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l�qt���)|O{+x���h!{�hp�,behg{��,beh��)�0��������km��s��eh6�������"k��ei��]qt��hpo

�:�0�r�r�`������� l?�>� �¡l?qt�e��|Of¢�£qt{+¤¥y¦�!hgx�hp�gx+§¨|O�2©6b]qrª�hj«)hphg�¬o+s�����hpo+x�hp�N­~behg�Yf�s�¤¥x+§¥��¤¨h
a��®zNo�hpo,o+§¨|O�eo£qt{�h~f�s�¤¥x+§¥��¤¨h¯u�hp�Kx+b�{�|Os���b#q!«)|Ox+x+¤¨hg�ehp�,°=«�sv±Thg{r²�acbeh�§¨��hrq!§¨o>x�|³��hgx�hp�gx��p|O�v´
��hpo+x+§¨|O�µ«)h¯¶¡|O{�h®x+behc«�sv±�hg{�|\ª�hg{(·]|\­�o�«¸y��v{�|O����§¥���6|O{�fjqt{�°¸§¥�����]qO�,°�hgx�o�­~§¥x+bjq���{�|O«]qt«�§¥¤¥§¥x¹y
x+b]qtx�§¥�e�g{�hrqOo,hpo�­~§¥x+b:x+b]h?º�sehgseh�¤¨hg����x+bJ²>acbeh?|O«v}+hp�gx+§¥ª�hpocqt{�h�qt�Hhpº¸s�§¥x,qt«�¤¨h��v§¨o+x+{+§¥«�s�x+§¨|O�#|t¶
�]qO�,°�hgx6¤¨|�o�or»1{�hp�vse�php�¦o�y¸�e�,b�{�|O��§¥¼\qtx+§¨|O�Nx�|O��hgx+b]h¯{�­~§¥x+b¦{,hg��se�phg�¦�]qO�,°�hgx6¤¨|�o�or»0��hg¤½qry�»�qt�e�
��hg¤½qryHª�qt{+§½qtx+§¨|O�J²
¾~qO�p�phg¤¥¤¥§¿»�À
�g�!|O�]qt¤¨�µqt�e�"l�hgyR��§¨hg{®Á¥igÂRb]qrª�h���{�|O�)|�o�hp�µq�fK|¸��hg¤R¶¡|O{�f�s�¤¥x+§¥��¤¨hca��®z$�p|O�v´

�ehp�gx+§¨|O�eo®§¥�:x+beh?�p|O����hpo+x+§¨|O�wqrª�|O§¨�eqt�e�ph�{�hg��§¥fKh?f�s�¤¥x+§¥��¤¨h¯u�hp�:x+b�{�|Os���bwq³«)|Ox+x+¤¨hg�ehp�,°K«�sv±Thg{
§¥fµ��¤¨hgfKhg�¸x+§¥���Ãl��>�=²2acbeh6­~§¥�e��|\­Äo�§¥¼rhpo?|t¶£hrqO�,bÅa��®zÆo�hpo�o+§¨|O�
hgª�|O¤¥ª�h6¤¥§¥°�h6§¥�e��hg�)hg�e��hg�¸x
�vyR�]qtfµ§¨�rqt¤�o+yvo+x�hgfKo³�p|Os���¤¨hp�¦«¸y
x+behjº�sehgsehK¤¨hg����x+bYqtx³x+behµ«�s�±�hg{r²:acbehK°�hgy
§¨��hrqw§¥��Á¥i¯Â
§¨o�x�|K�g|O�]o+§¨��hg{�x+beh³b�§¨o+x�|O��{,qtfÇ|t¶�­~§¥�e��|\­;o+§¥¼rhpo�qOo?q={,qt�e��|OfÈfKhrqOo+s�{�h³�p|Os���¤¨hp�É­~§¥x+bÃx+beh
º¸sehgseh�²�Ê?hg{�h�­®h³��{�|\ª�h�x+beh³�p|O�O}+hp�gx+s�{�h³fjqO��h³§¥�¦Á¥igÂ1x+b]qtx�qOo~x�beh��¸s�f�«)hg{?|t¶>�p|O���ehp�gx+§¨|O�eo
x�hg�e��o£x�|�§¥�vËe�e§ÌxÍy=x+b�§¨o�o+yRo�x�hgf��p|O�¸ª�hg{+��hpo£x�|�q���hgx�hg{+fµ§¥��§¨o+x+§¨��fKhrqt�v´ÎË]hg¤¨�:¤¥§¥fµ§¥x��p|Ofµ��{+§¨o+§¥���
x+beh�­~§¥�e��|\­;o+§¥¼rh���hg�eo+§¥x¹yw�g|Ose��¤¨hg�Ã­~§¥x+bÏqµ��hgx�hg{+fµ§¥��§¨o+x+§¨�6º¸sehgseh�²
ÐwÑ�Ò�Ó�Ô�Õ �`Ö���� a��®z�»el?�>�=»vfKhrqt�v´ÎË]hg¤¨�T»]�vyR�]qtfµ§¨�rqt¤0o+yvo+x�hgfKor²
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�����!�������������������7��5��?�<* � ��������
"� 32��%��)����3 -.��/ �!%�	
*=�~�2'2��������' %"�����"����
��¿�~'e'2���?'2���&%��"	���
���@;B¦D

�	� ��

� � ����� qt¤¥��|O{+§¥x+b�fKh�l��>�;q6ngx�n�o+se����n¯{,n?¤¥|O{,o�º�seh?��¤¥seo+§¨hgs�{�oco�hpo�o+§¨|O�eo®a��®z o�|O�¸x®hg�
�p|O�e�gs�{+{�hg�e�ph?�eqt�eo>s��j{�|Os�x�hgs�{(´¿��|Os�¤¨hgx®� � ngx+{,qt����¤¨hgfKhp�¸xr² ��� §¨��nph�hpo+x£��h���ngx�hp�gx�hg{�¤¨q³�p|O����hpo(´
x+§¨|O�Åqrª�qt�¸x�� � qrª�|O§¥{�{�hgfµ��¤¥§0¤½qµËe¤¨h�� � qtx+x�hg�¸x�h"hg�
��ngx+{+s�§¨o,qt�¸x!|Os
hg�Ïfjqt{�º�s]qt�¸x�¤¨hpo��]qOº¸sehgx�o
qrª�hp�ws��ehÉ��{�|O«]qt«�§¥¤¥§¥x�nÏº¸s�§��g{�|��¨x#qrª�hp�Ã¤½q$¤¨|O����sehgs�{H��hÃ¤½qÅËe¤¨hÉ� � qtx+x�hg�¸x�h�² � hpo:|O«v}+hp�gx+§Ì¶¡o
o�|O�¸xc��h?�v§¨o+x+{+§¥«�sehg{~npº�s�§¥x,qt«�¤¨hgfKhg�¸x~¤¨hgo®�)hg{+x�hpo®�eh��]qOº¸sehgx�or»R��h�{�np�vs�§¥{�h�¤½q6o+yR�e�,b�{�|O��§¨o,qtx+§¨|O�
hg�¸x+{�h�¤¨hpo�o�|Os�{,�ghpo®a��®zYhgx®��h�{�np�vs�§¥{�h?¤¥hpo®��ng¤½qt§¨o�hgx�¤¨hgs�{�o£ª�qt{+§½qtx+§¨|O�eor²�¾~qO�p�phg¤¥¤¥§¿»RÀ
�p�!|O�]qt¤¨�
qt�e�El?h¯yR��§¨hg{KÁ¥igÂ£|O�¸x³��{�|O�)|�o�nKs��$fK|¸��dg¤¨hj��hpo6�p|O���eh¯uR§¨|O�eo�a��®z �eqt�eo³¤¨hµ{�ng��§¥fKhK�v§¥x6��h
� �®|O����hpo+x+§¨|O���1ª�|O§¨�eqt�e�ph � �¡ngªR§¥x�hgfKhg�¸x���h��p|O����hpo+x+§¨|O�2©cº�s�§Jo�|O�¸x�hg�w�p|O�e�gs�{+{�hg�e�ph6�eqt�eo~s��
{�|Os�x�hgs�{�º¸s � hg¤Ì¤¨hpo!�p|O����hpo�x+§¨|O���ehg�¸xr²6�®h�{�|Os�x�hgs�{!s�x+§¥¤¥§¨o�h"l��>�=² � hpo�x,qt§¥¤¥¤¨hpo!��hpo?¶¡hg���gx+{�hpo!��h
�,b]qOº¸sehc�p|O���]híuv§¨|O�Ka��®z¦o�|O�¸x���hpo�o�yRo+x�dgfKhpo��vyR�]qtfµ§¨º�sehpo>º�se§vngª�|O¤¥sehg�¸x�§¥�e��ng�)hg�e�eqtfµfjhg�¸x
qrª�hp���p|OfµfKh?�p|Os���¤½qt��h�¤½q³x,qt§¥¤¥¤¨h���h�¤½q!Ëe¤¨h�� � qtx+x�hg�¸x�h�² ��� §¨��nph��phg�¸x+{,qt¤¨h?�eqt�eo?Á¥igÂ)hgo�x£�eh��p|O�v´
o+§¨��ng{�hg{£¤ � b�§¨o+x�|O��{,qtfµfKh?��hpo>x,qt§¥¤¥¤¨hpo���hc¶¡hg���gx+{�h��p|OfµfKh�s��eh~fKhpo+s�{,h�qt¤¨nrqtx�|O§¥{�h��p|Os��e¤¥nph�qrª�hp�
¤½qÃËe¤¨h:� � qtx+x�hg�¸x�h�²Å��qt�eo"¤¨hj��{�npo�hg�¸xµqt{+x+§¨�g¤¨hH�e|Oseo"��ngfK|O�¸x+{�|O�eo=¤½qÏ�p|O�O}(hp�gx+s�{�h:¶¿qt§¥x�h:�eqt�eo
Á¥i¯Â�º�s�§>�v§¥x6º�sehµ¤¥|O{,o�º�sehµ¤¨h=�e|Of�«�{�hK��hK�p|O���eh¯uv§¥|O�]o6a��®z x�hg�e�$ª�hg{�o!¤ � §¥�vËe��§¿»0�phKo+yvo+x�dgfKh
�p|O�¸ª�hg{+��h�ª�hg{�o?s��eh6¤¥§¥fµ§¥x�h"�vs
�,b]qtfµ�
fK|\y�hg�Åº�s�§�hpo+x���ngx�hg{+fµ§¥��§¨o+x�h�²��®hgx+x�h6¤¥§¥fµ§¥x�h"hpo+x?s��
o+yvo+x�dgfKh��p|Ofµ��{�hg�]qt�¸x�s��eh"��hg�eo+§¥x�n=��h�x,qt§¥¤¥¤¨hpo!��h6¶¡hg���gx+{�hpo!hgx�s��eh�x,qt§¥¤¥¤¨h=��h6Ëe¤¨h"� � qtx+x�hg�¸x�h
��ngx�hg{+fµ§¥��§¨o+x�h�²
�CÕ �r� Ó ��� � �Ã� a��®z�»el?�>�=»]��b]qtfµ�ÉfK|\y�hg�J»eo�yRo+x�dgfKhpo��vyR�]qtfµ§¨º�sehpo\²
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�¹fjqt��§¥�eh£x+beh�o��phg�]qt{+§¨|?­~behg{�h
N
­®|O{�°³o+x,qtx+§¨|O�eo0§¥�=q�s���§¥ª�hg{�o+§¥x¹y6��hg�]qt{+x+fKhg�¸x�qt{,h£�p|O���]hg�gx�hp�

«¸y³q~o�­~§¥x��,behp�6hgx+behg{+�ehgx0x�|?q���hg�]qt{+x+fKhg�¸x,qt¤R{�|Os�x�hg{r²��¿¶�hgª�hg{+y!­®|O{+°�o+x,qtx+§¨|O��o�§Ìf"s�¤¥x,qt�ehp|Oseo+¤¥y
��a~z � o!q=Ë]¤¥h6x�|:o�|OfKh6��§¥o�x,qt�¸x?fjqO�,b�§¥�eh6x+b]h¯�Ïx�beh6|Os�x+��s�x�«�sv±�hg{?§¥�Ïx+beh6{�|Os�x�hg{?­~§¥¤¥¤0«)h�q
«)|Ox+x+¤¨hg�ehp�,°�²! ¦hKo�x+se�vyÅx+behK§¥�¸x�hg{,qO�gx+§¨|O�Y|t¶

N
a��®z#"$�¹zC�p|O���ehp�gx+§¨|O�eo"§¥�¦x+behj�p|O����hpo+x+§¨|O�

qrª�|O§¨�eqt�e�ph���b]qOo,h�|t¶�a��®z�l?hg�e|={�|Os�x�hp�Ãx+b�{�|Os���bÏq=«)|Ox+x+¤¨hg�ehp�,°wº¸sehgseh�²
%?�)|O�w{�hp�phg§¥ªR§¥���:q"�]qO�,°�hgx�x+beh!{�hp�g§¥��§¨hg�¸x?o�hg�e��o~«]qO�,°#qt�ÉqO�,°R�e|\­~¤¨hp�v��hgfKhg�¸x?�]qO�,°�hgx�o�|

x+behg{�hÃ§¥oj|O�ehÃl�|Os��e� a1{+§¥��ac§¥fKh¦�¡l�a~a�©"«)h¯xÍ­®hphg��x+behwx+§¥fKhÉq
�]qO�,°�hgxK§¨oKo�hg�¸x:qt�e� x+beh
qO�,°R�e|\­~¤¨hp�v��hgfKhg�¸x�§¨o�{�hp�phg§¥ª�hp�T²�acbehµqO�,°¸�e|\­~¤¨hp�v��hgfKhg�Rx³�p|O�¸x,qt§¥�eo!x+beh"o�hpº¸sehg�e�ph��¸s�f�«)hg{
|t¶Jx+beh�b�§¥��behpo+x®ªOqt¤¥seh�§¥�:x+beh�«¸yRx�h?o+x+{�hrqtf o�se�p�ghpo,o(¶Ws�¤¥¤¥yµ{�hp�phg§¥ª�hp�js��:x�|6x+b�§¨o��)|O§¥�¸x®§¥�:x+§¥fKh�²
 .behg�E�]qO�,°�hgx�o"qt{+{+§¥ª�hK|Os�x�|t¶c|O{���hg{�|O{�qt{�hµ¤¨|�o+x³x+behg�N�vs���¤¥§¨�rqtx�h:qO�,°R�e|\­~¤¨hp�v��hgfKhg�¸x�o=qt{�h
��hg�ehg{,qtx�hp�T²��£qO�,bÅo�|Os�{��ph³§¥fµ��¤¨hgfKhg�¸x�o�qµ­~§¥�e��|\­ ·]|\­C�p|O�¸x+{�|O¤0­~b�§¨�,bÏ¤¥§¥fµ§¥x�o?x+beh³�¸s�f�«)hg{
|t¶!�]qO�,°�hgx�oµ¶¡{�|Of�x+b�§¨oj�p|O���ehp�gx+§¨|O�Æqt¤¥¤¨|\­®hp� §¥�¸x�|Ex+behw�ehgx¹­®|O{+° �vs�{+§¥���N|O�ehÃl?|Os��e� a1{+§¥�
ac§¥fKhj�¡l�a~a�©¯²
acb]hK¤¥§¥��°${,qtx�h:|t¶~x+behK{�|Os�x�hg{"§¥o

NL
�]qO�,°�hgx�o��)hg{�o,hp�g|O�]�T²& Eh:qOo�o�s�fKhKx+behK�]qO�,°�hgx�o

¶¡{�|Of qt¤¥¤)�p|O���ehp�gx+§¨|O�eo�}(|O§¥�:x+beh?º�sehgseh�qtx�x+beh�«)|Ox+x+¤¨hg�ehp�,°K«esv±�hg{cqt�e�j­®h?��hg�e|Ox�h?«¸y
QN (t)x+beh6qrª�hg{,qt��h³º�sehgseh��)hg{~·]|\­³²' ¦h³qOo�o+s�fKh�x+beh³o��,behp�vs�¤¥§¥���jx�|=«)h(�)�*��+"²

 ¦h£§¥fjqt��§¥�eh�x+beh®o�|Os�{��ph�­~{+§¥x�hpo0§¥x�o��gs�{+{�hg�¸x�­~§¥�e��|`­¬o+§¥¼rh®qt�e��x+beh��gs�{+{�hg�¸x�l�a~a¦§¥�"hrqO�,b
�]qO�,°�hgx�§¥x�o,hg�e��o�­~behg{�h®«¸y³x+beh®�gs�{+{�hg�Rx�l�a~aN­®h�fKhrqt�=x+behcl�a~aY|t¶]x+beh®¤½qOo+x�qO�,°¸�e|\­~¤¨hp�v��hp�
�]qO�,°�hgxr²

, WN
n (t)
§¨o~��h¯Ëe�ehp�wx�|"«)h!x+beh!­~§¥�e��|\­ o+§¥¼rh!­~{+§¥x+x�hg�w§¥�Éq��]qO�,°�hgxc¶W{�|Of&�p|O���ehp�gx+§¨|O�

nqt{+{+§¥ª¸§¥���Hqtx~x+beh�{�|Os�x�hg{�qtx~x+§¥fKh
t -

, RN
n (t)
§¨o���h¯Ëe�ehp�:x�|6«)h�x+beh�l�a~a�­~{+§¥x+x�hg�H§¥�#q³�]qO�,°�hgx£¶¡{�|Of �p|O���ehp�gx+§¨|O�

n
qt{+{+§¥ª¸§¥���

qtxcx+beh�{�|Os�x�hg{�qtxcx+§¥fKh
t
�Wx+b�§¨o~l�a~a §¨ocx+beh!o�s�f�|t¶0x+b]h���{�|O�]qt��qtx+§¨|O�É��hg¤½qry:��¤¥seocx+beh

º�sehgsehg§¥���:��hg¤½qryH§¥�Ãx+beh�{�|Os�x�hg{í©¯²

,  Ehco+b]qt¤¥¤�qOo�o�s�fKh�x+b]qtx��p|O���ehp�gx+§¨|O�eo>�rqt�=«)hc�v§¥ª¸§¨��hp�"§¥�
d
�g¤½qOo�o�hpo�­~behg{�h~�p|O���ehp�gx+§¨|O�eo

§¥�Ã�g¤½qOo,o
c
b]qrª�h��p|OfµfK|O�Éx+{,qt�eo+fµ§¨o,o+§¨|O�Ãx+§¥fKh

Tc
²

%?�e��hg{�a��®zCl�hg�e|�»�hpo+x,qt«�¤¥§¨o+behp�N�p|O���ehp�gx+§¨|O�eo=h¯uvhp�gs�x�h:�p|O����hpo+x+§¨|O�¬qrª�|O§¨�eqt�e�phK­~behg{�h
x+beh~­~§¥�e��|\­ o+§¥¼rh~|t¶ThrqO�,bj�p|O���ehp�gx+§¨|O�j§¥�e�g{�hrqOo�hpo£«¸y"|O�eh~�]qO�,°�hgx£hrqO�,bKx+§¥fKh�q��]qO�,°�hgx>fjqt°�hpo
q"{�|Os��e�#x+{+§¥�J»v§¿²êh�²>hrqO�,b

RN
n

qOo~¤¨|O���jqOoc�e|=¤¨|�o�o�hpo~|O{cx+§¥fKhp|Os�x�o�|¸�p�gs�{r²>��s�{+§¥���µx+b�§¨o~��b]qOo�h
x+behK{,qtx�hKx+behK­~§¥�e��|\­ |t¶��p|O���ehp�gx+§¨|O�

n
§¥�e�g{�hrqOo,hpo6§¨o�qt����{�|ruv§¥fjqtx�hg¤¥y

1/RN
n

�2qO�,°�hgx�o6�)hg{
o�hp�p|O�e�T²;acbehÏ|O��¤¥y x+b�§¥���Y{�hpo+x+{,qt§¥��§¥���Yx+behÏ��{�|\­~x+bÆ|t¶³x+{,qt�eo+fµ§¨o�o+§¨|O�.{,qtx�hpo:§¨o#qE¤¨|�o�o:|O{
x+§¥fKhp|Os�xr²� .behg�Éq=¤¨|�o�o�|¸�p�gs�{�o�x+beh�­~§¥�e��|\­ §¨o~{�hp�vse�php�w«Ry:b]qt¤Ì¶+²
acb]h:o,|Os�{��ph:�eh¯x,hg�gx�oKqÃ¤¨|�o�o�­~behg�Yx+be{�hphH�vs���¤¥§¨�rqtx�hwqO�,°¸�e|\­~¤¨hp�v��hgfKhp�¸x�oKqt{+{+§¥ª�h�²
acbeh

o�|Os�{��ph�x+behg�Ão�x,qt{+x�o�q6¶¿qOo+x~{�hgx+{,qt�eo+fµ§¥x."\¶ÎqOo�x�{�hp�p|\ª�hg{+yH«¸y:§¥fµfKhp�v§½qtx�hg¤¥yw{�hpo�hg�e�v§¥���Kx+beh!¤¨|�o+x
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�

�]qO�,°�hgxr²� ¦h�qOo�o�s�fKh~x+beh�¤¨|�o�o�hpo�qt{�h�|O��¤¥y=��hg�ehg{,qtx�hp�:«¸y=x+beh�l?�>���¡l�qt�e��|Of �£qt{+¤¥yK�!hgx�hp�¯´
x+§¨|O�2©�qO�gx+§¥ª�hµ«�sv±Thg{�fjqt�]qt��hgfKhg�Rx�o,�,behgfKhK|O{�«¸y
x,qt§¥¤Ì´ï�v{�|O�J²  Ehµ�ehg��¤¨hg�gx6x+behµ�)|�o�o�§¥«�§¥¤¥§¥x¹y
x+b]qtx��vs���¤¥§¨�rqtx�h!qO�,°¸�e|\­~¤¨hp�v��hgfKhp�¸x�ocqt{,h~��hg�ehg{,qtx�hp�:«¸y=�]qO�,°�hgx�o®qt{+{+§¥ªR§¥����|Os�x�|t¶J|O{���hg{r²) ¦h
­~§¥¤¥¤�qOo�o+s�fKh³x+beh�«�sv±Thg{�be|O¤¨��o

B
�]qO�,°�hgx�o�qt�e�Ãx+b]qtx�|O�]�gh³x+be§¥o�«�sv±Thg{�o+�]qO�ph³§¨o�h¯uRb2qtseo+x�hp�

qt{+{+§¥ªR§¥���j�2qO�,°�hgx�o�qt{�h��v{�|O���)hp�T²
	¸se�,bÏx,qt§¥¤Ì´ï�v{�|O�eo��p|OfKh6§¥�
qO���v§¥x+§¨|O�
x�|Kx+beh6l��£�ÄfKhp�,b]q`´
��§¨o+fÃ²�Ê�hg{�hc­®h~x,qt°�h~x+beh��v{�|O�K��{�|O«]qt«�§¥¤¥§¥x¹yK|t¶�l?�>� �¡|t¶Jqt�K§¥�e�p|Ofµ§¥���6�]qO�,°�hgx>«)h¯¶¡|O{�h~«)hg§¥���
��{�|¸�phpo�o,hg�2©®x�|=«)h6q�¶¡s��e�gx+§¨|O�É|t¶�x+beh³º�sehgseh³o+§¥¼rh�­~b�§¨�,bÃ§¨o~¼rhg{�|=¶Î|O{�qµº�sehgseh�¤¨hg����x+bÃ«)hg¤¨|\­
Qmin

«�s�x~{�§¥o,hpo~¤¥§¥�ehrqt{+¤¥y#x�|
pmax

qtx
Qmax

qt�e�Ãhpº¸s]qt¤¨o~x�|
1
qt«)|\ª�h

Qmax
²

�ï¶�qt¤¥¤
N
�p|O���ehp�gx+§¨|O�eojqt{�h:§¥� �p|O����hpo+x+§¨|O��qrª�|O§¨�eqt�e�ph#­®hH�rqt�¬{�h¯¶¡|O{+f�s�¤½qtx�h#x+b�§¨oµ�v{�|O�

��{�|O«]qt«�§¥¤¥§¥x¹y:§¥�#x�hg{+fKo~|t¶
QN »Rx+beh!º�sehgseh!o+§¥¼rh��v§¥ªR§¨��hp�H«¸y N »�qOo F (QN (t))

»¸­~b]h¯{,h
F
§¨o~q

�v§¨o+x+{+§¥«�s�x+§¨|O�Ï¶Ws��]�¯x�§¥|O�Ï­~b�§¨�,bÏ§¨o�¼rhg{�|K«)hg¤¨|\­
qmin = Qmin/N

«�sex�{+§¨o�hpo�¤¥§¥�ehrqt{+¤¥ywx�|
pmaxqtx

qmax = Qmax/N
qt�e�Ã}(s�fµ�eo�x�|

1
­~behg�

QN (t) ≥ qmax
² +�¶��p|Os�{�o�hjx+b]hjx,qt§¥¤Ì´ï�v{�|O�

o��,behgfKh®�rqt�"«)h��p|O�eo+§¨��hg{�hp�=qOo0x+beh�¤¥§¥fµ§¥x+§¥���!�rqOo,h£­~behg�
qmin = 0

»
qmax = b

qt�e�
pmax = 0

²
acb]hH��|�qt¤�|t¶?x+b�§¨o=�]qt�)hg{µ§¨o=x�|
��{�|\ª�hHx+behw�p|O�O}(hp�gx+s�{�hw§¥�4Á¥i¯Â~­~b�§¨�,b��g¤¨qt§¥fKoµx+b]qtxµx+beh

b�§¨o+x�|O��{,qtfÈ|t¶�x+beh!­~§¥�e��|\­ o�§¥¼rhpoc§¥�Éqt�¸yH�g¤½qOo�o
c
�g|O�Rª�hg{+��hpo�x�|Kq"��hgx�hg{+fµ§¥��§¨o+x�§¥�³fKhrqt�wË]hg¤¨�

¤¥§¥fµ§¥x�­~§¥x+bÏfKhrqOo�s�{�h
Mc(t, dw)

qtx?x+§¥fKh
t
qt�e�ÉfK|O{�hp|\ª�hg{�x+beh6{�hg¤½qtx+§¥ª�h�º¸sehgseh�o+§¥¼rh

QN (t)�p|O�¸ª�hg{+��hpo�x�|Kqµ��hgx�hg{+fµ§¥��§¨o+x+§¨�³¤¥§¥fµ§¥x
Q(t)
²

��� Ñ¸Õ � Ñ ��
�� � � ���
������������� 	 ���������� �!"��#$ &%0	('$��� 	 �*) � � � 	 �0�,+.-
�/� N →∞
-0�"1 � � ��� � �2�

� ���/��� ����� �&�"1 �&3'	 � � �234�.	65 ����� � � ��� � � � � 	 ���7� 	 �&� � � 1 � ���/�8� c � ����'��
�9% ����� � � �:� �
��� 	 � 	(�;� 	 �� ���/��� ���
Mc(t, dw)

3<1 	 � 1 	(���"1 ��� ���9%�	 � ��� ��	(�;� �
	>=;��� 	 ��� � � Mc(s−Rc(s), dv; s, dw)
-<�"1 �

� �:� �
��� 	 � 	(�;� 	 �@? ��	 �A� ��	(�;� �
	9=���� 	 ��� � �B�"1 �B3'	 � � �23C�
	D5 ��� �E��� 	"� �
t
��� � �E��� 	"� �

t − Rc(t)
�

F ���
G = {g ∈ C1b (IR

+) : g(0) = 0}
3<1 �
���

C1b (IR
+)

	(���"1 ���G� � � � � �B=��2� � � ��� �;� � � � 	 �����
3'	H�"1*=��2� � � ���&� �
�.	"' �E� 	"'$���I� � ���'�;� � � � 	 ���7� gc ∈ G, c = 1, . . . d

〈gc,Mc(t)〉 − 〈gc,Mc(0)〉

=

∫ t

0

[ 1

Rc(s)
〈
dgc(w)

dw
,Mc(s, dw)〉

�(i�²¥i\©

+ 〈(gc(w/2)− g(w))v,Mc(s−Rc(s), dv; s, dw)〉
(1− Ṙc(s))

Rc(s−Rc(s))
K(s−Rc(s))

]

ds.

=

∫ t

0

[ 1

Rc(s)
〈
dgc(w)

dw
,Mc(s, dw)〉

+ 〈(gc(w/2)− g(w)), e(s, s−Rc(s), w)Mc(s, dw)〉
(1− Ṙc(s))

Rc(s−Rc(s))
K(s−Rc(s))

]

ds.
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���������
	��
��������������� �

=

∫ t

0

[ 1

Rc(s)
〈
dgc(w)

dw
,Mc(s, dw)〉+

1

Rc(s−Rc(s))
K(s−Rc(s))(1− Ṙc(s))

�(i�²å��©

·〈gc(w), e(s, s−Rc(s), 2w) ·Mc(s, 2dw)− e(s, s−Rc(s), w) ·Mc(s, dw)〉
]

ds.

3<1 �
���
〈gc,Mc(t)〉 =

∫∞
w=0 gc(w)Mc(t, dw)

- 3<1 �
���
Rc(t) = Tc+Q(t−Rc(t))/L

��� �
3<1 �����

e(s, s−Rc(s), w) = 〈v,
Mc(s−Rc(s), dv; s, dw)

Mc(t, dw)
〉

	(�B�"1 � � ��� ��	H� 	 �0� ���'� � � � � ���.� 	 ��� � �B�"1 � 3'	 � � �23 ��� � ����� 	 � �"1 ��� �/�;� %0	('$��� �"1 � 3'	 � � �23
	(� � �23

w
�

���������2'$�
���"1 ���:� �;� ���
	D5 � � ����'$�
�>% �������!�!� ��� �
�;� 	 � 	(�;� 	 � � 	"� 	"� Q(t) ���.� 	 � �;��	 ��%

dQ(t)

dt
=

d
∑

c=1

∫

w
wMc(t, dw)

(1−K(t))

Rc(t)
− L

�(i�²å��©

−

(

d
∑

c=1

〈w,Mc(t, dw)〉
(1−K(t))

Rc(t)
− L

)+

χ{Q(t) = qmax}
�+i�² �¸©

−

(

d
∑

c=1

〈w,Mc(t, dw)〉
(1−K(t))

Rc(t)
− L

)−

χ{Q(t) = 0}).
�(i�²å��©

� ���
0 < Q(t) < qmax

-
K(t) = F (Q(t)) �

3<1 ���
Q(t) = qmax

� -
K(t)

	(�(� ��� �
�;� 	 � ��� =;�

d
∑

c=1

〈w,Mc(t, dw)〉
(1−K(t))

Rc(t)
= L.

��o�o+sefµ§Ì�e�
gc(0) = 0

qt�e�wx+b]qtx
gc(w)→ 0

qOo
w →∞

­®h��rqt�Ã{�hg­~{+§¥x�h:�(i�²å��©~qOo

〈gc,Mc(t)〉 − 〈gc,Mc(0)〉

=

∫ t

0

[

−
1

Rc(s)
〈gc(w),

Mc(s, dw)

dw
〉+

1

Rc(s−Rc(s))
K(s−Rc(s))(1− Ṙc(s))

·〈gc(w), e(s, s−Rc(s), 2w) ·Mc(s, 2dw)− e(s, s−Rc(s), w) ·Mc(s, dw)〉
]

ds.
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­~behg{�h Mc(s,dw)
dw

§¨o�x+beh(�e{�hp�,behgx?��hg{+§¥ªOqtx+§¥ª�h³|t¶�x+beh³fKhrqOo+s�{�h
Mc
­~§¥x+bÃ{�hpo+�)hp�gx�x�|

w
²®�®|O�v´

o�hpº¸sehg�¸x+¤¥y�»

dMc(t)

dt
= −

1

Rc(t)

Mc(t, dw)

dw
+

1

Rc(t−Rc(t))
K(t−Rc(t))(1− Ṙc(s))

�(i�² � ©

· (e(t, t−Rc(t), 2w)(Mc(t, d(2w))− e(t, t−Rc(t), w)Mc(t, dw))
]

.

�¹� 	Rhp�gx+§¨|O�:�v²å�v²å�!§¥�ÃÁ¥i¯Âe­®hcfjqO��h�q!o+fK|¸|Ox+bjqt�e��{�|ruR§¥fjqtx+§¨|O�jx�|
e(t, t−Rc(t), w)

«]qOo�hp�
|O�Ex+beh=¶ÎqO�gx�x�b]qtx6|O�ehµl�a~aÄ§¥�$x�beh=�]qOo+x³x+behµ­~§¥�e��|\­ o�§¥¼rh=­cqOo�fK|�o�x�¤¥§¥°�hg¤¥yÏx+behK�gs�{+{�hg�¸x
­~§¥�e��|\­4o�§¥¼rh�fµ§¥�¸seo~|O�eh�|O{®x¹­~§¨�ph�x+beh��gs�{+{,h¯�Rxc­~§¥�e��|\­4o+§¥¼rh?§Ì¶�q6¤¨|�o�o�­~qOo®�eh¯x,hg�gx�hp�#§¥�Hx+beh
§¥�¸x�hg{+§¥fÃ²  .§¥x+bÏx+b�§¨o!qt����{�|ruv§¥fjqtx+§¨|O�Å­®h6seo�hp�Y�(i�² � ©�x�|:hgª�|O¤¥ª�h"qj�v§¨o��g{�hgx�h=qt����{�|ruR§¥fjqtx+§¨|O�
|t¶6x+behÏfKhrqOo+s�{�h

Mc
�¡h¯uv�phg��xÅÁ¥igÂ!|O��¤¥y x+{�hrqtx�o#|O�eh
�g¤½qOo�o¯©¯²;acbehÏ�¸s�fKhg{+§¨�rqt¤!{�hpo+s�¤¥x�owqt{�h

h¯u��phg¤¥¤¨hg�¸x"q`¶¡x�hg{6|O�ehK�p|O{+{,hg�gx�o6¶¡|O{³x+behµ¶ÎqO�gx6x+b]qtx"q#��{�|O�)|O{+x+§¨|O�Y|t¶cx+behj�p|O���ehp�gx+§¨|O�eo�§¥�Nqt�
+?���ehgxjo+§¥f�s�¤½qtx+§¨|O� qt{�h#§¥� x+§¥fKhp|Os�xÏ�¡|Os�{µfK|¸��hg¤?qOo�o+s�fKhpoK�p|O���ehp�gx+§¨|O�eoK§¥�eo+x,qt�¸x,qt�ehp|Oseo�¤¥y
{�hpo+s�fKh³�p|O����hpo�x+§¨|O�Ïqrª�|O§¨�eqt�e�ph³§ ¶�x+behgy:¶¿qt¤¥¤T§¥�¸x�|µx+§¥fKhp|Os�xí©¯²
a0|#§¥¤¥¤¥seo+x+{,qtx�h=x+beh"fKhrqt�ÅË]hg¤¨�
¤¥§¥fµ§¥x�­®h"�)hg{(¶¡|O{�fKhg�¦qt� +?���ehgx³o+§¥f�s�¤½qtx+§¨|O�$­~§¥x+b

N =
200
»
N = 400

qt�e�
N = 800

o,|Os�{��phpor²c��qO�,b
o�|Os�{��ph6o,hg�e��o��]qO�,°�hgx�o�|t¶>o+§¥¼rh
536
«¸yRx�hpo�x�|

qwa��#{�|Os�x�hg{³­~§¥x+bYqHx+{,qt�eo+fµ§¨o,o+§¨|O�E{,qtx�hK|t¶c���e²��O� � À
hg��qt«�§¥x�o³�)hg{6o,hp�g|O�]�E|O{
L = 10433�]qO�,°�hgx�oK�)hg{:o�hp�p|O�e�T²  ¦hÉqOo�o+s�fKhwx+behÉo�|Os�{��phpo:qt¤¥¤�b]qrª�hÉqÅx+{íqt�eo+fµ§¨o�o+§¨|O� ��hg¤½qry |t¶µir���

fµ§¥¤¥¤¥§¨o�hp�p|O�e��or²?acb]h6{�|Os�x�hg{�§¥fµ��¤¨hgfKhg�¸x�o!l?�>� ­~§¥x+b
pmax = 0.05

¶Î|O{�qt¤¥¤0x+beh"o+§¥f�s�¤½qtx+§¨|O�eo
«�s�x�­®h"{�hpo��rqt¤¨h

Qmax
x�|H«)h

1000
­~§¥x+b

200
o�|Os�{��phpor»

2000
­�§Ìx�b

400
o�|Os�{��phpo³qt�e�

4000­~§¥x+b
800
o�|Os�{��phpo\² 	¸§¥�e�ph

Qmax
o��rqt¤¨hpo"­�§Ìx�b

N
»�x+behwqrª�hg{,qt��h#º¸sehgsehHo+§¥¼rhH��|¸hpoKqOo"­®hg¤¥¤

­~b�§¥¤¨h!b]|O¤¥��§Ì�e�µx+beh!¤¨|�o�oc��{,|O«]qt«�§¥¤¥§ÌxÍy:Ë�u�hp�H­~b�§¨�,bÃ§¥�wx+s�{+�wbe|O¤¨��o~x+beh³qrª�hg{,qt��h!­�§Ì�]��|\­ o+§¥¼rh
Ë�u�hp�T²
�?o

N
§¥�e�g{�hrqOo�hpo�­®h®o,hph£x+beh�·ese�gx+s]qtx+§¨|O�eo�§¥�"x+beh®{�hg¤½qtx+§¥ª�hcº¸sehgseh®o+§¥¼rh!�W§¥�=�]qO�,°�hgx�o��)hg{

�p|O���ehp�gx+§¨|O�2©!��hp�g{�hrqOo�hpor²  Eh=qt¤¨o,|Ho�hph�x+beh"{�hg¤½qtx+§¥ª�h=º¸sehgseh=o+§¥¼rh"|t¶£x+beh=ÀÅqtx+¤½qt«Å�¸s�fKhg{+§¨�rqt¤
o+§¥f�s�¤½qtx+§¨|O�É§¨o�q=«�§¥x~b�§¥��bJ²£acb�§¨o~§¨o~«)hp�rqtseo,h³|t¶�x+§¥fKhp|Os�x�o�qOo��v§¨o��gseo,o�hp�#§¥�¦Á¥i¯Âï²

��hg§¥x+behg{
Mc(t, dw)

|O{
Mc(s − Rc(s), dv; s, dw)

§¨o³qHo�x,qtx�h"«�s�x�x+behKqt«)|\ª�h=hpº¸s]qtx+§¨|O�
��|¸hpo~��{�|\ªR§¨��h�hg�e|Os���bw§¥�v¶Î|O{+fjqtx+§¨|O�Ãx�|µhgª�|O¤¥ª�h�x+beh�o�yRo+x�hgfÃ² � hgx

µc(t)
��hg�e|Ox�h�x+beh!��{�|¸�phpo�o

{Mc(s, dw); t − 1 ≤ s ≤ t}
�Îqt¤¥¤�l�a~a � o�qt{�hK¤¨hpo�o³x+b]qt�

1
©¯² %�o+§¥���N�(i�²¥i\©!­®hK�rqt�Nhgª�|O¤¥ª�h

Mc(t, dw)
¶¡{�|Of

t
x�|

t + δt
­~b�§¥¤¨h

Mc(t − s + δt, dw)
§¨oH|O«�x,qt§¥�ehp�.«¸y qEx+§¥fKh
o�b�§Ì¶Wxr²

%?�v¶¡|O{+x+s��2qtx�hg¤Ìy
µc
§¨oj�e|Ox:��{,qO�gx+§¨�rqt¤!o+x,qtx,hO² ��ª�hg� §Ì¶³­®hÏ�v§¨o��g{�hgx+§¥¼rhÅqt�e� |O��¤¥y °�hphg� x+beh

x+{,q`}+hp�gx�|O{+y=|t¶�x+behc��{�|¸�phpo,o>|O�:q��]qt{+x+§¥x+§¨|O�j��§¥ª¸§¥���
{Mc(si, dw); t−1 = s0 < s1 . . . sn = t}§¥x�o+x+§¥¤¥¤T{�hpº¸s�§¥{�hpo�x�|¸|µf�se�,bÉ�p|Ofµ��s�x�hg{�fKhgfK|O{+y#x�|µo�|O¤¥ª�h!�¸s�fKhg{+§¨�rqt¤¥¤¥y�²

 ¦h
�rqt� qrª�|O§¨�.x+b�§¨oH��{�|O«�¤¨hgf «¸y ��h¯Ëe��§¥����qNo,hpº�sehg�e�phÅ|t¶�x+§¥fKhpo
tck
¶Î|O{#hrqO�,b4�g¤½qOo,o

o+se�,b
x+b]qtx
tck+n+1 − Rc(t

c
k+n+1) = tck

² �ï¶>­®h6��§¨�,°
n
o+s��j�g§¨hg�¸x+¤¥yÉ¤½qt{+��h�x+b�§¨o���§¥ª�hpo!qKËe�eh

�]qt{+x+§¥x+§¨|O�J²>�!h¯Ëe�eh
Φc(t) =

x+beh!Ëe{�o+x�°Ho+se�,bÃx+b]qtx
tck > t

²  ¦h�­~§¥¤¥¤2�p|O�eo�x+{+se�gx®|Os�{�o�|O¤¥s�x+§¨|O�
«¸y¬{�hp�gs�{+{�hg�e�phÃ¶¡{�|Of�x+§¥fKh

ti
x�|

ti+1
«¸y ��h¯Ëe��§¥���

ti+1 = minc(t
c
Φc(ti)

)
o+x,qt{�x+§¥���E¶W{�|Of

x+§¥fKh
t0 = 0

²���h¯uRx"qOo,o+s�fKhjx+b]qtx6¶Î|O{�hrqO�,b¬�g¤½qOo�o�­®hjb]qrª�hj«)hphg� qt«�¤¨hjx�|Ï�rqt¤¨�gs�¤½qtx�hwqt�e�
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OPNET N=200

��§¥��s�{�h4i��Äl�hg¤½qtx+§¥ª�h¬º�s]h¯s]h¬o+§¥¼rh¬­~§¥x+b �����
o�|Os�{��phpo
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OPNET N=400

�0§¥��s�{�h ���Äl�hg¤½qtx+§¥ª�h¬º¸sehgseh o+§¥¼rhY­~§¥x+b �����
o�|Os�{��phpo
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OPNET N=800

��§¥��s�{�h ���Äl�hg¤½qtx+§¥ª�h¬º�s]h¯s]h¬o+§¥¼rh¬­~§¥x+b �����
o�|Os�{��phpo
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"N=infinity" Matlab

�0§¥��s�{�hN�����?sehgseh¬o+§¥¼rhN|t¶jx+behNfKhrqt�;Ë]hg¤¨�
¤Ì§¥fµ§¥x

o,qrª�h=x+behKª�hp�gx�|O{
VM
c (t)
»�q#�v§¨o,�g{�hgx+§¥¼rhp�Eª�hg{�o�§¨|O�¦|t¶

Mc(t
c
k)
¶Î|O{

k = m − n, . . .m
­~behg{�h

m = Φc(t)− 1
²!�Wx+behpo�h�qt{�h³fjqt{+��§¥�]qt¤¨o��e|Ox�x+beh6hg�¸x+§¥{�h�}(|O§¥�¸x?�v§¨o+x+{+§¥«�s�x+§¨|O�2©¯² ��¤¨o�|:qOo�o+s�fKh

­®hÉoíqrª�hÃx+behÃª�hp�gx�|O{:|t¶³°�hg{+�ehg¤¨o
V T
c (t)

��§¥ª�hg��«Ry
T c(tck)

¶¡|O{
k = m − n, . . .m

­~behg{�h
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Mc(t
c
k+1) = Mc(t

c
k) ◦ T

c(tck+1)
qt�e�

m
§¨o�qOo�qt«)|\ª�h�²(��§¥�]qt¤¥¤¥y
qOo�o+s�fKh"x+b]qtx!­®h"o,q\ª�h�x+beh

°�hg{+�ehg¤¨o
Sc
m =

∏m
k=m−n T

c(tck)
²

 ¦hc�rqt�µ�e|\­ hgª�|O¤¥ª�hc|Os�{>o+yvo+x�hgfÄx�|
ti+1
²
�cx�hrqO�,bKo�x�hg�=­®hc|O��¤¥y"hgª�|O¤¥ª�h®x+beh~º�sehgseh�qt�e�

x+beh!|O�eh!�g¤½qOo,o
d
­~behg{�h

ti+1 = td
Φd(ti)

²�acbeh�§¥�¸ª�hg{�o,h?°�hg{+�ehg¤
(Sd

m)
−1 ��§¥ª�hpo®x+beh!�p|O�e�v§¥x+§¨|O�]qt¤

�v§¨o+x+{+§¥«�s�x+§¨|O�Æ|t¶!x+behÉ­~§¥�e��|\­�o:|t¶³�g¤½qOo�o
d
|O�ehÉl�a~a&«)h¯¶¡|O{�hÉx+§¥fKh

ti
��§Ìª�hg��x+behÃ­~§¥�e��|\­

qtx:x+§¥fKh
ti
²;�cqt¤¨�gs�¤½qtx�h
x+behÏ�p|O�e�v§¥x+§¨|O�]qt¤�h¯uv�)hp�gx,qtx+§¨|O�

e(ti, ti − Rd(ti), w)
²  .§¥x+b x+b�§¨o

­®hÉ�rqt� seo�hN�(i�²å��©µx�|¦�rqt¤¨�gs�¤½qtx�h
T d
m+1

²Æ��{�|O�
T d
m−n

²  ¦hÏqt¤¨o�|Es��)�eqtx�h
Sd(m + 1) =

(T d
m−n)

−1Sd(m)T d(m+ 1)
²'��§¥�]qt¤¥¤¥yH­®h³�rqt¤¨�gs�¤½qtx�h

Q(ti+1)
seo+§¥���Kx+beh

Mc(Φ
c(ti)− 1)

²
	¸§¥�e�ph6­®h�qt{�h�§¥�Rx�hg{�hpo+x�hp�Ã§¥�
q=fjqtx+behgfjqtx+§¨�rqO¤0��{�|¸|t¶£|t¶�x+beh6�p|O�¸ª�hg{+��hg�e�ph6x�|Kx+beh³fKhpqt�

Ë]hg¤¨�Ã­®h!­~§¥¤¥¤1�e|Ox�x+{+yHx�|!}Íseo�x+§Ì¶Wy:x+beh��¸s�fKhg{+§¨�rqt¤0��{�|¸�php�vs�{�h³¤¨hrqO�v§¥���jx�|µx+beh6qt«)|\ª�h�{�hpo+s�¤¥x�or²
 ¦h=­~§¥¤¥¤£qt¤¨o,|#§¥���e|O{�hµx+§¥fKhp|Os�x�o"qt�e�$o�¤¨|\­c´ïo+x,qt{+x�qOo�­®hg¤¥¤£qOo³o��)hp�g§½qt¤>��hgx,qt§¥¤¨o6|t¶~�p|O����hpo+x+§¨|O�
qrª�|O§¨�eqt�e�phµ­~b�§¨�,bE­®|Os�¤¨�E|O��¤¥y
o,hg{+ª�h=x�|w|O«eo��gs�{�hµx+beh=fjqt§¥�E§¨��hrqOor²  ¦h"­~§¥¤¥¤>�ehgª�h¯{�x+behg¤¨hgo,o
o+°�hgx��,bwbe|\­ x+behpo�h³h¯uvx�hg�eo+§¨|O�eo��p|Os�¤¨�w«)h�b]qt�e�v¤¨hp�T²
acb]hµo+x+{+se�gx+s�{�hK|t¶®x+beh=�]qt�)hg{�§¨o6qOo�¶Î|O¤¥¤¨|\­�or² �ï� 	vhg�gx+§¨|O�N�H­®h=fK|¸��hg¤>x+beh

N
�]qt{+x+§¨�g¤¨h

o+yvo+x�hgf |t¶�­~§¥�e�e|\­�o��p|Os���¤¨hp�j­~§¥x+bjx+beh�º�sehgseh?qt�e�Kx+behg�K¶Î|O{+f�s�¤½qtx�h�x+b�§¨o®qOo�q!b�§¨o�x�|O��{,qtf |t¶
­~§¥�e��|\­4o+§¥¼rhpoc�p|Os���¤¨hp�H­~§¥x+bÃq6º¸sehgseh�²'�¹� 	Rhp�gx+§¨|O�Ã�6­®h�o+s�fµfjqt{+§¥¼rh�x+beh?fKhrqt�HË]hg¤¨�:¤¥§¥fµ§¥xr²
acbeh���{�|¸|t¶1|t¶�x+beh�h¯uv§¨o+x�hg�e�ph�|t¶�x+b�§¨o£¤¥§¥fµ§¥x>¶Î|O¤¥¤¨|\­�o£§¥� 	Rhp�gx+§¨|O�:�e²)�¹� 	Rhp�gx+§¨|O�H��­®h�hpo+x,qt«�¤¥§¨o+b
x+beh³�p|O�¸ª�hg{+��hg�e�ph³x�|Kq=s���§¨º�seh�¤¥§¥fµ§¥xr²
�0§¥�]qt¤¥¤¥y#§¥� 	Rhp�gx+§¨|O� � ­®h³hpo+x,qt«�¤¥§¨o+bÉacbehp|O{�hgf i�²

� - 5"�
N � *"���]'2	,�0���&3���3�'2�>� ����
 � ����� � �"���,
���	,� 	+'

����� �	��

N ��
������������ 
�� �������! "
#�$�%� 
!&'&

+?s�{®fK|¸��hg¤�x,qt°�hpo®§¥�¸x�|=qO�p�p|Os��¸xcx+beh���hg¤½qryj|t¶0|O�eh?{�|Os��e�:x+{+§¥�Hx�§ÌfKh�«)hgx¹­®hphg�#x+beh?x+§¥fKh?x+beh
�]qO�,°�hgx�§¨o�°R§¥¤¥¤¨hp�Ïqt�e�Ãx+beh6x+§¥fKh³­~behg�Ïx+beh³«�sv±�hg{?{�hp�ghg§¥ª�hpo�x+beh³{,hg��se�phg�Ï{,qtx�h�²# Eh�qOo�o+s�fKh
­~§¥�e��|\­ {�hp�vse�gx+§¨|O�eoµqtx��p|O���ehp�gx+§¨|O�

n
|¸�p�gs�{6«)hp�rqtseo,hj|t¶~¤¨|�o,o�hpo6|O�ehK{�|Os��e�¦x+{+§¥�Nx+§¥fKhK§¥�

x+beh"�]qOo+xr²!a0|:Ëe{�o+x!|O{���hg{r»�x+beh���{�|O«]qt«�§¥¤¥§¥x¹y
|t¶®qj­~§¥�e�e|\­Ä{�hp�vse�gx+§¨|O�$«)h¯xÍ­®hphg�Åx+§¥fKh
t
qt�e�

t+ h
§¨o

∫ t+h−RN
n (t+h)

t−RN
n (t)

WN
n (s)

RTTN
n (s)

F (QN (s))ds ∼ [1−
d

dt
RN

n (t)]
W (t−RN

n (t))

RN
n (t−RN

n (t))
F (QN (t−RN

n (t)))h

o+§¥�e�ph=x+beh"��{�|O«]qt«�§¥¤¥§¥x¹y$qH�]qO�,°�hgx�§¨o��v{�|O���)hp�Å§¨o!��{�|O�)|O{+x+§¨|O�]qt¤£x�|
W (t − RN

n (t))/R
N
n (t −

RN
n (t))
»)x+beh�x�{,qt�eo+fµ§¨o�o+§¨|O�Å{,qtx�h=|O�eh�x+§¥fKh"§¥�
x+beh"�]qOo+xr»)x+§¥fKhpo

F (QN (s))
»)x+beh=�v{�|O�Å{,qtx�h

|O�eh�{�|Os��e�:x�{+§¥�H§¥�Hx+beh��]qOo+xr²) Eh?x+behg{�h¯¶¡|O{,h?fK|¸��hg¤�x+beh���{�|¸�phpo�oc|t¶1­~§¥�e��|\­4{�hp�vse�gx+§¨|O�eoc«¸y
qµz�|O§¨o�o�|O�Ã��{�|¸�phpo�o�­~§¥x+bÉo+x�|¸�,b]qOo+x+§¨��§¥�¸x�hg�eo�§¥x¹y

λNn (t) := [1−
d

dt
RN

n (t)]
WN

n (t−RN
n (t))

RN
n (t−RN

n (t))
F (QN (t−RN

n (t)))

J ù0ö J ý



���������
	��
��������������� �

�W­®hÃ�rqt� qOo�o�s�fKh
WN

n (t) = wn(0)
¶Î|O{

t < 0
©¯² acbehwx�hg{+f

[1 − d
dtR

N
n (t)]

§¥�
λNn
­cqOo

|\ª�hg{+¤¨|¸|O°�hp�w§¥�¦Á¥i¯Âï²
� hgx

{Nn(t);n = 1, . . .}
«)h:§¥�e��hg�)hg�e��hg�¸xjz�|O§¨o�o�|O�¬��{�|¸�phpo�o,hpo"­~§¥x+b¬§¥�¸x�hg�eo+§¥x¹y

1
qt�e�

¤¨hgx
ΛN

n (t) =
∫ t
0 λ

N
n (s)ds

«)h"x+beh=o+x�|¸�,b]qOo�x+§¨�"§¥�¸x�hg�eo+§¥x¹yÉ¶Î|O{�x+beh=z�|O§¨o,o�|O�Å�)|O§¥�¸x���{�|¸�phpo�o�|t¶
¤¨|�o�o,hgo~|t¶0�p|O���ehp�gx+§¨|O�

n
²�Ê�hg�e�ph�x+beh�¤¨|�o�o�hpoc|t¶��p|O���ehp�gx+§¨|O�

n
|¸�p�gs�{�qO�p�p|O{��v§¥���Kx�|�x�beh�x+§¥fKh

�,b]qt����hp�Éz�|O§¨o�o�|O�Ã��{�|¸�phpo,o
Nn(Λ

N
n (t))
²

¾chg¤¨|\­.­®h?­~§¥¤¥¤)fjqt°�h�q�·ese§¥�wqt����{�|ruR§¥fjqtx+§¨|O�Ã|t¶Jx+beh?x+beh�º�sehgseh!qt�e�:x+beh?­~§¥�e��|\­Æo�§¥¼rhpo
x+b¸seo�§¥���e|O{+§¥����·ese�gx+s]qtx+§¨|O�eo®qtx�x+behc�]qO�,°�hgx>¤¨hgª�hg¤¿²�acb�§¨o£qt¤¥¤¨|\­�o�seo�x,|!��hpo,�g{+§¥«)hcx+behc­~§¥�e��|\­�o
qOo~§¥�e��hg�)hg�e��hg�¸x��v§Ì±Thg{�hg�¸x+§½qt«�¤¨h6�vyR�]qtfµ§¨�rqt¤1o+yvo+x�hgfKo��p|Os���¤¨hp�Ã­~§¥x+bÏq�·es�§¨�w«�sv±Thg{r²

�����£Ñ � Ñ�� � � ��� Ñ	� 
1�v� �WÕ
���¹Õ � Ô
��� Ö ÕRÔ ��� acbehg{�hcqt{�h�x+b�{�hph®o�hg�]qt{,qtx�h��eb]qOo�hpo �1�p|O����hpo+x+§¨|O�
qrª�|O§¨�eqt�e�ph�»�x+§¥fKhp|Os�x£qt�e�=o+¤¨|\­ o+x,qt{+xr²��?s�{+§¥���³�p|O����hpo+x+§¨|O�jqrª�|O§¨�eqt�e�ph�»�­~behg�µ�e|?¤¨|�o,o�|¸�p�gs�{�o
x+beh³­~§¥�e��|\­;o+§¥¼rh�§¥�e�g{�hrqOo�hpo�¤¥§¥�ehrqt{+¤¥yÃqtx�{,qtx�h

1/RN
n (t)
«�s�x�§Ì¶�x+beh6o�|Os�{��ph³��hgx�hp�gx�o�x+beh³¤¨|�o�o

|t¶�q"�]qO�,°�hgx?qtx~x+§¥fKh
t−RN

n (t)
«)hp�rqtseo,h�x+b�{�hph³�vs���¤¥§¨�rqtx�h6qO�,°R�e|\­~¤¨hp�v��hgfKhg�¸x,o?qt{+{�§Ìª�h�»�x+beh

o�|Os�{��ph~�gs�x�o�x+behc�gs�{+{�hg�¸x
WN

n (t
−)
o+§¥¼rh®«¸y6b]qt¤Ì¶2x�|

WN
n (t

−)/2
²�acbehco+¤¨|\­ o�x,qt{+x�x+b�{�hpo+b�be|O¤¨�

�¡o�o�x+b�{�hpo+b2©�§¨o�o�hgx�x�|
HN

n (t) =WN
n (t

−)/2
²

acb]hÏo�|Os�{��phÉx+behg� «)hg��§¥�eo:¶ÎqOo�xj{�hgx+{,qt�eo+fµ§¥xwqt�e� ¶¿qOo+xj{�hp�p|\ª�hg{+y�² acbehÉ¤¨|�o+x:�]qO�,°�hgx:§¨o
{�hgx+{,qt�eo+fµ§¥x+x�hp� qt�e�¬x+b�{�|Os���b ­�§Ì�]��|\­&§¥�v·2qtx+§¨|O� �]qO�,°�h¯x,oµ�p|O�Rx+§¥�¸sehwx�|Å«)hwo�hg�¸xjqOo=§Ì¶�x+beh
­~§¥�e��|\­ o+§¥¼rh~§¨o>�p|O�eo+x,qt�¸x��¡|O{�qtx�¤¨hrqOo�x�x+beh�qrª�hg{,qt��h~x+{,qt�eo�fµ§¨o�o+§¨|O�K{,qtx�h~§¨o>�p|O�eo�§¨o+x�hg�¸x>­~§¥x+b:q
�p|O�eo+x,qt�¸x�­~§¥�e��|\­Äo+§¥¼rh

WN
n (t

−)/2
©¯²� behg�Ïx+beh6{,h¯x�{,qt�eo+fµ§¥x+x�hp�Ï�]qO�,°�hgx?§¨o!qO�,°¸�e|\­~¤¨hp�v��hp�

�p|O����hpo+x+§¨|O�#qrª�|O§¨�eqt�e�ph�{�hpo+s�fKhpor²�Ê�hg�e�ph~x+beh�hgª�|O¤¥s�x+§¨|O�:|t¶Tx+beh~­~§¥�e��|\­.o+§¥¼rh~§¥�Kx+beh��p|O����hpo(´
x+§¨|O�Ïqrª�|O§¨�eqt�e�ph���b]qOo,h!§¨o���hpo,�g{+§¥«)hp�w«¸yHx+beh!¶¡|O¤¥¤¨|\­~§¥���:o+x�|¸�,b]qOo+x+§¨�³�v§Ì±Thg{�hg�¸x+§½qt¤0hpº�s]qtx+§¨|O� �

dWN
n (t) =

1

RN
n (t)

(1− SN
n (t))dt−

WN
n (t

−)

2
dNn(Λ

N
n (t)),

­~§¥x+b
WN

n (0) = wn(0)
»
n = 1, . . . , N

o��)hp�¯§ÌË]hp�T²³Ê�hg{�h
SN
n (t) = 1

§Ì¶£x+b�§¨o!�p|O���ehp�gx+§¨|O�$§¨o
o+x+§¥¤¥¤J§¥�#¶¿qOo+x~{�hp�p|\ª�hg{+yÃqtx~x+§¥fKh

t
qt�e�w§¨o~¼rhg{�|K|Ox+behg{+­~§¨o�h�²

�ï¶
WN

n (t
−) < 4

x+behg�Ïx�beh�o�|Os�{��ph"�rqt� � x�{�hp�phg§¥ª�h6x+b�{�hph"�vs���¤¥§¨�rqtx�h �?����o�o�|j§¥x?­~§¥¤¥¤���|
§¥�¸x�|?x+beh£x+§¥fKhp|Os�x���b]qOo�h£¶¡|O{�qt����{�|ruv§¥fjqtx�hg¤¥y�|O�eh�o,hp�p|O�e�T²'+?x+behg{�hgª�hg�¸x,o0¤¥§¥°�h£x+beh�¤¨|�o�o�|t¶ex+beh
{�hgx+{,qt�eo+fµ§¥x+x�hp�:�]qO�,°�hgx£­~§¥¤¥¤)qt¤¨o�|���{�|\ª�|O°�h�q!x+§¥fKhp|Os�xr²��¿¶�­®h�­~§¨o+behp�Kx�|�fK|¸��hg¤2x+§¥fKhp|Os�x�o£­®h
�p|Os�¤¨�:��h¯Ëe�eh�q�¶Ws��e�gx+§¨|O�

U(WN
n (t

−))
hpº¸s]qt¤2x�|6|O�eh�§Ì¶Tx+beh?�p|O���ehp�gx+§¨|O�eo�¶Îqt¤¥¤¨o£§¥�¸x�|6x+§¥fKhp|Os�x

�vs�{+§¥���K¶ÎqOo�x~{�hp�p|\ª�hg{+yÃqt�e�w¼rhg{�|µ§Ì¶��e|Oxr²£Ê?hg�e�ph�x+beh³�)|O§¥�¸x���{�|¸�phpo�o�|t¶�¶¿qt¤¥¤¥§¥���K§¥�¸x�|µx+§¥fKhp|Os�x
§¨o6��§¥ª�hg�¦«¸y

U(WN
n (t

−))dNn(Λ
N
n (t))
²#�?s�{+§¥���Ïx+behKx+§¥fKhp|Os�x"��b]qOo�hKx+behK­~§¥�e��|\­ o�§¥¼rhµ§¨o

¼rhg{�|�²>acbeh³�p|O���ehp�gx+§¨|O�Ï§¨o���hpo��g{+§¥«)hp�Ã«¸yHo�o�x+b�{�hpo+bÉqt�e�wx+beh�{�hgfjqt§¥��§¥���jx+§¥fKh�§¥�Ãx+§¥fKhp|Os�xr²
��¶¡x�hg{�x+beh?x+§¥fKhp|Os�xc��b]qOo�h�hg¤½qt�eo�hpo®x+beh�o�|Ose{��ph�hg�¸x�hg{�oco+¤¨|\­c´ïo+x,qt{+x~qt�]�H��|Os�«�¤¨hpo®§¥x�o®­~§¥�v´

��|\­ o+§¥¼rhÏo�x,qt{+x+§¥���N¶W{�|Of |O�ehÏhgª�hg{+y l�a~aÈs��¸x+§¥¤�x+behÏ­~§¥�e��|\­ o+§¥¼rhÏ{�hrqO�,behpo#o�o+x+b�{�hpo+bÆqtx
­~b�§¨�,b#x+§¥fKh��p|O����hpo+x+§¨|O�Ãqrª�|O§¨�eqt�e�ph�{�hpo+x,qt{+x�or²'�ï¶0qt�e|Ox+behg{c¤¨|�o�o�§¨oc��hgx�hp�gx�hp�H«)h¯¶Î|O{�h?{�hrqO�,b�§¥���
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x+behÃ�p|O����hpo+x+§¨|O�.qrª�|O§¨�eqt�e�phw��b]qOo,h�»£x+b]hw�p|O���ehp�gx+§¨|O� ­~§¥¤¥¤���|$§¥�¸x�|$x+§¥fKhp|Os�xr²���s�{+§¥���Ex+beh
o+¤¨|\­c´ïo�x,qt{+x���b]qOo�h�x+beh��p|O���ehp�gx+§¨|O�Ï§¨o���hpo��g{+§¥«)hp�Ã«¸y:x+beh�­~§¥�e��|\­;o+§¥¼rh³qt�e�Ão�o�x+b�{�hpo+bJ²
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¶¡|O{
t ≤ 0

qt�e�$«�s�§¥¤¨�$x�beh
o�|O¤¥s�x+§¨|O�És��Ã|O�eh�{�|Os��e�Ãx+{+§¥�Éqtx?q"x+§¥fKh�²

� � %=�A� �~� � ���Ï'25���������� � �
	����,
��#	,� 	('
 ¦h�­~§¨o+bÃx�|jo+be|\­

(WN (t), QN (t))
�p|O�¸ª�h¯{���hgo�qOo

N →∞
² �¹� 	Rhp�gx+§¨|O�Ï�K­®h�Ëe{�o+x���{�|\ª�h

x+beh³h¯uv§¨o+x�hg�e�ph³|t¶�x+beh!¶Î|O¤¥¤¨|\­~§¥���K¤¥§¥fµ§¥xr²
��� Ñ¸Õ � Ñ � ��� �B���8�;� ����� 	 ���7������ �!"��#$ 1 �����4�"1 �
� �"1 �
��� � � 	 ���"�!� � � 	 �:� ���;� � ����%,���0� � � 	 �0�
(W, Q, (M1, . . . ,Md))

��� �"1 ������� � �23'	 � % ���/�;� �;� � � ���
Q(t) < qmax

-
K(t) = F (Q(t))��� �

Q(t)−Q(0)

=

∫ t

0

[

d
∑

c=1

κc〈Id,Mc(s)〉
(1−K(s))

Rc(s)
− L

−

(

d
∑

c=1

κc〈Id,Mc(s)〉
(1−K(s))

Rc(s)
− L

)+

χ{Q(s) = qmax}

+

(

d
∑

c=1

κc〈Id,Mc(s)〉
(1−K(s))

Rc(s)
− L

)−

χ{Q(s) = 0}



 ds.
�Î�v²¥i � ©

� 1 ���
Q(t) = qmax

�"1 �
�
K(t)

���E� 	(���#�;�

d
∑

c=1

κc〈Id,Mc(s)〉
(1−K(t))

Rc(t)
= L
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��� � 1 3'	 � � �23 �;'$��� '���� � � � ��� ��	 � % ���

dWn(t) =
1

Rn(t)
dt−

Wn(t
−)

2
dNn(Λn(t)),

�Î�v²¥i ��©

3<1 �����
Wn(0) = wn(0)

-
n = 1, . . .

��� � �G� � � 	 �#���/- 3<1 �
���

Λn(t) =

∫ t

0
λn(s)ds

3<1 �
���
λn(s) = (1− Ṙn(s))

Wn(s−Rn(s))

Rn(s−Rn(s))
K(s−Rn(s))

��� � 3<1 �����
Mc(t)

	(�(� ����� ��� =;�

〈g,Mc(t)〉 = lim
N→∞

1

κNc N

N
∑

n=1

g(WN
n (t))χ{n ∈ Kc}.

� �

W c(s) = lim
N→∞

1

NκNc

N
∑

n=1

Wn(s)χ{n ∈ Kc}.

� ����� � ��� ���A� � ���.� �E��� � �"�.# �

Q(t)−Q(0)

=

∫ t

0

[

d
∑

c=1

κc
W c(s)

Rc(s)
(1−K(s))− L

−

(

d
∑

c=1

κc
W c(s)

Rc(s)
(1−K(s))− L

)+

χ{Q(s) = qmax}

+

(

d
∑

c=1

κc
W c(s)

Rc(s)
(1−K(s))− L

)−

χ{Q(s) = 0}



 ds.
�Î�v²¥ir��©

� 1 ��� ��� � � 	 ���7�
Q(t)

��� �
R(t) = (R1(t), R2(t), . . .)

�����(� ��� �
�;� 	 � 	 ��� 	 � �/� ����� �"1 � Mc(t)
�

�
	 � ��� � � �"1 � � �2��� ��� �
�A�"� � � W
����� 	 � � �G� �
� � ���A� � ��� � ����� ���I�

�¹� 	Rhp�gx+§¨|O���Ï­®hH­~§¥¤¥¤c��{�|\ª�h#acbehp|O{�hgf7�Åqt�e�¬o+be|\­�x+b]qtx=x+behg{�h#§¨o=|O��¤¥yY|O�eh#o+x+{�|O���
o�|O¤¥s�x+§¨|O�Ex�|$�¿�v²Ìir��©g»£�Î�v²¥i ��©�qt�e�Åx+b]qtx�§¥�Å¶¿qO�gx!x+behµo�|O¤¥s�x+§¨|O�Ex�|$�Î�v²���©�qt�e� �Î�v²å��©��p|O�¸ª�hg{+��hpo
x�|µx+b�§¨o�o�x+{�|O���Ko,|O¤Ìsex+§¨|O�J²
��� Ñ¸Õ � Ñ ��� � � � �8��������� 	 ���7��� �$ ;!(� #$ �1 ��� �,�"1 �
�

MN
c (t) ⇒ Mc(t)

-
QN (t) → Q(t)

��� �

KN (t) → K(t)
3<1 �
���

Mc(t)
-
q(t)

��� �
K(t)

����� � ��� � 	 ��� �2� � � �:� �
�;� 	 � 	(�;� 	 � ��� � � � 	 ���7�
� �
t ∈ IR+

	 � ���
M1(IR

+)
-
IR+

��� �
IR+

���;�>� � � � 	('$��� � %�	"'$�
��	 � � 1 �������;� +��
��§¥�]qt¤¥¤¥yÅ§¥� 	Rhp�gx+§¨|O� � ­®hKhpo�x,qt«�¤¥§¨o+bNacbehp|O{�hgf iK­~b�§¨�,b¦­cqOo³x+behKfjqt§¥�N�p|O�O}+hp�gx+s�{�hK§¥�

Á¥i¯Âï²
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� B��³	�3�')������� ���Å� ��	,� 	+'

�¹�wx+b�§¨o�o�hp�gx+§¨|O�Ã­ch�o+be|\­ x+beh³h¯uR§¨o�x�hg�e�ph�|t¶�x+beh³o�|O¤¥s�x+§¨|O�Ãx�|É�Î�v²¥ir��©¯»1�¿�v²Ìi ��©¯²

����� � � 
 ��� 
�
 &���& � 
 �
��§¥{�o+xj­®hÃ§¥�¸x+{�|¸�vse�phÅqÅfK|¸�v§ÌË]hp�.o+yvo+x�hgf�­~behg{�h

QN §¨oK¶Î|O{��php� x�|E«)hÉ��hgx�hg{+fµ§¥��§¨o+x+§¨�Ï«¸y
fK|¸�v§Ì¶¡y¸§¥���:x+beh�hpº�s2qtx+§¨|O�É¶¡|O{�x+b]h6hgª�|O¤¥s�x+§¨|O�
|t¶>x+beh6º¸sehgseh³x�|
�W�e²¥i ��©¯²�acbehg�Ï­®h�h¯uRx+{,qO�gx!q
��hgx�hg{+fµ§¥��§¨o+x+§¨�6¤¥§¥fµ§¥x�x+b]qtx�x+s�{+�eo�x�|=«)h6q"¤¥§¥fµ§¥x?|t¶�|Os�{�§¥��§¥x+§½qt¤1o�yRo+x�hgfÃ²
WN = (WN

1 , . . . ,W
N
N )
o,qtx+§¨o+Ë]hpo>x+beh�qt�]qt¤¨|O��seh?|t¶>�Î�v²���©¯²)�]|O{

Q < qmax
»�¤¨hgx

KN (t) =
F (QN (s))

qt�e�

QN (t)−Q(0)
�W�e²¥i ��©

=

∫ t

0

[

d
∑

c=1

κNc (E〈Id,M
N
c (s)〉)

(1−KN (s))

RN
c (s)

− L

−

(

d
∑

c=1

κNc (E〈Id,M
N
c (s)〉)

(1−KN (s))

RN
c (s)

− L

)+

χ{Q(s) = qmax}

+

(

d
∑

c=1

κNc (E〈Id,M
N
c (s)〉)

(1−KN (s))

RN
c (s)

− L

)−

χ{Q(s) = 0}



 ds

­~behg{�h³­®h!x,qt°�h
E
x�|µfKhrqt�

E(·|F0)
»v­~behg{�h

Wn(0) = wn(0)
»�­~behg{�h

RN
c (t) = Tc +Q

N (t−RN
c (t))/L,

�W�e²å����©

qt�e�w­~behg{�h

〈Id,MN
c (s)〉 =

1

κNc N

N
∑

n=1

WN
n (s)χ{n ∈ Kc}.

�ï¶
QN = qmax

x+behg�Ãx+beh�¤¨|�o�o~{,qtx�h
KN (t)

§¨o~��§¥ª�hg�Ã«¸y

d
∑

c=1

κNc (E〈Id,M
N
c (s)〉)

(1−KN (t))

RN
c (t)

= L
�W�e²å�vi\©

� Õ � 
J� �WÕ � �¹Õ �µ� � � �)Ñ	�
	 � � hgx
tc0 = 0

»
tck+1 = tck + Tc+Q

N (tck)/L
o+se�,bHx+b]qtx

tck+1−

RN
c (t

c
k+1) = tck

²��?o~¤¨|O���:qOo~­®h³�rqt�É��h¯Ëe�eh�§¥xr»�x+beh³o�hpº¸sehg�e�ph
(tck)k

§¨o�§¥�e�g{�hrqOo+§¥���e²£�!h¯Ëe�eh
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Φc(t) =
x+beh!Ëe{�o+x~°#o+se�,bwx+b]qtx

tck > t
²  ¦hK­~§¥¤¥¤®�p|O�eo�x+{+se�gx"|Os�{=o�|O¤¥s�x+§¨|O�N«¸y${�hp�gs�{+{�hg�e�ph

¶¡{�|Of x+§¥fKh
ti
x�|
ti+1
«¸y#��h¯Ëe��§¥���

ti+1 = minc(t
c
Φc(ti)

)
o+x,qt{+x+§¥���µ¶¡{�|Of x+§¥fKh

t0 = 0
²

�~x�x+§¥fKh
t0
»�­®h=o+s����)|�o�h

WN (t)
qt�e�

QN (t)
qt{�h"��§¥ª�hg� �W�)hg{+b2qt�eo��p|O�eo+x,qt�¸xí©�¶Î|O{

t ≤
0 = t0

²� ¦h�o+se���)|�o�h
(WN (t),QN (t)

§¨o���h¯Ëe�ehp�w¶Î|O{
t ≤ ti

­~behg{�h
ti
§¨o�q=x+§¥fKh6o+se�,bÃx+b]qtx

ti = tck
¶¡|O{³o�|OfKh

c
qt�e�$o,|OfKh

k
²=acb�§¨o�§¨o³�ph¯{�x,qt§¥��¤¥y
x+{+sehjqtx�x+§¥fKh

t0
²=acbehg�

Φc(ti)
qt�e�

tcΦc(ti)

qt{�h³��h¯Ëe�ehp�w¶¡|O{�qt¤¥¤1�g¤½qOo�o,hpo�qOo~§¨o
ti+1
²

acb]h¯�É§Ì¶
t ≤ ti+1

»

ΛN
n (t) =

∫ t

0
(1− ṘN

n (s))
WN

n (s−R
N
n (s))

RN
n (s−R

N
n (s))

F (QN (s−RN
n (s)))ds

�rqt�Ï«)h���h¯Ëe�ehp�T»2«)hp�rqtseo�h³¶Î|O{?hrqO�,b
�g¤½qOo�o
s −RN

c (s) ≤ ti
¶Î|O{

s ≤ ti+1
«¸ywx+beh���h¯Ëe��§¥x+§¨|O�

|t¶
ti+1
�W{�hp�rqt¤¥¤!�Î�v²¥i�i\©+©¯²#Ê?hg�e�phKx+behKx+{,q`}+hp�gx�|O{+§¨hpo

WN (t)
qt{�hj��h¯Ëe�ehp�N|O�

[0, ti+1]
»�acbehgy

qt{�h!«)|Os��e��hp�Éqt�e�#fKhrqOo+s�{,qt«�¤¨h�x+b¸seocx+beh�h¯uv�)hp�gx,qtx+§¨|O�eo��rqt�w«)h���h¯Ëe�ehp�Ãqt�e�#behg�e�ph
QN (t)�rqt�Ã«)h³��h¯Ëe�ehp�T²� Eh!b]qrª�h!x+behg{�h¯¶Î|O{�h³�,behp�,°#x+beh�§Ì�]�vse�gx+§¨|O�Éb¸y¸�)|Ox+behpo�§¨o~s��Ãx�|µx+§¥fµh
ti+1
²

a0|��p|O�e�g¤¥se��h?­®h��ehphp�jx�|�o+be|\­�x+b]qtx
ti →∞

² ��|Ox+§¨�ph�x+b]qtx
ti+d+1 ≥ min{t

c(Φc(ti)+
1) : c = 1, . . . d}

«)hp�rqtseo�h
|Ox+behg{+­~§¨o�hÏx+beh
d + 1

ª�qt¤¥sehpo
ti+j , j = 1, . . . , d + 1

f"seo+x
«)hÅ�,be|�o,hg� qtfK|O��� x+beh

d
ª�qt¤¥sehpo

{tc(Φc(ti))}
qt�e�Æx+b�§¨o#§¨o#§¥fµ�)|�o�o+§¥«�¤¨h�²  ¦hÅ�p|O�e�g¤¥se��h

ti+d+1 ≥ ti + Tmin
qt�e�wx+behg{�h¯¶Î|O{�h

ti →∞
qOo
i→∞

²

� � ���r� � � � 
 � Õ � � ��� 
 � � Ò Õ �
E〈Id,MN

c (t)〉
Õ �

[0, T ]
�

|E〈Id,MN
c (t+ h)〉 − E〈Id,MN

c (t)〉|

≤
1

κNc N

N
∑

n=1

E|WN
n (t+ h)−WN

n (t)|χ{n ∈ Kc}

≤
h

Tmin

1

κNc N

N
∑

n=1

P (WN
n (s

−) =WN
n (s), t ≤ s ≤ t+ h)χ{n ∈ Kc}

�W�e²å����©

+ a(T )
1

κNc N

N
∑

n=1

P (WN
n (s

−) 6=WN
n (s),

¶Î|O{�o�|OfKh
t ≤ s ≤ t+ h)χ{n ∈ Kc}.

�W�e²å����©

acbeh�o,hp�p|O�e�µx�hg{+f qt{+§¨o,hpo�«)hp�rqtseo�h�hgª�hg�µf�s�¤¥x+§¥��¤¨h>}Ís�fµ�eo>­~§¥¤¥¤]�g{�hrqtx�h?q��v§Ì±�hg{�hg�e�ph�¤¨hpo�o>x+b]qt�
x+beh�fjq`uv§¥f�s�f&­~§¥�e��|\­;o+§¥¼rh�²
�W�e²å����©�§¨o=¤¨hpo�o=x+b]qt�

h/Tmin
qt�e�Yx�hg�e��oµx�|
¼rhg{�|$qOo

h → 0
².�W�e²å����©�§¨o"«)|Os��e��hp� «¸y

x+beh:��{�|O«]qt«�§¥¤¥§¥x¹y¬qÉ­~§¥�e��|\­�fjqt°�hpo=qK}(s�fµ�Y§¥� qt�Y§¥�¸x�hg{+ªOqt¤~|t¶�¤¨hg����x+b
h
²Åacbeh:§¥�¸x�hg�eo+§¥x¹y

¶¡s��e�gx+§¨|O�
λN (t)

§¨o�«)|Os��e�ehg�E«¸y
λ(t) = a(t)/Tmin

o,|#x+beh=��{�|O«]qt«e§Ì¤¥§¥x¹yE|t¶~q"}Ís�fµ�E§¥�¦qt�
§¥�¸x�hg{+ª�qt¤�|t¶£¤¨hg����x+b

h
§¨o?«)|Os��e�ehg�Å«¸y

1 − exp(a(T )h/Tmin)
²�Ê�hg�e�ph�»2¶Î|O{�o�|OfKh"�p|O�eo+x,qt�¸x

B
»
E〈Id,MN

c (t)〉
§¨o
B−

� §¥�eo��,b�§¥x+¼p§½qt�Ïs���§Ì¶¡|O{+fµ¤¥yH¶¡|O{
N ∈ N

qt�e�
t ∈ [0, T ]

²
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E〈Id,MN
c (t)〉

� �µ� Õ 
 � Ö Ñ Ö�� Ô � Ò � � Õ � 
�Ñ � Õ � a�qt°¸§¥���jh¯uv�)hp�gx,qtx+§¨|O�eo?|t¶~�Î�v²���©®��§¥ª�hpo

EWN
n (t)− wn(0)

= E

∫ t

0

[

1

RN
n (s)

ds− E
WN

n (s
−)

2
dΛN

n (s)

]

≥
t

Tmin + qmax/L
− E

∫ t

0

[

WN
n (s

−)

2
(1− ṘN

n (s))
WN

n (s−R
N
n (s))

RN
n (s−R

N
n (s))

F (QN (s−RN
n (s)))

]

ds

≥
t

Tmin + qmax/L
−

∫ t

0

EWN
n (s

−)

2

a(s)

Tmin
ds.

Ê�hg�e�ph�x+beh!{,qtx�h³|t¶�§¥�e�g{�hrqOo�h³|t¶
EWN

n (t)
§¨o~«)|Os��]��hp�w«)hg¤¨|\­ «¸y

1

Tmin + qmax/L
−
EWN

n (t
−)

2

a(t)

Tmin
.

	¸§¥�e�ph�x+beh6qt«)|\ª�h�«)|Os��e�w§¨o~�)|�o+§¥x+§¥ª�h!­�behg�
EWN

n (t)
§¨o�o�fjqt¤¥¤Tx+beh�{�hpo+s�¤¥x~¶Î|O¤¥¤¥|`­�or²

��� � ��� � & � 
 ��� 
 � � � ����� � � � ��� � ��
 � � 
 � � 
�
 & �%& � 
 �
�¹�:x+b�§¨oco�hp�gx+§¨|O�H­®h�o�b]qt¤¥¤2«)h�h¯uvx+{,qO�gx+§¥���µo+s�«eo�hpº¸sehg�e�phpoc|t¶0o�hpº¸sehg�e�phpo®«�s�x®­®h?­®|O� � x®{�h¯·]hp�gx
x+b�§¨o�§¥�Ã|Os�{��e|Ox,qtx+§¨|O�És��¸x+§¥¤Jx+beh³hg�e�Ã|t¶�x+b�§¨o�o�hp�gx+§¨|O�J²

��� �r�`����� �WÕ �NÕ � � � � � � � �¹Õ �
QN
� � Ö

E〈Id,MN
c (t)〉

�
QN (t)

§¨o£��hgx�hg{+fµ§¥��§¨o+x+§¨��²>À
|O{�h¯´
|\ª�hg{r»2x+beh�§¥�¸x�hg��{,qt�e�
§¥� �W�e²¥i ��©�§¨o?«)|Os��e��hp�
«¸yÏqj�p|O�eo+x,qt�¸x

B
«)hp�rqtseo�h"x+beh�­~§¥�e��|\­Äo�§¥¼rhpo

s��Ex�|wx+§¥fKh
t
qt{�hµ«)|Os��e��hp�E«¸y

a(T )
qt�e�$x+behKl�a~aÄ§¥�E��{�hrqtx�hg{6x+b]qt�

Tmin > 0
²KÊ�hg�e�ph

QN
§¨o
B−

� §¥�eo��,b�§¥x+¼p§½qt�¦s���§Ì¶¡|O{+fµ¤¥yÏ¶¡|O{
N ∈ N

qt�e�
t ∈ [0, T ]

² �ïx�¶Î|O¤¥¤¥|`­�o!x+b]qtx�x+behg{�h=§¨o
q"o+s�«eo,hpº�sehg�e�ph

N(`)
qt�e�wq

B−
� §¥�eo,�,b�§¥x+¼p§½qt�w¶Ws��e�gx+§¨|O�

Q(t)
o+se�,b#x+b]qtx

QN(`)(t)→ Q(t)s���§Ì¶Î|O{+fµ¤¥yEseo+§¥���Ïx+beh ��o��p|O¤¥§Ì´ ��{+¼rhg¤��Ïacbehp|O{�hgf ��¤¥seo�x+behK¶¿qO�gx�x+b]qtx=qÃ�)|O§¥�¸x¹­~§¨o�h:¤¥§¥fµ§¥x"|t¶
� §¥�eo,�,b�§¥x+¼�¶¡s��e�gx+§¨|O�eo�§¨o � §¥�eo,�,b�§¥x+¼�²

 ¦h�o+be|\­®hp�Hqt«)|\ª�h�x+b]qtx
E〈Id,MN

c (t)
§¨o � §¥�eo,�,b�§¥x+¼�o�|�qt��qt§¥�:seo+§¥����x+beh ��o��p|O¤¥§Ì´ �?{+¼rh¯¤��

acbehp|O{�hgf ­ch��rqt�jx,qt°�h?q!¶¡s�{+x+behg{�o+s�«eo�hpº¸sehg�e�ph�|t¶
N(`)

o+se�,bjx+b]qtx£¶¡|O{®qt¤¥¤
c
»
E〈Id,MN

c (t)�p|O�¸ª�hg{+��hpo�s���§Ì¶¡|O{�fµ¤Ìy#x�|jq
B−

� §¥�eo��,b�§¥x+¼³¶¡s��e�gx+§¨|O�
mc(t)

²

� Õ � �2Ñ � �2Ñ	� � Ñ4Õ � � � Ñ � ��� � �?oHqE�v§¥{�hp�gxH�p|O�eo�hpº¸sehg�e�phÏ|t¶�x+behÏ�p|O�¸ª�hg{+��hg�e�ph
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Q
»

RN
n (t)
�p|O�¸ª�hg{+��hpo~s���§Ì¶Î|O{+fµ¤¥y:x�|

Rn(t)
­~behg{�h

Rn(t) = Tn +Q(t)/L
²�acbeh�¶ÎqO�gx~x+b]qtxcx+beh

QN o1qt{�h B− � §¥�eo��,b�§¥x+¼£§¥fµ��¤¥§¨hpoJx+beh>l�a~a0o1qt{�h B
L−
� §Ì�]o��,b�§¥x+¼�qt�e� 1

RTT

o1qt{�h B
LT 2
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−
� §¥�eo��,b�§¥x+¼�²

J ù0ö J ý



���������
	��
��������������� i �

� Õ � �2Ñ � �2Ñ	� � ÑÏÕ � � � Ñ
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Q(t) < qmax

x+behg�
KN (t) = F (QN (t))

¶¡|O{
N
¤½qt{+��h

hg�e|Os���b�qt�e�Ybehg�e�phw�p|O�¸ª�hg{+��hpo=s���§Ì¶Î|O{+fµ¤¥y¦x�|
K(t) = F (Q(t))

² +?�¬x+beh#|Ox�behg{=b]qt�e�¬§Ì¶
Q(t) = qmax

x+behg�
KN (t)

o�|O¤¥ª�hpo6�W�e²å�vi\©¯²>¾®y:x+b]h³qt«)|\ª�h

d
∑

c=1

κNc (E〈Id,M
N
c (t)〉)→

d
∑

c=1

κcmc(t).

	¸§¥�e�ph ∑d
c=1 κ

N
c (E〈Id,M

N
c (t)
§¨o�«)|Os��e��hp�Ns���§Ì¶Î|O{+fµ¤¥yNqr­cqry$¶¡{�|Of ¼rhg{�|Ï§Ìx�¶¡|O¤¥¤¨|\­�o"x+b]qtx

KN (t)
�p|O�¸ª�hg{+��hpo"|O�¬qt�Y§Ì�Rx�hg{+ªOqt¤®­~behg{�h

Q(t) = qmax
x�|Éx+beh � §¥�eo��,b�§¥x+¼:¶¡s��e�gx+§¨|O�

K(t)o,qtx+§¨o+¶WyR§¥���

d
∑

c=1

κcmc(t)
(1−K(t))

Rc(t)
= L

� �v� � Ô
� � Ñ � Õ
� �)Ñ � �]Ñ	� � Ñ
Õ �
WN

n

��� � � Ñ ��� Õ � Õ � Õ Ö � Ñ �p� � ���  ¦h!Ë�uÃo�|OfKh6�p|¸|O{��v§Ì´
�]qtx�h

n
²£��¤¨hrqt{+¤¥y

WN
n (t) ≤ a(T )

¶Î|O{cqt¤¥¤
0 ≤ t ≤ T

o�|6§¥x£¶Î|O¤¥¤¨|\­�o�x+b]qtx
λN
n (t)
§¥o�s��e§ ¶Î|O{+fµ¤¥y

«)|Os��e��hp� «¸y
λ(t) = a(t)/Tmin

¶¡|O{Hqt¤¥¤
0 ≤ t ≤ T

qt�e�.qt¤¥¤
N ≥ n

²;�®|O�eo�hpº�sehg�Rx+¤¥y
Nn(Λ

N
n (T )) ≤ Nn(Λ(T ))

­~behg{�h
Λ(T ) =

∫ T
0 λ(t)dt

o�|�»R§Ì¶J¶Î|O{co�|OfKh�x+{,q`}+hp�gx�|O{+y
ω
|t¶
Nn
»

Nn(Λ(T )) ≤ m
x+behg�

Nn(Λ
N
n (T )) ≤ m

¶Î|O{�qt¤¥¤
N
²

 ¦h!�e|\­ o+be|\­4x�b]qtx~x+beh³o�hpº¸sehg�e�ph
WN

n (t)(ω)
§¥�e��h¯u�hp�w«¸y

N
§¨o�q=�p|Ofµ�]qO�gx?o�hpº¸sehg�e�ph

§¥�
D[0, T ]

­~§¥x+bCx+beh 	¸°�|O{�|Obe|¸�;x�|O�)|O¤¨|O��y�² � hgx
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n

��hg�e|Ox�hNx+beh
kth
qt{+{+§¥ª�qt¤"x+§¥fKhY|t¶

Nn(t)
² � hgx

LN
n

��hg�e|Ox�h$x+behÅ§Ì�Rª�hg{�o�h$|t¶�x+beh
¶¡s��e�gx+§¨|O�
ΛN

n

²  Eh
Ëe{�o+xwo+be|\­Ax+b]qtxwx+beh
�)|O§¥�¸x�o

{LN
n (U

k
n); k = 1, . . .m}

qt{�hÅo�hg�]qt{,qtx�hp�Æ«¸y o�|OfKhÏª�qt¤¥seh
∆
¶¡|O{

N
o+s��j�g§¨hg�¸x+¤¥y

¤½qt{+��h�² 	¸s����)|�o,h¦|O� x+behE�p|O�¸x+{,qt{+y4x+b]qtxÉx+behg{�h$§¨oÏq
k
qt�e�;q o+s�«eo�hpº¸sehg�e�phEo�se�,b x+b]qtx

limN→∞(L
N
n (U

k+1
n )− LN

n (U
k
n)) = 0

²>acb�§¨o�­®|Os�¤¨�w§¥fµ��¤¥yHx+b]qtx

Uk+1
n − Uk

n = ΛN
n (L

N
n (U

k+1
n )− ΛN

n (L
N
n (U

k
n)

≤

∫ LN
n (U

k+1
n )

LN
n (U

k
n)

λ(t)dt→ 0

qOo
N →∞

qt�e�wx+b�§¨o~§¨o~§¥fµ�)|�o�o�§¥«�¤¨hO²
 ¦h£�e|\­¬qt����¤¥y6acbehp|O{�hgf ig�e²å��§¥�HÁå�tÂï²<	¸§¥�e�ph�x+behg{�hcqt{�h®qtx0fK|�o�x�o�|OfKh��p|O�eo+x,qt�¸x��¸s�f�«)hg{

m
}(s�fµ�eo�|t¶

WN ¶¡|O{6x+b�§¨o�o,qtfµ��¤¨hK�]qtx+bNx+b]qtx"qt{�hK§¨o�|O¤½qtx�hp�¦«¸yEqÃ�v§¨o+x,qt�e�ph ∆ §¥x�o+s��j�phpox�|µ�p|O�eo+§¨��hg{?q"�]qt{+x+§¥x+§¨|O�
{ti}
|t¶
[0, T ]

­~§¥x+bÃfKhpo+bÃo�§Ì¼rh
δ < ∆

­~b�§¨�,bÃ§¥�e�g¤¥se��hpo�x+beh®}(s�fµ�eo
LN
n (U

k
n)
² ¾chgx¹­®hphg�E}(s�fµ�eoKx+behÉ|�o��g§¥¤¥¤½qtx+§¨|O�.|t¶

WN
n

§¨o
wx[ti−1, ti) < (ti − ti−1)/Tmins���§Ì¶Î|O{+fµ¤¥y#§¥�

N
²�Ê?hg�e�ph

w′x(δ)
qOo���h¯Ëe�ehp�Ã§¥� 	Rhp�gx+§¨|O�Yig�K§¥�NÁå�`Â1x�hg�e��o�x�|µ¼rhg{�|:qOo

δ → 0
²

acb�§¨o=��§¥ª�hpow�+ig�e²ê����©"§¥�4Áå�`Âï²Y�®|O�e�v§¥x+§¨|O� �(ig�e²å����©"§Ì� Áê�tÂc¶¡|O¤¥¤¨|\­�o=«)hp�rqtseo�h
WN

n (t) ≤ a(T )
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¶Î|O{jqt¤¥¤
N
²  ¦hw�g|O�]�¯¤¥se�ehwx+b]qtx

WN
n (t)(ω)

§¨ojqÅ�p|Ofµ�]qO�gx:o�hpº�sehg�e�phw§¥�
D[0, T ]

² %�o+§¥���
x+behµ�v§½qt��|O�]qt¤¥§¥¼\qtx+§¨|O�¦fKhgx+be|¸�Å­®h=�rqt�$��§¨�,°ÅqHo+s�«eo�hpº¸sehg�e�ph

N(`) ≡ N
o+se�,bÅx�b]qtx�¶Î|O{³qt¤¥¤

n
»
WN

n (t)(ω)
�p|O�¸ª�hg{+��hpo�§¥�
x+beh 	¸°�|O{�|Obe|¸�
x�|O�)|O¤¨|O��yÏ|O�

D[0, T ]
x�|#qK¤¥§¥fµ§¥x

Wn(t)(ω) ∈
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²

� � 
1�v� �WÕ � �ïÕ �
� � Ñ � � � � �
Wn
� 	¸§¥�e�ph

RN
n (s))

qt�e�
KN (s − RN

n (s)))
�p|O�¸ª�hg{+��hjs��e§ ´

¶Î|O{+fµ¤¥yYx�|
Rn(s))

qt�e�
K(s − Rn(s)))

{�hpo+�)hp�gx+§¥ª�hg¤¥y §¥xµ¶¡|O¤¥¤¨|\­�ojx+b]qtx
ΛN

n (t)
�p|O�¸ª�hg{+��hpo

s���§Ì¶Î|O{+fµ¤¥yHx�|

Λn(t) =

∫ t

0
(1− Ṙn(s))

Wn(s−Rn(s))

Rn(s−Rn(s))
K(s−Rn(s)))ds

|O�
[0, T ]

­~behg{�h
Rn(t) = Tn +Q(t−Rn(t))/L.

�W�e²å�t�¸©
Ê�hg�e�ph�x+beh"�)|O§¥�¸x!��{�|¸�phpo�o

Nn(Λ
N
n (t))

�p|O�¸ª�hg{+��hpo�§¥�Åx+beh 	¸°�|O{�|Obe|¸�
x�|O�)|O¤¨|O��y
|O�
D[0, T ]x�|

Nn(Λn(t))
²

�¹x~x+behg{�h¯¶Î|O{�h!¶Î|O¤¥¤¨|\­�o~x+b]qtx�«)|Ox+bÉo�§¨��hpo�|t¶

WN
n (t)− wn(0) =

∫ t

0

[

1
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n (s)

ds−
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−)

2
dNn(Λ
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n (s))

]
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0

[

1
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]

.
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1
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N
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m = e ⊕ d

­~behg{�h
e
§¨o:x+behÏ��se�g¤¥§¨��hrqt�

fKhgx+{+§¨�:|O�
[0,∞)
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∑
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ν
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f
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fKhrqOo+s�{�h�²
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À
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∑
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Ê�hg�e�ph>qt¤¨|O����x+beh�o�s�«eo�hpº�s]h¯�]�gh
N(`)
­®h>|O«�x,qt§¥��qt��qt¤¥fK|�o+x1o+s�{�h�¤¥§¥fµ§¥x1�)|O§¥�¸x
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0
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∑
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∑
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∑
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

 ds
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= 〈Id,Mc(t)〉.
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NA
c (t)
»vx+beh!��{�|O�)|O{+x+§¨|O�Ï|t¶�x+beh

�p|O���ehp�gx+§¨|O�eo=¶¡{�|Of �g¤½qOo�o
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∑
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N
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N
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qrª�|O§¨�eqt�e�phÉqt�e�
SN
c (t)
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�Îqt��qt§¥�É�ehg��¤¨hp�gx+§¥���j«)|Os��e�eqt{+y#x�hg{+fKoí© �

dQN (t)

dt
=

d
∑

c=1

[κNc E(N
A
c (t))E〈Id,M

N
c (t)〉+ κNc E(N

S
c (t))E〈Id, S

N
c (t)〉]− L

acbehw­~§¥�e��|\­Èhpº�s]qtx+§¨|O�eoµ¶Î|O{=x+beh#fK|¸�v§ÌË]hp��o+yvo+x�hgf�qt{�h#s��e�p|Os���¤¨hp� qOoµ«)h¯¶¡|O{�h�²  Ehw�rqt�
qt��qt§¥�Å��§¨�,°Éo+s�«eo�hpº¸sehg�e�phpo!o�|jx+b]qtx

QN (t)
�p|O�¸ª�hg{+��hpo�qt�e�
x+behg�Ï¶Ws�{+x+behg{�o+s�«eo�hpº¸sehg�e�phpo�o,|

x+b]qtx
E(NA

c (t))
»
E(NU

c (t))
qt�e�

E(NS
c (t))

�p|O�¸ª�hg{+��h�²���o~«)h¯¶¡|O{�h�x+beh�¤¥§¥fµ§¥x+§¥���:o�yRo+x�hgf §¨o
§¥�w¶ÎqO�gx?q=o+x+{�|O���jo�|O¤¥s�x+§¨|O�Éx�|=x+beh³h¯uvx�hg�e��hp�Ão+yvo+x�hgfÃ²

� � �"	 �!%����"��3]3 ���
3e']�)�����A3]���,%³'2	,����3

 ¦h³b]qrª�h6�p|O�eo�x+{+se�gx�hp�ÅqKo�x+{�|O���Ho�|O¤¥s�x+§¨|O�
(W,R, Q,M)

x�|
�Î�v²¥ir��©?qt�e�Y�Î�v²¥i ��©¯²� Eh³Ëe{�o+x
��{�|\ª�hÉx+b]qtx:x+behÏo+yvo+x�hgf

WN , QN ,MN �p|O�¸ª�hg{+��hpo:x�|¦x+b�§¨oHo+x+{�|O���Yo,|O¤¥s�x+§¨|O� s�� x�|¦x+beh
o+x�|O����§¥����x+§¥fKh>­~behg�

Q
Ëe{�o+xJ{�hrqO�,behpo

0
|O{
qmax
²  ¦h�x+behg{�h¯¶¡|O{�h£o�x,qt{+xJ­~§¥x+b³x�beh£qOo�o+s�fµ��x+§¨|O� �

, QN (0) = q(0)
­~behg{�h

qmin < q(0) < qmax
²

�!h¯Ëe�eh
ρ
x�| x+beh �¡��hgx�hg{+fµ§¥��§¨o+x+§¨�\©Ãx+§¥fKhE­~behg�

Q(t)
Ëe{�o+xÃb�§¥x�o

0
|O{

qmax
qt�e� ��h¯´

Ëe�eh
ρN
x�| x+beh¦o+x�|O����§¥����x+§¥fKhE­~behg�

QN (t)
Ë]{�o+xÃb�§¥x�o

0
|O{

qmax
²<��h¯Ëe�ehEx�behE�v§¨o(´

x,qt�e�phK«)hgx¹­chghg�Nx+behKx+behKfjqt{+��§¥�]qt¤���{�|¸�phpo�o
WN (t) ≡ (WN

1 (t), . . .W
N
N (t))

»
QN (t)

qt�e�
MN (t) ≡ (MN

1 (t), . . . ,M
N
d (t)))

²Nqt�e�¬x+behH¤¥§¥fµ§¥xµ��{�|¸�phpo,o�hpo=s��¬x�|Åx+beh#o+x�|O����§¥���$x+§¥fKh
ρ ∧ ρN

²'�]|O{�qt�Ry
t ≤ ρ

��h¯Ëe�eh

||WN (t ∧ ρN )−W(t ∧ ρN )|| =
1

N

N
∑

n=1

E sup
0≤τ≤t∧ρN

|WN
n (τ)−Wn(τ)|

­~behg{�h
τ
§¨o�q=o+x�|O����§¥���jx+§¥fKh�­~§¥x+bÃ{�hpo+�)hp�gx�x�|

Ft
²��!h¯Ëe�eh

DN (t) ≡ E sup
τ≤t∧ρN

|QN (τ)−Q(τ)|+ ||WN (t)−W(t)||.

 ¦h#­~§¥¤¥¤�hpo+x,qt«�¤¥§¨o+b q���{�|O�¸­cqt¤¥¤�§¥�ehpº�s]qt¤¥§¥x¹y �
DN (t) ≤ BN + C

∫ t
0 DN (s)ds

¶Î|O{
t ≤ ρ­~behg{�h

BN < ε
¶Î|O{

N
o+s��j�phg�¸x+¤¥yÏ¤½qt{+��h"­~behg{�h

ε
§¨o�qt{+«�§¥x+{,qt{+§¥¤¥yÅo+fjqt¤¥¤>qt�e�
­~behg{�hK� ­�§Ì¤¥¤

«)h�q��rqt�e|O��§¨�rqt¤2�p|O�eo+x,qt�¸x£x+b�{�|Os���be|Os�x�x+b�§¨o£�rqt¤¥�gs�¤½qtx+§¨|O�J²��¹x�­~§¥¤¥¤ex+behg�j§¥fµfKhp�v§½qtx�hg¤¥y=¶¡|O¤¥¤¨|\­�o
x+b]qtx

limN→∞DN (t) = 0
|O�
[0, T ]
²

ö0öÈÞ0/vþ
1gÿ.2
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acbe§¥o?­~§¥¤¥¤1fKhrqt�Ïx+b2qtx
QN (t)

­~§¥¤¥¤��p|O�¸ª�hg{+��h6§¥�Ï��{�|O«]qt«�§¥¤¥§¥x¹yÃx�|
QN (t)

§¥�Éx+beh6s���§Ì¶¡|O{+f
�e|O{+f qt�e�:x�b]qtx

ρN
�p|O�¸ª�hg{+��hpo®x�|

ρ
§¥�H��{�|O«]qt«�§¥¤¥§¥x¹y�²�À
|O{�hp|\ª�hg{r»

MN
c (t)
�p|O�¸ª�hg{+��hpo®­®hrqt°R¤¥y

x�|
Mc(t)

¶Î|O{�qt�¸y
t ≤ ρ

o�§¥�e�ph�¶Î|O{�qt�¸y � §¥�eo��,b�§¥x+¼³¶¡s��e�gx+§¨|O�
g

lim sup
N→∞

|E〈g,MN
c (t)〉 − E〈g,Mc(t)〉|

= lim sup
N→∞

|E

[

1

κNc N

N
∑

n=1

g(WN
n (t))χ{n ∈ K

c} − lim
N→∞

1

κNc N

N
∑

n=1

g(Wn(t))χ{n ∈ Kc}

]

|

≤ lim sup
N→∞

|
1

κNc N

N
∑

n=1

E
[

g(WN
n (t))− g(Wn(t))

]

χ{n ∈ Kc}|

≤ lim sup
N→∞

1

κNc N

N
∑

n=1

E|g(WN
n (t))− g(Wn(t))|

≤ Cg lim sup
N→∞

1

N

N
∑

n=1

E|WN
n (t)−Wn(t)|

­~behg{�h
Cg
§¨o~x+beh � §¥�eo��,b�§¥x+¼��p|O�eo+x,qt�¸x���§ÌªR§¨��hp�w«¸y

min{κcN}
»

≤ Cg||W
N (t)−W(t)|| → 0.

	¸§¥�e�ph6x+beh³hpº¸s]qtx+§¨|O�Y�Î�v²¥ir��©�|O��¤¥yw��hg�)hg�e��o?|O�
〈Id,Mc(s)〉, c = 1, . . . , d

§Ìx�­~§¥¤¥¤J¶¡|O¤¥¤¨|\­
x+b]qtx

QN (t)
�p|O�¸ª�hg{+��hpo>s���§Ì¶Î|O{+fµ¤¥y"x�|

Q(t)
qt¤¥fK|�o+x£o+s�{�hg¤¥y�²�ÀÏ|O{,hg|`ª�hg{

RN
c (t)
­~§¥¤¥¤]�p|O�¸ª�hg{+��h

s���§Ì¶Î|O{+fµ¤¥yÉx�|
Rc(t)
² 	¸§¥�e�ph"x+beh�­~§¥�e��|\­ hpº�s]qtx+§¨|O�eoK�Î�v²¥i ��©���hg�)hg�e�Å|O�

Q
qt�e�

Rc
§¥x�­~§¥¤¥¤

¶Î|O¤¥¤¨|\­ x+b]qtx~¶¡|O{�qt�¸y
n
»
WN

n (t)
�p|O�¸ª�hg{+��hpo�s���§Ì¶Î|O{+fµ¤¥yHx�|

Wn(t)
qt¤¥fK|�o�x�o+s�{�hg¤¥y�²

�£Ñ � �¦� 
 � 1 �
���2��� � � � �E�"1.��� � =��E�"1
QN (t)

��� �
Q(t)

� ����� ������=�� ����� �
C([0, T ], IR+)3<1 	 � 1 1 �/� � �2��� � � � � � �2��� ���I�

� � ÕTÕ �
acb]h!fK|¸�vs�¤¥seo?|t¶��g|O�Rx+§¥�¸s�§¥x¹yw|t¶�qµo,qtfµ��¤¨h��]qtx+bÉo,qtx+§¨o(Ë]hpo

w(δ) = sup
|s−t|<δ;0≤s<t≤T

|Q(t)−Q(s)|

≤ sup
|t−s|<δ;s,t≤T

∫ t

s
|

d
∑

c=1

κc
W c(s)

Rc(s)
(1− F (Q(s))− L|ds

≤ δsup0≤s≤T (
a(s)

Tmin
+ L)

≤ Cδ

J ù0ö J ý
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­~behg{�h
C
��hg�e|Ox�hpo³q:�p|O�eo+x,qt�¸xr²�	¸§¥�e�ph

Q(0) = q(0)
x+beh"{�hpo+s�¤¥x?¶Î|O¤¥¤¨|\­�o?¶W{�|Of<x+beh �?{+¼rhg¤��`´

��o��p|O¤¥§Jacbehp|O{�hgfÃ²£acbeh³oíqtfKh!��{�|¸|t¶�­®|O{+°voc¶Î|O{
QN ²

�£Ñ � �¦� � � ���
0 ≤ s ≤ t ≤ T

- 3 � 1 �2'$�

sup
0≤s≤t

|RN
n (s)−Rn(s)|, sup

0≤s≤t
|RN

n (s−RN
n (s))−Rn(s−Rn(s))|,

sup
0≤s≤t

|QN (s−RN
n (s))−Q(s−Rn(s))|

��� �
sup
0≤s≤t

|F (QN (s−RN
n (s)))− F (Q(s−Rn(s)))|

����� =��2� � � ��� =;�
Csup0≤s≤t|Q

N (s)−Q(s)|
�

� � ÕTÕ �
acb]h

RN
n (s)
»
RN

n (s−R
N
n (s))

»
QN (s−RN

n (s))
qt�e�

F (QN (s−RN
n (s)))

qt{�h£�g|O�Rx+§¥�¸se|Oseo
¶¡s��e�gx+§¨|O�eo�|t¶�x+b]h�o,qtfµ��¤¨h��]qtx+bÃ|t¶

QN s��wx�|=x+§¥fKh s ­~b�§¥¤¨h Rn(s)
»
Rn(s−Rn(s)) Q(s−

Rn(s))
qt�e�

F (Q(s−Rn(s)))
qt{�h~x+beh�o,qtfKh��p|O�¸x+§¥�¸se|Oseo>¶Ws��e�gx+§¨|O�eo£|t¶�x+beh�o,qtfµ��¤¨h~�]qtx+bj|t¶

Q
s��"x�|�x+§¥fKh

s
²�Ê?hg�e�ph®«¸y � hgfµfjq=i�x+behg{�hch¯uv§¨o+x�o�q?�p|O�eo�x,qt�¸x

C
o+se�,b=x+b]qtx�x+beh�§¥�ehpº¸s]qt¤¥§¥x¹y

§¥�Ãx+beh�¤¨h¯fµfjqµbe|O¤¨��or²>À
|O{�hp|\ª�hg{�x+beh³o,qtfKh³�p|O�eo+x,qt�¸x�­®|O{+°voc¶Î|O{�qt¤¥¤
s ≤ t

qt�e�Éqt¤¥¤
N
²

����� � ���  
 ��� 
 ��� 
 ��� � � � ����� � ��
�� � � � 
 ���$� 
!&
�!h¯Ëe�eh

S
N
N (s) =

1

N

N
∑

n=1

WN
n (s)

RN
n (s)

=
d
∑

c=1

κNc
W

N
c (s)

RN
c (s)

.

­~behg{�h
W

N
c (s)

§¨oÏx+behYqrª�hg{,qt��hN­~§¥�e��|\­¢o+§¥¼rhN|t¶:�p|O���ehp�gx+§¨|O�eoÅ§¥�
Kc
qtfK|O���Æx+behEËe{�o+x

WN
1 , . . .W

N
N

²��!h¯Ëe�eh
SN (s)

qt�]qt¤¨|O��|Oseo�¤¥yH¶W{�|Of
W
²>��h¯Ëe�eh

S(s) = limN→∞ SN (s)
²

E sup
0≤τ≤t∧ρN

|QN (τ)−Q(τ)|

≤ E sup
0≤τ≤t∧ρN

|

∫ τ

0
S
N
N (s)(1− F (QN (s))− S(s)(1− F (Q(s))ds|

≤ E sup
0≤τ≤t∧ρN

|

∫ τ

0

(

S
N
N (s)− SN (s)

)

(1− F (QN (s))ds|

+E sup
0≤τ≤t∧ρN

|

∫ τ

0

(

SN (s)− S(s)
)

(1− F (QN (s))ds|

+E sup
0≤τ≤t∧ρN

|

∫ τ

0
S(s)(F (QN (s))− F (Q(s))ds|

ö0öÈÞ0/vþ
1gÿ.2
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Ê�hg�e�ph�»

E sup
0≤τ≤t∧ρN

|QN (τ)−Q(τ)| ≤ E sup
0≤τ≤t∧ρN

∫ τ

0

(

|
1

N

N
∑

n=1

[
WN

n (s)

RN
n (s)

−
Wn(s)

Rn(s)
]|

)

ds

+E sup
0≤τ≤t∧ρN

∫ τ

0
|SN (s)− S(s)|ds

+E sup
0≤τ≤t∧ρN

∫ τ

0
S(s)|F (QN (s))− F (Q(s))|ds

≤

∫ t

0

1

N

N
∑

n=1

E

(

sup
0≤τ≤s∧ρN

|
WN

n (s)

RN
n (s)

−
Wn(s)

Rn(s)
|

)

ds

+BN (1) +

∫ t

0
E

(

sup
0≤τ≤s∧ρN

S(s)|F (QN (s))− F (Q(s))|

)

ds

­~behg{�h
BN (1) = E

∫ t
0 |SN (s)− S(s)|ds

²
��h¯uvxr»

E

(

sup
0≤τ≤s∧ρN

|
WN

n (s)

RN
n (s)

−
Wn(s)

Rn(s)
|

)

�Î�v²å����©

≤ E

(

sup
0≤τ≤s∧ρN

|WN
n (s)−Wn(s)|

1

RN
n (s)

]

)

+ E[

(

sup
0≤τ≤s∧ρN

|Wn(s)|
1

RN
n (s)

−
1

Rn(s)
|

)

≤
1

Tmin
E

(

sup
0≤τ≤s∧ρN

|WN
n (s)−Wn(s)|

)

+
a(s)

T 2min

E

(

sup
0≤τ≤s∧ρN

|RN
n (s)−Rn(s)|

)

≤
1

Tmin
E

(

sup
0≤τ≤s∧ρN

|WN
n (τ)−Wn(τ)|

)

+
1

T 2min

a(s)CE

(

sup
0≤τ≤s∧ρN

|QN (τ)−Q(τ)|

)

seo+§¥��� � hgfµfjqj�v²
À
|O{�hp|\ª�hg{r»

E

(

sup
0≤τ≤s∧ρN

S(s)|F (QN (s))− F (Q(s))|

)

≤
a(s)

Tmin
LFE

(

sup
0≤τ≤s∧ρN

|QN (τ)−Q(τ)|

)

­~behg{�h
LF
§¨o~x+beh � §¥�eo,�,b�§¥x+¼6�p|O�eo�x,qt�¸x�|t¶

F
²

J ù0ö J ý
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Ê�hg�e�ph�»

E

(

sup
0≤τ≤t∧ρN

|QN (τ)−Q(τ)|

)

≤

∫ t

0

1

Tmin

1

N

N
∑

n=1

E

(

sup
0≤τ≤s∧ρN

|WN
n (τ)−Wn(τ)|

)

ds

+BN +

∫ t

0

1

T 2min

a(s)CE

(

sup
0≤τ≤s∧ρN

|QN (τ)−Q(τ)|

)

ds

+

∫ t

0

1

Tmin
LFa(s)E

(

sup
0≤τ≤s∧ρN

|QN (τ)−Q(τ)|

)

ds

≤ BN + C

∫ t

0
DN (s)ds

�e{�|Of �Î�v²¥i ��©¯»

1

N

N
∑

n=1

E

(

sup
0≤τ≤t∧ρN

|WN
n (τ)−Wn(τ)|

)

≤ E

(

sup
0≤τ≤t∧ρN

∫ τ

0

1

N

N
∑

n=1

E|
1

RN
n (s)

−
1

Rn(s)
|ds

)

+
1

2

1

N

N
∑

n=1

E

(

sup
0≤τ≤t∧ρN

|

∫ τ

0

[

WN
n (s

−)dNn(Λ
N
n (s))−Wn(s

−)dNn(Λn(s))
]

|

)

Ê�|\­®hgª�hg{
∫ τ

0

WN
n (s

−)

2
dNn(Λ

N
n (s)) =

∫ τ

s=0

∫ ∞

u=0

WN
n (s

−)

2
χ[0,λN

n (s))
(u)Nn(du, ds)

ö0öÈÞ0/vþ
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­~behg{�h
Nn
§¨o"qwo,hgº¸sehg�e�phj|t¶~§¥§¨�¦z�|O§¨o�o,|O�¦��{�|¸�phpo�o�hpo�|O�

[0,∞)2
­�§Ìx�b¦§¥�¸x�hg�eo+§¥x¹yE|O�eh:qt�e�

λNn (s)
§¨o~x�beh���hg{+§¥ª�qtx+§¥ª�h³|t¶

ΛN
n (s)
²��®|O�eo�hpº¸sehg�¸x+¤¥y

1

N

N
∑

n=1

E

(

sup
0≤τ≤t∧ρN

|

∫ τ

0

[

WN
n (s

−)dNn(Λ
N
n (s))−Wn(s

−)dNn(Λn(s))
]

|

)

≤
1

N

N
∑

n=1

E

(

sup
0≤τ≤t∧ρN

∫ τ

0

∫ ∞

u=0
|WN

n (s
−)χ[0,λN

n (s))
(u)−Wn(s

−)χ[0,λn(s))(u)|Nn(du, ds)

)

=
1

N

N
∑

n=1

E

(

∫ t∧ρN

0

∫ ∞

u=0
|WN

n (s
−)χ[0,λN

n (s))
(u)−Wn(s

−)χ[0,λn(s))(u)|Nn(du, ds)

)

=
1

N

N
∑

n=1

E

(

∫ t∧ρN

0

∫ ∞

u=0
|WN

n (s
−)χ[0,λN

n (s))
(u)−Wn(s

−)χ[0,λn(s))(u)|duds

)

≤
1

N

N
∑

n=1

E

(

∫ t∧ρN

0
|WN

n (s
−)−Wn(s

−)|λNn (s) ∧ λn(s)ds

)

+
1

N

N
∑

n=1

E

(

∫ t∧ρN

0
|WN

n (s
−) ∨Wn(s

−)| · |λNn (s)− λn(s))|ds

)

≤

∫ t

0

a(s)

Tmin

[

1

N

N
∑

n=1

E

(

sup
0≤τ≤s∧ρN

|WN
n (τ)−Wn(τ)|

)]

ds
�Î�v²å� ��©

+
1

N

N
∑

n=1

E

(

∫ t∧ρN

0
a(s)|λNn (s)− λn(s))|ds

)

�Î�v²å����©

­~behg{�h
λNn (s)

qt�e�
λn(s)

qt{�h�¤¨hpo�o~x+b]qt�
(wn(0) + s/Tmin)/Tmin = a(s)/Tmin

²

J ù0ö J ý



���������
	��
��������������� � �

�?¤¨o�|

|λNn (s)− λn(s))|

≤ |WN
n (s−RN

n (s))−Wn(s−RN
n (s))|

1− ṘN
n (s)

RN
n (s−RN

n (s))
F (QN (s−RN

n (s)))

+|Wn(s−RN
n (s))−Wn(s−Rn(s))|

1− ṘN
n (s)

RN
n (s−RN

n (s))
F (QN (s−RN

n (s)))

+ |Wn(s−Rn(s))|
1

RN
n (s−RN

n (s))
−

1

Rn(s−Rn(s))
|(1− ṘN

n (s))F (Q
N (s−RN

n (s)))

+ Wn(s−Rn(s))
1− ṘN

n (s)

Rn(s−Rn(s))
|F (QN (s−RN

n (s)))− F (Q(s−Rn(s)))|

+ Wn(s−Rn(s))
1

Rn(s−Rn(s))
F (Q(s−Rn(s))|Ṙ

N
n (s)− Ṙn(s)|

Ê�hg�e�ph�»

|λNn (s)− λn(s))| ≤ |WN
n (s−RN

n (s))−Wn(s−RN
n (s))|/Tn

�Î�v²å�vi\©

+|Wn(s−RN
n (s))−Wn(s−Rn(s))|/Tn

�Î�v²å����©

+a(s)|RN
n (s−RN

n (s))−Rn(s−Rn(s))|/T
2
n

�Î�v²å����©

+a(s)|F (QN (s−RN
n (s)))− F (Q(s−Rn(s)))|/Tn

�Î�v²å�t�¸©

+
a(s)

Tn
|ṘN

n (s)− Ṙn(s)|
�Î�v²å����©

 ¦h�f�seo+x®«)|Os��e�
E
(

∫ t∧ρN

0 |λNn (s)− λn(s)|ds
) o,|6­®h�f�seo�x�«)|Os��e�:x+beh�h¯uv�)hp�gx,qtx+§¨|O�

|t¶�x+beh�§¥�¸x�hg��{,qt¤1|t¶�hrqO�,bÉ|t¶�x+beh³qt«)|\ª�h�x�hg{+fKor²>acbeh!Ëe{�o+x6�Î�v²å�vi\©~o,qtx+§¨o(Ë]hpo

E

(

∫ t∧ρN

0
|WN

n (s−RN
n (s))−Wn(s−RN

n (s))|ds/Tn

)

≤
1

Tmin

∫ t

0
E

(

sup
0≤τ≤s∧ρN

|WN
n (τ)−Wn(τ)|ds

)

ö0öÈÞ0/vþ
1gÿ.2
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acb]h�o,hp�p|O�e�wx�hg{+f �Î�v²å����©®§¨o~«)|Os��e��hp�Ã«¸y

E

(

∫ t∧ρN

0
|Wn(s−RN

n (s))−Wn(s−Rn(s))|ds

)

/Tn

≤ E

(

∫ t∧ρN

0

∫

[s−RN
n (s)∧s−Rn(s),s−RN

n (s)∨s−Rn(s)]

1

Rn(u)
duds

)

+
1

2
E

(

∫ t∧ρN

0

∫

[(s−RN
n (s))∧(s−Rn(s)),(s−RN

n (s))∨(s−Rn(s))]
Wn(u

−)dNn(Λn(u))ds

)

��|Ox�h�x+b]qtx
∫ t∧ρN

0
χ{(s−RN

n (s)) ∧ (s−Rn(s)) ≤ u ≤ (s−RN
n (s)) ∨ (s−Rn(s))}ds

= (u+ φN
n (u) ∨ φn(u)) ∧ (t ∧ ρ

N )− (u+ φN
n (u) ∧ φn(u)) ∧ (t ∧ ρ

N ).

­~behg{�h
φn(u) = Tn +Q(u)/L

qt�e�
φN
n (u) = Tn +QN (u)/LÊ�hg�e�ph�»

E

(

∫ t∧ρN

0
|Wn(s−RN

n (s))−Wn(s−Rn(s))|ds

)

/Tn

≤
1

Tmin
E

(

∫ t∧ρN

0
|Rn(s)−RN

n (s)|ds

)

+
1

2
E

(

∫ t∧ρN

0
|φN

n (u) ∨ φn(u)− φN
n (u) ∧ φn(u)|Wn(u

−)λn(u))du

)

≤
1

Tmin
E

(

∫ t∧ρN

0
|Rn(s)−RN

n (s)|ds

)

+
1

2
E

(

∫ t∧ρN

0
|φN

n (u)− φn(u)|
a2(u)

Tmin
du

)

≤
C

Tmin

∫ t

0
E

(

sup
0≤τ≤s∧ρN

|Q(s)−QN (s)|

)

ds++

∫ t

0

1

2

a2(s)

TminL
E

(

sup
0≤τ≤s∧ρN

|QN (τ)−Q(τ)|

)

ds

≤ C

∫ t

0
E

(

sup
0≤τ≤s∧ρN

|QN (τ)−Q(τ)|

)

ds

­~behg{�h
C
§¨o?q=�p|O�eo+x,qt�¸xr²

J ù0ö J ý
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a0|µ«)|Os��e�Ãx+beh!x�b�§¥{��wx�hg{+f �Î�v²å����©

|RN
n (s−RN

n (s))−Rn(s−Rn(s))| ≤ C sup
τ≤s

|QN (τ)−Q(τ)|

«¸y � hgfµfjqj�v²�a�qt°¸§¥���jh¯uv�)hp�gx,qtx+§¨|O�eo���§¥ª�hpo

E

(

∫ t∧ρN

0

an(s)

T 2n
|RN

n (s−RN
n (s))−Rn(s−Rn(s))|

)

ds ≤ C

∫ t

0
E

(

sup
0≤τ≤s∧ρN

|QN (τ)−Q(τ)|

)

.

	¸§¥fµ§¥¤½qt{+¤¥y�»ex�|=«)|Os��e�Ãx+beh!¶¡|Os�{+x+bÃx�hg{+f �Î�v²å�t�¸©

a(s)

Tn
|F (QN (s−RN

n (s)))− F (Q(s−Rn(s)))|

≤ C(|F (QN (s−RN
n (s)))− F (Q(s−RN

n (s)))|+ |F (Q(s−RN
n (s)))− F (Q(s−Rn(s)))|)

≤ C sup
τ≤s

|QN (τ)−Q(τ)|+ C|RN
n (s)−Rn(s)|

≤ C sup
τ≤s

|QN (τ)−Q(τ)|

«¸y � hgfµfjqj�v²�a�qt°¸§¥���jh¯uv�)hp�gx,qtx+§¨|O�eo�o�be|\­�o~x+beh!¶¡|Ose{+x+bwx�hg{+fÈ§¥o�«)|Os��e��hp�w«Ry

C

∫ t

0
E

(

sup
0≤τ≤s∧ρN

|QN (τ)−Q(τ)|

)

.

��§¥�]qt¤¥¤¥y�»�x�|=«)|Os��e�Ãx+beh!Ë�¶Wx+bÃx�hg{+f �Î�v²å����©®{�hp�rqt¤¥¤1x+b]qtx~¶W{�|Of �Î�v²¥i�i\©

|ṘN
n (s)− Ṙn(s)|

= L

(

N
∑

n=1

WN
n (s)

RN
n (s)

(1− F (QN (s)))

)−1

− L

(

N
∑

n=1

Wn(s)

Rn(s)
(1− F (Q(s)))

)−1

≤
L

(1− pmax)2S
N
N (s) · SN (s)

|
N
∑

n=1

WN
n (s)

RN
n (s)

(1− F (QN (s)))−
N
∑

n=1

Wn(s)

Rn(s)
(1− F (Q(s)))|

�!h¯Ëe�eh
fN = χ{S

N
N (s) < δ

|O{
SN (s) < δ

¶Î|O{�o�|OfKh
0 ≤ s ≤ T

²
}

Ê�hg�e�ph�»

|ṘN
n (s)− Ṙn(s)|

≤
L

(1− pmax)2δ2
|

N
∑

n=1

WN
n (s)

RN
n (s)

(1− F (QN (s)))−

N
∑

n=1

Wn(s)

Rn(s)
(1− F (Q(s)))|

+fN
L

(1− pmax)2S
N
N (s) · SN (s)

2N
a(s)

Tmin
.

ö0öÈÞ0/vþ
1gÿ.2
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��o�qt«)|\ª�h�»

|
WN

n (s)

RN
n (s)

(1− F (QN (s)))−
Wn(s)

Rn(s)
(1− F (Q(s)))|

≤ C sup
τ≤s

|WN
n (τ)−Wn(τ)|+ C sup

τ≤s
|QN (τ)−Q(τ)|.

a�qt°R§¥���jh¯uR�)hp�gx,qtx+§¨|O�eo?o+be|\­�o�x+beh�Ëe¶Wx+bÃx�hg{+f&§¨o~«)|Os��e��hp�Ã«¸y

BN (2) + CE

(

∫ t∧ρN

0
[sup
τ≤s

|WN
n (τ)−Wn(τ)|+ sup

τ≤s
|QN (τ)−Q(τ)|]

)

ds

­~behg{�h

BN (2) = 2E

(

fN

(

∫ t∧ρN

0

(

a(s)

Tn

)2 L

(1− pmax)2S
N
N (s) · SN (s)

ds

))

≤ CE

(

fN

(

∫ T

0

1

SN
N (s) · SN (s)

ds

))

.

� |�o�o�hpo!¶Î|O{³�p|O���ehp�gx+§¨|O�
n
qt{�h=��hg�ehg{,qtx�hp�Nqtx�qHfjq`uv§¥f�s�f�{,qtx�h

a(T )
|O�Ex+behµ§¥�¸x�hg{+ªOqt¤

[0, T ]
o�|:§Ì¶

Nn(a(T )t)
§¨o!o�x�|¸�,b]qOo+x+§¨�rqt¤¥¤¥yÏ¤¨qt{���h¯{�x+b]qt�

Nn(Λ
N
n (t)
¶Î|O{�qt¤¥¤

t < T
² � hgx

EN��hg�e|Ox�hHx+behj§¥�e�v§¨�phpo
n
¶Î|O{

1 ≤ n ≤ N
o+se�,bNx+b]qtx

Nn(a(T )T ) = 0
²Ï¾c|Ox+b

SN (s)
qt�e�

SN
N (s)
qt{�h�«)|Os��e��hp�Ã«)hg¤¨|\­ «¸y

1

Tmax

1

N

∑

n∈EN

wn(0).

�?¤¨o�|�»

fN ≤ χ{
1

Tmax

1

N

∑

n∈EN

wn(0) < δ}.

J ù0ö J ý
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Ê�hg�e�ph�»

BN (2) ≤ CTE



{
1

N

∑

n∈EN

wn(0) < Tmaxδ}

(

1

N

N
∑

n=1

wn(0){n ∈ EN}

)−2




≤ CTE



{
1

N

∑

n∈EN

wn(0) < Tmaxδ}
1

N

N
∑

n=1

wn(0)
−2{n ∈ EN}





≤ CTP (
1

N

∑

n∈EN

wn(0) < Tmaxδ)
1/2(E(

(

1

N

N
∑

n=1

wn(0)
−2{n ∈ EN}

)2

)1/2

≤ CTP (
1

N

∑

n∈EN

wn(0) < Tmaxδ)
1/2(E(

(

1

N

N
∑

n=1

wn(0)
−4{n ∈ EN}

)

)1/2

≤ CTP (
1

N

∑

n∈EN

wn(0) < Tmaxδ)
1/2

(

p

N

N
∑

n=1

wn(0)
−4

)

)1/2

­~behg{�h
p = exp(−a(T )T )

² ��h¯uRxr»�«¸y	��o�o+s�fµ��x+§¨|O�Ï��©¯» 1
N

∑N
n=1wn(0)

−4 < C
s��e§ ¶Î|O{+fµ¤¥y

§¥�
N
²>ÀÏ|O{�hp|\ª�hg{r» 1

N

∑

n∈EN
wn(0)

b]qOo~fKhrqt�
qt�e�wªOqt{+§½qt�e�ph�«)|Os��e��hp�Ã«¸y

p

N

N
∑

n=1

wn(0)
qt�e� (1/2)(1− 1/2)

N2

N
∑

n=1

wn(0)
2

o�|=§¥x~¶¡|O¤¥¤¨|\­�o�x+b]qtx
BN (2)→ 0

qOo
N →∞

²
Ê�hg�e�ph�»�­®h³�rqt�Ã«)|Os��e�¦�Î�v²å����©®«Ry

BN (2) + C

∫ t

0

[

E

(

sup
0≤τ≤s∧ρN

|QN (τ)−Q(τ)|

)

+
1

N

N
∑

n=1

E

(

sup
0≤τ≤s∧ρN

E|WN
n (τ)−Wn(τ)|

)]

ds

≤ BN (2) + C

∫ t

0
EDN (s)ds.

z�s�x+x+§¥���jx�|O��hgx+behg{"�Î�v²å� ��©�qt�e�¦�Î�v²å����©®­®h���hgx

1

N

N
∑

n=1

E

(

sup
0≤τ≤t∧ρN

|WN
n (τ)−Wn(τ)|

)

≤ BN (2) + C

∫ t

0

[

E

(

sup
0≤τ≤t∧ρN

|QN (τ)−Q(τ)|

)

+
1

N

N
∑

n=1

E

(

sup
0≤τ≤t∧ρN

|WN
n (τ)−Wn(τ)|

)]

ds.

ö0öÈÞ0/vþ
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|O{

||WN (t)−W(t)|| ≤ BN (2) + C

∫ t

0
DN (s)ds.

��§¥�]qt¤¥¤¥y�qO����§¥�:�Î�v²å� ��©Tqt�e��­®h���hgx1|Os�{ ��{�|O�¸­~qt¤Ì¤�§¥�ehpº�s]qt¤¥§¥x¹y�²
DN (t) ≤ BN+C

∫ t
0 DN (s)ds­~behg{�h

BN = BN (1) +BN (2)
²

��� � � ���  
 ��� 
 ��� 
 � � qmax

�¹�Ãx+beh6¤½qOo+x?o�hp�gx+§¨|O�É­ch³b]qrª�h6o�be|\­~�Ï�p|O�¸ª�hg{+��hg�e�ph6§¥�Éx+beh6§¥�¸x�hg{+§¨|O{r² ��|\­;�p|O�eo+§¨��hg{!qµ�]qtx+b
­~behg{�h

Q(t) = qmax
|O�wo,|OfKh�§Ì�Rx�hg{+ªOqt¤

[0, ρ]
­~b�§¨�,bw­®h�fjqryjx,qt°�h?x�|"«)h�§¥�eo+§¨��h

[0, T ]
²
+?�

x+b�§¨o�§¥�¸x�hg{+ªOqt¤Jx+behg�
K(t)

o,qtx+§¨o+Ë]hpo

S(t)(1−K(t)) =
d
∑

c=1

κc〈Id,Mc(s)〉
(1−K(t))

Rc(t)
= L

qt�e�
K(t) > pmax

² ��|Ox�h!x+b�§¨o�fKhrqt�eo

L/S(t) ≤ 1− pmax.
�Î�v²å� � ©

 ¦h³qOo�o�s�fKh
QN (0) = qmax

qt�e�#¶Î|O{
[0, ρN ] KN (t)

§¨o~��§¥ª�hg�Ã«¸y

S
N
N (t)(1−KN (t) =

d
∑

c=1

κNc 〈Id,M
N
c (t)〉

(1−KN (t)

RN
c (t)

= L

­~§¥x+b
KN (t) > pmax

² �?|Ox�h�x+b�§¨o�fKhpqt�]o

L/S
N
N (t) ≤ 1− pmax.

�Î�v²å� ��©

 ¦h!­~§¨o+bwx�|Ko+be|\­ �p|O�¸ª�hg{+��hg�e�ph³|O�
[0, ρ ∧ ρN ]

²) Eh��rqt�Ã{�hg�)hrqtx�x+beh�o�x�hg�eoc§¥�Ãx+beh!¤½qOo+x
o+s�«eo,hp�gx+§¨|O�¦«es�x�o+§¥�e�ph

Q(t) = QN (t) = qmax
�Îqt�e�N�p|O�eo�hpº¸sehg�¸x+¤¥y

Rn(t) = RN (t)
©!­®h

�ehphp�Ã|O��¤¥y#�p|O�eo+§¨��hg{

1

N

N
∑

n=1

E

(

sup
0≤τ≤t∧ρN

|WN
n (τ)−Wn(τ)|

)

≤ C

∫ t

0
||WN

n (s)−Wn(s)||ds
¶W{�|Of �Î�v²å� �

+
1

N

N
∑

n=1

CE

(

∫ t∧ρN

0
|λNn (s)− λn(s))|ds

)

¶¡{�|Of �Î�v²å����©

J ù0ö J ý
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acb]h�«)|Os��e�³|O�
E
(

∫ t∧ρN

0 |λNn (s)− λn(s))|ds
) ��{�|¸�phphp��o0qOoJ§¥��x+beh�¤½qOo+x1o�hp�gx+§¨|O�6h¯u��phg��x

x+b]qtx��Î�v²å����©¯»0�Î�v²å����©~qt�e�¦�Î�v²å����©~qt{,h!¼rhg{�|jqt�e�¦�Î�v²å�t�¸©c§¨o~{�hg��¤½qO�php�Ã«¸y

|KN (s−Rn(s))−K(s−Rn(s))| = |L/S
N
N (s)− L/S(s)|

≤
(1− pmax)

2

L
|S

N
N (s)− S(s)|

≤ C(|S
N
N (s)− SN (s)|+ |SN (s)− S(s)|)

a�qt°R§¥���jh¯uv�)hp�gx,qtx+§¨|O�eo�o�be|\­�o~x+beh!¶¡|Os�{�x+bwx�hg{+f&§¨o�«)|Os��e��hp�w«Ry

C

∫ t

0

1

N

N
∑

n=1

E

(

sup
0≤τ≤s∧ρN

|WN
n (τ)−Wn(τ)|

)

ds+

∫ t

0
E|SN (s)− S(s)|ds

= BN + C

∫ t

0
||WN

n (s)−Wn(s)||ds

­~behg{�h
BN =

∫ t
0 |SN (s)− S(s)|ds→ 0

qOo
N →∞

²
�����v§¥���:qt¤¥¤Jx+beh���§¨hp�phpo�x�|O��hgx+behg{�­®h!��hgx

||WN
n (t)−Wn(t)|| ≤ BN + C

∫ t

0
||WN

n (s)−Wn(s)||ds

qt�e�Åx+b�§¨o!fKhrqt�eo
||WN

n (t) −Wn(t)|| → 0
qOo
N → ∞

qt�e�Å­®h"b]qrª�h=�p|O�¸ª�hg{+��hg�e�ph�²"acbeh
�p|O�¸ª�hg{+��hg�e�ph�¶¡|O{?q"�]qtx+bÏqtx�x+beh!¤¨|\­ch¯{�«)|Os��e�eqt{+y#§¨o�hpo�o�hg�¸x+§½qt¤¥¤¥yHx�beh�oíqtfKhO²

� ������� � �=����
73�'2����5"��3�'2	,� 
"	+9:�������?'2	����Ã� �!%��c'2	,����3
�¹�wx+b�§¨o�o�hp�gx+§¨|O�Ã­ch!��{�|\ª�h³acbehp|O{�hgfÇ�v²' ¦h��rqt�Ã{�h¯¶¡|O{+f�s�¤½qtx�h:�Î�v²���©~qOo�§¥�EÁ¥igÂï²

〈g,MN
c (t)〉 − 〈g,M

N
c (0)〉

� � ²å����©

=
1

κNc N

N
∑

n=1

∫ t

0

[

dgc
dw
(WN

n (s))
1

RN
c (s)

ds

+
(

gc(W
N
n (s

−)/2)− gc(W
N
n (s

−))
)

dNn(Λn(s))
]

χ{n ∈ Kc}

=
1

κNc N

N
∑

n=1

χ{n ∈ Kc}

∫ t

0

[

dgc
dw
(Wn(s))

1

RN
c (s)

ds+
(

gc(W
N
n (s)/2)− gc(W

N
n (s))

)

· (1− ṘN
c (s))

WN
n (s−RN

c (s))

RN
c (s−Rc(s))

KN (s−RN
c (s))ds

]

+ ENc (t)

� � ²ê� ��©

ö0öÈÞ0/vþ
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­~behg{�h
ENc (t)

§¨o~��§¥ª�hg�Ã«¸y

1

κNc N

N
∑

n=1

χ{n ∈ Kc}

∫ t

0
(gc(W

N
n (s

−)/2)− gc(Wn(s
−)))dZn(Λ

N
n (s))

qt�e�

Zn(t)−Zn(0) :=

∫ t

0

(

dNn(Λ
N
n (s))− (1− ṘN

c (s))
WN

n (s−RN
n (s))

RN
c (s−RN

c (s))
KN (s−RN

c (s))ds

)

.

Ê�hg�e�ph�»

〈gc,M
N
c (t)〉 − 〈gc,M

N
c (0)〉

=

∫ t

0

[ 1

RN
c (s)

〈
dgc(w)

dw
,MN
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c (s))

RN
c (s−RN

c (s))
KN (s−RN

c (s))
]

ds

+ ENc (t)

=

∫ t

0

[ 1

RN
c (s)

〈
dgc(w)

dw
,MN

c (s)〉ds
� � ² �ei\©

+〈(gc(w/2)− gc(w))v,M
N
c (s−RN

c (s), dv; s, dw)〉
(1− ṘN
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