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m�X�SKScL�¡�LOa�=�BZSc9;>�UOa\S�HMQRJI>?HMYKSc9;>=G£QRLOG�QRJIX�n;>=n£^][uUn;HMY�Q�X�Y�YcHILPG£UO^0LPX�S�Sc9;>�Y\Sca�LOG;N�JMHIG!=�Y�^.>�Se¡�>R>=G
π
��QRUOJMQRX;JMX�YoUVG�n���fofg�OY\m0UOQ�>oUOG�n?JIHMG;>=UOa�JMLONOHWQV�PUVG�n�UF�«>R¡ ¡�LOain;Y Q�LPG�Q�>=acG;HMG;NFSc9�>o�«X�ScX�ac>o¡�LOa�=BUVG0n
m.>RaiYcm0>jQ�ScHM�O>jY'HIGSc9�>=Yc>
n�LO<�UVHMG�Y= 
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π .
&/�"0�&�-10�-'!

� >K^;a�HI>A�[�a�>=Q=UVJMJ0S�9;>
Yc[hGhSiU�¢UOG�nYc>R<�UOGPS�HMQ=Y'LV��Sc9;>
UPY\[]G�Qi9�acLPG;LOX�Y
π
��QRUVJWQ�X�JIX�Y��;UPY'NOHM�O>=GHMG2. t40O<

�&>�S
N
^.>~UOGxHIG�C0G;H�S�>~Yc>�STLO� �����7#?�i�.aiUVG;NP>=n�L��O>=ao^h[

x, y, z, . . .
�0Sc9;>?Q�LOGhS�>�¢]S\�2�«ac>=>
Y\[]GhS�UV¢LO�

� S2�4��#?�$�#^��HMY�S�9;>��«LOJMJIL�¡oHMG;N <

P
<@<43

x̄z
x(y)P
P | P
!P
(νx)P

8'9;>�HMGhScX;HIScHM�O>�<�>=UOG;HIG�NLO�bSc9�>=Yc>?QRLOG�Y\Sca�X�Q�SiYF^0>=HIG;N�S�9�U�S
x̄z

LOX;Scm;X�SiYFSc9;>�<�>=Y�Y�UVNO>
z
LOG�Sc9;>

Qi90UVG;G;>=J
x
�
x(y)P

ac>jQ�>RHM�O>jY U?<�>=Y�Y�UVNO>FLOG�Qi9�UVG�G;>RJ
x
UOG�n�S�9;>RG�>�¢�>jQ�X�S�>=Y�Sc9�>Fm�acL�Q�>jYcY�` ¡o9;>=ac>

ya�>Rm�ac>jY\>=GPSiY'Sc9�>~a�>=QR>RHM�O>=n�<�>=Y�Y�UVNO>P�
P | P

acX�G�YlS�9;>
Se¡�L�m�acL�Q�>jYcYc>=YlHIG¨m0UVaiUVJMJI>=J6�
!P

a�>Rm;JMHWQRU�S�>=YlSc9;>
m�acL�Q�>jYcY

P
UVG�n

(νx)P
a�>=Y\Sca�HMQ�S�Y Sc9;>
Y�Q�LPm0>�LO�%S�9;>KG�UV<�>

x
HMG

P
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Y\>jQ�ScHMLOG0YlS�9�U�S�Sc9�>?JWUOY\SFSe¡ L�LV��S�9;>=Yc>�Q�LPG�YeS�acX0Q�ScLPa�Y=�.G�UV<�>RJM[
!
UVG0n

ν
UVa�>KSc9;>?LOG�>=YoS�9�U�S�UVa�>KSc9�>~<�LPY\Sgn�H65�Q�X;JISFScLQi90UVaiUOQ�S�>Ra�H�6=>KJILPNOHWQRUOJIJM[O '7TL�¡ >=�O>=aoSc9;>~ac>jYeS�acHWQ�S�HILPG

LPm0>=a�UVScLPa
ν
HWYbQRacX0Q�HWUVJ]ScL�S�9;>l>R¢]m�ac>jYcYcHI�]HISe[
LV�.Sc9�>

π
�©Q=UVJWQ�X;JMX�Y��h>=Ycm0>jQ�HWUVJMJI[BUPY�Sc9�>TY\90UVa�HIG;N�LO�.G�UO<�>=Y

Q=UVG
^.>'Y\>=>RGBUPY%UgYeS�acX�Q�ScX;a�HMG;NlLV��Sc9;> m;acL�QR>=Y�Y\>jYZHMG&� �!�8� � �
	=a�>RNPHILPG�Y=�RS�9;> <�LP^;HIJMHISe[FLO�;G�UV<�>jY%UOJIJML�¡oHIG�N
S�9;>'deX;<�m��«a�LO<�fof9��ScL

π
��QRUOJMQRX;JMX�YoUVG�n�Sc9]X�Yo�«LOaoHMG�YeSiUVG�QR>
UVG�>=UPY\[�>=G�Q�L�n�HMG;N�LV��Sc9�>

λ
��QRUOJMQRX;JIX0YB

HISTYc9;LOX;JWn�Sc9;>=ac>R�«LOa�>FG�LVSo^0>KG�>RNOJM>=Q�Sc>jn� 
8'9;>FHMG;m;X�SoUVG�n�ac>jYeS�acHWQ�S�HILPG�Q�LOG0YeS�acX�Q�ScLPa�Y

x(y)P
UOG�n

(νy)P
^0LOSc9�^�HIG�n�Sc9;>gG�UV<�>

y
HMG

P
  J Y

X0Y\X�UOJ6�5YcX;^�Y\ScHIScX�S�HIG;N�U�G�UO<�>
y
�«LOagU�G�UV<�>

x
HIG�U�m;a�L]QR>=Y�Y

P
�.[]HI>=JMn�HMG;N

P [y/x]
�.<�U�[a�>=_hX;HMac>
ScL

a�>RG0UV<�>gYcLO<�>F^0LPX;G�n�G0UV<�>=Y ScL�U��OLPHMn�X;G�n�X;JM[�^;HMG�n�HMG;N
y
  � >KY\90UVJMJ5n;>RG;LOSc>F^h[

fn(P )
Sc9�>�Yc>�S'LV�

�«a�>R>�G�UO<�>=Y'LV��Sc9�>Km;acL�QR>=Y�Y
P
�0n�>?C�G�>=n�UOY'X�YcX�UVJ2 

8'9;>KLPm0>=a�UVScHMLOG�UOJZY\>=<�UVGhScHWQRY'HWYoNOHM�O>=GHMG�Sc9�>
YeSe[]JM>KLV��Sc9;>~f:7 J H . z�0©�;¡oH�S�9
≡
��Sc9;>���� S^� ��� ��SL�
	

�;�
�=< S^� #?� ��#R�;n�>C�G;>=n�UPY�Sc9;>
Yc<�UVJMJI>jYeSlQ�LPG;NOa�X;>=G�Q�>FLOG�m;a�L]QR>=Y�Y\>jYR��Y�U�S�HMY\�«[]HIG;N?S�9;>KacX�JI>jY'LV��S�UV^�JI>�{O 
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�e{=Uh�
P | Q ≡ Q | P�e{R^.�
P | (Q | R) ≡ (P | Q) | R�6@VUh�
(νx)P | Q ≡ (νx)(P | Q) (x 6∈ fn(Q))�6@�^.�
(νx)P ≡ (νy)P [y/x] (y 6∈ fn(P ))�6@VQj�
(νx)(νy)P ≡ (νy)(νx)P�6@Vn0�
(νx)P ≡ P (x 6∈ fn(P ))�,zP�
!P ≡ P | !P

8�UV^;JM>�{ < �hSca�X�Q�ScX;aiUVJ%f LPG;NOa�X;>RG0Q�>

8'9;>�S�a�UOG�YcH�S�HILPGa�>RJWU�S�HILPG
−→

HWY�Sc9;>KJM>=UPYeSo^;HMG�UOac[�a�>RJWU�S�HILPG�Y�U�S�HMY\�«[]HIG�NBS�9;>KacX�JI>jY'LV��S�UV^�JI>
@� 
�\{j�

x(y)P | x̄z −→ P [z/y]�2@O�
P −→ P ′ ⇒ P | Q −→ P ′ | Q�6zP�
P −→ P ′ ⇒ (νx)P −→ (νx)P ′�,rh�
P ≡ P ′, P −→ Q, Q ≡ Q′ ⇒ P ′ −→ Q′

8%UO^;JI>
@!<�8&aiUVG�YcHIScHMLOGkl>RJWU�ScHMLOG
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8'9�>Ra�>�UOac>�Y\>=�O>RaiUVJ�a�>=UOYcLOG0Y
S�L£QRLOG�YcHMn;>Ra�Q�LPG�YeS�a�UOHIGhS�Y\[�Y\Sc>R<�Y?^�UPY\>jn§LOG�JIHMG;>jUVa�JILPNOHWQ�HMG�Y\Sc>jUOn§LO�
QRJMUPYcYcHWQRUVJ'JMLONPHMQHIG�Sc9�>¨YeS�X�n�[§LO�Kfof#JMUOG;NOX�UONO>jYR  K�HMa�Y\S=�'UOY�Yc9;L�¡oG HIG . @Os��l{jy��o{O{^0lJMHMG;>=UOa�JILPNOHWQ
m�acL��]HWn�>=Y�U~�,UVHISc9��«X;J&JILPNOHWQRUVJ5Yc>R<�UVGhScHWQRY S�L�fof UVNP>RGhS�Y=�]H�SoHWY�Sc9;>=ac>R�«LOa�>gG�UVScX;aiUVJ.S�L�UPn�LOm;S S�9;>
YcUO<�>
JMLONPHMQg�«LPaTUVNP>RGhS�YlUOG�n�«LOaTQRLOG�Y\ScaiUVHMGhS�Y=  �]>jQ�LOG0n��;S�9�UVG!=�Y'S�L�Sc9;>~YeSiUVG�n;UOa�nS�a�UOG�Y\JWU�S�HILPGLO��QRJMUPYcYcHWQRUVJ
JMLONPHMQ~HMGPS�L�JIHMG;>=UOa�JILPNOHWQV��JMHIG;>jUVaKQ�LPG�Y\ScaiUVHMGPSKYc[]Y\Sc>=<�YFUOac>�U�NO>=G;>RaiUVJMH�6jU�S�HILPG¨LV�'Q�JWUOY�Y\HWQRUOJ�QRLOG�Y\ScaiUVHMGhS
Yc[�YeS�>R<�Y=�oSc9�UVSHWY�UVG][ QRJMUPYcYcHWQRUVJFQ�LPG�YeS�a�UOHIGhSYc[�YeS�>R< QRUOG ^.>�m;a�>=Yc>RGhS�>=n UPYU¤JIHMG;>=UOaQRLOG�Y\ScaiUVHMGhS
Yc[�YeS�>R<� �8'9;HIain��5HMG¨LOain�>RaTScL>=Y�QRUVm.>
�«a�LO<�S�9;>B�,UPQ�SgSc9�UVS�QRLOG�Y\ScaiUVHMGhS�YTQ=UVG¨LPG;JM[^.>?UPn;n�>jn�ScLSc9;>
Y\ScLPac>�UOJILPG;NxUxQ�LO<�m;X;S�U�S�HILPG¥HIG¤fof JMUOG;NOX0UVNO>jYR�ZYc>R�P>RaiUVJ ��UVa�HWUVGhS�Y�LO�lfofp¡o9;>Ra�>�Sc9�>�Q�LOG0YeS�a�UOHIGhS�Y
Q=UVG�^0>xQ�LPG�YcX;<�>=n§^][§UPY�=§UONO>RGhSiY~UOG�n¦S�9hX0Y�ac>=<?L��P>=n£�«a�LO< S�9;>�YeS�LOa�>O��9�U��P>�^.>R>=G�HMGhSca�L]n;X�Q�>jn
^][ ��UOa�UPY\¡'U�S�UVG�n �ZHMG�Q�LPJIG . @Vs��oz;{^0KLOaM1�>=Y\S=��n�>21 L]>=a�UOG�n ` UVJWUV<�HWn�>=Y�YcH . r
0O<§S�9;>=Yc>���UOacHWUVGhS�Y
>=G;9�UOG�Q�>�Y\HMNOG�HPC0Q=UVGhScJM[?Sc9;>F>�¢�m;a�>=Y�YcHI�P>Tm.L�¡ >=a LO��fof UVG0n�Sc9�>�QRLOG�Y\ScaiUVHMGhS�Y UVa�>gG�UVScX;aiUVJMJM[?<�L�n�>=JI>jn
UPY��«LOa�<BX;JWUV>FLV��JMHIG;>jUVa'JMLONOHWQV ���G�Sc9�HMYlYc>=Q�ScHMLOG�¡ >�m;a�>=Yc>RGhS'Sc9�>K��UOacHWUVGhSl��fof X�Yc>=n�HIGI.M{=y;��{P{^0© 
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��GSc9�HMYom0UVm.>Raj�]U�Yc>�SoLV����UVa�HMUO^;JM>=Y HMYon�>=G;LVS�>=n�^][

X
�
Y
�M M I M�]Sc9;>
Yc>�SoLO�&�«a�>R>���UVa�HMUO^;JI>jY�L]Q=Q�X;a�a�HIG;N?HMG

U��«LOa�<BX�JMU
A
HMYKn�>=G;LVS�>=n�^][

fv(A)
�&U�Yc>=_hX;>=G�Q�>?LV����UOacHWUV^�JI>jYTHWYKn�>RG�LVSc>jnu^][

~x
�
A[~t/~x]

n�>=G;LVS�>=Y
S�9;>��«LOa�<BX�JMU

A
HMG£¡o9�HMQi9�Sc9;>��«a�>R>�L�Q=Q�X;a�ac>=G�Q�>jYFLV� ��UOacHWUV^;JM>=Y

~x
9�U��P>~^.>R>=G¥ac>=m;JMUPQ�>jnu^][¨S�>Ra�<�Y

~t�,¡oH�S�9�Sc9;>KX�YcX�UOJ�ac>=G�UV<�HMG;N�LV�%^.LOX�G�n���UOacHWUV^�JI>jYR��U��OLPHMn;HIG;N?��UVa�HMUO^;JM>�QRJMUPY\9�>=Yi�� 
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S
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S?

n�>RG�LVSc>jYKS�9;>Yc>�S?LV��C�G;HISc>�Y\>j_PX�>RG�QR>=Y
LO�l>RJM>R<�>RGhSiY
HMG
S
  K�LOa~UxScaiUVG�YcH�S�HILPG

a�>RJWU�S�HILPG
⇒
�
⇒?

n�>RG�LVSc>jY�Sc9;>�S�a�UOG�YcH�S�HI�P>�UOG�nac>A�>�¢�HM�O>�Q�JMLPYcX;ac>�LO�
⇒
 

8'9;>B>=Y�Y\>=GPS�HMUOJ&n�H�;.>=ac>=G�Q�>B^0>RSe¡ >=>RG¨��fof3UVG0nufof HWYoS�9�U�SFQ�LOG0YeS�a�UOHIGhS�YoUOac>��«LPac<~X;JWUV>KLV� JMHIG�>=UVa
JMLONPHMQFUVG0n�S�9�U�STQRLO<�<BX�G;HMQ=U�S�HILPG�� S�9;> ������acX;JM>j��QRLOG�YcX;<�>=Y'HMG��«LOa�<�U�S�HILPGZ 
���� ��� � �,± � � � ����	 ���� ���� ±�� �=�R��� ��� ��� ® �R�  �
� JIHMG;>=UOa Q�LOG0YeS�a�UOHIGhS�Y\[�Y\Sc>=< � �3���!�
��S

(C,`C)
�

� 	 #?S�#��

� C
� � �7�#��9��������S�����	�� #�� �
	!#gJIHMG;>jUVaTQRLOG�Y\ScaiUVHMGhS�Y���Q����	����$S2���N�&�?#��

V
��� �)�
S^� � Q	�#?���'�&�?#��

Σ�����$������� ����R�
����SL#	���� ���� �$(��7Q;��	 �$� � ���
	 	6� <
� �$�
	 ��� #?S�������S$���1��	 # � ��	 � � � 	�� �$��� ���)#��;�����^��� ��� ����
⊗
� ��� � � #?� � SL��	-#	�#���#�(�

1
�>��� � �
	!#�#��"� ��� #?� � � �
	��?� �
�(� �  >#S

∃ !
�

C

� ���7�$� Q?�#��9���
C × C � 	�� �;	I� #" ��#?� ��	 #T�/��� � 	 �2< � �$��	����"���� � ��� �
	!#�� �
�!��� SL����� � �^()���O#��$#

� `C

� � ��	 #M	�#$�)�����$� Q?�#�� ���
C? × C

�;��� �O�
��� ���=<
C

�
���/�	6�)�#$�/Q( ��	 #%����	�	6� � ���=< S^��	�#?� ���
���(� ����� ��
� � ��� � �T	���� #$��ST	6� < � �&� �#$#��$� � #?� ���'� � ���
S ��	 # �;�8�'� 	�#�� #��#(�� #�(�>�$��	@�?��	����)�*�

c ` c
Γ, c ` d ∆ ` c

Γ, ∆ ` d
` 1

Γ ` c

Γ, 1 ` c

Γ ` c1 ∆ ` c2

Γ, ∆ ` c1 ⊗ c2

Γ, c1, c2 ` c

Γ, c1 ⊗ c2 ` c

Γ ` c[t/x]

Γ ` ∃x c

Γ, c ` d

Γ, ∃x c ` d
x 6∈ fv(Γ, d)

8'9;>�Yc[hGhSiU�¢xLV� ��fof ��<9#�(� �lHMYFNOHM�O>=G¨HMG¨S�UO^;JM>?z��.¡o9�>Ra�>
‖
YeSiUVG�n;Yg�«LPagm�UOa�UOJIJM>RJ�Q�LP<�m0LhY\HIScHMLOGZ�

+
�«LOaKG;LPG��©n;>�Sc>=ac<�HMG;HWYeS�HMQ?Qi9;LOHWQ�>P�

∃
�«LPaK��UOacHWUV^�JI>?9;HWn�HIG�N�UOG�n

→
�«LPaK^;JML]Q$=]HMG;N�UOYL=. ?8'9;>�U�ScLP<�HMQ

UONO>=GPSiY
p(~x) . . .

UVa�>BQ=UVJMJI>jn ��S2�4�$#^�$�7���
	�	 �lLOa ��S �:�$#$����SL#7�$�
	�	 ���Z¡ >?UOY�Y\X�<?>
Sc9�UVSgS�9;>?UOacNPX;<�>RGhS�YTHIG
S�9;>BYc>=_hX;>=G�Q�>

~x
UOac>
UOJIJ�n�HWYeS�HIG�Q�ST��UVa�HMUO^;JM>=Y= �8'9;> �)���
UONO>=GPSlHMG¨��fof3HWYl¡oa�H�ScSc>=Gx¡oH�S�9uU�X;G;HM�O>=a�Y�UVJ

_hX�UOGhScH�C�>RaoHMGLPa�n;>Ra'ScL�<�U
=P>�>�¢�m;JMHMQRH�SoS�9;>���UOacHWUV^�JI>jY'¡o9;HMQi9�UVa�>�^0LPX;G�n�HMG�S�9;>KNOX�UOa�nZ 
ko>jQ�X;aiYcHILPGFHWY�LP^�S�UOHIG;>jnF^h[Fn�>=QRJMUOa�UVScHMLOG�Y=  � > <�U
=O>�S�9;>�X�YcX�UOJV9][hm.LVS�9;>=YcHWY5Sc9�UVS&HMG�Uon;>=Q�JWUVaiU�S�HILPG

p(~x) = A
��UVJMJ;S�9;>o�«a�>R>g��UOacHWUV^�JI>jY�L]Q=Q�X;a�a�HIG;NKHMG

A
L�Q=Q�X;a�HMG

~x
 �8'9�>gYc>�SbLO��n;>=Q�JWUVaiU�S�HILPG�Y LO��UOG���fof

m�acLPNOaiUV<���n�>RG;LOSc>jnu^][
D
�ZHWYFSc9�>�Q�JMLPYcX;ac>~^][¨��UVa�HMUO^;JI>?a�>RG�UO<?HMG;NLV��U�Yc>�SKLV�'n�>=QRJMUOa�UVScHMLOG�YgNOHM�O>=G

�«LPaTn�HWYeS�HIG0Q�STm;a�L�Q�>jn�X;a�>FG0UV<�>=Y
p
  J � S2� <
SL�8�

D.A
HWYlU�Y\>RSlLV��n�>jQ�JWUVaiU�ScHMLOG0Y

D
S�LONO>RSc9;>=ao¡oH�S�9¨UVG

HMG;HIScHWUVJ&UONO>=GPS
A
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(X ; c; A)
�]¡o9;>=ac>

c
HWY'U?QRLOG�Y\ScaiUVHMGhS�Q=UVJMJI>jn�Sc9�>�Y\ScLPac>P�

A
HWY'UVG

UONO>=GPS'LOa
∅
H���>R<�m�Se[P��UVG�n

X
HWYoU?Yc>�S'LV����UVa�HMUO^;JI>jYR��Q=UVJMJI>jn�Sc9�> 	�� � �"#?����UOacHWUV^;JM>=Y�LO�

c
UOG�n

A
 �8'9;>

LPm0>=a�UVScHMLOG�UOJ�Y\>=<�UOGhScHWQRY'HWYon�>?C�G�>=n�HIG�S�9;>
YeSe[]JM>KLV�%Sc9;>~f:7 J H . z)0&^][�U?ScaiUVG0Y\HIScHMLOG�Y\[�Y\Sc>=<#¡o9;HWQi9
n;Lh>jY�G;LOSbSiU
=O>THIGhScL~UOQRQRLOX;GhS Ycm.>=Q�H�C0QT>R��UVJMX�U�S�HILPG�YeS�a�UVSc>=NOHM>=Y= %8'9;>��;� S^� ��� ��SL�
	��;��� <
S^� #���$#

≡
HWYbSc9;>

JM>=UPYeS?Q�LOG�NOa�X;>RG�QR>�YcUVScHWYe�«[]HMG;NxSc9�>�acX�JI>jY
LV�'SiUV^;JM>�z;  K�LOa~QRLOG]�O>=G;HM>RG�QR>�9;>Ra�>O��UVG�n¥X�G;JIH@=O>�HIG .M{O{?02�
S�9;>FJILPNOHWQRUVJ0>=_hX;HM��UVJM>RG�QR>gLO�%Q�LPG�YeS�a�UOHIGhSiY�HWY G�LVS ^�X;HIJIS\�©HMGHMG�S�9;>FQRLOG;NPacX�>RG�QR>O  � >F¡oacHISc>

Γ, ∆, ...
�«LOa

>
?�V@>�A



���������
	����	���������������������� �!�"�$#&%'��()�$�#( 8

J NO>=GPSiY
A ::= p(~x) | tell(c) | (A ‖ A) | A + A | ∃xA | ∀~x(c → A)

�g>=QRJMUOa�UVScHMLOG�Y
D ::= ε | p(~x) = A | D,D`bacLPNOaiUV<
P ::= D.A

α
¯��~± ���0 ��� �6±�� z 6∈ fv(A)

∃yA ≡ ∃zA[z/y]

� ����� � �  ��� ±  , �
A ‖ B ≡ A, B

��� � �	� � �  � �  (X ; c; Γ) ≡ (X ′; c′; Γ′) −→ (Y ′; d′; ∆′) ≡ (Y ; d; ∆)

(X ; c; Γ) −→ (Y ; d; ∆)


  � �
(X ; c; tell(d), Γ) −→ (X ; c ⊗ d; Γ)

���� c `C d[~t/~y] ⊗ e

(X ; c; ∀~y(d → A), Γ) −→ (X ; e; A[~t/~y], Γ)

 � ² � ��� y 6∈ X ∪ fv(c, Γ)

(X ; c; ∃yA, Γ) −→ (X ∪ {y}; c; A, Γ)

� � ± �  ² �%�  �O� � �,� (p(~y) = A) ∈ D

(X ; c; p(~y), Γ) −→ (X ; c; A, Γ)

	 ± �O� ����� ± � � 
(X ; c; A + B, Γ) −→ (X ; c; A, Γ)
(X ; c; A + B, Γ) −→ (X ; c; B, Γ)

8%UO^;JI>Kz <���fof Yc[]GhS�U�¢�UVG�nLOm.>RaiU�S�HILPG�UVJ�Yc>R<�UVGhScHWQRY= 

<~X;JIScHWY\>RS�YgLV��UVNP>RGhS�YTHIGuQRLOG�C0NOX;aiU�S�HILPG�YR Tf LPG;NOa�X;>RG0Q�>KHWYl>�¢]S�>RG�n�>jn�ScL<BX;JIScHWYc>�S�YgLV��UONO>RGhSiYlHMGxSc9;>
LP^]�hHMLOX0Yl¡'U�[�<

Γ ≡ Γ′
H�;

Γ = {A1, . . . , An}
�
Γ′ = {A′

1
, . . . , A′

n
}
UVG0n

∀i = 1, . . . , n
�
Ai ≡ A′

i

 
8%¡�L¥QRLOG�C0NOX;aiU�S�HILPG�Y�UVa�>xYcUOHMn �;��� <
S^� #�(�2�

(X ; c; Γ) ≡ (X ′; c′; Γ′)
�'¡o9;>=G Sc9;>¨Yc>�SiY

X
UVG�n

X ′UOac>�>j_PX0UVJ2�ZSc9�>�Q�LOG0YeS�a�UOHIGhS�Y
c
UOG�n

c′
UVa�>

C
�2>j_hX;HI��UOJI>=GPSj�&UVG�n�S�9;>�<BX;JIScHWYc>�S�YBLV�oUVNP>RGhS�Y

Γ
UOG�n

Γ′UOac>
QRLOG;NPacX�>RGhS= '8'9;> � SL��� �^��� ��
��ac>=JMUVScHMLOG
−→

HWYoS�9;>BJM>=UPYeSoS�a�UOG�Y\HIScHM�O>Ka�>RJWU�S�HILPG�LOG¨Q�LPG�C�NPX;a�UVScHMLOG�Y
Y�U�S�HMY\�«[]HIG�N~S�9;>Ka�X;JI>jY'LV�%S�UV^�JI>
z� 

� >K¡oHIJMJ&Q=UVJMJ �;����S�#'LV��U?QRLOG�C0NOX;aiU�S�HILPG
(X ; c; Γ)

Sc9;>
QRLOG�Y\ScaiUVHMGhS
∃Xc

 

VWVYX�Z![?\^]^]



s ��(�	��)�
��� ����	����7���

� � ��� ���������
π

��� � � �����

��G�S�9;HMYgY\>jQ�S�HILPG�¡�>KNOHM�O>KUOG�>=G�Q�L�n�HMG;N�LO�%S�9;>BUOYc[]G�Qi9;a�LOG;LPX�Y
π
�©Q=UVJWQ�X;JMX�Y'HMGPS�L���fofg���«LPJIJML�¡oHMG;N�Sc9;>

HWn�>jUOY�LO� . @Os)02�]9;L�¡�>R�P>Ra ¡�>Tn�L
G�LVS G�>R>=n�9�>Ra�>oScL~ac>jY\LPa\S S�L
9;HMNO9;>=abLOain�>=a= %��G�n�>R>jn�Sc9�>Ra�>lHMY�UKLPG;>oScL
LPG;>~QRLOa�ac>jY\m.LOG0n�>RG�QR>K^0>RSe¡ >=>RG

π
�©Q=UVJWQ�X;JMX�YoUVG0n¨��fof LPm0>=a�UVScLOaiY'S�9�U�S�JI>jUOn�S�LU��O>Ra�[xY\HM<�m;JM>~UVG0n

G0U�ScX�a�UOJ5ScaiUVG�YcJMUVScHMLOGZ 
� G;>�Y\9�LOX;JWnKG;LOSc>�S�9�U�S%Sc9;>�X�YcX�UVJhQi9;LOHWQ�>bHMY&ScLgX�Y\>�UT	6�4�$��	=LOm.>RaiU�ScLPa��«LOa%Sc9�>bG;LPG��©n;>�Sc>=ac<�HMG;HWY\< HMG

��fofg�OS�9;HWY QRLOX;JWn�UVJMJIL�¡ UOG�>RG�QRL�n�HIG�N
LV�&U
QRLOa�ac>jY\m.LOG0n�HIG�NKLOm.>RaiU�ScLPa �«LOabSc9;>
π
��QRUVJWQ�X�JIX�Y��h9;L�¡�>R�P>Raj�

>=�O>=GBS�9;>'<
� �
SL� #$�'�P>RaiY\HMLOG~LV�.Sc9;>lQi9�LOHWQ�>'LOm.>RaiU�S�LOa�LV�5��fofg�VHWY LOG�JI[&���
��� � �<
� �
SL� #$�'UOG�n?HMY�S�9hX0Y G;LVS
UO^;JM>'ScLKa�>Rm;JMHMQ=U�S�> S�9;>1< 	6� Q$�
	VQi9;LOHWQ�>oLO�0S�9;>
�,Yc[]G�Qi9;a�LOG;LPX�Y��

π
��QRUOJMQRX;JIX0Y��VSc9�HMY HWY ¡o9][BLPG;JM[
Sc9�>TYeSiUVG��

n�UVain �,n�>RSc>=ac<�HMG;HMY\ScHWQ=� UPY\[]G�Qi9;a�LOG�LOX�Y
π
��QRUOJMQRX;JMX�Y

¡oHMJMJ�^.>Sca�>=U�S�>=n¦9�>Ra�>���  � G;><�HINP9PS�UVJWYcL¨¡�UOGhSBScL£X�Yc>UuG;LOG���Y\S�UVG0n;UVain¥�O>=a�YcHILPG¦LV�g��fofg�%¡oHISc9
Yc[]G�Qi9;a�LOG;LPX�Y

tell
UOG�n

ask
��9;L�¡�>R�P>Ra Sc9�UVS�=]HMG�n�LV��n�>=QRHMYcHILPGZ��^.>=YcHMn�>jY'^0>=HIG�N?X�G;G�U�S�X;aiUVJ��,Yc>R>�<�LPY\S

m0UVm.>RaiYTUV^.LOX;SFG;LPG��©<?LPG;LVS�LOG;HWQK�P>RaiY\HMLOG�YlLV��fof . @Vs��5z;{O�.r���{P{^0«�l¡�LOX;JWnxJM>=UPn�ScL�U��,UVHMJMX;ac>?Y\HM<�HIJWUVa
S�L?Sc9�UVSl>RG�QRLOX;GhSc>=ac>jn�HMG2.I{j})0Z¡o9;>=G�QRLO<�m�UOacHMG;N�fof ¡oHISc9�Sc9�>

π
�©Q=UVJWQ�X;JMX�Y� 

8'9;> >RG�QRL�n�HIG�NoLV��Sc9�>�<�>=Y�YcUONO>=YZHMYZSc9;> LOG;>�YcX;NONP>=Y\Sc>jngHMG&. @Vs)0©��LO^�SiUVHMG;>=n�^][�UOn;n;HIG;NgUVJMJO<�>=Y�YcUONO>jY
S�L?Sc9;>
Y\ScLPac>KUVG0n�a�>�S�acHM>R�]HMG;NBS�9;>R<�^][�<�U�SiQi9;HIG�N~S�9;>
Qi9�UOG;G;>RJ�G0UV<�>O 

8'9;>BScaiUVG�YcJWU�ScHMLOG�HWYlNPHI�P>RG�HIG¨S�UV^�JI>
r0���«LPalS�9;> 7l>=ac^�a�UOG�nxQ�LPG�YeS�a�UOHIGhSTYc[�YeS�>R<�UVG�n�¡oHISc9un;>=Q�JWU��
aiU�S�HILPG�Y

D
 

[x̄z]
3

tell(msg(x, z))
[x(y)P ]

3
∀y(msg(x, y) → [P ])

[P | Q]
3

[P ] ‖ [Q]
[!P ]

3
bangP¡oHISc9

bangP = [P ] ‖ bangP
HMG

D
[(νx)P ]

3
∃x([P ])

8%UO^;JM>Fr < 8&aiUVG�YcJWU�ScHMLOGLV��Sc9;>
UPY\[]G�Qi9�acLPG;LOX�Y
π
��QRUVJWQ�X�JIX�Y'HMGhScL���fof

8'9;HWYxQ�LP<�m0LhY\HIScHMLOG�UOJTS�a�UOG�YcJMUVScHMLOG HWY�^0LOSc9 Y\LPX;G�n3UOG�n3QRLO<�m;JM>�S�>£¡oHISc9ªa�>=Ycm0>jQ�S�ScL�Sc9;>£Se¡�L
S�a�UOG�YcH�S�HILPG�Yc[�YeS�>R<�Y<
� � ± , ± � � � �,± ��� � � � � ± � � ² �% �j� 
 �-#��

P
��� �

Q
Q$#����^(����;	�S2�
� �����

π
�����
	����	�������S2�4�$#^�$�#^�$� � �

P −→
Q
�
	!#� �
	!#SL# #��"� ���

X, Γ
��� �

Q′
�^� �;	 �
	!��� �

(∅; 1; [P ]) −→∗ (X ; 1; Γ)
�

� ���
	 Q′ ≡ Q
���$��� < �
� 	�( �
	!# S^��	�#

!R ≡!R | R
� �
���

(∅; 1; [Q′]) −→∗ (X ; 1; Γ)
���^���=< �
� 	�(

	�� ����� < �
��� #(���������	�#���$# S^��	�#?� #

� � ±Z±
	 �
� >
a�>=UOYcLOG�^][�Q=UOYc>KLOG�Sc9�>
ac>jn�X�Q�ScHMLOG

P −→ Q
 'koX;JM>=YB{
UVG�nx@�LO�%SiUV^;JM>~@?9�U��P>KHI<�<�>=n;HMUVSc>

QRLOX;GhS�>Ra�m�UVacS�YFHMG¥��fofg�ZG;LOScHMG;N�Sc9�UVSBY\LP<?>�LO�bS�9;>�m.LPY�Y\HM^;JM> 
  � � a�X;JI>jY�<�U�[¨9�U��O>?S�Lx^0>�UOm;m;JMHI>jn
^.>��«LPac>KUOG ���� �;>=�O>=GHI�%S�9;LPYc>Ka�>=n�X�Q�ScHMLOG�Y'QRLOa�ac>jY\m.LOG�n�ScL�G;LOSc9;HMG;N�HMG

π
��QRUOJMQRX;JMX�Y� 

�������������������������� X [���� � �"!#��!$������ X&% ')( �����*���+� ' �"�����,��� X ���.-)��! ( � X ���*!$������� X�/ � X � ' �0��� (:X � ' !$� X �"1��
π 2 �*������1���1��

>
?�V@>�A



���������
	����	���������������������� �!�"�$#&%'��()�$�#( }

K�LOa a�X;JI>'z;�VSc9;>  � ² ��� ��a�X;JI>'G;>=>=n;Y�S�Lg^.>lUVm�m;JIHM>=nZ�V¡o9;HWQi9~HWY�Sc9;>'a�>=UPY\LPG
¡ >on�L�G;>RS NO>�S >R¢�UPQ�S�JI[
(∅; 1; [Q′])

 
K�LOaoa�X;JI>Fr���¡�>�QRUVG�YcHI<�m;JM[�a�>R<�UVa�=?Sc9�UVS'<�LhYeSoa�X;JI>jY�LV�&SiUV^;JM>
@BQRLOa�ac>jY\m.LOG0n�ScL~Sc9�>
n�>?C�G�H�S�HILPG

LO�
≡
HMGu��fofg�5>�¢;QR>Rm�SFacX;JM>�z;�.9�UVG�n;JI>jn¨^][�Sc9;> � � ± �  ²��&�  �O� � �,� a�X;JI>P�.¡o9�>RGuHIS�HMYgHIGuSc9;>?a�HINP9PS

n;HIa�>=Q�ScHMLOGZ��LPaoJI>jUOn�HMG;N~ScL�Sc9�>
n�HP;5>Ra�>RG0Q�>�^0>RSe¡ >=>RG
Q
UOG�n

Q′
LOSc9;>=ac¡oHWY\>P 

�

� � ± , ± � � � �,± ��� � ��� �~±  , �  �  �� �=� 
 �W#��
P

�����
Q

Q$#7�)�^(����;	�S2�
� �
���
π
���$��	����	�������S �:�$#?���#?�$��� �

(∅; 1; [P ]) −→∗ (X ; 1; Γ)
����� �

(∅; 1; [Q]) −→∗ (X ; 1; Γ)
���^��� < �
� 	�( 	�� ����� <MS^��	�#?�$� �
	!#�

P −→∗

Q
#

� � ±Z±
	 �
ko>jUOYcLOG;HMG;N�^][uHMG�n�X�Q�ScHMLOG¦LPG�S�9;>�JM>RG;NOSc9¥LV��Sc9�>���fofpac>jn�X�Q�ScHMLOGZ��UVG�n�Sc9�>RG¦^][�Q=UOYc>�LOG£Sc9;>

JWUOY\STY\Sc>Rm&��¡�>KNO>�STUOG�>R�O>=G�<?LPac>
n;HIa�>=Q�STQ�LOa�a�>=Ycm0LPG�n�>RG0Q�>FLOG�QR>K¡ >
G�LVScHWQ�>�S�9�U�STUPYo¡�>K9�U��O>�SiU
=O>=G
7T>Ra�^;aiUVG�n�QRLOG�Y\ScaiUVHMGhS'Yc[�YeS�>R<��]H�SoHWY'G;L�¡3Y\ScaiUVHMNO9hS\�«LPac¡'UVain~ScL�Qi9;>jQ$=~S�9�U�SoLPG;JI[UB<�>=Y�Y�UVNO>FY\>=GhS�LPG
Qi90UVG;G;>=J

x
�,H6  >O 

msg(x, z)
�
QRUVG¥>=GPSiUVHMJ Sc9�>�NOX�UOa�n

∀y(msg(x, y) → A)
UVG�n�Sc9]X�YBX;G]^;JML]Q$=uSc9;>

ask
B;S�9�U�SgH��bU �  � � acX�JI>
HWY C0ac>jn�¡oH�S�9;LOX�STSc9;>BQRLOa�ac>jY\m.LOG0n�HIG�N �;��� �.¡�>Bn�L�G;LOSTNO>RS

(X ; 1; Γ)
� Sc9�>

Y\ScLPac>~QRUVG�G;LVST^.>?>R<�m�Se[;�^B.Sc90U�S , � ± �  ²��&�  �O� � �,� ¡oHIJMJ�^0>~<�HI<�HWQ$=O>=n�^][�a�>Rm;JMHMQ=U�S�HILPG�YB5UVG0n�Sc9]X�Y
S�9�U�SoS�9;>KLOG�JI[�a�X;JM>=YoUO<?LPX;GhScHMG;N~ScL�U�n�H�;.>=ac>=G�Q�>�¡oHMJIJZ^.> � � ² ��� �xacX�JI>jYR 

�

�©S�HMY&¡ LPa\S�9KG;LVS�HMQRHIG;NlSc9�UVS&Sc9�>Ra�>�9�U��O> ^.>R>=GBU�ScSc>=<?m;S�Y&UVS�Uoa�>R�P>RaiY\>�>=G�Q�L�n�HMG;N���<�LOa�>�Ycm0>jQ�H�C0QRUOJIJM[O�
UVS
>R<~^0>jn;n�HMG;N�fof HIGhScL¨YcLO<�>���UVa�HMUOGhS�Y�LV�'S�9;>

π
�©Q=UVJWQ�X;JMX�Y���Y\>=>��«LOa
HMG�Y\S�UOG�Q�> . zP@40 �«LOa
U��«X�YcHMLOG��

Q=UVJWQ�X;JMX�Y >=G�Q�L�n�HMG;N
LO�.G0UV<�>l>=_hX�UVScHMLOG�YbUVG�n�HMG;>=_hX�UVScHMLOG�Y=  7TL�¡ >=�O>=a�Y\X�Qi9�U�a�>R�P>RaiY\>'>=G�Q�L�n�HMG;N��hQRUOG
LPG;JM[
QRUVm;ScX;a�>�U�Yc<�UVJMJhm0UVacS�LO��Sc9�>lfof¦m�UVaiUOn;HINP<�^h[Ka�>=Y\Sca�HWQ�ScHMG;NgSc9;>oQRLOG�Y\ScaiUVHMGhS�n�LP<�UVHMG�«^0UOYcHMQ=UVJMJI[
S�L 7l>Ra�^;aiUVG�n0����¡o9;HWQi9�HMY�S�9;>K<�UVHMG�n;HP;5>Ra�>RG�QR>�^0>RSe¡ >=>RGufof UOG�nYcLO<�>�JWUVG;NPX�UVNP>=Y�JIH@=O>K�&HIG�n�U; 

HxLPac>=L��O>=a=� Sc9;>
ask

LPm0>=a�UVScHMLOG LV�B��fof n;Lh>jY�UOJIJML�¡�YcLO<�>¨�P>Ra�[¤m.L�¡ >=a\�«X�JgQ�LPG�YcX;<�m�ScHMLOG LO�
a�>=YcLOX�a�QR>=Y=��UPYBHIS?m.>Ra�<�H�SiY�UVG �8� �8� � �?Q�LPG�YcX;<�m�ScHMLOG�LV�oSe¡�L��«LPa~<�LPac>��
Q�LPG�Y\ScaiUVHMGPSiYR��JM>=UPn�HIG�Nx�«LOa
HMG�Y\S�UOG�Q�>ScL£Sca�HM�hHWUVJoYcLOJMX�ScHMLOG0Y~LO�gm;a�LO^�JI>=<�Y�YcX�Qi9 UOY~Sc9;>/�
��� ���=<M�+	���	6�)�����(	!#S$��UOY?H�S�HWY?m0LhYcYcHM^;JI>
S�LNPa�UO^xSe¡�L��«LOa�=�Y�U�ScLP<�HMQ=UVJMJI[P 
8'9;>=Yc>BSe¡�L�m.LOHMGhS�Y�UVa�>~Sc9;>?<�UVHMG£UOacNPX;<�>RGhS�YT�«LOa�^;HWn;n�HMG;NYcX�Qi9�U
a�>R�P>RaiY\>g>RG�QRL�n�HIG�N� 

� � ���� � ,�$�� � ,��&���
��� ��� �¥�����o� ,�� � �
���

8'9�>Ba�>=Q�>=GhSTac>jY\X�J�SiYTQ�LPG�Q�>=acG�HIG;N�S�9;>BJMLONPHMQ=UVJ�Y\>=<�UOGhScHWQRYlLO����fof �,Q��e W. zOy�0%�«LPaFn�>RS�UOHIJWYTUOG�nxm;a�L]LV�,Yi�
YcX;NPNO>=Y\STS�9�U�SFSc9�>~>R¢]HWY\Sc>RGhS�HMUOJ�_hX�UOGPS�HPC0>RaFLV� �%�¤HWY�Y\X 5�QRHI>=GPSFScLm;a�LOm.>Ra�JI[�>RG0Q�L�n�>~Sc9;>?ac>jYeS�acHWQ�S�HILPG
LPm0>=a�UVScLPa�LO����fofg��UVG�n�Sc9]X�YoSc9�UOG!=�Y�ScL?Sc9;>
UO^0L��P>g>=G�Q�L�n�HMG;N0��Sc9�UVSoLV��Sc9;>

π
��QRUOJMQRX;JIX0Y� 

J JILPG;NFSc9;>'JMHIG;>jY�LV�.¡o9�U�S HWY n�LOG;>'HMG . @�{?0;�«LOa�Sc9�>'Yc[]G�Qi9;a�LOG;LPX�Y
π
�©Q=UVJWQ�X;JMX�Y��O¡�>�¡oHIJMJ�Sc9]X�Y n;>?C�G;>

U~S�a�UOG�Y\JWU�S�HILPG�LO�%S�9;>KUOYc[hG0Qi9;acLPG;LOX0Y
π
��QRUOJMQRX;JIX0Y'm;acL�QR>=Y�Y\>jY HMGhScL��%�u�«LPac<~X;JWUV>O  � X;a'NPLPUVJ�^.>RHMG;N?ScL

HWn�>=GPS�H��«[�Sc9;>Ka�>?A0>�¢�HI�P>FUOG�n�ScaiUVG�YcH�S�HI�P>KQ�JMLPYcX;ac>FLV�
−→

¡oHISc9�Sc9;>K>=GhS�UVHMJM<?>=GhSlac>=JMUVScHMLOG
`
 

�'��� � � & �'% ��&/�"0 �2! !=-'� ! *��
	+��� � %'&/*����2% 

8'9�>oHMn�>jU�LV�5>RG�QRL�n�HIG�N
ν
^][

∃
HMY G�LVS�G;>=¡K�O9;L�¡�>R�P>Ra�H�S X�Y\X0UVJMJI[
a�>=YcX;JIS�Y HMG�Y\LPX;G�n?^;X�SbG�LVSbQ�LP<�m;JI>RSc>

>=G�Q�L�n�HMG;NhYR �8'9;>bm;a�LO^�JI>=<ªJMHM>=Y%HIGBSc9;>�acHMNO9hS&a�X;JM>b�«LPa
∃
�«^;X�S ^.LVS�9
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Γ ` A[t/x]

Γ ` ∃xA
�©�
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P −→∗ Q[t/x]
S�9;>RG

P −→∗ (νx)Q
��¡o9;HMQi9�HWY'LO^]�]HILPX�YcJI[��,UOJMYc>O���«LPaoHIG0YeSiUVG�QR>F¡oHISc9

x̄z �−→∗ (νy)x̄y
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∃
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a�>=UPY\LPG�Y?Y\HM<�HIJWUVa�S�L�S�9;LPYc>�>�¢�m;JWUVHMG;>=n¤�«LOa�S�9;>¨Yc>R<�UVGhScHWQRY�LO�F��fof�HMG .M{O{?02  1'UOYcHWQRUVJMJM[¥Sc9;>xa�HINP9hS
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A, msg(x, y) ` A ⊗ msg(x, y)UOG�nSc9]X�Y
A ` msg(x, y) ( msg(x, y) ⊗ A

¡o9;HWQi9�LO��Q�LOX�a�Yc>Kn�L]>=YoG;LOSgQ�LPaca�>=Ycm.LOG�n�ScL�UOGh[hS�9;HIG�N
HMG
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a�>Rm�JIHWQRUVSc>FSc9�UVSoLV�
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π
��QRUOJMQRX;JIX0Y5B�>=Ycm0>jQ�HWUVJMJI[�YcHIG0Q�>FSc9;>7	 �:�$��	

Qi9�LOHWQ�>�QRUVG�^.>K>R<~^0>jn;n�>=n�HMG�S�9;>��,n;>�Sc>=ac<�HMG;HWYeS�HMQj�oUOYc[]G�Qi9;a�LOG;LPX�Y
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P + Q ::= (νx)(νy) (x̄y | x(z).P | x(z).Q)
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8'9�>m;a�L�Q�>jYcYc>=Y~LV�gSc9;>xUOYc[]G�Qi9;a�LOG;LPX�Y
π
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rcv

�
msg

UVG�n
loc
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�
x̄z � 3

msg(x, z)�
x(y)P � 3

rcv(x, y,
�
P � )�

P | Q � 3 �
P � ⊗ �

Q ��
!P � 3

!
�
P ��

(νx)P � 3
∃x(loc(x) ⊗

�
P � )
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rcv

UOG�n
!
UOac>�n�>?C0G;>=n�X�YcHIG;NxYc>=QRLOG�nuLOain�>Ra�UOY�HMG . @�{?0T�«¡�>~X�Yc>?Sc9;>�Y�UV<�>
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G;LVSiU�S�HILPG

9�>Ra�>oScL?^0>FQ�LPG�Y\HWY\Sc>RGhSj�P9;L�¡�>R�P>Ra�HISoY\9;LPX;JWn�G;LVS�^0>�Q�LPG��«X�Yc>=n�¡oHISc9�Sc9;> D LO�&Q�LPX;a�Yc>^ElLPm0>=a�UVScLOabLV�&�&�
G�LVSc>jn�HMG�Sc9;>
Y�UV<�>�¡'U�[�HIGxUVm�m0>=G�n�HI¢ J �?<

rcv(x, y, P ) ⊗ msg(x, z) ` P [z/y]
!Pa`P⊗!P� >
UVJWY\L�HM<�m0LhY\>FSc9�>��«LOJMJIL�¡oHMG;N�G;LOG;�2JMLONPHMQ=UVJ5U�¢�HILP<M<
∃x(loc(x))a`1

 
8'9;>jY\>�UOac>�UVJMJ S�9;>�U�¢�HMLO<�Yg�«LOa�<?HMG;N�LOX�a
Y\HM<�m;JI>��%��Sc9;>=LOa�[O�&UOG�n£¡oH�S�9�S�9;>�UV^.L��O>?>RG0Q�L�n�HMG;N��

S�9;>R[¦UOac>�>=G;LOX�NO9¥ScL�>RG�QRL�n�>�m;a�>=QRHMYc>RJM[�Sc9;>�UOYc[]G�Qi9;a�LOG;LPX�Y
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�«LPJIJML�¡oHMG;N?Yc>=Q�ScHMLOG�Y= 
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P ≡ Q
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Q � #
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¡�>�¡oHIJMJ&QRLOG�QR>RGhScaiU�S�>gLPG�S�9;>
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∃x(loc(x)⊗R)⊗Sa`∃x(loc(x)⊗R⊗S)
¡o9;>=G

x 6∈ fn(S)
�

S�9;>
`
m�UVacSbHWYbLP^�S�UOHIG;>jn�^][?UBJI>R� S

∃
acX;JM>O�P�«LOJMJML�¡ >jn�^h[�U
a�HMNO9hS

∃
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t
Qi9;LPYc>RG�S�LB^.>

x
� UVG�n

UV¢�HILP<�Y= �8'9;>
a
m�UVacS'�«LOJMJIL�¡lY�>�¢;UPQ�ScJM[�S�9;>
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∃x(loc(x) ⊗ R)a`∃y(loc(y) ⊗ R[y/x])
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y 6∈ fn(R)
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UVG0n
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loc(x)
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∃y
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∃
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∃x(loc(x))a`1
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P −→∗ Q
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P � `
�
Q � #
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P −→∗ Q
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P −→∗ P

HMY'LP^h�]HMLOX�YK�6U�¢�HMLO<#a�X;JM>j�� 
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P −→∗ R −→ Q
�&G;LOScHMG;N

S�9�U�S�^][~HMG�n�X�Q�ScHMLOG�9][]m0LOSc9;>jY\HWY�¡�>TUOJIa�>=UPn�[B9�U��P> �
P � `

�
R � UOG�n�S�9�U�SbX0Y\HMG;NKS�9;>gQRX�S a�X;JM>l¡ >TLOG;JM[G�>R>=n�ScL�m�acL��P>TS�9�U�S

R −→ Q
HM<?m�JIHM>=Y �

R � `
�
Q �  
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⇒
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R −→ Q
B�Sc9;>�^0UOYcHMQ

Q=UOYc>lQ�LPaca�>=Ycm0LPG�n;Y�S�L
acX�JI>
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R −→ Q
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R ≡ R′, R′ −→ Q′
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Γ, Γ′ ` loc(x) ⊗ ∆

Γ, Γ′ ` ∃x(loc(x) ⊗ ∆)
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S�9�U�SKUVa�>BG�LVS�acHMNO9hS

⊗
acX;JM>=YFLPG;JI[xUPQ�S�LOG¨S�9;>?JI>R� S�m�UOa\S�LV�bSc9;>

Yc>=_hX;>=GhS:B�UOYbSc9;>=ac>FHWYbG;L�Q�LPG�n�HIScHMLOG�LPG�JM>�� S'acX�JI>jYR�hSc9�>R[�Q�LPX;JWn�9�U��O>g^0>=>RG�UVm;m;JMHM>=n�^.>��«LPac>gSc9�>ga�HINP9hS
∃
�0S�9;>Ra�>BHWYTSc9]X�Y�UVG;LOSc9;>=aTm;a�L]LV��LO� Sc9;>�YcUO<�>~Yc>=_hX;>RGhST¡oHISc9uSc9;>?a�HINP9PS

⊗
deX�YeSKUV^.L��O>�S�9;>?acHMNO9hS

∃a�X;JM>O 
K�LOa'Sc9�>KJI>R� SlacX;JM> <

Γ, loc(x) ⊗ ∆ ` Γ′

Γ, ∃x(loc(x) ⊗ ∆) ` γ′

8'9;>¨Y�UV<�> =]HIG�n LO�ga�>=UOYcLOG�HIG;N£UVm;m�JIHM>=Y:<�acX;JM>=Y�LPG¤S�9;>�acHMNO9hS�QRUOG�^.>xY\¡'UVm�m0>jn¤¡oHISc9;LPX�S�UVG][
S�acLPX;^;JM> B5LOG�S�9;>?JI>R� Sg<�LOa�>Ba�X;JM>=YTQ=UVG¨^.>~UOm;m;JMHI>jnxLOG¨Sc9;>~JIL�¡�>RaTYc>=_hX;>=GhSTSc90UVG¨LPGxSc9;>~X;m;m.>RaFLOG;>
�,JI>jYcY��«a�>R>���UVa�HWUV^;JM>=Yi���;UOG�n�S�9]X�Yoa�X;JI>jY�Sc9�UVSTn�L�G;LVSoS�LOX�Qi9Sc9�>

⊗
QRUOG^.>
Yc¡�UOm;m0>jn��«a�>R>=JI[�ScL]L� 

J JIJ]S�9;HMY�m;a�L]LV��Q=UVGBUOJMYcLT^.>oY\>=>RGBUPY%UFY\HM<�m;JM>�QRLOG�Yc>=_hX;>=G�Q�> LV��UgNO>RG�>RaiUVJMH�6=>=n��O>=a�YcHMLOGKLV���«L]QRX�YcHIG;N
m�acL]LV�,Y .M{?0 �

∃
UVG�n

⊗
9�U��P>gS�9;>
Y�UV<�>��$(�� � 	�S2��� (R�����«LPao�FH¨�&�¥¡oHISc9xYcLO<�>�G;LOG;�2JMLONPHMQ=UVJ�U�¢�HMLO<�YR 
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	 �
� >�ac>jUOYcLOGx^][�HIG�n;X�Q�S�HILPG�LPGxSc9;>?m;a�L]LV�bLO� �

P � `
�
Q �  THxLOa�>Bm�ac>jQ�HWY\>=JI[P�.¡�>�QRUVGuG;LVS�HMQR>BS�9�U�S

HMG�Sc9�>Bm;a�L]LV�e�;S�9;>
a�HINP9hSgY\HWn�>
LO��Sc9;>BYc>=_hX;>=GhST¡oHIJMJ�UVJM¡�U�[�Y'^.>
LV� S�9;>K�«LOa�< �
R � �«X�YcHIG�N�JI>=<�<�U�r�  z�«LPalS�9;>~a�HMNO9hS

∃
a�X;JM>j����UOG�n�Sc90U�SgLPGxSc9�>BJM>�� S�¡ >?QRUVG¨UOJI¡'U�[�Yoa�>Rm;JWUOQR>BQ�LP<?<�UPYl^][

⊗
UOG�nxm;X;SFUVG

∃x
UVa�LOX;G0nHI� Sc9�>Ra�>
HMYgU

loc(x)
S�L�NO>RSlSc9�>KScaiUVG�YcJWU�ScHMLOG�LO� U�m;acL�QR>=Y�YR��S�9;>BHMG�n�X0Q�ScHMLOG�S�9]X�Yl<�U
=P>=Y

Yc>RG0Y\>P  � LVSc>?S�9�U�SK¡�>?90U��O>~ScLxUVJMJIL�¡ Q�X�SiY�LOG£G;LOG��©JMLONOHWQRUOJ�UV¢�HILP<�YFHMG£Sc9;>�m;a�L]LV�,Y=�Z^;X�S�Sc90U�SKSc9�HMY
n;Lh>jY'G;LVSlHMG]��UVJMHMn;UVSc>FSc9�>
UV^.L��O>Fac>jUOYcLOG;HMG;N� 

K�LOa
S�9;>�^0UOYc>�QRUPY\>P�%HI�oSc9;>JMUPYeS~acX;JM>�HWYBUOG¤U�¢�HMLO< S�9;>RG¤¡ >�NP>�S
S�9;>�a�>=YcX;JISB^][¥ac>A�>�¢�HM�hHISe[uLO�
−→∗

 
8'9;>�Q=UOYc>�LV��Sc9;>�G;LPG��©JILPNOHWQRUVJ UV¢]HMLO<�Y�HWY
UVJWYcLHM<�<?>jn�HWU�Sc>UOYFSc9�>R[�QRLOa�ac>jY\m.LOG0nun�HMac>jQ�S�JI[¨¡oHISc9

S�9;>RHMa
π
��QRUVJWQ�X�JIX�YoQRLOX;GhS�>Ra�m�UVacS= 

8'9;>
Q=UOYc>�LV�&S�9;>
Q�X;SlacX;JM>�HMYTn�HIa�>=Q�ScJM[�n�>=acHM�O>jn��«a�LO<�S�9;>�ScaiUVG0Y\HIScHM�]H�Se[�LO�
−→∗

 
�©� S�9;>Bm;a�L]LV��>RG�n�YT¡oHISc9¨U�a�HMNO9hS

⊗
acX�JI>��«Sc9�UOG!=�YoS�L�JI>=<�<�U�r�  z;�;S�9;>~Q=UOYc>KLV��Sc9;>

⊗
HIG�YcHWn�>BUVG

∃
QRUOG�^.>FSca�>=U�S�>=nY\>=m�UVaiU�S�>RJM[����]¡ >F9�U��O> �

P � =
�
P1 � ⊗ �

P2 � S�9hX0Y P = P1 | P2

UVG0n�Sc9�>�Y�UV<�>g�«LOa
Q
¡oHISc9

Q1

UVG0n
Q2

 '1�[�HIG�n;X�Q�S�HILPGx9h[]m.LVS�9;>=YcHMYT¡ >B9�U��O>
P1 −→∗ Q1

UOG�n
P2 −→∗ Q2

S�9]X�Yl^][
UOm;m;JM[]HIG;N�a�>Rm.>=UVSc>=n;JI[�a�X;JM>=Yl@~LV�%S�UO^;JI>B@?UOG�nu{jU?LV��S�UV^�JI>�{�¡ >KNP>�S

P1 | P2 −→∗ Q1 | Q2

��_h>=n� 
8'9;>
Q=UOYc>�LV�&S�9;>KJM>�� S

⊗
HMY'HM<�<?>jn�HWU�Sc>P 

�©��Sc9;>Km�acL]LV��>RG�n�Y'¡oH�S�9�U?a�HINP9hS
∃
a�X;JM>O��m;a�>=QR>=n�>jn�HM<�<?>jn�HWU�Sc>=JI[^][�U?acHMNO9hS

⊗
a�X;JI>P�]Sc9�UOG!=�Y�ScL

JM>R<�<�U?r�  z;��¡�>�NO>�S4<
Γ ` loc(x) ∆ `

�
Q1 �

Γ, ∆ ` ∃x(loc(x) ⊗
�
Q1 � )

� >�NO>RS
Sc90U�S
Γ
G�>=Q�>jYcY�UVa�HMJI[¨>j_hX�UVJWY

loc(x)
UPY�Sc9�>Ra�>�HMY
G;L¨JMLONOHWQRUOJ�U�¢�HMLO< QRLOG�QR>Ra�G;HMG;N

loc(x)UOG�n�G;L�¡'U�[�ScL�UPn;nxUVG
∃
HMG��«acLPGhSlLV��H�Sj  � >BQ=UVG�G;L�¡ªX�Y\>�S�9;>
HMG�n�X�Q�ScHMLOGx9][]m0LOSc9;>jY\HWYoLPG

∆
UVG0n

Q1

UOG�nuQRLOG�QRJIX�n;>~^][xG;LOScHWQ�HMG;N�S�9�U�S��«a�LO< UVm�m;JI[]HMG;N�ac>=m0>jU�Sc>jn�JM[xacX;JM>?rLO��S�UO^;JI>�@�H��
R −→∗ R′S�9;>RG

(νx)R −→∗ (νx)R′
��_h>jn� 

8'9;>
Q=UOYc>�LV�&S�9;>KJM>�� S
∃
HMYlHI<�<�>=n�HWU�S�>O 

�

� � �&�R� � � �¥�����o� ,�� � �B��� � ��� � ,�$ � �T,
π

`bacL��]HWn�HIG�N�U�Sc9;>=LOa�[��«LOaoS�9;>BUPY\[]G�Qi9;a�LOG�LOX�Y
π
��QRUVJWQ�X�JIX�Y'HMG¨�ZHMG;>jUVaT�&LONOHWQKUVJMJML�¡lY'X�Y'ScL�X�Y\>
UOJIJ&Sc9;>

S�L]LOJWY�LV�o�&��ScLxa�>=UPY\LPG�UV^.LOX;S
π
��QRUOJMQRX;JMX�Y'm;a�L]QR>=Y�Y\>jYR ���G£Sc9�HMY
Yc>=Q�ScHMLOG£¡ >�¡oHMJIJbNOHM�O>�>�¢;UV<�m;JM>=Y�LO�

9�L�¡ Sc90U�STQRUOG9�>RJMm�X�G�n�>RaiY\S�UVG0n�HIG�N~^.>�ScSc>RalSc9;>K^.>R9�U��]HMLOa'LV� YcLO<�>
π
�©Q=UVJWQ�X;JMX�YoUVNP>RGhS�Y= 

����� � )+*9*�� !=�@� )(& �

8'9�> C�aiYeSl^�UPY\HWQ�X�Yc>
LV���&LONOHWQRY�S�L�a�>=UOYcLOG�UV^.LOX;STm;a�LONOaiUV<�Y�HWYlm;a�L]LV� Y\>jUVaiQi9Z b��GxLPX;aTQ�LPGhSc>�¢]Sj�;LOG;>
Q=UVG�G;LOSc>oS�9�U�S Sc9;>FQ�LP<?m�JI>RSc>RG�>=Y�Y Sc9�>RLOa�>R< r�  rBQ=UVG�UVJMJML�¡�X�YbScLBac>jUOYcLOG�UV^.LOX�S JIHM�O>=G;>=Y�Y�m;a�LOm.>RacScHM>=Y
LO�

π
�©Q=UVJWQ�X;JMX�Y'm;a�L�Q�>=Y�Yc>=Yl� �

P � `
�
Q � HM<�m;JMHI>jY P −→∗ Q

���hUOG�n?Sc9;>gY\LPX;G�n�G;>jYcY�Sc9;>=LOa�>R< r�  @�UV^.LOX�S
Y�U��«>RSe[�m;a�LOm.>RacScHM>=Y�� �

P � 6`
�
Q � HM<?m�JIHM>=Y P �−→∗ Q

�� 
HxLPac>Km�ac>jQ�HWY\>=JI[P�;<�U
=]HIG�N�U�JWU
6=[�X�Yc>KLV��S�9;>KG;LOG;�2JMLONPHMQ=UVJZU�¢�HMLO<�Y��«LOa�<�HIG�N�Sc9;>KS�9;>RLPac[P��U�m;a�L]LV�

Yc>=UOa�Qi9�HIGIC�aiY\S
LOain�>Ra��FH¨�%� QRUVG¥^.>=QRLO<�>�ac>jUOYcLOG�UO^;JM>�«a�>=Q=UVJMJ Sc90U�S=�%¡oH�S�9¦G;L�Sc9;>=LOa�[O�-C�a�Y\SKLOain�>Ra

VWVYX�Z![?\^]^]
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�FHu�&�xHWY�HMG�` �]` J f�� . @Oy)0 ��  8'9;>Ra�>TUVa�>lUVJMa�>=UOn;[BJMLVS�YbLV�&�&HIG;>jUVab�&LONPHMQ�S�9;>RLPac>=< m;a�L��O>=a�Y U���UOHIJWUV^;JM>O�
>jY\m.>=QRHMUOJIJM[�Y\HMG�QR>g�&��9�UPYb^.>=QRLO<�>F_hX;HISc>Fm.LOm;X;JWUVa'UOY�UBYcm.>=Q�H�C0Q=U�ScHMLOGJMUOG;NOX0UVNO>�. @P@]�;@]�5{:U��5{jt)02��UVG0n
S�9;>R[�QRUOG^.>KX�Yc>=n�«LOalU?m;a�L]LV��Yc>=UOa�Qi9�Sc9�UVSl¡oHIJMJZX�Yc>�^0LOSc9��«LOa�¡'UVain�a�>=UOYcLOG�HIG;N~�«LOa'S�9;>KJM>�� STYcHMn�>KLO�
S�9;>�Yc>=_hX;>RGhS��,QRLOm][]HIG�NS�9;>

π
��QRUVJWQ�X�JIX�Y'a�>=n;X�Q�S�HILPG�Y��g^;X;SBUVJWY\L�^�UPQ$=h¡'UVainxa�>=UPY\LPG;HIG�N��«LPa�Sc9;>�a�HINP9hS

m0UVacSK�6Q�LPG�Q�JMX�YcHILPGNPX;HMn;>=n�Y\>jUVaiQi90�� 

��� � � ���"!=� !$� � �"% 	 ��&�!
8'9�>Bm;9�UPY\>?Y\>=<�UVGhScHWQRYgHMYgS�9;>BG�UVScX;aiUVJ�m;a�L���UV^;HMJIHISe[�Y\>=<�UOGhScHWQRYgLV� �&HIG;>jUVaF�ZLONPHMQ .I{=r�0© F�©S�9�UPYT^.>R>=G
a�>=QR>RGhScJM[�X�Yc>=n¨¡oHISc9�Sc9�>?Ycm0>jQ�H�C0Q?UVHM< LV�bm;a�L��]HIG�N�YcUV�«>�Se[xm;a�LOm.>RacScHM>=YgLV����fof UONO>RGhSiYT.M{=y�� {P{V�Z@V})0
UOG�nHMYlQRX;a�ac>=GPS�JI[�Y\ScX0n�HI>jn�UOYoU?m�UVaiUOn;HINP< �«LOaoHMG�C�G;HISc>BY\S�UVSc>KYc[]Y\Sc>=<�Y'<?L�n�>=J���Qi9;>jQ$=hHMG;N0 

�gY\HMG;NSc9;>�Y\LPX;G�n�G�>=Y�YoSc9�>RLOa�>R<�r0  @;�.HIS�HMYFm.LPY�Y\HM^;JM>
ScLX�Yc>BS�9;>?Y�UV<�>BSc>=Qi9�G;HM_hX;>?UOYTSc9�UVSFX0Y\>jn
�«LPa?��fof UVNP>RGhS�Y=��ScL£m;a�L��O>�Y�U��«>RSe[£m�acLPm0>=a\S�HI>jY
^][§Y\>jUVaiQi9;HMG;N��«LOa�m;9�UPY\>�Q�LPX;GhSc>Rac�©<?L�n�>=JMY=��¡o9;HWQi9
UO<�LOX;GhS�YBScL£Y\LP<�> =]HIG0n§LV�TUO^�Y\ScaiUOQ�S?HIGhS�>Ra�m;ac>RS�UVScHMLOGZ £�©S?HWY?UVJWY\L�LV�TQ�LPX;aiY\>�m.LPY�YcHI^;JM>ScLuX0Y\>Sc9;>
>=G�Q�L�n�HMG;N�NOHM�O>=GHMG�Y\>jQ�ScHMLOGxz�UVG0n�S�L�X�Y\>FS�9;>RG�Sc9�>
��fof S�L]LOJWYo<�>RGhScHMLOG;>jnUO^0L��P>O 

����� � )+*  )(��� ���:- ��� �"0 � %1&/�
8'9�>~a�>=YcX;JIS�YFNOHM�O>=G¨HIG�Sc9�>~m;a�>R�]HMLOX�YFYc>=Q�S�HILPG�UOJIa�>=UPn�[�NOHM�O>~YcLO<�>?m;a�LONOaiUV<�>=_hX;HM��UVJM>RG�QR>~^0UOYc>=nxLPG
�%�¥>=_hX;HM��UVJM>RG�QR>O��9�L�¡ >=�O>Raj��LOG�>
QRUVG&�0UVJMLOG�N~S�9;>
JMHIG�>=YlLO� ¡o9�U�S HxHMJMJI>=agUVJMa�>=UOn;[�n�HWn�HIG . @�{^0©��G�LVScHWQ�>
S�9�U�S�¡�>?Q=UVGu>=G;a�HMQi9xS�9;>�Y\[]GhS�UV¢xLV��S�9;>�UVNO>=GhS�YTScL�X�Y\>~Sc9�>~m.L�¡ >=agLO� �&� UOG�nxS�9hX0YgLP^�S�UOHIG£Y\LP<�>
C0G;>Rao>j_PX�HI��UVJM>RG0Q�>=Y= 

�©��LOG;>Kn�>C�G;>jY<
〈P 〉 = {Q | Q

HMYTU?QRLV��UVNP>RGhS�Y=  Sj  �
P � ` Q}

J JIJML�¡oHIG�N?QRLV��UVNO>=GhS�Y S�L~^.>F<?LPac>gSc90UVG
deX0YeS'ScaiUVG0Y\JWU�S�HILPG�LV�%UONO>=GPSiYg� �
R � � ^;X�SlUVJWY\L~HIG0Q�JMX�n�>FSc9;>

>
Q�LPG�YeSiUVGhS=�&LOG;>�QRUOG£UOJIJML�¡�S�9;>�>RaiUOYcHIG�NLO��YcLO<�>�m�UVacSKLV��U�m;a�L�Q�>jYcY:BZS�9;>

&
LOm.>RaiU�S�LOaFac>jUVJMH�6=>=Y

Se¡�L�Qi9;>=Q$=�Y'U�S'S�9;>
YcUO<�>gS�HI<�>P�;¡o9;HMJI>�S�9;>
⊕
LPG;JI[�G;>R>jn;YoLOG�>gS�>=Y\SlLOalUOG;LVS�9;>Raj�5 R R 

� � �
��� 	����&� �
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�o�

� G�>LP^�de>=Q�ScHM�O>�LO�lSc9�HMY�m�UOm0>=a�¡�UPY
S�L�X;G0n�>RaiYeSiUVG�n¤HIG�<�LOa�>�n�>RS�UOHIJWY~Sc9;>�LOJWn§m;a�LO^�JI>=< LV�lS�9;>
∃>=G�Q�L�n�HMG;N¨LO�oSc9;>ac>jYeS�acHWQ�S�HILPG¦LOm.>RaiU�S�LOaj�%UVG0n¥ScL C�G�n§YcLO<�>�¡'U�[�UOacLPX;G�n¥HIS=� HI�lm0LhYcYcHI^�JI>¡oH�S�9;LOX�S

a�>=YcLOacScHMG;N?ScLUVJMJ�Sc9;>?Q�X;a�a�>RGhSl¡ LPaL=UVa�LOX;G�n�^;HMG�n�>=a�Y~�F.M{=z��5@Ot]��U�0«�'HMG¨LOain�>Ra'S�L�^.>BUV^;JM>KS�L�X�Yc>KSc9;>
m.L�¡�>Rac�«X;J5ScL]LOJWY'LV���&�b 

f LP<B^;HMG;HMG;N?UB�«LOa�<�UVJ.>RG�QRL�n�HIG�N~LO�ZSc9;>
π
��QRUOJMQRX;JIX0Y'HIGhScL���fof UVG�n�Sc9;>�UVX�S�9;LOa � Yba�>=YcX;JIS�Y'UV^.LOX�S

S�9;>�Y\>=<�UOGhScHWQRY LV��Sc9�>ga�>=Y\Sca�HMQ�ScHMLOG�LPm0>=a�UVScLPa�LV�%��fof�HIGhS�L~�e�%�¨<�UOn�>Fm.LPY�Y\HM^;JM>lScL?n�HWYcQRL��O>RabSc9;>gSe¡�L
<�UOHIG�ac>jY\X�J�SiY'LV��Sc9;HWYom�UOm0>=a:<

K�HMa�Y\S=�5S�9�U�SFSc9;>�UOYc[]G�Qi9;a�LOG;LPX�Y
π
��QRUOJMQRX;JIX0Y'HMYg>=UPY\HMJI[�>=G�Q�L�n�>jn¨HMG�U�YcLOX�G�n¨UVG0nuQ�LP<�m;JI>RSc>~¡�U�[

HMG�Sc9;>
Y\S�UOG�n;UOa�n��fofg��S�9;>Kac>=�O>=a�Yc>T>=G�Q�L�n�HMG;N�^0>=HIG�N�HI<�m.LPY�Y\HM^;JM>O 
�]>jQ�LPG�n��;S�9�U�SoS�9;> C�aiY\SlLOain�>Ral_hX�UOGPS�HPC0>Ra

∃
��Sc9;LPX;NO9�HISTn�L]>=YoG�LVSTNPHI�P>�n;HIa�>=Q�ScJM[�Sc9�>
ac>jYeS�acHWQ�S�HILPG

LPm0>=a�UVScLPa=��m;a�L��]HMn;>=Y�Sc9�>K<?>jUVG�YoScL�NP>�SlHISlSc9;a�LOX�NO9�U�Y\HM<�m;JI>
Sc9;>=LOa�[�^�UPY\>jn�LPGxLOG;>K<�UVHMGxU�S�LO< LO�
UOacHISe[�LOG�> <

loc
 

>
?�V@>�A



���������
	����	���������������������� �!�"�$#&%'��()�$�#( {�t

K�acLP< Sc9�>=Yc>�ac>jY\X�J�SiYKH�S~HMYKG�L�¡ m.LPY�Y\HM^;JM>�ScLxX;G0n�>RaiYeSiUVG�n£^.>�ScSc>RaBSc9;>��O>Ra�[¨m.>=QRX;JIHWUVaBG�U�S�X;ac>�LO�
S�9;>RC�a�Y\S�LOain�>Ra�_PX0UVGhScH�C�>RaiYHIGª�&� <�S�9;>R[ ^;HMG�n ��UVa�HMUO^;JI>jYR�T^;X�S¨UVJWY\L§Sc>RG0n S�L UOJIJML�¡ Y\LP<?>¥YcLOacS
LO� � #$���"#� ���=<§� A(t) ` ∃xA(x)

�� 3�©�F¡�>�SiU
=P>S�9;HWY�X;G]¡�UOGPS�>=n�m;a�LOm.>RacSe[§U�¡�U�[P� ¡ >xUVa�>�UV^;JM>�ScL
a�>=QRLOG�Y\Sca�X�Q�S�U¦Y\Sca�X�Q�ScX;a�>�LV�KG;>=Y\Sc>jn

∃
HMG�YcHMn;>xSc9;>��«LPac<~X;JWUV>O�'Q�LPaca�>=Ycm.LOG�n�HMG;N�ScL¥S�9;>uYc9�UVa�HIG�N£LO�

G0UV<�>=Y'HMG
π
�©Q=UVJWQ�X;JMX�YoUVG0n�S�9hX0Y'ScL�YcLO<�>�G;LVS�HILPGLO��Ycm�UOQR>O 

�©S?HMYBG;L�¡ �P>Ra�[uHMGhSc>Ra�>=Y\ScHMG;N�S�LuQ�LPGPS�HIG]X;>�HIG¥S�9�U�S?¡�U�[¨HMG§LPa�n�>=a�ScL¨m�acL��]HWn�>�U��«aiUV<�>R¡�LOa�=xScL
QRLO<�m�UOac>?UVJMJ%S�9;>�Q�X;a�a�>RGhS�UVS\S�>R<�m�S�Y�UVS�m�acL��]HWn�HIG�N 	6�4�$��� ����!�gHIG�YcHWn�>?Sc9;>�JMLONOHWQV�5JMH�=P>�HIGuSc9;>�<�L�n;UVJ
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∆, Γ, A ( B ` C

Γ ` A ∆ ` B

Γ, ∆ ` A ⊗ B

Γ, A ` B

Γ ` A ( B��²�² � � � �0 �
Γ ` A

Γ ` A ⊕ B

Γ ` B

Γ ` A ⊕ B

Γ, A ` C Γ, B ` C

Γ, A ⊕ B ` C

Γ, A ` C

Γ, A & B ` C

Γ, B ` C

Γ, A & B ` C

Γ ` A Γ ` B

Γ ` A & B

>
?�V@>�A



���������
	����	���������������������� �!�"�$#&%'��()�$�#( {j}

� � � �
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Γ, A[t/x] ` B
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Γ ` ∀xA
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Γ ` ∃xA
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