
HAL Id: inria-00071744
https://inria.hal.science/inria-00071744

Submitted on 23 May 2006

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

Multiple Precision Interval Packages:Comparing
Different Approaches

M. Grimmer, K. Petras, Nathalie Revol

To cite this version:
M. Grimmer, K. Petras, Nathalie Revol. Multiple Precision Interval Packages:Comparing Different
Approaches. RR-4841, INRIA. 2003. �inria-00071744�

https://inria.hal.science/inria-00071744
https://hal.archives-ouvertes.fr


IS
S

N
 0

24
9-

63
99

   
   

 IS
R

N
 IN

R
IA

/R
R

--
48

41
--

F
R

+
E

N
G

ap por t  
de  r ech er ch e 

THÈME 2

INSTITUT NATIONAL DE RECHERCHE EN INFORMATIQUE ET EN AUTOMATIQUE

Multiple Precision Interval Packages:
Comparing Different Approaches

M. Grimmer Universität Wuppertal, Fachbereich Mathematik, Wissenschaftliches Rechnen / Softwaretechnologie

K. Petras TU Braunschweig, Institut für Angewandte Mathematik

N. Revol Projet Arénaire, INRIA, LIP, École Normale Supérieure de Lyon

N° 4841

June 2003





Unité de recherche INRIA Rhône-Alpes
655, avenue de l’Europe, 38330 Montbonnot-St-Martin (France)

Téléphone : +33 4 76 61 52 00 — Télécopie +33 4 76 61 52 52

���������
	�������������������������� �!��"$#��%�&#�� '$#�(�����)
* ��+,	�#-�����(/.0�
12�!�����3�546	7	�� ��#���87���

9;:=<?>A@CBDBFEG> H�IKJ LMONCPCJ QSRTQ�U�VKWKWXMONYQ[Z�\^]X_XZ�`Sa�bcMONYMOJd`Sa�e-ZTQ[aAMgfhZTQCJdiX]AU7JdP[P[MOIKPC`SajZTklQ[\dJd`[aKMOP�mnMg`[aKIKMOI�o!prq�klQtsnZ�NYMuQ[MO`SaKIAq
\dq
v
JdM
wx:zy{Ec|K>A}�~ ��H���N[Z�VAIKP[`Sas�MOJdvK]X�tIKPYQ[J QCVAQ�k��KNn��IKv
MusnZ�IK�AQCM=e-ZTQ[aKMOfhZTQCJdi
�2:���E������ ��NCq��YMuQ�� NY�gIKZ�JdNCM
]X��� mn�t��]K������]K��`Oq
\dM���q
NYfhZ�\dM�prVAWc�ONYJdMOVKNCM=�KMz�G�q
I

�!���� ¢¡�£�¤¦¥$§�¨�©�¡-ª¬«�c©^®©�¡�ª
¡¯°®�±cª�®�²�ªn³µ´G 3¶�«�ª¬©^·G²�¡
¸�¹µ«cºO¡¯h»h¹T§�¨�±X©�¹µ¡

¼h±c½�½�«c¹µ¯�¾�¡-¹µ¡A®���¡�¹�®���¡¿¨�À ÁGÂXÁ�ÃÄ¤ÆÅc²�¨�¡-£cÇcÇ�È-¤Æ£cÉ�½�±Xc¡A³

Ê�Ë�ÌrÍ�ÎjÏ�ÐXÍ�Ñ Ò ¡7c©�Óc¡Ä±2³g²�¹µÓ�¡�´Ô«c¨%½�±�®�Õj±Xc¡A³×Ö�«c¹Ø �²�ªl¯T©¬½�ª�¡Ä½�¹µ¡A®©^³g©�«c¨%©�¨G¯µ¡r¹µÓj±XªÙ±X¹T©l¯T�� ¢¡¯T©�®cÚzÛ�©l¯T�%¯µ��¡
 Ü±X©�¨ÄÖ�«Ý®�²�³!«c¨7¯µ��¹T¡�¡×³µ½�¡A®©¬Þ�®×½�±c®�Õj±cc¡r³rß�à{¨�¡$©^³!Û�©¬¯µ��©�¨�±¢á�±c½�ª�¡$¡r¨�ÓG©�¹T«c¨� ¢¡�¨G¯AÚ�âAãÝäGå�æcç�è�Ú�±c¨�¾Ä¯OÛ�«¢±X¹T¡
é�êcé

++
ª�©�¶�¹T±c¹µ©�¡r³rÚ�¥×á?¸�ë[ì×í é ±c¨�¾¢á?¸=î ï
ß Ò ¡°¾Ý©^³µ®�²�³T³ ¯µ��¡r©¬¹=¾�©lð�¡�¹T¡�¨G¯�Ö�¡r±X¯µ²�¹T¡r³rÚc½�¹T¡r³µ¡�¨G¯�¯µ©� ¢©¬¨�-¹µ¡A³g²�ª¬¯T³

±X¨�¾7³µ��«jÛ&³µ¡�Óc¡r¹T±cª�±c½�½�ª�©�®r±j¯T©¬«�¨�³�Ö�¹µ«� ñÓK±c¹µ©�«c²�³=Þ�¡�ª^¾�³�ÚÝÛ���¡�¹T¡{��©�c��½�¹T¡r®�©�³µ©¬«�¨�©�¨�¯T¡�¹TÓj±Xª^³Ù±c¹µ¡{Ö�²�¨�¾�±X ¢¡�¨G¯T±cªCß
ò?óGô�õµö�÷ Îjø�Ì�Ñ á�²�ªl¯T©¬½�ª¬¡-½�¹T¡r®�©�³µ©�«c¨Ä©�¨G¯µ¡r¹µÓj±Xª�±c¹µ©¬¯µ�� ¢¡�¯µ©^®XÚÝ½�±�®�ÕK±cc¡A³�ÚG¡r±�³g¡×«XÖ ²�³µ¡cÚÝ¡ù�®�©¬¡r¨�®´�ÚÝ¹µ¡rª¬©^±X¶�©�ª�©l¯O´�ß

�naKJdP�Q[Muú�Q JdP�Z�\dP[qÙZgL�Z�Jd\ûZ�bK\dM�Z�P�NYMOP[MgZ�NY`Sa-NCMOWXq
N�Q�IKq�ü
ý
ý
þTÿtþ
ü!q�kÝQ[aKM��ÝZ�bXq
NCZTQ[q
JdNYM=�KMz\�� �tIAk¬q
NCfhZTQCJ � VAMz�KV×��Z�NCZ�\d\d�g\dJdPCf�M
]`uk �������
	�������������������������������������! #"!�
�naKJdP�WjZ�WXMONnajZ�PnbcMOMOIhs�NYJ QYQ[MOI×Z�P�Z�k�q
\d\dqgs�ÿ^VKWhq�k�Z=s�q
NYi�P[aKq
W$ZTQ%$�Z�v
PCQCVKaK\^]'& MgNYfhZ�I��]Aq
I)(+*�,.-#/103254�687:9<;1=�>?4�/@-A>?0B=DC

E -#FG*�6 =IHJ-#/10 KL2G4�=�0D9�Mj]KaKMO\d�ON#PTÿ�ü
QSRZ�IrVKZ�NY�]cü
ý
ý
þ �



� �Ä����������O#-������8�+��Ù�����¢��� 	�#-�6��3���!��"$#������6��� 	��	����������� +��������
	��� )
����+,	�#-��#�������
�����7�
1��!� ���3�����5#-	7	����Ü� 8����

�� Ì���� � Ñ�� ±X¨�³�®¡¯!±X¹µ¯µ©^®ª�¡�¡r³g¯�¡�ð�¡A®
¯µ²�§h²�¨Ü¯T«c²�¹Ù¾�� ��«c¹T©��r«c¨Ü¾Ý¡r³�«c²�¯µ©�ª�³=©¬ ¢½�ª�§� ¢¡�¨G¯�±X¨G¯=ª�� ±c¹µ©¬¯µ�� ¢§�¯µ©^·�²�¡
½�±c¹h©¬¨G¯T¡�¹TÓK±cª¬ª�¡r³h¡�¨�½�¹T§r®�©�³µ©�«c¨� �²�ª¬¯µ©�½�ª�¡cß��°¨�®«c²�½�¾Ý¡�½�¹T«XºO¡A®
¯µ¡r²�¹h¡A³O¯{¾�«c¨�¨�§3³g²�¹°¯µ¹T«c©^³h¾Ý¡�®�¡r³°«c²Ý¯T©¬ª^³�ß���¡
½�¹T¡� ¢©�¡�¹!¡r³g¯Ù²�¨7½�±�·G²�¡¯�±Xc¡$¾Ý§�Ó�¡�ª�«c½�½�§$½�«�²�¹�á�±X½�ª�¡ �!âAãÝäGå�æ�ç�è�Úcª�¡r³!¾Ý¡r²"!7±X²�¯µ¹T¡r³Ù³g«�¨�¯�¾Ý¡A³�¶�©¬¶�ª�©�«X¯µ���r·G²�¡r³
é�êcé

++
�?¥×á?¸zëSì$í é ¡¯�á?¸�î�ï
ß#�n¡�²�¹T³Ü³µ½�§A®©¬Þ�®©¬¯µ§A³Ü³g«�¨G¯Ø½�¹T§r³µ¡�¨G¯T§�¡r³rÚ=½�²�©�³¢ª�¡�²�¹T³¢½�¡�¹µÖ�«c¹T Ü±X¨�®�¡r³¢³g«�¨G¯

¾Ý«�¨�¨�§�¡A³�ß%$�¨ÝÞ�¨nÚ�³µ«c¨G¯$¾Ý§rÓc¡rª¬«�½�½�§r¡r³{·�²�¡�ª^·�²�¡r³$±X½�½�ª�©^®�±j¯T©¬«�¨�³rÚ�©^³T³g²�¡A³{¾�¡3¾Ý«� ¢±c©¬¨�¡r³$¾�� ±c½�½�ª�©�®r±j¯T©¬«�¨ ¾Ý©�Óc¡�¹�³rÚ
½�«c²�¹�ª�¡r³T·G²�¡�ª�ª¬¡A³!ª&� ±X¹T©¬¯µ�� ¢§¯T©�·G²�¡-½�±X¹!©¬¨G¯T¡�¹TÓK±cª¬ª�¡r³�'Ø�¹T±c¨�¾Ý¡$½�¹µ§A®©^³g©�«c¨�¡r³g¯�Ö�«c¨�¾�±X ¢¡�¨G¯�±Xª�¡cß
( ÷ ÍrÌ õ Ð*) � Ì%Ñ »°¹µ©¬¯µ�� Ø§�¯µ©^·G²�¡7½�±X¹�©�¨G¯µ¡r¹µÓj±Xª�ª�¡r³3¡�¨F½�¹µ§A®©^³g©�«c¨x 3²�ªl¯T©¬½�ª¬¡�Ú�½�±c·G²�¡�¯T±cc¡r³�¡¯¢¶�©�¶�ª¬©�«X¯T���r·G²�¡A³�Ú
ÖY±c®�©¬ª�©¬¯µ§�¾�� ¡� ¢½�ª�«c©[ÚÝ¡ù�®�±�®©¬¯µ§�ÚÝÞ�±X¶�©¬ª�©l¯T§cß



��������� 	
��������������������������������! "�#$ %��&% (')�*� È

+ ,.-"/10)23-%4 57684:9;0)<$0)=?> @A>B/14C6ED�FG-H5IFJ9LKMFGN?4:<;O
P =RQ 2SF�6T0)>.N UV0"WX4C6T4:>B/ZY[232368=?F?9�\.4:<

9;:=<?>A@CBDBFEG>Øwx:zy{Ec|K>K}�~�� :z�ÄEc�����

]
^`_ Eba�cedgf
chchi

j k 8ml ���!"�����-	 ���7��� �
	�������� ���Ù�������� ���3���!� "{#��%� #�� '{#�(����gn
oqpro sutvtxwzy�{g|~}~|��8����|���|��H�J|�tx��������{����)�A��tv|��`�`�:��{�y��%�R�`|�tx�
á?²�ª¬¯µ©�½�ª�¡3½�¹µ¡A®©^³g©�«c¨?©^³{±:��«�±X¯µ©�¨�XëS½�«c©�¨�¯$±X¹T©l¯T�� ¢¡¯µ©^®XÚ�Û���¡r¹µ¡�¯µ��¡3¨�²� �¶�¡�¹$«XÖ=¾Ý©�c©¬¯T³$«cÖz¯µ��¡3 ¢±c¨G¯µ©^³µ³T±�®�±c¨
¶�¡7±X¨�´ Þ !Ý¡r¾ «c¹3Ój±X¹T©�±c¶�ª¬¡ÜÓj±cª¬²�¡�ß�ïS¯3©^³�²�³µ²�±Xª�ª�´2±X½�½�ª¬©�¡r¾x¯µ«�½�¹T«c¶�ª¬¡r ¢³�Û���¡�¹T¡�©¬¯�©�³�©¬ ¢½�«c¹µ¯T±c¨�¯�¯µ«���±KÓ�¡
±Ü��©�c�2±c®�®�²�¹�±c®´R��¡�ß �ß¬Ú� Ü±X¨�´?¾Ý©¬�©l¯�³h«cÖ

π � ß8�°«jÛ�¡rÓc¡r¹rÚ�Ö�«c¹{³µ²�®��nÚ� ¢«�³g¯µª�´�¨G²� Ø¡r¹µ©^®�±cªCÚ�±Xª�c«�¹µ©¬¯µ�� Ü³°Û���¡�¹T¡¡�!�¯T¹T±3®«c ¢½�²�¯µ©�¨�3½�¹µ¡A®©^³g©�«c¨Ü©^³Ù¹µ¡A·�²�©¬¹T¡r¾�Ú�¯µ��¡$ª�«�³T³�«XÖ�±�®�®²�¹T±�®´¢®�±X¨Ä¶�¡$½�¹T¡r¾Ý©^®
¯�±X¶�ª�¡{«�¹�²�¨�½�¹T¡r¾Ý©^®
¯�±X¶�ª�¡cß�ïSÖ
¯µ��©�³!ª�«�³T³Ù©�³!½�¹T¡r¾�©�®¯T±X¶�ª¬¡�Ú�¯T��¡�¨� �²�ªl¯T©¬½�ª�¡-½�¹T¡r®�©�³µ©¬«�¨Ä±X¹T©¬¯µ�� ¢¡¯T©�®$½�¡�¹µÖ�¡r®¯µª�´ÜÖ�²�ª¬Þ�ª�³Ù¯T��¡-±X½�½�ª¬©^®�±X¯µ©�«c¨ � ³Ù¨�¡�¡A¾�³�ß
Ò ��¡r¨?©l¯h©^³�²�¨�½�¹µ¡A¾Ý©�®¯T±c¶�ª¬¡�Ú�©�¨�¯T¡�¹TÓj±Xª�±c¹µ©¬¯µ�� ¢¡�¯µ©^®-®�±X¨�¹T¡�Ó�¡r±Xª�²�³µ¡Ö�²�ªn¯µ«Ü¶�«c²�¨�¾7¯µ��©^³hª�«�³T³!«XÖz±c®r®²�¹�±c®�´cß�à°Ö
®«�²�¹�³g¡�Ú�¯µ��©^³h©�¨G¯µ¡�¹TÓj±Xª�±c¹µ©¬¯µ�� Ø¡�¯µ©^®× �²�³g¯{±cª�³µ«¢¶�¡�¶�±c³µ¡r¾�«c¨?±¢ �²�ªl¯T©¬½�ª�¡�½�¹T¡r®�©�³µ©�«c¨�±X¹T©l¯T�� ¢¡¯µ©^®Xß��h¡r¨�®¡�Ú�ÛÙ¡
±X¹T¡×½�±X¹µ¯µ©^®²�ª�±c¹µª�´Ü©¬¨G¯T¡�¹T¡r³g¯µ¡r¾7©�¨
� � � ó Î!�CÐcÏ )A� Î ÷ Ë	) ó �%Ì)� ö ��Í(� Ï�)YÏÝÎ�� ó Ï � ø � � � Î ó ø��YÐcÍrÏÝË	) ó ) ÷ ÌAÌ ÷#� Ï�ÐcÐ ��ÎjÏ�Ð ô# 

»hª¬¯µ��«c²���Ô 3²�ª¬¯µ©�½�ª¬¡7½�¹T¡r®©^³µ©¬«�¨Ô©�¨G¯µ¡r¹µÓj±Xª�±X¹T©l¯T�� ¢¡¯µ©^®¢ ¢©¬��G¯���¡�ª�½nÚ�«c¨�¡�³g��«�²�ª^¾ ¶�¡Ä±KÛ!±X¹T¡¢«XÖ!¯µ��¡ÜÖY±c®¯
¯µ��±j¯�¯µ��©�³�«cÖt¯µ¡r¨� ¢¡A±X¨�³�±c¨7©�¨�®¹T¡r±�³g¡$©�¨7¯T��¡�®«� ¢½�²Ý¯T±X¯µ©�«c¨�±cª�¯µ©� ¢¡�±X¨�¾7 ¢¡� ¢«c¹T´�²�³T±X�¡cÚÝ®
ÖOß�³µ¡r®¯µ©�«c¨?È�ß

¡Ù¡Ö�«�¹µ¡�®�ª�±�³µ³µ©¬Ö�´G©�¨�Ä³µ«XÖt¯OÛ!±X¹T¡r³�¯µ��±X¯$©� ¢½�ª¬¡r ¢¡�¨G¯$ 3²�ª¬¯µ©�½�ª¬¡Ø½�¹T¡r®�©�³µ©¬«�¨?©¬¨G¯T¡�¹TÓK±cª ±c¹µ©¬¯µ�� Ø¡�¯µ©^®XÚ�ª¬¡�¯$²�³hÞ�¹�³g¯
½�«c©�¨�¯Ø«c²Ý¯�¯µ��¡7½�«G³µ³µ©¬¶�©¬ª�©l¯O´2¯µ« ÓK±c¹µ´Ô«c¹�¨�«X¯3¯µ��¡Ä®�«c ¢½�²Ý¯T©¬¨� ½�¹T¡r®�©�³µ©¬«�¨nß�í�«c ¢¡�¯µ©� Ø¡A³:¢;������� 	
���£	h�����*���������
¹T¡Ö�¡�¹�³!«c¨�ª¬´Ä¯µ«Ü¡�!�¯T¡�¨�¾Ý¡A¾?±X¨�¾7Þ !Ý¡A¾7½�¹µ¡A®©^³g©�«c¨nÚ�Û���¡�¹T¡r±�³¤ ���¥��¦�§�� "��¨L	
�©�©�����������7©�³�²�³g¡A¾ÄÖ�«�¹hÓj±X¹T©�±c¶�ª�¡$½�¹µ¡A®©¬ë
³µ©¬«�¨nß°ïu¨ ¯µ��©^³°½�±X½�¡�¹AÚe¢;������� 	
���8	h�����*�������"��¹T¡Ö�¡r¹T³h¯µ«7¡�!�¯µ¡r¨�¾Ý¡r¾�½�¹µ¡A®©^³g©�«c¨�Ú�Û���¡�¯µ��¡r¹{©¬¯×©�³{Ój±X¹T©�±c¶�ª¬¡�«c¹°¨�«X¯rß
»h¹T¶�©¬¯µ¹�±X¹T´-½�¹T¡r®©^³µ©¬«�¨Ø±c¹µ©¬¯µ�� ¢¡�¯µ©^®!«Xð�¡�¹�³�¯T��¡h½�«�³T³g©�¶�©�ª¬©¬¯O´-¯T«×³µ¡¯�½�¹µ¡A®©^³g©�«c¨3¯µ«-±X¨Ü±c¹µ¶�©¬¯µ¹�±X¹T´×Ój±Xª�²�¡h±c³�¨�¡r¡r¾Ý¡A¾
©�¨?¯µ��¡¢®«� ¢½�²Ý¯T±X¯µ©�«c¨�³(ª�¯µ��©^³×®�±c¨?¶�¡¢¾Ý«c¨�¡�¡�©¬¯µ��¡�¹×³O¯�±j¯µ©^®�±cª¬ª�´�«c¹$¾Ý´�¨�±X ¢©^®�±Xª�ª�´cÚ���«¦�(«-¾�²�¹µ©�¨�Ä¯µ��¡¢®«� Ø½�²Ý¯T±Xë
¯µ©�«c¨�³�ß ïu¨G¯µ¡�¹TÓj±Xª�½�±�®�ÕK±cc¡A³�¶�±�³g¡A¾�«�¨Ø¥L¬ �  3²�ª¬¯µ©�½�ª¬¡!½�¹T¡r®�©�³µ©�«c¨3±c¹µ©¬¯µ�� Ø¡�¯µ©^®Ù«c¹�á�±X½�ª�¡�±X¹T©l¯T�� ¢¡¯T©�®!±X¹T¡�³µ²�®��nß¡Ù²Ý¯z¯µ��¡�¹T¡h±X¹T¡!±cª�³µ«-±X½�½�¹µ«G±c®���¡A³�«cð�¡r¹µ©�¨�× �²�ª¬¯µ©�½�ª�¡h½�¹T¡r®�©�³µ©¬«�¨3±c¹µ©¬¯µ�� ¢¡�¯µ©^®!Û�©l¯T��«c²Ý¯z¯T��¡h½�«�³T³g©�¶�©�ª¬©¬¯O´-¯T«-ÓK±c¹µ´
¯µ��¡-½�¹µ¡A®©^³g©�«c¨�Ú�±c³�¯µ��¡�³g¯T±cc�¡�¹T¡r¾� 3²�ª¬¯µ©�½�ª¬¡-½�¹µ¡A®©^³g©�«c¨�±X¹T©l¯T�� ¢¡¯T©�®$©�¨7¯T��¡-ì$í é ª^±X¨��²�±X�¡r³8 £XÁ�Ú�£cÈ!®[ß
oqp§¯ °±|�²g�q�E�r³������r{��´{gyµ��¶1t¸·8��·�tx|
�!��¡Ù ¢«X¯µ©�Ój±j¯T©¬«�¨�³�±X¨�¾3¨�¡�¡A¾�³�Ö�«c¹� �²�ªl¯T©¬½�ª�¡!½�¹T¡r®©^³µ©¬«�¨�©¬¨G¯T¡�¹TÓK±cªÝ±X¹T©l¯T�� ¢¡¯µ©^®�½�±c®�Õj±X�¡r³ ±X¹T¡�¾Ý¡rÓc¡rª¬«�½�¡A¾�©�¨�¯T��©�³
Þ�¹�³O¯h½�±X¹µ¯(ª�¯µ��¡�´7®r±X¨�¶�¡�¾�©lð�¡�¹T¡�¨G¯h©¬Ö ¯T��¡-½�±�®�ÕK±cc¡$©�³°¾Ý¡�Ó�¡�ª�«c½�¡r¾ÄÖ�«c¹h±¢³g«cÖt¯OÛÙ±c¹µ¡{Ö�«c¹{³µ®�©¬¡r¨�¯T©lÞ�®$®�«c ¢½�²Ý¯T©¬¨�
³µ²�®��D±�³Øá ±X½�ª�¡7«�¹Øá ±j¯ ��±X¶D«c¹Ü±c³Ø± ª�©�¶�¹T±c¹µ´x©�¨D±2c©�Óc¡r¨F½�¹T«c�¹T±c ¢ Ø©�¨��ª^±X¨�c²�±cc¡cßx�!��¡?³µ¡r®�«c¨�¾F½�±X¹µ¯
®«�¨�³µ©�³g¯T³�«XÖ�±h³µ²�¹µÓ�¡�´{«XÖÝÓj±X¹T©¬«�²�³�½�±�®�ÕK±cc¡A³�ÚA±X¨�¾×©�¨�½�±c¹g¯T©�®�²�ª�±c¹�¯µ��¡=½�±�®�ÕK±cc¡A³�¾Ý¡�Ó�¡�ª�«c½�¡r¾×¶�´°¯T��¡�±c²Ý¯µ��«c¹�³n±X¹T¡
½�¹T¡r³µ¡�¨G¯µ¡A¾��n©�¨G¯µ½�±cÕGìDÖ�«c¹�á�±c½�ª¬¡�ÚXá?¸=î ï�©�¨ é ±X¨�¾Ø¥×á?¸zëSì$í é ©�¨ é$¹�¹ ß�ïu¨�¯T��¡Ù¯µ��©�¹T¾�½�±X¹µ¯rÚj±$®«� Ø½�±X¹T©�³µ«c¨
©�¨¢¯µ¡�¹T Ü³z«XÖ�½�¡�¹µÖ�«c¹T ¢±c¨�®¡!©^³�®«�¨�¾Ý²�®¯µ¡A¾�ß�ïu¨3¯T��¡hª^±c³g¯�½�±X¹µ¯rÚ�Ój±X¹T©¬«�²�³z±X½�½�ª¬©^®�±X¯µ©�«c¨�³z±c¹µ¡�½�¹T¡r³µ¡�¨G¯T¡r¾���©¬¨G¯µ¡r¹µÓj±cª¬h¡rÛ!¯µ«�¨nÚ�¹�±X¨�c¡-¡�¨�®ª�«�³µ²�¹µ¡�Ú�ª�©¬¨�¡A±X¹$±Xª�c¡�¶�¹T±�Ú�·�²�±c¾Ý¹�±j¯T²�¹µ¡�Ú�±c½�½�ª�©�®r±j¯µ©�«c¨�¯T«� Ü±j¯µ��¡� Ü±j¯T©�®r±XªnÞ�¨�±X¨�®�¡cÚ�cª�«c¶�±cª
«c½�¯µ©� Ø© �r±X¯µ©�«c¨nß

oqp§º �)�A��tv|��`�q�m}~|#����¶E»¼t����r�~���½��{gy©�"�¾��|�tx�±y�{g|S�����rtx�A����¿T�uÀ?{A»Á·TÂ$���r�E²
�!��¡�¹µ¡A±c³µ«c¨�³�Ö�«c¹Ø¯µ��¡7©� ¢½�ª¬¡r ¢¡�¨G¯T±X¯µ©�«c¨F«cÖ{±X¨F©¬¨G¯µ¡r¹µÓj±cªÙ½�±c®�Õj±X�¡ÜÖ�«c¹Ü³µ«XÖt¯OÛ!±X¹T¡r³�¾�¡r¾Ý©^®�±X¯µ¡r¾x¯µ« ³µ®�©¬¡r¨�¯T©lÞ�®
®«� ¢½�²Ý¯µ©�¨��Ú�³µ²�®��%±�³�á�±X¯ ��±c¶nÚzá�±X½�ª¬¡�«�¹3á�±X¯µ��¡r Ü±j¯µ©^®�±�Ú ±c¹µ¡7¾Ý©lð�¡�¹T¡�¨G¯�Ö�¹T«c  ¯µ��«�³µ¡Ä ¢«X¯T©¬Ój±j¯T©¬¨��©¬¨G¯T¡�¹µë
Ój±Xª�ª�©¬¶�¹�±X¹T©�¡r³°Ö�«c¹-³O¯�±X¨�¾�±X¹�¾?½�¹T«cc¹�±X ¢ ¢©�¨��ª^±X¨��²�±X�¡r³{ª¬©�Õc¡ é$¹�¹ �Y¾Ý¡rÓc¡rª¬«�½�¡A¾ ©�¨±ÃAÃcß Á � ß3�!��¡r³µ¡Ø³µ«XÖt¯OÛ!±X¹T¡

m�m6I"Ä Q*Å
Q!N



Á �J«������¦¢m¢µ�������C«v$�*���� ������m«
	E���!�"�

¡�¨�Ó�©�¹µ«�¨� ¢¡�¨G¯T³×±X¹T¡¢¨�«X¯�«�¨�ª�´ ½�«jÛ�¡r¹gÖ�²�ª�¯T«�«cª^³$Ö�«c¹-Ój±X¹T©¬«�²�³×Õ�©¬¨�¾�³-«XÖ!®«� Ø½�²Ý¯T±X¯µ©�«c¨�³rÚ�¶�²�¯rÚ ©¬¨x®«�¨G¯µ¹�±c³g¯{¯T«
½�¹T«c�¹T±c Ø ¢©�¨�hª^±X¨��²�±X�¡r³rÚ�¯T��¡�´�½�¹µ©� Ü±X¹T©¬ª�´-±X©�  ±j¯�²�³T±X¶�©�ª¬©¬¯O´�±X¨�¾�®«�¨�Óc¡�¨�©¬¡r¨�®¡=±�³ Û�¡rª¬ªÝ±c³ ±j¯�Ó�©�³µ²�±cª¬© �r±X¯µ©�«c¨
«XÖ�¾�±j¯T±�ßzá?«c¹T¡�«jÓ�¡�¹AÚj¯µ��¡r´Ü³g¡r¹µÓ�¡°±c³� ¢¡r±X¨�³=«cÖn¡r¾Ý²�®r±j¯T©¬«�¨�©¬¨7³µ®���«�«�ª�³�±X¨�¾Ü²�¨�©¬Ó�¡�¹�³g©¬¯µ©�¡r³rß��!�G²�³�ÚÝ±X¨Ä©¬¨G¯µ¡r¹µÓj±cª
½�±�®�ÕK±cc¡{Ö�«c¹�«�¨�¡×«XÖ ¯µ��¡A³g¡-³µ«XÖt¯OÛ!±X¹T¡{¡r¨GÓ�©�¹µ«�¨� ¢¡�¨G¯T³!³µ¡�¹TÓc¡A³=¯OÛÙ«Ü¾Ý©¬ð�¡r¹µ¡r¨�¯°³µ¡¯�³!«XÖ ½�²�¹T½�«G³g¡A³�ß

à{¨%¯T��¡?«c¨�¡���±X¨�¾�Ú�©l¯�«cð�¡r¹T³3¯T��¡?½�«G³µ³µ©�¶�©¬ª�©¬¯O´x¯µ« ©�¨�®«�¹µ½�«c¹�±j¯T¡Ä©�¨�¯T¡�¹TÓj±Xªh±X¹T©¬¯µ�� ¢¡¯T©�®�©�¨G¯µ«x±2¯µ«�«cª!Ö�«�¹
³T®©�¡�¨G¯µ©¬Þ�®×®«� Ø½�²Ý¯µ©�¨� �

� ½�¡r¹gÖ�«�¹µ  ©¬¨G¯T¡�¹TÓK±cª�®�«c ¢½�²Ý¯�±j¯µ©�«c¨�³�©�¨�±X¨�¡�¨�Ó�©¬¹T«c¨� ¢¡r¨�¯�¯µ��±X¯ ¾Ý©^¾�¨�«c¯�«cð�¡r¹A��¡r¨�«c²�c� � ©¬¨G¯µ¡r¹µÓj±cª�³µ²�½�½�«c¹µ¯¶�¡�Ö�«c¹T¡���±c¨�¾�ª
� ©¬¨�®�«c¹T½�«�¹T±X¯µ¡{Óc¡�¹T©¬Þ�®�±X¯µ©�«c¨Ä©�¨G¯µ«Ü¡ !�©^³g¯µ©�¨�Ü±X½�½�ª�©^®�±j¯T©¬«�¨�³(ª
� ®«c 3¶�©�¨�¡ ³µ´G 3¶�«�ª¬©^®�±cª{®�«c ¢½�²Ý¯�±j¯µ©�«c¨�³�Û�©¬¯µ� ©�¨G¯µ¡r¹µÓj±Xª{¡�Ój±Xª�²�±X¯µ©�«c¨ Ö�«c¹�®«� ¢½�²Ý¯µ¡r¹7±cª¬�¡�¶�¹�±%³µ´�³g¯µ¡r Ü³�Yá�±c½�ª¬¡×«�¹há�±j¯T��¡� Ü±j¯T©�®r± � ß
à{¨7¯µ��¡�«c¯µ��¡r¹h��±c¨�¾�Ú�±c¨�©�¨G¯µ¡r¹µÓj±Xª�½�±c®�Õj±X�¡×±cª�³µ«¢¶�¡r¨�¡Þ�¯T³!Ö�¹T«c 5¯µ��¡�³µ½�¡r®©¬Þ�®�©l¯T©¬¡A³�«XÖ ¯µ��¡A³g¡�®�«c ¢½�²Ý¯T©¬¨�

¡�¨�Ó�©�¹µ«�¨� ¢¡�¨G¯T³ �

� ®���¡r®�Õ×¹T¡r³µ²�ªl¯�³z®«� Ø½�²Ý¯µ¡A¾�¶�´-¯µ��©�³z³µ«XÖt¯OÛ!±X¹T¡=«�¹ ¹T¡r³µ²�ª¬¯T³�Ö�¹T«c  ¾Ý©¬ð�¡r¹µ¡r¨G¯�¡r¨�ÓG©�¹T«c¨� ¢¡�¨G¯�³�¶�´��¹T±c½���©^®�±Xª�ª�´
¾Ý©�³µ½�ª^±K´�©¬¨�3¯µ��¡� Mª

� ª¬¡A±X¹T¨Ä«c¹!¯T¡r±�®��7©�¨G¯µ¡�¹TÓj±Xªn±c¹µ©¬¯µ�� ¢¡�¯µ©^®"ª
� ²�³g¡�©¬¨G¯µ¡r¹µÓj±cª�±X¹T©¬¯µ�� ¢¡¯T©�®�Û�©l¯T��«c²�¯°¯µ��¡�¨�¡r¡r¾?«cÖ�¶�¡r©¬¨��Ö�²�ª¬ª�´�ÖY±X ¢©�ª¬©^±X¹{Û�©l¯T�?¯µ��¡3®«�¨�®¡r½Ý¯T³°«XÖ=±Ü½�¹µ«cë
c¹�±X ¢ ¢©¬¨�Øª^±X¨��²�±X�¡cß

»h½�±X¹µ¯{Ö�¹T«c  ¯T��¡r³µ¡¢¹µ¡A±c³µ«c¨�³rÚ�¯µ��¡r¹µ¡Ü±c¹µ¡Ø±Xª^³g«�¹µ¡A±c³µ«c¨�³{��±KÓ�©�¨�Ä¯T��¡�©�¹-«c¹T©�c©�¨ ©�¨ ¯T��¡¢¨�¡�¡A¾�Ö�«�¹- �²�ª¬¯µ©�½�ª�¡
½�¹T¡r®�©�³µ©¬«�¨Ô®�«c ¢½�²Ý¯T©¬¨��ßÄïS¯3c©�Óc¡r³$¯T��¡�²�³µ¡�¹×¯T��¡Ä®���±c¨�®¡¢¯T«?c¡�¯�±X¹T¶�©l¯T¹T±c¹µ©�ª�´�±c®�®�²�¹�±j¯µ¡Ü±c½�½�¹T« !�©� Ü±j¯T©¬«�¨�³$«XÖ
¨�²� �¶�¡�¹�³!¨�«c¯h¹µ¡r½�¹µ¡A³g¡r¨G¯T±X¶�ª¬¡{©¬¨�ï $ $ $�ë���jÁ�±X¹T©¬¯µ�� ¢¡¯T©�®cß

í�©�¨�®¡�¹µ«�²�¨�¾�ëS«XðØ¡�¹T¹µ«�¹T³�±X¹T¡�²�³µ²�±Xª�ª¬´$¨�«c¯�¡�!Ý½�¡r®¯µ¡r¾�¯µ«{«�®r®²�¹�©¬¨3®«c ¢½�²�¯T±j¯T©¬«�¨�³�«XÖ�± é «� Ø½�²Ý¯µ¡r¹ »°ª¬�¡�¶�¹�±
í�´Ý³g¯µ¡� 7�YÛ���©�®�� ©�³{®�±X½�±X¶�ª�¡-¯µ«7¾Ý«7³µ´� �¶�«cª�©�®r±Xª�®�«c ¢½�²Ý¯�±j¯µ©�«c¨�³�¯µ«�±KÓc«�©�¾7¯µ��©�³{Õ�©¬¨�¾�«XÖz½�¹T«c¶�ª�¡�  � Ú�´c«�²�±X¹T¡±X½�¯Ù¯T«¢ Ø©^³g¯T±XÕ�¡×¹µ«�²�¨�¾Ý¡A¾�¹T¡r³µ²�ªl¯�³�±c³Ù¡�!�±�®
¯�¹µ¡A³g²�ªl¯�³�ßz�!��©^³!¡r³µ½�¡A®©^±Xª�ª¬´7±X½�½�ª�©�¡r³Ù¯µ«Üá�±c½�ª�¡{«�¹há�±j¯T��¡� Ü±j¯T©�®r±
±c³�³µ«XÖt¯OÛ!±X¹T¡r³=Ö�«c¹h³µ´� �¶�«cª�©�®r±Xªn®�«c ¢½�²Ý¯T©¬¨�¢Û���¡r¹µ¡×¨�²� ¢¡�¹T©^®�±Xª�¡r¹µ¹T«c¹�³Ù±X¹T¡$¨�«X¯h®«�¨�³g©^¾Ý¡r¹µ¡A¾�¯T«Ø��±X½�½�¡�¨nß��!��¡
®«� �¶�©�¨�±X¯µ©�«c¨�«cÖ� �²�ª¬¯µ©�½�ª�¡×½�¹µ¡A®©^³g©�«c¨7±X¨�¾Ä©¬¨G¯µ¡r¹µÓj±cª�±c¹µ©¬¯µ�� Ø¡�¯µ©^®°©^³�¯µ��²�³ÙÛÙ¡�ª^®«c ¢¡°¯µ«$ºO²�³g¯µ©¬Ö�´Ü¯µ��©^³�Ö�¡�¡rª¬©�¨�Ø«XÖ
³T±jÖ�¡¯O´�ß

á?«�¹µ¡r«jÓc¡�¹AÚG¹T±c¨�¾Ý«c ñ½�¹µ¡A®©^³g©�«c¨�©�³°±3 3²�®��� ¢«c¹T¡$¨�±j¯µ²�¹T±cª�ÛÙ±K´¢¯T«�¾Ý¡r±cª�Û�©l¯T��¨�²� 3¶�¡r¹T³�¯µ��±c¨7¯T��¡�³g¯T±X¨�ë
¾�±c¹T¾Ý© ��¡A¾±��«�±j¯T©¬¨�XëS½�«�©¬¨G¯Ü±X¹T©l¯T�� ¢¡¯µ©^®Xß&�!��©�³Ü½�«c©�¨G¯���±c³Ø¯T« ¶�¡�½�±X¹µ¯µ©^®²�ª^±X¹Tª¬´x ¢¡r¨�¯T©¬«�¨�¡r¾D¹T¡��±c¹T¾�©¬¨�2¯µ��¡
®«�¨�Óc¡�¨�©¬¡r¨�®¡-±X¨�¾Ä¯T��¡-ÖY±�®
¯�¯µ��±j¯{±c¨�¡r¨�ÓG©�¹T«c¨� ¢¡�¨G¯�ª�©¬Õ�¡�á�±X½�ª�¡:��¡A³g½�¡r®�©�±cª¬ª�´ÄÛ�©¬¯µ��±�¥ �°ï � ��±�³h±Xª^³g«Ø¯T¡r±c®���ë©�¨�¢½�²�¹T½�«G³g¡A³�ß

à°Ö�®«�²�¹�³g¡°¯µ��¡r¹µ¡×±X¹T¡°¨�²� ¢¡�¹T«c²�³�«X¯T��¡�¹�³T®©�¡�¨G¯µ©¬Þ�®°¹µ¡A±c³µ«c¨�³�¯µ«ØÛ�«�¹µÕ¢Û�©¬¯µ�Ä 3²�ª¬¯µ©�½�ª¬¡$½�¹T¡r®�©�³µ©¬«�¨�©�¨7¾Ý©¬ð�¡r¹gë
¡�¨G¯ÙÕG©�¨�¾�³�«XÖn Ü±X¯µ��¡r ¢±X¯µ©^®�±cªCÚG¡�¨��©¬¨�¡�¡�¹T©�¨��«c¹�«X¯T��¡�¹!±X½�½�ª¬©^®�±X¯µ©�«c¨�³rÚG±�³�´�«c²�®�±c¨Ä³µ¡�¡hÖ�¹T«c  ¯T��¡{±c½�½�ª�©�®r±j¯µ©�«c¨�³
 ¢¡�¨G¯µ©�«c¨�¡r¾�©�¨2¯µ��©^³×±X¹µ¯µ©^®ª�¡cß��!��¡¢®«� �¶�©�¨�±j¯T©¬«�¨ «cÖ= �²�ª¬¯µ©�½�ª�¡¢½�¹µ¡A®©^³g©�«c¨2±X¹T©l¯T�� ¢¡¯µ©^®Ø±X¨�¾ Óc¡�¹T©¬Þ�®�±X¯µ©�«c¨�®�±c¨
¶�¡�®�±Xª�ª�¡r¾7¨�±j¯T²�¹T±cª�©¬¨?³µ«c ¢¡×ÛÙ±K´�³µ©�¨�®¡×¶�«X¯µ��¯T¡r®���¨�©^·G²�¡r³°±X©� 5±j¯�c¡�¯g¯T©¬¨�Ü¶�¡¯µ¯µ¡r¹h¹µ¡A³g²�ªl¯�³�ß

»°³°Ö�«c¹¢âAãÝäGå�æ�ç�è�ÚÝ¯µ��¡Ø®�«c¨�³µ©�¾�¡�¹T¡r¾?á�±c½�ª¬¡Ø½�±�®�ÕK±cc¡�¾�¡r³T®¹T©¬¶�¡r¾ ©¬¨Ô³g¡A®
¯µ©�«c¨Ô£Ýß�ÃcÚ�¯µ��¡Ø Ü±X©�¨ ¹T¡r±�³g«�¨�³�Ö�«�¹
¯µ��¡$¹T¡r®�¡�¨G¯!©¬ ¢½�ª�¡� ¢¡�¨G¯�±j¯µ©�«c¨�ÛÙ¡�¹T¡°¯T��¡$Ö�«cª�ª¬«jÛ�©�¨��ß=à{¨�¡$«XÖ�¯µ��¡×©�¨G¯µ¡�¨G¯T©¬«�¨�³!ÛÙ±�³�¯T«¢«Xð�¡�¹�³g«� ¢¡×±cª¬�«c¹T©l¯T�� Ü³
±X¨�¾x¡�!�¯µ¡r¨�¾Ý¡A¾ «c½�¡�¹�±j¯µ©�«c¨�³�²�³µ©¬¨�?¯µ��¡7¡�!Ý©^³O¯T©¬¨�DâAã�äGå�æ�ç?Ö�¹�±X ¢¡�ÛÙ«c¹TÕ �ÃcÃ�®ÙÛ���©^®��%��±c¾%¶�¡r¡�¨%½�±c¹g¯3«XÖ�¯µ��¡
á�±c½�ª¬¡�í���±X¹T¡%��©¬¶�¹�±X¹T´cß�»Ù¯�¯µ��¡×³T±X ¢¡{¯µ©� ¢¡cÚÝ¯T��¡-Ó�©�³µ²�±Xª�© �r±j¯T©¬«�¨�«XÖ�¯µ��¡A³g¡×©�¨G¯µ¡�¹TÓj±Xªn±c½�½�ª�©�®r±j¯µ©�«c¨�³Ù³µ��«�²�ª�¾7¶�¡
½�«�³T³g©�¶�ª�¡cÚ�±Xª^³g«�±�³�±? ¢¡r±c¨�³×¯µ« ¡r±c³µ©�ª¬´Ô®«c¨�Þ�¹µ  ¯µ��¡Ä®«� Ø½�²Ý¯µ¡A¾x¾�±j¯�±�ß $ !�±X ¢½�ª�¡r³�«XÖ!¯µ��©^³�®r±X¨ ¶�¡�Ö�«c²�¨�¾
©�¨.¬ÃrÁ�®�ª���¡r¹µ¡�Ú�ÛÙ¡Ü«c¨�ª¬´2ÛÙ±c¨�¯×¯T«�c©�Óc¡Ø¯OÛÙ«?¡�!�±X ¢½�ª�¡r³×«cÖÙ¯T��¡Ü¡�¨���±X¨�®�¡r¾Ô«c¹� Ø«�¹µ¡�®�«c¨�Óc¡r¨�©�¡�¨G¯-c¹�±X½���©^®�±cª
«c²�¯µ½�²Ý¯h½�«�³T³µ©¬¶�©�ª�©l¯T©¬¡A³��Y³µ¡�¡-©�ª¬ª�²�³g¯µ¹�±j¯µ©�«c¨ � ß

��� mn�t�



��������� 	
��������������������������������! "�#$ %��&% (')�*� �

�!��¡×«X¯T��¡�¹h³µ½�¡r®©¬Þ�®$©�¨�¯T¡�¨G¯µ©�«c¨�Û!±c³�¯µ��¡×ÖY±c®
¯!¯T��±j¯h©�¨G¯µ¡�¹TÓj±Xª^³!®�±X¨�¶�¡�¾Ý¡Þ�¨�¡r¾�©¬¨?á�±c½�ª�¡$Û�©¬¯µ��«c²Ý¯�²�³µ©¬¨�
âAãÝä�å�æ�ç�è�Ú�±c¨�¾ ¡ !Ý½�¹µ¡A³µ³µ©�«c¨�³×®�±c¨2¶�¡Ü¡�Ój±cª¬²�±X¯µ¡A¾�Ún¶�²Ý¯-¯T��±j¯-¯T��©^³-¡�Ój±Xª�²�±X¯µ©�«c¨ ¾Ý«�¡r³×¨�«c¯×¶�¡���±KÓc¡Ü±c®r®«c¹�¾Ý©�¨�
¯µ«x±cª¬ª!¡�!Ý½�¡r®¯µ¡r¾  Ü±j¯T��¡� Ü±X¯µ©^®�±Xª!½�¹T«c½�¡�¹µ¯µ©�¡r³rßF¸=¹µ«�½�¡r¹Ø¹T«c²�¨�¾Ý©�¨� ©�³Ø¨�«c¯¢½�¹µ«jÓ�©^¾Ý¡r¾u�Y³µ¡�¡?³g¡A®
¯T©¬«�¨ £ � ±c¨�¾¯µ��¡�¹T¡�±X¹T¡�±Ü¨�²� �¶�¡�¹°«XÖz«X¯T��¡�¹{¡ð�¡r®
¯�³£�Yª¬©�Õc¡-¯T��¡�³µ©¬ ¢½�ª�©¬Þ�®�±X¯µ©�«c¨?«XÖ�¯T¡�¹T ¢³°½�¹T©¬«�¹�¯µ«Ü¯T��¡�©�¹°¡rÓj±Xª�²�±j¯T©¬«�¨nÚ�¡cß �ß
³µ©¬ ¢½�ª�©lÞ�®�±j¯T©¬«�¨¢«XÖ

[1, 2]− [1, 2]
©¬¨G¯T«�Ç � ß�î�±�®©�¨�×¯µ��©�³rÚX¯T��¡�¹T¡�ÛÙ±�³z±×¨�¡�¡A¾3Ö�«c¹�±X¨¢©�¨G¯µ¡�¹TÓj±Xª�±c¹µ©¬¯µ�� ¢¡�¯µ©^®!Û���©�®��ÛÙ«c²�ª^¾Ä��±KÓc¡{¯µ��¡-¡ !�½�¡r®¯µ¡A¾7 Ü±X¯µ��¡r ¢±X¯µ©^®�±cª�½�¹µ«�½�¡r¹g¯T©¬¡A³�±X¨�¾�®«�¹µ¹T¡r®¯Ù«�½�¡r¹T±X¯µ«�¹T³rß

Iterative range enclosure of f

–0.2

0

0.2

0.4

0.6

0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
x

0.4
0.6

0.8
1

1.2
1.4

x

0.4
0.6

0.8
1

1.2
1.4

y

–0.4
–0.2

0
0.2
0.4
0.6

–1

0

1

2

3

1 2 3 4

oqp�� �£�r�E|��`|��rtx�´y�{g| }~|��T����|��`|�� �J|�tx��������{�� � ����tv|����q�S}~|#����¶E»¼t����r������� ���rtx�E�
�
�)����Â1te�

»h¨�«X¯µ��¡�¹Ü½�«c©�¨�¯�«cÖ{Ó�©�¡�Û5½�¹µ¡rÓK±c©¬ª^³Ø¯µ«Ô¯T��¡?©¬ ¢½�ª�¡� ¢¡r¨�¯�±j¯T©¬«�¨D«cÖ{ �²�ªl¯T©¬½�ª�¡?½�¹T¡r®�©�³µ©¬«�¨D©�¨G¯µ¡r¹µÓj±Xª�±c¹µ©¬¯µ�� ¢¡�¯µ©^®
ª�©¬¶�¹�±X¹T©�¡r³�©�¨G¯µ«Ø½�¹T«cc¹�±X ¢ ¢©�¨�-ª�±c¨�c²�±Xc¡A³�ß��h¡r¹µ¡�Ú�¯T��¡$ ¢±c©¬¨7©�³T³µ²�¡°©^³Ù¡ù�®©�¡�¨�®�´¢¹T±X¯µ��¡r¹=¯T��±X¨7¡r±c³µ¡°«cÖn²�³µ¡{«�¹
¡r¾�²�®�±X¯µ©�«c¨�±cªG½�²�¹µ½�«�³µ¡r³rß�ïu¨�¾Ý¡�¡A¾�Új¯µ��¡�©�¨G¯µ¡�¨�¾Ý¡r¾3²�³µ¡�¹�©�³�¡ !Ý½�¡A®
¯µ¡A¾-¯T«$¶�¡�±Xª�¹µ¡A±c¾Ý´$ÖY±c Ø©�ª�©�±c¹�Û�©¬¯µ�¢±$½�¹µ«�c¹�±X Øë
 ¢©¬¨�Üª�±c¨�c²�±cc¡×±X¨�¾7Û�©�ª¬ª�©¬¨�¢¯µ«¢©¬¨�®«c¹T½�«c¹�±j¯µ¡$©�¨�¯T¡�¹TÓj±Xªn®«� ¢½�²Ý¯T±X¯µ©�«c¨�³!©�¨G¯µ«Ü��©^³ ê ��¡r¹Ù½�¹µ«�c¹�±X Ü³�ß`�h«jÛÙ¡�Ó�¡�¹AÚ
Ö�¡�Û ½�¹T«c�¹T±c Ø ¢©�¨��ª�±c¨�c²�±cc¡A³×«c¹�®«� ¢½�©¬ª�¡�¹�³×��±KÓ�¡Ø©�¨G¯µ¡r¹µÓj±Xª�¾�±j¯T±X¯O´�½�¡A³�±X¨�¾Ô«�½�¡r¹T±X¯µ©�«c¨�³-±�³×¨�±j¯T©¬Ó�¡Ü«c¨�¡A³�Y®ÖOßMÃ�£�ß £ � ßÜ�!��²�³�Ún¯µ«�±Xª�ª�«jÛ ©¬¨G¯T¡�¹TÓK±cª�®«� Ø½�²Ý¯T±X¯µ©�«c¨�³×©�¨2¡r¨�ÓG©�¹T«c¨� ¢¡�¨G¯�³°¯T��±j¯�¾�«�¨�«X¯�³µ²�½�½�«c¹µ¯×©�¨G¯µ¡r¹µÓj±Xª^³rÚ
¯µ��¡�³g«�ª¬²Ý¯T©¬«�¨�®�«c¨�³µ©^³O¯�³!©¬¨?¾Ý¡rÓc¡�ª�«c½�©¬¨�Øª�©¬¶�¹�±X¹T©�¡r³rß

�n©�¶�¹�±X¹T©¬¡A³×¾Ý¡�Ó�¡�ª�«c½�¡r¾2©¬¨G¯µ«?±c¨Ô¡ !Ý©�³g¯µ©�¨��½�¹T«cc¹�±X ¢ ¢©�¨�Äª^±X¨��²�±X�¡Ø±c¹µ¡Ü®�«c ¢½�©�ª¬¡A¾�Ú���«¦� «7©¬¨G¯µ¡r¹µÓj±cªz«c½�¡�¹µë
±j¯T©¬«�¨�³×±X¹T¡�¡ !�¡A®²Ý¯T¡r¾ ÖY±c³g¯µ¡r¹{¯T��±X¨ÔÛ�©¬¯µ��©�¨Ô±c¨ ©�¨G¯µ¡�¹T½�¹T¡¯T¡r¾�½�±c®�Õj±X�¡cÚ�Û���©^®�� ©^³$¯µ��¡Ü®�±�³g¡Ø©�¨�¯µ��¡Ø½�¹µ¡rÓG©�«c²�³
³µ¡r®
¯T©¬«�¨nß=î�²�¹g¯T��¡�¹T ¢«c¹T¡cÚÝ¯T��¡- ¢¡� ¢«c¹T´Ä Ü±c¨�±X�¡� ¢¡�¨G¯�©�³�¯T±X©�ª�«c¹µë[ Ü±c¾�¡{¶�´�¯T��¡�½�¹T«c�¹T±c ¢ Ø¡r¹!«XÖ ¯µ��¡-ª�©¬¶�¹T±c¹µ´�Ú
Û���©^®���©� Ø½�ª¬©�¡r³�¯µ��±X¯=¯µ��©�³� ¢¡� ¢«c¹T´3 Ü±c¨�±X�¡� ¢¡�¨G¯=®�±c¨�¶�¡° Ü±c¾Ý¡° Ø«�¹µ¡°¡ù�®©�¡�¨G¯�¯T��±X¨Ä±�c¡�¨�¡�¹�±Xª�«�¨�¡cÚ�³g©�¨�®�¡
©¬¯�©�³Ü¾Ý¡A¾Ý©^®�±j¯T¡r¾F¯µ«%± ³µ½�¡A®©¬Þ�®�ÕG©�¨�¾ «XÖ×±X½�½�ª¬©^®�±X¯µ©�«c¨�³rß » ª^±c³g¯�³g«�²�¹�®¡�«XÖ×¡ù�®©�¡�¨�®�´%ª�©¬¡A³¢©¬¨ ¯µ��¡?²�³g¡�«�¹
¨�«c¯$«cÖ=¯µ��¡Ø½�¹µ«Ý®¡A³µ³µ«c¹�� ³°±X¹T©¬¯µ�� ¢¡¯T©�®3²�¨�©¬¯ �$©�¨Ôá�±c½�ª�¡cÚn±Xª�ªz®«� Ø½�²Ý¯T±X¯µ©�«c¨�³×±X¹T¡3¾�«c¨�¡ØÛ�©l¯T�2¹�±c¾�© !�ë�ÃrÇ�¾Ý©�c©¬¯T³
±X¨�¾Ô±cª¬ª�«c½�¡�¹�±j¯T©¬«�¨�³-±X¹T¡Ø¯µ��²�³�³µ«XÖt¯OÛ!±X¹T¡Ø«c¨�¡A³�ª�Û�©¬¯µ�xì$í é ª^±X¨�c²�±cc¡r³µ�C®
ÖOß?Ã�£�ß £ � Ú�«�½�¡r¹T±X¯µ©�«c¨�³-±c¹µ¡Ü¶�±c³µ¡r¾«c¨G��«�±X¯µ©�¨�XëS½�«�©¬¨G¯h«�¨�¡r³rÚ�Û�©¬¯µ� ¥×á?¸zëS¶�±c³µ¡r¾�ª¬©�¶�¹�±X¹T©¬¡A³¤�Y®ÖOß£Ã
£Ýß È�±X¨�¾BÃ�£Ýß Á � Ú�¯T��¡�´�±c¹µ¡�¶�±c³µ¡r¾�«c¨  ¢±�®���©�¨�¡©�¨�¯T¡��¡�¹�³�ß

�h«jÛÙ¡�Ó�¡�¹AÚÝ¯µ��¡�½�¹T«c�¹T±c Ø ¢©�¨�Ü«XÖ=±� �²�ª¬¯µ©�½�ª�¡3½�¹T¡r®�©�³µ©�«c¨?©�¨�¯T¡�¹TÓj±Xª�±c¹µ©¬¯µ�� Ø¡�¯µ©^®�ª�©¬¶�¹T±c¹µ´�¾Ý«�¡r³{¨�«X¯$¨�¡r®�¡r³gë
³T±X¹T©¬ª�´�©�¨�Óc«cª�Óc¡�±×¯T¹µ¡r ¢¡�¨�¾Ý«�²�³�±c Ø«�²�¨G¯=«XÖ�ÛÙ«c¹TÕ �n¡ù�®©�¡�¨G¯Ùª¬©�¶�¹�±X¹T©¬¡A³ Ö�«c¹= 3²�ª¬¯µ©�½�ª¬¡°½�¹µ¡A®©^³g©�«c¨;��«G±j¯T©¬¨�cë[½�«c©�¨G¯
±X¹T©¬¯µ�� ¢¡¯T©�®3®�±c¨�¶�¡Ø²�³µ¡r¾�±�³{±Ä¶�±c³µ©^³�ª� �²�®���«XÖz¯T��¡3ÛÙ«c¹TÕ�©�³°¯µ��¡r¨2±cª¬¹T¡r±�¾Ý´�¾�«c¨�¡�Ú�©�¨ ½�±c¹g¯T©�®�²�ª^±X¹° ¢¡r Ø«�¹µ´
 Ü±X¨�±cc¡r Ø¡r¨G¯Ù©^³µ³µ²�¡A³�±X¹T¡×±cª¬¹T¡r±�¾Ý´Ü��±c¨�¾Ýª�¡r¾�¶�´7¥×á?¸�ß

î ©¬¨�±Xª�ª¬´�Ú�©¬ÖÜ¯µ��¡ ®���«�³µ¡�¨¿½�¹µ«�c¹�±X ¢ ¢©¬¨� ª^±X¨�c²�±cc¡x«Xð�¡�¹�³�«�½�¡r¹T±X¯µ«�¹�«jÓc¡r¹µª�«�±�¾Ý©¬¨��Ú�³µ²�®�� ±c³2«c¶ÝºO¡A®
¯µë
«c¹T©�¡�¨G¯µ¡A¾�ª^±X¨��²�±X�¡r³rÚ�¯T��¡�¨Ô¡�!Ý©^³O¯T©¬¨��±c½�½�ª�©�®r±j¯T©¬«�¨�³×®�±X¨2¶�¡¢Ó�¡�¹T©lÞ�¡A¾ ±X¯-±cª¬ ¢«G³O¯×¨�«?®«G³O¯µ�� ¢«Ý¾Ý©¬Þ�®�±X¯µ©�«c¨Ô«XÖ
¯µ��¡�¾�±j¯�±j¯O´�½�¡r³ � ß!�!��©�³hÖ�¡r±X¯µ²�¹T¡-©�³{®«� Ø ¢«�¨7¯T«�½�±�®�ÕK±cc¡A³�¾Ý¡�Ó�¡�ª�«c½�¡r¾7Ö�«c¹°³T®©�¡�¨G¯T©lÞ�®�®«c ¢½�²�¯µ©�¨��³g«cÖt¯OÛÙ±c¹µ¡A³±c³!ÛÙ¡�ª�ªn±c³!ª�©�¶�¹T±c¹µ©�¡r³!¾Ý¡rÓc¡rª¬«�½�¡A¾Ä©�¨ é

++
Ö�«c¹�©�¨�³g¯T±X¨�®¡µ�Y®ÖOß$Ã�£�ß ÈØ±X¨�¾?Ã
£Ýß Á � ß

m�m6I"Ä Q*Å
Q!N



É �J«������¦¢m¢µ�������C«v$�*���� ������m«
	E���!�"�

� � �7��"���l ������#-� �����7�5��+,	���h+ ���3��#×� ������

¯�pro �M�q������²�tx�±y�{g|S�����rtx�A����¿T� ÀR{�»¼·8Â$�����1² ��{gy©�"�¾��|�tx�
�)�A� �¤�`� y�{g|	�7��� �¤�`�
ïu¨G¯ ��±X¶: Á�ÃXÚAÁ�Ç�®G©^³�±c¨�©�¨�¯T¡�¹TÓj±Xª�±c¹µ©¬¯µ�� Ø¡�¯µ©^®�½�±�®�Õj±Xc¡�Ö�«c¹�á ±j¯ ��±X¶nß �!��¡= Ü±c©¬¨��«�±cªc«XÖ�©¬¯T³ ±X²�¯µ��«�¹rÚXí�ßK¼�²� ¢½nÚ
©^³�¯T«Ø®�«c ¢½�²Ý¯T¡{Ó�¡�¹T©lÞ�¡A¾¢¹µ¡A³g²�ªl¯�³�±c¨�¾Ü¯T«�Õc¡r¡�½Ü¯T��¡$½�¡r¹gÖ�«�¹µ Ü±X¨�®¡r³=«XÖ�á ±j¯ ��±X¶�©�¨�¯T¡�¹T Ü³=«cÖ�¡r±�³g¡h«cÖ�²�³µ¡{±c¨�¾
«XÖz¡ !�¡A®²Ý¯T©¬«�¨�¯µ©� Ø¡�ß��!�G²�³�Ú�±Ü®�ª¬¡rÓc¡r¹hÛÙ±K´�¯µ«�½�¡�¹µÖ�«c¹T 5©�¨G¯µ¡�¹TÓj±Xªn Ü±X¯µ¹T© !�«c½�¡�¹�±j¯µ©�«c¨�³!��±c³°¶�¡r¡�¨�¾Ý¡rÓc¡�ª�«c½�¡r¾nÚ
Û���©^®��x¯T±cÕc¡A³�¶�¡�¨�¡�Þ�¯Ø«cÖ°á�±j¯ ��±c¶x��©¬���ª�´Ô«�½Ý¯µ©� ¢©��r¡r¾x¹T«c²�¯µ©�¨�¡r³rß�¸�¹T«Ý®¡r¾�²�¹µ¡A³���±KÓ�¡�¶�¡�¡�¨D¾Ý¡�Ó�¡�ª�«c½�¡r¾ Ö�«�¹
±X²�¯µ«c Ü±X¯µ©^®�¾�©lð�¡�¹T¡�¨G¯µ©^±j¯T©¬«�¨ ±c¨�¾FÖ�«c¹Ü¹T¡�ª�©�±c¶�ª¬¡?³µ«cª�Ó�©¬¨�Ô«XÖ$ª¬©�¨�¡A±X¹�±X¨�¾F¨�«�¨�ª�©¬¨�¡A±X¹�³µ´Ý³O¯T¡� Ü³¢«XÖ$¡r·G²�±j¯T©¬«�¨�³rß
í�©�¨�®¡¢³g¯T±X¨�¾�±X¹�¾�Ö�²�¨�®¯µ©�«c¨�³×±X¹T¡�¨�«c¯$¹T¡�ª�©^±X¶�ª�¡�©�¨2á�±X¯ ��±c¶nÚní�ß�¼�²� ¢½ ��±c³$±Xª^³g«�©� ¢½�ª�¡� ¢¡�¨G¯µ¡A¾��²�±X¹�±X¨G¯µ¡r¡r¾
³g¯T±X¨�¾�±X¹�¾3Ö�²�¨�®
¯T©¬«�¨�³(ª�±�®¹T©l¯T©�®r±Xª�½�«c©�¨G¯=©^³=¹T¡�ª�©�±c¶�ª�¡h±X¨�¾Ü±�®�®²�¹T±X¯µ¡h±X¹Tc²� Ø¡r¨G¯=¹µ¡A¾Ý²�®¯µ©�«c¨nÚG±X¨�¾Ø¯T«�©� Ø½�ª¬¡r Ø¡r¨G¯
©¬¯rÚ�³µ«Xëu®�±cª¬ª�¡r¾�

ª�«c¨��
�±X¹T©l¯T�� ¢¡¯µ©^®Ù��±c³�¶�¡�¡r¨Ü¾Ý¡�Ó�¡�ª�«c½�¡r¾�ß �h½Ø¯µ«×Óc¡r¹T³µ©�«c¨�Á�ß¬Ã�ß¬Ã�ÚK¯µ��¡!½�¹T«Ý®¡A¾Ý²�¹T¡r³ Û���©^®��3��±KÓ�¡
¶�¡�¡�¨Ô¾Ý¡�Ó�¡�ª�«c½�¡r¾?±c¹µ¡� Ü±c©¬¨�ª�´�¯µ��¡Ø«c¨�¡r³h¹T¡r·G²�©�¹T¡r¾�Ö�«c¹×±X¹Tc²� Ø¡r¨G¯°¹µ¡A¾Ý²�®¯µ©�«c¨ ��±X¹T©¬¯µ�� ¢¡¯T©�®�«c½�¡�¹�±j¯T©¬«�¨�³�Ú�¯µ��¡
π
®�«c¨�³g¯T±c¨G¯�±c¨�¾Ü¯T��¡-¡�!Ý½�«c¨�¡r¨G¯µ©^±Xª�Ö�²�¨�®¯µ©�«c¨nß��!��©^³!ª�«c¨�¢±X¹T©l¯T�� ¢¡¯T©�®$©^³�

¹T²�¾Ý©� Ø¡r¨G¯T±X¹T´cÚ�³µª¬«jÛ&¶�²Ý¯°®«�¹µ¹T¡r®¯


±c®r®«�¹T¾Ý©�¨��¯µ«Ø©l¯�³Ù±c²Ý¯µ��«c¹Aß�î�¡�Û ³O¯�±X¨�¾�±c¹T¾ÜÖ�²�¨�®
¯T©¬«�¨�³�±X¹T¡{±KÓj±c©¬ª^±X¶�ª�¡{±c¨�¾7 ¢±X¯µ¹T©�®�¡r³�Û�©l¯T�7ª�«c¨�Ø®�«c ¢½�«�¨�¡�¨G¯�³
±X¹T¡×¨�«X¯�´�¡¯�½�«G³µ³µ©�¶�ª¬¡�ß

�M�q������²�tuy�{g|��7����¶1tx»¼�����r�h�
ïu¨G¯µ¡r¹µÓj±Xª�©�³3±�¾�±X¯T±j¯O´�½�¡�©�¨Fá�±j¯T��¡� Ü±X¯µ©^®�±�ß�Å�ß��×¡r©¬½�¡�¹  £�£ ® ºO²�³O¯T©lÞ�¡r³3©l¯�³�©�¨�¯T¹µ«Ý¾Ý²�®
¯µ©�«c¨FÛ�©l¯T�%±X¹Tc²� ¢¡�¨G¯�³
³µ©¬ ¢©�ª�±c¹!¯µ«Ø¯µ��¡-«�¨�¡r³!�©¬Ó�¡�¨�©¬¨RÃAÃcß È ��¡r¾Ý²�®�±j¯T©¬«�¨7«cÖ�±Øª^±X¹Tc¡$¨�²� �¶�¡�¹h«cÖ�½�«X¯T¡�¨G¯µ©^±Xªn²�³g¡r¹T³�¯µ«Ü©�¨G¯µ¡r¹µÓj±Xªn±c¹µ©¬¯µ��ë
 ¢¡¯T©�®cÚ�¡r±�³g¡7«XÖh²�³µ¡cÚz�¹T±c½���©^®�±Xª�½�«G³µ³µ©�¶�©¬ª�©¬¯µ©�¡r³Ø±X¨�¾D³g«� Ø¡7¡�!�±X ¢½�ª�¡r³�¯µ« ¾Ý¡� ¢«�¨�³O¯T¹T±X¯µ¡Ü¯T��¡�½�«jÛÙ¡�¹3«XÖh¯T��©�³
±X¹T©¬¯µ�� ¢¡¯T©�®cß

í�©�¨�®¡�á�±j¯T��¡� Ü±X¯µ©^®�±2«Xð�¡�¹�³���©�c�D½�¹µ¡A®©^³g©�«c¨±��«�±X¯µ©�¨�XëS½�«�©¬¨G¯3±c¹µ©¬¯µ�� Ø¡�¯µ©^®XÚ�©¬¯¢ÛÙ±�³3·G²�©¬¯µ¡�¨�±j¯T²�¹�±Xª�¯µ��±X¯
©�¨�¯T¡�¹TÓj±Xª^³�®r±X¨���±KÓ�¡°±c³�¡�¨�¾Ý½�«�©¬¨G¯�³�¡ !�±c®
¯Ù¨�²� �¶�¡�¹�³=«�¹���«�±j¯T©¬¨�XëS½�«�©¬¨G¯=¨�²� 3¶�¡r¹T³�Û�©l¯T��±c¹µ¶�©l¯T¹T±c¹µ´3½�¹µ¡A®©^³g©�«c¨�ß�h«jÛÙ¡�Ó�¡�¹AÚnÅ�ß��×¡r©¬½�¡�¹-Û!±X¹T¨�³×±XG±X©�¨�³g¯{¯OÛÙ«�²�¨�½�ª�¡r±�³µ±c¨�¯-½���¡�¨�«� Ø¡r¨�±�Û�©l¯T�xá�±j¯T��¡� Ü±j¯T©�®r±Ä©�¨G¯µ¡r¹µÓj±Xª^³rß¢�!��¡
Þ�¹�³O¯�«�¨�¡×©�³!¯T��±j¯h«�²Ý¯OÛ!±X¹�¾�¹T«c²�¨�¾�©¬¨�Ø©^³h¾Ý«c¨�¡$¶�´Ü¯T��¡�³µ«XÖt¯OÛ!±X¹T¡cÚÝ³g©�¨�®�¡�³g¡�¯g¯µ©�¨�¢¹T«c²�¨�¾�©¬¨�¢ ¢«Ý¾Ý¡r³�±X¯°±Øª¬«jÛ
ª�¡�Óc¡rªn©^³h¨�«�¨?½�«�¹g¯�±X¶�ª�¡%ª�¯µ��©^³h©� ¢½�ª¬©�¡r³{³g«� ¢¡�¡�!�®¡A³µ³h©¬¨�¯T��¡�Û�©^¾�¯µ�?«cÖz®�«c ¢½�²Ý¯T¡r¾�©�¨G¯µ¡�¹TÓj±Xª^³�ß!�!��©^³hª�¡r±�¾�³�Ö�«�¹
©�¨�³O¯�±X¨�®�¡�¯µ«�±�Û�©�¾�¯T��«XÖ

4.44089×10−16 Ö�«c¹z¯T��¡hÖ�«�ª¬ª�«jÛ�©�¨�×©¬¨G¯µ¡r¹µÓj±cª&���Aã�ä�������æ��������! Û�©¬¯µ�Äá ±j¯µ��¡� Ü±j¯µë
©^®�±ØÓc¡r¹T³µ©¬«�¨ÄÁ�ß £�ÚÝ¡�Óc¡r¨7Û�©¬¯µ� Ã�ß ÇØ¶�¡�©�¨�¢¡�!�±c®¯µª�´�¹µ¡r½�¹T¡r³µ¡�¨G¯T±c¶�ª¬¡�Úh��«¦�(«=¯µ��¡-Û�©�¾�¯T�?³g��«�²�ª^¾Ä¶�¡�Ç�ß

�!��¡-³µ¡r®«�¨�¾7²�¨�½�ª�¡r±�³µ±c¨�¯�½���¡�¨�«� Ø¡r¨�«c¨�©^³!©¬ª�ª¬²�³O¯T¹T±X¯µ¡r¾�¶�´Ü¯T��¡×Ö�«cª�ª¬«jÛ�©�¨�¢³g¡A·G²�¡�¨�®�¡ �
�Aã"�#�$ &%!'(�)'*�+-,/.�0)1�âAã"�32�4-�)�5��6�æ7�7�æ) -,985:�â�;

�Aã"�<8) &%!'	=>�?�AãÝä����)��æ@�A�CB��ED?��F5 ED$�G5 
H 4Ýä��!8) �'I�Aã�ä�������æ��A�CBJ,��$8A�C+)G)+)8ED�,��8K�C+�G�+�8�F� 

�Aã"�<.) &%!' =>�L�AãÝä@������æ@�K�CB)�ED?��F5 KD$�NM) 
H 4Ýä��!.) �'I�Aã�ä�������æ��A�CBJ,��$8A�C+)G)+)8�O�+/P��$8Q�$.�+�.�O�+RD�,��$8A�C+�G�+)8�O�+�P��$8*�.�+�.�O�+�F5 

��«¦� «Ù¯µ��¡�©¬¨G¯µ¡r¹T³µ¡r®¯µ©�«c¨�«XÖ ¯µ��¡-¯OÛ�«Ü¹T¡r³µ²�ª¬¯µ©�¨�Ü©�¨�¯T¡�¹TÓj±Xª^³�Ú�Û���©�®��?³µ��«c²�ª^¾�¡r±�®���®�«c¨G¯T±c©¬¨�¯T��¡�¡�!�±�®
¯hÓj±Xª�²�¡cÚ
©^³�¡r Ø½�¯O´cß¾�h¡�¹T¡Ä©^³S�×¡�©�½�¡r¹ � ³�¡ !Ý½�ª�±c¨�±j¯T©¬«�¨3d£c£ ®SßUT8���*� �£ ��3 !������¢1	h�§���"�~��� ¢C �V%�M�XW� "�����C&"�
�9Yq�~���¾¥©�
Z  ����*�$[µ� ��¥*�� "��¨ Z ���
���§���"��� Z ���µ�XW��:������¢C������ ���¨ Z ���
�����������: ��©�  !������¢µ�?V ���G¥��:�������©�©���1���\Yq�¦�XW��¦�b�"�
�µ��� 	 ��*V]V��¦�©�©�����?Vµ�������*V��¦� ' ¥*¨:�"�
����� 	J���T�����LVC���_^§�*�������©�/`��XW� ��A�aW��L���*�������§�¦��'C�¦���������! "�e�������� ��¦���8�XW��¤�¦¢C (')�� Z �XW��  ��§'%��¢C������«cb*W������  "���µ�h� &"�
�9Yq� �ed� �¢E	
� ��� Z ���SY�W����LW±�aW��:�*� �*¢µ�*�#�  "��¨ Z ���
���§���"���µ ����:�¦�b�*���©���¥�¨;¢µ���©���XW� ��R ��G��� 	 Z ���fW�� 'W�g 	h�����*�������"�¾ "���¦�aW�¢C���§��� «��!��¡×½�¹µ¡rÓ�©¬«�²�³�®�«c ¢½�²Ý¯�±j¯T©¬«�¨Ä©^³!½�¹µ¡A®©^³g¡rª¬´Ü³µ²�®��7±c¨
¡�!�±c Ø½�ª¬¡�ß�ïu¨�¾Ý¡r¡r¾�ÚÝ¯T��¡�±�®�®²�¹T±�®´Ü«XÖz³g¯T±X¨�¾�±X¹�¾�Ö�²�¨�®
¯T©¬«�¨�³h©^³�¨�«c¯hÕG¨�«jÛ�¨7Û�©¬¯µ��á�±X¯µ��¡r Ü±j¯µ©^®�± �z¨�«Ü½�¹T¡r®�©�³µ¡
³µ½�¡A®©¬Þ�®�±X¯µ©�«c¨�©�³��©¬Ó�¡�¨ÄÖ�«c¹!¯µ��¡r³µ¡×Ö�²�¨�®
¯T©¬«�¨�³rß

ïu¨ á�±j¯T��¡� Ü±j¯T©�®r±�Ú � �hë[¹T¡�ª^±j¯T¡r¾%½�¹µ«Ý®¡A¾Ý²�¹T¡r³¢±X¨�¾D¨�«c¨�ª�©¬¨�¡r±X¹Ü³µ´Ý³O¯T¡� Ü³Ü³g«�ª¬Ó�¡�¹Ü®�±c¨D��±KÓc¡�©¬¨G¯µ¡r¹µÓj±cª�³Ü±�³
±X¹Tc²� Ø¡r¨G¯T³�±X¨�¾7¹T¡¯T²�¹T¨7�²�±X¹�±X¨G¯µ¡r¡r¾7¹µ¡A³g²�ªl¯�³�ß�íÝ«c ¢¡-¡�!�¯µ¡r¨�³µ©¬«�¨�³!«c¹°±c½�½�ª�©�®r±j¯T©¬«�¨�³!¶�±c³µ¡r¾7«c¨�¯T��©�³°½�±c®�Õj±cc¡
±X¹T¡$¯µ«¢¶�¡×Ö�«c²�¨�¾�©�¨¾ �(® ±X¨�¾? È�Ã�®Sß

��� mn�t�



��������� 	
��������������������������������! "�#$ %��&% (')�*� �

�r�A��·E�R��� y�{g|	�7�`·8�rt
âAãÝä�å�æ�ç�èÜ©�³$±�á�±c½�ª�¡�½�±c®�Õj±cc¡$Ö�«c¹{©¬¨G¯µ¡r¹µÓj±cª�±X¹T©¬¯µ�� ¢¡¯T©�®cß�ïS¯$®�«c¨G¯T±c©¬¨�³°¾�±j¯�±¢¯O´�½�¡A³�Ú�¶�±c³µ©�®�±X¹T©l¯T�� ¢¡¯µ©^®�±c¨�¾
³g¯T±X¨�¾�±X¹�¾�Ö�²�¨�®¯µ©�«c¨�³{Ö�«�¹{¹T¡r±cª�©�¨G¯µ¡�¹TÓj±Xªz±X¹T©¬¯µ�� ¢¡¯T©�®3±X¨�¾2®«� Ø½�ª¬¡ !?¾�©�³T®3±c¹µ©¬¯µ�� Ø¡�¯µ©^®Xß�á?«�¹µ¡r«jÓc¡r¹rÚ�©l¯×©¬ ¢½�ª�¡ë
 ¢¡�¨G¯T³°±¢��±X¨�¾ÝÖ�²�ªn«XÖz±Xª�c«�¹µ©¬¯µ�� ¢³ÙÖ�«�¹hÓj±Xª�©�¾�±j¯µ¡A¾�¨G²� Ø¡r¹µ©^®�±cªn®«� Ø½�²Ý¯µ©�¨��±X¨�¾7�¹T±c½���©^®�±cª�«�²Ý¯µ½�²Ý¯hÖ�²�¨�®¯µ©�«c¨�³
Ö�«c¹$¯T��¡ÜÓ�©�³µ²�±Xª�© �r±j¯T©¬«�¨�«XÖÙ¹µ¡A³g²�ªl¯�³�ßØ�!��¡¢½�±c®�Õj±X�¡7âAãÝäGå�æcç�è7¯µ��²�³×�©¬Ó�¡r³°¯µ��¡Ü²�³µ¡�¹$¯T��¡¢«c½�½�«c¹µ¯µ²�¨�©l¯O´?¯T«�¾�«
Ój±Xª�©�¾�±j¯µ¡A¾7®�«c ¢½�²Ý¯T©¬¨�ÜÛ�©l¯T��± é «� Ø½�²Ý¯µ¡r¹h»hª�c¡�¶�¹T±Üí�´Ý³g¯µ¡� �ß

� �YÌrÍ ÷ Î ô Ï � ø����B�	) ó � ó � ÍrÏ�Í(� ÷ �  
�!��¡ÜÞ�¹T³g¯�âAã�äGå�æ�ç�Óc¡r¹T³µ©�«c¨ÔÛÙ±�³-®¹T¡r±j¯T¡r¾Ô©�¨ Ã�����È�¶G´ ¼-ß é «c¹Tª¬¡A³µ³-±c¨�¾x»�ß é «c¨�¨�¡rª¬ªE¬Ã�Ã�®Ù±�³�±X¨x¡�ð�«�¹g¯-¯T«
©�¨�®«�¹µ½�«c¹�±j¯T¡h¹µ¡A±Xª�©¬¨G¯T¡�¹TÓK±cª�³�©�¨�¯T«Øá ±X½�ª�¡cß�ïu¨ Ã����	��Ú�ârãÝäGå�æ�çGè3ÛÙ±�³=¹T¡�ª�¡r±�³g¡A¾¢¶�´Üï
ßÝ¥$¡r²�ª�©¬¢±X¨�¾ Ò ß��×¹�
c Ø¡r¹�Ã�Á�Ú�Ã � ®=±c³-±c¨2¡ !�¯µ¡�¨�³g©�«c¨2¯µ« âAãÝä�å�æ�ç�©¬¨�®«c¹T½�«c¹�±j¯µ©�¨�7©¬ ¢½�«c¹µ¯T±X¨G¯�®���±c¨�c¡A³$±�³×Û�¡rª¬ª�±�³×±7¹�±X¨�c¡Ø«XÖÙ±c½�½�ª�©lë
®�±X¯µ©�«c¨�³�±X¨�¾x±c¨%±c¾�¾Ý©¬¯µ©�«c¨�±Xª=½�±X¹µ¯�Ö�«c¹�®�«c ¢½�ª�¡�! ¨�²� �¶�¡�¹�³�ß?�!��¡�®²�¹T¹T¡�¨G¯�¹µ¡rª¬¡A±c³µ¡?âAã�äGå�æ�ç�è������CO±�CÅc²�¨�¡
£XÇ�Ç�£ � ©^³-±�¹µ¡A¾Ý¡r³µ©¬�¨�¡r¾ ½�±c®�Õj±cc¡¢®«c 3¶�©�¨�©¬¨�7¯T��¡ØÖ�«c¹T ¢¡�¹Tª¬´ ³µ¡�½�±X¹�±j¯µ¡Ø½�±�®�ÕK±cc¡A³°©�¨ «c¨�¡¢¨�¡rÛ Óc¡r¹T³µ©�«c¨nßØïu¨
� ¡r®¡r �¶�¡�¹°£cÇcÇ�£�Ú�©l¯���±�³!¶�¡r¡�¨�¹µ¡rª¬¡A±c³µ¡r¾Ä¶G´ Ò ±X¯µ¡�¹Tª�«G«¢á�±c½�ª¬¡-±�³T�G �	
����$�/Y��*��b#� ���
�*�����*���� ��*T8���¦�aW�¢C���§����Ã*®Sß��!��¡°½�±�®�ÕK±cc¡h©^³Ù©¬ ¢½�ª�¡� ¢¡r¨�¯T¡r¾7±c³Ù±�á�±c½�ª¬¡{ ¢«�¾�²�ª¬¡C�Y±�Ö�¡r±X¯µ²�¹T¡{á�±c½�ª�¡{«cð�¡r¹T³�³g©�¨�®¡$Óc¡r¹T³µ©�«c¨�É�ÚGÛ���©^®��
±Xª�ª�«jÛh³�©�¨ÝÖ�«�¹µ Ü±j¯T©¬«�¨7��©�¾Ý©�¨��±�³!©¬¨7¯µ��¡- Ü±XºO«c¹�«c¶�ºO¡r®
¯�«�¹µ©�¡�¨G¯µ¡A¾Ä½�¹µ«�c¹�±X ¢ ¢©¬¨�3ª�±c¨�c²�±Xc¡A³ � ß

�!��¡3 Ø«G³O¯$©¬ ¢½�«c¹µ¯T±c¨�¯{Ö�¡r±X¯µ²�¹T¡�«cÖz¯µ��¡Ø½�±c®�Õj±cc¡�©^³h¯T��¡Ø©¬¨G¯µ¹T«Ý¾Ý²�®¯µ©�«c¨�«cÖ�¨�¡�Û ¾�±X¯T±�¯O´G½�¡r³{©�¨�¯T«7á�±c½�ª�¡
Ö�«c¹

� ¹µ¡A±Xª�©¬¨G¯T¡�¹TÓK±cª�³�±c¨�¾

� ®«c ¢½�ª�¡�!�¾Ý©�³T®$©¬¨G¯T¡�¹TÓK±cª�³rß
»&¹�±X¨�c¡h«cÖn«c½�¡�¹�±j¯µ«�¹T³=±X¨�¾�±c½�½�ª�©�®r±j¯T©¬«�¨�³zÖ�«�¹=¯T��¡r³µ¡{¾�±X¯T±�¯O´G½�¡r³T�Y³µ¡�¡{¶�¡rª¬«jÛ � ��±KÓc¡°¶�¡r¡�¨Ä©� ¢½�ª�¡� ¢¡�¨G¯µ¡A¾³µ¡�½�±c¹T±X¯µ¡�ª�´ �YÛ�©l¯T�x¨�±X ¢¡r³�¾Ý©lð�¡�¹T©�¨��Ö�¹µ«� 0¯T��¡�³O¯�±X¨�¾�±X¹�¾2«�½�¡r¹T±X¯µ«�¹T³ ��¨�±X ¢¡r³ � Ú ³g«�¯T��±j¯�¯µ��¡Ü¨�¡rÛ ©¬¨G¯µ¡r¹µÓj±cª

¯O´�½�¡A³{¾�«Ä¨�«c¯$¹T¡�ª�´�«c¨?¯T��¡ �Y¹µ«�²�c� � ¨�«X¯T©¬«�¨�«XÖÙ±X¨�©�¨G¯µ¡�¹TÓj±Xª�á�±X½�ª¬¡Ø±Xª�¹µ¡A±c¾Ý´���±c³rß-í�«�Ú âAã�äGå�æ�ç�èÄ©�¨�¯T¡�¹TÓj±Xª^³®�±c¨7¶�¡-²�³µ¡r¾�³T±jÖ�¡�ª�´�Û�©¬¯µ��¯µ��¡-©¬ ¢½�ª�¡� ¢¡�¨G¯T¡r¾�«c½�¡�¹�±j¯T«c¹�³�ß
»hª^³µ«2¹T«c²�¨�¾Ý©¬¨�2©^³Ü¾Ý«c¨�¡�³µ¡�½�±c¹T±X¯µ¡rª¬´�Ú=³g©�¨�®�¡7¯T��¡�¹T¡�±X¹T¡7¡ !Ý±c ¢½�ª¬¡A³ØÛ���¡�¹T¡Ä¯T��¡?¹T«c²�¨�¾�©¬¨�Ô©�¨�®ª�²�¾Ý¡A¾F©�¨

á�±c½�ª¬¡¢©^³-¨�«c¯-¾�«c¨�¡�®�«c¹T¹µ¡A®
¯µª�´cßC¬°±c ¢¡�ª�´cÚn¯T��¡Ü¡�!Ý½�¹T¡r³T³µ©¬«�¨
x − ε

�
x > 0

á�±c½�ª�¡m��«�±j¯T©¬¨�XëS½�«�©¬¨G¯×¨G²� �¶�¡�¹
Û�©¬¯µ�

n
¾Ý¡r®�©¬ Ü±Xª�¾Ý©�c©¬¯T³rÚ

ε < 10−n � ´�©�¡�ª^¾�³ x
Û���¡r¨2¼�«�²�¨�¾Ý©�¨�Ä©^³×³g¡�¯°¯T«

0
«�¹ −∞ Ún±Xª¬¯µ��«�²�c�?©¬¯-³g��«�²�ª^¾

´�©¬¡rª�¾�¯µ��¡�ª�±c¹µ�¡r³g¯
n
ëu¾Ý©�c©¬¯�¨�²� 3¶�¡r¹�³g Ü±cª¬ª�¡�¹�¯T��±X¨

x
ßz»°³�¨�¡�¡r¾�¡r¾Ø©¬¨Ø©�¨�¯T¡�¹TÓj±Xª�±X¹T©¬¯µ�� ¢¡¯T©�®cÚc¹T«c²�¨�¾Ý©¬¨�{©^³z¾Ý«c¨�¡

«c²�¯OÛÙ±c¹T¾Ýª�´Ü©�¨�®�«c ¢½�²Ý¯�±j¯T©¬«�¨�³!Û�©l¯T� ârãÝäGå�æ�çGè�ß
âAãÝä�å�æ�ç�èÜÖ�²�¨�®¯µ©�«c¨�³rÚ�¯µ��«c²����¶�¡r©¬¨�7³µ¡�½�±c¹T±X¯µ¡�ª�´�©¬ ¢½�ª�¡� ¢¡�¨G¯T¡r¾�Ú�²�³µ¡3³g¯T±c¨�¾�±c¹T¾�á ±X½�ª�¡�«�½�¡r¹T±X¯µ«c¹�³h±c¨�¾

Ö�²�¨�®¯µ©�«c¨�³��gâAã�äGå�æ�ç�èØ©�¨G¯µ¡r¹µÓj±Xª
sin

²�³µ¡r³�¯µ��¡�á�±X½�ª�¡
sin

©¬ ¢½�ª�¡� ¢¡�¨G¯�±j¯µ©�«c¨7Ö�«c¹�¡ !�±X ¢½�ª�¡ � ßz�!��²�³rÚÝ¡�¹T¹µ«�¹T³�©�¨á�±c½�ª¬¡-±c¹µ©¬¯µ�� ¢¡�¯µ©^®×¶�¡r©¬¨�¢�¹µ¡A±j¯µ¡r¹Ù¯µ��±c¨
1ulp

Û�©�ª¬ªn±Xð�¡A®
¯�âAãÝäGå�æ�ç�è¢¹µ¡A³g²�ªl¯�³�ß
�!��¡7c¹�±X½���©^®�±cª�Ö�²�¨�®
¯µ©�«c¨�³�©�¨�®ª�²�¾Ý¡A¾%©�¨ âAãÝäGå�æ�ç�è� Ü±XÕ�¡Ä©¬¯3 ¢«c¹T¡7®�«c¨�Óc¡r¨�©�¡�¨G¯�¯µ«2²�³µ¡�á�±c½�ª�¡Äc¹�±X½��Ýë

©^®�³-Ö�«�¹�©�¨G¯µ¡�¹TÓj±Xª=®�«c ¢½�²Ý¯�±j¯T©¬«�¨�³�ß?�!��¡r´2²�³g¡Äá ±X½�ª�¡�c¹�±X½���©�®r³×Ö�¡r±X¯µ²�¹T¡r³�¯µ«�«cð�¡r¹�³µ½�¡A®©^±Xª=«�²Ý¯µ½�²Ý¯�Ö�«�¹�¯µ��¡
Ó�©�³µ²�±cª¬© �r±X¯µ©�«c¨Ä«cÖ�¯T��¡-©�¨�¯T¡�¹TÓj±Xª^³!¹µ¡A³g²�ª¬¯µ©�¨�3Ö�¹µ«�  ¯T��¡�®«�¨�®¡r¹µ¨�¡A¾�âAãÝäGå�æ�ç�èØÖ�²�¨�®¯µ©�«c¨�³rß

� � � ÐXÍ(� ÷ � Ï )  Ï � � ó Ï � ø Ê:��� )§�YÐcÏ�Í(� ÷ � Ì  
»°³h Ø¡r¨G¯µ©�«c¨�¡A¾7±c¶�«jÓ�¡cÚ�âAã�äGå�æ�ç�è¢¾�¡Þ�¨�¡A³há�±c½�ª¬¡$¯O´�½�¡r³ÙÖ�«c¹�¹T¡r±cª�©¬¨G¯T¡�¹TÓK±cª�³�±c¨�¾�®«c ¢½�ª�¡�!�¾Ý©�³T®×©�¨�¯T¡�¹TÓj±Xª^³�ß�h¡r¹µ¡°©�³�±�³g²�¹µÓ�¡�´Ø«XÖ�¯µ��¡{«c½�¡�¹�±j¯T«c¹�³�ÚjÖ�²�¨�®
¯T©¬«�¨�³�±c¨�¾Ü±Xª�c«�¹µ©¬¯µ�� ¢³z¯µ��±X¯{âAãÝä�å�æ�ç�è�©�¨�®ª�²�¾Ý¡A³�ßzî ©¬¹�³g¯rÚ�Ö�²�¨�®
ë
¯µ©�«c¨�³�±c¨�¾¢«c½�¡�¹�±j¯T«c¹�³�Ö�«c¹�¹µ¡A±Xª�©�¨G¯µ¡r¹µÓj±Xª^³=±c¹µ¡��©¬Ó�¡�¨¢Ö�«�ª¬ª�«jÛ�¡A¾¢¶�´�¯T��¡{©�¨�®�«c¹T½�«�¹T±X¯µ¡r¾Ø¨�²� ¢¡�¹T©^®�±Xª�±Xª�c«�¹µ©¬¯µ�� Ü³rß
»�Öt¯T¡�¹�¯T��±j¯AÚÝ¯µ��¡×Ö�²�¨�®
¯T©¬«�¨�³!Ö�«�¹h®«c ¢½�ª�¡�!7©¬¨G¯µ¡r¹µÓj±cª�³!±X¹T¡-³g½�¡r®�©lÞ�¡r¾�ß

� à{¨{¯T��¡�ª�¡�Ó�¡�ªX«cÖ�¶�±c³µ©�®�«�½�¡r¹T±X¯µ©�«c¨�³rÚcâAãÝäGå�æ�ç�è�©�¨�®ª�²�¾Ý¡A³�¯µ��¡zÖ�«c²�¹�¶�±c³µ©^®z±X¹T©l¯T�� ¢¡¯µ©^®�«c½�¡�¹�±j¯T«c¹�³�¾Ý¡�¨�«X¯µ¡A¾
±c³� ¹ Ú�$ëTÚ���ÝÚ� ê ß�ïS¯°±Xª^³µ«3©�¨�®ª�²�¾Ý¡A³�¡�!�¯T¡�¨�¾Ý¡A¾�©¬¨G¯µ¡r¹µÓj±cªn¾Ý©¬Ó�©^³g©�«c¨�±c³�±c¨7¡ !�¯µ¹�±�Ö�²�¨�®
¯T©¬«�¨nß

� î�²�¹µ¯µ��¡r¹µ ¢«�¹µ¡=¯µ��¡r¹µ¡�±X¹T¡Ù½�«jÛÙ¡�¹AÚX³µ·G²�±c¹µ¡�ÚX³µ·G²�±c¹µ¡�¹µ«�«c¯rÚXª�«cG±X¹T©l¯T��  ±X¨�¾�¡�!Ý½�«c¨�¡r¨�¯T©�±cª�Ö�²�¨�®¯µ©�«c¨�³$�Y¨�«X¯T¡
¯µ��±X¯-³T·G²�±X¹T¡Ø©�³$©� Ø½�ª¬¡r Ø¡r¨G¯µ¡r¾ ³µ¡�½�±c¹T±X¯µ¡rª¬´�Ö�¹T«c 0�¡�¨�¡r¹T±cª  3²�ª¬¯µ©�½�ª¬©^®�±X¯µ©�«c¨ ±c³$¨�¡r¡r¾Ý¡A¾�Ö�«�¹-©¬¨G¯µ¡r¹µÓj±cª�³ �±c³ÙÛ�¡rª¬ª�±c³!²�¨�©�«c¨�±X¨�¾7©�¨G¯µ¡r¹T³µ¡r®¯µ©�«c¨nß

m�m6I"Ä Q*Å
Q!N



Â �J«������¦¢m¢µ�������C«v$�*���� ������m«
	E���!�"�

� » ³µ¡¯�«cÖ ³g¯T±X¨�¾�±X¹�¾ÜÖ�²�¨�®
¯µ©�«c¨�³!��±c³Ù¶�¡�¡�¨�©� ¢½�ª¬¡r ¢¡�¨G¯µ¡A¾?�
sin

Ú
cos

Ú
tan

±�³ÙÛ�¡rª¬ªn±�³=¯T��¡�©�¹�©�¨GÓ�¡�¹�³g¡$±X¨�¾
�G´�½�¡�¹T¶�«�ª¬©^®$Óc¡r¹T³µ©¬«�¨�³ � ß

� ¼�¡�©� ¢½�ª¬¡r ¢¡�¨G¯T±X¯µ©�«c¨�³×«cÖ�¯T��¡Äá�±c½�ª¬¡�®�«c¨�³g¯µ¹T²�®¯µ©�«c¨nÚ�®�«c¨�Óc¡r¹T³µ©�«c¨2±c¨�¾Ô²�¨�±c½�½�ª�©�®r±j¯µ©�«c¨ÔÖ�²�¨�®
¯µ©�«c¨�³�±X¹T¡
±c¾�¾Ý¡A¾�ß

�!��¡$Ö�«cª�ª�«jÛ�©¬¨�¢¨�²� ¢¡�¹T©^®�±Xª�±cª¬�«c¹T©l¯T�� Ü³Ù±c¹µ¡×©� ¢½�ª¬¡r ¢¡�¨G¯µ¡A¾Ä¯T«¢Û�«�¹µÕ�Û�©¬¯µ��¯T��¡×Ö�«c¹T¡��«c©�¨��Ö�²�¨�®
¯µ©�«c¨�³ �
� Óc¡�¹T©¬Þ�¡r¾¢®«� ¢½�²Ý¯T±X¯µ©�«c¨�«cÖ���¡�¹T«�³8��ïu¨G¯µ¡r¹µÓj±cª#¬h¡rÛ!¯µ«�¨Äá?¡¯T��«Ý¾ � Û�©¬¯µ��¯µ��¡{½�«G³µ³µ©¬¶�©¬ª�©l¯O´3¯µ«�Þ�¨�¾�±cª¬ª ��¡r¹µ«G³«XÖ ±3Ö�²�¨�®
¯µ©�«c¨�«�¨�±¢³µ½�¡A®©¬Þ�¡r¾�©�¨G¯µ¡�¹TÓj±Xª�ª
� ¹T±c¨�c¡-¡r¨�®ª�«�³µ²�¹T¡-Ö�«c¹{¹µ¡A±Xª¬ë[Ój±Xª�²�¡A¾ÄÖ�²�¨�®
¯T©¬«�¨�³°«cÖ�«c¨�¡3«c¹°¯OÛ�«�Ój±c¹µ©^±X¶�ª�¡r³rÚ�Û���©�®���²�³g¡A³h¡�©¬¯µ��¡�¹$©¬¨G¯µ¡r¹µÓj±cª
¡�Ój±Xª�²�±j¯T©¬«�¨Ä«�¹�¡�Ój±Xª�²�±j¯T©¬«�¨7Ó�©^±3¯µ��¡- ¢¡r±c¨7Ój±cª¬²�¡×Ö�«�¹µ  ±X¨�¾�±c¾�±c½Ý¯µ©�Óc¡-³µ²�¶�¾Ý©¬Ó�©^³g©�«c¨�«XÖ�©�¨�¯T¡�¹TÓj±Xª^³�ß

�°³µ©�¨�Ø¯µ��¡-±X¶�«jÓc¡$±Xª�c«�¹µ©¬¯µ�� Ü³rÚG¯µ��¡×²�³µ¡�¹�®�±c¨7®���«�«G³g¡$¶�¡�¯OÛ�¡r¡�¨�±�¨�«c¨ÝëSc¹�±X½���©�®r±Xª�±X¨�¾7±3�¹T±c½���©^®�±cª�Ó�¡�¹�³g©�«c¨
¾Ý©^³g½�ª�±K´�©�¨��¯T��¡-¹T¡r³µ²�ªl¯T©¬¨�Ø©�¨G¯µ¡r¹µÓj±Xª^³!«XÖ�¡r±�®��Ä©¬¯µ¡r¹T±X¯µ©�«c¨�³O¯T¡�½nß

»°³ÙÖ�«�¹�¹µ¡A±Xª�©�¨G¯µ¡�¹TÓj±Xª^³�Ú�¯T��¡�¹T¡×©�³�±¢¹�±X¨�c¡$«XÖ�«�½�¡r¹T±X¯µ«�¹T³�Ö�«c¹h®�«c ¢½�ª�¡�!7¾�©�³T®×±X¹T©l¯T�� ¢¡¯µ©^® �

� ©¬¨ ±�¾�¾Ý©¬¯µ©�«c¨ ¯µ«%¯T��¡ ¶�±c³µ©^® ±X¹T©¬¯µ�� ¢¡¯T©�® «c½�¡�¹�±j¯T«c¹�³�Ú!¯T��¡�¹T¡2±c¹µ¡Ô±X¹T¡r±jëS«c½�¯µ©� ¢±cª° 3²�ªl¯T©¬½�ª¬©^®�±X¯µ©�«c¨ ±c¨�¾
¾Ý©¬Ó�©^³g©�«c¨�±c³�±c¨�±cªl¯T¡�¹T¨�±j¯T©¬Ó�¡°¯T«�®�±c¹µ¹T´¢«c²Ý¯�¯T��¡r³µ¡-«c½�¡�¹�±j¯T©¬«�¨�³�ª

� ±c³!±ØÖ�²�¹µ¯µ��¡r¹!Ö�²�¨�®
¯T©¬«�¨nÚÝ¯T��¡�®«� Ø½�ª¬¡ !Ä¡�!Ý½�«c¨�¡r¨�¯T©�±cª�Ö�²�¨�®¯µ©�«c¨���±c³!¶�¡�¡r¨�©¬ ¢½�ª�¡� ¢¡�¨G¯T¡r¾�ß
¼h±c¨�c¡�¡r¨�®ª�«�³µ²�¹T¡-Ö�«c¹$®«� Ø½�ª¬¡ !�½�«cª�´�¨�«c ¢©^±Xª^³°³µ¡�¹TÓc¡A³h±c³{±X¨ ±c½�½�ª�©�®r±j¯µ©�«c¨�Ö�«�¹$®�«c ¢½�ª�¡�!�©¬¨G¯T¡�¹TÓK±cª ±c¹µ©¬¯µ��ë

 ¢¡¯T©�®cß

¯�p§¯ �¤�q�E²�Â1�`²gtx� �q�Ew �����8|��`|���tx�
î�¡rÛ ª�±c¨�c²�±cc¡A³Ü±X¨�¾ ®�«c ¢½�©�ª¬¡r¹T³Ü©�¨�®�ª¬²�¾�¡ ±x³g²�½�½�«�¹g¯ÄÖ�«c¹�©�¨G¯µ¡�¹TÓj±Xª°±c¹µ©¬¯µ�� Ø¡�¯µ©^®"ª$ª¬¡�¯Ä²�³7·�²�«X¯µ¡�¯T��¡ ì×í é
ª^±X¨��²�±X�¡r³� È"®e��¸z±�³µ®r±Xªvd£jÁ�®SÚ é�ê�é

++
d£XÈ!® � ±X¨�¾�¯T��¡°í�²�¨�î�«c¹µ¯µ¡h®�«c ¢½�©�ª¬¡r¹T³ Ö�«�¹=î�«�¹g¯T¹T±c¨Ø±c¨�¾ é�êcé ++

 Á�È!®Sß�h«jÛÙ¡�Ó�¡�¹AÚX¯T©¬ ¢¡r³!±c¹µ¡$®���±X¨��©¬¨��±X¨�¾�Ö�«c¹Ù©¬¨�³O¯�±X¨�®�¡h¯µ��¡{©�¨G¯µ¹T«�¾�²�®
¯T©¬«�¨Ä«XÖn©�¨G¯µ¡r¹µÓj±Xª�±X¹T©¬¯µ�� ¢¡¯T©�®{©�¨�¯µ��¡T¡ ��»$í
ª�©¬¶�¹�±X¹T´Ü©^³�¶�¡r©¬¨�¢¾�©�³T®²�³T³µ¡r¾R�Y®
ÖOß���ä�äGå>%��������������SãJ��ä@��â	����
5������-��æ������-�cæ�KäQ,���
5��457�� � ß
� �EÀ��(t �~��tx�EwEtxw �����rtx�A����¿T� ÀR{�»¼·8Â$�����1²��?�r�`�E²�Â1�`²gte�
á?²�ª¬¯µ©�½�ª�¡�½�¹µ¡A®©^³g©�«c¨D©¬¨G¯T¡�¹TÓK±cª�±X¹T©l¯T�� ¢¡¯µ©^®7©�³¢¡rÓc¡�¨D ¢«c¹T¡7¹�±X¹T¡cß±¡Ù¡r³µ©^¾Ý¡r³Ø©�¨�¯T¡�¹TÓj±Xª�±X¹T©l¯T�� ¢¡¯T©�®cÚ�¯µ��¡�ì×í é
ª^±X¨��²�±X�¡r³-«cð�¡r¹3±��µ³O¯�±X�c¡�¹T¡r¾��¢±X¹T©¬¯µ�� ¢¡¯T©�®cÚzÛ���©^®��%©�³3±� 3²�ªl¯T©¬½�ª¬¡�Ú�Þ !Ý¡r¾�Úz½�¹T¡r®�©�³µ©�«c¨nß��!��¡�®���«�³µ¡�¨x½�¹µ¡�ë
®©^³µ©¬«�¨x¡�¨�±c¶�ª¬¡A³-¯T��¡Ä¡ !Ý±�®
¯¢®«c ¢½�²�¯T±j¯T©¬«�¨x«XÖ�¯T��¡7¾Ý«c¯�½�¹T«Ý¾Ý²�®
¯Ø«XÖ�¯OÛÙ«�Óc¡A®
¯T«c¹�³-«XÖh¹T¡r±�³g«�¨�±X¶�ª�¡Ü³g© ��¡7Û�©l¯T�
�µ¾Ý«c²�¶�ª¬¡��m��«G±j¯µ©�¨�cë[½�«c©�¨G¯-®�«c ¢½�«c¨�¡r¨�¯�³�ß7�!��©�³� �²�ª¬¯µ©�½�ª�¡Ü½�¹µ¡A®©^³g©�«c¨2¯O´�½�¡7®�±X¨Ô¶�¡�²�³µ¡r¾2Ö�«c¹L��«G±j¯T©¬¨�cë[½�«c©�¨G¯
±X¨�¾�©�¨�¯T¡�¹TÓj±Xª�Ój±Xª�²�¡r³rÚÝ©l¯�©^³!®�±Xª�ª�¡r¾��µ¾Ý«c¯µ½�¹T¡r®�©�³µ©¬«�¨��
ÚG±c¨�¾�¯T��¡×®«c¹T¹T¡r³µ½�«�¨�¾Ý©�¨�3±c¹µ©¬¯µ�� ¢¡�¯µ©^®��µ³O¯�±X�c¡�¹T¡r¾���ß �!��©�³
¯O´�½�¡7«XÖh 3²�ªl¯T©¬½�ª¬¡�ë[½�¹T¡r®�©�³µ©�«c¨x¨�²� �¶�¡�¹�³Ø®«c¨�³g©^³O¯�³�«cÖ°±�Óc¡A®
¯T«c¹

(x1, ..., xn)
«cÖ°¾Ý«c²�¶�ª¬¡7½�¹T¡r®©^³µ©¬«�¨x¨G²� �¶�¡�¹�³

Û���«G³g¡�³µ²�  ´�©¬¡rª�¾�³�¯µ��¡�¹T¡�½�¹T¡r³µ¡�¨G¯µ¡A¾�¨�²� �¶�¡�¹
x =

∑
i xi

ß{í�²�®���Ó�¡r®¯µ«c¹�³h®r±X¨�®«�¨G¯T±X©�¨?²�½?¯T«7È	�Ü¡�¨G¯µ¹T©�¡r³rß
ïu¨�¾Ý¡r¡r¾�Ú�©¬¯×©�³$ª�©¬ ¢©¬¯µ¡r¾ ¯µ«7¯µ��¡Ø¾Ý«c¯$½�¹µ«Ý¾Ý²�®¯$«cÖ�¾Ý«�²�¶�ª�¡3½�¹T¡r®�©�³µ©�«c¨�Ó�¡r®
¯T«c¹�³�Ú�Û���«G³g¡3¹T±c¨�c¡3«XÖ=¡ !�½�«c¨�¡�¨G¯T³{©�³
{−1022, · · · , 1023} ÚG½�ª�²�³!¡�!�¯µ¹�±Ø½�«G³g©¬¯µ©�«c¨�³Ù¯µ«¢¯T±cÕc¡$©¬¨G¯T«�±c®�®�«c²�¨G¯Ù¯µ��¡-Ó�¡r®¯µ«c¹�³ �Gª�¡�¨�X¯µ��ß�!��¡�¾Ý¡�¯T±c©¬ª^³h«cÖ�¯T��©�³h¯O´�½�¡�«cÖz �²�ª¬¯µ©�½�ª�¡�½�¹T¡r®©^³µ©¬«�¨�±c¹µ©¬¯µ�� Ø¡�¯µ©^®-±X¨�¾�©¬¯T³°©¬ ¢½�ª�¡� ¢¡r¨�¯�±j¯T©¬«�¨�®r±X¨?¶�¡-Ö�«c²�¨�¾
©�¨Sd£ �(®h«�¹ d£XÈ!®SßF»°½�±X¹µ¯�Ö�¹T«c  ®�«c ¢½�²Ý¯T©¬¨� ±c®r®²�¹�±j¯T¡7¾Ý«c¯Ø½�¹µ«Ý¾Ý²�®¯rÚ�©¬¯Ü��±c³Ø±Xª^³µ« ¶�¡�¡�¨ ²�³µ¡r¾%Ö�«c¹C�h«c¹T¨�¡r¹
¡�Ój±cª¬²�±X¯µ©�«c¨�«XÖ�±¢½�«�ª¬´�¨�«� Ø©^±Xª�©�¨�¯µ��¡-©�¨G¯µ¡�¹TÓj±Xªv¬°¡�Û!¯µ«�¨?±Xª�c«c¹T©¬¯µ��  d£XÉ!®Sß
� ¶1t¸|��q�1²gt¸�`|�����¶8»¼t����r�
à°¯µ��¡�¹°ÛÙ«c¹TÕÝ³h±X¹T¡�ª�©¬¶�¹T±c¹µ©�¡r³°¹T±X¯µ��¡r¹�¯µ��±c¨�ª^±X¨��²�±X�¡r³�«�¹{®«� ¢½�©¬ª�¡�¹�³rÚ�¯T��¡�´?±X¹T¡�¾Ý¡rÓc¡�ª�«c½�¡r¾�©¬¨ ±�c©�Óc¡�¨?½�¹µ«cë
c¹�±X ¢ ¢©�¨�?ª�±c¨�c²�±Xc¡�ß�î�«�¹�©�¨�³O¯�±X¨�®�¡cÚ�¯T��¡ �g¹T±c¨�c¡��¢ª�©�¶�¹T±c¹µ´2��±c³�¶�¡r¡�¨F¾�¡�Óc¡rª¬«�½�¡A¾x¶�´Ô»°¶�¡r¹g¯T�F¡�¯Ø±Xª[ß ±�³
¡r±c¹µª�´3±�³hÃ�����£m Á�® � é

++
��±c³=¶�¡r¡�¨�®���«G³g¡r¨¢Ö�«c¹�©¬¯T³�«c½�¡�¹�±j¯T«c¹z«jÓ�¡�¹Tª¬«G±c¾Ý©�¨�{ÖY±c®©�ª�©l¯O´¢±X¨�¾Ü¯µ��¡hª�©�¶�¹T±c¹µ´3©�³�¯µ��²�³

¡r±�³g´�¯µ«�²�³µ¡%ª�©¬¨�¾�¡�¡r¾nÚ�Ö�«c¹T �²�ª�±�³!©¬¨�Óc«�ª¬Ó�©�¨�!�O¹�±X¨�c¡"�$«c½�¡�¹�±X¨�¾�³°®�±X¨�¶�¡�Û�¹T©l¯µ¯µ¡�¨�¡ !Ý±�®
¯Tª¬´�±c³ÙÖ�«c¹T �²�ª�±�³�Û�©l¯T�
²�³µ²�±Xªg��«�±X¯µ©�¨�XëS½�«�©¬¨G¯-«c½�¡�¹�±X¨�¾�³�ßÜïS¯���±c³×¯T«?¶�¡Ü ¢¡�¨G¯T©¬«�¨�¡r¾2¯µ��±j¯-¯µ��¡ é

++
ª^±X¨��²�±X�¡3��±�³-¡�Ó�«cª�Óc¡A¾ ±X¨�¾

¯µ��¡��g¹T±c¨�c¡��hª¬©�¶�¹�±X¹T´Ø©^³Ù¨�«jÛ&¾Ý©¬ù�®²�ª¬¯!¯µ«¢®«c ¢½�©�ª�¡{¶�¡r®r±X²�³µ¡°©¬¯T³ é
++

©^³=¯T«�«3«�ª�¾¢Ö�«�¹! Ø«G³O¯�®«� ¢½�©¬ª�¡�¹�³rß �!��¡

��� mn�t�



��������� 	
��������������������������������! "�#$ %��&% (')�*� �

�g¹T±c¨�c¡���¯O´G½�¡¢©�³-±c¨Ô±c¹µ¶�©l¯T¹T±c¹µ´�½�¹T¡r®�©�³µ©¬«�¨G��«G±j¯T©¬¨�cë[½�«c©�¨G¯{¯O´�½�¡Ü®«c²�½�ª¬¡A¾ Û�©¬¯µ� ± �O¹�±X¨�c¡"�
Ú�Û���©^®��Ô®�«c¨G¯µ¹T«cª^³
¯µ��¡Ø±�®�®²�¹T±�®´�«XÖ�¯T��¡3¹T¡�½�¹µ¡A³g¡r¨�¯T¡r¾�¨�²� 3¶�¡r¹ �h«�¨�ª�´?¹µ¡rª¬¡rÓK±c¨G¯$¾Ý©�c©¬¯T³$±X¹T¡3³g¯µ«�¹µ¡A¾�Ú�¯µ��¡A³g¡¢¾Ý©�c©¬¯T³{¶�¡r©¬¨�� ¢«c¹T¡
¹T¡�ª�¡�Ój±X¨G¯=¯T��±X¨Ä¯µ��¡$¹�±X¨��¡°Û���©^®��7®r±X¨�¶�¡$³µ¡�¡r¨7±�³�±c¨7±X¶�³g«�ª¬²Ý¯T¡°¡r¹µ¹T«c¹Aß�î�«c¹!©¬¨�³O¯�±X¨�®�¡cÚ�Û���¡�¨�±�®r±X¨�®�¡�ª�ª�±X¯µ©�«c¨
«Ý®�®�²�¹T³rÚ�¯µ��¡-¹µ¡A³g²�ª¬¯���±c³�±¢³µ Ü±Xª�ª�¨G²� �¶�¡�¹h«cÖ ¾Ý©�c©¬¯T³rß

»h¶�¡�¹µ¯µ�D��±c³Ø¾Ý¡rÓc¡�ª�«c½�¡r¾F¨�²� ¢¡�¹T©�®r±Xª�±cª¬�«c¹T©l¯T�� Ü³�²�³g©�¨��¯T��©^³Ø±c²Ý¯µ«� Ü±j¯µ©^®�±c®�®�²�¹�±c®´ ®«�¨G¯µ¹T«cª�±c¨�¾%½�¹µ¡�ë
³µ¡�¨G¯µ¡A¾Ä¯T��¡�  ©¬¨¾ �!®Sß=�!��©^³�¹�±X¨��¡$±c¹µ©¬¯µ�� ¢¡�¯µ©^®-®�±X¨�¶�¡�³g¡r¡�¨?±c³�±ØÖ�«�¹µ 5«XÖ�©¬¨G¯µ¡r¹µÓj±cªn±X¹T©l¯T�� ¢¡¯µ©^®XÚ�±c³�ª�«c¨�Ü±�³
¨�«3ª�±c¹µ�¡�©¬¨G¯µ¡r¹µÓj±cª�³�±X¹T¡h²�³µ¡r¾�ÚÝ³µ©¬¨�®�¡h¯T��¡�´Ü®�±c¨�¨�«c¯=¶�¡$¹T¡�½�¹T¡r³µ¡�¨G¯µ¡A¾¢±c³�¹T±c¨�c¡�«�¶ÝºO¡r®¯T³ ��¯T��¡{¹�±X¨�c¡���±�³�¯T«�¶�¡
³µ ¢±cª¬ª�¡�¹¤�Y©¬¨?±c¶�³g«�ª¬²�¯µ¡×Ój±Xª�²�¡ � ¯µ��±X¨�¯µ��¡�®�«c¹T¹µ¡A³g½�«c¨�¾Ý©¬¨��¨�²� �¶�¡�¹Aß
� |�tx�A����� �7���$}.ÂE²�»¼tx�A�?�q�Ew�� »XÂ8������·T��t±·8|�tx����� �r{�� �r�A��tv|��`�q�8·8�q������²�t.�A���J{�¶Et
�!��¡$«cª^¾Ý¡r³g¯!ª¬©�¶�¹�±X¹T´Ø©� ¢½�ª�¡� ¢¡�¨G¯µ©�¨�¢ �²�ªl¯T©¬½�ª�¡×½�¹T¡r®©^³µ©¬«�¨�©¬¨G¯T¡�¹TÓK±cª�±X¹T©l¯T�� ¢¡¯µ©^®{ ¢±K´¢ÛÙ¡�ª�ª�¶�¡{¯µ��¡$«�¨�¡×¾Ý¡�Ó�¡�ª¬ë
«c½�¡r¾�©�¨?î�«c¹µ¯µ¹�±X¨�¶�´	��«���¡-©¬¨ Ã��cÂcÇ  ÁcÁ�®Sß=ïS¯h©^³�¶�±�³g¡A¾7«�¨Ä¯T��¡�«�¨�¡×��±X¨�¾�«�¨7¯T��¡�»°²�c ¢¡�¨G¯h½�¹T¡�½�¹µ«Ý®¡A³µ³µ«c¹AÚ
Û���©^®���¹T¡�½�ª^±c®�¡r¾Ü±X¹T©¬¯µ�� ¢¡¯T©�®h«c½�¡�¹�±j¯µ«�¹T³�¶G´Ü®r±Xª�ª�³�¯µ«�¯T��¡{±c½�½�¹T«c½�¹T©^±j¯µ¡!Ö�²�¨�®
¯T©¬«�¨�³�ÚÝ±�³�«c½�¡�¹�±j¯T«c¹�«jÓ�¡�¹Tª¬«G±c¾Ý©�¨�
Û!±c³h¨�«X¯$±KÓj±c©¬ª^±X¶�ª�¡cÚ�±X¨�¾?«c¨�¯T��¡3«c¯µ��¡r¹°��±c¨�¾�«�¨G¡Ù¹µ¡r¨�¯�� ³$á?¸&½�±c®�Õj±X�¡-Ö�«c¹$ �²�ª¬¯µ©�½�ª�¡�½�¹T¡r®�©�³µ©�«c¨M��«G±j¯µ©�¨�cë
½�«c©�¨�¯=±c¹µ©¬¯µ�� Ø¡�¯µ©^®L¬ÃAÇ!®Sß`�°«jÛ�¡rÓc¡r¹rÚ"¡Ù¹T¡�¨G¯z��©¬ Ü³µ¡�ª¬Ö�¹µ¡A®«c ¢ ¢¡�¨�¾�³ ¯µ«-²�³µ¡h±× ¢«c¹T¡!¹µ¡A®¡�¨G¯�½�±�®�Õj±Xc¡�¯µ��±X¨Üá?¸��

á�¸ ©^³{¨�«jÛ «c¶�³µ«cª�¡r³T®¡r¨G¯rß�
z¡�¹T´�Ö�¡�Û ®���±X¨��¡r³°¯µ«7¯µ��¡¢®«Ý¾Ý¡Ø«c¹×¾Ý«Ý®²� ¢¡r¨�¯�±j¯T©¬«�¨ ��±KÓ�¡�¶�¡�¡�¨2 Ü±c¾Ý¡¢³g©�¨�®�¡
Ã���Â�Ã�q¬ß�ß¬ß ®!ïu¨-c¡�¨�¡�¹�±Xª[Ú�ÛÙ¡�¹µ¡A®«� Ø ¢¡r¨�¾$¯µ��¡=²�³g¡=«XÖ�±� ¢«c¹T¡z ¢«�¾�¡�¹T¨-½�±c®�Õj±X�¡cÚrÖ�«c¹n¡ !�±X ¢½�ª�¡ � ±KÓ�©^¾�¡!±K´Gª�¡�´ � ³
á?¸�¸?½�±c®�Õj±X�¡ «�¹�á?¸=î�¼ 
��C®
ÖOß �ÝäGäGå>%���� �J���>����
7 �Gæ �>��
�A�gæ����34�ç��
54��/��� �
/��ç�9��â���Ýæ����K� �����Xã�ä�Kå�4�� �jå)4��@O�P@.A� ��ä/7Q� � ß
°B��¶1tv|b�R{�|��$�
�!��¡�¯OÛÙ«2½�±�®�Õj±Xc¡A³�Û���©�®�� Û�©¬ª�ª�¶�¡?©¬¨G¯µ¹T«Ý¾Ý²�®�¡r¾%¨�«jÛ5±X¹T¡7¶�±c³µ¡r¾D¡�©¬¯µ��¡r¹Ü«c¨Dá�¸=î�¼-ÚzÖ�«cª�ª�«jÛ�©¬¨�¾¡Ù¹µ¡r¨G¯ � ³
¹T¡r®«� ¢ Ø¡r¨�¾�±X¯µ©�«c¨ �!¯T��¡3á?¸�î�ï{½�±c®�Õj±cc¡cÚ�«c¹{«c¨?¯T��¡m��«�±X¯µ©�¨�XëS½�«�©¬¨G¯{¯O´G½�¡Ø«XÖz¯µ��¡¢¥×á?¸ ½�±c®�Õj±cc¡:d£!® ��¯µ��¡
¥×á?¸zëSì$í é ½�±c®�Õj±X�¡cß á�¸=î ïØ©^³�½�¹µ¡A³g¡r¨�¯T¡r¾DÞ�¹�³O¯�¶�¡r®r±X²�³µ¡?©¬¯7®«�¨�¯�±X©�¨�³Ü ¢«c¹T¡ 

¶�±c³µ©�®)
�Ö�²�¨�®
¯T©¬«�¨�±Xª�©l¯T©¬¡A³�Ú
Û���¡r¹µ¡A±c³�¥×á?¸zëSì$í é ½�¹T«jÓ�©�¾�¡r³Ù ¢«c¹T¡{¡rª�±c¶�«�¹T±X¯µ¡r¾Ä¯µ��©¬¨�G³�³g²�®���±�³�³g½�¡r®�©�±cª�Ö�²�¨�®¯µ©�«c¨�³rß

¯�p§º �7���C�
ïu¨ «c¹�¾Ý¡�¹Ø¯µ«Ô©� Ø½�ª¬¡r Ø¡r¨G¯Ä±X¨D±c¹µ¶�©l¯T¹T±c¹µ´ ½�¹T¡r®�©�³µ©¬«�¨F©�¨G¯µ¡�¹TÓj±Xª�±X¹T©¬¯µ�� ¢¡¯T©�®cÚ�±Ô �²�ªl¯T©¬½�ª�¡�½�¹T¡r®©^³µ©¬«�¨±��«G±j¯µ©�¨�cë
½�«c©�¨�¯�ª�©�¶�¹T±c¹µ´ ÛÙ±�³×¨�¡�¡A¾Ý¡r¾�ß�á?¸=î�¼ ����������� 	
� �C������*���������������  ����¦� '5g 	��"�¦��� 	E������ %¥����  ����¦�XW�¢µ�*����� ����¥��� ���¨ �Û!±c³�®���«�³µ¡�¨3¶�¡A®�±c²�³g¡Ù©¬¯�©�³z±{ª¬©�¶�¹�±X¹T´×Ö�«c¹z±X¹T¶�©¬¯µ¹�±X¹T´×½�¹µ¡A®©^³g©�«c¨£��«�±X¯µ©�¨�XëS½�«c©�¨�¯z±X¹T©¬¯µ�� ¢¡¯T©�®�¯T��±j¯z©^³z®«c ¢½�ª�©^±X¨G¯
Û�©¬¯µ�?¯T��¡�ï $ $ $zë���jÁ�³O¯�±X¨�¾�±c¹T¾¾�ÃrÂ�®�±c¨�¾�¡�Ó�¡�¨� ¢«c¹T¡cß�ïS¯$½�¹T«jÓG©^¾Ý¡A³h¡�!�±�®
¯°«�²Ý¯OÛÙ±c¹T¾�¹T«c²�¨�¾Ý©¬¨�ÜÖY±c®�©¬ª�©l¯O´�Ö�«�¹
¯µ��¡×±c¹µ©¬¯µ�� Ø¡�¯µ©^®×±X¨�¾�±Xª�c¡r¶�¹T±c©�®°«c½�¡�¹�±j¯T©¬«�¨�³�ÚGÖ�«�¹h®«c¨�Ó�¡�¹�³g©�«c¨�³=¶�¡�¯OÛ�¡r¡�¨�¾Ý©¬ð�¡r¹µ¡r¨�¯h¾�±X¯T±3¯O´�½�¡A³�±X¨�¾�±Xª^³µ«�Ö�«�¹
¯µ��¡�³O¯�±X¨�¾�±c¹T¾�Ö�²�¨�®¯µ©�«c¨�³rßÜî�²�¹µ¯µ��¡r¹µ ¢«�¹µ¡�Ú�©l¯�©^³×½�«�¹g¯�±X¶�ª�¡¢±X¨�¾2¡ù�®©�¡�¨G¯��×á�¸=î�¼ ©�³×¶�±�³g¡A¾�«�¨ ¥×á?¸¿±c¨�¾
¡ù�®�©¬¡r¨�®´?©^³×±� ¢«X¯µ¯µ«7Ö�«c¹$©l¯�³-¾Ý¡�Ó�¡�ª�«c½�¡�¹�³�Ú�±X¨�¾�¯µ��¡¢³µ«c²�¹�®¡Ø®«Ý¾Ý¡Ø©�³$±KÓj±X©�ª�±c¶�ª¬¡�ß-á?¸=î�¼ ©^³×¾Ý¡�Ó�¡�ª�«c½�¡r¾?¶�´
¯µ��¡�í�½�±c®�¡r³Ù¯T¡r±X �ÚÝï�¬{¼�ïO»�Ú�î�¹�±X¨�®�¡;�ÃrÈ�®[ß

�!��¡×á?¸=î ïÙª¬©�¶�¹�±X¹T´Ü©¬ ¢½�ª�¡� ¢¡�¨G¯�³!©¬¨G¯µ¡r¹µÓj±cª�±c¹µ©¬¯µ�� Ø¡�¯µ©^®$«c¨7¯µ«c½�«XÖ á?¸=î�¼-ß�á?¸�î�ï!³g¯T±X¨�¾�³ÙÖ�«c¹T��������� 	
�������������������������  ����¦� '5g 	����¦���$���#� ������ ��� ����¦�XW�¢µ���§��� ����¥��� ���¨�Ú�©¬¯�©^³-±7½�«c¹µ¯T±c¶�ª�¡3ª�©¬¶�¹T±c¹µ´?Û�¹T©l¯µ¯µ¡r¨Ô©�¨ é ±c¨�¾ ©¬¯T³
³µ«c²�¹�®¡×®«Ý¾Ý¡�±c¨�¾7¾�«�®�²� ¢¡�¨G¯T±X¯µ©�«c¨�®�±c¨7¶�¡×Ö�¹µ¡r¡�ª�´7¾Ý«jÛ�¨�ª¬«G±c¾Ý¡A¾G ÈcÉ!®Sß

ïu¨G¯µ¡r¹µÓj±Xª^³ ±X¹T¡=©� Ø½�ª¬¡r Ø¡r¨G¯µ¡r¾3²�³µ©¬¨�°¯T��¡�©�¹�¡�¨�¾Ý½�«c©�¨G¯T³rÚjÛ���©^®��3±X¹T¡!á?¸=î�¼±��«�±j¯T©¬¨�XëS½�«�©¬¨G¯�¨�²� 3¶�¡r¹T³rß��!��¡
³µ½�¡A®©¬Þ�®�±X¯µ©�«c¨�³!²�³µ¡r¾ÄÖ�«c¹!¯T��¡-©� Ø½�ª¬¡r Ø¡r¨G¯T±j¯T©¬«�¨?±X¹T¡{¶�±�³g¡A¾Ä«�¨�¯µ��¡-ï $ $ $zë���jÁÜ³g¯T±X¨�¾�±X¹�¾��

� ±X¨�©¬¨G¯µ¡r¹µÓj±cª�©�³�±¢®«�¨�¨�¡A®
¯µ¡A¾�®ª�«�³µ¡r¾�³g²�¶�³g¡�¯!«cÖ
R
ª

� ©lÖ
op
©^³ ±X¨

n
ëu±X¹T´{«�½�¡r¹T±X¯µ©�«c¨�±c¨�¾

x1, . . . ,xn

±c¹µ¡�©�¨G¯µ¡r¹µÓj±Xª^³rÚr¯T��¡=¹T¡r³µ²�ª¬¯�«cÖ
op(x1, . . . , xn)

ÚK¯T��¡�«�½�¡r¹T±Xë
¯µ©�«c¨

op
½�¡�¹µÖ�«c¹T ¢¡r¾�Û�©l¯T�Ø©�¨G¯µ¡r¹µÓj±Xª�±c¹µ�²� ¢¡�¨G¯T³rÚj©^³z±X¨¢©¬¨G¯T¡�¹TÓK±cªÝ³g²�®��3¯µ��±j¯ � {op(x1, . . . , xn), xi ∈ xi}

⊂ op(x1, . . . ,xn)
ª

� ©¬¨¢®�±�³g¡
op(x1, . . . , xn)

©�³ ¨�«c¯�¾Ý¡Þ�¨�¡r¾�Új¯T��¡�¨Ü±f=�æ5=:� �r¬°«X¯z±L¬h²� 3¶�¡r¹��
ÚXÛ���©^®��3³g¯T±c¨�¾�³ Ö�«c¹z±c¨�©�¨GÓj±cª¬©^¾
«c½�¡�¹�±j¯µ©�«c¨ � ©^³��¡�¨�¡r¹T±X¯µ¡A¾�Úh��«¦�(«�¯µ��¡$©�¨�¯T¡�¹�³g¡A®
¯T©¬«�¨ÄÛ�©¬¯µ��¯T��¡-¾Ý«c Ü±c©¬¨7«XÖ op

©�³!¨�«c¯�¯�±XÕ�¡�¨Ä½�¹µ©�«c¹�¯µ«3¯µ��¡
«c½�¡�¹�±j¯µ©�«c¨xª

m�m6I"Ä Q*Å
Q!N



ÃrÇ �J«������¦¢m¢µ�������C«v$�*���� ������m«
	E���!�"�

� ¡r±c®���¡r¨�¾Ý½�«c©�¨�¯×®�±c¹µ¹T©¬¡A³�©¬¯T³h«jÛ�¨?½�¹µ¡A®©^³g©�«c¨B�Y³µ¡¯×±j¯°©�¨�©¬¯µ©^±Xª�©��A±j¯T©¬«�¨?«c¹° ¢«Ý¾Ý©¬Þ�¡r¾ ¾Ý²�¹T©¬¨��¯µ��¡Ø®«c ¢½�²�ë
¯T±j¯T©¬«�¨�³ � ß

�!��¡×±X¹T©l¯T�� ¢¡¯T©�®{«c½�¡�¹�±j¯T©¬«�¨�³�±c¹µ¡{©¬ ¢½�ª�¡� ¢¡r¨�¯T¡r¾�±X¨�¾7±Xª�ª�Ö�²�¨�®
¯T©¬«�¨�³!½�¹T«jÓ�©�¾Ý¡A¾Ü¶�´�á?¸=î�¼ ±X¹T¡{©�¨�®ª�²�¾Ý¡A¾
±c³!ÛÙ¡�ª�ªg�t¯T¹µ©�c«�¨�«c ¢¡�¯µ¹T©�®$±X¨�¾7��´�½�¡r¹µ¶�«cª�©�®{¯T¹µ©�c«�¨�«c ¢¡¯T¹µ©^®�Ö�²�¨�®
¯T©¬«�¨�³h±X¨�¾�¯T��¡�©�¹�©¬¨�Ó�¡�¹�³g¡A³ � ß é «�¨�Óc¡�¹�³µ©¬«�¨�³z¯T«±X¨�¾¢Ö�¹µ«�  ²�³g²�±Xª�±X¨�¾Ä¥×á�¸D¾�±X¯T±-¯O´�½�¡r³Ù±X¹T¡°±KÓj±X©�ª�±c¶�ª�¡°±c³=Û�¡rª¬ª�±c³�¹µ²�¾Ý©¬ ¢¡r¨�¯�±X¹T´3©�¨�½�²�¯ ê «�²Ý¯µ½�²Ý¯�Ö�²�¨�®
¯T©¬«�¨�³�ß
�!��¡$®«Ý¾Ý¡°©^³ÙÛ�¹µ©¬¯g¯T¡�¨Ä±�®�®�«c¹�¾Ý©¬¨�-¯µ«¢¥×á?¸D³g¯T±c¨�¾�±X¹�¾�³8�tÖ�²�¨�®¯µ©�«c¨�³!±c¨�¾�±X¹Tc²� Ø¡r¨G¯T³�¨�±X ¢¡r³rÚ� ¢¡r Ø«�¹µ´¢ Ü±X¨�ë
±X�¡� ¢¡�¨G¯ � ß

�!��¡Ùª�±c¹µ�¡r³g¯ ±�®���©¬¡rÓj±X¶�ª�¡�®�«c ¢½�²Ý¯T©¬¨�×½�¹T¡r®�©�³µ©�«c¨�©^³�¾Ý¡¯T¡�¹T Ø©�¨�¡A¾�¶�´�á?¸=î�¼ ±X¨�¾3¾Ý¡�½�¡�¨�¾�³�©¬¨Ø½�¹�±c®¯µ©^®¡=«�¨
¯µ��¡×®�«c ¢½�²Ý¯T¡�¹! ¢¡� ¢«c¹T´cß��!��¡×«c¨�ª¬´Ø¯µ��¡�«c¹T¡¯T©�®r±Xª�ª�©¬ ¢©¬¯T±j¯T©¬«�¨Ä©^³Ù¯µ��±X¯�¯T��¡×¡�!Ý½�«c¨�¡r¨�¯! �²�³O¯ÙÞ�¯�©¬¨�±3 ¢±�®���©�¨�¡
©�¨�¯T¡��¡�¹Aß�ïS¯h³µ²Ýù�®¡r³�¯T«Ø³T±K´Ø¯µ��±X¯Ù©¬¯Ù©^³Ù½�«G³µ³µ©�¶�ª¬¡{¯µ«¢®«� ¢½�²Ý¯µ¡$Û�©¬¯µ��¨G²� �¶�¡�¹�³�«cÖ�³µ¡�Óc¡r¹T±cª� ¢©�ª¬ª�©¬«�¨�³Ù«XÖ�¶�©¬¨�±c¹µ´
¾Ý©�c©¬¯T³{©lÖ�¨�¡�¡A¾Ý¡r¾�ß-�!��¡¢®«� ¢½�²Ý¯µ©�¨�7½�¹µ¡A®©^³g©�«c¨ ©�³$¾Ý´�¨�±X ¢©^®�±cª¬ª�´?±c¾KºO²�³g¯T±c¶�ª�¡�©�¨ ¹T¡r³µ½�«�¨�³g¡�¯µ«Ä¯µ��¡¢±c®r®²�¹�±c®�´
¨�¡r¡r¾Ý¡A¾�ß

¯�p�� �(�7��� � �EÀ
¥×á?¸zëSì$í é Û!±c³Ø©�¨�¯T¡�¨�¾�¡r¾ ±c³¢±2ÖY±c³g¯Ü �²�ª¬¯µ©�½�ª�¡?½�¹µ¡A®©^³g©�«c¨D½�±c®�Õj±cc¡�¯T��±j¯� ¢©�c�G¯�³g²�½�½�ª�¡� ¢¡�¨G¯¢¯µ��¡?ÛÙ¡�ª�ª¬ë
Õ�¨�«jÛ�¨�½�±�®�Õj±Xc¡ é ë[ì×í é ß��!��¡3¨�±c ¢¡�©�¨�¾Ý©^®�±j¯T¡r³{¯µ��±j¯×©l¯×©�³$±Xª^³µ«�¶�±c³µ¡r¾ «c¨?¯T��¡Ü¥L¬ �; �²�ª¬¯µ©�½�ª�¡3½�¹T¡r®�©�³µ©�«c¨
³µ²�¶�¹T«c²Ý¯T©¬¨�¡A³�ß$�!��¡Ø¨�¡�¡A¾�Ö�«c¹-¥×á?¸zëSì$í é ®�±X ¢¡�Ö�¹µ«�  »°½�½�ª�©�®r±j¯T©¬«�¨�Á�ß ��¾Ý¡A³µ®�¹µ©�¶�¡r¾?¶�¡�ª�«jÛ-ß{�!��¡Ø½�¹T«c¶�ª�¡� 
Û!±c³3¯µ«Ô¡�Ój±Xª�²�±X¯µ¡?±X¨D©¬¨G¯µ¡rc¹�±XªÙ«jÓc¡r¹�¯T��¡�¹µ¡A±Xª!��±Xª¬Ö$± !Ý©�³rßF�!��¡�©�¨�¯T¡��¹T±c¨�¾%©^³Ø«�³T®©�ª¬ª^±j¯T«c¹T´ ±c¨�¾F¯µ��²�³rÚ�¯µ��¡
®�±c¨�®¡rª¬ª^±j¯T©¬«�¨�³Ø±X¹T¡Ä��²�c¡�ßF�!��©^³¢®�±Xª�ª^³�Ö�«�¹Ü± ��©�c�D½�¹T¡r®©^³µ©¬«�¨F±X¹T©l¯T�� ¢¡¯T©�®cßFî�²�¹µ¯µ��¡�¹T Ø«�¹µ¡�Úz¯µ��¡7©�¨G¯µ¡��¹T±c¨�¾
®«�¨G¯T±X©�¨�³-³µ½�¡A®©^±Xª�Ö�²�¨�®
¯µ©�«c¨�³�ß7à{¨�¡Ü«cÖ=¯T��¡�  ±c³×ÛÙ¡�ª�ª�±c³×¡rª¬¡r Ø¡r¨G¯T±X¹T´?Ö�²�¨�®
¯µ©�«c¨�³×��±c¾2¯µ«�¶�¡�¡�Ój±cª¬²�±X¯µ¡A¾ ©�¨
¯µ��¡×®�«c ¢½�ª�¡�!�½�ª^±X¨�¡cßzî ©¬¨�±cª¬ª�´cÚÝ��²��¡{��©¬��7«�¹T¾Ý¡r¹Ù¾�¡�¹T©¬Ój±j¯T©¬Ó�¡r³���±c¾Ä¯µ«Ø¶�¡$¡A³O¯T©¬ Ü±X¯µ¡r¾7«c¨7©¬¨G¯T¡�¹TÓK±cª�³Ù¶�´Ü²�³µ©¬¨�
©�¨�¯T¡�¹TÓj±Xª�±X¹T©l¯T�� ¢¡¯µ©^®Xßzá?²�ªl¯T©¬½�ª�¡×½�¹T¡r®©^³µ©¬«�¨�©�³Ù¨�«c¯Ù¨�¡r®¡A³µ³T±X¹T´Ø¶�²Ý¯!Û�¡$¨�¡�¡A¾Ä±c¨Ä±X¹T©l¯T�� ¢¡¯T©�®°¯µ��±X¯!¾�¡r±Xª^³ÙÛ�©l¯T�
ª^±X¹Tc¡$¡�!Ý½�«�¨�¡�¨G¯�³�ß

¥×á?¸zëSì$í é ®�«c¨G¯T±c©¬¨�³�±Xª�ª�Ö�¡r±X¯µ²�¹T¡r³Ü¯µ��±X¯7±X¹T¡?¨�¡r®�¡r³T³µ±c¹µ´ ¯T«F³µ«cª�Óc¡�¯µ��¡ ½�¹µ«�¶�ª�¡�  ¯µ��±X¯�ÛÙ±�³×ºO²�³g¯7¾Ý¡ë
³T®¹T©¬¶�¡r¾�¶�¹T©¬¡���´�±X¨�¾7¯µ��±j¯°Û�©�ª¬ª�¶�¡3¾Ý¡r³T®¹T©¬¶�¡r¾�©�¨? ¢«c¹T¡�¾Ý¡¯�±X©�ª�³�¶�¡�ª�«jÛ-ßÙïS¯°��±c³°³g«� Ø¡-¡ !�¯µ¹�±�Ö�²�¨�®
¯T©¬«�¨�³°±c¨�¾
©¬¯T³°®�«c ¢½�ª�¡¯T©¬«�¨�Û�©�ª�ªnc«Ü«�¨nß�¥×á?¸zëSì$í é ©�³�¡A³µ³µ¡�¨G¯T©�±cª¬ª�´Ä± é$¹�¹ ëSÛ�¹T±c½�½�¡r¹ÙÖ�«c¹�¯T��¡ é ëS½�¹µ«�c¹�±X 5¥×á?¸�ëuí é ß
�!��©^³Ø¥×á�¸zëuí é ¾Ý«�¡r³�¯µ��¡7 ¢±c©¬¨FÛ�«�¹µÕ�ß?ïS¯Ø®�«c¨G¯T±c©¬¨�³3¥×á?¸zëSª�©¬Õ�¡Ä¹T«c²Ý¯T©¬¨�¡A³�©�¨�®ª�²�¾Ý©�¨�Ô±X¹T©l¯T�� ¢¡¯µ©^®�«�½�¡r¹T±Xë
¯µ©�«c¨�³�Ú  ¢«�³g¯�¡�ª�¡� ¢¡�¨G¯T±c¹µ´�Ö�²�¨�®
¯T©¬«�¨�³�±c¨�¾ ³g«� Ø¡�³µ½�¡r®©^±Xª�Ö�²�¨�®
¯T©¬«�¨�³×Ö�«�¹���«�±X¯µ©�¨�XëS½�«c©�¨�¯-¨�²� 3¶�¡r¹T³:� 7�å����cä�Ú
¯µ��¡3«�¹µ©�c©�¨�±Xª ¥×á?¸ ¾�±X¯T±�¯O´G½�¡ � Ú�®«c ¢½�ª�¡�!?¨�²� 3¶�¡r¹T³m� 7�å����cä � Ú�©�¨�¯T¡�¹TÓj±Xª^³£� 7�å�â��cä � Ú�¹T¡r®¯T±X¨�c²�ª^±X¹$®«c ¢½�ª�¡�!©�¨�¯T¡�¹TÓj±Xª^³m� 7�å��Ýâ��cä � Ú��Oª^±X¹Tc¡�¾�«c²�¶�ª�¡r³�� � �Gæ����������Ú�Û���©�®��2©�³×±�³O¯T¹µ²�®
¯µ²�¹µ¡Ø®«c¨�³g©^³O¯T©¬¨�Ä«XÖ!±Ä¾Ý«�²�¶�ª�¡Ø±c¨�¾ ±c¨©�¨�¯T¡��¡�¹× ¢¡r±X¨�©¬¨�7¯µ��¡3¡ !�½�«c¨�¡�¨G¯ � ±X¨�¾ �gª�±c¹µ�¡�©�¨�¯T¡�¹TÓj±Xª^³ � �3��æ���������â�Ú�Û���©^®��2©^³×±X¨Ô©¬¨G¯µ¡r¹µÓj±cª�¶�¡¯OÛÙ¡�¡r¨ ¯OÛÙ«�Gæ����������ëS³ � ß

î�«�¹h¹T¡r±Xª�©¬¨G¯T¡�¹TÓK±cª�³rÚ�¡�ß �ß¬Ú�ÛÙ¡�¨�«jÛ¿¾Ý©^³µ®�²�³µ³h¯µ��¡Ø±KÓj±X©�ª�±c¶�ª¬¡×Ö�²�¨�®
¯T©¬«�¨�³�ß{»h¹T©l¯T�� ¢¡¯µ©^®�«�½�¡r¹T±X¯µ©�«c¨�³rÚ�³T·G²�±X¹T¡
¹T«G«c¯T³rÚj³µ·G²�±c¹µ¡A³�ÚK¡�!Ý½�«c¨�¡r¨G¯µ©^±Xª�Ö�²�¨�®
¯T©¬«�¨nÚXª�«cG±X¹T©l¯T�� �ÚX³g©�¨�¡cÚX®�«�³µ©¬¨�¡�±X¨�¾�±X¹�®z¯�±X¨��¡�¨G¯ ±c¹µ¡�©¬¨�®«c¹T½�«c¹�±j¯µ¡A¾�ß�î�²�¹gë
¯µ��¡�¹T Ø«�¹µ¡�ÚÝ¯µ��¡�¹T¡�±X¹T¡-½�¹µ«Ý®�¡r¾Ý²�¹T¡r³K7�å�â�����â ��
Ø±X¨�¾�7�å�â����Ýâ ��
���ßz�!��¡r´�®�«c ¢½�²Ý¯T¡�³g©�¨�¡�±c¨�¾�®«G³g©�¨�¡:��«�¹�¯µ��¡
®«�¹µ¹T¡r³µ½�«c¨�¾Ý©�¨����´�½�¡r¹µ¶�«cª�©�®ØÖ�²�¨�®
¯T©¬«�¨�³ � ³g©� �²�ª¬¯T±c¨�¡�«�²�³µª¬´�ß��!��¡Ä¹µ¡A±c³µ«c¨Ô©�³×¯T��±j¯�¯µ��¡r´Ô±c¹µ¡Ü«cÖt¯µ¡�¨x¹T¡r·G²�©�¹T¡r¾
¯µ«�c¡�¯µ��¡r¹rß à{¨�¡7¡ !Ý±c ¢½�ª¬¡�©^³Ø±c²Ý¯µ«� Ü±j¯µ©^®7c¡�¨�¡�¹�±j¯µ©�«c¨F«XÖ$¾�¡�¹T©¬Ój±j¯T©¬Ó�¡r³3«XÖ

sin f(x)
�Y«c¹

cos f(x) � ©¬Ö°¯T��¡r³µ¡¾Ý¡r¹µ©�Ój±j¯µ©�Óc¡A³h±X¹T¡-Õ�¨�«jÛ�¨�Ö�«c¹
f
ß Ò ¡��¡¯{±c¨�±X¹T¶�©l¯T¹T±c¹µ´Ä¨G²� �¶�¡�¹°«cÖ�¾Ý¡�¹T©¬Ój±X¯µ©�Óc¡r³hÛ�©l¯T�?«c¨�ª�´�±c¹µ©¬¯µ�� Ø¡�¯µ©^®-«c½�ë

¡�¹�±j¯T©¬«�¨�³Ù©lÖ�ÛÙ¡$Õ�¨�«jÛ
sin f(x)

±c¨�¾
cos f(x)

ß�î�«c¹h¾�¡¯T±c©¬ª^³!«c¨7¯µ��©�³�±c²Ý¯µ«� ¢±X¯µ©^®×¾Ý©lð�¡�¹T¡�¨G¯T©�±X¯µ©�«c¨7¯µ¡r®���¨�©�·G²�¡�Ú
³µ¡�¡$¯µ��¡-¶�«�«cÕ�«cÖ�¼°±Xª�ªq ÈcÁ"®Sß�á?«c¹T¡�«jÓ�¡�¹AÚ�Û�©¬¯µ��«c²�¹Ù ¢¡�¯µ��«Ý¾�Ú�Û�¡×«c¶�¯T±X©�¨7¯µ��¡�®�«�³µ©¬¨�¡-±cª¬ ¢«�³g¯�Û�©l¯T��«c²�¯h¡�!�¯µ¹�±
®«G³O¯×©¬Ö�ÛÙ¡Ø��±KÓc¡�¯T��¡Ü³g©�¨�¡�ß3�!��¡¢ ¢¡¯T��«Ý¾ «cÖÙ®«� ¢½�²Ý¯µ©�¨��¯µ��¡¢³µ©�¨�¡Ø®�«c¨�³µ©^³O¯�³{«cÖÙ±c¹µ�²� ¢¡�¨G¯{¹T¡r¾Ý²�®
¯µ©�«c¨�³{¶�´
¯µ��¡ÄÖY±�®
¯µ«�¹

1/2
©�¨F¡A±c®��F³g¯µ¡r½nß Ò ¡7¯T��¡�¹T¡Ö�«�¹µ¡�®«� Ø½�²Ý¯µ¡

sin(x/2)
±X¨�¾

cos(x/2)
ßF�!��©^³�¹T¡r±�¾Ý©¬ª�´ ´�©¬¡rª�¾�³

cosx
ßhí�½�¡r®�©�±cªnÖ�²�¨�®¯µ©�«c¨�³°¯µ��±j¯°ÛÙ¡�¹T¡-¨�¡�¡A¾Ý¡r¾�Ö�«�¹�¯µ��¡3±X¶�«jÓc¡�ë[ ¢¡r¨�¯T©¬«�¨�¡r¾7½�¹T«XºO¡A®
¯°±X¹T¡�±Xª^³µ«Ü©¬ ¢½�ª�¡� ¢¡�¨G¯T¡r¾�ß

�!��©^³Ù©¬¨�®�ª¬²�¾Ý¡r³�¯µ��¡×¥×±c Ø Ü±�Ö�²�¨�®
¯T©¬«�¨nÚ�¯µ��¡×®�«c ¢½�ª�¡� ¢¡�¨G¯�±X¹T´3¡r¹µ¹T«c¹=Ö�²�¨�®
¯T©¬«�¨7±c¨�¾ �°¡�¹T Ø©¬¯µ¡{Ö�²�¨�®¯µ©�«c¨�³L�C³g¡r¡
»h¶�¹T±c Ø«jÛ�©¬¯ �-±c¨�¾�í�¯µ¡��²�¨¾ É�®�«c¹���¡�¶�¡r¾Ý¡rÓG È�Ç!® � ß

¬h«jÛ-Ú�ÛÙ¡Ü³gÕ�¡¯�®�� ��«jÛ ¯µ��¡Ü³µ½�¡A®©^±Xª�Ö�²�¨�®¯µ©�«c¨�³-±c¹µ¡¢®«� ¢½�²Ý¯µ¡A¾�ßÜ�!��¡�¥×±X ¢ Ü±�Ö�²�¨�®
¯T©¬«�¨Ô©^³-®«� ¢½�²Ý¯µ¡A¾
¶�´�½�¹T«Ý¾Ý²�®©�¨�Ü±Øª�±c¹µ�¡$±c¹µ�²� ¢¡�¨G¯�Ó�©�±

Γ(x) =
Γ(x + n)

x(x + 1) · · · (x + n − 1)
.

�OÃ �

��� mn�t�
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�!��¡r¨nÚ�ÛÙ¡×±c½�½�ª�´7íG¯T©¬¹Tª¬©�¨� � ³ÙÖ�«�¹µ 3²�ª�±

ln Γ(z) ∼ (z − 1

2
) ln z − z +

1

2
ln(2π) +

∞∑

ν=1

B2n

2n(2n− 1)z2n−1
.

�C£ �
î�«�¹

z > 0
Ú�¯µ��¡×¯T¹µ²�¡-Ój±cª¬²�¡×©^³!¡�¨�®�ª¬«G³g¡A¾Ä¶�´Ä¯OÛ�«¢®«�¨�³g¡A®²Ý¯T©¬Ó�¡×½�±X¹µ¯µ©^±Xªn³µ²� Ü³�ß

B′
s(x) = Bs−1(x),

∫ 1

0

Bs(x) dx = 0, B0(x) = 1.

�!��¡×Ö�«�¹µ Ü±Xª�±�³g´� ¢½Ý¯µ«c¯µ©^®$¡�!Ý½�±X¨�³g©�«c¨�©�³!¨�«X¯°®«�¨�Óc¡�¹Tc¡r¨G¯rÚ�³g©�¨�®¡

B2s = 2(−1)s+1 (2s)!

(2π)2s
(1 + θn)

Û�©¬¯µ�
2−2s < θn < (22s−1 − 1)−1.
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±c®r®²�¹�±c®�´ � ß

� ±j¯T±¢��´�½�¡ ê á�±X¯µ¹T© !�íÝ©��r¡ Ã � � ©¬�©l¯�³ �cÇ � ©¬�©l¯�³ �XÁ�Ç � ©�c©¬¯T³
á�±c½�ª¬¡T��«G±j¯
ÃrÇ × ÃrÇ Ç�ß ÇcÂ Ç�ßd£ÝÃ Ç�ß �XÂ
£XÇ × £XÇ Ç�ß ÂcÉ Ãcß Â � É�ß Â�É
ÈcÇ × ÈcÇ £Ýß � � �Ýß � � £ �Ýß �XÁ
©�¨�¯T½�±XÕ�ì¿©�¨G¯µ¡�¹TÓj±Xª
ÃrÇ × ÃrÇ £Ýß É � £Ýß �jÂ É�ß �c£
£XÇ × £XÇ £XÇ�ß¬ÃAÉ £XÈ�ß È�Â É�È�ß � �
ÈcÇ × ÈcÇ �X£�ß ÁGÉ Â�Ã�ß ÂcÁ £cÈ �Ýß £cÂ

�!��¡�¹�±j¯T©¬«Ü¶�¡¯OÛÙ¡�¡r¨�©�¨�¯T¡�¹TÓj±Xª�®�«c ¢½�²Ý¯�±j¯T©¬«�¨�³h±X¨�¾�¯µ��¡r©¬¹E��«�±X¯µ©�¨�XëS½�«c©�¨�¯°®�«c²�¨G¯T¡�¹T½�±X¹µ¯T³�©^³h�©¬Ó�¡�¨?©�¨?¯µ��¡
Ö�«cª�ª�«jÛ�©¬¨�3¯T±c¶�ª�¡ �

á ±j¯µ¹T©�!�í�© ��¡ Ã � � ©�c©¬¯T³ �cÇ � ©�c©¬¯T³ �jÁGÇ � ©�c©¬¯T³
ÃAÇ × ÃAÇ È�È ÃrÈ Â�ß É
£cÇ × £cÇ £cÈ ÃrÈ ��ß È
È�Ç × È�Ç £cÂ Ã�Á ��ß�Ã

ïS¯�®�±c¨x¶�¡7³g¡r¡�¨Ô¯µ��±X¯�¯µ��¡�¹T±X¯µ©�«�³$Ö�«�¹-¯µ��¡7¾Ý©lð�¡�¹T¡�¨G¯�¨�²� 3¶�¡r¹T³�«XÖ�¾Ý©¬�©l¯�³�³g¯T±K´2©¬¨Ô¯µ��¡Ä³µ±c ¢¡Ü¹T±c¨�c¡¢Ö�«�¹
c¹T«jÛ�©�¨�� Ü±j¯T¹µ©�!7³µ©��r¡r³!Û���©�ª�¡�¾Ý¡r®�¹µ¡A±c³µ©¬¨�ØÛ�©¬¯µ��c¹T«jÛ�©¬¨�3¨�²� 3¶�¡r¹T³!«cÖ ¾Ý©�c©¬¯T³rß

��� mn�t�
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( ÏÝÍrÎ���� ��� )�Í(��� )§�YÐ�ÏÝÍ(� ÷ � Ì���� õ���� � �

í�© ��¡ ©� ¢±X¯µ¹T© ! ª���©¬ Ü±j¯T¹µ©�!J�C£Ø¹T¡r±cª�³ � ª���©¬ Ü±j¯T¹µ©�!?�CÉ3¹T¡r±cª�³ �£XÇ !�£cÇ Ç�ß Ç � Ç�ß�Ã � Ç�ß ÉcÂ
ÃrÇ�Ç !�ÃrÇ�Ç ��ß ��£ ÃrÉ�ß¬ÃAÂ ÂcÈ�ß¬Ã��
£XÇ�ÇXì$£cÇcÇ ÉcÈ�ß �XÇ ÃrÈG£Ýß ÈcÂ ÉcÉ�È�ß Ç �

( ÏÝÍrÎ���� ��� )�Í(��� )§�YÐ�ÏÝÍ(� ÷ � Ì���� (
	$õ���� � �

í�© ��¡ Ã � ÈcÇ �cÇ �XÁ�Ç � ©�c©¬¯T³
£XÇ !�£XÇ Ç�ß Ç � Ç�ß Ç�� Ç�ß Ç�� Ç�ß Ç	�
ÃrÇ�Ç !�ÃrÇ�Ç Â�ß¬Ã�� ��ß Ç�� ��ß Á�Ã ÃK£Ýß ÂcÈ
£XÇ�ÇXì×£XÇcÇ � ��ß�ÃrÇ Â�Ã�ß É�Ç ÂcÉ�ßd£XÇ ÃK£ÝÃ�ß £cÂ

( ÏÝÍrÎ���� ��� )�Í(��� )§�YÐ�ÏÝÍ(� ÷ � � (
	 � � �
�!©¬ ¢¡r³Ù²�³µ©�¨�3á?¸�î ¼ ±X¹T¡°¨�«X¯!¹µ¡r½�«�¹g¯T¡r¾Ü��¡r¹µ¡�ß�¸�¹µ¡rÓ�©¬«�²�³=¡ !Ý½�¡r¹µ©� ¢¡�¨G¯T³8 È �(®n¹T¡�½�«c¹µ¯Ù±X¨Ä«jÓc¡�¹T��¡A±c¾ØÖY±c®¯µ«�¹

¶�¡¯OÛÙ¡�¡�¨?£¢±X¨�¾ÄÁØÖ�«c¹� Ü±X¯µ¹T© !Ä«�½�¡r¹T±X¯µ©�«c¨�³rß
í�© ��¡ Ã � ÈcÇ �cÇ �XÁ�Ç � ©�c©¬¯T³
£XÇ !�£XÇ Ç�ß Ç�Ã Ç�ß Ç�Ã Ç�ß Ç�£ Ç�ß Ç�È
ÃrÇ�Ç !�ÃrÇ�Ç Ã�ß Â	� £Ýß�ÃrÉ È�ß ÂcÂ ��ß �ÝÃ
£XÇ�ÇXì×£XÇcÇ Ã �Ýß �jÂ ÃrÂ�ß ��� £XÈ�ß ��� Á ��ß � �

¥×á?¸zëSì$í é ©^³Ù³µª�©¬���¯Tª¬´�³µª�«jÛ�¡r¹�¯µ��±X¨7á�¸=î ï=¶�¡r®�±c²�³µ¡°¯T��¡$Ö�«�®�²�³ÙÛÙ±�³Ù Ø«�¹µ¡{«c¨�³g½�¡r®�©�±cª�Ö�²�¨�®
¯T©¬«�¨�³!Û�©l¯T�
¹T¡r±Xª�«c¹=®�«c ¢½�ª�¡�!�±X¹Tc²� Ø¡r¨G¯z¯µ��±c¨�«c¨�³µ«c½���©�³g¯µ©^®�±X¯µ¡r¾¢¹T«c²�¨�¾Ý©�¨��¹T«c²Ý¯T©¬¨�¡A³E�C³g¡r¡�¯µ��¡{¹µ¡r Ü±X¹TÕ3©�¨�³g¡A®
¯T©¬«�¨7£Ýß � � ß

ïSÖ�´�«c²�®«�¨�³g©^¾Ý¡r¹�¯T��¡�³g¯T±X¨�¾�±X¹�¾�¨�²� 3¶�¡r¹�«XÖ!Ã �3¾Ý©¬�©l¯�³�Ú�¯T©¬ ¢¡A³�²�³µ©¬¨� é ëSì$í é «c¹°¥×á?¸�ë[ì×í é ±c¹µ¡×±X¶�«c²�¯
¯µ¡r¨Ô¯µ©� Ø¡A³×ÖY±c³g¯µ¡r¹×¯µ��±c¨ Û�©l¯T� âAãÝäGå�æcç�è�Ú�±c¨�¾2¯µ©� ¢¡r³-²�³µ©�¨�?á?¸=î ï$±c¹µ¡¢ ¢«c¹T¡Ø¯µ��±c¨ �cÇ7¯µ©� Ø¡A³×ÖY±c³g¯µ¡r¹×¯µ��±c¨
Û�©¬¯µ� âAã�äGå�æ�ç�è�ß Ò ©l¯T��c¹T«jÛ�©¬¨�3¨�²� �¶�¡�¹�³!«XÖ�¾Ý©¬�©l¯�³�Ú�¯T��¡×©¬¨�®¹T¡r±c³µ¡$«XÖ�¯T©¬ ¢¡A³�©�³!�¹µ¡A±j¯T¡�¹Ù©¬¨ é ë[ì×í é ¯µ��±c¨7©�¨
á�±c½�ª¬¡×«�¹�¡r³µ½�¡A®©^±Xª�ª¬´�©�¨�¥×á?¸zëSì$í é ß

�!��©^³!¡ð�¡r®¯h¶�¡A®«c ¢¡A³!¡�Óc¡r¨7 ¢«�¹µ¡×Ó�©�³µ©�¶�ª¬¡$¯T¡r³g¯µ©�¨�¢¯µ��¡�³g¯T±c¨�¾�±c¹T¾�Ö�²�¨�®
¯T©¬«�¨�³rß

� ÍrÏ � ø�Ï�ÎKø � � � ÐXÍ(� ÷ � Ì � ( Ï�� ) ó	�
�!��¡7³g¯T±c¨�¾�±X¹�¾ÔÖ�²�¨�®¯µ©�«c¨�³3ÛÙ¡�¹T¡�¡�Ój±Xª�²�±X¯µ¡r¾ ¡ !Ý¡r®²�¯µ©�¨�FÃAÇcÇcÇ�©¬¯µ¡r¹T±X¯µ©�«c¨�³�Û�©l¯T�F®���±c¨�c©�¨��Ój±Xª�²�¡A³-Ö�«c¹

x
ß

�!��¡�®�«c ¢½�²Ý¯�±j¯T©¬«�¨7¯T©¬ ¢¡A³�Ö�«c¹h¯µ��¡�½�±X¹�±X ¢¡¯T¡�¹�³!©�³�©�¨�®�ª¬²�¾�¡r¾�©�¨�¯µ��¡�¨�²� 3¶�¡r¹T³rÚ�¶�²Ý¯{¾Ý©^¾�¨�«X¯$±c®�®�«c²�¨G¯!Ö�«c¹{±
 Ü±jºO«�¹Ù½�±X¹µ¯!«cÖ�¯T��¡×¯µ©� ¢¡r³� ¢¡A±c³µ²�¹µ¡A¾�ß

»°³°±X¨�¡�!�±X ¢½�ª�¡cÚ�ÛÙ¡×c©�Óc¡$¯µ��¡�á�±X½�ª¬¡-®«Ý¾Ý¡×Ö�«�¹!¯µ��¡�½�¡r¹gÖ�«�¹µ ¢¡r¾7«c½�¡�¹�±j¯T©¬«�¨R�Y©¬¨�®ª�²�¾Ý©�¨�¢¯µ��¡-ª�«�±�¾Ý©�¨�¢«XÖ
¯µ��¡-½�±c®�Õj±X�¡ � �
����Kä�æ���äA;
��â	�Gã�æ7*�A%<'� ���
$7*��� �/7��@��.����)��â#7�7*�/��N7�æXå-�)����ârã�ä�å�æ�ç��Xã�����5��� �CO��)��â ���QDL��â ��ã�æ7-�E;
��âKä � �râAãÝä�å�æ�ç�è ��%

��â���âKä��R%!'�0�OE;
��â �A%!'@OA�CO)O*� ;
â�7�æ ��%!' �O)O�OE;

��Gå�����%!' ��âAã � � ��;
�&%!'�âAã�æcå�åJ��� �L���å@���*D � ��; � ��
cã@���5��ä ä�
¿âAãÝä��5����æ@��� �Gå@������Ýâ�
cã
�jä�â�%!'Gä�â�7Q��� ��;
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å�æ���æ7Q8A%!'�å�æ5��æ7 � ��â �&%
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 �&%
�Gä�â�%!'Gä�â�7Q��� ��;
�Gä�â�%!'��Gä�â),��jä�â�;

á�±c½�ª¬¡T��«G±j¯¤� ��Ç � ©�c©¬¯T³ � ©�¨G¯µ½�±cÕGì�©�¨G¯rß1� ��Ç � ©�c©¬¯T³ � ¹�±j¯T©¬«
sin(x)

Á�ß ÉcÈ Ã���ß Á�£ Á�ß�Ã
sinh(x)

£Ýß �KÁ Á�ß ��Ã Ãcß �
exp(x)

£Ýß ÉcÇ Á�ßd£XÇ Ãcß É

� ÍrÏ � ø�Ï�ÎKø � � � ÐXÍ(� ÷ � Ì � � õ���� � �

©�¨G¯µ¡r¹µÓj±Xª ª ��©�¨G¯µ¡r¹µÓj±Xªg�[£3¹µ¡A±Xª^³ � ª���©�¨�¯T¡�¹TÓj±Xªq�YÉ¢¹T¡r±cª�³ �
sin(x)

Ç�ß Ç�Ç�Ã�Á Ã ��ß É�Ã � ��ßd£XÇ
sinh(x)

Ç�ß Ç�Ç�Ã � £��Ýß � � �G£Ýß �XÈ
exp(x)

Ç�ß Ç�Ç�ÃA£ Ã ��ß �KÁ �XÂ�ß �jÂ

� ÍrÏ � ø�Ï�ÎKø � � � ÐXÍ(� ÷ � Ì �OÌ � � � ) ó�÷ ÐcÐ*��ÎKÎ ó � Ð ó � � ( 	$õ���� � �

Ã � È�Ç �cÇ � ©�c©¬¯T³
sin(x)

Ç�ßd£c£ Ç�ß ÈcÇ Ç�ß �jÁ
sinh(x)/cosh(x)

Ç�ß £ � Ç�ß È � Ç�ß ÉcÂ
exp(x)

Ç�ß�ÃrÉ Ç�ßd£XÈ Ç�ß ��£
�!��¡�¯T±c¶�ª�¡r³Ü³µ��«jÛñ¯µ��±j¯Ü«c¨D¯µ��¡?«�¨�¡���±X¨�¾�Ú é ëSì$í é ¯µ©� ¢¡r³¢²�³µ©�¨�x³O¯�±Xc�¡�¹T¡r¾%±c¹µ©¬¯µ�� Ø¡�¯µ©^®�±X¹T¡7 3²�®��

��©�c��¡r¹�¡�Ó�¡�¨ ¯µ��±X¨ á�±X½�ª¬¡�¯T©¬ ¢¡r³7±X¨�¾ ±X¯Ü¯µ��¡ ³T±X ¢¡�¯T©¬ ¢¡?ÖY±�³O¯��¹µ«jÛ�©�¨� Û�©l¯T� ©¬¨�®�¹µ¡A±c³µ©¬¨�Ô¨�²� 3¶�¡r¹T³�«XÖ
¹T¡r±Xª^³{©¬¨2«c¨�¡Ø³O¯�±Xc�¡�¹T¡r¾�Ój±X¹T©^±X¶�ª�¡cß-�!��©^³×³g��«jÛh³h¯µ��±X¯×¯µ��¡ é ë[ì×í é ³g¯T±ccc¡r¹µ¡A¾?±X¹T©l¯T�� ¢¡¯T©�®�©�³$¨�«c¯$¡�ùÜ®�©¬¡r¨G¯
¶�¡�©�¨�2©� ¢½�ª�¡� ¢¡�¨G¯µ¡A¾F±�³�³µ«XÖt¯OÛ!±X¹T¡�«c¨�ª�´cß �!��¡7¯µ©� ¢¡�±c Ø«�²�¨G¯T³3Û�«�²�ª^¾x¶�¡�³g©�c¨�©lÞ�®r±X¨G¯µª�´x³g Ü±cª¬ª�¡�¹3²�³g©�¨�Ô±
¾Ý«c¯µ½�¹T¡r®�©�³µ©¬«�¨7±c¹µ©¬¯µ�� ¢¡�¯µ©^®×Û�©l¯T��±Ø��±c¹T¾�ÛÙ±c¹µ¡$±c®�®�²� �²�ª�±X¯µ«c¹��Y©Cß ¡cß�½�¹µ«�½�«G³g¡A¾�¶�´ �×²�ª�©�³T®��R £cÂ!® � ßà{¨�¯T��¡¢«X¯T��¡�¹-��±c¨�¾�Ú�´�«c²2®r±X¨ ±Xª^³g«�³µ¡�¡3¯µ��±X¯-³g¯T±c¨�¾�±c¹T¾ ï $ $ $¿±X¹T©l¯T�� ¢¡¯T©�®M�Y±�³$²�³g¡A¾ ©�¨ é ë[ì×í é ¹T¡r±cª
¨�²� �¶�¡�¹�³ � ©^³×³O¯T©¬ª�ª� 3²�®���ÖY±�³O¯T¡�¹×¯µ��±X¨x¥×á?¸  3²�ª¬¯µ©�½�ª¬¡Ü½�¹µ¡A®©^³g©�«c¨Ô±X¹T©l¯T�� ¢¡¯µ©^®3Û�©l¯T�2¯T��¡Ü³µ±c ¢¡Ø¨�²� 3¶�¡r¹×«XÖ
¾Ý©�c©¬¯T³rß

é «c ¢½�²�¯µ©�¨�Ä¡ !�½�¹µ¡A³µ³µ©¬«�¨�³hÛ�©¬¯µ�Ô �²�ªl¯T©¬½�ª�¡Ø«�®r®²�¹T¹T¡�¨�®�¡r³h«cÖ�³g¯T±X¨�¾�±X¹�¾�Ö�²�¨�®¯µ©�«c¨�³$´�©�¡�ª^¾�³×³g©� ¢©¬ª^±X¹$¹µ¡A³g²�ªl¯�³��¹T«c²�c��ª�´Ü³g½�¡r±cÕG©�¨��Úc¯T©¬ ¢¡r³!±�¾�¾Ü²�½7©lÖ�´�«c²Ä¾�«� ¢«c¹T¡h¯T��±X¨7«c¨�¡{¡�Ój±Xª�²�±j¯T©¬«�¨�«XÖ�±3³O¯�±X¨�¾�±X¹�¾¢Ö�²�¨�®¯µ©�«c¨vª�¯T©¬ ¢¡r³
¯µ��²�³°³O¯T¹µ«�¨�cª�´�¾Ý¡�½�¡�¨�¾7«�¨Ä¯T��¡-¡�!Ý½�¹T¡r³T³µ©¬«�¨�³�¯µ��¡r ¢³µ¡�ª�Óc¡A³ � ß

ïu¨�±c¾�¾Ý©l¯T©¬«�¨�¯µ«Ä¯µ��¡3¹µ¡A³g²�ª¬¯T³°±X¶�«jÓc¡cÚ���¡�¹T¡�±c¹µ¡�³µ«c ¢¡� ¢«c¹T¡�¹T¡r³µ²�ª¬¯T³°¾�«c©�¨�Ü«c¨�ª�´�±Ä³µ©¬¨��ª¬¡-¡rÓj±Xª�²�±j¯T©¬«�¨?«XÖ
¯µ��¡�³O¯�±X¨�¾�±c¹T¾�Ö�²�¨�®¯µ©�«c¨�³�Û�©¬¯µ���¹µ¡A±j¯µ¡r¹!¨G²� �¶�¡�¹�³!«XÖz¾Ý©¬�©l¯�³!©¬¨ âAãÝäGå�æ�ç�èÜ±X¨�¾�¥×á?¸zëSì$í é ß

� ÍrÏ � ø�Ï�ÎKø � � � ÐXÍ(� ÷ � Ì � ( Ï�� ) ó	�
ÃrÇcÇ�ÇcÇ � ©�c©¬¯T³ £XÇ�ÇcÇcÇ � ©�c©¬¯T³ Á�Ç�ÇcÇ�Ç � ©¬�©l¯�³ ÃAÇcÇcÇ�ÇcÇ � ©�c©¬¯T³

sin(x)
ÃrÁ�ß É�£ � ��ßd£�� Ã���É�ß � � Ã �cÂcÉ�ß �

sinh(x)
£�ß �G£ ÃrÇ�ß � � Á�Ã�ß ÇcÁ £XÈcÁ�ß ÇcÈ

exp(x)
È�ß £cÂ ÃA£Ýßd£ÝÃ Á�É�ß ��� £jÁ ��ß Ç �

��� mn�t�
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� ÍrÏ � ø�Ï�ÎKø � � � ÐXÍ(� ÷ � Ì � � ( 	$õ���� � �

ÃrÇ�ÇcÇ�Ç � ©¬�©l¯�³ £cÇcÇcÇ�Ç � ©¬�©l¯�³ ÁGÇcÇ�ÇcÇ � ©�c©¬¯T³ ÃAÇcÇ�ÇcÇcÇ � ©�c©¬¯T³
³µ©¬¨ £Ýß �XÇ ��ß Â�Ç È	��ß ÁcÁ £�£���ß Á �
³µ©�®�«c� Ãcß�ÃrÂ Á�ß Â�È ÃAÂ�ß �ÝÃ ÃAÇXÁ�ß¬ÃK£
¡�!Ý½ Ãcß�Ã � Á�ß É�È Ã ��ß Â�Ã ÃAÇcÈ�ß È�Â

í�©�¨�®¡!á?¸=î�¼ ©^³z³gª�«jÛ�¡r¹�¯T��±X¨Ü¥×á?¸�Új¯T©¬ ¢¡r³z±c¹µ¡�¨�«X¯z¹T¡�½�«c¹µ¯µ¡A¾���¡r¹µ¡*��©¬¯z³µ²Ýù�®¡A³�¯µ«-³µ±K´×¯T��¡�´3±X¹T¡=ª�«c¨��¡�¹Aß
ïu¨�¾Ý¡r¡r¾�Ún¯µ��¡Ø¹µ¡A³g²�ªl¯�³{¹T¡¯T²�¹T¨�¡r¾ ¶G´�á�¸=î�¼ ±c¹µ¡3¡r± !Ý®¯µª�´?¹µ«�²�¨�¾Ý¡A¾�¹T¡r³µ²�ª¬¯T³×±X¨�¾�¯µ��©^³-®�±c¨ ¡ !�½�ª�±c©¬¨ ¯µ��¡¢¹T¡�ª¬ë
±j¯T©¬Ó�¡�ª�´���©¬�� ®«� ¢½�²Ý¯µ©�¨�7¯µ©� ¢¡r³rß×á�¸=î ï°±Xª^³g«7¹µ¡�¯µ²�¹T¨�³°¯µ��¡3¯µ©�c�G¯T¡r³g¯{¡�¨�®ª�«�³µ²�¹µ¡A³°«cÖz¯µ��¡Ø¡�!�±�®
¯{¹T¡r³µ²�ª¬¯T³rß×ïS¯
��±�³{¶�¡�¡r¨ «�¶�³g¡r¹µÓ�¡r¾�¯T��±j¯�á?¸=î ï°¯µ©� Ø¡A³×±X¹T¡� �²�®�� ��©�c��¡r¹°¯T��±X¨ á?¸=î�¼ ¯µ©� ¢¡r³ �{±�½�«�³T³µ©¬¶�ª�¡Ø¡�!Ý½�ª^±X¨�±X¯µ©�«c¨
Ö�«c¹�¯µ��¡�¯T¹µ©�c«�¨�«c ¢¡�¯µ¹T©�®�Ö�²�¨�®¯µ©�«c¨�³=©�³z¯µ��±X¯�±X¹Tc²� ¢¡r¨�¯z¹T¡r¾Ý²�®
¯µ©�«c¨Ü©^³z½�¡�¹µÖ�«c¹T ¢¡r¾3¯OÛ�©�®�¡cÚ�«c¨�®�¡�¶G´¢á?¸=î�¼ ±c¨�¾
«c¨�®¡Ü¶�´2á?¸�î�ï
ß�¡Ù²Ý¯�³g©�¨�®�¡Ü¯µ��©^³-½���¡�¨�«� Ø¡r¨�«c¨ ©^³�±Xª^³µ«�«�¶�³µ¡�¹TÓc¡r¾ Ö�«c¹�¯µ��¡Ü«c¯µ��¡r¹-Ö�²�¨�®¯µ©�«c¨�³rÚ�©¬¯�©^³�±���©�¨G¯
¯µ��±j¯h½�¹T«c�¹T±c Ø ¢©�¨��©� ¢½�¹T«jÓc¡� ¢¡r¨�¯�³Ù��±KÓc¡{¯µ«Ü¶�¡�¾Ý«c¨�¡$©�¨?á?¸=î ï
ß

$ !Ý½�¡r®
¯T©¬¨�%± ½�¹µ«�c¹�±X ¢ ¢©¬¨�2ª�©¬¶�¹T±c¹µ´x¯T«x¶�¡�ÖY±�³O¯T¡�¹AÚ�©¬¯7³g¯µ¹T©¬Õ�¡r³Ø¯T��±j¯Ü¯T��¡�¹�±j¯µ©�«�³Ü®�«c ¢½�±c¹µ©�¨� á�±X½�ª�¡cÚ
á?¸=î�¼¿±c¨�¾�¥×á�¸zë[ì×í é ¯µ©� Ø¡A³h±X¹T¡×¹µ¡rª�±X¯µ©�Óc¡rª¬´�³µ Ü±Xª�ªCßz�!��¡�á?¸�î�ï�¯µ©� ¢¡r³h±c¹µ¡×¡rÓc¡�¨���©�c��¡r¹rß

� ��ÎKÍ(� ó Î Äó �%ÏÝÎ��nÌ
� é «c¨�³µ©�¾�¡�¹T©¬¨��¯µ��¡?®«� ¢½�±X¹T©�³µ«c¨x«cÖ$á�±c½�ª�¡�±c¨�¾&âAãÝäGå�æ�ç�è�¯T©¬ ¢¡A³�Ú�Û�¡7Ö�«c²�¨�¾F¾Ý¡A®¹T¡r±c³µ©�¨� ¹�±j¯T©¬«G³�Ö�«�¹
c¹T¡r±j¯T¡�¹!¨�²� �¶�¡�¹�³�«cÖz¾�©¬�©l¯�³�ß!�!��¡�¾Ý¡A®¹T¡r±c³µ¡×«XÖ�¯µ��¡-ÖY±c®¯µ«c¹�³!Û�©¬¯µ�?©�¨�®¹T¡r±�³g©�¨�¢¨�²� �¶�¡�¹{«XÖz¾Ý©¬�©l¯�³h®�±c¨
¶�¡Ä®�¹µ¡A¾Ý©¬¯µ¡r¾x¯µ«?¯T��¡�ÖY±�®
¯�¯T��±j¯3¯µ��¡�±c¾�¾Ý©¬¯µ©�«c¨�±Xª�¯T©¬ ¢¡ÄÖ�«c¹�©�¨G¯µ¡r¹µÓj±XªÙ®«� Ø½�²Ý¯T±X¯µ©�«c¨�³�®�«c ¢½�¹T©�³µ¡r³�¯µ©� ¢¡
Ö�«c¹�±X¹T©l¯T�� ¢¡¯T©�®{«c½�¡�¹�±j¯T©¬«�¨�³!±X¨�¾7³g«� Ø¡$«jÓc¡r¹µ��¡r±c¾Ü¯µ©� Ø¡�ß��!��¡×©¬¨���²�¡�¨�®¡×«XÖn¯T��¡×ª�±X¯g¯T¡�¹h¾Ý¡A®¹T¡r±c³µ¡r³=¯µ��¡
 Ø«�¹µ¡{¯µ©� ¢¡-©�³h²�³g¡A¾Ä¶�´�±X¹T©l¯T�� ¢¡¯µ©^®$«c½�¡�¹�±j¯T©¬«�¨�³�ß

� î�«c¹Äª�±c¹µ�¡?¨G²� �¶�¡�¹�³Ü«XÖ�¾Ý©�c©¬¯T³rÚ!¯µ��¡ ®«� Ø½�²Ý¯T±X¯µ©�«c¨ ¯µ©� ¢¡ ²�³µ©�¨� ¯µ��¡ ¥ �hï¢Óc¡r¹T³µ©�«c¨ «XÖ�á�±c½�ª¬¡ ÛÙ±�³
³g©�c¨�©¬Þ�®r±X¨G¯µª�´Ü��©�c��¡r¹¤��²�½�¯µ«¢¯OÛ�©^®¡$¯T��¡×¯µ©� ¢¡ � ¯µ��±X¨�²�³µ©¬¨�Ø¯T��¡�®«� Ø Ü±c¨�¾Äª�©�¨�¡-Óc¡r¹T³µ©¬«�¨nß

� î�«c¹z½�¡�¹T©�«�¾�©�®r±Xª�Ö�²�¨�®¯µ©�«c¨�³E�Y³µ©¬¨nÚG®«G³�ÚX¡�¯T®cß � âAã�äGå�æ�ç�è{¯T©¬ ¢¡A³�±X¹T¡�±X¶�«c²Ý¯ �jë��¯µ©� ¢¡r³zª^±X¹Tc¡r¹�¯T��±X¨Üá�±c½�ª�¡��«�±X¯µ©�¨�XëS½�«�©¬¨G¯Ù«c½�¡�¹�±j¯µ©�«c¨�³Ù¾�²�¡$¯µ«Ü±3³µ��©¬Öt¯h«XÖ�¯µ��¡×©�¨�¯T¡�¹TÓj±Xª�¶�«c²�¨�¾�³�±X¨�¾Ä¨G²� Ø¡r¹µ«�²�³!®�±�³g¡×¾Ý©¬ð�¡r¹µ¡r¨�¯T©lë
±j¯µ©�«c¨�³�ß-î�«�¹× Ø«�¨�«X¯T«c¨�«�²�³�Ö�²�¨�®
¯T©¬«�¨�³-±c³°¯µ��¡Ø¡�!Ý½�«c¨�¡r¨G¯µ©^±Xª Ö�²�¨�®¯µ©�«c¨nÚ�¯T��¡ØÖY±c®
¯T«c¹$©�³×±c½�½�¹T« !�©� Ü±j¯T¡�ª�´
£Ýß��!��¡×¯T¡r³g¯T³�©�¨�®ª�²�¾Ý¡A¾7¯µ��¡-¹T¡r±�¾Ý©¬¨�Ø«cÖ�¯T��¡-½�±c¹T±c Ø¡�¯µ¡r¹!±c¨�¾�³O¯T«c¹�±X�¡{«cÖ�¯T��¡-¹µ¡A³g²�ªl¯hÛ���©^®���¹µ¡A³g²�ª¬¯µ¡A¾
©¬¨7ÖY±c®¯µ«c¹�³�³µª¬©�c�G¯µª�´Ä³µ Ü±Xª�ª¬¡r¹�¯T��±X¨�£�ß

¼�¡A³g²�ª¬¯T³!«cÖ�¯OÛÙ«Ø«XÖ ¯µ��¡-©� ¢½�ª¬¡r ¢¡�¨G¯µ¡A¾�±c½�½�ª�©�®r±j¯T©¬«�¨�³�®�±c¨7¶�¡×Ö�«c²�¨�¾7©�¨7¯µ��¡×Ö�«�ª¬ª�«jÛ�©¬¨�¢³µ¡r®¯µ©�«c¨nß

� 46	�	������#-��������

ïu¨�¯µ��©^³h³µ¡r®¯µ©�«c¨�Û�¡×c©�Óc¡×¹T¡r³µ²�ª¬¯T³!«XÖ�³g«� ¢¡×±c½�½�ª�©�®r±j¯T©¬«�¨�³ÙÖ�«c¹!¯T��¡-©¬¨G¯T¡�¹TÓK±cª�½�±c®�Õj±cc¡r³rß

�1pro �r�A��·E�R��� y�{g|	�7�`·8�rt
âAãÝä�å�æ�ç�è ©¬¨�®�ª¬²�¾Ý¡r³Ü³µ«c ¢¡?±X½�½�ª¬©^®�±X¯µ©�«c¨�³¢«cÖ{¯T��¡�¾Ý¡Þ�¨�¡r¾ ©�¨�¯T¡�¹TÓj±Xª!¯O´�½�¡A³�Ú�Ö�²�¨�®¯µ©�«c¨�³Ä±X¨�¾D«c½�¡�¹�±j¯T«c¹�³�ß ïu¨
¯µ��©�³×³µ²�¶�³µ¡r®
¯T©¬«�¨nÚ�Û�¡3ÛÙ±c¨�¯{¯µ«�c©�Óc¡�³µ«c ¢¡3¨G²� �¶�¡�¹�³h¯T«7³µ��«jÛ ¯µ«�Û���±j¯$¡�!�¯µ¡r¨�¯-±X¨�¾?²�½�¯T«ÄÛ���©^®���ª�¡�Ó�¡�ª «XÖ
±c®r®²�¹�±c®�´¢¯µ��¡-½�±c®�Õj±X�¡r³Ù®�±X¨�¶�¡-²�³µ¡r¾�®«c¨�Ó�¡�¨�©�¡�¨G¯µª�´cß

�!��¡°¯µ¡r³g¯µ¡A¾Ä±c½�½�ª�©�®r±j¯µ©�«c¨�³=±X¹T¡�¯T��¡{ïu¨G¯T¡�¹TÓK±cª
¬°¡�Û!¯T«c¨Äá?¡�¯µ��«Ý¾7±X¨�¾�¼°±X¨��¡ $�¨�®�ª¬«G³g²�¹µ¡°Ö�«c¹�Ö�²�¨�®
¯T©¬«�¨�³Ù«XÖ
«c¨�¡�¹µ¡A±Xª�ÓK±c¹µ©^±X¶�ª¬¡�ß!î�«c¹$±¢¯µ��¡r«c¹T¡¯T©�®r±Xª�©�¨G¯µ¹T«Ý¾Ý²�®
¯T©¬«�¨?«XÖz¯T��¡3±c½�½�ª�©�®r±j¯µ©�«c¨�³h±c³{³g²�®��?´�«c²�®r±X¨?¡cß �ß�¹T¡Ö�¡r¹h¯T«�Ã�Á�®Sß

�!��¡Ø Ü±X©�¨Ô®�¹µ©¬¯µ¡r¹µ©�«c¨?¯T«�¶�¡¢Û!±j¯T®���¡r¾�Û!±c³{¯T��¡Ü³g½�¡�¡A¾ «cÖ�¯µ��¡Ü±c½�½�ª�©�®r±j¯µ©�«c¨2¡�!Ý¡r®�²Ý¯µ©�¨��¯µ��¡¢±cª¬�«c¹T©l¯T�� Ü³
Û�©¬¯µ��c¹T«jÛ�©¬¨�3¨�²� 3¶�¡r¹T³!«cÖ�©¬¯µ¡�¹�±j¯T©¬«�¨�³rß�h¡r¹µ¡Ü±c¹µ¡Ø¯µ©� ¢¡r³×Ö�«�¹×¯µ��¡Äïu¨�¯T¡�¹TÓj±Xªg¬h¡rÛ!¯µ«�¨ á�¡¯µ��«�¾nÚnÞ�¹�³O¯-¯T¡r³g¯µ©�¨��¯µ��¡�®«c ¢½�²�¯T±j¯T©¬«�¨2«cÖ!±c¨ ©¬¨G¯µ¡r¹µÓj±cª
®«�¨G¯T±X©�¨�©�¨�%É���¡r¹µ«G³ÜÛ�©¬¯µ� c¹T«jÛ�©�¨� ¨G²� �¶�¡�¹�«cÖ-¾�©¬�©l¯�³�Ú!¯T��¡�¨ ¯T¡r³g¯µ©�¨�x¯µ��¡ ®«� Ø½�²Ý¯T±X¯µ©�«c¨ «XÖ�± �¹µ«jÛ�©�¨�
¨�²� �¶�¡�¹�«cÖ �r¡�¹T«�³ÙÛ�©¬¯µ�?®«�¨�³O¯�±X¨G¯�¨�²� �¶�¡�¹�«cÖ�¾Ý©�c©¬¯T³��gÃrÇ�Ç � Ö�«c¹ sin 1

x−1

±�³�±X¨�¡�!�±X ¢½�ª�¡cß

m�m6I"Ä Q*Å
Q!N



ÃrÂ �J«������¦¢m¢µ�������C«v$�*���� ������m«
	E���!�"�

� � Í ó Î���Ï )�� óGö Í ÷ � ( ó Í(� ÷ ø
� ©�c©¬¯T³ ÃrÇ�ÇcÇ £XÇcÇ�Ç Á�ÇcÇ�Ç ÃrÇ�ÇcÇ�Ç
�!©¬ ¢¡)�C³g¡A®�³rß � � ��ß É�É £�� ��ß Ç�Â Â �jÈ�ß ÉG£XÇ �XÇ �X£�ß � �

à{¶�Ó�©¬«�²�³gª�´×¯µ��¡!®�«c ¢½�ª�¡�!Ý©¬¯O´�«XÖ�«c½�¡�¹�±j¯T©¬«�¨�³ ©�³z·G²�±�¾Ý¹T±X¯µ©^®ÙÛ�©l¯T�Ø¹T¡r³µ½�¡r®
¯�¯T«$¨�²� 3¶�¡r¹z«XÖ�¾Ý©�c©¬¯T³�²�³µ¡r¾Ø��¡r¹µ¡�Ú
Û���¡r¹µ¡A±c³Ù©l¯h©^³�ª�©¬¨�¡r±X¹�©�¨7¯µ��¡-¨�²� 3¶�¡r¹h«XÖ ��¡�¹T«�³ �

��¡�¹T«�³ ïS¯T¡�¹�±j¯µ©�«c¨�³g¯µ¡�½�³ �!©� ¢¡
È�Ã £XÁ � £cÉ�ß �jÂ
È�ÃrÂ £cÈ��cÂ £cÉcÂ�ß ÇcÇ
È�ÃrÂ�È £cÈ�£jÁGÈ £cÉcÉcÉ�ß �ÝÃ

 Ï � � ó�� � Ð ) ÷ Ì���Î ó � ��� �
î�©�¨�±cª¬ª�´cÚ�³µ«c ¢¡?¯µ©� ¢¡r³¢Ö�«�¹�¯T��¡�¹�±X¨��¡�¡r¨�®ª�«�³µ²�¹T¡�«XÖ�±ÔÖ�²�¨�®¯µ©�«c¨ «XÖ-«�¨�¡?¹µ¡A±XªhÓj±c¹µ©^±X¶�ª�¡�±X¹T¡�c©�Óc¡r¨ ¶�¡ë

ª�«jÛ-Ún¾Ý«c©�¨��¾Ý©lð�¡�¹T¡�¨G¯-¨�²� �¶�¡�¹�³×«XÖÙ³g²�¶�¾Ý©�Ó�©�³µ©¬«�¨�³×«XÖ=¯µ��¡�³g¯T±c¹g¯T©¬¨�7©¬¨G¯T¡�¹TÓK±cª1����¡r¹µ¡*�{¡rÓj±Xª�²�±j¯T©¬«�¨ «XÖ
f(x) =

exp(−x2) ∗ sin(π ∗ x3)
«jÓ�¡�¹�¯µ��¡-©�¨G¯µ¡r¹µÓj±Xª

X := [0.5, 2.] � ß
¬°²� �¶�¡�¹h«cÖzíÝ²�¶�¾�©¬Ó�ß � ÃAÇ Ã �
�!©� ¢¡ £ ��ß Â�� ÁGÈ ��ß�Ã�Á É�ÂcÈcÁ�ßd£XÇ

�1p§¯ �
	���te�Ew1tewz�)�A��tv|��`�`�;sut��±��{��z}.��²g{�|�����¶E»
ïu¨G¯µ¡r¹µÓj±Xªe¬h¡�Û!¯T«c¨?±Xª�c«�¹µ©¬¯µ�� ½¬Ã �(®���±�³�¶�¡�¡�¨�±�¾�±X½�¯µ¡r¾7¯T«�±X¹T¶�©l¯T¹T±c¹µ´Ü½�¹µ¡A®©^³g©�«c¨�®«� Ø½�²Ý¯T±X¯µ©�«c¨�³h±c¨�¾�©¬ ¢½�ª�¡ë
 ¢¡�¨G¯µ¡A¾�Ú�®
ÖOß¤ È ��®[ß°ïu¨?¯µ��©^³{¡�!�±X ¢½�ª�¡cÚ�¯µ��¡Ø±Xª�c«�¹µ©¬¯µ�� 6©^³h½�¹T©¬ Ü±c¹µ©�ª¬´�©�¨�¯T¡�¨�¾�¡r¾�Ö�«�¹{©�¨G¯µ¡�¹TÓj±Xª ®«c ¢½�²�¯T±j¯T©¬«�¨�³ �
©¬¯{��±�³h¶�¡�¡�¨Ô¾Ý¡�Ó�¡�ª�«c½�¡r¾�©�¨�«c¹�¾Ý¡r¹�¯µ«7¡�¨�®�ª¬«G³g¡�¹T¡�ª�©^±X¶�ª�´7¡rÓc¡r¹µ´7¹µ¡A±Xª �r¡�¹T«�«XÖz¯T��¡�Ö�²�¨�®
¯T©¬«�¨nß°ïu¨�¾�¡�¡r¾nÚ�©¬¯$²�³g¡A³
±X¨Ü©�¨G¯µ¡r¹µÓj±Xª�¡�¨�®�ª¬«G³g²�¹T¡�«XÖ�¯T��¡h�¹T±c½��¢«XÖ�¯µ��¡°Ö�²�¨�®¯µ©�«c¨Ä±c¨�¾Ü³g¡A±X¹�®���¡r³ Ö�«�¹ ��¡r¹µ«�¡A³z©¬¨�¯µ��¡h©�¨G¯µ¡r¹T³µ¡r®¯µ©�«c¨Ü«XÖ�¯T��©�³
¡�¨�®ª�«�³µ²�¹µ¡$Û�©¬¯µ��¯µ��¡

Ox1 · · ·xn

�G´�½�¡�¹T½�ª^±X¨�¡�ÚGÛ���¡�¹T¡
x1, · · · , xn

¾Ý¡r¨�«X¯T¡$¯µ��¡-Ój±X¹T©^±X¶�ª�¡r³rß
Ò ©¬¯µ�F±c¨%©¬¨G¯T¡�¹TÓK±cª�±c¹µ©¬¯µ�� ¢¡�¯µ©^®�¶�±�³g¡A¾ «c¨%��±c¹T¾�ÛÙ±c¹µ¡C��«G±j¯T©¬¨�cë[½�«c©�¨G¯�¨�²� �¶�¡�¹�³�Ú�¯T��¡7±�®�®�²�¹T±�®´2«XÖ�¯µ��¡

¹T¡r³µ²�ªl¯¢©^³3ª�©� Ø©¬¯µ¡A¾�ª!©¬¨D½�±X¹µ¯µ©^®²�ª�±c¹�Û�©¬¯µ� ± ¹T«�«X¯3«cÖ° �²�ªl¯T©¬½�ª�©^®©¬¯O´
m > 1

«�¹¢±2®ª�²�³g¯µ¡�¹¢«cÖ
m

��¡�¹T«�¡r³rÚ�¯µ��¡
±c®r®²�¹�±c®�´�«c¨�¯T��©^³ ��¡�¹T«Ä©^³$¯µ��¡¢®�«c ¢½�²Ý¯T©¬¨�7½�¹T¡r®�©�³µ©�«c¨2¾�©¬Ó�©^¾Ý¡r¾ ¶G´

m
ß;�h«jÛÙ¡�Óc¡r¹rÚ�©�¨�¯T¡�¹TÓj±Xªq¬h¡rÛ!¯µ«c¨ ±Xª�c«cë

¹T©l¯T��  ©�³Ø¶�±�³g¡A¾ ¡�©¬¯µ��¡r¹3«�¨F± ®�«c¨G¯µ¹�±c®¯µ©�¨� ³T®���¡� ¢¡�«�¹rÚ�©¬Öh¯µ��¡�®«�¨G¯µ¹�±c®
¯T©¬«�¨ ©�³3¨�«X¯¢¡ù�®�©¬¡r¨�¯Ø¡�¨�«�²�c��Ú «�¨
±�¶�©�³µ¡r®¯µ©�«c¨nß$�!��©�³{©� Ø½�ª¬©�¡r³°¯µ��±X¯$±c¹µ¶�©¬¯µ¹�±X¹T´7±�®�®�²�¹T±�®´�®�±c¨?¶�¡Ø¹µ¡A±c®���¡A¾�Ú�©¬Ö=«�¨�ª¬´�¡r¨�«c²����®«� Ø½�²Ý¯µ©�¨�Ä½�¹µ¡�ë
®©^³µ©¬«�¨�©�³ ±KÓj±X©�ª�±c¶�ª�¡cß��!��©^³�¹µ¡r ¢±c¹µÕ$ª�¡r¾-²�³�¯T«{±c¾�±X½Ý¯�±X¨�¾-©� ¢½�ª�¡� ¢¡�¨G¯�©¬¨G¯µ¡r¹µÓj±cª)¬h¡rÛ!¯µ«�¨3±Xª�c«�¹µ©¬¯µ��  ©�¨�á?¸=î ï
ß

�!��¡-±c¾�±X½Ý¯T¡r¾7©¬¨G¯µ¡r¹µÓj±cªv¬h¡�Û!¯T«c¨?±Xª�c«�¹µ©¬¯µ�� ñ¡�!Ý��©�¶�©l¯�³!¯µ��¡×Ö�«cª�ª¬«jÛ�©�¨�3Ö�¡r±j¯T²�¹T¡r³ �
� ±X¹T¶�©l¯T¹T±c¹µ´?±�®�®²�¹T±�®´�®�±c¨2¶�¡Ü¹T¡r±c®���¡r¾�¶�«X¯T� «c¨2¯µ��¡Ü¡r¨�®ª�«�³µ²�¹T¡Ø«cÖ=¯T��¡ ��¡r¹µ«G³$±c¨�¾Ô«c¨2¯µ��¡Ü¹�±X¨�c¡Ø«XÖ
¯µ��¡×Ö�²�¨�®
¯µ©�«c¨�«�¨Ä¯T��©�³h¡�¨�®�ª¬«G³g²�¹T¡cÚ�²�½�¯T«¢®�«c ¢½�²Ý¯T¡�¹hª�©� Ø©¬¯T³£�t¯µ©� ¢¡ ê  Ø¡r ¢«c¹T´ � ª

� ¯µ��¡h®�«c ¢½�²Ý¯T©¬¨�-½�¹µ¡A®©^³g©�«c¨Ø©�³=±X²Ý¯T«c Ü±j¯T©�®r±Xª�ª¬´�±�¾�±X½�¯µ¡r¾ØÛ���¡r¨Ü¨�¡�¡A¾Ý¡r¾vªX¯µ��©�³=��±X½�½�¡�¨�³zÛ���¡�¨¢¶�©^³µ¡r®
¯T©¬«�¨
©�³$¨�«� ¢«c¹T¡3½�«�³T³g©�¶�ª�¡3¶�¡r®r±X²�³µ¡Ø¯µ��¡Ü®�²�¹µ¹T¡�¨G¯$©¬¨G¯µ¡r¹µÓj±cª�®�«c¨G¯T±c©¬¨�³{«�¨�ª�´�¯OÛ�« ��«�±X¯µ©�¨�XëS½�«c©�¨�¯×¨�²� �¶�¡�¹�³rÚ
«c¹!Û���¡�¨�¯T��¡×Ö�²�¨�®¯µ©�«c¨�¡�Ój±Xª�²�±X¯µ©�«c¨�¾Ý«�¡r³!¨�«c¯h¨�±X¹T¹µ«jÛ Û���¡�¨�¯µ��¡�±c¹µ�²� ¢¡�¨G¯!c¡¯�³!¨�±X¹T¹T«jÛ�¡r¹rß

í�«� Ø¡×¡ !�½�¡�¹T©� Ø¡r¨G¯T³���±KÓ�¡{¶�¡�¡r¨�®«�¨�¾Ý²�®¯µ¡r¾�«�¨7½�«cª�´�¨�«c ¢©^±Xª^³L È � ®[ßÙ�!��¡×Þ�¹�³O¯h³µ¡�¹T©¬¡A³�®«�¨�®¡r¹µ¨�³ é ��¡�¶�´Gë
³µ��¡�Ó�½�«cª�´�¨�«c ¢©^±Xª^³�ß¢�!��¡r´ ±X¹T¡¢ÕG¨�«jÛ�¨�¯µ«?¶�¡Ü¾Ý©¬ùÜ®�²�ª¬¯-¯µ«?¡�Ój±cª¬²�±X¯µ¡¢±c®r®²�¹�±j¯T¡�ª�´?¡�Óc¡r¨2©¬ÖÙ¯µ��¡r´�¯T±cÕc¡3¯µ��¡r©¬¹
Ój±Xª�²�¡r³�©¬¨

[−1, 1]
Ú�¶�¡A®�±c²�³g¡!¯T��¡�©�¹�®�«�¡ù�®©�¡�¨G¯T³=±X¹T¡�ª�±c¹µ�¡cß�» ®«c¨�³g¡A·�²�¡�¨�®�¡�©�³�¯µ��²�³�¯T��±j¯=©¬¯�©^³�·G²�©¬¯µ¡°¾�©lù�®²�ªl¯

¯µ« c¡¯Ø±?³g Ü±Xª�ª �g¹T¡r³µ©�¾Ý²�±Xª �
F (X)

Ú ³µ Ü±Xª�ª¬¡r¹-¯µ��±X¨x¯T��¡Ä³g¯µ«c½�½�©¬¨��¯µ��¹T¡r³µ��«cª^¾
εY

ß?î�«c¹�©�¨�³g¯T±X¨�®¡cÚzá�±X¯ ��±X¶
¾Ý¡�¯µ¡�¹T ¢©¬¨�¡r³Ù«c¨�ª�´�É3¹µ«�«X¯�³Ù«XÖ

C30
ÚG¯µ��¡ é ��¡�¶�´Ý³g��¡rÓÜ½�«�ª¬´�¨�«� ¢©�±cª�«cÖ�¾Ý¡rc¹T¡�¡{È�Ç �Y©l¯!Þ�¨�¾�³h£jÁØ®«c ¢½�ª�¡�!�¹T«�«X¯�³

Ö�«c¹3¯µ��¡�£XÁ�¹µ¡r Ü±X©�¨�©¬¨� «c¨�¡r³ � ÚzÛ�©¬¯µ� � ®«�¹µ¹T¡r®¯3¾Ý¡r®�©¬ Ü±cªÙ¾Ý©�c©¬¯T³rß ïS¯3Þ�¨�¾�³3«c¨�ª�´xÂ�¹T«G«c¯T³3«XÖ
C26

Ú�Û�©¬¯µ�DÈ
®«�¹µ¹T¡r®¯h¾Ý¡r®�©¬ Ü±Xª ¾Ý©�c©¬¯T³rß ��¡�¯°¯µ��¡�®«�¡ù�®�©¬¡r¨�¯�³�«XÖ

C26
«c¹°«XÖ

C30
±c¹µ¡-¡ !�±c®
¯Tª¬´7¹µ¡r½�¹T¡r³µ¡�¨G¯T±c¶�ª¬¡×¶�´� ¢±�®���©�¨�¡

¨�²� �¶�¡�¹�³=±c¨�¾Ø¯µ��¡r³µ¡h¹µ¡A³g²�ªl¯�³=±X¹T¡h¨�«c¯�¾Ý²�¡h¯µ«�¯T��¡°±c½�½�¹T« !�©� Ü±j¯T©¬«�¨Ø«cÖ�¯µ��¡$®«�¡ù�®©�¡�¨G¯�³�¶�´Ø¾�«c²�¶�ª�¡h½�¹T¡r®�©�³µ©�«c¨��«G±j¯µ©�¨�cë[½�«c©�¨G¯{¨�²� �¶�¡�¹�³rß��!��¡3½�¹µ«�½�«G³g¡A¾?©¬¨G¯T¡�¹TÓK±cªq¬h¡�Û!¯T«c¨Ô±Xª�c«c¹T©¬¯µ��  c©�Óc¡A³°Ó�¡�¹T´?³µ±X¯µ©^³OÖY±�®
¯µ«�¹µ´�¹T¡r³µ²�ª¬¯T³ �
¡�Ó�¡�¹T´�¹T«G«c¯h©�³°¾Ý¡¯T¡�¹T Ø©�¨�¡A¾�Ú�¨�«�³µ²�½�¡�¹���²�«�²�³�©�¨�¯T¡�¹TÓj±Xª�©^³h¹T¡¯µ²�¹µ¨�¡A¾�±c³!½�«X¯µ¡r¨G¯µ©^±Xª�ª¬´�®«c¨G¯�±X©�¨�©¬¨��±¢¹µ«�«X¯h±c¨�¾
¯µ��¡-¡�!Ý©�³g¯µ¡r¨�®¡-±c¨�¾�²�¨�©^·�²�¡�¨�¡A³µ³!«cÖ�¯µ��¡-¹µ«�«X¯�³!©¬¨�¡A±c®��Ä¡r¨�®ª�«�³µ©�¨�¢©¬¨G¯µ¡r¹µÓj±cª�©�³!½�¹T«jÓc¡r¨nÚGÖ�«c¹� ¢«�³g¯h«XÖ�¯µ��¡r �ß

��� mn�t�



��������� 	
��������������������������������! "�#$ %��&% (')�*� Ã��

» ³µ¡r®�«c¨�¾ ³g¡r¹µ©�¡r³{½�¹T¡r³µ¡�¨G¯T³$·G²�©l¯T¡�¯T��¡¢³µ±c Ø¡Ø®«�¨�®ª�²�³µ©¬«�¨�³h«�¶Ý¯T±c©¬¨�¡A¾?Û�©¬¯µ��¯T��¡ Ò ©¬ª�Õ�©¬¨�³µ«c¨2½�«�ª¬´�¨�«� ¢©�±cª
«XÖ�¾Ý¡��¹µ¡r¡×£cÇ �

W20(x) =
∏20

i=1(x − i)
Û�¹T©l¯µ¯µ¡r¨7©�¨Ä¯T��¡-¡�!Ý½�±c¨�¾Ý¡A¾ÜÖ�«c¹T �ßz�!��¡×©¬¨�©¬¯µ©^±Xª�½�¹µ¡A®©^³g©�«c¨7©�³�®���«G³g¡r¨

ª^±X¹Tc¡$¡�¨�«�²�c�7¯µ«Ü¡r¨�±X¶�ª�¡$¯µ��¡-¡ !�±c®
¯�¹T¡�½�¹T¡r³µ¡�¨G¯�±j¯µ©�«c¨7«XÖ ¯µ��¡�®�«�¡ù�®©�¡�¨G¯T³rß��!��©^³!½�«�ª¬´�¨�«� ¢©�±cª�©�³h¾�©lù�®²�ªl¯�¯T«
¡�Ój±cª¬²�±X¯µ¡$±c®�®�²�¹�±j¯µ¡rª¬´Ø¶�¡r®�±c²�³µ¡{©¬¯T³Ù®«�¡ù�®�©¬¡r¨�¯�³�±c¹µ¡{ª�±c¹µ�¡£�t¯T��¡�©�¹!«c¹�¾Ý¡�¹�«XÖ� Ü±cc¨�©¬¯µ²�¾�¡°©^³

20! � ±X¨�¾�¶�¡r®�±c²�³µ¡©¬¯h¯T±cÕc¡r³!ª^±X¹Tc¡×Ój±Xª�²�¡A³�¶�¡�¯OÛ�¡r¡�¨�©¬¯T³h¹T«�«X¯�³��t¯µ��¡�©�¹°«c¹�¾Ý¡r¹�«XÖ� ¢±cc¨�©¬¯µ²�¾Ý¡-©�³
1016 � ß é «�¨�³µ¡r·G²�¡�¨G¯Tª¬´�©¬¯°©^³�Óc¡r¹µ´¾Ý©¬ù�®²�ª¬¯3Ö�«�¹�«�²�¹3±cª¬�«c¹T©l¯T��  �Y¡r³T³g¡r¨�¯T©�±cª¬ª�´ÔÓc¡�¹T´2¯µ©� Ø¡�ëS®�«c¨�³µ²� ¢©�¨� � ¯T«2¾Ý©^³T®�±X¹�¾ ©�¨�¯T¡�¹TÓj±Xª^³-¨�«X¯¢®«�¨�¯�±X©�¨�©�¨���¡r¹µ«�ßz�!��¡×¹µ¡A³g²�ª¬¯T³�±c¹µ¡{¯µ��²�³�³µ Ü±Xª�ª�¡�¨�®�ª¬«G³g²�¹µ¡A³=Ö�«�¹Ù¯µ��¡-¹T«�«X¯T³!±cª¬«�¨�3Û�©¬¯µ�?±3½�¹T«G«cÖ�«cÖ�¯µ��¡�©�¹�¡�!Ý©�³g¯µ¡r¨�®¡-±c¨�¾

²�¨�©^·G²�¡�¨�¡r³T³�±X¨�¾ ±�ª�«c¨��ª�©�³g¯�«cÖÙ«c¯µ��¡r¹rÚ�¨�«X¯�¾Ý©^³T®�±X¹�¾Ý¡A¾�Ú�©�¨G¯µ¡�¹TÓj±Xª^³�Ú ®«jÓ�¡�¹T©¬¨��±Xª� ¢«�³g¯×¯µ��¡�Û���«cª�¡Ü©¬¨G¯µ¡r¹µÓj±cª
[1, n]

ß
Ò ��¡r¨2¯T��¡Ä®�«G¡�ù�®©�¡�¨G¯�«XÖ

X19 ©�³�½�¡r¹g¯T²�¹µ¶�¡r¾Ô¶�´�¯T��¡�©�¨G¯µ¡�¹TÓj±Xª
[−2−19, 2−19]

Ú ¡�Ó�¡�¹T´�½�«c©�¨�¯�¶�¡¯OÛÙ¡�¡r¨
Â�±X¨�¾ £XÇ7©^³-±7¹T«�«X¯×«XÖ!±7½�¡�¹µ¯µ²�¹µ¶�¡r¾2½�«�ª¬´�¨�«� ¢©�±cª ¶�¡�ª�«c¨�c©�¨��¯µ«�¯µ��©^³×©�¨�¯T¡�¹TÓj±Xªz½�«cª�´G¨�«c ¢©�±cª§ª�©¬¨�¾�¡�¡r¾nÚ�«c²�¹
±Xª�c«�¹µ©¬¯µ�� ñ¹µ¡�¯µ²�¹T¨�³�³µ ¢±cª¬ª�¡r¨�®ª�«�³µ²�¹T¡r³�Ö�«c¹!¯T��¡-¹T«G«c¯T³×Ã$¯µ« �3±c¨�¾7±¢®�«jÓc¡�¹T©�¨�3«cÖ

[7.91, 22.11]
ß

�1p§º s ÂE»¼tv|����h�`� �£���1tv�`|.}.��²gtx�E|��
¬h«jÛ!±c¾�±K´�³rÚr±cª¬�«c¹T©l¯T�� Ü³�Ö�«c¹ ³g«�ª¬Ó�©�¨�°³µ´Ý³O¯T¡� Ü³n«cÖ�ª¬©�¨�¡r±c¹�¡A·�²�±j¯µ©�«c¨�³nÛ�©¬¯µ��¹T¡r³µ²�ª¬¯�c²�±c¹T±c¨G¯µ¡�¡�±c¹µ¡=Óc¡�¹T´°¹T¡Þ�¨�¡r¾�ß
ïSÖOÚG��«jÛ�¡rÓc¡r¹rÚK¯T��¡{®�«c¨�¾Ý©¬¯µ©�«c¨¢¨�²� 3¶�¡r¹=«XÖ�¯µ��¡°©�¨GÓ�«cª�Óc¡A¾� Ü±j¯T¹µ©�!3©^³�ª^±X¹Tc¡�Új¯µ��¡h²�³µ¡h«XÖ�¹T¡Þ�¨�¡A¾3¯µ¡r®���¨�©�·G²�¡A³z¶�²Ý¯
«c¹�¾Ý©�¨�±X¹T´C��«G±j¯µ©�¨�cë[½�«c©�¨G¯!®r±Xª^®²�ª^±j¯T©¬«�¨�³!²�³µ²�±Xª�ª¬´7¾Ý«�¡r³!¨�«c¯!��¡�ª�½nßÙà{¨�¡×¡�!�±c Ø½�ª¬¡×©^³Ù¯µ��¡¤�°©¬ª�¶�¡r¹g¯h Ü±X¯µ¹T© !��

Hn :=

(
1

ν + µ − 1

)

ν,µ=1,...,n

.

ïS¯T³¢®�«c¨�¾Ý©¬¯µ©�«c¨F¨G²� �¶�¡�¹¢©�³Ø±X¶�«c²�¯
3.5n

ß±�°¡�¨�®�¡Ä¯T��¡�¹T¡Ä©^³Øª¬©¬¯g¯Tª¬¡���«�½�¡Ä¯µ«Ôc¡�¯3¯T��¡7Ój±cª¬©^¾�±j¯T¡r¾x©�¨�Óc¡r¹T³µ¡�Ö�«�¹
ª^±X¹Tc¡

n
¶�´7²�³g©�¨�7¾�«c²�¶�ª�¡�½�¹T¡r®�©�³µ©�«c¨?¨�²� �¶�¡�¹�³rß°»¿Ö�²�¹µ¯µ��¡�¹°½�¹µ«�¶�ª¬¡r  ©^³°¯µ��±X¯{ÛÙ¡�²�³µ²�±Xª�ª¬´?¾Ý«Ä¨�«X¯$��±KÓc¡×¯T«

©�¨GÓ�¡�¹µ¯�¯T��¡��h©�ª¬¶�¡�¹µ¯� Ü±j¯µ¹T©�!Ä¶�²Ý¯h³µ«c ¢¡{«c¯µ��¡r¹! ¢±X¯µ¹T© !�Û�©¬¯µ��²�¨�ÕG¨�«jÛ�¨nÚ�½�«G³µ³µ©¬¶�ª¬´�ª^±X¹Tc¡$®«�¨�¾Ý©¬¯µ©�«c¨Ä¨�²� 3¶�¡r¹rß
�!��©^³×®�±Xª�ª^³hÖ�«�¹{²�³µ©�¨�7 3²�ª¬¯µ©�½�ª¬¡Ø½�¹T¡r®�©�³µ©¬«�¨�©�¨�¯T¡�¹TÓj±Xª�±X¹T©l¯T�� ¢¡¯µ©^®Xß��!��¡3²�³µ¡�¹$ Ü±K´?®���«�«�³µ¡�¯µ��¡3½�¹T¡r®�©�³µ©�«c¨�©�¨
±c¾�ÓK±c¨�®¡°¶�²Ý¯Ù¯µ��¡$©¬¨�Ó�¡�¹�³g©�«c¨¢¹T«c²Ý¯T©¬¨�¡$¾Ý«c²�¶�ª¬¡A³z¯T��¡{½�¹µ¡A®©^³g©�«c¨Ü²�¨G¯T©¬ª�©¬¯�¡�©¬¯µ��¡�¹Ù½�¹µ«Ý¾Ý²�®¡r³=¯µ��¡°©�¨GÓ�¡�¹�³g¡° ¢±X¯µ¹T© !
«c¹�¹T¡r±�®���¡r³!±Ø²�³µ¡�¹h¾Ý¡�Þ�¨�¡A¾7 Ü± !�©� Ü±Xª�½�¹T¡r®�©�³µ©¬«�¨nß

�!��¡{²�³g¡A¾�±Xª�c«�¹µ©¬¯µ��  ©^³=ÛÙ¡�ª�ªlëSÕ�¨�«jÛ�¨G�Y³µ¡�¡$¼�²� ¢½G È��!® � ßzïu¨7®�±c³µ¡hÛÙ¡°Û!±X¨G¯�¯T«3³µ«cª�Óc¡°±�³µ´Ý³O¯T¡�  «XÖnª�©�¨�¡r±c¹
¡r·G²�±X¯µ©�«c¨�³rÚ

Ax = b, A ∈ R
n×n, b ∈ R

n,
ÛÙ¡�Þ�¹�³O¯$®«c ¢½�²�¯µ¡¢±X¨�±X½�½�¹µ« !Ý©� Ü±j¯µ¡�©¬¨�Óc¡r¹T³µ¡

R
¶�´cÚ�³µ±K´�Ú�¯T��¡Ø¥×±c²�³µ³µ©^±X¨�±Xª�c«�¹µ©¬¯µ�� 6±c¨�¾�±X¨2±X½�½�¹T« !Ý©¬ Ü±X¯µ¡

³µ«cª�²Ý¯µ©�«c¨
x̃
ß7ïSÖ�¯T��¡�¡r¨�¯T¹µ©�¡r³×«cÖ

A
±c¹µ¡¢©�¨G¯µ¡�¹TÓj±Xª^³�Ú�Û�¡¢¯�±XÕc¡¢¯T��¡Ü¹T¡r³µ½�¡A®
¯µ©�Óc¡¢ ¢©^¾Ý½�«�©¬¨G¯�³�±X¨�¾Ô®�«c ¢½�²Ý¯T¡¢¯µ��¡

±X½�½�¹µ« !Ý©� Ü±j¯µ¡{©¬¨�Ó�¡�¹�³g¡{«XÖ�¯T��¡-¹T¡r³µ²�ªl¯T©¬¨�3 Ü±j¯T¹µ©�!�ß�ïu¨�¯T¹µ«Ý¾Ý²�®©�¨�
y = x − x̃

ÚÝÛ�¡×®�±c¨7¹T¡�Û�¹T©l¯T¡°¯T��¡-³g´Ý³g¯µ¡r 5±c³

y = R(b − Ax̃) + (I − RA)y =: f(y).

�!��²�³rÚGÛÙ¡×®�±X¨7³O¯�±X¹µ¯!±�Þ !Ý¡r¾Ä½�«�©¬¨G¯!©l¯T¡�¹�±j¯µ©�«c¨�Ö�«c¹
f
ßz�!��©�³!®�«c¨�Óc¡r¹µ�¡r³z©¬Ö�¯T��¡$³µ½�¡r®
¯T¹T±cª�¹T±�¾Ý©¬²�³=«cÖ

I −RA
©^³

³µ ¢±cª¬ª�¡�¹h¯µ��±c¨
1
ßÙïSÖ

R
©�³{®ª�«�³µ¡×¯µ«Ü¯T��¡�©�¨�Óc¡�¹�³µ¡$«cÖ

A
Ú�¯µ��©^³°³µ½�¡A®
¯T¹T±cªn¹T±�¾Ý©�²�³�©^³°®ª�«�³µ¡×¯µ« �r¡�¹T«�±X¨�¾�ÛÙ¡-��±KÓ�¡

ÖY±c³g¯°®«�¨�Óc¡�¹Tc¡r¨�®¡�ß
ïu¨�Óc¡r¹T³µ©¬«�¨�©^³�¾Ý«�¨�¡�©¬¨Ø¯T��¡°³T±X ¢¡�ÛÙ±K´�ß Ò ¡�ºO²�³g¯=��±KÓc¡Ù¯T«-¹µ¡r½�ª�±�®¡

b ∈ R
n
¶�´�¯T��¡

n×n
©^¾Ý¡�¨G¯T©l¯O´Ø Ü±j¯µ¹T©�!�ß

à{¨�±3²�³g²�±cª�¸ é ÚÝ¯T��¡-ª¬©� ¢©l¯�³�«c¨
n
±X¹T¡$¨�«X¯�c©�Óc¡r¨7¶�´Ü¯T��¡-©¬¨�®¹T¡r±c³µ¡$«XÖz®«c ¢½�²�¯T±j¯T©¬«�¨Ä¯T©¬ ¢¡-¶�²�¯h ¢±c©¬¨�ª¬´

¶�´�¯T��¡�³µ©��r¡-«XÖ�¯µ��¡� Ø¡r ¢«c¹T´cß=ïu¨�� ±X¶�ª¬¡ÜÃ�Ú�Û�¡�ª¬©^³O¯�¯T��¡�®�«c ¢½�²Ý¯�±j¯µ©�«c¨�¯T©¬ ¢¡r³
t
��©�¨�³g¡A®«c¨�¾�³�«c¨?±�£�ß É�¥L� �

¸�¡�¨G¯µ©�²�  � ²�³µ¡r¾�Ö�«c¹�©�¨GÓ�¡�¹�³g©�«c¨3«XÖ�¯µ��¡ n×n
�h©�ª�¶�¡r¹g¯� Ü±j¯T¹µ©�!-Ö�«c¹�®�¡�¹µ¯T±c©¬¨3ÓK±cª¬²�¡r³ «XÖ

n
ß �!��¡!¨�²� 3¶�¡r¹z«XÖ�²�³g¡A¾

¶�©�¨�±X¹T´¢¾Ý©¬�©l¯�³=©�¨�¯T��¡{®�«c ¢½�²Ý¯�±j¯T©¬«�¨�ÛÙ±�³
32 · b11(n + 2)/32c ß��!��¡{½�¹T¡r®�©�³µ©�«c¨Ü«XÖ�¯T��¡°«�²Ý¯µ½�²Ý¯Ù©^³� Ø¡A±c³µ²�¹T¡r¾¶�´

diam([H−1
n ])

ÚÝ¯T��¡- Ü± !Ý©¬ Ü±cªn¾Ý©�±c ¢¡¯µ¡r¹�«XÖz±X¨�¡�¨G¯µ¹T´�©�¨�¯µ��¡�®�«c ¢½�²Ý¯T¡r¾�¡�¨�®�ª¬«G³g²�¹µ¡{Ö�«c¹
H−1

n

ß
�!��¡!½�¹T¡r®�©�³µ©¬«�¨�Ö�«�¹

n ∈ {128, 256} ®�±X¨Ø¶�¡�¹µ¡rª�± !�¡A¾�³µª¬©�c�G¯Tª¬´-¯T«×�±X©�¨¢³g«� Ø¡�³µ½�¡r¡r¾�ß n = 256
ÚX¡cß �ß�ÚXÛ!±c³�±Xª^³µ«

¯µ¡A³O¯T¡r¾ÔÛ�©¬¯µ�
32 · b10(n + 2)/32c ¶�©�¨�±X¹T´ ¾Ý©�c©¬¯T³�©¬¨2¯µ��¡�®�«c ¢½�²Ý¯�±j¯T©¬«�¨nß é «c ¢½�²Ý¯�±j¯T©¬«�¨ ¯T©¬ ¢¡�Û!±c³×±X¶�«c²�¯�KÁGÇ�£3³g¡A®«�¨�¾�³Ù¶�²Ý¯�¯T��¡�¾Ý©^±X ¢¡¯T¡�¹hÛ!±c³

> 10−6 ß
Äó �%Ï�Î � � b*W��*���  ���� ¥��*�h�?W�¢C "��&G����¢E	������¦�§���"���:� Z ��� 	���������¢E	
�����*���µ¥� !���LV����±�XW��C�¦�#�!�����������b� Z �!����¨�� "�§')�µ¢C "�§�������*�*«;���$������W��9Y����!�����$�� �� VG�?d*	
�������¦�§� ¨ �XW� "�$�aW��8	
�©�NV"���©�LV ¢µ ������������;¢C "¨]W� ����µ�h���XW��¦� '�� �\V%�
Yq�¦�XWG�XW��m�������m�¦�����*����� «����R�aW����; �'"���§��W�������� Z �*�©�*�h�©� �&Y�W����?W?���*V%���������*�£�aW������1	
�©�(�����LV��¦� '"�����q« �m���������?W

m�m6I"Ä Q*Å
Q!N



£XÇ �J«������¦¢m¢µ�������C«v$�*���� ������m«
	E���!�"�

n
¯T©¬ ¢¡:�

s � d diam([H−1
n ])ÃAÉ Ç�ß Ç �KÁ Ã �XÉ

0.37 · 10−23

ÈG£ Ç�ß ��Ã È ��£
0.64 · 10−23

ÉcÁ ÃrÂ�ß Á � �jÇcÁ
0.17 · 10−31

ÃK£XÂ ÈcÉ �Ýß � Ã�Á�Ç�Â
0.47 · 10−48

£ �XÉ Â �jÁ�Ç £XÂ�ÃAÉ
0.16 · 10−80

� ±X¶�ª�¡¢Ã � é ¸ � ¯T©¬ ¢¡cÚ�¨G²� �¶�¡�¹�«XÖ�²�³µ¡r¾�¶�©�¨�±X¹T´�¾Ý©�c©¬¯T³rÚ�¾Ý©^±X ¢¡¯T¡�¹�«cÖ�¯µ��¡-¹µ¡A³g²�ª¬¯rß

	
�©�©	��!���LVG���M�¦�������$V������: ?¥©���
�LW�¢µ ���&G������� �>Y�W����?Wb�������������§�µ� Z �aW��µ�¦�#�!����������� � Z �aW��
500 × 500 � �¦��¥������¢µ ������ d Yq�¦�aW  C���*���� ��¦� ����¢µ¥��*�8� Z '%�� ��� "�������?V;�������������AV�� '%�¦����« �£�/Y � Y��1&"�
�/Yb ��q���� ����`�XW����������©�©���`���*����� �

Z ���
H−1

256

� 	?���  )¥������ ��� �$	
���������������B� Z���� V�� '%�¦�§�*«
�1p�� �u|�{��1|�{�w � �M������tx|�� {����±ÂE�qw1|�����Â1|�t
�×¹T«c¨�¹T«Ý¾�ë[¸z±X¯g¯µ¡r¹T³µ«c¨�·G²�±�¾Ý¹�±j¯µ²�¹µ¡{Ö�«c¹T �²�ª^±X¡

QKP,k
nk

[f ] =

nk∑

ν=1

a[k]
ν f(x[k]

ν ), −1 ≤ x[k]
ν ≤ 1

Ö�«c¹Ä¯µ��¡ ¾Ý¡�¯µ¡�¹T ¢©¬¨�±j¯µ©�«c¨ «cÖ
I [f ] =

∫ 1

−1 f(x) dx
±c¹µ¡2¾Ý¡Þ�¨�¡r¾&±�³ÜÖ�«cª�ª�«jÛh³�ß ��¡¯

QG
n

¶�¡�¯T��¡Ô¥×±c²�³µ³µ©^±X¨
·G²�±c¾�¹T±X¯µ²�¹T¡°Ö�«�¹µ 3²�ª^±3Û�©¬¯µ�

n
¨�«Ý¾Ý¡r³rß

Ã�ß
QKP,0

n = QG
n

£�ß
QKP,k

nk

± � ©�¨GÓ�«cª�Óc¡A³ nk = 2k(n + 1) − 1
¨�«�¾�¡r³

¶ � ´�©¬¡rª�¾�³!¯µ��¡-®�«c¹T¹µ¡A®
¯�©¬¨G¯T¡�c¹�±Xª�Ój±Xª�²�¡$Ö�«c¹h±cª¬ª�½�«�ª¬´�¨�«� Ø©^±Xª^³Ù«XÖz¾Ý¡��¹µ¡r¡ ≤ 3 · 2k−1(n + 1) − 1
ß

Ò ¡�®�±Xª�ª
QKP,k+1

nk+1

± �×¹T«c¨�¹µ«Ý¾�ëS¸z±j¯g¯T¡�¹�³g«�¨?¡�!�¯µ¡r¨�³µ©¬«�¨2«cÖ
QKP,k

nk

ß:¬°«X¯�¡�Ó�¡�¨2¯µ��¡Ü¡ !Ý©�³g¯µ¡r¨�®¡Ü«cÖ��×¹T«c¨�¹T«Ý¾�ë
¸z±j¯µ¯µ¡�¹�³µ«c¨ ¡�!�¯µ¡r¨�³g©�«c¨�³ØÖ�«c¹

k > 1
��±�³¢¶�¡r¡�¨ ½�¹T«jÓc¡r¾F¯µ��¡�«c¹T¡¯T©�®r±Xª�ª¬´�ß �°³µ©¬¨�Ô©�¨G¯µ¡r¹µÓj±Xª{±X¹T©l¯T�� ¢¡¯µ©^®XÚÙ©¬¯�©�³

½�«�³T³g©�¶�ª�¡×¯µ«Üc©�Óc¡-±c¨�¡ !Ý©�³g¯µ¡r¨�®¡-½�¹T«�«XÖ�±X¨�¾7¯µ«�¾�¡¯µ¡r¹µ ¢©�¨�¡-¨�«Ý¾Ý¡A³
x

[k]
ν

±X¨�¾�®«�¡�ùÜ®�©¬¡r¨G¯T³
a
[k]
ν

ß��!��©^³�©^³h¾Ý«c¨�¡
±c³ÙÖ�«�ª¬ª�«jÛh³ ��¾�¡Þ�¨�¡

p[k](x) =

nk∏

ν=1

(x − x[k]
ν ).

¸�¹T«c½�¡�¹µ¯O´7£j¶ � ©^³�¡A·�²�©¬Ój±Xª�¡�¨G¯!¯µ«
∫ 1

−1

p[k](x)q(x) dx = 0
Ö�«�¹h±Xª�ª

q ∈ P2k−1(n+1)−1

�Y³µ¡�¡�¡Ù¹�±c³T³8 Â�Ú��!��¡�«�¹µ¡r  ���!® � ß Ò ¡�³µ¡¯
p[k] =

nk∑

ν=0

ανTν ,

Û���¡r¹µ¡
Tν(x) = cos ν arccosx

±X¹T¡$¯µ��¡ é ��¡�¶�´Ý³g��¡rÓÄ½�«cª�´�¨�«c ¢©^±Xª^³�«XÖ ¯µ��¡�Þ�¹T³g¯hÕ�©¬¨�¾�ßÙ�!��¡�ª¬¡A±c¾Ý©�¨��®�«G¡�ù¢ë
®©�¡�¨G¯$«XÖ

p[k] ©^³ 1
±X¨�¾�¯µ��±X¯$«cÖ

Tnk

©^³
2nk−1 ß-�!��¡�¹T¡Ö�«�¹µ¡�Ú αnk

= 21−nk
ß-íÝ©¬¨�®�¡�¯T��¡3¨�«�¾�¡r³{«XÖ

QKP,k+1
nk+1®«�¨G¯T±X©�¨7¯µ��«G³g¡×«XÖ

QKP,k
nk

Ú
p[k+1]/p[k] ©�³�±¢½�«cª�´�¨�«c ¢©^±Xª[ßz�!��¡�¹T¡Ö�«�¹µ¡�ÚGÛÙ¡× Ü±K´Ä³g¡�¯

p[k+1](x)

p[k](x)
=

nk+1−nk∑

ν=0

βνTν(x).

��� mn�t�



��������� 	
��������������������������������! "�#$ %��&% (')�*� £�Ã

�h¡r¹µ¡�ÚÝÛ�¡×��±KÓ�¡
βnk

= 21+nk−nk+1
ßK�×¨�«jÛ�©�¨�

p[k] Ú�Û�¡×��±KÓ�¡{¯T«Ü®«c ¢½�²�¯µ¡ p[k+1]/p[k] ³g²�®���¯T��±j¯
∫ 1

−1

p[k](x)
p[k+1](x)

p[k](x)
Tλ(x) dx = 0

Ö�«c¹
λ = 0, 1, . . . , 2k−1(n + 1) − 1

�!��©^³� ¢¡r±c¨�³Ù¯µ��±X¯rÚÝÕ�¨�«jÛ�©�¨�Ø¯µ��¡
αν

Ú�ÛÙ¡×��±KÓc¡$¯T«¢®�«c ¢½�²Ý¯T¡×¯µ��¡
βν

³µ²�®���¯µ��±j¯

nk+1−nk∑

ν=0

βν ·
(

nk∑

µ=0

αµ

∫ 1

−1

Tν(x)Tµ(x)Tλ(x) dx

)
= 0

Ö�«c¹
λ = 0, 1, . . . , 2k−1(n + 1) − 1.

�CÈ �
�!��©^³hª�«�«cÕÝ³hª�©¬Õ�¡�±Ü��«� ¢«cc¡r¨�¡�«�²�³�³µ´�³g¯µ¡r  ��Ö�«c¹°¯µ��¡

βν � ¶�²Ý¯{¨�«X¯µ¡�¯µ��±X¯ βnk
6= 0

±X¨�¾�¯µ��¡Ø®«c¹T¹T¡r³µ½�«�¨�¾Ý©�¨�
¯µ¡r¹µ Ü³�®�±X¨¢¶�¡°³µ��©lÖt¯T¡r¾¢¯T«×¯µ��¡{¹µ©�c�G¯µë[��±c¨�¾Ø³g©^¾Ý¡cß �°½¢¯µ«�¨�«jÛ-Ú�¡�Ó�¡�¹T´�¯T��©�¨�-³g¡r¡� Ü³=³µ«cª�Ój±X¶�ª�¡cß��!��¡�©� Ø½�«c¹µ¯T±c¨G¯
®«�¨�¾Ý©¬¯µ©�«c¨

x
[k]
ν ∈ [−1, 1]

Ú���«jÛÙ¡�Ó�¡�¹! Ü±K´Ü¶�¡-��²�¹µ¯rßg¬°«Ý¾Ý¡r³h®�«c²�ª^¾7¡�©¬¯µ��¡r¹h³O¯�±K´�¹µ¡A±Xª�¶�²�¯h¶�¡-«�²Ý¯T³µ©�¾�¡
[−1, 1]«c¹×¡rÓc¡�¨2Ój±X¨�©^³g� ¯µ«�¯µ��¡¢®�«c ¢½�ª�¡�!�½�ª^±X¨�¡cß3�!��©�³$ÛÙ«c²�ª^¾�¶�¡Ü±Ä½�¹T«c¶�ª¬¡r �Ú�³g©�¨�®¡

QKP,k
nk

³µ��«�²�ª�¾ ¹µ¡r½�ª^±c®¡3¯µ��¡
®«�¨G¯µ©�¨G²�«c²�³$ª�©¬¨�¡A±X¹$Ö�²�¨�®¯µ©�«c¨�±cª

I : C[−1, 1] → R
ßØïu¨2¯µ��¡�®r±c³µ¡�¯T��±j¯

x
[k]
ν 6∈ [−1, 1]

Ú
QKP,k

nk

Û�«�²�ª^¾�¨�«c¯
¡�Ó�¡�¨�¶�¡�±3Ö�²�¨�®
¯µ©�«c¨�±Xªn«�¨

C[−1, 1]
ß

�×¨�«jÛ�©�¨�°¡r¨�®ª�«�³µ²�¹T¡r³�Ö�«c¹
x

[k]
ν

Ú
ν = 1, . . . , nk

ÚXÛ�¡!�¡¯z¡�¨�®�ª¬«G³g²�¹µ¡A³�Ö�«�¹�¯µ��¡�®�«G¡�ù�®©�¡�¨G¯T³
αν

«XÖ�¯T��¡!¨�«Ý¾�±Xª
½�«cª�´G¨�«c ¢©�±cªCß��!��©^³Ù´G©�¡�ª^¾�³Ù±�ª�©¬¨�¡r±X¹!³µ´�³g¯µ¡r ñ«XÖn¡A·�²�±j¯µ©�«c¨�³=Û�©¬¯µ�7©¬¨G¯µ¡r¹µÓj±cª�®�«G¡�ù�®©�¡�¨G¯T³rß�ïS¯�³!³g«�ª¬²Ý¯T©¬«�¨Ä¾Ý¡�Þ�¨�¡r³
¯µ��¡3½�«cª�´�¨�«c ¢©^±Xª

p[k+1]/p[k] Û�©l¯T��©�¨�¯T¡�¹TÓj±Xª�®«�¡ù�®©�¡�¨G¯�³ [βν ]
��¶�¡�©�¨��¡�¨�®�ª¬«G³g²�¹µ¡A³�Ö�«c¹{¯µ��¡

βν � ß �°³µ©¬¨��¯µ��¡©�¨�¯T¡�¹TÓj±Xª$¬h¡rÛ!¯µ«c¨  ¢¡¯T��«Ý¾�ÚÙÛ�¡�®�±c¨ ®�«c ¢½�²Ý¯T¡��²�±X¹�±X¨G¯T¡�¡r¾F©¬¨G¯T¡�¹TÓK±cª�³
[x

[k+1]
ν ]

Ö�«c¹¢¯T��¡ ��¡�¹T«�³Ø«cÖ$±Xª�ª!¯µ��¡
½�«cª�´G¨�«c ¢©�±cª�³°¹µ¡r½�¹T¡r³µ¡�¨G¯µ¡A¾�¶G´�¯T��¡�©�¨G¯µ¡r¹µÓj±Xª�®«�¡�ùÜ®�©¬¡r¨G¯T³rß{ïSÖ�¯T��¡�©�¨G¯µ¡r¹µÓj±Xª^³

[x
[k+1]
ν ]

±X¹T¡�½�±c©¬¹TÛ�©^³g¡�¾�©�³YºO«c©�¨G¯
±X¨�¾ ®�«c¨G¯T±c©¬¨�¡r¾D©¬¨

[−1, 1]
Ú�Û�¡?��±KÓc¡�½�¹T«jÓc¡r¾%¯µ��¡ ¡�!Ý©�³g¯µ¡r¨�®¡�«cÖ×±U�×¹T«c¨�¹T«Ý¾�ëS¸�±X¯g¯T¡�¹�³g«�¨%¡�!�¯µ¡r¨�³µ©¬«�¨ ��¯µ��¡

²�¨�©^·G²�¡�¨�¡r³T³ÙÖ�«cª�ª¬«jÛh³ÙÖ�¹T«c ñ¯T��¡×¯µ��¡�«c¹T´ � ßà{¨�¡¢·G²�¡r³g¯µ©�«c¨Ô©�³×��«jÛ ¯µ«�¡rÓK±cª¬²�±j¯µ¡¢±�½�«�ª¬´�¨�«� ¢©�±cª
p
±c¨�¾2©l¯�³-¾Ý¡�¹T©¬Ój±X¯µ©�Óc¡Ø¡ù�®©�¡�¨G¯µª�´ ±c¨�¾ ©�¨x±7³g¯T±c¶�ª�¡

 Ü±X¨�¨�¡�¹AÚÝ©lÖ�Û�¡×��±KÓ�¡$¯µ��¡-¹T¡�½�¹T¡r³µ¡�¨G¯�±j¯µ©�«c¨

p(x) =
n∑

ν=0

cνTν(x).

î ©¬¹�³g¯rÚÝ¨�«c¯µ¡×¯µ��±j¯
T ′

ν+1(x)

ν + 1
=

sin(ν + 1) arccos(x)√
1 − x2

≡ Uν(x).

Uν

©^³Ù¯µ��¡ é ��¡�¶�´Ý³g��¡rÓ�½�«cª�´G¨�«c ¢©�±cª�«XÖ�¯µ��¡�³µ¡r®�«c¨�¾7Õ�©¬¨�¾�«cÖ ¾Ý¡rc¹T¡�¡
ν
ß Ò ¡-��±KÓc¡

T0(x) = 1, T1(x) = x, Tν(x) = 2xTν−1(x) − Tν−2(x), ν = 2, 3, . . .

±X¨�¾
U0(x) = 1, U1(x) = 2x, Uν(x) = 2xUν−1(x) − Uν−2(x), ν = 2, 3, . . .

�°³µ©�¨�Ø¯µ��©^³!¹µ¡A®²�¹�³µ©¬«�¨�©�³Ù²�³µ²�±cª¬ª�´�¨�«c¯�±3c«�«Ý¾�©^¾Ý¡A±�ß�ïSÖ |x| ©^³�®ª�«�³µ¡{¯µ«�ÃC�Y«c¹!ª^±X¹Tc¡�¹ � Ú�±X¨�¡�¹T¹T«c¹=½�¹µ«�½�±XG±j¯µ¡A³Û�©¬¯µ�?±3ÖY±c®
¯T«c¹�«cÖ ±X¶�«c²�¯{£ �Y«c¹�ª^±X¹Tc¡r¹ � Û�©l¯T��¡r±c®���±X½�½�ª¬©^®�±X¯µ©�«c¨7«XÖ ¯µ��¡-¹T¡r®�²�¹T³µ©�«c¨�Ö�«�¹µ 3²�ª^±�ßz»hª¬¯µ¡r¹µ¨�±X¯µ©�Óc¡rª¬´�ÚÛÙ¡×¾�¡r¾Ý²�®�¡×¯µ��¡-¹T¡r®�²�¹�³g©�«c¨�³

T2ν(x) = 2T 2
ν (x) − 1, T2ν+1(x) = 2Tν+1(x)Tν(x) − T1(x)

±X¨�¾
U2ν(x) = 2Tν(x)Uν(x) − U0(x), U2ν+1(x) = 2Tν+1(x)Uν(x).

»hG±X©�¨nÚ�¯µ��¡{¡�¹T¹µ«�¹� Ü±K´3¶�¡{ 3²�ª¬¯µ©�½�ª¬©�¡r¾�¶G´Ü±c¶�«�²Ý¯!£×©�¨Ä¡A±c®���±c½�½�ª�©�®r±j¯µ©�«c¨�ß�ïu¨�«�¹T¾�¡�¹�¯T«�«c¶�¯T±X©�¨Ü¯T��¡°Ój±Xª�²�¡{«XÖ
¯µ��¡ é ��¡r¶�´�³µ��¡rÓØ½�«cª�´�¨�«c ¢©^±Xª�«XÖ�¾Ý¡rc¹T¡�¡

n
Ú���«jÛÙ¡�Ó�¡�¹AÚcÛÙ¡°��±KÓ�¡h¯T«3±X½�½�ª¬´Ø¯T��¡{¹T¡r®�²�¹�³g©�«c¨Ü«�¨�ª¬´Ü±c¶�«�²Ý¯

log2 n¯µ©� ¢¡r³rß
»h¨ ©¬ ¢½�«c¹µ¯T±c¨�¯?½�¹T«c½�¡�¹µ¯O´ «XÖ3± ·G²�±c¾�¹T±X¯µ²�¹T¡�Ö�«�¹µ 3²�ª�±D©^³7©¬¯T³�½�«�³µ©l¯T©¬Ó�©¬¯O´cÚ$©Cß ¡cß�Ú{¯µ��¡ ½�«�³µ©l¯T©¬Ó�©¬¯O´&«XÖ�©¬¯T³

®«�¡�ùÜ®�©¬¡r¨G¯T³
aν

�Y©¬¨x«�²�¹�®�±�³g¡
a
[k]
ν � ß?î�¹µ«� 0¯µ��¡�«c¹T´cÚ  Ü±X¨�´Ô¨�©�®�¡Ü½�¹T«c½�¡�¹µ¯µ©�¡r³×Ö�«�ª¬ª�«jÛ Ö�¹µ«� 0¯µ��©�³�½�«G³g©¬¯µ©�Ó�©l¯O´�Y³µ¡�¡�Ú�¡cß �ß�Ú�¡Ù¹T±�³µ³!±c¨�¾7î���¹T³g¯µ¡r¹T ��® � ß��!��¡�®«�¡ù�®©�¡�¨G¯�³�±X¹T¡{�©¬Ó�¡�¨�¶G´

a[k]
ν =

∫ 1

−1

lν(x) dx lν(x) =
p(x)

(x − x
[k]
ν )p′(x

[k]
ν )

, p(x) =

nk∏

ν=1

(x − x[k]
ν ).

m�m6I"Ä Q*Å
Q!N



£c£ �J«������¦¢m¢µ�������C«v$�*���� ������m«
	E���!�"�

ïu¨ «�¹T¾�¡�¹h¯T«�®r±Xª^®²�ª^±j¯T¡�¯T��¡3©�¨G¯µ¡rc¹�±Xª[Ú�ÛÙ¡� Ü±K´?±X½�½�ª¬´?«�¨�¡�«cÖ�¯µ��¡ØÕ�¨�«jÛ�¨ ·G²�±�¾Ý¹T±X¯µ²�¹T¡-Ö�«�¹µ 3²�ª�±�³�¯T��±j¯-±X¹T¡
¡�!�±�®
¯�Ö�«�¹Ø±cª¬ªÙ½�«cª�´G¨�«c ¢©�±cª�³3«XÖ°¾�¡�c¹T¡�¡

nk

ß Ò ¡�®���«�³µ¡Ü¯T��¡ é ª�¡�¨�³g��±KÛ!ë é ²�¹µ¯µ©^³-Ö�«�¹µ 3²�ª�±b�Y³µ¡�¡ ¡�¹�±c³T³: Â�® � ß�!��©^³�¹T¡r·G²�©�¹T¡r³×¯T��¡�®r±Xª^®²�ª^±j¯T©¬«�¨x«XÖ!Ö�²�¨�®¯µ©�«c¨DÓK±cª¬²�¡r³�«cÖ�¯µ��¡7©¬¨G¯T¡�c¹�±X¨�¾
lν
ß2�!��¡�¾Ý¡�¹T©�ÓK±X¯µ©�Óc¡�«cÖ

p
©�¨x¯µ��¡

¾Ý¡r¨�«c ¢©�¨�±j¯T«c¹!©�³°®�±Xª^®²�ª�±X¯µ¡r¾�±c³�±c¶�«jÓ�¡cß��!��¡-¹T¡� Ü±X©�¨�©�¨��ÖY±�®
¯T«c¹�©^³h®�±cª�®�²�ª�±X¯µ¡A¾Ä±c³�¾�¡Þ�¨�¡A¾�ß
$ !Ý©^³O¯T¡�¨�®�¡7±X¨�¾x½�«G³g©¬¯µ©�Ó�©l¯O´ ±X¹T¡�½�¹T«jÓc¡A¾ ¶�´ ®�«c ¢½�²Ý¯T©¬¨�?¯µ��¡�¡�¨�®ª�«�³µ²�¹µ¡A³×Ö�«c¹Ø¨�«Ý¾Ý¡A³3±c¨�¾%®«�¡�ùÜ®�©¬¡r¨G¯T³rß¬h«�¨ÝëS¡�!Ý©�³g¯µ¡r¨�®¡{ Ü±K´3��±KÓ�¡°¾Ý©¬ð�¡r¹µ¡r¨G¯Ù¹T¡r±�³g«�¨�³�ß�ïu¨Ä«�²�¹�®r±c³µ¡r³rÚ�©¬¯ÙÛ!±c³=½�¹T«jÓc¡r¾¢¶�´Ü³µ��«jÛ�©¬¨�-¯µ��±X¯

p[k] ±X¨�¾Ü©¬¯T³Þ�¹�³O¯!¾Ý¡�¹T©�ÓK±X¯µ©�Óc¡{��±KÓc¡�¯T��¡×³µ±c Ø¡$³g©�c¨7±j¯ −1
ß`�°¡�¨�®�¡cÚG¯µ��¡�¹T¡° �²�³O¯!¶�¡×± �r¡�¹T«�«XÖ

p[k] «c¹Ù©l¯�³�Þ�¹T³g¯Ù¾�¡�¹T©¬Ój±j¯T©¬Ó�¡«c¨�¯T��¡�ª�¡Öt¯°«cÖ�¯µ��¡�¶�±c³µ©�®×©�¨G¯µ¡�¹TÓj±Xª[Ú�Û���©^®��� ¢¡r±X¨�³!¯µ��±X¯°ÛÙ¡�¾Ý«Ü¨�«�ª�«c¨�c¡�¹���±KÓc¡×¯µ��¡-Ö�²�ª�ª�¨�²� �¶�¡�¹{«XÖ	��¡r¹µ«G³
©�¨

[−1, 1]
ß

Ò ¡���±KÓ�¡z¯µ¡A³O¯T¡r¾�¯µ��¡Ù½�¹T«cc¹�±X  Ö�«c¹
nk < 1024

ßn»°�±c©¬¨nÚK¯T��¡Ù¹µ¡A³O¯T¹µ©^®
¯T©¬«�¨�³n«�¨
nk

®�±X ¢¡=Ö�¹µ«�  ¹T¡r³g¯µ¹T©^®
¯µ©�«c¨�³
«c¨7¯µ��¡�³g© ��¡A³!«XÖ ¯µ��¡- Ü±j¯T¹µ©^®¡A³Ù©¬¨�¯µ��¡-ª¬©�¨�¡r±c¹h³g´Ý³g¯µ¡r  �YÈ � ß��!��¡-¹T¡r³µ²�ª¬¯T³�±X¹T¡
� � ó�÷ Î ó � � b*W�� �m�����#���NV/g§$ ������*������� �ed)���*�������"���\Yq�¦�aW

nk < 1024
Z ���

n0 6∈ {2, 4} �ed)�����; "�QV  "���	��!���¦�§�¦��� «.� Z
n = n0 = 2 � ��� n = n0 = 4 � � Y�� W� "�!�?�ed)����� ���
���G "�QV 	��!���¦���¦�(�¦��¨ Z ���

nk ≤ 47 � �"�
nk ≤ 319 �  !� Y��*�¦�� !���
�"�Jgr�?d%�������*�h��� Z ��� nk = 95 � �"� nk ≤ 637

�q���*�§	����*���¦���*��¨ � «
�1p�� }.� ° � �����r�r�e�����1²X� ����tv²�|��q�Ew´y�|�{�» �7����¶1te»Á�����r�h�q� �µ�r�E�`�8�ht
íG¯�±X¹µ¯µ©�¨��½�«c©�¨G¯!«cÖ ¥×á?¸zëSì$í é Û!±c³=¯µ��¡$¨�²� ¢¡�¹T©�®r±Xª�®«c ¢½�²�¯T±j¯T©¬«�¨Ä«cÖn¯µ��¡$½�¹T©�®�¡{«cÖ�±X¨�±X¹T©l¯T�� ¢¡¯T©�®ëS±KÓ�¡�¹�±Xc¡
»°³µ©^±X¨ «c½Ý¯T©¬«�¨x±c®�®�«c¹�¾Ý©�¨�Ä¯T«2íÝ®���¹ �Ý¾Ý¡�¹�� ³{©�¨G¯µ¡rc¹�±Xªz¹T¡�½�¹T¡r³µ¡�¨G¯T±X¯µ©�«c¨  Á�£ ®Sß7�!��¡�®�«c ¢½�²Ý¯�±j¯µ©�«c¨�±Xª�ª¬´Ô®«c ¢½�ª�©¬ë
®�±X¯µ¡A¾Ä½�±c¹g¯�©^³

∑

|b|∈{ν,ν+2}

∫ ∞

0

H−ν−4

(
cosh y√

2q

)
eyb=

{
eiπb erfc

(
y + bh + iπ√

2h

)}
dy

��Á �
Û���¡r¹µ¡

ν, q
±c¨�¾

h
±X¹T¡�®¡r¹g¯�±X©�¨�½�«G³g©¬¯µ©�Óc¡�½�±X¹�±X ¢¡¯T¡�¹�³�ß

Hµ

©�³$± �°¡�¹T Ø©¬¯µ¡�Ö�²�¨�®¯µ©�«c¨nÚ�Û���©^®���©^³{¾�¡Þ�¨�¡A¾?Ö�«�¹
¨�¡r�±j¯T©¬Ó�¡

µ
¶�´

Hµ(z) =
1

Γ(−µ)

∫ ∞

0

e−t2−2tzt−µ−1 dt
� � �

�Y³µ¡�¡�Ú�¡cß �ß�Ú �n¡r¶�¡A¾Ý¡�ÓJ È�Ç!® � ß=î�¹T«c  ¯µ��©^³�Ú�Û�¡×c¡�¯h±Xª�ªv�h¡�¹T ¢©l¯T¡×Ö�²�¨�®¯µ©�«c¨�³�¶�´Ä±c½�½�ª�´�©¬¨�
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