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klu¥q$bdf@wo��f{x�fMu-q�w�prw�fM�:ktx(p���fMudfM��prnlklÂ°prq$ktsUu�¸*p y prwoq�f y q�s4q$bdf!|�pUx�f!sr¡�p�mouokt|MzF|MntfTª«q¯zFw�f!e!sU¬oklntf!��sU¬�sUq�¸"sr¡2q$bdf
|{sUu-q$��sUnQwo��sU¬ontfMe´fM±�sU¤�f y klu4q$bdf�pr¬�s°±�f
fT}dpre@wontf ­

a2bdf�|{sUu-q$��sUn�x$q$��prq�fM��z@bdfM��f�|{sUudx$k y fM��f y ktx<¬�pUx�f y sUu!q$bdf�q���prudx$±�fM��x�f2¡³moud|Mq$ktsUu |{sUu-q$��sUn�prwowo��s�pU|�b+ g,"�§.bokt|�b
wo��s°±-k y f{xWp���fMudfM��prno¡³��pre!fM§RsU�$¤(¡£sU�*q$bdf y fMx�kl��u!sr¡�|{sUu-q$��sUndnCp�§�x�zFktfTn y kluo�:wo��pU|Mq$kt|�prn�x$q�pr¬oklnlklÂ°prq$ktsUu@¡£sU��udsUuonlkludf�pr�
|{sUu-q$��sUnlnCpr¬ontf y �$kÃ¡³q$ntf{x�x.x$z`x$q�fMe!x2x$mo¬oe@klq$q�f y q�s@p yoy klq$kl±�f�w�fM�$q$mo�$¬�prq�klsUu�x ­ � q2ktx.|Mnts�x�fMnlz ��fMnCprq�f y q�so¸dpru y e1p�z ¬�f
x�f{fMuµpUx]pruvfT}`q�fMudx$ktsUuµsr¡�¸�p1|{sUu-q$��sUn,wo��sUw�s�x�f y klu- È�." ¸d§.bdfM��f�wd��pU|Mq$kt|{prn*x$q�pr¬oklnlklÂ°prq$ktsUu�sr¡*¡£f�pUx$kl¬ontf:q���pÏ��f{|Mq�sU�$ktf{x
¡³sU��p�mouokt|MzF|MntfTª«q¯zFw�f!��sU¬�sUq:ktx:x�q$m y ktf y®­ �<x$q�kÃe1prq�klsUu sr¡Rq$bdf@q�pr�$��fMq�¶·x�±�fMnts-|Mklq¯z�ktx
mou y fM��x$q�pru y pr¬onlz¢mdx�fT¡³mon*¡£sU�
q$��pU|�¤-kluo��womo�$w�s�x�f{x,pru y kle@wo��s°±�f{x�q$bdf�w�fM��¡£sU�$e1prud|{f sr¡`q$bdf<|{sUu-q$��sUn-x�|�bdfMe!f ­ a2bdf y f{x$kl��u(sr¡ox$md|�b(pru�f{x$q$kle1prq�sU��¸
¬�pUx�f y sUuv±Fktx$m�prn y prq�p@h ¡²��sUe¹§.bokt|�bvq$b�f���fMnCprq$kl±�f(|{sUu/�d��mo��prq$ktsUu¥sr¡<q$bdf���sU¬�sUq]§.klq$bµ��f{x$w�f{|Mq]q�s1q$bdf�q�pr�$��fMq
ktxR��f{|MsUu�x$q$�$md|Mq�f y h pru y s y sUe!fMq$�$z e!f�pUx$mo��fMe!fMu-q�x�¸`ktx y f{x�|M�$kl¬�f y klu=q$bdf]w�prw�fM� ­ a2boktxRktx2|{sUe(¬okludf y §.klq$b�q$bdf
wo��sU¬ontfMe sr¡
�dnlq�fM�$kluo�1e!f�pUx$mo��fMe!fMu-q�udsUktx�f
sUuIq$bdf
��f{|{sUudx$q$�$md|Mq�f y q�pr�$��fMq��Ï��sU¬�sUq]|{sUu/�d��mo��prq$ktsUu ­

a2bdf2w�prw�fM��ktx*sU����pruoklÂ{f y pUx"¡£sUnlnts°§�x ­ �RsUu-q$��sUnde!s y fMntx pr��fRklu-q$��s y md|{f y klu iFf{|Mq$ktsUuI� ­ a2bdf.|{sUu-q$��sUndx$q$��prq�fT��z
ktx2wo��f{x�fMu-q�f y kluviFf{|Mq$ktsUuv� ­ a2bdf�q�pr�$��fMq�±�fMnts-|Mklq¯z=f{x�q$kle1prq�sU��ktx2wo��f{x�fMu-q�f y kluviFf{|Mq$ktsUuv� ­ i-klud|{f�e!sU¬oklntf:��sU¬�sUq�x
f ��m�prq$ktsUudx�pr��f�udsUuonlkludf�pr��¸Qq$bdf@x$mow�fM�$w�s�x$klq$ktsUu¢wo�$klud|Mklwontf!sr¡Wnlkludf�pr�:|{sUu-q$��sUn�q$bdf{sU�$z y s-f{x
udsUq:prwowonlz ­�º sU��q$boktx
��f�pUx�sUuQ¸Fp
|{sUe@wontfMe!fMu-q�pU�$z pru�prnlzFx$ktx ktx<udf{f y f y q�s:wo��s°±�f.q$bdf�x$q�pr¬oklnlklq¯z!sr¡�q$bdf�wo��sUw�s�x�f y |MsUuFq$��sUnlntfM���rf{x$q$kle1prq�sU� ­
� q<ktx |{sUu y md|Mq�f y klu�iFf{|Mq$ktsUu1g ­
0 pr�$ktsUmdx<kle@wontfMe!fMu-q�prq$kCsUu=ktx�x$mdf{xWpr��f�p yoy ��f{x�x�f y klu=iFf{|Mq$ktsUu I ­ iFkÃe�monCprq$ktsUu�pru y
fT}Fw�fM�$kle!fMu-q�prn"��f{x$monlq�x]pr��f:��fMw�sU�$q�f y klu�iFf{|Tq�klsUu�x211pru y [���f{x$w�f{|Mq$kl±�fMnlz ­ � ¡£fM§ y kl��f{|Mq$ktsUudx�¡£sU�.¡³moq$mo��f�x$q$m y ktf{x
pr��f�w�sUklu-q�f y sUmoq�kluIq$bdf��RsUud|Mnlmdx�ktsUu ­
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� fMq�mdx]|{sUudx$k y fM��q$bdf�q$bo��fMf�¡³��pre!f{x���fMwo��f{x�fMu-q�f y klu º kl��mo��f=��� F0
ktx]p �o}of y ¡³��pre!f�¸ Fr

ktx�p�¡³��pre!f�prq$q�pU|�bdf y
q�s1q$bdf�mouokt|Mz`|Mntf�¸�pru y Ft

ktx�p@¡²��pre!f�prq$q�pU|�bdf y q�s1q$bdf(q�pr�$��fMq ­ � fMq
(xr, yr)

y fMudsUq�f(q$bdf(|{s-sU� y klu�prq�f{x
sr¡ −−→� ~
rklu F0

pru y
αr

y fMudsUq�f�q$bdf�pruo��ntf�¬�fMq¯§Rf{fMu
~ı0
pru y

~ır
&³x�f{f º kl��mo��f�� ( ­ a2bdf�|{sUu-q$��sUn*kluowomoq�x
sr¡ q$bdf���sU¬�sUq:pr��f

q$bdf�ntsUuo��klq$m y klu�prn ±�fMnts-|Mklq¯z
u1

prntsUuo�Iq$bdf@±�f{|Mq�sU�
~ır
sr¡ Fr

pru y q$b�f!pruo��monCpr�:±�fMnts-|Mklq¯z
u2 = α̇r

­ � klq$b¢q$bdf{x�f
udsUq�prq$ktsUudx�¸oq$b�f�¤FkludfMe1prq$kt|:f �-m�prq$ktsUudx�sr¡*q$bdf
mouokt|MzF|Mntf�¸d§.klq$bI��f{x$w�f{|Mq�q�s F0

¸�pr��f







ẋr = u1 cosαr

ẏr = u1 sinαr

α̇r = u2

&�� (

�
~ı0

~0

F0

αt

αr

�
r

~r ~ır

~ıt

~t

�
t

Ft

Fr

º kl��mo��f!��� �RsUu/�d��mo��prq�kls�uI¡³��pre!f{x
º sU��x$q�pr¬dkÃnlklÂ°prq$ktsUu¨womo�$w�s�x�f{x�¸�§Rf=§2pru-q�q�s y fMx�|M�$kl¬�f=q$bdf=¤-kludfMe1prq$kt|{x!sr¡�q$bdf=��sU¬�sUq�§.klq$b¦��f{x$w�f{|Mq�q�sµq$bdf

q�pr�$��fMq ­ � fMq
(xt, yt)

y fMudsUq�f@q$bdf@|{s-sU� y klu�prq�f{x(sr¡ −→� ~
t
klu Ft

¸�pru y
αt

y fMudsUq�f@q$bdf1pruo��ntf@¬�fMq¯§Rf{fMu
~ı0
pru y

~ıt
­

a2bdf]q¯§Rs@|{sUe@w�sUudfMu-q�x�sr¡,q$bdf]±�fMnts-|Mklq¯z=sr¡
Pt
¸`fT}`wo��f{x�x�f y klu�q$bdf�¬�pUx$ktx.sr¡,q$bdf�q�pr�$��fMq2¡²��pre!f�¸dpr��f y fTu�sUq�f y pUx

apru y
b
¸�pru y q$bdf�q�pr�$��fMq]pruo��monCpr��±�fMnts-|Mklq¯z=ktx y fMudsUq�f y pUx

c
¸`k ­ f ­

{

d
−→�	�

t

dt
= a~ıt + b~t

α̇t = c

&£� (

�¥f�ntfMq
ut =

(

a b c
)T &£� (

�«¡
(x, y)

y fMudsUq�f{x"q$bdfR|{s-sU� y klu�prq�f{x�sr¡dq$bdfWw�s�x$klq$ktsUu�fM�$��sU�"±�f{|Mq�sU�"¬�fMq¯§Rf{fMu�q$b�f ��sU¬�sUq�pru y q$bdfWq�pr�$��fMq�¸�fT}`wo��f{x�x�f y
klu q�bdf1q�pr�$��fMq�¡³��pre!f Ft

¸"k ­ f ­ −−→~
t
~
r = x~ıt + y~t

¸�pru y
α = αr − αt

¸*sUudf1klu`¡£fM��x�¡²��sUe &�� (�pru y &£� (]h x�fMf
��wow�fMu y kÃ}I� ¡£sU� y fMq�prklntx2h q$b�prq







ẋ = u1 cosα+ cy − a
ẏ = u1 sinα− cx− b
α̇ = u2 − c

&²g�(

i-z`x$q�fMe!&²g�(���fMwo��f{x�fMu-q�x!q$bdfIfM�$��sU�1x�zFx$q�fMe7pUx�x�s�|MkCprq�f y §.klq$b¨q$bdf�q�pr�$��fMq1q$��pU|�¤Fkluo�¥wo��sU¬ontfMe ­ � q!|�pru¨¬�f
��fM§.�$klq$q�fMuµpUx

ġ = u1b1(g) + u2b2 + b0(g, ut)
& I (

§.klq$b
g = (x, y, α)T

pru y

b0(g, ut) = (cy − a,−cx− b,−c)T & 1 (

b1(g) = (cosα, sinα, 0)T , b2 = (0, 0, 1)T
&#[,(

`^`´×�acb$deb�f



1 ����� �$��*����
	��
�����e	���������� �����$���

� 4 ���������� �5o�����2����
.)

a2bdfW|{sUu-q$��sUnoprwdwo��s�pU|�b�ktx,¬�pUx�f y sUu�q$bdfW|{sUud|{fMwoq�sr¡^������� ��� ������� �e*K� ����	���� � y fM±�fMntsUw�f y klu* g " ­ � u(q$boktx"x�f{|Mq$ktsUu�§Rf
sUuonlz�wo��f{x�fMu-qWq$bdf�fTntfMe!fMu-q�x2sr¡®q$bdf�prwowo��s�pU|�b=udf{|{f{x�x�pr�$z�¡³sU� q$bdf�|{sUudx$k y fM��f y prwowonlkt|�prq$ktsUu ­ � fMq mdx q�fMe@w�sU��pr�$klnlz
¡³s-|Mmdx�sUuµi-z`x$q�fMe & I (R§.klq$bdsUmoq�q$bdf y �$kÃ¡²q�q�fM�$e

b0
¸`k ­ f ­

ġ = u1b1(g) + u2b2
&£� (

�Wz y f���uoklq$ktsUuQ¸®p!¬�sUmou y f y ¡²moud|Mq$ktsUu
f : T −→ G

h�§.klq$b
T
∆
= R/2πZ

h�ktx]|�prnlntf y p ������� ��� ������� �e*K� ����	����
¡³sU��i-z`x$q�fMe &£� (WkÃ¡

∀θ ∈ T,
y fMq

H(θ) 6= 0
§.klq$b

H(θ)
∆
=

(

b1(f(θ)) b2 − ∂f

∂θ
(θ)

) &£� (

� q2ktx2udsUq y k��1|Mmonlq�q�s�x$bds°§[h x�f{f���wow�fMu y kÃ}�� h q$b�prqR¡£sU��pru-z
ε1 > 0

pru y pru-z
ε2 ∈ (0, π

2 ]
q$bdf]¡²moud|Mq$ktsUu

fy f#�dudf y ¬-z

f(θ) =







ε1 sin θ
ε1ε2
4

sin 2θ

ε2 cos θ







&���� (

fMudx$mo��f{x�q$bdf¢x�prq$ktx�¡«pU|Mq$ktsUu sr¡!�RsUu y klq$ktsUu &£� ( ­ a���prudx$±�fM��x�fv¡³moud|Mq$ktsUudx©prnlnts°§'q�s klu-q$��s y md|{f
θ̇
pUxIpYudfM§¹h

±-kl�$q$m�prn�h |{sUu-q$��sUn�kluowomoqR¡£sU�Rq$bdf]x$z`x$q�fMe ­ �¯u�sU� y fM�2q�s(¬�f�e!sU��f�x$w�f{|Mk%��|
pr¬�sUmoq2q$boktxRw�sUklu-q�¸`ntfMqRmdx �d��x$qR��f{|�prnln
p(¡£fM§ ¬�pUx$kt| y f#�duoklq$ktsUudx]pr¬�sUmoq � ktf
����sUmowdx ­

� � ktf�����sUmow
G
ktx�p y k%$®fM��fMu-q$kCpr¬ontf
e1pruokÃ¡³sUn y f �-moklwow�f y §.klq$b©p�x$e!s-sUq$b4����sUmowIsUw�fM��prq$ktsUu ­ a2bdf
sUudf�bdfM��f

|{sUudx$k y fM��f y ktx
G = R2 × T

fMu y s°§Rf y §.klq$bIq$bdf
����sUmow©sUw�fM��prq$ktsUu
(g, g′) 7−→ gg′

y f#�dudf y ¬-z

gg′ =

(

p+R(α)p′

α+ α′

) &���� (

§.klq$b
g = (p, α)

¸
g′ = (p′, α′)

¸�h
p
pru y

p′ ∈ R2
|{sU�$��f{x$w�sUu y q�s:w�s�x�klq$ktsUu ±�f{|Mq�sU��x<h pru y

R(α)
q$bdf���sUq�prq$ktsUu

e1prq$�$kÃ}4sr¡<pruo��ntf
α
­ � f y fMudsUq�f:¬-z

e = (0, 0, 0)T
q$bdf
mouoklq�fMntfMe!fMu-q�sr¡*q$bdf�����sUmow ­

�¯q!ktx!§RfMnln�¤-uds°§.uQ¸�pru y x$q$��prkl��b-q�¡£sU�$§2pr� y q�s¥±�fM�$kÃ¡³z�¸Wq$b�prq�i-zFx�q�fMe &£� ( y f#�dudf{x=p¢ntfT¡²q�ª«klu-±�pr�$kCpru-q=|{sUu-q$��sUn
x$zFx�q�fMe sUu

G
¸`k ­ f ­ ¸`¡£sU��pru-z�x�sUnlmoq$ktsUu

g(.)
sr¡ &£� (2pru y pru-z

g0 ∈ G
¸

d

dt
(g0g(t)) = u1b1(g0g(t)) + u2b2

a2bdf:¡³sUnlnts°§.kluo�=wo��sUw�s�x$klq$ktsUuµwo��s°±Fk y fMx�q$bdf(fT}Fwd��f{x�x$ktsUuvsr¡Wp�h y z-u�pre@kt|
h ¡£fMf y ¬�pU|�¤4nCp�§ §.bokt|�bµfMudx$mo��f{x
wo��pU|Mq$kt|�prn�x�q�pr¬oklnlklq¯z�sr¡"q$bdf:sU�$kl��klu©sr¡<i-z`x$q�fMe & I ( ­ �¯u4q$boktx.wo��sUw�s�x$klq$ktsUuQ¸

d
x$q�pru y x2¡£sU�.q$bdf y k%$®fM��fMu-q$kCprn«¸

rh
pru y

lh
y fMudsUq�f:q$bdf���kÃ��bFq�pru y ntfT¡²q�q$��prudx$nCprq$ktsUudx�¬-z

h
��f{x$w�f{|Mq$kl±�fMnlz�¸ok ­ f ­

rh(g) = gh
pru y

lh(g) = hg
­

R � À G À �
7D�
7 À 6 9�� �$� U ⊂ G
�����?��� � � �?��	.
 (c3����e(K�
� � � �

e
� ��� �

f : T −→ U � ������� ��� ������� ��*�� � ��	���� � � �$�

ū
∆
= (u1, u2, θ̇)

T ���'���)�e	������ ��(c� ����!2!.��%'	���
���,�� ��� 	�� � ������3��-���+!.��%

ū = −H(θ)−1 [dlz (g) b0(g, ut) + drg (z)Kz]
&���� (

%'	���(

dlz(g) =

(

R(ε2 cos θ − α) 0
0 1

)

drg(z) =





I2 R(ε2 cos θ − α)

(

−y
x

)

0 1





z
∆
= f(θ)g−1 = f(θ)−





R(ε2 cos θ − α)

(

x
y

)

α





&���� (
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����� ! ,�	2�K
 ��(�	 ��� ����������!]�#� & I ( , 	#��!.�.�
ż = Kz

� �^(c�������$�����#�Z	 �
K

	 �����T*K��%'	���� �$�#��3�! ��� ������	��.�
ū
��� ��*�� ������(c�

� ���-����	�� ��!��$�#��3�	�!1		� �-��	���� � �
g = e

	2����(c� �����)��� ��(K���&��(c� �����
f(T)

	 � �
�������?��� ��	���!�!1, ���#��3$!.�&�$������(c���$! � ������/ !.�
���
�e,.��� ��� & I (
� &���� ( ���e���c���$��	��$*�!.����� 	 �

K = −diag{k1, k2, k3}
%'	���(

k1,2,3 > 0
�Z���X, �$��! *c��	����

g(.)
� � & I ( �e*���(

��(K��� |z3(0)| = |α(0)− f3(θ(0))| < π
� ��� � ���#
���� �
�������?��� ��	���!2! , �#�

f(T)
�

i-klud|{f
f(θ)

¸<pUx���kÃ±�fMu ¬-z &���� (M¸*q�fMu y x�q�svÂ�fM��sµ§.bdfMu¦q$bdf w�pr��pre!fMq�fM��x
ε1
pru y

ε2
q�fMu y q�svÂ�fM��so¸ ‖g(t)‖ktx=monlq$kle1prq�fMnlz[¬�sUmou y f y ¬-z[pYu-moe(¬�fM�4§.bokt|�b |�pru ¬�fv��fMu y fM��f y pUx�x�e1prnln
pUx y f{x�kl��f y ¬-z |�bds-s�x�kÃud�¦q$bdf{x�f

w�pr��pre!fMq�fM��xRx$e1prnln�fMudsUmo��b'&²¬omoq y k%$�fM��fMu-q ¡²��sUe Â�fM��s ( ­�� sU��f{s°±�fM��¸�q$boktx ¬�sUmou y ktx 	2�?�����X��� ����� ��sr¡�q$bdf�q�pr�$��fMq�¶·x
e!sUq$ktsUu ­�� sUq�f�¸ bds°§RfM±�fM��¸Wq$b�prq p¢x$e1prnln.±�prnlmdf=¡£sU�@q$boktx!¬�sUmou y e1p�z udsUq!¬�f�udf{|{f{x�x;pr�$z�¸WudsU� y f{x�kl��pr¬ontf�¸Wklu
wo��pU|Mq$kt|{f ­

 ¼ �¥�o����� a2bdf�|{sUu-±�fM�$��fMud|{f:|{sUu y klq$ktsUu |z3(0)| = |α(0)− f3(θ(0))| < π

klu�~���sUw�s�x�klq$ktsUu¥��¸`|{sUe!f{xR¡³��sUe/q$bdf
¡£pU|Mq�q$b�prq�q$bdfM��f:fT}Fktx�q�x2uds!|{sUu-q$klu-mdsUmdx 
�!.��3���!�x$q�pr¬oklnlklÂ�fM��sr¡<pru-z�fMntfMe!fMu-q�sr¡

T
­

� � 5o��	����2����� ����5�	�
��

a2bdf�¤Fuds°§.ntf y ��f sr¡`q$bdf�q�pr�$��fMq�±�fMnts-|Mklq¯z
ut
ktxQudf{f y f y q�s.kle@wontfMe!fMu-q,q$bdf*¡£f{f y ¬�pU|�¤�nCp�§ &���� ( ­ i-klud|{f<q$boktxQ±�fMnts-|Mklq¯z

ktx
udsUq y kl��f{|Mq$nlz�e!f�pUx$mo��f y ¸*pruYf{x$q$kle1prq�sU��ktx:¬omoklnlq:¡²��sUe�e!f�pUx$md��fMe!fTuFq�x(sr¡2q$b�f@q$��pU|�¤FkÃud�©fM�$��sU�
g(t)

­ a2b�fMx�f
e!f�pUx$mo��fMe!fMu-q�x2pr��f.q$bdfMe!x�fMnl±�f{x sU¬oq�prkludf y ¡³��sUe�±-ktx$m�prn y prq�p
±FkCp
x$q�pru y pr� y ��f{sUe!fMq$�$kt|�|�prnt|MmonCprq$ktsUudxW§.bokt|�b1§.klnln
udsUq�¬�f y fMq�prklntf y bdfM��f ­ a2bdf1f{x�q$kle1prq�sU�(ktx y f{x$kl��udf y q�svprntx�sIwo��s°±-k y f �dnlq�fM��f y ±Uprnlmdf{x(sr¡�q$bdf!e!f�pUx�mo��fMe!fMu-q�x
sr¡

g(t)
­ a2boktx�ktx�kÃe@w�sU��q�pru-q�¡£sU��sUmo�@fT}`w�fT��kÃe!fMuFq�x�¬�f{|�prmdx�f=q$bdf y prq�p y fMnlkl±�fM��f y ¬-z q$bdf�sUu`ª«¬�s�pr� y |�pre!fM��p

b�prwow�fMudx�q�s@¬�f �-moklq�f
udsUktx$z ­
�¯u q$bdf��d��x$qRwonCpU|{f�¸op�e!s y fMn®sr¡�q$bdf�q�pr�$��fMq y z-u�pre@kt|{x2b�pUxRq�s(¬�f]|�bds�x�fMu ­ � bdfMu=q$bdf�q�pr�$��fMq2±�fMnts-|Mklq¯z�¸F§.klq$b

��f{x$w�f{|Mq�q�s�q�bdf2�o}of y ¡²��pre!f�¸oktx�|{sUudx$q�pru-q�¸d§Rf�klu`¡£fM�.¡²��sUe &£� (Rq$b�prq






ȧ = cb

ḃ = −ca
ċ = 0

� uIsU� y fM��q�s1pU|{|{sUmou-q�¡³sU��w�s�x�x$kl¬ontf
±Upr�$kCprq$ktsUudx�sr¡*q$boktx�±�fMnts-|Mklq¯z=§Rf
§.klnlnQmdx�f�q$bdf�¡£sUnlnts°§.kluo�!e!s y fMn






ȧ = cb+ va
ḃ = −ca+ vb
ċ = vc

&��Mg�(

§.bdfM��f
va
¸
vb
¸�pru y

vc
pr��f 3���*K� �����©pU|{|{fMntfM��prq$ktsUuvkluowomoq�x ­

a2bdf���sU¬�sUq�±�fMnts-|Mklq$ktf{x
u1

pru y
u2

pr��fIpUx�x$moe!f y q�s�¬�f=e!f�pUx$mo��f y ±FkCpvs y sUe!fMq$��z ­�� sUq�f=q$b�prq�¸<¡³sU�@f{x$q$kÃª
e1prq$ktsUuvwomo�$w�s�x�f{x�¸�s y sUe!fMq$�$zIe!f�pUx$mo��fMe!fMu-q�x
pr��f:mdx�m�prnlnlz�wd��fT¡³fM�$��f y q�s ������	2�����(|{sUu-q$��sUn"±Uprnlmdf{x�¸�pUx�x$w�f{|Mk%��f y
¬-z4q$bdf�|{sUu-q$��sUn*nCp�§ &���� (M¸�¬�f{|�prmdx�f(q$bdfMzvsr¡²q�fMu y f{x�|M�$kl¬�f�q$bdf(��f�prnlklq¯zIe!sU��f@pU|{|Mmo��prq�fMnlz ­�� s°§RfM±�fM��¸�s y sUe!fMq$�$z
klu`¡³sU�$e1prq$ktsUu�ktx�x�nlkl��b-q$nlzI|{sU�$�$mowoq�f y ¬-z4udsUktx�f�pru y klq�ktx�¡²mo��q$bdfM� y fM����p y f y ¬-zIx$kl��u�prn,wo��s-|{f{x�x$kluo� klu y m�|Mf y�y fTª
nCp�zFx ­ � u y fMq�f{|Mq�f y x$nlklwow�pr��f]sr¡�q$bdf�pU|Mq$m�prq$kluo��§.bdf{fMntxRe1p�z prntx�s�pU|{|{sUmou-qW¡£sU�RfMwoktx�s y kt| y ktx�|M��fMw�prud|Mktf{x2¬�fMq¯§Rf{fMu
q$bdf!s y sUe!fMq$�$z¢e!f�pUx$mo��fMe!fMu-q�x�pru y q$bdf1pU|Mq$m�prn ±�fMnts-|Mklq¯z¢sr¡2q$bdf@��sU¬�sUq�¬�s y z ­	� fMq

uo
1

pru y
uo
2

y fMudsUq�f!q$bdf{x�f
e!f�pUx$mo��fMe!fMu-q�x ­ a2bdf�pr¬�s°±�f
|{sUudx�k y fM��prq$ktsUudx�ntf�p y mdx.q�s@��fM§.�$klq�f(i-z`x$q�fMe &²g�(.pUx







ẋ = (uo
1 + v1) cosα+ cy − a

ẏ = (uo
1 + v1) sinα− cx− b

α̇ = (uo
2 + v2)− c

&�� I (

§.bdfM��f
v1
pru y

v2
|�pru ¬�f@klu-q�fM�$wd��fMq�f y pUx�x$e1prnln ¬�sUmou y f y w�fM�$q$mo�$¬�prq$ktsUudx@pUx�x�s-|MkCprq�f y §.klq$bYs y sUe!fMq$�$z¢e!f�pÏª

x$mo��fMe!fMu-q�x ­
� f�pUx$mo��fMe!fMu-q�x�sr¡

p = (x, y)T
pru y

α
¸�sU¬oq�prkludf y ¡³��sUe ±-ktx$m�prn y prq�p`¸�pr��f y fMudsUq�f y pUx

pv
pru y

αv ­ � mdf:q�s
q$bdf�kle@w�fM��¡£f{|Mq$ktsUuvsr¡*q$bdf{x�f
e!f�pUx$mo��fMe!fMu-q�x�§Rf
b�p�±�f

pv = p+ vp = p+ (vx, vy)
T &�� 1�p (

αv = α+ vα
&�� 1r¬�(

`^`´×�acb$deb�f
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§.bdfM��f
vx
¸
vy
¸opru y

vα
��fMwo��f{x�fMu-q.¬�sUmou y f y e!f�pUx$mo��fMe!fMu-q�fM�$��sU��x ­ � u=q$bdf�¡£sU�$q$bd|{sUe@kluo�1pru�prnlz`x$ktx�¸

vM
y fMudsUq�f{x

q$bdf�e1pÏ}`kle(moe¹pre@wonlklq$m y f�s°±�fT��prnlnQq$bdf�q�fM�$e!x
vindex

q$b�prq�§Rf
b�p�±�f�klu-q$��s y md|{f y®­
� s°§:¸`q$bdf:x$kÃ}�f �-m�prq$ktsUudx�kluIq$bdf
e!s y fTntx�&��Mg�(.pru y &�� I (2|�pruI¬�f���fM����sUmow�f y pru y ��fM§.�$klq$q�fMuµpUx

Ẋp = Ap(c)Xp + Up(α) + Vp
&��
[Up (

Ẋα = AαXα + Uα + Vα
&��
[Ï¬�(

§.klq$b
Xp = (x, y, a, b)T = (pT , a, b)T , Xα = (α, c)T

Up = (uo
1 cosα, u

o
1 sinα, 0, 0)T , Uα = (uo

2, 0)
T

Vp = (v1 cosα, v1 sinα, va, vb), Vα = (v2, vc)
T

Ap(c) =









0 c −1 0
−c 0 0 −1
0 0 0 c
0 0 −c 0









, Aα =

(

0 −1
0 0

)

&���� (

a2bdfInlkludf�pr� y z-u�pre@kt|{x=sr¡
Xα

pru y q$bdfIudsUuonlkludf�pr��sUudf{x sr¡
Xp
¸.prwow�f�pr�=|Mntf�pr�$nlz klu &��
[,( ­ � f4wo��sUw�s�x�fvpru

f{x$q$kle1prq�sU��kluIq$bdf�¡³sUnlnts°§.kluo�!¡³sU�$e �

˙̂
Xp = Ap(ĉ)X̂p + Up(α̂) +Dp(p

v − p̂)
&�����p (

˙̂
Xα = AαX̂α + Uα +Dα(α

v − α̂)
&����r¬�(

§.bdfM��f
Dp

pru y
Dα

pr��fRe1prq$�$kÃ}Fª«±Uprnlmdf y ��prkludx�¸�|�bds�x�fMu�klu!pU|{|{sU� y prud|{f.§.klq$b�q$bdf2x�q�pr¬oklnlklq¯z�pru�prnlz`x$ktx*x�moe@e1pr�$klÂ�f y
klu4q$bdf�¡£sUnlnlsÏ§.kluo�!wo��sUw�s�x$klq$ktsUu ­

R � À G À �
7D�
7 À 6 = � �$�

Dp =









λp 0
0 λp

−βp 0
0 −βp









, Dα =

(

λα

−βα

) &£��� (

%'	���(
λp, βp, λα, βα > 0

� ��� � �����?��� � ��(c�)������	�� ����	���� ��������� 3$,
X̃

∆
= (Xp − X̂p, Xα − X̂α)

� �2� ��(c� ����3����
� ��!.� ��	���	#���

u1
�
u2
� ��� �

Xp
����� 3���*K� ����� ��*K� ����	���� �T� � ��	2�+���'��(c��� ‖X̃(t)‖ ≤ c1vM + c2e

−γt‖X̃(0)‖ �����������+������ ���#�����5�
c1, c2, γ > 0

�
a2bdf
wo��s-sr¡�sr¡*~<��sUw�s�x$klq$ktsUuµ��klx���kl±�fMuIkluI��wow�fMu y kÃ}v� ­ � ­

�¨§2p�z�q�s�¡³mo�$q$bdfM��x�w�f{|MkÃ¡²z�q$bdf2f{x�q$kle1prq�sU��¶·x���prkludx*klu &£��� (,|{sUudx�ktx$q�x"klu!pUx�x$moe@kluo��q$b�prq prnln`q�fM�$e!x�sr¡�q$bdfR¡³sU�$e
vindex

pr��f<moud|{sU�$��fMnCprq�f y Â�fM��srª«e!f�pru�§.boklq�f udsUktx�f{x�§.klq$b(��kl±�fMu�|{s°±Upr�$kCprud|{f{x*pru y |�prnt|MmonCprq$kluo�]q$bdf |{sU�$��f{x$w�sUu y kluo�
x$q�f�p y z�ª x�q�prq�f:sUwoq$kle1prn��:prnle1pru©��prkludx ­ � fMq�mdx y fMudsUq�f:¬-z

ωindex =
�
[v2index]

q$bdf:|{s°±�pr�$kCprud|{f�sr¡
vindex

­ a2bdf
nlkludf�pr�"x$mo¬dx$z`x$q�fMe &��
[Ï¬�(�pUx�x�s-|MkCprq�f y §.klq$b�q$bdfWsU�$ktfMu-q�prq$ktsUu�±�pr�$kCpr¬ontf

Xα
w�s�x�f{x�uds y k��1|Mmonlq¯z�¡£sU��q$bdf |�prnt|MmonCprq$ktsUu

sr¡.q$bdf sUwoq$kle1prnW��prklu
Dα

&³x�f{f�¸�¡£sU��kludx$q�prud|{f�¸  È�o¸�iFf{| ­ g ­ g " ¸,¡£sU��pruYfT}`w�s�x$klq$ktsUu sr¡.q$bdf��:prnle1pru �dnlq�fM��( ­ �]x
¡³sU�!i-md¬dx$zFx�q�fMe &��
[Up (M¸ p y k �1|Mmonlq z¦pr�$ktx�f{x(¡³��sUe q$bdf=udsUuonlkludf�pr�$klq¯z¦sr¡�q$boktx�x$z`x$q�fMe ­ �¯q�ktx�|Mkl��|Mmoe(±�fMu-q�f y ¬-z
pUx�x$moe@kluo�Iq$b�prq

c
ktx:|{sUudx$q�pru-q:klu

Ap(c)
¸,pru y

v1 = 0
klu

Vp

­ � udf!sU¬oq�prkludx�pÏ¡²q�fM��|�prnt|MmonCprq$ktsUudx�wo��f{x�fMuFq�f y klu
��wow�fMu y kÃ}v� ­ � �

�<¼ � �¥� 9 �2�
ω2 ¿

√
ωcωα

� ��(c����� ���-��,�/ ���#��� � ��� ��	2� ��!�����! � ��� 
-��	2�
Dα

�.� ��� �$	���� ��� %'	���( &�� 1r¬�(
� &��
[Ï¬�(�	 �

�	 �����H3�, &«��� ( %'	���(

λα ≈
√
2(ωc/ωα)

1

4 , βα ≈ (ωc/ωα)
1

2

&£�`� (
��	2� 	�! ���e! ,.� ��(c� ��� ���-��,�/ �$�#��� ��� �?��	2� ��!�����! � ��� 
-��	2�

Dp
�.� ���
�$	���� ��� %'	���( &�� 1�p (�/ &��
[Up (#� %E(����

c
	 � � ���)���#�����5�

ωx = ωy
�
ωa = ωb

� ��� �
ω1 = 0

� 	 � 
�	 � ���H3�,	��

��� %'	���(

λp =
√
2(ωa/ωx)

1

4 , βp = (ωa/ωx)
1

2

&£��� (
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� 4 ���������� � ������W��5d��	�� �2����� 5d����0�	� �	$�F)

� u4q$boktx�x�f{|Mq$ktsUuQ¸oq$bdf
q¯§Rs�¡³sUnlnts°§.kluo�=pUx�x$moe@woq$ktsUudx�pr��f
e1p y f��
�1��� 
��HG��
7 À 6 ���
� ­ a2bdf
q�pr�$��fMq�±�fMnts-|Mklq¯z=ktx�¬�sUmou y f y®­
� ­ a2bdf:x�q�pr¬oklnlkÃÂ�fM����prkluIe1prq$�$kÃ}

K
h x�f{f
� �-m�prq$ktsUu &���� ( h ktx.¬onts-|�¤ y kCpr��sUu�prn«¸dk ­ f ­ ¸

K =

(

Kp 0
0 kα

) &£��� (

§.klq$b
Kp

p
2× 2

e1prq$�$kÃ} ­
a2bdf
|{sUu-q$��sUn &���� (Rsr¡�i`fM|Mq$ktsUuv��ktx�p(¡²moud|Mq$ktsUu©sr¡

g, ut
¸dpru y

θ
&³x�kÃu�|Mf

z = f(θ)g−1
(T¸`k ­ f ­

ū = ū(g, ut, θ)
­ a2bdf

f{x$q$kle1prq�sU��&���� (�sr¡,iFf{|Mq$ktsUu��
wo��s°±-k y f{xWf{x�q$kle1prq�f y ±�prnlmdf{x
ĝ
pru y

ût
¡£sU�

g
pru y

ut
­ i-klud|{f�±Fktx$m�prnde!f�pUx�mo��fMe!fMu-q�x

gv
sr¡

g
pr��f�prntx�s!p�±�prklnCpr¬ontf�¸�sUudf
|�pruIm�x�f
fMklq$bdfM�

ĝ
sU�

gv
¸dsU��p�x$moklq�pr¬ontf�|{sUe(¬oklu�prq$ktsUuvsr¡*¬�sUq$bQ¸okluIq$bdf:|{sUu-q$��sUn

|�prnt|Tmdntprq�klsUu ­ � u�w�pr�$q$kt|MmonCpr��¸®§.bdfMudfM±�fM� |ĝi − gvi | ≥ 2vM
¸
gvi
wo��s°±-k y f{x:pru¢f{x$q$kle1prq$ktsUu¥sr¡

gi
§.bokt|�b¢ktx]¬�fMq$q�fM�

q$b�pru
ĝi
­ a2bdf�¡³sUnlnts°§.kluo�1wo��sUw�s�x$klq$ktsUuvf{x$q�pr¬onlktx$bdf{x�q$bdf2�$sUklu-q�x�q�pr¬oklnlkÃq z�sr¡"q$bdf:|{sUu-q$��sUnlntfM���rf{x�q$kle1prq�sU� ­

R � À G À �
7D�
7 À 6 A �'��� ��	����$� ��(�� � ����������! !.��% &���� ( � �*� ������	���� 
 %'	���(
K

3�!.� �$� ��	�� 
-��� ��! �?�#
-����	 � � ���?� ��(c�
������	�� ���#��� &���� (�� � � ��� ��	�������� �2� ��*��+����(K��� ��(c���#����
��$� ����! �
�$	���,

ut
	 ��3���*K� �����.� ��� � ��(K�-� ��(c��� � ����3��-�$�

ū(ge, ût, θ)
	 ������� ! 	#�����#� ��,.��� ��� & I (�� %'	���(

ge
����*c��!;�#� ��	���(c���

ĝ
���

gv
�&��� ���X, ����(c�$��������	�� ����	���� � �

g
�e*���(

��(K��� ‖ge−g‖ ≤ γvM
����� �����+�M� ��� �$�#�����

γ
� �^(c��� �^	 �

vM
	 � �e� ��!�! ��� ��*�
 ( �E��(c� �$!.�.������/ !.�
��� �e,.�$� ��� & I ( � &$��� (

�#��
�����(c��� %'	���(���(�� ������	�� ���#��� &���� (T	 �����#��3�!.� ��� �
limt−→∞(‖z(t)‖+ ‖X̃(t)‖) ≤ CvM

�����2�$���+�������)���#�����
C
�

a2bdf
wo��s-sr¡�sr¡*~<��sUw�s�x$klq$ktsUuµ��klx���kl±�fMuIkluI��wow�fMu y kÃ} ��­
�¯u©wo��pU|Mq$kt|{f�¸�q$bdf(|�bdsUkt|{f

ge = gv
§.klnln,q¯z-wokt|�prnlnlzI¬�f:wo��f;¡£fM�$��f y q�s

ge = ĝ
§.bdfMu¢pr¬o�$mowoq�±�pr�$kCprq$ktsUudx]sr¡�q�bdf

q�pr�$��fMq�±�fMnts-|Mklq¯z�¸�sU��x$nlklwow�pr��f�sr¡ q$bdf�pU|Mq$m�prq$kluo��§�bdf{fTntx°¸�wo��fM±�fMu-q]q$bdf�f{x�q$kle1prq�sU� &���� (.¡³��sUe¹w�fM��¡³sU�$e@kluo�4§RfMnln ­
a2bdf
sUwow�s�x$klq�f:|�bdsUkt|{f�§.klnln®udsU�$e1prnlnlz�wo��s°±-k y f�p(¬�fMq$q�fM��f{x$q$kle1prq$ktsUu4¡£sU�

g
§.b�fTuIq$bdf�q�pr�$��fMq�±�fMnts-|Mklq¯z=ktx2¤Fuds°§.u

q�sv¬�f�|{sUudx$q�pru-q�¸ sU�!prnle!s�x$q@|{sUudx$q�pru-q ­ a2boktx@|�bdsUkt|{f�§.klnÃn2q$bdfM��fT¡£sU��f�sr¡³q�fMu¦¬�f ¬�pUx�f y sUu fT}Fq$��pvklu`¡£sU�$e1prq$ktsUu
pr¬�sUmoq@q$bdf=u�prq$mo��fIpru y pre@wonlklq$m y fIsr¡�q$bdf�w�fM�$q$mo�$¬�prq$ktsUu¨q�fM�$e!x

vindex
­ a2boktx�klu`¡£sU�$e1prq$ktsUu e1p�z fMklq$bdfM�@¬�f

p�±UprklnCpr¬ontf:klu©p y ±�prud|{f:sU����prq$bdfM��f y sUuonlkÃu�f
¬-z=mdx$kluo�1sUq$bdfM��x�fMudx�sU��x ­

� � �'9� ��<� �<�����2��	����6	�5�5�&(��5

� u¦q$boktx@x�fM|Mq$ktsUuQ¸
T
y fMudsUq�f{x@q$bdf4x�pre@wonlkluo�¢w�fM�$kts y &³|{sU�$��f{x�w�sUu y kluo�¥q�sµq$bdf�±-k y f{s���prq�f4sr¡�q$bdf4|�pre!fM��p`¸<¡³sU�

kludx$q�prud|{f (�pru y
X[k] = X(kT )

ktx�q$bdf:±�prnÃm�f:sr¡
X
prq�q$kle!f

kT
&
k ∈ N

( ­ a2bdf�|{sUu-q$��sUn�±�f{|Mq�sU��ktx�w�fM�$kts y kt|�prnlnlz
mow y prq�f y pru y ¤�fMwoq�|{sUudx�q�pru-q�¬�fMq¯§Rf{fMu©q¯§Rs!x�pre@wonlkluo�!q$kle!f
kludx�q�pru-q�x ­

�
	�� 
����������������������� ����"!�#$���"���
<&% 9 % 9 B �{�
7 � �`� À �
a2bdf�f{x$q$kle1prq�sU��&���� (�ktxWkle@wontfMe!fTuFq�f y klu y ktx�|M��fMq�f�q$kle!f�±-kCp�p:q¯§Rsrª x$q�fMwdxWwo��f y kt|Mq$ktsUu��r|{s��$��f{|Mq�ktsUu4|{sUe@womoq�prq$ktsUu ­
�[klq$b

ĉ
pru y

α̂
¤�fMwoq,|{sUudx$q�pru-q*sUu

[kT, (k+1)T )
¸�i-z`x$q�fMe &���� (®ktx�nlkludf�pr�*sUu�q$boktx,klu-q�fM�$±Uprn ­ ��u�prnlzFq$kt|<klu-q�fM����prq$ktsUu

sr¡.q$boktx�nlkludf�pr��x$z`x$q�fMe z-ktfMn y x
h x�f{f1��wow�fMu y kÃ} � ­ ��h q$bdf@¡£sUnlnts°§.kluo�vwo��f y kt|Mq$ktsUu¦sr¡
X[k + 1]

� mdx$q�¬�fT¡³sU��f
mdx$kluo�@q$b�f�±Fktx$m�prn®e!f�pUx$md��fMe!fTuFq�x]prq.q$kle!f

(k + 1)T
�

X̂−
p [k + 1] =

(

Rc[k] −TRc[k]
0 Rc[k]

)

X̂p[k] +

(

Rα[k + 1]∆por[k + 1]
0

) &£�rg�p (

X̂−
α [k + 1] =

(

1 −T
0 1

)

X̂α[k + 1] +

(

∆αo
r[k + 1]
0

) &£�rg�¬�(

`^`´×�acb$deb�f
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§.klq$b
Rc[k]

q$bdfI��sUq�prq$ktsUu e1prq$�$kÃ} sr¡:pruo��ntf −T ĉ[k]
¸
Rα[k + 1]

q$bdfI��sUq�prq$ktsUu e1prq$�$kÃ} sr¡:pruo��ntf
α̂−[k + 1]

¸
∆por[k+1]

q$bdf ��sU¬�sUq�¶·x y ktx$wonCpU|{fMe!fMu-q*klu(w�s�x�klq$ktsUuQ¸re!f�pUx�mo��f y ¬-z:s y sUe!fMq$�$z�¸U¬�fMq¯§Rf{fMu�q$kle!f{x
kT

pru y
(k + 1)TfT}Fwo��f{x�x�f y klu q�bdfµ¡³��pre!f Fr

prq4q$kle!f
(k + 1)T

¸
pru y
∆αo

r[k + 1] = αr [k + 1] − αr [k]
q$bdf¢|�b�pÏud��f¢klu

sU�$ktfMu-q�prq$ktsUu©sr¡,q$bdf���sU¬�sUq.¬�fMq¯§Rf{fMu4q$kle!f{x
kT

pru y
(k + 1)T

¸oprntx�s�e!f�pUx$mo��f y ¬-z=s y sUe!fMq$�$z ­ a.bdf�f{x$q$kle1prq$ktsUu
sr¡

X[k + 1]
¸`§.bokt|�bImdx�f{x.±Fktx$m�prn®e!f�pUx�mo��fMe!fMu-q�x]prq.q$kle!f

(k + 1)T
¸`ktx.q$bdfMuI��kl±�fMuI¬-z

X̂p[k + 1] = X̂−
p [k + 1] + TDp

(

pv[k + 1]− p̂−[k + 1]
) &£� I p (

X̂α[k + 1] = X̂−
α [k + 1] + TDα

(

αv[k + 1]− α̂−[k + 1]
) &£� I ¬�(

<&% 9 % = P �Ï� 6 ��Q ¼ �Ï� ¼ S 
 6 ���
7 À?6 �
a2bdf |{sUu-q$��sUnW¡³moud|Mq$ktsUu &���� ( y fMw�fMu y x�sUuYq$bdf ±Upr�$kCpr¬ontf

θ
­ �¯u¥¡«pU|Mq�¸*sUudf f�pUx$klnlz¥±�fM�$k%��f{x(q$b�prq�klq y fMw�fMu y x�sUu

η1 = sin θ
pru y

η2 = cos θ
­ i-klud|{f

η̇1 = θ̇η2
pru y

η̇2 = −θ̇η1
¸�q$bdf y ktx�|M��fMq$klÂ�prq�klsUuYsr¡

η1
pru y

η2
¸®§.bdfMu

θ̇
klx

|{sUudx$q�pru-q�sUu
[kT, (k + 1)T )

¸oz-ktfMn y x

Ψ[k + 1] = R(−T θ̇[k])Ψ[k]
&£�,1 (

§.klq$b
Ψ[k] = (η1[k], η2[k])

T pru y
R(−T θ̇[k])

q$b�f���sUq�prq$ktsUuIe1prq$�$kÃ}4sr¡�pruo��ntf −T θ̇[k]
­ �¯u4sU� y fT��q�s���m�pr��pru-q�fMf

q$bdf�u-mde!fT��kl|�prn"x$q�pr¬oklnlklq¯z�sr¡ ‖Ψ[k]‖2 − 1 = 0
¸oq$bdf]¡£sUnlnts°§.kluo�!e!s y k%��f y ±�fM��x$ktsUu©sr¡ &£�,1 (Rktx.kle@wontfMe!fMu-q�f y �

Ψ[k + 1] =
(

1 + β
(

‖Ψ[k]‖2 − 1
))

R(−T θ̇[k])Ψ[k]
&£�-[,(

� moe!fM�$kt|�prn,x$q�pr¬oklnlklq¯z=ktx�fMudx�mo��f y ¸owo��s°±Fk y kluo�!q$b�prq
β ∈ (−1, 0) &*x�f{f:��wow�fMu y kÃ}I� ­ � ( ­

�
	�� 
���������������� � ��� #&��� !�# ��� ���
�[bdfMu¦kle@wontfMe!fMu-q$kluo� &£�-[,(M¸<pru¦kluoklq$kCprn2±Uprnlmdf

Ψ(0)
sU��¸�§.b�prq�ktx�q$bdf�x�pre!f�¸ pru kluoklq$kCprn.±Uprnlmdf

θ(0)
e(mdx$q�¬�f

|�bds�x�fMu ­ �¥f�|�bds-s�x�f
θ(0)

q�s�e@kluokle@klÂ�f |z3(0)| = |ε2 cos θ(0)−α(0)| ­ � pre!fMnlz@kÃ¡ |α(0)| ≤ ε2
¸
θ(0)

ktxW|�bds�x�fMu
q�s�sU¬oq�prklu

ε2 cos θ(0) = α(0)
&²udsUq�f]q$b�prq2klu=q$boktx2|�pUx�f�¸FkÃ¡

K
kÃu &���� (<ktx y kCpr��sUu�prn«¸o~<��sUw�s�x$klq$ktsUu¥��kle@wonlktf{x2q$b�prq

z3(t) = 0
¡³sU��prnln

t
( ­ a2boktx.|�bdsUkt|{f
nlkle@klq�x.q$��prudx$ktfMu-q�s�x�|Mklnlntprq�klsUu�x.§.bdfMu4q$bdf�q�pr�$��fMq�ktx �o}`f y®­ �«¡ |α(0)| > ε2

¸`§Rf
ntfMq

θ(0) = kπ
§.klq$b

k
x$md|�b�q$b�prq

cos θ(0)
pru y

α(0)
b�p�±�f�q$bdf@x�pre!f�x$kl��u ­ � bdfMu |α(0)| ≤ ε2

¸�q$bdf�x$kl��u¢sr¡
θ(0)

b�pUx
prntx�s q�s ¬�f(|�b�s�x�fMu ­ �¯uµsU� y fM��q�s=fT}FwonCprklu�sUmd��|�bdsUkt|Mf�¸�ntfMq]mdx
pUx�x$moe!f�¡³sU��fT}opre@wontf�q$b�prq]q$bdf(q�pr�$��fMq
ktx�e!s°±Fkluo��prntsUuo� klq�x�pÏ}`ktx

~ıt
¸�k ­ f ­

b = c = 0
kluµ� ��m�prq$ktsUu &£� (T¸�§.klq$b�p!|{sUudx$q�pru-q]x$w�f{f y

a
­ a2bdfMuQ¸�q$bdfM��f�fT}`ktx$q

x$q�pr¬ontf�f �-moklnlkl¬o�$klmoe ±Uprnlmdf{xWsr¡
θ
sUu1q$bdf.Â�fM��srª y zFu�pre@kt|{x

z ≡ 0
­ a2bdf{x�f�f �-moklnlkl¬o�$klmoe ±Uprnlmdf{x

θe
pr��f���kl±�fMu@h x�fMf

��wow�fMu y kÃ} º ¡³sU� y fMq�prklntx.h ¬-z

θe = −sign(a)
π

2
�Wz+&���� (M¸-sUu q$bdf�Â�fM��s y zFu�pre@kt|{x

z ≡ 0
¸�§Rf�b�p�±�f

z1 = f1(θ)−x = 0
x�s�q$b�prq�¸-¬-z+&���� (T¸

x = f1(θ) = ε1 sin θ
­

a2bdfM��fT¡³sU��f�¸ prntsUuo�µq$bdf{x�f1nlkludf�pr��e!sUq$ktsUudx�sr¡�q$bdf1q�pr�$��fMq�¸
x
x$bdsUmon y pUx�z-e@woq�sUq$kt|�prnlnlzY|{sUu-±�fM�$��f q�s

ε1 sin θe =
−ε1sign(a)

h k ­ f ­ q$bdf���sU¬�sUq.§.klnln®x$q;p�z1¬�fTbdkÃu y q$bdf]q�pr�$��fMq2¡£sU�2w�s�x$klq$kl±�f�±�fMnts-|Mklq$ktf{x�sr¡,q$bdf�nCprq$q�fM��¸dpru y prbdf�p y
sr¡*klq�kluIq$bdf�sUwow�s�x�klq�f�|�pUx�f ­ i-klud|{f�¸d¡³sU��q$bdf{x�f:x$q;pr¬ontf:f �-moklnlkl¬o�$kCp`¸

x = ε1 sin θe
¸
x
pru y

θ
b�p�±�f
q$bdf�x�pre!f�x$kl��u ­

a2bdfM��fT¡³sU��f�¸®klu¢sU� y fM�
q�s=e@kluokle@klÂ�f�q$b�f�kluoklq$kCprn�� y ktx$q�prud|{f���q�s=q$bdf{x�f�w�sUq�fMu-q$kCprn<f �-moklnlkl¬o�$kCp`¸®q$bdf�x�kl��u�sr¡
θ(0)

ktx
|�bds�x�fMu=f ��m�prn�q�s:q$bdf�sUudf�sr¡

x(0)
­ i-kle(monCprq$ktsUu=��f{x$monlq�x°¸�nlkl¤�f�q$b�s�x�f�wo��f{x�fMuFq�f y sUu º kl��mo��f]�`¸`pru y fT}`w�fM�$kle!fMu-q�prn

��f{x$monlq�x�|{sUu/�d�$e q$bdf
wo��pU|Mq$kt|�prn,|{sU�$��f{|Mq$udf{x�x�sr¡"q$boktx�x$q$��prq�fM��z ­
a2bdfM��f
x$q$klnln®��fMe1prkludx.q�s�|{sUudx�k y fM�.q$bdf
|{pUx�f

x(0) = 0
¸F¡³sU�2§.bokt|�b

sign(x(0))
klx.udsUq y f#�dudf y®­ � u�q$boktx�|�pUx�f�¸

klq2¡£sUnlnts°§�x�pr��prkluI¡²��sUe &���� (M¸�&���� (M¸dpru y q$bdf�¡£pU|Mq�q$b�prq
θ(0)

b�pUx�¬�f{fMu©|�bds�x�fMu©x�s�q$b�prq
z3(0) = 0

¸`q$b�prq

z(0) =





ε1 sin θ(0)
−y(0) + ε1

2 α(0) sin θ(0)
0





� uYq$boktx�|�pUx�f�¸"q$bdf x�kl��uYsr¡
θ(0)

ktx�|�bds�x�fMu¦x�svpUx(q�s©e@kluokle@klÂ�f |z(0)| ¸"k ­ f ­ sign(θ(0)) = sign(α(0)y(0))
kÃ¡

y(0)α(0) 6= 0
­ �«¡

y(0)α(0) = 0
¸`§Rf�pr�$¬oklq$��pr�$klnlz4|�bds-s�x�f

θ(0)
udfM��prq$kl±�f ­

354;`6357
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º kl��mo��f�� �<� u��dmdfMud|{f�sr¡"q$bdf:|�bdsUkt|{f�sr¡
θ(0)

sUu4q$bdf
q$��prudx$ktfMu-q�¬�fMb�p�±-ktsU�

`^`´×�acb$deb�f
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�
	�� � ����� � ��# ��� ��# ���"���
� u4sU� y fM�.q�s�q�pr¤�f]klu-q�s!pU|{|{sUmou-q.wob-z`x$kt|�prn�±�fMnts-|Mklq¯z nÃkle@klq�prq$ktsUudx |ui| ≤ ui,max (i = 1, 2)

¸Fq$bdf
|{sUu-q$��sUn
ū
klu &���� (

ktx � ��f{x�|�prntf y �(q�s
ūnew = τ−1ū

§.klq$b
τ = max{1, |ui|/ui,max, i = 1, 2} ­ � udf�|�pru�x$bds°§ q$b�prq]q$boktx]��f{x�|�prnlkluo�

y s-f{x*udsUq*wo��fM±�fMu-q*q$bdf.|{sUu-±�fM�$��fMud|{f�sr¡
z
q�s]Â�fM��so¸�wo��s°±Fk y f y q$b�prq*q$bdf2q�pr�$��fMq*e1prklu-q;prkÃu�x�klq�x*±�fMnts-|Mklq¯z(§.klq$boklu@q$bdf

��pruo��f�¡£sU�W§.bokt|�b�w�fM��¡£f{|MqRq$��pU|�¤Fkluo��h klu=q$bdf]x�fMudx�f�sr¡�Â�fM��sUkluo��q$bdf�±�f{|Mq�sU�
z
h ��fMe1prkludx2w�s�x�x$kl¬ontf ­�� sU��f{s°±�fM��¸

klu�q$bdf�|�pUx�f]§.bdfM��f�q$bdf]q�pr�$��fMq.ktx2e!sUq$ktsUuontf{x�x.q$bdf]��f{sUe!fMq$�$kt|
w�prq$b�¡³sUnlnts°§Rf y ¬-z1q$bdf���sU¬�sUq.ktxRudsUq.e!s y k ��f y ¬-z
q$boktx.��f{x�|�prnlkluo� ­

� � 	��´&� ��2��	���� ����5�&� ���5

� u(q$bdfWudsUktx�fMntf{x�x*x$kle(monCprq$ktsUu���f{x$monlq�x,wd��f{x�fMu-q�f y klu º kl��mo��f{x��Ïª I ¸rq$bdfWe1prq$�$kÃ}
K
klu &���� (Qktx,��kl±�fMu�¬-z

K = −0.5 � 3§.klq$b(�
3
q$bdf k y fMu-q$klq¯z
e1prq$�$kÃ} ­ a2bdf<q$��prudx�±�fM��x�f<¡²moud|Mq$ktsUu &���� (®ktx�mdx�f y §.klq$b

ε1 = 0.5
pru y

ε2 = 1
­ a2bdfWsU¬dx�fM�$±�fM�

��prkludxRpr��f y f#�dudf y ¬-z�&£��� (�§.klq$b
λα = λp = βα = βp = 2

­ a2bdf�f{x$q$kle1prq$ktsUu
ge = ĝ

ktx mdx�f y klu1q$bdf�|{sUu-q$��sUnlntfM� ­
a2bdf y ktx�|M��fMq$klÂ�f y ±�fM��x�ktsUu(sr¡dq$bdfW|{sUu-q$��sUnFnCp�§ &³x�f{fRiFf{|Mq$ktsUu I (®ktx"prwowonlktf y ¸U§.klq$b(q$bdfWx;pre@wonlkÃud��w�fM�$kts y

T = 40
e!x ­

−1 0 1 2 3 4 5 6 7
−1

0

1

2

3

4

5 robot
target

º kl��mo��f�� �W�2pr�$q�f{x$kCpru©e!sUq$ktsUu ����sU¬�sUq]pru y q�pr�$��fMq

a2bdf�q�pr�$��fMq!e!sUq$ktsUu¨ktx1pUx�¡³sUnlnts°§�x ­ �¯uoklq$kCprnlnlz�¸ q$bdf�q�pr�$��fMq�¶·x!w�s�x$q$mo��fI|{sU�$��f{x$w�sUu y q�s
(xr, yr) = (1, 0.5)pru y

αr = 0
­ ��¡³q�fM�4���Ux�¸<q$bdf�q�pr�$��fMq!e!s°±�f{x@§.klq$b¨|{sUudx$q�pru-q@ntsUuo��klq$m y klu�prn�x$w�f{f y prntsUuo�¢q$bdf*�o}`f y pÏ}`ktx

~ı0
­

� mo�$kluo� q$boktx!e!sUq$ktsUuQ¸
θ
q�fMu y x!q�s

θ0 = −π
2

¸Rx�s�q$b�prq
(x, y, α)

q�fMu y x!q�s
(−ε1, 0, 0)

h iFf{fI��wow�fMu y kÃ} º
¡³sU� y fMq�prklntx ­�º sU�

t ∈]20s, 30s] ¸®klq
ktx�e!sUq$ktsUuontf{x�x ­@º sU� t ∈]30s, 40s] ¸®q$bdf�q�pr�$��fMq
e!s°±�f{x
nCprq�fM��prnlnlz¢prntsUuo�4q�bdfpÏ}Fktx
~0
­ a2boktx�|{sU�$��f{x$w�sUu y x:q�s©p=udsUu`ª£¡£f�pUx$kl¬ontf@e!sUq$ktsUu¥¡³sU�
q$bdf@��sU¬�sUq ­!º sU�

t ∈]40s, 50s] q$bdf@q�pr�$��fMq:e!s°±�f{x¬�pU|�¤-§2pr� y §.klq$bY|{sUudx�q�pru-q�ntsUuo��klq$m y klu�prn2x�w�f{f y prntsUuo�©q$bdf pÏ}`ktx
~ı0
¸"pru y ktx:e!sUq$ktsUuontf{x�x(q$bdfM��f�pÏ¡³q�fM� ­ � udf |�pru

sU¬dx�fM�$±�f�¡²��sUe º kl��mo��f I q$b�prq
z
x�sUe!fMq$kle!f{x y fMw�pr�$q�xR¡²��sUe Â�fM��s ­ a2boktx.|{sU�$��f{x$w�sUu y x.q�s�pr¬o�$mowoq�|�b�pruo��f{x2klu�q$bdf

q�pr�$��fMq�¶·x�±�fMnts-|Tklq z=z-ktfMn y kluo�1q$��prudx$ktfMu-q�f{x$q$kle1prq$ktsUuvfM�$��sU��x�§.bokt|�b©kÃuIq$mo�$uI��f���f{|Mq�sUu4q$bdf:|{sUu-q$��sUn�w�fM��¡³sU�$e1prud|{f ­

	 � 8
91����	��'�<������ =����5�&( $��5

a2bdf:wo��sUw�s�x�f y |{sUu-q$��sUn,nCp�§ b�pUx]prntx�s@¬�f{fMu©q�f{x�q�f y fT}`w�fM�$kle!fMu-q�prnlnlz©sUu�

����� �Rp�mouokt|MzF|MntfTª«nlkl¤�f���sU¬�sUq�|�pr�$�$z-kluo�
p 1Ïª y®­ s ­ ¡2e1pruoklwomonCprq�sU��pr�$e'§.klq$bYp������¨|�pre!fM��pIprq
klq�x
fT}`q$��fMe@klq¯z ­ a2bdf@e!f�pUx$mo��fMe!fMu-q�x

gv
sr¡Wq$bdf���sU¬�sUq�¶·x
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|{sUu/�d��mo��prq$ktsUu §.klq$b ��f{x$w�f{|Mq4q�s q$bdf�q�pr�$��fMq©pr��fµ��f{|{sUudx$q$�$md|Mq�f y ¡³��sUe ±Fktx$m�prn y prq�p ­ � sU��f y fMq�prklntx4sUu q$bdf
fT}Fw�fM�$kle!fMu-q�prn,x�fMq�ª«mow©|�pruI¬�f]¡£sUmou y klu  1." ­ �¯u4q$bdf:pr¬dx�fMud|{f:sr¡�x�fMudx�sU��x�|�prw�pr¬ontf:sr¡*wo��s°±-k y kluo�!e!f�pUx�mo��fMe!fMu-q�x
sr¡�q$bdfRq�pr�$��fMq�¶·x<pr¬dx�sUnlmoq�fRw�s�x�klq$ktsUu!pru y ±�fMnts-|Mklq¯z�¸�sUuonlz(fT}Fw�fM�$kle!fMu-q;prno��f{x$monlq�x"§.klq$b!p��o}`f y q�pr�$��fMq<pr��fR��fMw�sU�$q�f y®­
a2bdfMz:klnlnlmdx$q$��prq�fRq$bdfWklu��dmdfMud|{f2sr¡�q$bdf

εi
¶·x"sUu�q$bdfW��sU¬�sUq"¬�fMb�p�±FktsU� �

ε2 = 0.3
¡£sU� º kl��mo��f 1`¸

ε2 = 1
¡³sU� º kl��mo��f2� ­

� u4¬�sUq$b©|�pUx�f{x°¸
ε1 = 0.5

¸dpru y q$bdf
��prkluIe1prq$�$kt|{f{x�pr��f
q$bds�x�f
mdx�f y ¡³sU�.q$bdf:x$kle(monCprq$ktsUu©��f{x$monlq�x�sr¡<i`fM|Mq$ktsUu+1 ­
a2bdf�|�pr�$q�f{x$kCpru1q$��pÏ�$f{|Mq�sU�$z@x$bds°§.u!klu º kl��mo��f�1 &£p (<pru y � &£p (�pr��f�sU¬oq�prkludf y ¬-z�mdx�kluo�:q$bdf�f{x$q$kle1prq$ktsUu

ge = ĝsr¡
g
­ a2bdfM��fT¡³sU��f�q$bdfMz y s=udsUq y fMwokt|Mq�q$bdf@pU|Mq$m�prn�q$��pÏ�$f{|Tq�sU�$ktfMx:sr¡Wq$bdf�wob-zFx�kt|�prn"��sU¬�sUq:fT}opU|Mq$nlz�¸�¬omoq:pr��f�sUudnÃz

prwowo��s�}Fkle1prq$ktsUudx�sr¡2q$bdf{x�f@q$��pÏ�$f{|Mq�sU�$ktf{x ­ º sU��|{sUe@w�pr�$ktx�sUu womo�$w�s�x�f{x°¸�udsUktx�fMntf{x�x�x$kle(monCprq$ktsUu ��f{x$monlq�x:§.klq$b q$bdf
x�pre!f�kluoklq$kCprn,|{sUu y klq$ktsUudx]pru y |{sUu-q$��sUnQw�pr��pre!fMq�fM��x]pr��f�prntx�s@��fMw�sU�$q�f y®­
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º kl��mo��f 1 � �2pr�$q�f{x�ktpru©e!sUq$ktsUuvsr¡"q$bdf
��sU¬�sUq
ε2 = 0.3

iFsUe!f y k%$®fM��fMud|{f{x(¬�fMq¯§Rf{fMu¦fT}`w�fM�$kle!fTuFq�prn.pru y x$kle(monCprq$ktsUu ��f{x$monlq�x(|�pruY¬�f sU¬dx�fM�$±�f y ¡³��sUe ����mo��f{x 1 &£p (
pru y 1 &²¬�( ­ a2bdfMz!��f���f{|MqRq$bdf]f#$®f{|Mq�xRsr¡Q±�pr�$ktsUmdxRx$kle@wonlk%��|�prq$ktsUudx2e1p y f�klu q$bdf]|{sUudx$k y fM��f y e!s y fMn�sr¡�q$bdf���sU¬�sUq�¸
|{sUu-q$��sUn�pU|Mq$m�prq�sU��x�¸-pru y x�fTu�x�sU��x &�¡³�$kt|Mq$ktsUuQ¸�§.bdf{fMntx°¶Ux$nlklwow�pr��f�¸�mouoe!s y fMntf y!y zFu�pre@kl|{x°¸�nts°§2ª«ntfM±�fMnd|{sUu-q$��sUndnts-sUwdx�¸
y fMnCp�zFx2��f{x$monlq$kluo��¡³��sUe ±-ktx$m�prn y prq�p�wo��s-|{f{x�x$kluo� ­{­{­ ( ­ �¯u=w�pr�$q�kl|MmonCpr��¸dq$bdf��du�prn�w�s�x�q$mo��f�sr¡,q$bdf]wdb-zFx$kt|�prn���sU¬�sUq
ktx.x$kl��uok%��|�pru-q$nlz y k%$�fM��fMu-q.¡³��sUe q$bdf
sUudf
sU¬oq�prkludf y kluIx$kle(monCprq$ktsUu ­ a�§Rs@e1prkluI|{sUe(¬okludf y ��f�pUx�sUudx�pU|{|{sUmou-q.¡£sU�
q$boktx �

� ­ q$bdf�±�pr�$kCpr¬ontf
θ
ktx�udsUq�pU|Mq$kl±�fMnlzµ|{sUu-q$��sUnlntf y x�s q�b�prq�q$bdf@|{sUu-±�fM�$��fMud|{f!sr¡

z = f(θ)g−1
q�s=Â�fM��s�e!fM��fMnlz

kle@wonlktf{x�q$b�prq
g
q�fMu y x�q�s

f(θ)
§.klq$bIuds!x$w�f{|Mk%��|:|{sUudx�q$��prklu-q�mow�sUu©q$bdf:pUx�z-e@woq�sUq$kt|
±�prnlmdf:sr¡

θ
¸

� ­ q$bdf1±�prnlmdf{x(|�bds�x�fMu ¡£sU�
ε1
pru y

ε2
pr��f!udsUq�x$e1prnlnRx�sIq$b�prq

f(θ1)
|�pruY¬�f1x$kl��uok%��|�pruFq$nlz y k%$�fM��fMu-q(¡²��sUe

f(θ2)
§.bdfMu ‖θ1 − θ2‖

ktx.udsUq�x$e1prnln ­

a2bdf�|{sUu-±�fM�$��fMud|{f�q�s�Â�fM��s�sr¡,q$bdf]q$bo��f{f�|{sUe@w�sUudfMu-q�x�sr¡
z = f(θ)ĝ−1

ktx2x$bds°§.u�klu º kl��mo��f [/&£p (Rpru y [/&³¬�(T¸
§.bdfMu

ε2 = 0.3
­ � sUq�f�q$b�prqRklqRktxWudsUq2fT}`w�sUudfMu-q$kCprnQprqRq$bdf�¬�fM��kluouokluo�!sr¡Qq$bdf�e!sUq$ktsUuQ¸dpUx2p�|{sUudx�f ��mdfMud|{f�sr¡Qq$b�f

x�prq$mo��prq$ktsUudx�kle@w�s�x�f y sUu4q$b�f
|{sUu-q$��sUn�kluowomoq�x &<iFf{f(iFf{|Mq$ktsUu I ­ � ( ­
� sUq�f
prntx�s�q$b�prq y ktx�|M��fMw�prud|Mktf{x.klu4q$bdf�fM±�sUnlmoq$ktsUuIsr¡

θ(t)
pr��f�udsUq.x$z`x$q�fMe1prq$kt|�fMklq$bdfM��¸�pUx2q$boktx2ktxRklnlnlmdx�q$��prq�f y

¬-z º kl��mo��f{x<� &£p (*pru y � &²¬�(,§.bokt|�b!x$bds°§¨p�¬�fMq$q�fM�<|{sU�$��f{x$w�sUu y fMud|{f�¬�fMq¯§Rf{fMu!x$kle(monCprq$ktsUu1pru y fT}`w�fM�$kle!fTuFq�prq$ktsUu ­
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º kl��mo��f [ �Wi-q�prq�f
±�pr�$kCpr¬ontf{x�mdx$kluo�1f{x$q$kle1prq�f y w�s�x�klq$ktsUudx�¸
z = f(θ)ĝ−1

¸o§.klq$b
ε2 = 0.3
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º kl��mo��f(� � �2pr�$q�f{x�ktpru©e!sUq$ktsUuvsr¡"q$bdf
��sU¬�sUq
ε2 = 1.0
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�YudfM§Y|{sUu-q$��sUn-x$q$�;prq�fM��z�¡£sU�Qq$bdf<q$��pU|�¤-kluo�]sr¡dpru�sUe@uok y kl��f{|Mq$kCsUu�prnFq�pr�$��fMq�¬-z:p2udsUuobdsUntsUudsUe@kt|We!sU¬oklntf<��sU¬�sUq�b�pUx
¬�f{fMuµfT}`w�fM�$kle!fMu-q�f y®­�0 pr�$ktsUmdx�ktx�x$mdf{x���fMnCprq�f y q�s1q$bdf(|{sUudx�k y fT��f y fT}Fw�fM�$kle!fMu-q�prn�x�fMq$mow & x$q�prq�f�±Upr�$kCpr¬ontf{x
pru y
q�pr�$��fMq<±�fMnts-|Mklq¯z�f{x$q$kle1prq$ktsUu!¡³��sUe ±Fktx$m�prn y prq�p:pru y s y sUe!fMq$�$z�¸-|{sUu-q$��sUn y ktx�|M��fMq$klÂ°prq$ktsUuQ¸-kluowomoq x�prq$mo��prq$ktsUudx ­{­{­ (
b�p�±�f4¬�f{fMu p yoy ��f{x�x�f y®­ � ¡£fM§ sUq$bdfM�!wo��pU|Mq$kt|�prn�ktx�x$mdf{x!e1p�z y f{x�fM�$±�f4q�s¢¬�f4nts-sU¤�f y prq1e!sU��fI|Mnts�x�fMnlz ­ º sU�
kludx$q�prud|{f�¸,±-ktx$m�prn y prq;p�wo��s-|{f{x�x�kluo�©ktx
��f{x�w�sUudx$kl¬ontf@¡³sU� y fMnCp�z`x:klu¥q�bdf@e!f�pUx$mo��fMe!fMu-q�sr¡.q$bdf@q�pr�$��fMq�¶·x�w�s�x�q$mo��f
pru y q$boktx�|{sUmon y ¬�fRq�pr¤�fMu�klu-q�s
pU|{|{sUmou-q prq*q$bdf2f{x$q$kle1prq�sU��¶·x y f{x$kl��u�ntfM±�fMn ­ �¯q"§2pUx�prntx�s�w�sUklu-q�f y sUmoq*klu1iFf{|Mq$ktsUu1�
q$b�prq<mdx�kluo�:mouowo��s-|{f{x�x�f y e!f�pUx$mo��fMe!fMu-q�xRsr¡�q$bdf�q�pr�$��fMq��Ï��sU¬�sUqW��fMnCprq$kl±�f�w�s�x$q$mo��f�¸�¬-z@sUwow�s�x$klq$ktsUu1q�s�f{x$q$kle1prq$kluo�
q$boktx.w�s�x$q$mo��f�±FkCp@p�e!s y fMn�sr¡"q$bdf�q�pr�$��fMq�¶·x�e!sUq$ktsUuQ¸d|�pru©x�sUe!fMq$kle!f{x�¬�f�e!sU��f:pU|{|Mmo��prq�f(pru y |�pruIz-ktfMn y ¬�fMq$q�fM�
��f{x$monlq�x ­ a.boktx.ktx�f{x$w�f{|MkCprnlnlz�q$�$mdf
§.bdfMuIq$bdf:pU|Mq$m�prn�q�pr�$��fMq�¶·x�±�fMnts-|Mklq¯z�±Upr�$ktf{x�x�kl��uok%��|�pru-q$nlzIpru y ��prwok y nlz &"q$b-mdx
±-ktsUnCprq$kluo�¥q$bdf�|{sUudx�k y fT��f y e!s y fMn�f �-m�prq$ktsUu ¬-zYnCpr�$��fIpre!sUmou-q*( ­ a2boktx!x$mo����f{x$q�x�§RsU�$¤Fkluo�¥sUmoq!x�sUe!f=e!sU��f
sUu q$bdfvf{x$q$kle1prq�sU��¶·x y f{x�kl��u ­ � mo� wonCprudx1¡£sU�!¡²moq$mo��fvx$q$m y ktf{x�prntx�s¥klud|Mnlm y f�pru[fT}`q�fMudx$ktsUu sr¡
q$bdf©wo��sUw�s�x�f y
|{sUu-q$��sUn.prwowo��s�pU|�b¦q�sµ|�pr��ª«nlkl¤�f e!sU¬oklntf ��sU¬�sUq�x°¸<pru y klq�x�fT}`w�fM�$kle!fMu-q�prq$ktsUu¦¡³sU��q$bdf=prmoq�sUe1prq$kt|�q$��pU|�¤-kluo�¢sr¡�p
e1prudfMmo±�fM�$kluo� |�pr� ­
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�Wz y f#�duoklq$ktsUu −−→~
t
~
r = x~ıt + y~t

� k%$®fM��fMu-q$kCprq$kluo�1¬�sUq$b©x�k y f{x�sr¡"q$boktx�f ��m�prnÃklq z=§.klq$bI��f{x$w�f{|Mq�q�s@q$kle!f
z-ktfMn y x

~0 �
r − ~0 �

t = ẋ~ıt + x d
dt
~ıt + ẏ~t + y d

dt
~t

= (ẋ− yα̇t)~ıt + (ẏ + xα̇t)~t

&£��� (

� u4q$bdf:sUq$bdfM��b�pru y ¸dx$klud|{f
α = αr − αt

¸o§Rf�b�p�±�f

~0 �
r = u1~ır

= u1(cosα~ıt + sinα~t)

&£��� (

pru y ¡²��sUe &£� (T¸
~V � t = a~ıt + b~t

&£��� (
�Wz(k y fMuFq$kÃ¡²zFkluo�*&£��� ("§.klq$b�&£��� (�pru y &£��� (T¸�sUudf.sU¬oq�prkludx<q$bdf.q¯§Rs2�d��x$q<f �-m�prq$ktsUudx sr¡�&²g�( ­ a.bdf2q$bokl� y sUudfR¡£sUnlnts°§�x
¡²��sUe &�� (.pru y &£� ( ­

� �4�����(5�������5��� �	$�-) �"������	���	����

a2bdf
q$��prudx$±�fT��x�prnlklq¯z�|{sUu y klq$ktsUu©ktx�f �-mokl±UprntfMu-q�q�s@q$bdf�¡£pU|Mq�q$b�prq�q$bdf
e1prq$�$kÃ}

H(θ)
∆
=

(

b1(f(θ)) b2 − ∂f

∂θ
(θ)

)

=





cos(ε2 cos θ) 0 −ε1 cos θ
sin(ε2 cos θ) 0 −ε1ε2 cos 2θ2

0 1 ε2 sin θ





ktx.klu-±�fM�$q$kl¬ontf
¡³sU��pru-z
θ
­ � x$kle@wontf:|�prnt|MmonCprq$ktsUu©zFktfMn y x

y fMq
H(θ) = ε1

(

ε2
cos 2θ

2
cos(ε2 cos θ)− sin(ε2 cos θ) cos θ

)

= ε1ε2

(

cos 2θ

2
cos(ε2 cos θ)−

sin(ε2 cos θ)

ε2 cos θ
cos2 θ

)

= ε1ε2

(

cos2 θ − sin2 θ

2
cos(ε2 cos θ)−

sin(ε2 cos θ)

ε2 cos θ
cos2 θ

)

= −ε1ε2
[

cos2 θ

(

sin(ε2 cos θ)

ε2 cos θ
− cos(ε2 cos θ)

2

)

+ sin2 θ
cos(ε2 cos θ)

2

]

º sU�
ε2 ∈ (0, π

2 ]
pru y ¡³sU��pruFz

θ
¸`§Rf
b�p�±�f

0 ≤ cos(ε2 cos θ)

2
≤ 1

2
pru y

0 <
sin(ε2 cos θ)

ε2 cos θ
− cos(ε2 cos θ)

2
� udf:|{sUud|MnÃm y f{x�q$b�prq.¡£sU�

ε1 > 0
pru y

ε2 ∈ (0, π
2 ]
¸

∀θ, y fMq
H(θ) < 0

&£�`� (

x�s�q$b�prq
f
ktx�p�q$��prudx$±�fM��x�f]¡³moud|Mq$ktsUu ­

`^`´×�acb$deb�f
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� fMq
X̃p = Xp − X̂p

pru y
X̃α = Xα − X̂α

­�º ��sUe &�� 1 (M¸�&��
[,(M¸dpru y &���� (M¸`§Rf y f y md|{f:q$b�prq

˙̃Xp = Ap(ĉ)X̃p −Dp(p− p̂) + Up(α)− Up(α̂) + Vp −Dpvp + (Ap(c)−Ap(ĉ))Xp

˙̃Xα = AαX̃α −Dα(α− α̂) + Vα −Dαvα

&£��� (

º ��sUe &���� (M¸

p− p̂ = CpX̃p
§.klq$b

Cp =

(

1 0 0 0
0 1 0 0

) &£��� (

α− α̂ = CαX̃α
§.klq$b

Cα = (1 0)
&£�rg�(

pru y
Ap(c)−Ap(ĉ) = (c− ĉ)A1 = X̃T

αCcA1
&£� I (

¡³sU��x�sUe!f
|{sUudx$q�pru-q�e1prq$�$kt|{f{x
Cc

pru y
A1
­ a2b�fT��f;¡£sU��f�¸o¡²��sUe &£��� (M¸�&£��� (M¸�&£�rg�(M¸dpru y &£� I (M¸

˙̃Xp = (Ap(ĉ)−DpCp)X̃p + X̃T
αCcA1Xp + Up(α)− Up(α̂) + Vp −Dpvp

&£�,1�p (

˙̃Xα = (Aα −DαCα)X̃α + Vα −Dαvα
&£�,1r¬�(

� fMq mdx �d��x$q |{sUudx$k y fM�Ii-zFx$q�fMe &£�,1r¬�( ­ º ��sUe &���� (M¸ &£��� (M¸�pru y &£�rg�(M¸2sUudfvf�pUx$klnlz ±�fM�$k%��f{x q$b�prq1q�bdfIe1prq$�$kÃ}
Aα−DαCα

ktx � mo�$§.klq$ÂMª x$q�pr¬ontf ­ � fMq
Wα(Xα)

y fMudsUq�f�p �-m�p y ��prq$kt|�w�s�x�klq$kl±�f y f#�duoklq�f � z-prwomouds°±@¡²moud|Mq$ktsUu ¡³sU�
q$bdf
x�zFx$q�fMe

˙̃Xα = (Aα −DαCα)X̃α

�Wz y f#�duoklq$ktsUuvsr¡
vM

¸oklq2¡£sUnlnts°§�x2¡³��sUe &���� (Rq$b�prq2¡£sU��x�sUe!f:|{sUudx$q�pru-q
cα
¸

‖Vα −Dαvα‖ ≤ cαvM

a2bdfM��fT¡³sU��f�¸rq$bdfM��f<fT}`ktx$q®w�s�x$klq$kl±�f<|{sUudx$q�pru-q�x
γ
pru y

c′α
x$md|�b:q$b�prqQq�bdf y fM�$kl±Uprq$kl±�f<sr¡

Wα(Xα)
prntsUuo��q$bdf<x�sUnlmoq$ktsUudx

sr¡ &£�,1r¬�(2x;prq$ktx ��f{x

Ẇα(X̃α) ≤ −γWα(X̃α) + cαvM‖∇Wα(X̃α)‖
≤ −γ

2
Wα(X̃α) + c′αv

2
M

&£�-[,(

� udf y f y md|{f{x.¡³��sUe q$boktx�kludf ��m�prnlklq¯z�q$b�prq�prntsUuo� pru-z�x�sUnlmoq$ktsUuvsr¡ &£�,1r¬�(

Wα(X̃α(t)) ≤
2

γ
c′αv

2
M + e−

γ
2
tWα(X̃α(0))

&£��� (

i-klud|{f
Wα(X̃α)

ktx1p ��m�p y ��prq$kt| y f#�duoklq�fIw�s�x�klq$kl±�f�¡³moud|Mq$ktsUuQ¸RkÃq@¡£sUnlnts°§�x@¡²��sUe &£��� (�q$b�prq@¡£sU�!x�sUe!f4w�s�x$klq$kl±�f
|{sUudx$q�pru-q�x

dα
pru y

d′α
¸

‖X̃α(t)‖ ≤ dαvM + d′αe
− γ

4
t‖X̃α(0)‖

&£��� (
i-klud|{f
¬-z4pUx�x$moe@woq$ktsUuQ¸

uo
1

¸
uo
2

¸�pru y
Xp

pr��f�¬�sUmou y f y ¸dkÃq.¡£sUnlnts°§�x2¡³��sUe &���� (.pru y &£��� (Rq$b�prq

‖X̃T
αCcA1Xp + Up(α)− Up(α̂) + Vp −Dpvp‖ ≤ cpvM + c′pe

− γ
4
t‖X̃α(0)‖

&²g�� (

a2bdf�¡³sUnlnts°§.kluo�1q�f{|�bouokt|�prn � fMe@e1p@ktx.wo��s°±�f y ¬�fMnts°§
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�<¼ � �¥� = �^(c�$��� �
��	 ��� � ���.�e	���	 � � ����� �X	�� �M� ������	��
P

��� � � ������! ���
τ > 0

��*c�$( ��(K���5�K�����T���X,&��*K� ����	����
ĉ(.)

�
��(c� �����e	 � ����	 � � � �

Wp
∆
= 1

2X̃
T
p PX̃p

��! ���K
 ��(c� �$��! *c��	����)��� �

˙̃Xp = (Ap(ĉ)−DpCp)X̃p
&²gd� (

�$����	 ���Z���
Ẇp(X̃p) ≤ −τWp(X̃p)

&²g�� (
�Wzµwo��s-|{f{f y kluo��pUx�¡³sU�

X̃α
¸�sUudf!x$bds°§�x�¡³��sUe &²g�� (
pru y &²g�� (]q$b�prq
¡£sU�:x�sUe!f@w�s�x$klq$kl±�f!|{sUudx$q�pru-q�x

dp
pru y

d′p
¸

pru y prntsUuo� pru-z�x�sUnlmoq$ktsUuIq�s i-zFx�q�fMe &£�,1�p (M¸

‖X̃p(t)‖ ≤ dpvM + d′pe
− γ′

4
t‖X̃(0)‖ &²g�� (

~���sUw�s�x$klq$ktsUuµ��¡³sUnlnts°§�x.¡²��sUe &£��� (.pru y &²g�� ( ­ a2bdfM��f:��fMe1prkÃu�x�q�s@wo��s°±�f � fMe@e1p1� ­
R � À®À S.À S � ¼ � �¥� = �2º ��sUe &���� (.pru y &£��� (M¸

Ap(ĉ)−DpCp =









−λp ĉ −1 0
−ĉ −λp 0 −1
βp 0 0 ĉ
0 βp −ĉ 0









�¥f�ntfMq

P =









p1 0 p3 0
0 p1 0 p3
p3 0 p2 0
0 p3 0 p2









&²g�g�(

§.bdfM��f
p1, p2

¸�pru y
p3
§.klnln�¬�f(x$w�f{|Mk%��f y nCprq�fM�]sUu ­ a2bdfMuQ¸�q$bdf y fM�$kl±Uprq$kl±�f(sr¡

Wp
prntsUuo� q$bdf(x�sUnlmoq$ktsUudx]sr¡ &²gd� (

x�prq$ktx ��f{x

Ẇp(X̃p) =x̃21(−p1λp + p3βp)− x̃23p3 + x̃1x̃3(p2βp − p1 − p3λp)

+ x̃22(−p1λp + p3βp)− x̃24p3 + x̃2x̃4(p2βp − p1 − p3λp)

&²g I (

� fMq

p1
∆
= 2βp, p3

∆
= λp, p2

∆
=

p1 + p3λp

βp
= 2 +

λ2p
βp

&²g 1 (

a2bdfMuQ¸oklq.¡³sUnlnts°§�x.¡²��sUe &²g I (Rq$b�prq

Ẇ (X̃p) = −λpβp(x̃
2
1 + x̃22)− λp(x̃

2
3 + x̃24)

x�s�q$b�prq
Ẇ (X̃p)

ktx y f#�duoklq�f:udfM��prq$kl±�f ­ a2bdfM��f
��fMe1prkludx�q�s@x$b�s°§ q$b�prq
Wp

ktx.w�s�x$klq$kl±�f y f���uoklq�f ­<º ��sUe &²g 1 (M¸

βp(p1x̃
2
1 + p2x̃

2
3 + 2p3x̃1x̃3) = 2β2p x̃

2
1 + (2βp + λ2p)x̃

2
3 + 2λpβpx̃1x̃3

≥ 2β2p x̃
2
1 + λ2px̃

2
3 + 2λpβpx̃1x̃3

≥ β2p x̃
2
1 + (βpx̃1 + λpx̃3)

2

a2boktx�kle@wonlktf{x�q$b�prq
p1x̃

2
1 + p2x̃

2
3 + 2p3x̃1x̃3

ktx]p@w�s�x�klq$kl±�f y f#�duoklq�f��-m�p y ��prq$kt|:¡£sU�$e klu
x̃1
pru y

x̃3
­ i-klud|{f�¸�¬-z

&²g�g�(T¸
Wp = (p1x̃

2
1 + p2x̃

2
3 + 2p3x̃1x̃3) + (p1x̃

2
2 + p2x̃

2
4 + 2p3x̃2x̃4)

q$bdf�wo��s-sr¡*¡³sUnlnts°§�x ­

`^`´×�acb$deb�f
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α �
¼ �{�
7 �¥�`� À �

a2bdf.x$q�f�p y z�x$q�prq�f.sUwoq$kle1prn �:prnÃe1pru1��prklu@¡³sU��q$bdf.f{x$q$kle1prq�sU�2&����r¬�(,ktx���kl±�fMu�&³x�f{f.f ­ � ­  È�`¸-i`fM| ­ g ­ g "d¡£sU� y fMq�prklntx#(
¬-z

Dα = ΣαC
T
αω−1α

¸�§.klq$b
Cα = (1, 0)

pru y
Σα

q$bdf1w�s�x$klq$kl±�f y f#�duoklq�f x�sUnlmoq$ktsUu sr¡.q$bdf=prnl��fM¬o��prkt|=��kt|{|�prq$k
f ��m�prq$ktsUuµpUx�x�s-|MkCprq�f y §.klq$bµi-z`x$q�fMe &��
[Ï¬�( V &$� 1r¬�( �

�
= AαΣα +ΣαA

T
α − ΣαC

T
αω−1α CαΣα +

(

ω2 0
0 ωc

) &²g�[,(

i-klud|{f
Σα

ktx�p@|{s°±Upr�$kCprud|{f:e1prq$�$kÃ}®¸oklq.ktx�x�z-e@e!fMq$�$kt|�¸dx�s�q$b�prq�§Rf
|�pruI§.�$klq�f

Σα =

(

Σ11 Σ12
Σ12 Σ22

) &²g�� (

a2bdfMuQ¸
&²g�[,(Rktx�f �-mokl±UprntfMu-q�q�s


















2Σ12 +
Σ2

11

ωα
− ω2 = 0

Σ22 +
Σ11Σ12

ωα
= 0

Σ2
12

ωα
− ωc = 0

&²g�� (

� x$kluo��q$bdf�¡£pU|Mq
q$b�prq
Σα

e(mdx$q�¬�f�w�s�x�klq$kl±�f y f#�duoklq�f�¸,pru y q$bdf!pUx�x$moe@woq$ktsUu
ω2 ¿

√
ωcωα

¸®sUudf@sU¬oq�prkludx
q$bdf
¡³sUnlnts°§.kluo� x�sUnlmoq$ktsUuIq�s�&²g�� ( �



















Σ11 =
√

ωα(ω2 + 2
√
ωcωα)

Σ12 = −√ωcωα

Σ22 =
√

ωc(ω2 + 2
√
ωcωα)

& I � (

º ��sUe &²g�� (T¸
& I � (M¸dpru y q$bdf y f#�duoklq$ktsUuvsr¡
Dα

¸`§Rf��du�prnlnlz�sU¬dq�prklu

Dα =







√

ω2

ωα
+ 2
√

ωc
ωα

−
√

ωc
ωα







& I � (

� u y fM��q$bdf�pUx�x$moe@woq$ktsUu©q$b�prq
ω2 ¿

√
ωcωα

¸
Dα

|�pruIq$bdfM��fT¡£sU��f
¬�f�prwowo��s�}`kle1prq�f y ¬-z

Dα ≈
(√

2λα

−λ2α

)

λα = 4

√

ωc

ωα

& I � (

pru y &£�`� (W¡³sUnlnts°§�x ­

> % = % =
p �
¼ �{�
7 �¥�`� À �

�¥f1|{sUudx�k y fM�(q$bdf x$q�f�p y z¥x$q�prq�f sUwoq$kle1prn �:prnle1pruY��prklu
Dp

¡³sU��q$bdf f{x$q�kÃe1prq�sU� &�����p (�pUx�x�s-|MkCprq�f y §.klq$b i-z`x�ª
q�fMe &��
[Up ( V &�� 1�p ( ­ � u y fM��q$bdf�pUx�x$mde@woq$ktsUu q�b�prq c

ktx�|{sUudx$q�pru-q!pru y q$b�prq
ω1 ≡ 0

¸
Dp

ktx���kl±�fMu ¬-z
Dp =

ΣpC
T
p ω−1p

¸�§.klq$b
Cp = (

�
2,
�
2)
pru y

Σp
q$bdf!w�s�x$klq$kl±�f y f#�duoklq�f1x�sUnlmoq$ktsUuYsr¡.q$bdf1prnl��fM¬o��prkt| ��kt|{|�prq$kWf ��m�prq$ktsUu

pUx�x�s-|MkCprq�f y §.klq$bµi-z`x$q�fMe &��
[Up ( V &�� 1�p ( �

�
= ApΣp +ΣpA

T
p − ΣpC

T
p ω−1p CpΣp + V

& I � (

§.klq$b

V =









0 0 0 0
0 0 0 0
0 0 ωa 0
0 0 0 ωb









ωp =

(

ωx 0
0 ωy

)
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� fMq�mdx �d��x$q�|{sUudx$k y fM��q$bdf:|�pUx�f
c = 0

­ a2bdfMu

Ap(ĉ) = Ap =









0 0 −1 0
0 0 0 −1
0 0 0 0
0 0 0 0









pru y q$b�f�x$z`x$q�fMe!x &��
[Up (2pru y &�� 1�p ( y f#�dudf�q¯§Rs y f{|{sUmowontf y x$z`x$q�fMe!x.x$kle@klnCpr�.q�s�q$bdf
x$z`x$q�fMe!x &��
[Ï¬�(.pru y &�� 1r¬�(
§.bdfMu

ω2
ktx.udfM��ntf{|Mq�f y �







(

ẋ
ȧ

)

= Aα

(

x
a

)

+

(

uo
1 cosα
0

)

+

(

0
va

)

xv = x+ vx

& I g�p (







(

ẏ

ḃ

)

= Aα

(

y
b

)

+

(

uo
1 sinα
0

)

+

(

0
vb

)

yv = y + vy

& I g�¬�(

�Wz©mdx$kluo�=q$bdf�wo��fM±FktsUmdx]��f{x$monlq�x�klu���wow�fMu y kÃ}¢� ­ � ­ �(¡£sU�]q$bdf
α V f{x$q�kÃe1prq�sU��¸�§Rf�sU¬oq�prklu�q$bdf(¡³sUnlnts°§.kluo�4x�q�f�p y zx$q�prq�f �:prnle1pru©��prklu

Dp
¡£sU��i-z`x$q�fMe!x &��
[Up (.pru y &�� 1�p ( �

Dp ≈









√
2λ1 0

0
√
2λ2

−λ21 0
0 −λ22









λ1 = 4

√

ωa

ωx
λ2 = 4

√

ωb

ωy

& I�I (

i-kle@klnCpr�$nlz�¸o¡²��sUe &²g�� (.pru y & I � (2sUudf y f y md|{f{x�q$bdf:x$q�f�p y z�x$q�prq�f:|{s°±Upr�$kCprud|{f:e1prq$�$kÃ}
Σp

Σp =









√

2ωx
√
ωaωx 0 −√ωaωx 0

0
√

2ωy
√
ωbωy 0 −√ωbωy

−√ωaωx 0
√

2ωa
√
ωaωx 0

0 −√ωbωy 0
√

2ωb
√
ωbωy









& I 1 (

� fMq@mdx�uds°§ |{sUudx�k y fM��q$bdf�|�pUx�f
c 6= 0

­ �¥f�x$bds°§ ¬�fMnts°§:¸<mou y fM�@q$bdf4pUx�x$moe@woq$ktsUu q$b�prq
ωa = ωb

pru y
ωx = ωy

¸-q$b�prq
Σp

y f#�dudf y ¬-z+& I 1 (<ktx2prntx�s�q$bdf�w�s�x$klq$kl±�f y f#�duoklq�f�x�sUnlmoq$ktsUu=q�s(q$bdf�prnl��fM¬o��prkt|���kt|{|�prq$k�f ��m�prq$ktsUu
pUx�x�s-|MkCprq�f y §.klq$b¥i-zFx�q�fMe &��
[Up ( V &�� 1�p ({¸�x�s!q$b�prq Dp

y f#�dudf y ¬-z-& I�I (.ktx]prntx�s1q$bdf(x$q�f�p y z©x$q�prq�f �:prnle1pruµ��prklu
¡³sU�.q$bdf

p
ª f{x$q$kle1prq�sU��&�����p ( ­

º ��sUe q$bdf y f���uoklq$ktsUu &���� (2sr¡
Ap(ĉ)

¸�& I � (Rktx�f �-mokl±UprntfMu-q�q�s

(

c
�
2 −

�
2�

2 c
�
2

)

Σp +Σp

(

−c � 2
�
2

− � 2 −c � 2

)

− Σp

( �
2�
2

)

ω−1p

( �
2
�
2

)

Σp + V =
� & I [,(

§.klq$b©�
2 =

(

0 1
−1 0

) ­ � fMq�mdx y f{|{sUe@w�s�x�f
Σp

pUx

Σp =

(

Σ11 Σ12
ΣT
12 Σ22

) & I � (

§.bdfM��f:f�pU|�b
Σij

ktx�p
2× 2

e1prq$��k } ­ a2bdfMu-& I [,(Rktx�f ��mokl±�prntfMu-q�q�s











c(
�
2Σ11 − Σ11

�
2)− (Σ12 +ΣT

12)− Σ11ωp
−1Σ11 =

�

c(
�
2Σ12 − Σ12

�
2)− Σ22 − Σ11ωp

−1Σ12 =
�

c(
�
2Σ22 − Σ22

�
2)− ΣT

12ωp
−1Σ12 +

(

ωa 0
0 ωb

)

=
�

& I � (

`^`´×�acb$deb�f
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k y fMu-q$kÃ¡²z
Σp
¸dpUx���kÃ±�fMuI¬-z & I 1 (M¸`§.klq$bIq$bdf
��fMudfM��prn,fT}Fwo��f{x�x�ktsUu & I � (M¸`q$bdfMu-& I � (W¬�f{|{sUe!f{x �



































c

(

0
√

2ωy
√
ωbωy −

√

2ωx
√
ωaωx

√

2ωy
√
ωbωy −

√

2ωx
√
ωaωx 0

)

=
�

c

(

0
√
ωaωx −√ωbωy√

ωaωx −√ωbωy 0

)

=
�

c

(

0
√

2ωb
√
ωbωy −

√

2ωa
√
ωaωx

√

2ωb
√
ωbωy −

√

2ωa
√
ωaωx 0

)

=
�

& 1�� (

a2bdfM��fT¡³sU��f�¸dkÃ¡
ωa = ωb

pru y
ωx = ωy

¸o� �-m�prq$ktsUu-& 1�� (Rktx�x�prq$ktx ��f y pru y q$bdf�wo��s-sr¡*¡³sUnlnts°§�x ­

� � ���
���µ��� � ����91��5�	���	���� �

R � ¼ !�7 � 7 6 �o� ½ � ¼ �¥�o����� �¯u q$boktxIx�f{|Mq$ktsUu e1pru-z[kludf �-m�prnlklq$ktf{xIsr¡�q$bdfµq¯zFw�f ‖X‖ ≤ c1v
p1

M + . . . + ckv
pk
Mpr��fIklu-±�sUnl±�f y ¸W¡£sU�1x�sUe!fIw�s�x$klq$kl±�f

ci
¶·x=pru y x�sUe!fIklu-q�fM��fM��x

0 ≤ p1 < p2 . . . < pk
­ i-klud|{f©~���sUw�s�x$klq$ktsUu �

sUuonlzµ|{sUud|{fM�$udx �¯x$e1prnln<fMudsUmo��b ��±�prnlmdf{x:sr¡
vM

¸Qx�md|�b�kludf �-m�prnlklq$ktf{x�|�pru¢¬�f@x$kle@wonlk%��f y pUx ‖X‖ ≤ cvp1

M

­ i-md|�b
x$kle@wonlk%��|�prq$ktsUudx�§.klnlnQ¬�f y sUudf
��fMw�f�prq�f y nlz�¸d§.klq$bdsUmoq�¡³mo�$q$bdfM��udsUq$kt|{f ­

º ��sUe q$bdf y f���uoklq$ktsUuvsr¡
z
kluI~<��sUw�s�x$klq$ktsUuY��¸oklq�|�pruI¬�f:x$bds°§.u�h x�f{f:prntx�s  g,"�h q$b�prq

ż = −drg−1(f) (H(θ)ū+ dlz(g)b0(g, ut))
& 1`� (

º ��sUe &���� (M¸`q$b�f]¡£f{f y ¬�pU|�¤=nCp�§
ū(ge, ût, θ)

ktx.��kl±�fMu4¬-z

ū(ge, ût, θ) = −H(θ)−1 (dlze(g
e)b0(g

e, ût) + drge(z
e)Kze)

& 1�� (

§.klq$b
ze

∆
= f(θ)(ge)−1

­ a2bdfM��fT¡³sU��f�¸�prwowonlzFkluo�!q$boktx.¡³f{f y ¬�pU|�¤�nCp�§ q�s i-z`x$q�fMe & 1`� (RzFktfMn y x

ż = drg−1(f)drge(z
e)Kze − drg−1(f)(dlz(g)b0(g, ut)− dlze(g

e)b0(g
e, ût)

= Kze + Γ1Kze − Γ2

= Kz −K(z − ze) + Γ1Kze − Γ2

& 1�� (

§.klq$b
Γ1

∆
= drg−1(f)drge(z

e)− I , Γ2
∆
= drg−1(f) (dlz(g)b0(g, ut)− dlze(g

e)b0(g
e, ût))

& 1rg�(
º ��sUe &���� (M¸`klq.¡£sUnlnts°§�x.q$b�prq�kÃ¡

g1 = (p1, α1)
pru y

g2 = (p2, α2)
¸

drg2(g1) =

(

I SR(α1)p2
0 1

)

, dlg1(g2) =

(

R(α1) 0
0 1

)

, g−11 =

(

−R(−α1)p1
−α1

) & 1 I (

§.klq$b

S =

(

0 −1
1 0

)

a2bdfM��fT¡³sU��f�¸�mdx$kluo� & 1rg�(T¸�& 1 I (M¸�pru y q$bdf ¡«pU|Mq,q�b�prq"q$bdfRsU�$ktfMu-q�prq$ktsUu@|{sUe@w�sUudfMu-q
zα
sr¡

z
ktx"��kl±�fMu�¬-z

zα = fα−α
¸

§Rf
sU¬oq�prklu©q$b�prq

Γ1 =

(

0 Γ1,p
0 0

) §.klq$b
Γ1,p

∆
= S

(

R(zeα)p
e −R(zα)p

) & 1,1 (

� fMq�mdx.uds°§ |{sUudx$k y fM��q$bdf
q�fM�$e
Γ2

klu-& 1rg�( ­�º ��sUe & 1 (.pru y & 1 I (T¸dsUudf:x$bds°§�x.q$b�prq

dlz(g)b0(g, ut)− dlze(g
e)b0(g

e, ût) =

(

ĉR(zeα)Spe − cR(zα)Sp+R(zeα)(â, b̂)
T −R(zα)(a, b)

T

−c̃

)
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x�s�q$b�prq�¸o¬-z=mdx$kluo�+& 1 I (.pr��prkluQ¸dkÃq.¡£sUnlnlsÏ§�x2¡³��sUe & 1rg�(Rq$b�prq

Γ2 =

(

Γ2,p
Γ2,α

)

=

(

ĉR(zeα)Spe − cR(zα)Sp+R(zeα)(â, b̂)
T −R(zα)(a, b)

T + c̃SR(zα)p
−c̃

) & 1-[,(

º ��sUe &£��� (M¸�& 1,1 (M¸�pru y & 1-[,(T¸o§Rf
|�pruI��fM§.�$klq�f & 1�� (.pUx2¡£sUnlnts°§�x �

{

żp = Kpzp −Kp(zp − zep) + Γ1,pkαz
e
α − Γ2,p

żα = kαzα − kα(zα − zeα) + c̃

& 1�� (

§.klq$b
zp
pru y

zα
q$bdf
w�s�x$klq$ktsUuµpru y sU�$ktfMu-q�prq$ktsUuv|{sUe@w�sUudfMu-q�sr¡

z
¸`k ­ f ­

zT = (zTp , zα)
­

º ��sUe & 1�� (.pru y � ��m�prq$ktsUu &£�,1 (R§.bokt|�b©��kl±�f{x.q$bdf:f{x$q$kle1prq$ktsUuvfM�$��sU� y zFu�pre@kt|{x�¸o§Rf:sU¬oq�prklu �

{

żp = Kpzp −Kp(zp − zep) + Γ1,pkαz
e
α − Γ2,p

˙̃Xp = (Ap(ĉ)−DpCp)X̃p + X̃T
αCcA1Xp + Up(α)− Up(α̂) + Vp −Dpvp

& 1�� (

pru y
{

żα = kαzα − kα(zα − zeα) + c̃
˙̃Xα = (Aα −DαCα)X̃α + Vα −Dαvα

&#[U� (

�¥f �d��x$q�|{sUudx�k y fM��i-z`x$q�fMe &#[U� ( ­ i-klud|{f
z = f(θ)g−1

pru y
ze = f(θ)(ge)−1

¸dklq�¡³sUnlnts°§�x�¡²��sUe &���� (�pru y & 1 I (
q$b�prq

zα − zeα = fα − α− (fα − αe) = αe − α
­ a2bdfM��fT¡£sU��f�¸d§Rf
|�pruI��fM§.�$klq�f &#[U� (.pUx

{

żα = kαzα − kα(α
e − α) + c̃

˙̃Xα = (Aα −DαCα)X̃α + Vα −Dαvα

&#[F� (

� fMq�mdx�|{sUudx$k y fM�@q$bdf=q¯§Rsvw�s�x�x$kl¬ontf�|�bdsUkt|{fMx�¡³sU�
ge
|{sUudx$k y fM��f y klu ~���sUw�s�x$klq$ktsUu � ­¥º kl��x$q�¸�kÃ¡

ge = ĝ
¸�q$bdfMuQ¸

αe − α = α̂ − α = −α̃ ­ �¯u¢q$boktx(|�pUx�f�¸*i-z`x$q�fMe &#[F� (�ktx:q$bdf!f �-m�prq$ktsUuYsr¡�pru pUx$zFe@woq�sUq$kt|�prnlnlz¥x$q�pr¬ontf@nlkludf�pr�
x$zFx�q�fMe/h q$boktx�|�pru©¬�f:|�bdf{|�¤�f y©y kl��f{|Mq$nlz©pru y prntx�s�¡³sUnlnts°§�x�¡²��sUe q$bdf�x�fMw�pr��prq$ktsUu©wo�$klud|Mklwontf�klu©nlkludf�pr��x$z`x$q�fMe
q$bdf{sU�$zIh ¸Qw�fM�$q$mo�$¬�f y ¬-zvq$bdf�q�fM�$e

(0, Vα − Dαvα)
T ­ i-klud|{f@q$boktx
q�fM�$e'ktx
¬�sUmou y f y klu¢udsU�$e'¬-z

c vM
¡£sU�

x�sUe!f2|{sUudx$q�pru-q
c
¸�klq"¡³sUnlnts°§�x*q�b�prq*q$bdfM��f.fT}Fktx�q�x�p �-m�p y ��prq$kt| � z-prwomouds°±�¡²mdud|Mq$ktsUu

Lα(zα, X̃α)
x$md|�b�q$b�prq�¸�prntsUuo�

q$bdf�q$��pr��f{|Mq�sU�$ktf{x�sr¡ &#[F� (M¸
L̇α ≤ −2ταLα + cαv

2
M (τα > 0)

&#[U� (
�«¡

ge
ktx�x$md|�b�q$b�prq ‖ge − g‖ ≤ γvM

¸Fq$bdfMu |αe − α| ≤ γvM
­ � u�q$boktx�|�pUx�f�¸�i-zFx�q�fMe &#[F� (Wktx.x$q$klnln®q$bdf
f ��m�prq$ktsUu

sr¡Rpru¢pUx$zFe@woq�sUq$kt|�prnlnlzµx$q�pr¬ontf�nlkludf�pr�
x$z`x$q�fMeI¸�w�fM�$q$mo��¬�f y ¬-z©q$bdf(q�fM�$e
(−kα(αe − α), Vα −Dαvα)

T ­ i-klud|{f
q$boktx�q�fM�$e ktx�prntx�s@¬�sUmou y f y kluIudsU�$e ¬-z

c vM
¡³sU��x�sUe!f�|{sUudx$q�pru-q

c
¸6&#[U� (RbdsUn y x]pr��prklu4h ¡£sU��x�sUe!f:w�s�x�x$kl¬onlz

y k%$�fM��fMu-q ��m�p y ��prq$kt| � z-prwomouds°± ¡³moud|Mq$ktsUu
Lα
­

� f�uds°§ |{sUudx$k y fM�]i-z`x$q�fMe & 1�� ( ­ � udf:|�pru4��fT§��$klq�f
q$boktx�x$z`x$q�fMe pUx

{

żp = Kpzp −∆1
˙̃Xp = (Ap(ĉ)−DpCp)X̃p +∆2

&#[U� (

§.klq$b
{

∆1
∆
= Kp(zp − zep)− Γ1,pkαz

e
α + Γ2,p

∆2
∆
= X̃T

αCcA1Xp + Up(α)− Up(α̂) + Vp −Dpvp

&#[Ïg�(

a2bdf
wo��s-sr¡�sr¡"q$bdf�¡£sUnlnts°§.kluo�!q�f{|�bouokt|�prn�ntfMe@e1p@ktx.��kl±�fMu©prq�q$bdf:fMu y sr¡"q$boktx�x�f{|Mq$ktsUu ­

�<¼ � �¥� A �^(c�$����� ��	 �$�5����� ��� �$�#�����
c
�e*���()��(K���

{

‖∆1‖ ≤ c(1 + ‖zp‖)(vM +
√
Lα + Lα) + c‖X̃p‖(1 +

√
Lα)

‖∆2‖ ≤ c(1 + ‖zp‖+ ‖X̃p‖)(vM +
√
Lα + Lα)

&#[ I (

`^`´×�acb$deb�f
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� fMq
Q
y fMudsUq�f(p�x$zFe@e!fMq$�$kt|
w�s�x$klq$kl±�f y f#�duoklq�f
e1prq$�$kÃ}Ix$md|�bIq$b�prq

QKp +KT
p Q ≤ −2γoI (γo > 0)

&#[ 1 (

i-md|�b�p
e1prq$�$kÃ}1fT}`ktx$q�x ¬�f{|�prmdx�f
K
ktx � mo�$§.klq$Â]x$q�pr¬ontf�x�s:q$b�prq�¸-¬-z &£��� (M¸

Kp
ktxRprntx�s � mo�$§.klq$Â]x$q�pr¬dnlf ­ �RsUudx$k y fM�

q$bdf]¡³moud|Mq$ktsUu
Lp(zp, X̃p) = zTp Qzp + βW (X̃p)

&#[�[,(
§.klq$b

β
p�w�s�x$klq$kl±�f
w�pr��pre!fMq�fM��§.bokt|�b©§.klnlnQ¬�f:x�w�f{|Mk%��f y ¡³mo�$q$bdfM��¸�pru y

W
q$bdf � z-prwomouds°±=¡³moud|Mq$ktsUuIklu � fMe@e1p

� ­ �Rz y k%$®fM��fMu-q$kCprq$kluo�
Lp

prntsUuo�!q$bdf
q$��pÏ��f{|Mq�sU�$ktf{x�sr¡ &#[U� (M¸`§2f
sU¬oq�prklu �

L̇p =
∂Lp

∂zp
Kpzp +

∂Lp

∂X̃p

(Ap(ĉ)−KpCp)X̃p −
∂Lp

∂zp
∆1 +

∂Lp

∂X̃p

∆2
&#[U� (

º ��sUe &²g�� (.pru y &#[ 1 (.pru y q$bdf�¡«pU|Mq.q$b�prq
Q
ktx�w�s�x$klq$kl±�f y f#�duoklq�f�¸d§Rf y f y md|{f�¡³��sUe &#[U� (Rq$b�prq

L̇p ≤ −3γ‖zp‖2 − 3βγ′‖X̃p‖2 + ‖
∂Lp

∂zp
‖‖∆1‖+ ‖

∂L

∂X̃p

‖‖∆2‖
&#[U� (

¡³sU��x�sUe!f
γ, γ′ > 0

­ � q2¡£sUnlnts°§�x.¡²��sUe &#[ I (.pru y &#[�[,(Rq$b�prq.¡³sU��x�sUe!f
|{sUudx$q�pru-q
c
¸

‖ ∂Lp

∂X̃p

‖‖∆2‖ = β‖ ∂W
∂X̃p

‖‖∆2‖ ≤ βc‖X̃p‖‖∆2‖ ≤ βγ′‖X̃p‖
c

γ′
‖∆2‖ ≤

βγ′

2
‖X̃p‖2 +

βc2

2γ′
‖∆2‖2

&£��� (

�Wz�x$kle@klnCpr��pr�$��moe!fMu-q�x�¸d§Rf:x$bds°§ q$b�prq.¡³sU��x�sUe!f
sUq$bdfM��|{sUudx�q�pru-q�¸�pr��prklu y fMudsUq�f y pUx
c
¸

‖∂Lp

∂zp
‖‖∆1‖ ≤

γ

2
‖zp‖2 +

c2

2γ
‖∆1‖2

&£�`� (

º ��sUe &#[U� (M¸�&£��� (M¸�pru y &£�`� (T¸o§Rf���fMq

L̇p ≤ −2γ‖zp‖2 − 2βγ′‖X̃p‖2 +
c2

2γ
‖∆1‖2 +

βc2

2γ′
‖∆2‖2

&£��� (

�¥f y f y md|{f
¡³��sUe &#[ I (.pru y &£��� (Rq$b�prq.¡£sU��x�sUe!f:|{sUudx$q�pru-q
c
¸

L̇p ≤ −2γ‖zp‖2 − 2βγ′‖X̃p‖2 + c(1 + ‖zp‖2)(v2M + Lα + L2α)

+c(1 + Lα)‖X̃p‖2 + βc(1 + ‖zp‖2 + ‖X̃p‖2)(v2M + Lα + L2α)

≤ −‖zp‖2
(

2γ − c(1 + β)(v2M + Lα + L2α)
)

−‖X̃p‖2
(

2βγ′ − c(1 + Lα)− βc(v2M + Lα + L2α)
)

+ c(1 + β)(v2M + Lα + L2α)

&£��� (

� fMq<m�x �d��x$q x�bds°§¨q$bdf�x$q�pr¬oklnlklq¯z�¸�¡£sU�
vM = 0

¸�sr¡�q$bdf�|{sUu-q$��sUnlntfM���rsU¬dx�fM�$±�fM� ­<º sU�
vM = 0

¸�§Rf y f y md|{f.¡²��sUe &#[U� (
pru y &£��� (Rq$b�prq

L̇α ≤ −2ταLα
&£�rg�p (

L̇p ≤ −‖zp‖2(2γ − c(1 + β)(Lα + L2α)− ‖X̃p‖2(2βγ′ − c(1 + Lα)− βc(Lα + L2α))
&£�rg�¬�(

+ c(1 + β)(Lα + L2α)

a2bdfM��fT¡³sU��f�¸o¡£sU��pru-z
β > 0

x$md|�bIq$b�prq
βγ′ > c

¸oq$bdfM��f:fT}`ktx$q�x
lm > 0

x$md|�bIq$b�prq�¸`¡³sU�
Lα ≤ lm

¸

L̇p ≤ −τpLp + βc(Lα + L2α) (τp > 0)
&£� I (

354;`6357
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a2bdf�x$q�pr¬dkÃnlklq¯z=sr¡"q$bdf�|Mnts�x�f y ª«nts-sUw©x$z`x$q�fMe ¡£sUnlnts°§�xR¡³��sUe &£�rg�p (2pru y &£� I ( ­ � fMq.mdxRuds°§ wo��s°±�f]q$b�prq ‖z‖+ ‖X̃‖ktx�monlq$kle1prq�fMnlz©¬�sUmou y f y ¬-z©p!±�prnlmdf�wo��sUw�sU�$q$ktsUu�prn*q�s
vM

¸�§.bdfMu
vM

ktx]x$e1prnln"fMudsUmo��b ­ �RsUudx�k y fM��pru-z
β > 0x�prq$ktx�¡³z-kluo�

βγ′ > 2c
­ a2bdfMuQ¸dq$bdfM��f:fT}Fktx�q�x.x�sUe!f

v̄ > 0
x$md|�bIq$b�prq.¡³sU��pru-z

vM ∈ [0, v̄]
¸

{

γ ≥ c(1 + β)((1 + cα
τα
)v2M + c2α

τ2
α
v4M )

βγ′ ≥ c(1 + cα
τα

v2M ) + βc((1 + cα
τα
)v2M + c2α

τ2
α
v4M )

&£�,1 (

§.bdfM��f
cα

pru y
τα

pr��f y f#�dudf y ¬-z &#[U� ( ­ º ��sUe &#[U� (M¸,sUudf!f�pUx�klnlz�x$bds°§�x:q$b�prq�¸*prntsUuo�µpru-z�q$��pÏ��f{|Mq�sU�$z¥sr¡2q$bdf
|Mnts�x�f y ª«nts-sUwvx$zFx�q�fMeI¸

Lα(t) ≤ Lα(0)e
−2ταt +

cα
2τα

v2M

x�s�q$b�prq�q$bdfM��f:fT}`ktx$q�x�p�q$kle!f
kludx$q�pru-q
T
x�md|�b4q$b�prq�¸

t ≥ T =⇒ Lα(t) ≤
cα
τα

v2M
&£�-[,(

�¥f y f y md|{f
¡³��sUe &£��� (.pru y &£�-[,(Rq$b�prq

L̇p ≤ −‖zp‖2
(

2γ − c(1 + β)((1 + cα
τα
)v2M + c2α

τ2
α
v4M )

)

−‖X̃p‖2
(

2βγ′ − c(1 + cα
τα

v2M )− βc((1 + cα
τα
)v2M + c2α

τ2
α
v4M )

)

+βc((1 + cα
τα
)v2M + c2α

τ2
α
v4M )

&£��� (

º ��sUe &£�,1 (.pru y &£��� (M¸

t ≥ T =⇒ L̇p ≤ −γ‖zp‖2 − βγ′‖X̃p‖2 + βc((1 + cα
τα
)v2M + c2α

τ2
α
v4M )

≤ −2τpLp + cpv
2
M

&£��� (

¡³sU�
x�sUe!f
τp, cp > 0

­ a2bdf�monlq$kle1prq�f@¬�sUmou y f y udf{x�x:sr¡ ‖z‖ + ‖X̃‖ ¬-zµp ±Uprnlmdf�wo��sUw�sU�$q$ktsUu�prn<q�s vM
¸�¡³sUnlnts°§�x

¡²��sUe &£�-[,(.pru y &£��� (R¬-z mdx�kluo�@q$bdf�¡«pU|Mq.q$b�prq�¬�sUq$b
Lα

pru y
Lp

pr��f ��m�p y ��prq$kt|
¡²moud|Mq$ktsUudx ­

R � À®À S.À S � ¼ � �¥� A �2º ��sUe &���� (M¸

z =

(

zp
zα

)

=

(

fp −R(zα)p
fα − α

) &£��� (

a2bdfM��fT¡³sU��f�¸
p = R(−zα)(fp − zp)

¸dpru y x�klud|{f
f
ktx�p�¬�sUmou y f y ¡³moud|Mq$ktsUu

‖p‖ ≤ c(1 + ‖zp‖)
&£�`� (

¡³sU��x�sUe!f
|{sUudx$q�pru-q
c
­ �¯q�prntx�s�¡£sUnlnts°§�x.¡²��sUe &£��� (Rq$b�prq

z − ze =

(

zp − zep
zα − zeα

)

=

(

R(zeα)p
e −R(zα)p

αe − α

)

=

(

R(zeα)(−(p− pe) + (I −R(αe − α))p)
αe − α

) &£��� (

º sU��¬�sUq$b©|�bdsUkt|{f{x�sr¡
ge
¸`k ­ f ­

ge = ĝ
pru y ‖ge − g‖ ≤ γvM

¸o§Rf���fMe1pr�$¤�q$b�prq

|α− αe| ≤ γvM + |α̃| ≤ c(vM +
√

Lα)
pru y ‖p− pe‖ ≤ γvM + ‖p̃‖ ≤ γvM + ‖X̃p‖

&£��� (

º ��sUe &£�`� (M¸�&£��� (M¸�pru y &£��� (T¸

‖zp − zep‖ ≤ ‖p− pe‖+ c|αe − α|(1 + ‖zp‖)
≤ c(vM +

√

Lα)(1 + ‖zp‖) + ‖X̃p‖
&£�rg�(

`^`´×�acb$deb�f
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� fMq�mdx2u�s°§ |{sUudx$k y fM��q$bdf
q�fM�$e
Γ1,pkαz

e
α

klu-&#[Ïg�( ­ �¥f y f y md|{f
¡²��sUe & 1,1 (.pru y &£��� (Wq$b�prq
Γ1,p = S(zp − zep)

­
a2boktx�kle@wonlktf{x�q$b�prq ‖Γ1,p‖

x;prq$ktx ��f{x�q$bdf�x;pre!f:kludf ��m�prnlklq¯zvpUx ‖zp − zep‖
klu &£�rg�( ­.º ��sUe &£��� (M¸6&£��� (M¸�pru y &£��� (M¸

§Rf:prntx�s�b�p�±�f
|zeα| = |zα + (α− αe)| ≤ |zα|+ |α− αe| ≤ c(vM +

√

Lα)
&£� I (

¡²��sUe §.bokt|�bI§Rf��du�prnlnlz y f y md|{f:q$b�prq

‖Γ1,pkαzeα‖ ≤ c(v2M + Lα)(1 + ‖zp‖) + c(vM +
√

Lα)‖X̃p‖
&£�,1 (

� fMq�mdx �du�prnlnlz4|{sUudx$k y fM��q$bdf
q�fM�$e
Γ2,p

klu-&#[Ïg�( ­<º ��sUe & 1-[,(T¸

Γ2,p =(c̃− c)R(zeα)S(p− pe) +

(

c̃SR(zα)− c̃R(zeα)S + cR(zeα)(I −R(αe − α))S

)

p

−R(zeα)(ã, b̃)
T +R(zeα)(I −R(αe − α))(a, b)T

&£�-[,(

º ��sUe &£�-[,(.pru y &£�`� (M¸`q$b�fT��f:fT}Fktx$q�x�p@|{sUudx$q�pru-q
δ
x$md|�bIq$b�prq

‖Γ2,p‖ ≤ δ‖p− pe‖(|c̃|+ ‖ut‖) + δ(|c̃|+ ‖ut‖|αe − α|)(1 + ‖zp‖) + ‖(ã, b̃)‖+ δ|αe − α|‖ut‖
&£��� (

�¥f y f y md|{f
¡³��sUe &£��� (M¸�&£��� (M¸dpru y q$bdf�pUx�x�moe@woq$ktsUuIq$b�prq
ut
ktx.¬�sUmou y f y q$b�prq

‖Γ2,p‖ ≤ δ(vM + ‖X̃p‖)
(

1 +
√

Lα

)

+ c
(

vM +
√

Lα

)

(1 + ‖zp‖)
&£��� (

a2bdf��d��x$q.kludf �-m�prnlklq¯z=klu-&#[ I (W¡£sUnlnts°§�x2¡³��sUe &£�rg�(M¸
&£�,1 (T¸�pru y &£��� ( ­
� fMq.mdx2uds°§ x�bds°§ q$bdf
x�f{|{sUu y kludf ��m�prnlklq¯z=klu &#[ I ( ­<º ��sUe &£�`� (2pru y q$bdf:pUx�x$moe@woq$ktsUu4q$b�prq

ut
klx.¬�sUmou y f y ¸

‖X̃T
αCcA1Xp‖ ≤ c(1 + ‖zp‖)

√

Lα
&������ (

� q�prntx�s�¡³sUnlnts°§�x.¡²��sUe &���� (Rq$b�prq
‖Vp −Dpvp‖ ≤ cvM

&����`� (
a2bdfM��f���fMe1prkludxWq�s�|{sUudx$k y fM�Wq$bdf�q�fM�$e

Up(α)−Up(α̂)
klu+&#[Ïg�( ­ � f �d��x$q y fM�$kl±�f�pru1mowow�fM�$¬�sUmou y sr¡ ‖ū‖ ¸�§.klq$b

ū
y fMudsUq$kluo�1q$bdf�¡£f{f y ¬�pU|�¤=nCp�§ y f#�dudf y ¬Fz & 1�� ( ­�º ��sUe & 1 (2pru y & 1 I (M¸

dlze(g
e)b0(g

e, ût) =

(

R(zeα) 0
0 1

)

(

−ĉSpe −
(

â
b̂

)

−ĉ

)

=

(

−ĉR(zeα)Spe −R(zeα)
(

â
b̂

)

−ĉ

)

=

(

−cR(zeα)Spe −R(zeα) (
a
b )

−c

)

+

(

c̃R(zeα)Spe +R(zeα)
(

ã
b̃

)

c̃

)

º ��sUe q$bdf{x�f
f �-m�prnlklq$ktf{x�pru y q$bdf
¬�sUmou y f y udf{x�x]pUx�x$moe@woq$ktsUu©sUu
ut
¸

‖dlze(ge)b0(ge, ût)‖ ≤ k(1 + ‖pe‖)(1 + ‖c̃‖) + ‖(ã, b̃)‖ &������ (

¡³sU��x�sUe!f
|{sUudx$q�pru-q
k
­�º ��sUe &£�`� (.pru y &£��� (M¸

‖pe‖ ≤ k(1 + ‖zp‖+ ‖X̃p‖)
&������ (

pru y §Rf y f y md|{f
¡²��sUe &������ (Rq$b�prq

‖dlze(ge)b0(ge, ût)‖ ≤ k(1 + ‖zp‖+ ‖X̃p‖)(1 +
√

Lα)
&����rg�(

º ��sUe &£��� (.pru y & 1 I (M¸

drge(z
e)Kze =

(

I SR(zeα)p
e

0 1

)(

Kpz
e
p

kαz
e
α

)

=

(

Kpz
e
p + kαz

e
αSR(zeα)p

e

kαz
e
α

)
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x�s�q$b�prq

‖drge(ze)Kze‖ ≤ k(|zeα|+ ‖zep‖+ |zeα|‖pe‖)
≤ k(|zeα|+ 1 + ‖pe‖+ |zeα|‖pe‖)
≤ k(1 + ‖pe‖)(1 + |zeα|)
≤ k(1 + ‖zp‖+ ‖X̃p‖)(1 +

√

Lα)

&���� I (

§.bdfM��f(q$bdf�x�f{|{sUu y kludf ��m�prnlklq¯zv|{sUe!f{x]¡²��sUe &£��� (M¸�pru y q$bdf�¡³sUmo�$q$bµ¡²��sUe &£� I (�pru y &������ ( ­]º ��sUe & 1�� (M¸ &����rg�(M¸
pru y &���� I (M¸

‖ū‖ ≤ k(1 + ‖zp‖+ ‖X̃p‖)(1 +
√

Lα)
&����,1 (

º ��sUe &���� (M¸
‖Up(α)− Up(α̂)‖ ≤ |α− α̂|‖uo‖ ≤ |α̃|(‖ū‖+ 2vM )

&����-[,(
�¥f2�du�prnlnlz4sU¬oq�prklu4¡³��sUe &$���,1 (.pru y &����-[,(Rq$b�prq

‖Up(α)− Up(α̂)‖ ≤ k
√

Lα(1 + ‖zp‖+ ‖X̃p‖)(1 +
√

Lα)
&������ (

a2bdf:x�f{|{sUu y kludf ��m�prnlklq¯z�klu-&#[ I (W¡³sUnlnts°§�x.¡²��sUe &������ (M¸�&����`� (M¸�pru y &������ ( ­

� 4 �� ��*&� ��2��	���� ���"����	; �5 �{��� ��%(� �,���������� I	;�'9� ���� �<�����2��	����

� 	�� 
������������������ � �� ����"!�#$���"���
B % 9 % 9

α �
¼ �{�
7 �¥�`� À �

a2bdf:f{x$q$kle1prq�sU� &����r¬�(2ktx.kle@wontfMe!fMu-q�f y klu y ktx�|M��fMq�f�¡£sU�$e ±-kCp@p�q¯§Rs!x$q�fMwdx.wo��f y kt|Mq$ktsUu��r|{s��$��f{|Mq�ktsUuvwo��s-|{f y mo��f��
� ­ �¯u-q�fM����prq$ktsUuvs°±�fM�

[kT, (k + 1)T )
sr¡"q$bdf:f �-m�prq$ktsUu

˙̂
X−

α = AαX̂
−
α + Uα

&������ (

klu¦sU� y fM�(q�sv��fMq(q$bdf wo��f y kt|Mq$ktsUu
X̂−

α [k + 1]
­ �¯u q$boktx �d��x�q�x$q�fMwYq$bdf s y sUe!fMq$�$kt|�prn.e!f�pUx$mo��fMe!fMu-q�x!pr��f

mdx�f y ¡£sU��p�¬�fMq$q�fM��fM±Uprnlm�prq$ktsUuvsr¡*q$bdf:prwowonlktf y |{sUu-q$��sUn
Uα
­

� ­ �RsU�$��f{|Mq$ktsUuvmdx$kluo�!±-ktx$m�prn y prq�p!prq.q$kle!f
(k + 1)T

kluIsU� y fM��q�s���fMq�q$bdf:f{x$q$kle1prq$ktsUu
X̂α[k + 1]

­
a2boktx.zFktfMn y x �

X̂−
α [k + 1] = expTAα X̂α[k] +

∫ T

0
exp(T−s)Aα Uα(kT + s)ds

&�������p (

X̂α[k + 1] = X̂−
α [k + 1] + TDα

(

αv[k + 1]− α̂−[k + 1]
) &������r¬�(

§.klq$b
Uα =

(

uo
2 0

)T pru y
α̂−[k + 1] =

(

1 0
)

X̂−
α [k + 1]

­<º ��sUe &���� (T¸�p y kl��f{|Mq�|�prnt|MmonCprq$ktsUuv��kl±�f{x

∀t ∈ R, exptAα =

(

1 −t
0 1

) &������ (

pru y q$bdf�klu-q�fM����prn�klu-&�������p (R¬�f{|{sUe!f{x

Iα =

∫ T

0
exp(T−s)Aα Uα(kT + s) ds =

∫ T

0

(

1 −(T − s)
0 1

)(

uo
2(kT + s)

0

)

ds

=

(
∫ T

0 uo
2(kT + s)ds

0

)
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º ��sUe ����m�prq$ktsUu &�� (T¸
∫ T

0
uo
2 (kT + s) ds = αr [k + 1]− αr [k] = ∆αo

r[k + 1]
&������ (

x�s�q$b�prq�¸o¬-z &�������p ({¸�&������ (M¸dpru y &������ (M¸

X̂−
α [k + 1] =

(

1 −T
0 1

)

X̂α[k] +

(

∆αo
r[k + 1]
0

) &������ (

��fMnCprq$ktsUudx &������ (.pru y &������r¬�(2|{sU�$��fMx�w�sUu y wo��f{|Mktx�fMnlz=q�s�&£�rg�¬�(.pru y &£� I ¬�( ­

B % 9 % =
p �
¼ �{�
7 �¥�`� À �

�¥f�wo��s-|{f{f y pUx�klu¥q$bdf�wo��fM±FktsUmdx:|�pUx�f ­ �Rzvmdx�kÃud�-&������ (M¸�sUudf@x�bds°§�x
q$b�prq
q�bdf@x�f{|{sUu y |{sUe@w�sUudfMu-q
ĉ−(t)

sr¡
q$bdf�x�sUnlmoq$ktsUu

X̂−
α (t)

q�s &������ (�ktx�|{sUudx$q�pru-q
§.bdfMu
t ∈ [kT, (k + 1)T )

¸�k ­ f ­
ĉ−(t) = ĉ[k]

­ a2boktx�kle@wonlktf{x�q$b�prq
Ap(ĉ

−(t))
ktx�prntx�s!|{sUudx$q�pru-q�sUuIq$boktx�klu-q�fM�$±Uprn�x�s�q$b�prq2h |{sUe@w�pr��f:§.klq$b-&������ ( h �

X̂−
p [k + 1] = expTÂp[k] X̂p[k] +

∫ T

0
exp(T−s)Âp[k] Ûp(kT + s)ds

&����Mg�p (

X̂p[k + 1] = X̂−
p [k + 1] + TDp

(

pv[k + 1]− p̂−[k + 1]
) &����Mg�¬�(

§.klq$b
Âp[k]

∆
= Ap(ĉ[k])

¸
p̂−[k + 1] =

(

I2 0
)

X̂−
p [k + 1]

pru y

Ûp =









uo
1 cos α̂

−

uo
1 sin α̂−

0
0









&���� I (

� fMq

J2 =

(

0 1
−1 0

)

x�s�q$b�prq�¸`¡³��sUe &���� (M¸

Ap(c) =

(

c
�
2 −

�
2�

c
�
2

)

º ��sUe q$bdf�¡«pU|Mq.q$b�prq�� 2
2 = −

�
2
¸osUudf:x$bds°§�x�¬-z klu y md|Mq$ktsUuvq$b�prq

∀k > 0 A2kp (c) =

(

c2k
� 2k
2 2k c2k−1

� 2k+1
2

0 c2k
� 2k
2

)

∀k ≥ 0 A2k+1p (c) =

(

c2k+1
� 2k+1
2 (2k + 1) c2k

� 2(k+1)
2

0 c2k+1
� 2k+1
2

)

§.bokt|�bIzFktfMn y x

exptAp(c) =
∞
∑

k=0

(tAp(c))
k

k!

exptAp(c) =

(

exptc � 2 −t exptc � 2

�
exptc � 2

) &���� 1 (

i-klud|{f
Âp[k] = Ap(ĉ[k])

¸`§Rf y f y md|{f�¡³��sUe &���� 1 (2q$b�prq

exptÂp[k] =

(

exptĉ[k] � 2 −t exptĉ[k] � 2

�
exptĉ[k] � 2

) &����
[,(

=

(

R(−tĉ[k]) −tR(−tĉ[k])�
R(−tĉ[k])

) &������ (
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º ��sUe &���� I (�pru y &������ (M¸

I[k + 1]
∆
=

∫ T

0
exp(T−s)Âp[k] Ûp (kT + s) ds =





Ip[k + 1]
0
0





§.klq$b

Ip[k + 1]
∆
=

∫ T

0
uo
1 (kT + s)R ((s− T ) ĉ[k])

(

cos α̂− (kT + s)
sin α̂− (kT + s)

)

ds

�¥f�b�p�±�f:prnl��f�p y z4x$bds°§.uIkluµiFf{|Mq$ktsUuv� ­ � ­ �
q$b�prq�¸`¡£sU�
s ∈ [0, T ]

¸

α̂− (kT + s) = α̂[k]− sĉ[k] +

∫ s

0
uo
2 (kT + τ) dτ

q$bdfM��fT¡³sU��f�¸

α̂−[k + 1] = α̂− (kT + s) + (s− T ) ĉ[k] +

∫ T

s

uo
2 (kT + τ) dτ

x�s�q$b�prq

Ip[k + 1] =

∫ T

0
uo
1 (kT + s)





cos
(

α̂−[k + 1]−
∫ T

s
uo
2 (kT + τ) dτ

)

sin
(

α̂−[k + 1]−
∫ T

s
uo
2 (kT + τ) dτ

)



 ds
&������ (

º ��sUe ����m�prq$ktsUu &�� (T¸
∫ T

s

uo
2 (kT + τ) dτ = αr [k + 1]− αr (kT + s)

&������ (

pru y
∫ T

0

(

uo
1 (kT + s) cosαr (kT + s)

uo
1 (kT + s) sinαr (kT + s)

)

ds =

(

xr [k + 1]− xr [k]
yr [k + 1]− yr [k]

) &����`� (

�¥f y f y md|{f
¡³��sUe &������ (M¸�&$����� (M¸dpru y &����`� (M¸`q$b�prq

Ip[k + 1] = R
(

α̂−[k + 1]
)

R (−αr [k + 1])

((

xr

yr

)

[k + 1]−
(

xr

yr

)

[k]

)

a2bdfM��fT¡³sU��f

I[k + 1] =





R (α̂−[k + 1])∆por [k + 1]
0
0





&������ (

§.klq$b

∆por [k + 1] = Rαr [k + 1]

((

xr

yr

)

[k + 1]−
(

xr

yr

)

[k]

) &������ (

pru y §.bdfM��f
Rαr [k + 1]

ktx�q$bdf(��sUq�prq$ktsUu�e1prq$�$kÃ}µsr¡Wpruo��ntf −αr[k + 1]
pru y

xr
¸
yr
¸®pru y

αr
pr��f(e!f�pUx$mo��f y ¬-z

s y sUe!fMq$�$z ­�� x�kluo� &������ (M¸
&������ (M¸dpru y &������ (M¸�&����Mg�p (2¬�f{|{sUe!f{x

X̂−
p [k + 1] =

(

Rc[k] −TRc[k]
0 Rc[k]

)

X̂p[k] +

(

Rα[k + 1]∆por [k + 1]
0

) &����rg�(

§.klq$b
Rc[k]

q$bdf:��sUq�prq$ktsUuve1prq$�$kÃ}©sr¡<pruo��ntf −T ĉ[k]
pru y

Rα[k + 1]
q$bdf:��sUq�prq$ktsUuve1prq$�$kÃ}©sr¡ pruo��ntf

α̂−[k + 1]
­

� ��m�prq$ktsUudx�&����rg�(.pru y &����Mg�¬�(.|{sU�$��f{x$w�sUu y wo��f{|Mktx�fMnlz=q�s�&£�rg�p (.pru y &£� I p ( ­
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º ��sUe &£�-[,(M¸

‖Ψ[k + 1]‖2 =
(

1 + β
(

‖Ψ[k]‖2 − 1
))2 ‖Ψ[k]‖2

� f#�duokluo�
∆k

∆
= ‖Ψ[k]‖2 − 1

¸o§Rf�b�p�±�f

∆k+1 = (1 + β∆k)
2 (∆k + 1)− 1

= (1 + 2β)∆k + β (β + 2)∆2
k + β2∆3

k

x�s�q$b�prq
∆ = 0

ktx(p�nts-|�prnlnlz¥pUx$zFe@woq�sUq$kt|�prnlnlz¥x$q�pr¬ontf!f �-moklnlkl¬o�$klmoe w�sUklu-q(sr¡2q$boktx�x�zFx$q�fMe�wo��s°±-k y f y q$b�prq
β ∈

(−1, 0) ­ a2boktx.ktx�f ��mokl±�prntfMu-q�q�s@q$bdf�nts-|�prn"pUx$z-e@woq�sUq$kt|�x$q�pr¬oklnlklq¯z�sr¡ ‖Ψ‖ = 1
¡£sU��i-z`x$q�fMe &£�-[,( ­

	 � ����0� ������
&�	� �	�0(��	�� ���
θ
�{��� 5d������	�
�%��d+� ;	��(�6 �����
�	���&(��	;���� �'�2��	���� ��� ��%(�

������
��"�

�¥f:pUx�x$moe!f�bdfM��f
q$b�prq�q$bdf
q�pr�$��fMq�ktx.e!s°±-kluo� prntsUuo�=p�x$q$��prkl��b-q�nlkludf
§.klq$b

ut = (a, 0, 0)T
¸
a
|{sUudx$q�pru-q�pru yIy k%$®fM��fMu-q.¡³��sUe Â�fM��s &���� I (

� u q$bdf!Â�fM��srª y zFu�pre@kt|{x
z ≡ 0

h pUx�x�s-|Mktprq�f y §.klq$bYq$bdf pUx$zFe@woq�sUq$kt|1x�q�pr¬oklnlklq¯z¢sr¡
z = 0

h � �-m�prq$ktsUu &���� (
��f y md|{f{x�q�s

ū =





u1
u2
θ̇



 = −H(θ)−1





−a
0
0





a2bdfM��fT¡³sU��f�¸o¡³��sUe &£� (.pru y &���� (M¸

θ̇ =
(

0 0 1
)

ū

=

(

0 0 1
)

y fMq
H(θ)





ε1ε2
2 cos(2θ) −ε1 cos θ 0

−ε2 sin(ε2 cos θ) sin θ cos(ε2 cos θ)ε2 sin θ
y fMq

H(θ)
sin(ε2 cos θ) − cos(ε2 cos θ) 0









a
0
0





=
a sin(ε2 cos θ)y fMq

H(θ)

i-klud|{f
ε2 ∈ (0, π/2]

h klu[sU� y fM� q�s fMudx$mo��fIq$b�prq
f
ktx=p¢q$��prudx$±�fM��x�f4¡²moud|Mq$ktsUu¨h pru y x�klud|{f

a 6= 0
¸Rq$bdf

f ��moklnlkl¬o�$kCp1sr¡�q$bdf(pr¬�s°±�f y k%$�fM��fMu-q$kCprn*f �-m�prq$ktsUu�pr��f
θ0 = ±π

2

­ a2bdf:nlkludf�pr�$klÂ°prq$ktsUu�sr¡�q$boktx�f ��m�prq$ktsUu�prq]pru-z4sr¡
q$bdf{x�f
f �-moklnlkl¬o�$kCp@z-ktfMn y x

˙̃
θ ≈ −aε2 cos(ε2 cos θ0) sin θ0y fMq

H(θ0)
θ̃

§.klq$b
θ̃
∆
= θ − θe

¸ok ­ f ­

˙̃
θ ≈

{

− aε2
���

H(θ0)

θ̃
kÃ¡

θ0 =
π
2

aε2
���

H(θ0)

θ̃
kÃ¡

θ0 = −π
2

i-klud|{f�¸o¬-z &£�`� (M¸ y fMq
H(θ) < 0

¡£sU��pru-z
θ
¸dsUudf
|{sUud|Mnlm y f{x�q$b�prq�sUuonlz

θ0 = −sign(a)
π

2
ktx�pUx$zFe@woq�sUq$kt|�prnlnlz4x$q�pr¬ontf:sUu4q$bdf
Â�fM��s y zFu�pre@kt|{x ­
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 l�#"(� ­-y f � md|�p`¸�� ­ � �$ktsUntso¸opru y � ­ i`pre!x�sUu ­Qº f{f y ¬�pU|�¤ |{sUu-q$��sUn�sr¡,p:udsUuobdsUntsUudsUe@kt|�|�pr��ª«nlkl¤�f���sU¬�sUq ­ �¯u=� ­ ª ~ ­
� prmoe!sUu y ¸`f y klq�sU��¸�� ��3����]� ����	���� � ! �����X	2�K
 ��� � ������������!Ã¸�±�sUnlmoe!f]�����:sr¡ ��� � � � ­ i-wo��kÃuo��fM� 0 fM�$nCpr�d¸�������� ­

 È� " � ­ � ­ � kÃ}`sUuQ¸ ��­ �Y­ � p�§�x�sUuQ¸�� ­ ��fM�$��fM��sU��nlmQ¸�pru yvº2­ ��b�pruo� ­ ��sU¬omdx$q�q$��pU|�¤Fkluo��pru y ��fM��monCprq$ktsUu�|{sUu-q$��sUn
¡³sU�.e!sU¬dkÃntf:��sU¬�sUq�x ­ �e��� �$�e� �-��	����?��!��K��*K�e� ��!;� �	� ��3�*���� ��� � � ���X! 	��?����� �'����������! ¸®��� �l����� V �`� 1`¸�������� ­

 È� " �(­ ��§2pr¤�fM�$u�p�pr¤Ipru y � ­ i-kl±�pru ­ � 	2� ������
 �?��	�� ��! �'����������! � , �$� ����� ­ �[klntfMz-ª � u-q�fT��x�|MktfMud|{f�¸Q���-[U� ­

 g "(~ ­ � sU�$klu¢pru y � ­ iopre!x�sUu ­ ~<��pU|Mq$kt|�prn�x$q�pr¬oklnlklÂ°prq$ktsUu¥sr¡ y ��k ¡³q$ntf{x�x�x$zFx�q�fMe!x�sUu � klf�����sUmowdx ­ �
����� �X����� ��/
�-����	���� ����� �M*K�#��� ����	�� �'����������! ­ � �������X����� ­

 I "�� ­ i`pre!x�sUu ­ �RsUu-q$��sUn�sr¡�|�b�prkludf y x$z`x$q�fMe!x ­ ��wowonlkt|�prq$ktsUu¨q�s�w�prq$b ¡£sUnlnts°§.kluo�Ypru y q$kle!fTª«±Upr�$zFkluo�¥w�sUklu-q�ª
x$q�pr¬oklnlklÂ°prq$ktsUu ­ �
����� ������� � �]��� �M*K�#��� �-��	�� �'����������!Ã¸`g�� � 1rg V [�[F¸������ I ­
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