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Abstract: This article is a companion paper of a previous work [5] where we have developed
the numerical analysis of a variational model first introduced by L. Rudin, S. Osher and E.
Fatemi [23] and revisited by Y. Meyer [18] for removing the noise and capturing textures
in an image. The basic idea in this model is to decompose f into two components (u + v)
and then to search for (u,v) as a minimizer of an energy functional. The first component
u belongs to BV and contains geometrical informations while the second one v is sought in
a space G which contains signals with large oscillations, i.e. noise and textures. In [18] Y.
Meyer carried out his study in the whole R? and his approach is rather built on harmonic
analysis tools. We place ourselves in the case of a bounded set Q of R? which is the proper
setting for image processing and our approach is based upon functional analysis arguments.
We define in this context the space G, give some of its properties and then study in this
continuous setting the energy functional which allows us to recover the components u and
.
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Modélisation de signaux fortement oscillants.
Application en traitement d’images.

Résumeé : Cet article compléte le travail présenté dans [5] dans lequel nous avions déve-
loppé lanalyse numérique d’un modéle variationel, initialement introduit par L. Rudin, S.
Osher and E. Fatemi [23], et revisité depuis par Y. Meyer [18], pour supprimer le bruit et
isoler les textures dans une image. Dans un tel modéle, on décompose 'image f en deux
composantes (u + v), u et v minimisant une énergie. La premiére composante u appartient
a BV et contient 'information géométrique de I’image, alors que la seconde v appartient a
un espace G qui contient les signaux & fortes oscillations, i.e. le bruit et les textures. Dans
[18], Y. Meyer effectue son étude dans R? entier, et son approche repose principalement sur
des outils d’analyse harmonique. Nous nous placons dans le cas d’un ouvert borné Q de R?,
ce qui constitue le cadre adapté au traitement d’images, et notre approche repose sur des
arguments d’analyse fonctionelle. Nous définissons l’espace G dans ce cadre puis donnons
quelques unes de ses propriétés. Nous étudions ensuite la fonctionelle permettant de calculer
les composantes u et v.

Mots-clés :  Espaces de Sobolev, Fonctions & variations bornées, EDP, signaux oscillants,
décomposition d’images, analyse convexe, optimisation, calcul des variations.
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4 G Aubert & J-F Aujol

1. Introduction
1.1 Rudin-Osher-Fatemi model

Denoising an image is one of the major goal of image processing [4]. There have been many
attempts to do this. One of the most effective method is the total variation minimization as
proposed in [23]. This model relies on the assumption that BV (1), the space of functions
with bounded variation, is a good space to study images (even if it is known that such
an assumption is too restrictive [2]). In [23], the authors decompose an image f into a
component u belonging to BV (Q2) and a component v in L2(2). In this model v is supposed
to be the noise. In such an approach, they minimize:

1
inf D — 1.1
(u,v)eBV(Q)lfm(Q)/f:quv (/' ul + 2/\”7)”1‘2(9)) (1.1)

where [ |Du| stands for the total variation of u. In practice, they try to compute a numerical
solution of the Euler-Lagrange equation associated to (1.1). The mathematical study of (1.1)
has been done in [10].

In [18], Y. Meyer shows that the model in [23] does not reach its aim. In particular, if
f is the characteristic function of a bounded domain with a C*°-boundary, then f is not
preserved by the Rudin-Osher-Fatemi model (contrary to what should be expected).
1.2 Meyer model

In [18], Y. Meyer suggests a new decomposition. He proposes the following model:

inf Du| + A 1.2
(1,0)€ BY (R?) X G(R?)/ f=u-o (/ [Pl + ||UHG‘R2)> (1.2)

where the Banach space G(R?) contains signals with large oscillations, and thus in particular
textures and noise. We give here the definition of G(R?).

Definition 1.1. G(R?) is the Banach space composed of distributions f which can be
written
f=0191 + 0292 = div (g) (1.3)

with g; and g, in L°(R?). The space G(R?) is endowed with the following norm:

llgms = inf {Ilglle(mz) = ess ngplg(w)l Jv=div(g), 9= (91,92),
TE

g1 € L®(R?), g2 € L=(R?), |g()| = V/(lo[* + |92|2)(1')} (1.4)

INRIA
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BV (R?) has no simple dual space (see [3]). However, as shown by Y. Meyer [18], G(R?)
is the dual space of the closure in BV (R?) of the Schwartz class. So it is very related to the
dual space of BV (R?). This is a motivation to decompose a function f on BV (R?)+ G(R?).
This is also why the divergence operator naturally appears in the definition of G(R?), since
the gradient and the divergence operators are dual operators.

A function belonging to G may have large oscillations and nevertheless have a small
norm. Thus the norm on G is well-adapted to capture the oscillations of a function.

In [18], the author works on the whole R?. This is not the proper setting for image
processing (it skips the problem of boundary conditions). We intend here to give a definition
of G for a bounded domain 2 C R2. Moreover, [18] gives no way to compute numerically
a solution of (1.2). To fill this gap, some numerical models have been proposed in the
literature[25, 21, 5]. We review below some of them.

1.3 Vese-Osher model

L. Vese and S. Osher were the first authors to numerically tackle Meyer program [25]. They
actually solve the problem:

J1Dul 1 == ol + sl (1)

inf (
(u,w)EBV(Q)x G(2)

where ) is a bounded open set. To compute their solution, they replace the term [|v||g(q)
by ||v/9? + 92|, (where v = div(g1,92)). Then they formally derive the Euler-Lagrange
equations from (1.5). For numerical reasons, the authors use the value p = 1 (they claim
they made experiments for p = 1...10, and that they did not see any visual difference).
They report good numerical results. See also [21] for another related model concerning the
case A = 400 and p = 2.

1.4 Aujol-Aubert-Blanc-Féraud-Chambolle model

Inspired from the work by A. Chambolle [9], the authors of [5] propose a relevant approach
to solve Meyer problem. They consider the following functional defined on L?(£2) x L?(2):

_ [ Jo|Dul+ 551 f —u=vll7aqy if (u,0) € BV(2) x Gu(Q)
Faulusv) = { +00 otherwise (1.6)
where G,(Q) = {v € G(Q) / |lvllg(a) < 1}. And the problem to solve is:
Lo (Q;gfﬂ @ Fyu(u,v) (L.7)

The authors of [5] present their model in a discrete framework. They carry out a complete
mathematical analysis of their discrete model, showing how it approximately solves Meyer
problem.

RR n° 4878



6 G Aubert & J-F Aujol

The aim of this paper is to carry out the mathematical analysis of (1.2) and (1.7) in a
continuous setting. This will clarify a few facts about Meyer ideas developed in [18]. We
first need to give the proper definition of G(2) when Q is a bounded domain of R?. This
will be done in Section 2, where we fix some notations, define G(f2), and then give some
properties, explaining in particular why this space is so interesting to model signals with
strong oscillations. Thanks to these preliminaries, we solve Meyer problem in Section 3,
showing the existence of a solution for (1.2). In Section 4, we carry out the mathematical
analysis of (1.7) in the continuous framework we have introduced. This proves the relevance
of the numerical algorithm developed in [5]. We end this paper by showing some numerical
results on images.

2. A space for modeling oscillating patterns
2.1 Preliminaries

Throughout our study, we will use the following classical distributional spaces. Q C RN will
denote an open bounded set of RY.

e D(2) = C() is the set of functions in C*°(Q2) with compact support in Q. We

denote by D’(2) the dual space of D(), i.e. the space of distributions on Q. D(Q) is
the set of restriction to Q of functions in D(RY ) = C>=(RY).

e W™P(Q) denotes the space of functions in L?(2) whose distributional derivatives D*u
are in LP(), p € [1,+0), m > 1, m € N, |a] < m. Wy"?(Q) denotes the space of
functions in W™ ?(Q) with compact support in Q. For further details on these spaces,
we refer the reader to [1, 8, 12].

e BV(Q) is the subspace of functions u € L!(f) such that the following quantity is
finite:

J(u) = sup { [ uta)aiv (eeas/e € (@B, lel~om < 1} (2.1)

BV (Q) endowed with the norm ||u||gy = ||u||z: + J(u) is a Banach space. If u €
BV (), the distributional derivative Du is a bounded Radon measure and (2.1) cor-
responds to the total variation |Du|(f2).

For Q C R?, we have [3]:
BV (Q) Cc L*(Q) (2.2)

For further details on BV (§2), we refer the reader to [3, 13].

We will need the notion of regular set.

INRIA



Modeling very oscillating signals 7

Definition 2.1. We say that Q C R? is regular if it verifies the following property: there
exist 7 > 0 and A > 0 depending only on Q such that for all € € (0,7), and for all z € Q,

|B(z,€) (]9 > Aé? (2.3)

where B(z,¢) = {y € R? / ||z — y|| < €}, and |B(z,€) () 2| denotes the Lebesgue measure of
B(z,e) 0.

Remark: If Q is such that 3Q is C? and of finite length, then Q is reqular. The same is
true if €2 is a polygonal set.
We will also need the following result:

Lemma 2.1.  is assumed to be regular. Let us consider a sequence w, : § — R such
that:

L ||wnllz1(@) — O when n — +oo.

2. There ezists § € (0,1) and C > 0 such that for all x and y € Q, |w,(z) — wa(y)| <
Clz —yl°.

Then ||wn| () — 0 when n — +oo.

Proof: Let us fix z € . We can write w,(z) = w,(z) — w,(y) + w,(y). This implies
|wn ()| < |wn(z) — wn(y)| + |wn(y)|- Using assumption 2., we get:

wa(2)] < Clz = y|” + |wa(y)] (2.4)

Let € € (0,m) (n as in Definition 2.1), and let us denote by B = B(z,¢) = {y € R? /|z —y| <
€}. From (2.4), we have

BOen@I <C [ a=ylldy+ [ jun)ldy (2)
BNQ BNQ
Hence
BOlwn@] <€ [ o =sl"ds+ [ foaldy (2:6)
B
Since Q is regular, we have |B ()| > Ae%. And using polar coordinates, we get:
€ 2

/B |z —y|’dy = 27r/0 rlrdr = g :2€0+2 (2.7)

From (2.6), we obtain:

27C 5.y

Al (@) € e+ [ unwldy (2.8)

RR n° 4878



8 G Aubert & J-F Aujol

ie:

2nC &
n n 2.
@) < 535 + e [ e Wl dy (2.9
Denoting by C' = A(9+2), we get from (2.9) that:
1
0
wn(@) < 0"+ <z [ fun)ldy (210)
Hence:
lwnllz=() < C'e? + — A sllwnllL1(q) (2.11)

Letting n — +o0, we get (since ||wn,||z1(q) — 0):

lim lwnll (o) < C'e’ (2.12)

As (2.12) holds for all € € (0,7), we can let € — 0%, and we obtain that ||wn| r~@) — 0
when n — +o0.

2.2 Definition and properties of G(2)

In all the sequel, we denote by Q a bounded connected open set of R? with a Lipschitz
boundary. We adapt Definition 1.1 concerning the space G to the case of 2. We are going

!
to consider a subspace of the Banach space W—1°(Q) = (Woll(ﬂ)) (the dual space of
wil(Q)).
Definition 2.2. G(f) is the subspace of W~1:°°() defined by:
GQ)={veL*Q) /v=divE, £ € L™(Q,R*), £N =0 on 00} (2.13)
On G(R), the following norm is defined:
lvllga) = inf {||]| L(ar2) /v =divE, &N =0 on 8Q} (2.14)
Remark: In Definition 2.2, since div¢ € L?(Q2) and € € L>®°(Q2, R?), we can define £.N on
0N (see [17]).
We have the following simple characterization of G():

Proposition 2.1.

G(Q) = {v e L*(9) / /Qv = 0} (2.15)

INRIA
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Proof: Let us denote by H(Q) the right-hand-side of (2.15). We split the proof into two
steps.

Step 1:

Let v be in G(2). Then from(2.13) it is immediate that [, v =0, ie. v € H().

Step 2:

Let v be in H(2). Then from [6] (Theorem 3’) (see also [7]), there exists £ € C°(Q,R2) N
W2(Q,R2?) such that v = div{ and € = 0 on Q. In particular, we have £ € L*°(Q2, R?)
and {.N =0 on 9. Thus v € G(Q).

Remark: Let us stress here how powerful the result in [7, 6] is. It deals with the limit
case v in L1(2), ¢ = 2, when the dimension of the space is N = 2. The classical method for
tackling the equation div{ = v with £.N = 0 on 99 consists in solving the problem Au = v
with % =0 on 99, and to set £ = Vu. If visin LI(Q) with ¢ > 2 this last problem admits
a unique solution (up to a constant) in W24(Q). Moreover, thanks to standard Sobolev
embeddings (see [12, 8, 14]), £ = Vu belongs to L>(2, R?). If ¢ = 2, the result is not true
and the classical approach does not work. So the result by Bourgain and Brezis is very sharp.

We next introduce a family of convex subsets of G(Q2). These convex sets will be useful
for approximating Meyer problem.

Definition 2.3. Let G,(Q) the family of subset defined by (¢ > 0):
Gu() ={ve G(Q) / Ivllg@) < n} (2.16)
Lemma 2.2. G,(Q) is closed for the L?(Q)-weak topology.

Proof of Lemma 2.2 Let (v,) be a sequence in G,,(Q2) such that there exists & € L*(Q)
such that v, — o in L?(Q)-weak. We have v, = div{,, with &, such that [|&,]| L« (o,r2) < 1
and &,.N = 0 on 9. .
As [|&nll L= (0,r?) < 1, there exists £ € L°(€, R?) such that, up to an extraction:
€ — € in L®(0, R2) weak * (2.17)

and ||€]| (o r2) < p. Moreover if ¢ € C2(92):

/Qvn¢da::/Qdiv§n¢dx:—/§2§nv¢da: (2.18)

Thus as n — +00, we get

/Qﬁqﬁd:c:—/Qéngdx:/Qdivéd)dx (2.19)

RR n° 4878



10 G Aubert & J-F Aujol

Hence % = div ¢ in D'(§2), and since o € L*(1), the equality is true in L*(Q).
Now, if ¢ € D({}):

n = ivén = - n n-N .
/Qv odx /Qd1v£ odx /95 V¢dx+/m§ 0] (2.20)
and as n — 4o00:
/f)qbda: = —/ £Vdr + lim £.N¢ (2.21)
Q Q n—+9 Jaq
i.e:
/szq&dx:/gzdlv{qﬁda:— 6Q§.N¢+nkrfoo/69§n.N¢ (2.22)
As v = divf, we get:
0=—[ EN¢+ lim / £&..No (2.23)
a0 n—=+oo Jaa

And as &,.N = 0 on 99, we obtain:

0= £.N¢ for all ¢ € D(Q) (2.24)
o9

Hence £.N = 0 on 99 (in H~/2(8Q)) (see [17]).

Consequences:

1. Since G, () is convex, we deduce from Lemma 2.2 that G,,(€) is also closed for the
L?(Q)-strong topology.

2. The characteristic function of G, () is lsc (lower-semicontinuous) for both the strong
and the weak topologies of L?(12) (see [8]).

Remarks:
1. Let us denote by K () the closure in L?(Q) of the set:
{dive , €€ C2(QR) , €l ~iarn <1} (2.25)
Using Lemma 2.2 and some results in [24], one can prove that K(Q) = G1(Q).
2. Let us consider the closure in L2(2) of the set:
{dive, €€ C2(Q,R?) } (2.26)

Using Lemma 2.2 and some results in [24] and [7], one can prove that this set coincides
with G(Q).

INRIA
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We also have the following result:

Lemma 2.3. Ifv € G(R), then there exists £ € L°°(Q,R2) with v = div§ and £.N =0 on
0Q, and such that [|v|lg = ||§]|z~(a,r?)-

Proof: Let v € G(Q). Let us consider a sequence &, € L*°(Q2,R?) with v = div§, and
£n-N =0 on 0Q, and such that ||&,]|z=(0) — [|[v[lg- There exists £ € L (92, R?) such that,
up to an extraction,

&n — € in L®(Q,R?) weak * (2.27)

Then, as in the proof of Lemma 2.2, we can show that £&.N = 0 on 99 and that v = div .

Main property: The following lemma is due to Y. Meyer [18]. But it was stated in the
case of O = R?, and the proof relied upon harmonic analysis tools. Thanks to our definition
of G(Q2), we can formulate it in the case when ) is bounded. Our proof relies upon functional
analysis arguments.

Lemma 2.4. let f, , n > 1 be a sequence of functions in LI1(Q)(G(Q) with the two
following properties (Q is regular with a lipschitz boundary):

1. There exists ¢ > 2 and C > 0 such that || fo|lpe() < C.
2. The sequence f, converges to 0 in the distributional sense (i.e. in D'(f)).

Then || fnlle converges to O when n goes to infinity.

This result explains why the norm in G(f2) is a good norm to tackle signals with strong
oscillations. It will be easier with this norm to capture such signals in a minimization process
than with a classical L?-norm.

Proof of Lemma 2.4: We split the proof into two steps:

Step 1:
Let us consider a sequence f, € LI(Q) [ G(N?) satisfying assumption 1. and let us define
the Neumann problem:

{ Auy = fnin Q (2.28)

9us =0 on 9Q

We recall that as fn, € G(Q), we also have [, fndz = 0. We know (see [15, 20, 11]) that
problem (2.28) admits a solution u, € W29(Q). But since ¢ > 2 and Q bounded, it is
standard (see [8, 1]) that there exists 6 € (0,1) such that W29(Q) is continously embedded

RR n° 4878



12 G Aubert & J-F Aujol

in C1Y (thanks to Morrey’s theorem). We denote by g,, = Vu,,. We thus have g, € C%?(R?).
Moreover (see [8, 1]), if x and y € Q, we have:

19n(2) = gn ()] < AR, ¢, N)llgnllwra(orz |z —yI° (2.29)

where A;1(Q, g, N) is a constant which depends only on 2, ¢ and the space dimension N = 2.
Let us consider again problem (2.28). From [20, 19|, we also know that there exists a
constant B > 0 such that:

lunllw2a) < Bl fallLoe) (2.30)

And as we assume that || f,||£e(q) < C, we get:
lunllwe.a() < B.C (2.31)
But since g, = Vuy, we have ||gn|lwi.e) < |[tnllw2.e(q). Thus, from (2.31):
llgnllw1aore < B.C (2.32)
Then we deduce from (2.29) and (2.32) that for all z and y € 2,we have:
|9n(2) = gn(y)| < A2(R,¢, N)|z —y/’ (2.33)
where A5(Q, g, N) is a constant which depends only on , ¢ and the space dimension N = 2.

Step 2:
From (2.31) we deduce that there exists u € W24(£2) such that up to an extraction,

un, — u in W29(Q) weak (2.34)
And by the compact embedding of W24(Q) into W17() (see [1, 8]):
Uy, — u in WH4(Q) strong (2.35)
Let us now mutliply equation (2.28) by a function ¢ € D(Q):
/ Au,pdr = / fnodx (2.36)
Q Q
by integrating by part we get
—/ Vu,Vodx = / fnodz (2.37)
Q Q
and since f,, — 0 in D'(Q) as n — 400, we deduce:
lim Vu,Vodr =0 (2.38)
Q

n—+4oo

INRIA



Modeling very oscillating signals 13

But u, — u in W4(Q), therefore: [, VuVedr =0, ie:
—/ Augdr =0V € D(Q) (2.39)
Q

which implies Au = 0 in D'(Q). Since u is in W4(Q2), we have Au € LI(Q). Therefore
Au = 01in L%(Q2).Let us now mutliply equation (2.28) by a function ¢ € D(Q):

/Aungbdx:/fngzﬁdx (2.40)
Q Q
Since || falla() < C, there exists f € L(f2) such that, up to an extraction, f, — f in

L) when n — 400. And since f,, converges to 0 in the distributional sense, we have
f=0. Thus lim,,, 1 o [, Aun¢dz = 0. By integrating by part we get

/Aun¢d$= Viun.-N¢ —/Vuantdm (2.41)
Q 9 Q

=0 since %”" =0

As n — +o0, we get (since u,, — u in W14(Q)):
/ VuVéde = 0V € D() (2.42)
o

As Au =0 in LI(Q), we also have [, Au¢dx = 0if ¢ in D(Q). Using Stokes formula once
again, we obtain:
g—“¢ - / VuVeds + / A dz (2.43)
aa ON Q Q

We conclude that [, 2%¢ = 0 for all ¢ in D(2). We then deduce (see [24]) that 2% = 0 on
0. We therefore have shown that u € W24(Q) is the solution of the following problem:

{ Au=0inQ (2.44)

%zOon@Q

We conclude that Vu = 0 in L*(Q) (it suffices to integrate by part [, uAudz). As up — u
in Wh9(Q) strong, we see that Vu, — 0 as n — +oo in L?(Q,R?) strong. The previous
reasonning being true for any subsequence extracted from u,,, we conclude that the whole
sequence Vu,, is such that Vu, — 0 as n — +o0 in L?(Q2, R?) strong, i.e. g, = Vu, — 0 in
L?(Q,R?) strong. From Lemma 2.1, we get that:

lgnllL=(ar2) — 0 (2.45)

Since f,, = div g,, we easily deduce from (2.45) that ||f.||¢ — O.

RR n° 4878



14 G Aubert & J-F Aujol

Example: We give an example of a sequence of functions f,, fullfilling the hypotheses of
Lemma 2.4.
Consider the sequence of functions f,, defined on Q = (—m, 7)? by:

fn(z,y) = cos(nz) + cos(ny) = div (%(sin(nx), sin(ny))) (2.46)
We thus define 1
én(@,y) = —(sin(n), sin(ny)) (2.47)

We have &, € L*°(2,R?). Moreover, one easily sees that &,.N = 0 on 99 for all n > 0.
Thus f, € G(Q), and we clearly have:

| fallgo) — 0 when n — 400 (2.48)

Now, let ¢ € D(Q). Then, using Stokes formula, we get:

/ ofndady = / 6 div (&,) dedy
Q Q

= —/V(b.{ndmdy—}-/ ¢ &N

Q a0 N~
=0 on ON)
But
‘ [ vos dxdy‘ < IVl Nnllimoms (2.49)
Q N—

—0 when n — 400

We conclude that f, — 0in D'(Q).
We can compute ”fn“?iS(Q)‘

1047

1/3
Il = (57) (2.50)

This example shows that the result of Lemma 2.4 is not trivial.

3. Study of Meyer problem

Thanks to Section 2, we are now in position to carry out the mathematical study of Meyer
problem [18].
Let f € LY(Q) (with ¢ > 2). We recall that the considered problem is:

inf 1
(e BV G @)/ fo o (J(u) + allvlla@) (3.1)

where J(u) is the total variation |Du| defined by (2.1).
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Modeling very oscillating signals 15

Remarks:

1. Since f is an image, we know that f € L>(Q). Thus it is not restrictive to suppose
q > 2.

2. Since Q is bounded, and since ¢ > 2, we know that L(Q) C L%(9).
3. Since 2 C R?, we have (see [3]) that

BV(Q) Cc L*(9) (3.2)

Before considering problem (3.1), we first need to show that we can always decompose a
function f € L1(Q) into two components (u,v) € BV (Q2) x G(Q).

Lemma 3.1. Let f € LY(Q) (with ¢ > 2). Then there exists u € BV (Q) and v € G(Q)
such that f = u + v.

Proof: Let us consider the following problem:

{ —Au+u=finQ (3.3)

%zOon@Q

From [15], we know that there exists a unique u € W2(Q2) solution of (3.3). Let us denote
by £ = —Vu. From (3.3), we see that & is such that &N = —Vu.N = 0. And since
divé = f —u, divé € L%(2). Moreover, since ¢ > 2 and Q2 C R?, £ € W19(Q,R?) which
is continuously embedded in L*°(Q, R?) (thanks to Morrey’s theorem, see [8, 1]). We thus
conclude that v = div £ belongs to G(1).

Since Q is bounded, and ¢ > 2, we have W24(Q) ¢ WH1(Q). But we know that
WbHl(Q) c BV(Q). Hence u € BV ().

We now show that problem (3.1) admits at least one solution.

Proposition 3.1. Let f € LY(Q) (with g > 2). Then there exists & € BV (Q) and ¥ € G(Q)
such that f = 4 + 0, and:

J(a) + al[t)le = inf J(u) + 3.4
@+alilo= . omf (@) +alole) (3.4

Proof: Let (un,v,) be a minimizing sequence for (3.1) (from Lemma 3.1, we know that
the infimum in (3.4) is finite). We thus have

J(un) < C (3.5)

and
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16 G Aubert & J-F Aujol

Since v, € G(Q2), we write v, = div§, with &, such that [|£,||z~r2) = ||lvallg. We
therefore get [|€,||L~r2 < C. Hence there exists £ € L*™(Q,R?) such that (up to a
subsequence)

£n — € in L°°(0), R?) weak * (3.7)

From Poincaré inequality (see [3]), there exists a constant B > 0 such that:
Jun = [ wnllio) < BIwn) (38)
Q

Thus from (3.5), we get ||un — [, unllr2() < BC. But as u, + v, = f, we have:

/Q n + \/2,@1 - /Q f (3.9)
)

=0 since v, € G(Q

Hence u,, is bounded in L?(2). And as u, + v, = f, we deduce that v,, is also bounded in
L?(€). Therefore, there exists © € L?(Q2) such that, up to an extraction,

v, — 0 in L2(N) weak (3.10)

Let ¢ € D(2). We get (using Stokes formula):

/9 vnd = /Q div €, 6

- [&vos £.No
Q o0
=0 since v, € G(Q)

(&,-N is well defined since &, € L?(Q) and div¢, = v, € L2(Q)). Thanks to (3.7):

/Qvngb—>—/ﬂév¢ (3.11)

But thanks to Stokes formula:

—/éVqﬁ:/divéqs— ENg (3.12)
Q Q o0
=0

Hence, for all ¢ € D(Q), we have when n — +00:

/Qvn¢—>/9div£¢ (3.13)
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Modeling very oscillating signals 17

We thus have shown that v, — divé in D'(Q). From (3.10), we deduce that & = div{ in
L?(Q); and as in the proof of Lemma 2.2 we easily prove that £&.N = 0 on 9Q. Therefore
7 belongs to G(2). Now up to an extraction, since J(u,) is bounded and wu,, is bounded in
L?(Q), there exists & € BV (Q) such that u, — 4 in BV (Q) weak *.

Let us check what we have shown up to this point:

1. The functional to minimize in (3.1) is convex with respect to its two variables (it is
obvious).

2. The infimum in (3.1) is finite (thanks to Lemma 3.1).

3. If (un, vy,) is a minimizing sequence for (3.1), then there exist &4 € BV () and ¢ € G(2)
such that u,, — 4 BV weak * , and v,, — 9 in L*(Q) weak.

To conclude, there remains to prove that (@,?) is a minimizer of J(u) + a|v||g(q)-

Since u, — 4 in BV () weak *, we know (see [3]) that limJ(u,) > J(4). And since
n — {in L7(Q,R?) weak *, we have lim[|¢nll~(@r?) 2 €=z 2 ll9la@) (since
o = div). Hence lim||vn | g(o) 2 [19]lg(a). Therefore:

lim (J(un) + allvnlla) > J(@) + allbllae) (3.14)

which means that (i, ?) is a solution of (3.1) (clearly we have f = u + v).

Remark: The uniqueness of a solution for Meyer problem is an open question.

4. An algorithm to solve Meyer problem

In Section 3, we proved the existence of a solution to Meyer problem. We now want to give
an algorithm to compute a solution.

4.1 Total variation minimization as a projection

Recently, a projection algorithm to solve Rudin-Osher-Fatemi model [23] has been proposed
in [9]. Precisely, the problem studied in [9] is:

. 1 2
int o (T + 551 — e (4.1)

In [9], the following result is shown (in fact, the author in [9] consider the discrete case,
but as he mentions, the continuous case is similar):
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18 G Aubert & J-F Aujol

Proposition 4.1. The solution of (4.1) is given by:

uw=f— Pg,@)(f) (4.2)

where Pg, (o) is the orthogonal projector on G(£2).

Remark: Pg, (q) is well defined since G5(Q2) is a closed convex set of L*(Q2) (thanks to
Lemma 2.2).

4.2 Solving Meyer problem as a projection

We now study the algorithm presented in [5] in the continuous setting (whereas in [5], the
authors carried out their analysis in a discrete framework).
Let us introduce the following functional defined on L?(Q) x L?(Q):

1 —a— a2 i
P (u,0) = { J(u) + 55 1lf —u v||L2(Q) if (u,v). € BV () x GL(Q) (4.3)
’ +o0 otherwise
We can rewrite F) , in the following way:
1
Fxu(u,0) = J(u) + o3 llf —u— V|| Z20) + Xa,. (@) (V) (4.4)

with the convention that J(u) = +oc if u € L*(2)\BV (), and where x¢,, (o) is the indicator
function of G, ().
The problem we want to solve is:

inf F 4.
Lz(Q;IiLz(Q) i (1,0) (45)

4.3 Existence and uniqueness

We show here that problem (4.5) admits a unique solution.

Proposition 4.2. Let f € L?(Q). There erists a unique couple (i,d) which minimizes
F . (u,v) on L2(Q2) x L*(Q).

Proof: We split the proof into two steps.
Step 1: Uniqueness
The proof is the same as in [5]. We just put it here for the sake of completeness.

To get the uniqueness, we first remark that F is strictly convex on BV (Q2) x G,(f), as
the sum of a convex function and of a strictly convex function, except in the direction (u, —u)
. Hence it suffices to check that if (4, ?) is a minimizer of F then for t # 0, (4 + t4, 0 — ti)
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Modeling very oscillating signals 19

is not a minimizer of F. The result is obvious if & —td € L?(Q)\G (). Let us show that if
0 —ti € G,(Q2) then the result is still true. Indeed, if o — ti € G,(Q), we have:

F(ii+ ti, o — ta) = F(i, ) + (|1 + t| — 1)J(a) (4.6)

By contradiction, let us assume that there exists  # {—2,0} such that ¢ — ti € G,,(Q2) and

F(i + ta, o — ti) < F(a,0) (4.7
As (4,7) minimizes F, (4.7) is an equality. From (4.6), we deduce that (|1 +¢| —1)J(@) = 0.
And as t # {—2,0}, we get that J(@) = 0. There exists therefore v € R such that 4 = 7 a.e.

(we suppose (2 regular and connected).
1. If y = 0, then @& = 0. Thus (& + t@, o — t4) = (i, D).

2. If 4 # 0, then © — @i cannot belong to G ,(Q) since its mean is not 0 (see (2.15)). This
contradicts our assumption.

There remains to check what happens in the case when ¢ = —2. In this case, we have:
F(—i,? + 24) < F(i,7), i.e. (—,0+ 24) is also a minimizer of F. As we assume 9 + 24 €
GL(Q), and as F' convex (and as G, (f2) convex), we get:

1 1
F0,4+ ) < EF(ﬁ,ﬁ) + 5F(—@,f)+2ﬁ) (4.8)
And we deduce that (0,4 + 9) is also a minimizer of F. But F (0,4 + %) = F(4,9), i.e.
>If —d - 0220y = J(@) + llf —a - 0]|2(q)- We thus get that J(@) = 0, and we
conclude as before. Hence there exists at most a unique couple (4,9) € BV (2) x G,(Q)
minimizing F on L2(Q) x L%(9).
Step 2: Existence
Let (un,vn) a minimizing sequence for F) ,(u,v) , i.e.:
F u(tn, vn inf = F)u(u, 4.
A (Un, vn) — PO o . A (U, 0) (4.9)
We easily deduce the three following points:
1.
J(u,) <C (4.10)
2.
If —tn —vallf2) < C (4.11)
3.
v, € G, (4.12)
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20 G Aubert & J-F Aujol

From (4.12), we get that v, = div&,, with &, such that [|£, ||z~ r?) < p and &,.N =0 on

onN.
/unvn = /undivgn
Q Q

We also have:
< sup / U, div €
teGL () Ja

< u sup /undiv§
EeEG1(R2)JQ
Hence (using (4.10)):
/ UnVn < pd(un) < C (4.13)
Q

From (4.11) and (4.13), we deduce that u,, and v, are bounded in L?(2). Thanks to (4.10),
and since u,, and v, are bounded in L?(Q2), we get that there exists (,9) such that, up to
an extraction:
Up, — 4 in BV () weak * (4.14)
and
vy, — 0 in L%(Q) weak (4.15)

From Lemma 2.2, we know that xg,(q) is L?-weakly lIsc, where:

0if v € G,(2)

XG"‘(Q)(U) - { +o00 otherwise (4.16)
Since the total variation is lsc for the BV weak * topology, we obtain:
. . 1
nf P = i () + 511 — 0~ vy + Xou (@ (0n))
. 1 L .
> J(@)+ ﬁ”f — = 320y + Xa,.(2)(D)
i.e. (@,9) is a minimizer of Fy ,(u,v) on L%(Q) x L%(Q).
|

4.4 Characterization of the minimizer (4, 7)

The following result gives a characterization of the minimizer of F ,. We will use it in the
next subsection to show the convergence of our algorithm.

Proposition 4.3. (@,0) is a minimizer of Fy ,(u,v) if and only if:

U= f—9— Pg,a)(f—17)
{ b= Pg,o(f—1) (4.17)
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Modeling very oscillating signals 21

Proof: We split the proof into two steps:

Step 1: Necessary condition

Let (,?) be a minimizer of F ,(u,v). The fact that 4 = f —9 — Pg, (q)(f — 9) comes from
Proposition 4.1. The proof of & = P, (q)(f — ) is similar: since ¢ is a minimizer of F(4, .),
we have for all v in L?(Q):

Fyu(@,9) < Fy,u(@,v) (4.18)
which implies.:
0€d—(f—1a)+Axq, (o)D) (4.19)
where we denoted by OH the subdifferential of H (see [22, 16]):
w € OH(u) <= H(v) > H(u) + (w,v — u)2(q) , for all v in L*() (4.20)
(4.19) means:
f—ue€e (I + A(?XG”(Q))(ﬁ) (4.21)
Hence:
o= I+ Mxg, (@) " (f—a) (4.22)

And it is standard to conclude that:

(3

= Pg,@o)(f —1) (4.23)

Step 2: Sufficient condition
Let (1, ?) verifying (4.17). We therefore have:

{ 0€d+o— f+N3J(a)

0€i+d— f+Axa, () (4.24)

The first line of (4.24) comes from the fact that @ = f — 9 — Pg, (q)(f — ) (see [9] and [5]),
and the second one from the fact that o = Pg,(q)(f —4). We can rewrite (4.24):

f—ti—b .
= €dJ(a) 4.25
{ f—;‘” € Ixa, (o) (?) 2
which means:
X _ g Lo
J(u) > J(0) + (u Uy )L2(Q)><L2(Q) (426)

fot—b

Xa,. @) ) > xa, (@) () + (v — 19, 7=

L2(Q)x L2(Q)

We add the two lines in (4.26), and we obtain:

J(u) + XG”(Q)(D) > J(ﬁ) + XG“(Q)(@) + (u — U, w) + (1) -, W) (4.27)
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We then add || f —u — 1)||2LQ(Q) to the two sides of (4.27), and we get:

i
+(u—ﬁ,7f_7;_v)+(v—f),7f_1;_v)

To conclude, there remains to show that:
1 == oagey = I == 0B agey + 2 (u =, f = 4= ) +2(v =0, f — 1~ ) 2 0 (4.28)

Let us denote by L(u,v) = ||f —u — v||%2(9). Since L is convex, we have:

oL oL
S T(i b s . s . ‘
L(u,v) > L(4,9) + (u U, 5 (u,v)) + (v b5y (u,v)) (4.29)
And (4.29) is just (4.28) which we wanted to show.

The conclusions of Proposition 4.3 naturally lead to the following algorithm for comput-
ing the minimizer (&, ?). This algorithm was developed and applied in [5].

Algorithm:
1. Initialization:
Uy =V = 0 (430)
2. Iterations:
vny1 = Pg, ) (f — un) (4.31)
Unt1 = f = Vny1 — Pg,(a)(f — Vny1) (4.32)
3. Stopping test: we stop if
ma*x(|un+1 - Un|v |vn+1 - vnl) <e (4'33)

Corollary 4.1. The sequence (un,v,) (defined by (4.30)-(4.33)) converges to (i,?) €
BV () x G,(), the unique minimizer of Fy ,(u,v).

Proof: This a consequence of Proposition 4.1, Proposition 4.3, and the definition of the
sequence (U, v,) (defined by (4.30)-(4.33)).
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4.5 Study of the limit problem as A — 0

We now want to show the link between (3.1) and (4.5). To do so, we consider the following
problem

inf J 4.34
(u,v)EBV(Q%EG(Q)/f:u+v (u>+XG"‘(v) (4.34)

This is the problem we get when we let A — 0 in (4.5) (as we will see in Proposition 4.5).

Lemma 4.1. Let f € L*(Q). Let us assume that there exist @ € BV () and § € G,()
such that f = @+ . Then there exists (4,7) € BV(Q) x G,(Q) solution of (4.84).

Proof: Using Lemma 2.2, the proof is straightforward.

We now give the link between (3.1) and (4.34).

Proposition 4.4. Let us fiz a > 0 in problem (3.1). Let (ii,9) a solution of problem (3.1).
We fiz u = ||0||g in (4-34). Then:

o (1i,0) is also a solution of problem (4.34).

e Conversely, any solution (u,v) of (4.84) (with p = ||9||c) s a solution of (3.1). More-
over, we have ||| = p and J(@) = J(i).

Proof: The proof is the same as in [5]. We just put it here for the sake of completeness.
We split the proof into two steps.
Step 1:
We first want to show that (i, 9) is a solution of (4.34) (with u = |9[|g(q)). As (@,9) is a
solution of (3.1) (the existence of (@,?) is given by Lemma 4.2) and as ||9]|¢(q) = p, then i
is solution of
ueBV(Q)/ uszinf’EG(Q)v||”||G(sz)=# () +op (4.35)

i.e. 4 is solution of

inf (4.36)
u€BV(Q)/u=f—v,v€G(Q),||lvllg)=p
Since the set {u € BV(Q)/u = f —v,v € G(Q), ||[v||g(n) = p} is contained in
{ueBV(Q)/u=f—-v,veGQ),|vlea) < ur}, we have:
inf (u) > inf (4.37)
u€BV(Q)/u=f—v,veG(Q),llv]lg)=4 u€BV(Q)/u=f—v,veG(Q),|lvllg)<p
By contradiction, let us assume that
(4.38)

inf J(u) > inf
w€BV(Q)/u=f—v,0€G(Q),||v] g@)=p wEBV(Q)/u=f—v,0€G(Q),||v|lga)<p
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Thus, there exists v' € G(Q2) such that [|v'[|gq) < ¢ and

J(f—-2") < inf J(u) (4.39)

u€BV(Q)/u=f-vv€G(Q),llvllg@)=k

Denoting by v’ = f — ', we have: J(u') + al|v'||ge) < J(u') + au. But since (4,7) is a
solution of (3.1):

J(@) + alldll gy < J(W') + allv'lge) < J(u') + au (4.40)

Hence (we recall that [|3]|g(q) = 1), we get from (4.40) that J(@) < J(u'). This contradicts
(4.39). We conclude that (4.38) cannot hold. Hence:

= J(u)  (4.41)

inf inf
wEBV(Q)/u=f—-v,0e€G(Q),||v|lg)=p wEBV(Q)/u=f—-v,0€G(Q),||v|lga)<p

From (4.36), we see that 4 is a solution of inf,ec v (Q)/u=f—vvec(Q),Ivllow < I (1), i-e.
4 is a solution of
inf J(u) + v 4.42
wEBV(Q)/u=Ff—v,0EG(Q) (u) XG"‘( ) ( )
Hence (1, ) is also a solution of (4.34).
Step 2:
Let us now consider (@, %) a solution of (4.34) (the existence of (4, ¥) is given by Lemma 4.1
since f = 4+ 9 with (4,9) € BV(Q) x G(2) and p = [|9]lg(q)). We can repeat the
computations we made in Step 1. We get that @ is a solution of:

inf J(u)+ « 4.43
u€BV(Q)/u=f—v,0€G(Q),||v|lc)=1 () a ( )

We therefore have: J(u) + ap = J(i) + al|9||g(q)- But as (#,v) is a solution of (4.34), we
have ||9]|g(o) < . Hence J(@)+ al|9|lg) < J (@) + al|9]|g(q). And since (i, 9) is a solution
of (3.1), we get that:

J@) + all7llom) = (@) + alldlloe (4.44)

We thus conclude that (a,7) is a solution of (3.1).

4.6 Limit when A —- 0

We precise here the link between (4.5) and (4.34).
Proposition 4.5. Let us fir o > 0 in (3.1). Let us assume that problem (3.1) has a unique
solution (4,9). Set u = ||t|lg in (4.5) and (4.34). Let us denote by (ux,vy) the solution

of problem (4.5). Then (ux,vs) converges to (ug,vo) € BV(Q) x G,(Q) as A goes to 0.
Moreover, (ug,vg) = (i, ) is the solution of problem (4.34).
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Proof: The existence of (4,?) is given by Lemma 3.1. The existence and uniqueness of
(ux,vy) is given by Proposition 4.2. Since u = ||9]|¢ in (4.34), we know that problem (4.34)
has a solution from Lemma 4.1.

Since (uy,vy) is the solution of problem (4.5), we have vy € G, and:

F)\’”(U)\,U)\) S F)\’#(ﬂ,f)) (445)
which means (since 4 + v = f)
Fyp(uy,vy) < J(u) (4.46)

And the left hand-side of (4.46) is given by:

1 1
Fxu(ua,03) = J(ux) + o3 If —ux — uAllZ2e) + Xa, (02) = J(ur) + ol —ux = uAll72a)

(4.47)
Hence 1
J(ua) + o3 llf —ux = 0All72(0y < J(@) (4.48)
And
If —ux —oall* < 20T (a) (4.49)

We then show as in the proof of Proposition 4.2 that if A € [0;1], [lual[z2(q) and thus
lvallz2(o) are bounded by a constant C' > 0 which does not depend on A.

Consider a sequence (\,) which goes to 0 as n — +o00. Then, up to an extraction, there
exists (ug,vo) € BV () x G,.(Q) such that (u,,,v),) converges to (ug,vp) in L*(Q) weak.
By passing to the limit in (4.49), we get: ||f —uo — vollz2(0) = 0, i-e. f =g+ vo.

To conclude the proof of the proposition, there remains to show that (ug,vg) is a solution
of problem (4.34). We first notice that as for all A € [0,1], ||vall¢ < p, we get thanks to
Lemma 2.2 that v € G,,. And from (4.48), we get for all A > 0:

J(uy) < J(i2) (4.50)

Hence up € BV (Q) (since J(ug) < limJ(uy) < J(@)).
Let (u,v) € BV () x G,(Q) such that f = u + v. We have:

Jw) +x6, (2) + & |If —u=vl?
=0

T(r) +x6, (22) + Il =, = o, 2

> J(ur,) + xa, (20)

v

By passing to the limit as A — 0, we obtain

70) 43, (%) + g5f = u = ol > Tun) + xa, (2) (451)
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Figure 1: Barbara image

Hence (uo,vp) is a solution of problem (4.34). And as we have assumed that problem (4.34)
has a unique solution, we deduce that (ug,vo) = (4, 7), i.e. (ug,vo) is the solution of problem
(4.34).

4.7 Numerical results

We just show here examples of what we obtain with the algorithm (4.30)-(4.33) developed
in [5].

We consider the Barbara image (see Figure 1). We first show the decomposition we get
for this image on Figure 2: it displays both the BV component and the G component of the
original image. Depending on the value we set for u, the textures present in Figure 1 are
separated from the BV component of the image. The larger p is, the more the G component
contains information. The parameter A controls the L? norm of the residual f —u —v. The
smaller it is set, the smaller the residual is. To tune the parameters, one first set A to a
small value. Then one chooses p so that the G component contains the desired amount of
information.

On Figure 3, we add a random Gaussian noise of variance ¢ = 30.0 to the Barbara
image, and we then perform the algorithm developed in [5]. As expected by our mathematical
analysis, the oscillating patterns of the original Barbara image are put into the G component
where their norm is less penalized. More applications of this algorithm are exposed in [5].
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BV component (u) G component (v + 150.0

Figure 2: Example of decomposition (A = 0.1 , u = 10)
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