx~oa0fqr y a1sIa1r y aSr\m£px¤�mw^5a���r�kxj�{�ptr y f«mofqp[r.1¬¢�^5fl{�^, 5jhpn¢4v�i5s�fhr
p[i5~	¤¬~�kx`(aF7�ª$] ^5a¡vwaS{1ptr y ptr�a8fhv	mo^�knm0mo^5a�{1p\a1²¡{�fha1r\mov0pt¤�mo^5a¡aY°[iLknmwfhptrLv	px¤

DθY
(1)
t

1Ðvwa1a 1O·¦ª JD7
 Ia1jhpn¢�7�^Lk³�ta�r�pxm¦jhfhr5aSkt~¦�[~wpn¢ mo^� 5ium0°[iLk y ~�knmofh{��t~opn¢ mw^�kxr y vwp$vBmokxr y kx~ y a1�nkxjhi�kxmwfhptr�v y pgaSv¦r5pxm
¢�pt~o¸µª � a¡vw^�kxjhj¥sLp[fqr\m0pti5m0mw^5aYvBa y fq²¡{�i5jqmwfhaSv0fhrÁk�s5~waY{�flvBa7¢ k³z,mw^5~opti5�[^*p[i5~0s5~opgpx¤?ª8] ^5a(`8kxfhr
mopgptjlv�kx~oa£mo^5a0jqaS`(`(k[v�s5~opn�ta y fhr�mo^5a��4s5sIa1r y f«|���ª
� a���~�v?m r5pxmofh{1a£mo^�knm�mw^Lkxr5¸uv�mwpB143Y��7�kxr y 143³�)7 ¨ ¤¬p[~ ktrgz τ < T ¨ mw^5aS~wa�a�|uflv?m�v�k7{�p[r�vBmokxr\m Cp ∈ Cτvwi�{�^$mw^�kxm

sup
t≤s≤τ

E|Y t,x
s |2p + E

(∫ τ

t

|Zt,x
r |2dr

)p

≤ Cp , t ≤ τ , x ∈ R
d 1O·¦ª�3F7

sup
t≤s≤τ

E|DθY
t,x
s |2p + E

(∫ τ

t

|DθZ
t,x
r |2dr

)p

≤ Cp , t ≤ θ ≤ τ , x ∈ R
d .

1O·¦ªÊ�)7

�£pn¢K¢�a	s5~wpn�[a�ktr�kxjhpt�[pti�v�aSvBmwfh`8knmofqp[r�v�¤¬pt~ mo^5a0s5~opg{1aSvov
(Y (1), Z(1))

ª
	+� »�
 �I��� a0s5~opn�ta£mw^�kxm�¤¬pt~4kxrgz

τ < T
mw^�a1~oa0a�|ufhvBmov

Cp ∈ Cτ
vwi�{�^�mo^�knm

sup
t≤s≤τ

E|Y (1),t,x
s |2p + E

(∫ τ

t

|Z(1),t,x
r |2dr

)p

≤ Cp , t ≤ τ , x ∈ R
d .

1O·¦ª ��7

dufqr�{1a
Zt,x

s = Y
(1),t,x
s σ(Xt,x

s ) ¨ ¢�a��[a�m4mo^�knm |Y (1),t,x
s | ≤ (supx∈Rd |σ(x)|)|Zt,x

s |
kxr y i�vwfhr5� 1O·¦ª�3F7

¢�fqmw^
τ0 := (T + τ)/2

¢�a	pt 5mokxfhr

E

(∫ τ0

t

|Y (1),t,x
r |2dr

)p

≤ C ∈ Cτ0 .
1O·¦ª b=7

� a7~waY{1kxjhj�r�pn¢ mw^5a7·�­	du­¦¯ 1?3S�=74voknmwflvB��a y  gz�mw^�a7{1pti5s5jha
(Y

(1)
r , Z

(1)
r )

1Ðfqr*pt~ y a1~£mwp�~oa1jhfha1�ta�mw^5a
~oaSk y a1~ pt¤�mw^�a0r5pxm�knmwfhptr�¢�a	¤¬pt~o�ta�m�mw^�a�vBi5sIa1~�vo{�~ofqsum�v

t, x
7�E

Y (1)
s = ∇g(Xt

T )−
∫ T

s

Z(1)
r dWr +

∫ T

s

[

fx(r,Xr, Yr, Y
(1)
r ) + F 1(r,Xr, Yr, Y

(1)
r )Y (1)

r

+ F 2(r,Xr, Yr, Y
(1)
r )Z(1)

r

]

dr +

∫ T

s

hx(r,Xr, Yr) + hy(r,Xr, Yr)Y
(1)
r

←−
dBr

1O·¦ªÊ�)7

¢�^5a1~oa
F 1(r,Xr, Yr, Y

(1)
r ) = ∇b(Xr) + fy(r,Xr, Yr, Y

(1)
r ) + fz(r,Xr, Yr, Y

(1)
r )σ(Xr)kxr y

F 2(r,Xr, Yr, Y
(1)
r ) = ∇σ∗(Xr) + fz(r,Xr, Yr, Y

(1)
r ) .

¯�v?mofq`8knmofqp[r�v jhfq¸[a 1Ð·�ª �=7§¤¬pt~ mw^�a�·�­	du­¦¯ 1Ð·�ªÊ�)7�kx~oa0v?m�kxr y kt~ y  5ium4¢�a	sLp[fqr\m4p[ium mw^5a	¤Ðk[{
m�mw^Lknm4fhr
{1jhk[vwvwfl{1kxj5{1pt`(s5ium�knmofqp[r�v¥mo^5a���r�ktjL{1ptr y fqmwfhptr8flv�fhrg�tp[jq�[a y kxr y mo^5flv�flv�i5r�voknmofhvB¤Ðkt{�mwp[~wz�fqr8p[i5~¥¤¬~�kx`(atª
dup$¢�a�iLvBa�mw^5a G+aS`(`(kBJ8¤¬~wp[` mw^5a(s5~oa1�gfhpti�v��4s5sIa1r y f«|'ª7] ^5a7· ­	du­¦¯ 1O·�ª ��74flv�jqfhr5aSkt~	fqr

Y (1)

ã¬ä á ã¹å



���������
	��
������������������������������	�������	 ���!	��#"$	 ��������%�&'�)(��������*�
�����+��� bg�

ktr y
Z(1) ¢�f«mo^� Lp[i5r y a y {�pga�²¡{1fqaSr[m�v1ª dgp(mw^�a�^gz\sIpxmo^5aSvwflv 1Ð��ª �=7 fhv4�ta1~ofq��a y ª�·�z 1O��ª�3S��7�¢�a0^�k³�[a

¤¬p[~4kxrgz
δ > 0

kxr y
t ≤ τ0 − δ

E

E|Y (1)
t |2p + E

(

∫ τ0−δ

t

|Z(1)
s |2ds

)p

≤ C
(

E

(

∫ τ0−δ/2

t
|Y (1)

r |2dr
)p)1/2

,

ktr y  gz 1Ð·�ª b=7 ¨ mo^5a¦kt Lpn�[a£°\i�kxr\mof«m?z(flv§ Ipti5r y a y ª � a¦{�^�p\p\vBa δ = (T − τ)/2 ktr y 1O·¦ª ��7�fhv�s5~opn�ta y ª
	+� »�
 � �¦� a0s5~opn�ta¦mw^�kxm�¤¬pt~4ktr\z

τ < T
mo^5a1~oa	a�|ufhvBmov

Cp ∈ Cτ
vwi�{�^�mw^�kxm

sup
t≤s≤τ

E|DθY
(1),t,x
s |2p + E

(∫ τ

t

|DθZ
(1),t,x
r |2dr

)p

≤ Cp , t ≤ θ ≤ τ , x ∈ R
d .

1O·¦ª ��7

9Gm4flv4{1jqaYkx~�mw^�kxm£fq¤81O·�ª �=7�fhv mo~wi�a ¨ ¢�a	pt um�kxfhr�fhr,s�kx~wmwfl{�i�jhkt~ 1?31b 7�px¤ G�a1`(`8k8�5ª � a	��~�v?m4¢�~of«moa	mw^5a
aY°\i�knmofqp[r�voknmofhvB��a y  gz8mw^�a���kxjhjqflk³�gfqr�� v y aS~wfh�nknmwfh�taYv px¤�mw^5a�{1pti5s5jha

(Y (1), Z(1))
ª

DθY
(1)
s = $(θ)−

∫ θ

s

DθZ
(1)
r dWr

+

∫ θ

s

(

Υ(θ)(r) + Θ(r,Xr, Yr, Y
(1)
r , Z(1)

r )DθY
(1)
r + F 2(r,Xr, Yr, Y

(1)
r )DθZ

(1)
r

)

dr

+

∫ θ

s

Ψ(θ)(r) + ∂yh(r,Xr, Yr)DθY
(1)
r

←−
dBr ,

1O·¦ª JD7

¢�^�a1~oa�¢�a y a1r�pxmwa�E

$(θ) = hx(θ,Xθ, Yθ) + hy(θ,Xθ, Yθ)Y
(1)
θ

Υ(θ)(r) = fxy(r,Xr, Yr, Y
(1)
r )DθYr + F 1

y (r,Xr, Yr, Y
(1)
r )Y 1

r DθYr

+ F 2
y (r,Xr, Yr, Y

(1)
r )Z(1)

r DθYr

Ψ(θ)(r) = hxy(r,Xr, Yr)DθYr + hyy(r,Xr, Yr)
(

DθYr

)

Y (1)
r

Θ(r,Xr, Yr, Y
(1)
r , Z(1)

r ) = fxy(r,Xr, Yr, Y
(1)
r ) + F 1(r,Xr, Yr, Y

(1)
r ) + F 1

y (r,Xr, Yr, Y
(1)
r )

+ F 2
y (r,Xr, Yr, Y

(1)
r )Z(1)

r .

] ^�a4fq`(sIpt~wmoktr[m¥¤Ðk[{
m§fhr8mo^5fhv§aS°\i�kxmwfhptr(fhv�mw^�kxm
Θ
fhv§r5pxm� Lp[i5r y a y ¨ vwp ¨ fqr8p[~ y aS~¥mwp0s�~wpn�[a 1Ð·�ª �=7 ¨ ¢�a^Lk³�ta�mwp¡kts5s5jhz!1O��ª b=7�¤¬~opt` G�a1`(`8k �5ª G�a�m4i�v£{�^5aS{�¸!1Ð��ªÊ�)7�ª 9Ñr

ξ , $(θ)
flv�fhr\�[ptjh�ta y ptr�jqz

Y (1) ª] ^�a1rI1Ð��ªÊ�)7�¤¬p[jqjhpn¢4v�¤¬~opt` 1O·¦ª ��7
ª
�¦vBfhr5� 1O·¦ªÊ�)7�ktr y 1Ð·�ª �=7�¢�a pt 5mokxfhr�mw^�kxm
E(
∫ τ

t
|Ψ(θ)(r)|2)p ≤ C ¨^�a1r�{1a 1O��ª ��7�flv ¤¬i5jq��jhjqa y ª

� a�{�^5aY{�¸8r5pn¢Cmo^�knm�¤¬p[~4kxjhj
θ ¨ E(

∫ τ

t
Υ(θ)(r)dr)2p ≤ C ª G+a1m4i�v y a1mokxfhj'mo^5a0`(p[vBm y f«²¡{�i�j«m4moa1~o`IE

E
( ∫ τ

t F
2
y (r,Xr, Yr, Y

(1)
r )Z

(1)
r DθYrdr

)2p

≤ E
( ∫ τ

t |F 2
y (r,Xr, Yr, Y

(1)
r )DθYr|2dr

)p( ∫ τ

t |Z
(1)
r |2dr

)p

≤
(

E
( ∫ τ

t
|F 2

y (r,Xr, Yr, Y
(1)
r )DθYr|2dr

)2p
E
( ∫ τ

t
|Z(1)

r |2dr
)2p
)1/2

.

á�á ×�L�M�ð
Ú
Þ



b � ����������� &���� �������@�����

� a0pt 5mokxfhr$mw^5a0a1|gsIaS{�mwa y aYv?mofq`8kxmwfhptr�v i�vwfhr5�7mw^5a0 Ipti5r y a y r�aSvov px¤
F 2 ¨ 1O·¦ªÊ�)7�ktr y 1Ð·�ª �=7
ª

9Gm0~oa1`8kxfhr�v¦mwp,aS�³ktjqiLknmwa
Θ
ª ( jqaYkx~ojqz

Θ
flv	r5pxm0 Ipti5r y a y kxr y mw^�kxm�fhv�¢�^gz�¢�a�p[ umoktfqr 1Ð��ª b 7¦ 5ium

r�pxm 1Ð��ª ��7�ª��¦v�k7{1ptr�vwaS°\i5aSr�{�a	pt¤81O·�ª �=7�¢�a	^�k³�[a

E
( ∫ τ

t |Θ(r,Xr, Yr, Z
(1)
r , Z

(1)
r |2dr

)2p ≤ Cp ‖∇2f +∇f +∇b+ σ‖∞ E(
∫ τ

t |Z
(1)
r |2dr)2p

≤ C .

dup�mo^5a0^gzgsLptmw^5aYvBaYv px¤ G�a1`(`8k �(kx~oa�voknmofhvB��a y kxr y ¢�a	`8k³z¡i�vwa 1O��ª b=7 ktr y ¢�a	�ta1m

sup
t≤s≤τ

E|DθY
(1)
s |2p + E

(∫ τ

t

|DθZ
(1)
r |2dr

)p

≤ Cp

(

E(
∫ τ

t |DθY
(1)
r |2dr)2p

)1/2
.

dufqr�{1a
DθZ

t,x
s = DθY

(1),t,x
s σ(Xt,x

s )
ktr y

σ
flv�i�r5f«¤¬p[~w`(jhzÁa1jhjqfhsumofh{ ¨ ¢�a$�ta1m�mw^Lknm |DθY

(1),t,x
s | ≤

(1/ε)|DθZ
t,x
s |

1Ð~waS`(fqr y mo^�knm
ε
flv(mw^�a�i�r5f«¤¬p[~w` a1jhjqfhsumofh{1f«m?z {1ptr�vBmoktr\m(pt¤

σ
7�ª � a�i�vwa,`(pt~oa1pn�taS~

1O·�ª ��7�ktr y mw^5flv�zgfha1j y v

E

(∫ τ

t

|DθY
(1),t,x
r |2dr

)p

≤ Cp , ∀t ≤ θ ≤ τ ,

ktr y 1Ð·�ª �=7�fhv s�~wpn�[a y ª

� � ���*����.�
�����: ���8� �W��� � �4� �3� �

� �@�6����0£] ^�a�~oaSvwi5jqm4¢�fqjhj'¤¬p[jqjhpn¢4v�¤¬~wp[`�mw^5a G�a1`(`8k(�7¤¬~wp[`�mw^5a��£s5sIa1r y fq|�� ¢�fqmw^

a(r, ω) , 0 , b(r, ω) , fy(Xr, Yr, Zr) , c(r, ω) , fz(Xr, Yr, Zr) ,

d(r, ω) , 0 , e(r, ω) , hy(Xr, Yr) .

] ^�a1r mw^5a¶aS°\i�knmofqp[r 1 5�7({1ptfhr�{�f y aYv8¢�f«mo^ mw^5a�aY°\i�knmofqp[r 1O��ª�3S�=7
ª � a�{�^5aY{�¸ mw^�a�^\zgsIpxmo^5aSvwaSv8pt¤
G�a1`(`8k���ª�dgfhr�{1a

h
fhv� Ipti5r y a y ¨ (i) ^�ptj y v�mo~wi�atª¥��pt~oa1pn�[a1~ ¨ b ¨ c ¨ kxr y e kx~oa4 Ipti5r y a y kxr y fqm�p[r5jhz~oa1`8ktfqr�v�mop8�ta1~ofq¤¬z

(iv)
ktr y

(v)
ª

9Gm4flv ¢�a1jhj'¸\r�pn¢�r�mo^�knm4i5r y a1~4p[i5~�ktvovBi�`7s5mwfhptr�v ¨ ¢�a0{Skxr$��r y k8{�p[r�v?m�kxr\m Cp
vBiL{�^�mo^�knm

E|Xs −Xs′ |2p ≤ Cp|s− s′|p ∀s, s′ ∈ [0,τ ] ,

ktr y i�vwfqr��¶{�jlktvovBfl{1ktj�aSvBmwfh`8knmofqp[r#1Ðvwa1a¡}¥kt~ y p[iu|±ktr y }�a1r�� 143F5)5xb 7?7 ¨ mo^5a1~oa�a1|gflvBmov Cp ∈ Cτ
vBiL{�^

mo^�knm

E|Ys − Ys′ |2p + E

(∫ τ

0

|Zr − Zr′ |2dr
)p

≤ Cp|s− s′|p ∀s, s′ ∈ [0,τ ] ,

vwp
(iv)

^�ptj y v�mw~oi5atª
G�a�m�i�v4{�^�aS{�¸

(v)
ª�] ^�a	��~ovBm�s�kx~wm�px¤�mw^5flv4{1ptr y fqmwfhptr ¨ r�kx`(a1jhz

sup
θ∈[t,T ]

sup
s≤τ

E|DθY
t,x
s |4p ≤ K
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{1pt`(aSv�¤¬~opt`-mw^5a0aYv?mofq`8knmofqp[r!1?3Y��7
ª �4pn¢ ¢�a	s5~opn�ta¦mw^Lknm

sup
θ∈[t,T ]

sup
s≤τ

E|DθZ
t,x
s |4p ≤ K .

dufqr�{1a
Zt,x

s = ∇u(s,Xt,x
s )σ(Xt,x

s )
ktr y

σ
flv� Ipti5r y a y ¨ mo^5flv�aSvBmwfh`8knmwfhptr�¢�fhjqj+ Ia	mw~oi5a0ktv�vwpgptr,ktv

sup
θ∈[t,T ]

sup
s≤τ

E|Dθ∇u(s,Xt,x
s )|4p ≤ K ,

pt~�aS°\i5fh�nkxjha1r\mwjhz

sup
θ∈[t,T ]

sup
s≤τ

E|DθY
(1),t,x
s |4p ≤ K ,

¢�^�fh{�^¡flv�a�|5kt{�mwjhz�mo^5a¦aYv?mofq`8kxmwfhptr 143Sb=7�px¤ G+aS`(`(k��5ª��4aSr�{�a�kxjhj�mo^5a£^gzgsIpxmw^�aSvwaSv�px¤ G+aS`(`(k���kxr y
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