
HAL Id: inria-00071749
https://inria.hal.science/inria-00071749

Submitted on 23 May 2006

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

Integrability of nilpotent sub-Riemannian structures
Felipe Monroy-Pérez, Alfonso Anzaldo-Meneses

To cite this version:
Felipe Monroy-Pérez, Alfonso Anzaldo-Meneses. Integrability of nilpotent sub-Riemannian structures.
RR-4836, INRIA. 2003. �inria-00071749�

https://inria.hal.science/inria-00071749
https://hal.archives-ouvertes.fr


IS
S

N
 0

24
9-

63
99

   
   

 IS
R

N
 IN

R
IA

/R
R

--
48

36
--

F
R

+
E

N
G

ap por t  
de  r ech er ch e 

THÈME 4

INSTITUT NATIONAL DE RECHERCHE EN INFORMATIQUE ET EN AUTOMATIQUE

Integrability of nilpotent sub-Riemannian structures

Felipe Monroy-Pérez — Alfonso Anzaldo-Meneses

N° 4836

Mai 2003





Unité de recherche INRIA Sophia Antipolis
2004, route des Lucioles, BP 93, 06902 Sophia Antipolis Cedex (France)

Téléphone : +33 4 92 38 77 77 — Télécopie : +33 4 92 38 77 65

���������
	��
������������
�������������������! �"#%$'&(����)*�+�#�������, -��	�"#./�0"1	��� 

2436587:9;3�<>=�?0@�=BADCFEHGI@J36K6LBM4N�5POQ=�?0RJ=SN�?�KUTV58W0=�C�<>36?03IRJ3IR�X

Y[Z]\�^`_�acbedUfg^�h]ikjmlnfpoIq�_�l�osrBlnfp^`fktujvlufgosq
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z�osq6lnjsfpq#luZ'_
¨�_�ipip£ª©6q'om¨�q�«�_�fkty_�q6¢V_�}n�`�s}nosh]r�¬]jst�¨�_�igi�jst�lnZ]_
q]fgigr�oslu_�q6l��I}uoIh]r't�jItutuoBz�fkjmlu_ w lno%luZ]_
�jv}ulufgq]_�l/jvq w+¦ q'�s_�i]tuxBtQln_�^%t�§�®'os}4jv}n¢]fplu}�jv}nx w fp^`_�q�tyfgosq't�¬v¨�_[_�tylnjv¢'ipfktyZ+luZ'_[z�os^`r]ig_�ln_�fgq6lu_��s}�jv¢]fgi¯£
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	 � � �HqSz�oIq'tuf w \�}u_1i�� jsz�lufgosq w � h]q �I}uoIh]rV_ w _��Dfg_�6h]f[igjsfgtntu_�fpqU mjv}nfkjvq6lu_Jt
ig_�tctQln}uh'z�luh]}n_�t
tuosh�tQ£¤��fg_�^%jvq]q'fp_�q]q]_�t#jstntyoBz�f���_�t�jshB{ tyxBtylu\�^`_Jt�� w fgtylu}nfg¢]hBlufgosq�t�� w _·¥�oIh]}�tujvl1_�l�jvhB{ ^���ln}uf�6h]_�t
¦ h'z�igf w fp_�q]q]_�t�§4|0jv}n^cf�ip_Jt;z�jst w _�r�_�lufplu_ w fp^`_�q�tyfgosq���ip_��8jv^`_�hB{`�s}nosh'r�_ w _�«�_�fgtu_�qU¢V_�}n�'¬sjsfpq'tuf�6h]_
ig_�t[�I}uoIh]rV_�t�q]fgiprVovln_�q6lnt�jItutuoBz�f���t[jvh]{#tyxBtylu\�^c_Jt w _���js}ylnfpq]_�l�_�l w _ ¦ q'�s_�iÈ§

�Hq�r]}nosh' s_s¬[r'js}�h]q z�jvikz�h]iH_�{Br]igfgz�f¯ln_ w _�t��Posq'z�lufgosq't w _µ±�jstufg^cfg} w _´i�� jvig�s\�¢]}u_ w _´|�osfktutuosqD¬
i�� fpq6l����s}�jv¢]fgigf¯l��H_�{BjIzFln_ w h�tuxBtQln\�^`_�j w ~QoIfpq6l�jstntuoUz�f��I¬U_�l�z�_�_�q w fp^`_�q�tyfgosq�6h]_�ikz�oIq�6h]_s§;�Hq w ��²'q'f¯l
h'q]_�q]osh' s_�igig_[z�osh]}n¢V_[jsip����¢]}nf�Ih'_ w jvq't0i�� _Jtyr�jsz�_[lnovl�jviÈ¬v_�l/oIq`z�jvikz�h]ig_ w _�h]{+_�{B_�^cr'ip_Jt w � _�{Ulu}���^%jvig_�t
tuosh�tQ£¤��fg_�^%jvq]q'fp_�q]q]_�t w jsq't�ig_`²'¢]}���z�oslnjvq'�s_�q6lJ§���� jvr]r]}noBz�Z]_`r]}nosrVoIt���_%t � jvr'r]ipf�6h]_"!�h]q z�_�}yl�jvfgq
q'os^�¢'}u_ w _+r]}nos¢]ig\�^`_�t�q]osq�Z'osigosq$#I^c_Jt�z�igjItutuf�6h]_Jt�¬'_�lH_�qr'js}ylnfgz�h]ipfg_�}�jvh�^`o w \�ig_
r]ZUxBtuf�6h]_ w � h]q
r'igjIty^%jz�osq'tuf w ��}��1z�oI^c^`_�h'qS�Ij&% w _�z�Z'jv}n�s_Jt'��ig_�z�lu}nf�6h]_Jt�tuosh]^`fkty_Jt(!h'qSz�Z'jv^`r ^%js�sq$��luf�Ih'_
tylnjvluf�6h]_�fpq]Z'os^`os�I\�q]_I¬B^`jsfgt[q)� fgq6lu_�}�jv�Ifgtntnjvq6l�r'jIt[_�q6lu}n_�_�igip_Jt�§
*°¾ �J� ¼ �&+ � ��� dUlu}nh'zFlnh]}u_Jt�tuosh�tQ£¤��fg_�^%jvq]q'fp_�q]q]_�t�¬6�s}nosh]rV_ w _�«�_�fkty_�q6¢V_�}n�'¬UtuxUtylu\�^`_�t w _���jv}ulufgq]_�l
_�l w _ ¦ q'�s_�iÈ¬]�PoIq'zFlnfpoIq't w _+±�jstufp^`fg}�¬Vjvig�s\�¢'}u_ w _
|�osfktntyoIqD¬]i�� fgq6l����I}njs¢]fgipfpl���_�{BjIzFln_s¬]r]}nos¢'ip\�^c_Jt�q]oIq
Z'osigosq$#I^c_Jt[z�ikjstntyf�6h]_�t
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Y[Z'_�}n_�fgt[j��I}u_Jjml� ¡js}ufg_�lQxcov�Dr'}uoI¢]ip_�^%t/¨�fpluZ1q'osqB£ªZ]osigosq'os^`fgz�z�osq�tQln}njsfpq6lnt/luZ'jvl�z�jvq�¢V_��PoI}u^+h]ikjmlu_ w
fgq lnZ]_��P}njs^`_�¨�os}n©�os��¨�Z'jml`q]om¨!fktc©Uq]om¨�qSjst`tuh]¢B£¤��fg_�^%jvq]q'fgjsq �s_�os^`_�ln}uxI§·Y[Z'_��I_�q]_�}njsi;f w _�j
fkt�lno´jstntuoUz�fgjvlu_`lno�luZ]_�ty_�l�ov��z�osq'tylu}�jvfgq6lnt�¨�}nf¯lulu_�qSjst+j|0�8j���jsq tyxBtylu_�^�¬4jtuh]¢B£ª¢]h]q w ip_�os��luZ]_
z�osqB²��sh]}�jmlnfpoIq�tyr'jIz�_�ov�DlnZ]_�tyxBtylu_�^��Btuh'z�Z1r'}uoBz�_ w h]}n_�jsipigom¨�t;luo w _�²'q'_�lnZ]_ w fgtylnjsq'z�_�¢Ux%^`_�jvq�t�os�
Z'os}nf�%�osq6lnjsi�z�h]}n s_�t�§

� r]}uosluoslQx6r'fgz�jvi/r]}nos¢'ip_�^ fgipigh'tylu}�jmlnfpq]�luZ]fkt+jsr]r]}noIjIz�Z�fkt
lnZ]_1z�jstu_�ov�[luZ'_1^`o w _�i��Pos}cj�¨�_Jjv©
w _�q'tuf¯lQx·r]ikjstu^%j]¬;z�osq'tuf w _�}n_ w jItcj´�IjIt+z�os^`r�o6ty_ w ov�Hq]osqB£ªfgqIln_�}�jsz�lufgq]�´z�Z'js}u�I_ w r'js}ylnfgz�ip_Jt�h]q w _�}
lnZ]_�fpqB¸�h]_�q'z�_�os��j�tylnjvlufkz�q]oIq�Z]os^`oI�s_�q'_�osh�t/^%jv�Iq]_�lnfgz�²'_�i w��� r]}uo w h�z�_ w ¢6x`_�{6ln_�}nq'jvi�tuosh]}�z�_Jt/os}
�I_�q]_�}njvlu_ w ¢UxHluZ]_/_�ip_JzFln}ufkz4z�h]}n}n_�q6lnt-jItutuoBz�fkjmlu_ w lno�luZ'_/^`om s_�^`_�qIlDos�IlnZ]_/r'js}ylnfgz�ip_Jt�¬¡tu_�_0�Pos}�fpq'tylnjsq'z�_	�
� §���q_�ip_JzFlu}nfkz�²'_�i w �� z�jsqjviktyo`¢V_
lnjs©s_�q�fgq6luo1jIz�z�osh]q6l�¬'fpqtuh'z�Zj`¨[j¡x�luZ�jml�lnZ]_
^%jsz�}uo6tuz�osr]fkz
¢V_�Z�j¡ 6fgos}�ov�-lnZ]_H�6jst;fgt w _�ln_�}n^`fpq]_ w ¢UxcluZ]_�tQl�jmlnfgtylufkz�jsiVj¡ I_�}�jv�s_�os��jvigi�rVoItntufp¢]ig_�ln}njv~Q_�z�luos}nfg_�t4os�DluZ]_
_�6h'jmlnfpoIq
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®'os}/lnZ]_�z�jstu_�os�"�� ��# ¬IluZ]_H^`om s_�^`_�qIl�fgt w _�ln_�}n^`fpq]_ w ¢Ux�lnZ]_Htuov£¤z�jsipig_ w ��os}n_�q6l�%[�PoI}nz�_s¬6¨�Z]fkz�Z
fkt�rV_�}nrV_�q w fkz�h'igjs}�lno�¢�osluZ �� jvq w ���§�Y[Z'_
lu}�jm~Q_JzFlnos}nfp_Jt�jv}n_�Z]_�igfkz�_�tH�sxU}�jmlnfpq]��js}uoIh]q w �$ �&%�'( ��
jsq w r'jv}�jvigip_�i�lu}�jvq'tuikjmlufgq]�cfpq�lnZ]_ w fg}u_JzFlufgosq�ov�)�$ §

®'h]}ylnZ]_�}n^`os}n_s¬Ufp��¨�_Hlnjs©s_*��°lno+¢V_�r'jv}�jvigip_�i'lno�lnZ]_,+�jv{Bfgt�¬6luZ]_�q1_ 6h'jvlufgosq � 
 �;fkt�_�6h]fp mjsip_�qIl�luo
lnZ]_
��js�s}�jvq]�I_�_�Ih�jmlufgosq�t�fgq�z�oUos} w fgq'jmln_�t �.-0/213/ +4�u¬�z�os}n}n_�tur�oIq w fgq]�
lno`luZ]_
��jv�s}�jvq'�sfkjvq

5 ��687�9 � : �8;- � ;1 �=<�� 63>?9@;+ %A�.1B;-�%C-,;1 �=< /
¨�Z'fgz�Z�fpq�z�igh w _�t�j+q'osqB£ªZ]osigosq'os^`fgz�z�oIq'tylu}�jvfgqIl�luZ�jml�z�jsq#¢V_�¨�}nf¯lulu_�q�jIt

� + %A�.1 � -�%D- � 1 � ��#  
Y[Z]fkt�z�osq�tQln}njsfpq6l w _�lu_�}u^`fgq]_�t�luZ]_`tyh'¢B£È¢'h]q w ig_�os�FEHG,I#�I_�q]_�}njvlu_ w ¢Ux�luZ'_� s_JzFlnos}�²�_�i w tKJ > �L - � 1 L +cjvq w JNM � L 1,%C- L +'¬U¨�Z]fgz�Z�r]}nom Uf w _�lnZ]_�¢'jstufgt��PoI}[luZ]_
tuh]¢B£¤��fg_�^%jvq]q'fgjsq1�s_�os^`_�ln}ux%os�GOI%fpq6ln}uo w h'z�_ w ¢Ux1��§ � §8P�}uoBz�©s_�lyl�fgq 	 � � jsq w�w fgtnz�h�tutu_ w ¢Ux1tyoI^`_�osluZ]_�}�jvhBlnZ]os}�t�§
�¤q�z�oIq'z�igh'tufpoIqD¬UluZ'_�q]osqB£ªZ]oIipoIq]os^`fkzHq�jmluh'}u_�ov��luZ'_�r]}uoI¢]ig_�^ �PoI}nz�_�t�luo`_�{6ln_�q w lnZ]_�jvq�jvigxUtufkt�os�

lnZ]_[lu}�jm~Q_JzFlnos}nfp_Jt�lno�Z]fg�sZ]_�} w fg^c_�q'tufpoIq'jvi]tur'jsz�_�t�¬sz�oI^`r�o6ty_ w fgqcluZ]fkt;z�jstu_[¢6x�luZ]_�rVoItufplufgosq't/jsq w luZ]_
tu¨�_�rBl�jv}n_�jst�¬�tufpluh'jvlufgosq�lnZ'jml�ip_Jj w t�q'jmlnh]}njsipigx�luo%lnZ]_`tQlnh w x�ov� w fktylu}nfp¢]h]lufgosq'tHh]q w _�}uigxUfpq'�#z�_�}yl�jvfgq
tuh]¢B£¤��fg_�^%jvq'q]fgjsq�tQln}uh�zFluh'}u_Jt�¬I�Pos} w _�l�jvfgigt�¨�_�}n_��P_�};luZ]_�}n_�j w _�}/lno
lnZ]_H}n_�z�_�q6luigx`jvr]rV_�js}u_ w ¢�oUos©`¢Ux
�
§���osq6ln�sos^`_�}ux 	 � � §

�¤q luZ'fgt`r'jsr�_�}%¨�_�tyluh w x }njsq]© lQ¨�o w fgtylu}nfp¢'hBlufgosq't`_�6h]fp mjsip_�qIl`lno�lnZ]_´¥�osh'}ntnjml w fktQln}ufg¢]hBlnfpoIq
jsq w j w xUq'js^cfkz�jsiHtuxBtQln_�^ jItutuoBz�fkjmln_ w luo fpl�§ � _��PoIipigom¨ jIt1j ^`o w _�i:¬[lnZ]_r]ZUxBtyfkz�jsi�tuf¯lnh'jmlnfpoIq
w _�tnz�}nfp¢V_ w js¢�om I_s¬V¨�Z]_�}n_�jvq´_�ig_�zFln}ufkz
z�Z'js}u�I_ � _� Iosig s_�t�fpq´luZ]_ ¦ h'z�igf w _�jsqr]ikjvq]_RQ tyh]¢]~Q_�zFlHluo1j
^%js�sq]_�lufkz�²�_�i w rV_�}nr�_�q w fkz�h]ikjv}HQ §/�Ht�jvig}u_Jj w x%^`_�qIlnfpoIq]_ w ¬UluZ]_�^`ovlnfpoIq#os� � fgt[¢V_�lulu_�} w _�tnz�}nfg¢�_ w
¨�Z'_�q�fp^`^`_�}�tufpq]��Q fgqIlno�j`Z]fg�sZ]_�} w fp^`_�q'tyfgosq�jviD^%jvq'f¯�PoIi wTS §�®'os}�tufg^cr'ipfkz�fplQxs¬]¨�_
z�oIq'tuf w _�}�osq]igx
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