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abQ2T'g|_lakQ°¦i�2]2a¨_l^`joc;che akQ|T�p
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XiT�pªabZdcfe�=.g2skT4joT�eFabj�abQ2TzjkZdS©]2^\_lakZ\che m T
a{_lZ\^\j�_l^\che2�.��ZdakQ�_.e[]2SUT,sbZ`p,_l^|Zd^\^d]%juabsb_lakZ\che°��P9Q2Tzp
cfe|p
^\]|jkZdcfe
��ZdakQ��¡]iab]2sbT�jkp,chg6THch�sbT�jkT�_hsbp{Q Z\j9g2sbT�jkT,eFabT m Zde�jkT�pªabZdcfeIAi�
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� T
aB]|jBskT�g2skT4joT�eFa�_zabsb_l��p9e2T
au�#chsb���[n©_ m Z\sbT�pªabT m �hs{_lg|Q���� / &�¦ x 1��Q2T,sbT & Z`j�akQ2T¨joT,aBcl��e2c m T�j
_he m x}Z`j�akQ|T�joT,azcl� m Z\skT4pªabT m ^\_he2T�j�� � T
az]%j m T,e|clakT�akQ2T�jkT
a�ch�T,eFaks{_le|p,T.e2c m T�jz�Fn�� _le m jkT
azch�
m T�joakZ\e|_DabZdcfe�e|c m T�j9�[n���� � T,a�]|j�sbT,g2sbT�jkT,eFa9akQ|T'T,eFaks{_le|p,T.e2c m T'�[n�Z\e m T
q ��_he m akQ2T m T�joakZ\e|_DabZdcfe
e|c m TH�[n Zde m T
q �l��P9Q2T.Zde|g2]ia��|cD� _lsbskZ\�[Zde|�©_Da�e|c m T

e ∈ E
_Da�abZdSUT��#Z\j m T,e2chakT m �[n

φe(t)
�

� T
a�]|j*sbT,g|skT4joT�efa*_�e2c m T��[n �¯�®P9Q2TNjkT
a*cl�.g2sbT m T4p
T4jkjkchs;e2c m T�j�cl�¨e|c m T ��Z\j m T,e2chakT m �[n
���! �� "�_he m abQ2T�jkT
a�cl�jk]|p�p
T�jbjkchs9e2c m T�j#Z`j m T,e|clakT m �[n�# 	$ � "D� � T,a�]|j m T,e|clakT¨akQ|T.akcla{_l^�e[]2S��6T,s�ch�
g|skT m T�p,T�jbjocfs�e2c m T4j�cl��e2c m T��B�[n � _le m akQ|T.akcla{_l^°e[]2S©�%T�s�cl��jo]|p�p
T4jkjkchs9e2c m T4j9�Fn%#%�

� T
a
i ∈ N

_le m
j ∈ Sc(i)

��x ^\_he2T©Z`j m T,e|clakT m �[n& ��� ��"���Z§abQNa{_lZ\^e2c m T4��_he m Q|T�_ m e2c m T'�ª�
(�_hp{Q;^\_he2T) ��� ��"zQ|_hj�abQ2sbT,T�_DakaksbZd�2]2akT�j�*�Z§a{j�^dT�e2�labQ

lij
¦hZdabjaks{_D��p9_hp,p,chSUSUc m _DabZdcfe©p,_hg|_hp,Z§aun

cij

_le m
abQ2T�e[]2S©�%T�s�cl��hT�Q2Z`p
^\T�j�Z\e|jkZ m T�akQ2T�^`_le|T�_Da�akZ\SUT

t
m T,e|clakT m �[n

nij(t)
��P9Q2T'Z\e2g2]2az�|cD��_lsbskZ\�[Zde|�

_la�akQ|T�T,eFaks{_le%p
T'cl��abQ2T�^`_le2T�Z`j m T,e2chakT m �[n
φij(t)

��P9Q2T�Z\e2g2]ia¨�|cD��akQ|_la¨T,eFabT,s{j�Zde%joZ m T'abQ2T�^`_le2T
Z`j m T,e2chakT m �[n

φe
ij(t)

�BP9Q2TzZ\e2g2]ia�p,_hg|_hp,Z§aun;cl�JabQ2Tz^`_le|TzZ`j m T�e2clabT m �Fn
Ce

ij(t)
�BP9Q|Tzg2sbchg6chskakZ\che*ch�

�%cD� _hsksbZd�[Z\e2�*_Daze|c m T���abQ|_Da¨�#_hefa{j9akc��%T m ZdsbT�p
akT m abc�e2c m T���Z\jzskT�g2skT4joT�eFakT m �[n
pij

�9P9Q|T'�|cD�
T,qiZ§abZde2���¡skcfS+abQ2T�^`_le|T�_DaHch]iabg2]ia¨e|c m T

j
_Da._le[n�abZdSUT�a¨Z`j

φo
ij(t)

�HP9Q2T�cf]iakg|]iaHp�_lg|_fp
Zdaun ch�akQ2T
^`_le|T'Z\j m T,e2chakT m �[n

Co
ij(t)

�9P9Q2T�e[]2S��6T,s¨cl���#_hZ§abZde|�*�hT,Q|Z\p,^dT4j�_Da¨_he[n
e ∈ E

_hskT'sbT,g|skT4joT�efabT m �[n
we(t)

�vËe�juabT�_ m n�joab_DabTHakQ2T.�|cD��SUcD�hT�j#��ZdakQN_Up
cfe|joab_leFa�jog6T,T m
νij

Z\e�akQ2T'^`_le2T+ ��� ��"D�
P9Q2T.�fcf_l^�Z`j�akc*_le|_h^dn�H�TzabQ2T.�%T�Q|_?�[Zdcfs�ch��akQ|THe|T
au�#chsb�;]|e m T,s�g|ZdT4p
T,��Z`jkTHp,che|joab_hefa9Z\e2g2]ia��|cD��j

_he m Z\e2ZdakZ`_l^Jjkn[joakT�S jua{_DabT�j#cl�°abQ2T.^\_he2Th�P9Q2Z`j9jonijoakT�S _le|_h^dnijkZ\j�Z\j�abQ2T,e ]|joT m abc©g|skT m Z\p
a�abQ2T¨aks{_?�hT,^
abZdSUT'cfe�abQ2T'�D_lsbZdcf]|j#g|_DabQ|j�cl�akQ2T'e|T
au�#chsb�6�

, -�. �0/*�
�����
�21������43¥�
�z$

57698 :&;<;<=?>A@?BDC9EGF?;
H#T,�¡chsbTU_he|_l^\n�H,Z\e2�"akQ|T�jonijoakT,S�]2e m T,s�g2Z\T�p,T,��Z`joT�p,che|joab_heFa�Zde2g|]ia��|cD��j�¦��#T*S*_l�hTUabQ2T*�¡cf^d^\cD��Zde|�
_fjkjk]2SUgiabZdcfe|jI*

J P9Q2T��fT,Q2Z`p
^\T�j m c*e2cla�g|_fjkj�che2T�_he2clabQ2T,s4��P9Q2Z`j�Z\SUg2^dZ\T�j�akQ|_laz�hT�Q2Z`p
^\T�j#�¡ch^\^\cD�LK�Z\sbjoa�vËeMK�Zds{jua
N ]ia /OK�vPK N 1#g%cf^dZ`p
n���Q|Zd^\T.aks{_?�hT�sbjkZde|��akQ|T'^\_he2Th�

J v ��_;�fT,Q2Z`p
^\T'Z\j9e|cla m T�^\_?nfT m ¦[Zda�S;cD�fT�j9_Daz_Up,che|joab_hefa�jkg%T�T m �
� T
a�]%j m T�e2clabT

t0
_fj�akQ|T¨joab_lskakZ\e2�'abZdSUTf¦habQ|_Da#Z\j�akQ2T�akZ\S;TH_Da#��Q2Z\p{QUabQ2T¨joak] m n*jua{_lskabj���x#aBabZdSUT

t0
¦2�#TH�[e2cD�Q*
J P9Q2T'e[]2S��6T,s�ch��p�_ls{j#g2skT4joT�eFa9Z\e�akQ2T'^`_le|T�j9cl�akQ2T�jknijuabT,S"¦ nij(t0)

�
J P9Q2T'e[]2S��6T,s�ch��p�_ls{j we(t0)

�#_hZ§abZde2�U_Da�abQ2T'e2c m T
e ∈ E

cl��akQ2T'e2T,au��cfsk���
J P9Q2TzZ\e2g2]2a��|cD� φe(t)

_lsbsbZd�[Z\e2��_Da�akQ2T¨e2c m T
e ∈ E

ch�JakQ2T¨e2T
au�#chsb���SR�T¨_fjkjk]2SUT�akQ%_Da
φe(t)Z\j��Fe|cD��e��¡cfs�_le[n

t ≥ t0
_le m Z`j�p
cfe|joab_leFa�che

[t0, t1]
�

J P9Q2T'^\T,e2�hakQ lij
¦2aks{_D��p._hp,p,chSUSUc m _DabZdcfe p,_hg|_hp,Z§aun

cij

_le m abQ2T'jog6T,T m ch���fT,Q2Z`p
^\T�j
νij

�
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J P9Q2TUg2sbchg6chskakZ\che pij

cl�BabQ2T;�|cD�}abQ|_Da�_lsbsbZd�fT�jH_Da'e2c m T �z_le m Z`j m ZdsbT�p
akT m akcD�9_ls m j¨e2c m T'�
/¡Zd�g%cFjkjkZd�|^dT m ]2T.abc;akQ2T�p�_lg|_fp
Zdaun*cl�  ���� ��"�1ª�

J P9Q2TUch]iabg2]ia'p,_hg|_hp,Z§aun Co
ij(t0)

¦J��Q2Z`p{Q�sbT,g2sbT�jkT,eFa{j�abQ2TUSU_lqiZdS©]2S �|cD��akQ%_Da�p,_he�^\T�_?�hT�akQ2T
^\_he2Th� R TU�[e2cD��akQ|T;T��hcf^d]iabZdcfe�ch�BakQ2TUcf]iakg2]2a.p�_lg|_fp
Zdaun"�¡chs._le[n

t ≥ t0
_he m _fjkjk]2SUT�abQ|_Da

akQ2Z`j�p�_lg|_fp
Zdaun�Z\j�p,che|joab_heFa9cfe
[t0, t2]

�
J P9Q2T�Z\e2g2]2a;p,_hg|_hp,Z§aun Ce

ij(t0)
¦��Q2Z\p{Q Z`j'abQ2T p,che|jkT�F]2T�e|p
T*ch��akQ2T jua{_DakT cl��^`_le2T  ��� ��"�¦�ZM� Th�

nij(t0)
_he m abQ2T.ch]iabg2]ia�p,_hg|_hp,Z§aun

Co
ij(t0)

cl��abQ2T.^\_he2Th�
Ce

ij(t0)
Z\j#abQ2T.SU_lqiZdS©]2S±�|cD� abQ|_Da

p,_he T�efabT,s�abQ2T.^\_he2Th�
J P9Q2T¨akZ\S;T tm

¦[]2eFakZ\^6��Q|Z\p{Q �%chakQ�abQ2THZde2g|]ia9�|cD�
φe(t)

_le m akQ2T.ch]2akg2]ia�p,_hg|_hp,Z§aun
Co

ij(t0)
ch�

akQ2T'^`_le|T'skT�SU_hZde�p
cfe|jua{_leFa���vËe m T,T m ¦
tm = Min(t1, t2)

K�Z\�h]2sbT+5 *&x X[Z\e2�f^dT � _he2T�X[nijuabT,S

� T
a.]|j¨p,che|jkZ m T,s¨akQ2T;joZ\e2�f^dT©^\_he2T©jknijuabT,S m T,g|Z\p
akT m Zde K�Zd�f]2skT45h�'R Q2T,e�akQ2T©Zde|g2]ia.�|cD� m c[T�j
e|cla9T
q2p
T�T m j�akQ2T.p,_hg|_hp,Z§abZdT4j�ch�°akQ|T¨^`_le2TH_Da�_le[nUg%cfZdeFa9Zde�akZ\SUTh¦[akQ|T,sbTzT
qiZ`jua{j#e2c©p,che2�fT�joakZ\che�Z\e|jkZ m T
abQ2T¨jknijuabT,S"�P9Q2Z`j�Z`jBabQ2THZ m T4_l^�joZdak]%_DakZ\che���Q2T,sbT�akQ|T¨Z\e2g2]ia#�|cD��j���Zd^\^%sbT�_fp{QUakQ2THT
qiZda�Z\e�SUZde|ZdS©]2S
abZdSUTf���zcD��T��hT�s�¦f��Q2T,eUabQ2Tz�%cD�¥Z\e|jkZ m T�akQ2T.jkn[joakT�S&T,q2p
T,T m jabQ2T¨p�_lg|_fp
Zdaun©ch��akQ2TH^\_he2Tz_la�akQ|TzT
qiZda�¦
�#T.ch�|jkT,sb�hT¨akQ%_Da�akQ|T'eF]|S��6T,s�cl���hT�Q2Z\p,^dT4j9Zde%joZ m T.akQ|T'^\_he2T.Zde|p,skT4_hjkT�j��
x¨jkjk]2SUT�abQ|_Da¨akQ2T��|cD��jz_hskT�p,che|joab_heFa���vËe�abQ2Z\jHp,_fjoTf¦|abQ2T�e[]2S©�%T�szch�B�hT,Q|Z\p,^dT4j�g2sbT�jkT,eFazZ\e|jkZ m T

abQ2T'^`_le2T'_Da9abZdSUT���p,_he �6T'T
qig2sbT�jbjoT m _fjI*

nij(t) = nij(t0) + (φ∗

i − φj) ∗ (t − t0)
/:5C1

� T
a;]|j�e2cD�±_he|_l^\n�H,TUakQ|T jkZde2�f^dT�^\_he2T jknijuabT,S�]2e m T�s�akQ|T�Z\ei�|]2T�e|p
T cl� m Z`jkp,skT,akT�Z\e2g2]2a��|cD�±_le m
cf]iakg|]iazp,_hg|_hp,Z§aun*ch�abQ2T'^\_he2Th�
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>#_hjkT 5 *�v a9Z\j�akQ|THp�_hjkT���Q2T,e�akQ2TH^`_le2T¨Z\j#e2cha��¡]2^\^M¦[abQ|_Da9Z`j
nij(t0) < cij lij/νij

��vËe�abQ2Z`j�p�_hjkTh¦FakQ2T
Zde|g2]ia¨p�_lg|_fp
Zdaun*cl��akQ2T'^`_le2T.Z`jI*

Ce
ij(t0) = cij

>#_fjoT 5h�,5 *'P9Q2Z`j.Z`j.akQ2T�p�_hjkT©��Q|T,e
φi(t0) ≥ cij

�*vËe�akQ2Z`j�p�_hjkTh¦JabQ2TU�|cD� abQ|_Da�_hsksbZ\�hT�jH_Da
abQ2T�T,eFabsb_he|p
T�cl�¨akQ2T"^`_le2T"T
q2p,T,T m jUchsUZ\jUT �F]|_l^#akc�abQ2T�Zde|g2]ia�p,_hg|_hp,Z§aun

cij

� '�e m T,s
abQ2Z`j©p,che m ZdakZ\che�abQ2T�e[]2S©�%T�s�ch�zp,_ls{j.abQ|_DaUp,_le T�eFakT,s�akQ2T ^\_he2T�g6T,s©]2e2Zda©cl��abZdSUT�_lsbT
sbT�joaksbZ`pªakT m abc;akQ2T'Z\e2g2]iaHp,_lg%_hp
Zdaun*cl�akQ2T'^`_le|Th�

φe
ij(t0) = Ce

ij(t0)
P9Q|T#e[]2S©�%T�scl�%p�_ls{j��#_hZ§abZde2�._Da�abQ2T9T,eFaks{_le|p,T�ch�|abQ2T�^\_he2T#Zde|p,skT4_hjkT��[n

φi(t0)−Ce
ij(t0)T4_hp{Q�]2e2Zda�cl�akZ\S;Tf��P9Q2T.ch]2akg2]iaz�|cD�®cl��akQ|T'^\_he2T.Z\j�*

φo
ij(t0) = Min{nij(t0)νij/lij , C

o
ij(t0)}

P9Q|T.aks{_?�hT,^6abZdSUT
θij(t0)

�¡cfs9akQ2T'�fT,Q2Z`p
^\T�j#Z\e�akQ2T'^`_le2T.Z`jI*

θij(t0) = nij(t0)/Min{nij(t0)νij/lij , C
o
ij(t0)}

P9Q|T�jog6T,T m
ν∗

ij

cl��akQ2T'�fT,Q2Z`p
^\T�j9T,q[ZdakZ\e2�;�¡sbchS±abQ2T'^\_he2T.Z\j�*

ν∗

ij = lij ∗ [Min{nij(t0)νij/lij , C
o
ij(t0)}/nij(t0)]

P9Q|T'eF]|S��6T,s�cl��p,_hsbj9Z\e|jkZ m THabQ2T�jonijoakT�S+_Da9abZdSUT
t ∈ [t0, tm]

_hskT�*

nij(t) = nij(t0) + (φe
ij (t0) − φo

ij(t0)) ∗ (t − t0)
/M�G1

P9Q|T'^\_he2T.��cf]2^ m �6T�p
cfSUT¨�¡]|^d^�_Da9akZ\SUT
t′
��Q2T,sbTh¦

t′ = t0 + [{cij lij/νij − nij(t0)}/{cij − Min(Co
ij(t0), nij(t0)νij/lij)}]

/M� 1
P9Q|T�jonijoakT,S+jua{_DakT'p{Q|_he2�hT4j9_Da�akZ\SUT

t∗
��Q2T�skTf¦

t∗ = Min(tm, t′)

>#_fjoT 5h�Ñ�D*'P9Q2Z`j.Z`j.akQ2T�p�_hjkT©��Q|T,e
φi(t0) < cij

�*vËe�akQ2Z`j�p�_hjkTh¦JabQ2TU�|cD� abQ|_Da�_hsksbZ\�hT�jH_Da
abQ2THT,eFaks{_le|p,Tzch�°akQ2TH^`_le2THZ\j�^\T�jbj�abQ|_le�akQ2THZ\e2g2]ia�p,_hg|_hp,Z§aun

cij

��'�e m T,s#akQ2Z`j9p
cfe m ZdakZ\che°¦
_h^d^%akQ|THp�_ls{j�_hsksbZd�[Z\e2��_Da#akQ|T¨T�efabsb_he|p
Tzcl�°abQ2T¨^`_le|TzT�_fp{Q�]2e2Zda9cl�°abZdSUT.p,_le�T,eFakT�s�Z\e|jkZ m T
abQ2T'^`_le2Tf�

φe
ij(t0) = φi(t0)

P9Q|T'ch]iabg2]ia��|cD�¾�¡skcfS±akQ2T'^`_le|THZ`j�*

φo
ij(t0) = Min{(nij(t0)νij/lij), C

o
ij(t0)}

P9Q|T'eF]|S��6T,s�cl��p,_hsbj9Z\e|jkZ m THabQ2T�jonijoakT�S+_Da9abZdSUT
t ∈ [t0, tm]

_hskT.�fZd�fT,e��Fn *

nij(t) = nij(t0) + [{φe
ij(t0) − Min(nij(t0)νij/lij , C

o
ij(t0))} ∗ (t − t0)]

/¡V*1
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>#_hjkT�5f� �2�;5 *P9Q2Z\j9Z`j9abQ2T�p,_fjoT.��Q2T�e
nij(t0)νij/lij ≤ Co

ij(t0)
�vËe�akQ|Z\j�p�_hjkTh¦[abQ2T.�|cD�

abQ|_Da#^dT4_?�hT4jakQ|Tz^`_le2T m cFT4j�e|cla�T,q2p
T,T m jabQ2Tzcf]iakg|]ia9p�_lg|_fp
Zdaun
Co

ij(t0)
ch�JakQ2T¨^\_he2Th�

'ze m T�s�akQ2Z`j�p,che m ZdakZ\che�¦[akQ2T'cf]iakg2]2a��|cD�¾Z`j9�hZ\�hT�e �[n

φo
ij(t0) = nij(t0)νij/lij

P9Q|T.aks{_?�hT,^6abZdSUT
θij(t0)

�¡cfs9akQ2T'�fT,Q2Z`p
^\T�j9Z\e�akQ2T.^`_le2T'Z`j�*

θij(t0) = lij/νij

P9Q|T�jog6T,T m
ν∗

ij

cl�akQ2T'�fT,Q2Z`p
^\T�j9T,q[ZdakZ\e2�;�¡sbchS abQ2T'^`_le2T.Z`jI*

ν∗

ij = νij

P9Q|T'eF]|S��6T,s�cl�p,_hsbj#Z\e|jkZ m T.abQ2T�jkn[joakT�S _Da9abZdSUT
t ∈ [t0, tm]

_lsbT¨�fZd�fT,e��Fn *

nij(t) = nij(t0) + [{φe
ij(t0) − (nij(t0)νij/lij)} ∗ (t − t0)]

P9Q|TzjonijoakT�S£�#ch]2^ m _Daoa{_lZ\e*T�F]2Z\^dZ\�2sbZd]|S£��ZdakQUakQ|T�ch]iabg2]iaB�%cD�¤�6T,Z\e2��T �f]%_l^iabc'akQ2T
Z\e2g2]2a��|cD�¾_la�akZ\S;T

t′

t′ = t0 + lij/νij

P9Q|T�jonijoakT,S+jua{_DakT'p{Q|_he2�hT4j�_Da9akZ\SUT
t∗
��Q2T�skT

t∗ = Min(tm, t′)

>#_hjkT�5f� �2� � *P9Q2Z\j9Z`j9abQ2T�p,_fjoT.��Q2T�e
nij(t0)νij/lij > Co

ij(t0)
�vËe�akQ|Z\j�p�_hjkTh¦[abQ2T.�|cD�

abQ|_Da*^\T�_?�fT�j©akQ2T"^`_le2T m c[T4j©T,q2p
T,T m j;akQ|T�cf]iakg|]ia�p,_lg%_hp
Zdaun
Co

ij(t0)
ch�zabQ2T"^\_he2Th�

'ze m T�s�akQ2Z`j�p,che m ZdakZ\che�¦[akQ2T'cf]iakg2]2a��|cD�¾Z`j

φo
ij(t0) = Co

ij(t0)

P9Q|T.aks{_?�hT,^6abZdSUT
θij(t0)

�¡cfs9akQ2T'�fT,Q2Z`p
^\T�j9Z\e�akQ2T.^`_le2T'Z`j�*

θij(t0) = nij(t0)/Co
ij(t0)

P9Q|T�jog6T,T m
ν∗

ij

cl�akQ2T'�fT,Q2Z`p
^\T�j9Z`j9�hZ\�hT�e �[n *

ν∗

ij = lij ∗ (Co
ij(t0)/nij(t0))

P9Q|T'eF]|S��6T,s�cl�p,_hsbj#Z\e|jkZ m T.abQ2T�jkn[joakT�S _Da9abZdSUT
t ∈ [t0, tm]

_lsbT¨�fZd�fT,e��Fn *

nij(t) = nij(t0) + [{φe
ij(t0) − Co

ij(t0)} ∗ (t − t0)]

>#_hjkT 5h�Ñ�i�Ñ�i�,5 *�P9Q2Z\j Z`j*akQ|T p,_fjoT���Q|T,e
φi(t0) < Co

ij(t0)
� vËe�abQ2Z\j�p,_fjoTf¦9akQ2T

�|cD� akQ%_Da�_lsbskZ\�hT4j�_la�abQ2T.T,eFaks{_le%p
THcl�°abQ2T.^\_he2T m c[T�j#e2cla�T,qip,T,T m jBabQ2T.ch]iabg2]ia
p,_lg%_hp
Zdaun

Co
ij(t0)

cl�6akQ2T�^`_le|Th�('�e m T�sakQ|Z\jBp,che m Z§abZdcfe°¦labQ2T�e[]2S��6T,sBch�6�fT,Q2Z`p
^\T�j
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Zde|jkZ m TUakQ2T*^`_le|T m T�p
sbT�_fjoT;_le m abQ2TU^\_he2TU��cf]2^ m sbT�_hp{Q�akQ2T*T �F]2Zd^\Z\�2skZ\]2S ��ZdakQ
ch]iabg2]ia��|cD��T�F]|_l^�abcUakQ2T'Z\e2g2]2a��|cD��_la#abZdSUT

t′
��Q|T,sbT

t′ = t0 + [{(φe
ij(t0)lij/νij) − nij(t0)}/{φ

e
ij(t0) − Co

ij(t0)}]
/�<G1

P9Q2T�jonijoakT�S jua{_DabT�p{Q|_le2�fTzabZdSUT'Z`j�T�F]|_h^�akc
t∗
��Q2T�skTf¦

t∗ = Min(tm, t′)

>#_hjkT�5h�Ñ�i�Ñ�i�Ñ�D*#P9Q2Z\j¨Z`j�akQ|T©p,_fjoT���Q2T,e
φi(t0) = Co

ij(t0)
�zvËe�akQ2Z`jHp,_hjkTh¦|akQ2T��|cD�

akQ|_la�_lsbskZ\�hT4j_la�abQ2T�T,eFabsb_he|p
T#cl�%akQ2T�^`_le2T9T �f]%_l^`j�akQ2T9ch]2akg2]ia�p�_lg|_fp
Zdaun
Co

ij(t0)cl��abQ2T'^`_le2Tf�('ze m T�s9akQ2Z`j�p
cfe m ZdakZ\che°¦[abQ2T'jua{_DakT.ch��akQ|T�jonijoakT,S±sbT,S*_hZde|j9joab_h�2^dT
]2eFakZ\^JakZ\SUT

t∗ = tm
�BP9Q2T'cf]iakg2]2a��|cD�¾sbT,S*_lZ\e|j9p
cfe|joab_leFa�_le m Z`j9�hZ\�hT�e �[nf¦

φo
ij(t0) = Co

ij(t0)

>#_hjkT 5h�Ñ�i�Ñ�i� � *�P9Q2Z\j Z`j*akQ|T p,_fjoT���Q|T,e
φi(t0) > Co

ij(t0)
� vËe�abQ2Z\j�p,_fjoTf¦9akQ2T

�|cD�®abQ|_Da�_lsbsbZd�fT�j#_Da9akQ2T'T�eFaks{_le|p,T¨ch��akQ|T'^\_he2T¨T,q2p
T,T m j#akQ|THcf]iakg|]iazp,_hg|_hp,Z§aun
Co

ij(t0)
ch�¨abQ2T�^\_he2Th� '�e m T�s*akQ|Z\j�p,che m Z§abZdcfe°¦�abQ2TNe[]2S©�%T�s*cl�HakQ2TN�fT,Q2Z`p
^\T�j

Zde|jkZ m T.akQ2T'^`_le|THZ\e|p,skT4_hjkTH_he m akQ2T'^`_le2T.�#ch]2^ m �%T.�¡]2^\^�_la�akZ\S;T
t′
��Q2T,sbT

t′ = t0 + [{(cij lij/νij) − nij(t0)}/{φ
e
ij(t0) − Co

ij(t0)}]
/= 1

P9Q2T�jonijoakT�S jua{_DabT�p{Q|_le2�fT�j9_Da9abZdSUT
t∗
��Q2T�skT

t∗ = Min(tm, t′)

>#_hjkT'� *&v a¨Z\j9abQ2T�p,_fjoT.Z\e"��Q2Z\p{Q�abQ2T�jkZde2�f^dT.^`_le2T�jknijuabT,S Z`j9�¡]2^\^8��P9Q|_la�Z\j�¦
nij(t0) = cij lij/νij

�
vËe�abQ2Z`jHp�_hjkTh¦6akQ|T;S*_lq[Z\S�]|S �|cD�

Ce
ij(t0)

akQ%_Da�p,_he��6T;_fp,p
T�giakT m �[n"akQ|T;^`_le|T�Z`j¨T �F]|_l^�akc
akQ2T�S;Z\e2Z\S�]2S�cl�#akQ|T*aks{_D��p*_hp�p
cfS;SUc m _lakZ\che�p,_lg%_hp
Zdaun�_he m akQ2T�cf]iakg|]ia©p,_hg|_hp,Z§aun�cl�9akQ2T
^\_he2Th�

Ce
ij(t0) = Min{Co

ij(t0), cij}
P9Q2T'ch]2akg2]ia��%cD�®�¡sbchS±abQ2T'^\_he2T.Z\j�*

φo
ij(t0) = Min{Co

ij(t0), cij}

P9Q2T.aks{_?�hT�^6akZ\S;T
θij(t0)

�¡chs9abQ2T'�hT�Q2Z\p,^dT4j9Zde�abQ2T'^\_he2T.Z\j�*

θij(t0) = nij(t0)/Min{Co
ij(t0), cij}

P9Q2T�jkg%T�T m
ν∗

ij

ch��hT�Q2Z`p
^\T�j9T
qiZdakZ\e2�U�¡sbchS±abQ2T'^\_he2T.Z\j *

ν∗

ij = lij ∗ Min{Co
ij(t0), cij}/nij(t0)
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>#_fjoT��i�,5 *
P9Q|Z\jzZ\j�akQ2T;p,_hjkT���Q2T�e

φi(t0) ≥ Ce
ij(t0)

��vËe�akQ|Z\j¨p,_hjkTh¦|akQ2T��|cD� akQ|_la¨_lsbsbZd�fT�j�_Da¨akQ2T
T�eFaks{_le|p,T¨ch��akQ|TH^`_le|T¨T,qip,T,T m j#chs9Z\j9T �F]|_l^6akc;abQ2T.Zde2g|]iazp,_hg|_hp,Z§aun

Ce
ij(t0)

ch��abQ2T.^\_he2Th�
P9Q|T'Zde2g|]ia��|cD�¾T�eFakT,sbZ\e2�;akQ2T'^`_le2T.Z`jI*

φe
ij(t0) = Ce

ij(t0)

P9Q|T�e[]2S©�%T�sUcl�z�fT,Q2Z`p
^\T�jU_hp�p
]2S©]2^`_DakZ\e2��_DaUakQ2T"T�efabsb_he|p
T cl��abQ2T"^\_he2T"_lsbT
φi(t0) −

Ce
ij(t0)

g%T�s�]2e2Zda�cl�akZ\SUTh��P9Q2T'jknijuabT,S+joab_lakT'p{Q|_he2�hT¨akZ\SUT
t∗ = tm

�
>#_fjoT��i�Ñ�D*
P9Q|Z\jUZ`j;akQ2TNp�_hjkT ��Q|T,e

φi(t0) < Ce
ij(t0)

��vËe�abQ2Z\j*p�_hjkTh¦�akQ2T��|cD� akQ|_la*_hsksbZ\�hT�j;_Da
abQ2T�T�efabsb_he|p
T'ch��akQ2T�^`_le|T m c[T�j�e|cla�T
q2p,T,T m j�akQ|T�Zde|g2]ia¨p�_lg|_fp
Zdaun

Ce
ij(t0)

cl��akQ2T�^\_he2Th�
'ze m T�s�akQ2Z`j�p
cfe m ZdakZ\che°¦2akQ2T'Z\e2g2]iazp�_lg|_fp
Zdaun*cl��akQ2T'^`_le|THZ`j�*

Ce
ij(t0) = cij

P9Q|T'Zde2g|]ia��|cD�¾T�eFakT,sbZ\e2�;akQ2T'^`_le2T.Z`jI*

φe
ij(t0) = φi(t0)

P9Q|T�e[]2S��6T,s©cl��p,_hsbj�Zde%joZ m T*abQ2T jknijuabT,S m T�p,skT4_hjkT�j'��ZdakQ«akZ\S;T�_le m abQ2T�^`_le|T���cf]2^ m
sbT�_fp{QNT�F]2Z\^\Zd�2sbZ\]2S ��ZdakQ akQ2TUch]2akg2]ia.�|cD�}�6T,Z\e2�"T�F]|_h^�akc akQ2TUZ\e2g2]ia.�|cD�£_la.akZ\S;T

t′��Q|T,sbT

t′ = t0 + [{(φe
ij(t0)lij/νij) − nij(t0)}/{φ

e
ij(t0) − Min(cij , C

o
ij(t0))}]

/ A 1

P9Q|T�jonijoakT,S+jua{_DakT'p{Q|_he2�hT4j9_Da�akZ\SUT
t∗
��Q2T�skT

t∗ = Min(tm, t′)

&zclakT *v ��_;p,_hs#Z`j9Z\e�abQ2T.^\_he2TH_la9akZ\S;T
t0
¦2_le m Z§��Z§a{j9g%cFjoZdakZ\che�Z`j��fZd�fT,e �Fn�Z§a{j m Z\joab_he|p
T�� �¡sbchS

abQ2T'T,eFabsb_he|p
THcl��akQ2T'^`_le|Th¦[akQ|T,e"Z§a��#ch]|^ m skT4_hp{Q�akQ2T'T�e m cl��akQ2T'^`_le2T'_la#abZdSUT
tv
*

tv = t0 + {(lij − x)/v∗ij}

��Q|T,sbT
v∗ij
Z\j9abQ2T�jkg%T�T m �

vËe�akQ|Z\j�p�_hjkTh¦i�#T'p
che%joZ m T,s#abQ|_Da�abQ2T�jua{_DabTHch�abQ2T�jkn[joakT�S p{Q|_he2�hT4j#_la�akZ\SUT
t∗

∗ ��Q2T,sbT

t∗
∗

= Min(t∗, tv)

_he m akQ2T'g6cfjkZ§abZdcfe
z
ch�abQ2T�p,_hs9Zde�akQ|T'^\_he2T.Z\j

z = (t∗
∗

− t0)v
∗

ij + x

��Q|T,sbT
0 ≤ x ≤ lij

�v �
x > lij

¦[akQ|T�p,_ls�Z`j9e2c*SUchsbTHZde�akQ|T'^\_he2Th�
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576�� �L=?>���� C��
	������		> @����
� T
a�]|j�p,che|jkZ m T,s�abQ2T jkZ\e2�h^\TN^`_le2T�jonijoakT,S m T�g2Z\p
akT m Zde KZ\�h]|skT 5f�£P9Q2T ^dT�e2�labQ®cl�'abQ2T�^`_le2T�Z\j
lij = 10

¦JakQ|TUaks{_D��p©_fp,p,chSUSUc m _DakZ\che�p,_hg|_hp,Z§aun�Z`j
cij = 20

_he m abQ2T*jog6T,T m cl��abQ2T�p,_hsbj
ν = 1

�
P9Q|T¨e[]2S©�%T�s#ch��p�_ls{j�g2sbT�jkT,eFa9Zde%joZ m T¨akQ2T'jkn[joakT�S _Da#akZ\SUT

t0
_hskT

nij(t0) = 150
�SR�T'_hjbjo]|S;T¨akQ%_Da

abQ2T.Zde|g2]ia��|cD��j�_he m abQ2T'ch]2akg2]ia�p�_lg|_fp
Zdaun*cl��akQ2T.^`_le2T.sbT,S*_lZ\e|j9g2Z\T�p,T,��Z`joT.p
cfe|jua{_leFa�che�ZdeFabT,sb�?_h^\j
[t0, t1], [t1, t2], ..

T,abph�
P9Q2T.g2Z\T�p,T,��Z`joT.p
cfe|joab_leFa#Zde2g|]ia9�|cD�

φe

_hsksbZ\�FZ\e2��_la�abQ2T.T,eFaks{_le%p
THcl�°abQ2T.^\_he2T¨Z`j#g2sbT�jkT,eFakT m Z\e
P�_l�|^dT.�i�P9Q2THch]iabg2]ia�p,_lg%_hp
Zdaun

Co
ij

cl�JakQ|T.jkZ\e2�h^\Tz^`_le2THjonijoakT�S±Z\j#�hZ\�hT�e�Z\e P�_l�2^\T¨�|��Pc©aks{_hp
TzakQ2T
g6cfjkZdakZ\che�cl��abQ2T'p,_hsbj#Z\e|joZ m THakQ|T.jknijuabT,S"¦2_;skT m p�_ls9Z\j9Z\eFaksbc m ]|p
T m _la9akQ2T.T,eFabsb_he|p
THcl�akQ2T.^`_le2T'_Da
m Z§��T,sbT,eFa9akZ\SUT�jC/ÊP�_l�2^\T�� 1
�

P_h�2^dT 5 *vËe2g2]ia?K�^\cD�
(φe)

�ij#abZdSUT

φe � �������)� � ���)�'� �
54� � �Ë�h�
5C< �h�.�:<l�
�l� <h�.� AD�
5�� Al�.��5��f�

P_h�2^\T'� * N ]iakg2]2a >#_lg|_fp
Zdaun
(Co

ij)
�ij9abZdSUT

Co
ij � ��� ���)� � ���)�'� �

5'< �.��5��
54� 5�� � �f�
�h� �h� � =f�
5'< =h� � 54�h�

� T
a�]%jBe2cD� _le%_l^\n*H�T9akQ2T¨jonijoakT,S �6T,Q|_?�[Z\chsB]2e m T,s#�D_lsbnFZ\e2�'Z\e2g2]ia��|cD��jB_he m ch]iabg2]ia9p,_lg%_hp
ZdakZ\T�j
ch�¨abQ2TN^`_le2T _Da m Z`jkp,skT,akT"abZdSUT�Z\eFakT�sk�D_l^`j���P9Q2TNsbT�jk]2^dabjU�¡cfs*akQ|T�_l�6cD�hT"e[]2SUT,sbZ\p�_l^�T,q2_lSUg2^\TN_lsbT
g|skT4joT�efabT m Zde�P�_l�2^\T'�2��v azp,_he �6T�jkT,T,e"Z\e�P�_l�|^dT���*

J K2cfs�abZdSUT��
∈ [0, 10], [30, 40], [50, 60], [80, 100]

¦%akQ|T Z\e2g2]ia©�|cD� _le m akQ2T�ch]iabg2]ia©�|cD� m c
e2cla#T
q2p
T�T m abQ2T¨p�_lg|_fp
Zdaun;p,che|joaks{_lZ\eFabj�cl�JakQ|Tz^`_le2TH_le m abQ2T,sbT
�¡cfskT�abQ2T.p,_ls{jBsbT�_fp{Q;akQ2THT
qiZda�Z\e
SUZde2Z\S�]|S akZ\SUTh��P9Q|T¨absb_?�fT,^6akZ\SUT.�¡chs#akQ|T'skT m p�_ls9T,eFakT�skZ\e2�;akQ|T�jonijoakT,S+_Da9akZ\SUT��2¦2�h�;_le m
<l�;Z`j9T�F]|_l^�abcI5��|�

J K2cfs'akZ\SUT*ZdeFakT�sk�D_h^ [40, 50]
¦�akQ2T�Z\e2g2]2a�_le m akQ|T�ch]iabg2]ia'�|cD� m c�e2cha�T
q2p
T�T m akQ2T�p�_lg|_fp
Zdaun

p
cfe|juabsb_hZdeFa{j9cl��akQ2T'^`_le2T�_he m akQ2T�e[]2S©�%T�s�cl���hT�Q2Z\p,^dT4j�p
cfefabZde[]2T.abcUskT�SU_hZde�p,che|joab_hefa�Z\e|jkZ m T
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P�_l�2^\T'� *Psb_?�fT,^JP9ZdSUT�_he m Xin[joakT�S¹XFa{_DabT

#��'&)� ��� #"� � � �+��� ������
t0 � �����

t∗
� � ��� �'��� � ����� �	� �)�)���'� � � ��� � � ����� ����
� � ���

nij(t)���"� �+��� ���)������� � ����������� ���
	?� �
� ���

t ∈ [0, 10] t∗ = 10, θij = 10 nij(t) = 150− 3 ∗ t
φ∗

i = 12, Cj = 15
� ���
	?���+��� � � ��& ��� ����

nij(0) = 150
Ci = 20, φj = 15

� ���
	?���+� � ���
& ��� ������
nij(10) = 120� ���

t ∈ [10, 20] t∗ = 20, θij = 12 nij(t) = 120 + 2 ∗ (t − 10)
φ∗

i = 12, Cj = 10
� ���
	?���+��� � � ��& ��� ������

nij(10) = 120
Ci = 20, φj = 10 xij(20) = 8.334 nij(20) = 140� ���

t ∈ [20, 30] t∗ = 30 nij(t) = 140 + 5 ∗ (t − 20)
φ∗

i = 15, Cj = 10 xij(20) = 8.334 nij(20) = 140
Ci = 20, φj = 10

� ���
	?���+� � ���
& ��� ������
nij(30) = 190� ���

t ∈ [30, 40] t∗ = 40, θij = 10 nij(t) = 190− 4 ∗ (t − 30)
φ∗

i = 15, Cj = 20
� ���
	?���+��� � � ��& ��� ������

nij(30) = 190
Ci = 20, φj = 19

� ���
	?���+� � ���
& ��� ������
nij(40) = 150� ���

t ∈ [40, 50] t∗ = 50, θij = 10 nij(t) = 150
φi = 15, Cj = 20

� ���
	?���+��� � � ��& ��� ������
nij(40) = 150

Ci = 20, φj = 15
� ����	?��� � � ���
& ��� ������

nij(50) = 150� ���
t ∈ [50, 60] t∗ = 60, θij = 10 nij(t) = 150 + 5 ∗ (t − 50)

φ∗

i = 20, Cj = 20
� ����	?��� ��� � � ��& ��� ������

nij(50) = 150
Ci = 20, φj = 15

� ����	?��� � � ���
& ��� ������
nij(60) = 200� ���

t ∈ [60, 70] t∗ = 70, θij = 13.34 nij(t) = 200
φ∗

i = 15, Cj = 15
� ���
	?���+��� � � ��& ��� ������

nij(60) = 200
Ci = 15, φj = 15 xij(70) = 7.5 nij(70) = 200

we(70) = 50� ���
t ∈ [70, 80] t∗ = 80 nij(t) = 200

φ∗

i = 15, Cj = 15 xij(70) = 7.5 nij(70) = 200
Ci = 15, φj = 15

� ���
	?���+� � ���
& ��� ��! "�$#%�&�
nij(80) = 200� ���

t ∈ [80, 100] t∗ = 100, θij = 13.34, t∗
∗

= 93.34 nij(t) = 200− 5 ∗ (t − 80)
φ∗

i = 10, Cj = 15
� ���8	���� ��� � � ��& ��� ���'��

nij(80) = 200
Ci = 20, φj = 15

� ����	?��� � � ���
& ��� ���(��$#%�&�
nij(100) = 100

¼¼¹Ä�J2ç
Úªíªí



5?� � �������B��� #$��&)�������	� �
	
�2����� ������� �������� ���������)�
� � ��� ���
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sbZd�6T�j9abQ2T�jknijuabT,S �6T,Q|_?�[Z\chs�_he m akQ2T�T��hcf^d]iabZdcfe ch�abQ2T'�|cD��j
Z\e|jkZ m T�abQ2T�e2T,au��cfsk�']2e m T,sg2Z\T�p,T,��Z`joT�p,che|joab_hefa�Z\e2g2]ia�|cD��j_la�akQ2T�T�efabsb_he|p
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abT,s{j9_Da9akZ\SUT
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� ��	 ���� ��� ��"
pij νij cij lij nij(t0)/:5f¦ �*1 �2� V 5 <l� �l� �f�h�

/:5f¦ V�1 �2� � 5 �l� 5�� 54�h�
/:5f¦ < 1 �2� � 5 �h� 5�� �h�h�
/M�2¦ �*1 �2�Ñ� 5 �l� �l� 54�h�
/M�2¦ V�1 �2� V 5 �l� 5�� 54�h�
/M�2¦ < 1 �2�Ñ� 5 Vf� �l� VF�h�
/M�2¦ =*1 �2�Ñ� 5 �h� 5�� VF�h�
/Ê�|¦ AG1 �2� < 5 �l� 5�� 5?�l�
/Ê�|¦ �*1 �2� < 5 �l� 5�� 54�h�
/¡V%¦ �*1 �2� V 5 �l� �l� VF�h�
/¡V%¦ D*1 �2� = 5 5�� �l� 54�h�
/<2¦ �*1 �2� � 5 �h� 5�� �h�h�
/<2¦ D*1 �2�BA 5 Vf� �l� VF�h�
/
=|¦ D*1 5h� � 5 �l� �l� 54�h�
/�Ai¦;54� 1 5h� � 5 �h� �l� VF�h�
/Ê�|¦;54� 1 �2� < 5 �l� �l� 54�h�
/Ê�|¦;5 5C1 �2� < 5 �h� 5�� �h�h�
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D|¦;5 5C1 5h� � 5 �l� �l� 54�h�
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� �C�G� �)� � ���)�'� �
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P�_l�|^dT A<*By�T m >#_ls�g6cfjkZ§abZdcfe
xij(t)

�ij�P9ZdSUT
t∗

�@� �"� & � ��� �
t∗

� ����	?��� � ����	?���
�@&���� � �'&)����
� � #�� � ���
/:5f¦ < 1 �2� �h�f�h�h� �|� �f�h�f�h� 5

�2� < Df�h�*A �|� <GDh�f�*A 5
5�� 54� 5

/<2¦ �*1 5,V%�;54�h�G= �|�;5�V*<*A?V �2�BA�=h� 5�� =
5C<2� �f�h�GD �|� D 54�h�h� �2� �25��f�h�
5C<2� VF�*A?V V%�;5�AD�f�h� �2� �f��5�V = D
5 D|� <f�h� D Ai� <G=h�*<�5 �2� �f�h�G=25�V
�h�2� �h� <l� 54� �2� �h�254�G= 5

/Ê�|¦;54� 1 � D|� <f�h� D Ai� �h�*A�5G5 5
�GD|� <f�h� D 5�A[�Ñ�l��A�5 5
VF�2� �h� <l� �h� 5

/Ê�|¦;5 5C1 � D|� <f�h� D Ai� �h�*A�5G5 5
�f�2� �h� <l� 54� 5

/M�2¦ < 1 �2� �h�f�h�h� �|� �f�h�f�h� 5
�2� < Df�h�*A �|� <GDh�f�*A 5
5,V%�;54�h�G= 5�V|�,5��f�G= 5
5C<2� �f�h�GD 5'<i� �h�f�GD 5
5C<2� VF�*A?V 5'<i� Vf��A?V 5
5 D|� <f�h� D 5CD2� <h�f� D 5
�l� �h� 5

/<2¦ �*1 � D|� <f�h� D �|� � D*Al�h� �2� �h�254�G= 5
�25f�;5?�G< 54� 5

/Ê�|¦;54� 1 <�5f�;5?�G< �h� 5
/Ê�|¦;5 5C1 V 5f�;5?�G< 54� 5
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