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@�ACBEDGFIH<JLKNMOD#PCQSR�TUMWVYXZF(T�V\[]TUMWDGMS^_R`T_MOV\X
a F^_bN^cT_BdDGFd^�e(VYDG[CQWFEf]Fd^

gihUV`jkFET�lmR�TUA]n

opR`[C[!V\h_T a F�h_Fqe�ACFEh�e�ACFrX!s�Hut\tNvmJLw\PxQWb�y\z\zY{�J|{Y}~[xR\�\Fd^

���%�d�E���C�\�\��� F��\MO�\F,QOV���Fdh�R\X a PC[C[!FEh��!V\PCX a ^%��V\h%T_ACF a FEXCMS^kTkb#V`�xTUACF�QOR��)V`��RpQOV]eER`QOQObFEQOQWMO[]TUMOe,�7T_V
[xh_V]e(Fq^_^d���?V]eER\QWQObZFEQOQWMO[]TUMOe~DGFdR`X1^�TUAxR�TIT_AxF~FdQWQOMW[CT_MSe(MWTkbmR\^U^cPC[CT_MOV\XmACVYQ a ^pTUh_PxF~VYXCQWbZMW��TUACF~[xh_V]e(Fq^_^
QOMOFd^~MWX$RmT_PC�!F�R\h_VYPCX a R a F(TUFEhUD<MOXCMS^kT�e��YMW�YFEX�e(Pxh_�YF\��@�AxMO^#h_Fd[Ch_Fq^cFdXuTU^#R��\FdXCFEh�R`QOMW�qR�TUMWVYX�V\��T_ACF
eEQORY^_^_MSeER`Q�QWV��,FEhIR`X a PC[C[!FEhI�!V\PCX a ^���V\h�T_ACF a FdXx^_M�Tkb V\��R`X�PCXCMW��V\hUD<QOQOb FEQOQWMO[]T_MSe a MW¡!Px^_MOV\X�[xh_V]e(Fq^_^
�xP]T���VYh_¢]^���V\h a MW¡!P1^cMOV\Xx^���AxMOe�A�D+R�b+�1F�QOV]eER`QOQOb a FE�YFEXCFdhUR`T_F a?£ RY^�T_ACF�QOV\�\¤¥XCVYh_D+R\QxTkbN[!F a M�¡�Px^_MWVYX
��VYh�F(fCR`DG[CQOF\���¦X�T_ACMS^�eERY^cF�T_AxF�QOV��,FEh,�1VYPCX a MO^�XCVGDGV\hUF�§IR`Px^U^cMSR`X��CP]T�AxRY^�R#QOV\�<XCV\hUD+R`Q¨^_AxR`[!F\�
@�AxMO^�R\QO^_VG��VYh_¢]^���V\hpKuTUV]e�AxR\^cT_MSe�g�©pªp« ^d�
¬ u®�¯U°#± ��²%�\� ��V]eER`Q a FEXx^_M�Tkb £ QOV���Fdh,�!V\PxX a ^ £ QWV]eER\Q¨FEQOQWMO[]TUMOeEM�Tkb £ e(VYX a MWT_MOV\XxR\Q?lmR`QOQWMSR��NMWX
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�� ���� � ��� X a VYXCXCF a Fd^�DGMOXCV\h�R�TUMWVYXF(T a Fd^�D+R�jkVYhUR`T_MOV\X a F�QSR a FEXx^_M�T�� a F�QOR�QOV\M]D+R`hU�\MOXxR`QOF a « PCX
[xh_V]e(Fq^_^_Px^ a « �7T��~QOV]eER\QWFdD<FdXuT�FEQOQOMW[]TUM��uPCFY�i�?F�eER`h�R\e(T_Bdh_F�QOV]eER\Q a F�XCV\T_hUFpANbN[1V\T_ACBq^cFIe(VYXx^cMS^cT_F a R`Xx^�QWF
� R\M�T��uP?« V\X ^_PC[C[!VY^_F��uPCF�QWFq^�e(VNF��+eEMWFdXuTU^ a F a M�¡�Px^_MWVYX V\XuT�QORG[xh_VY[Ch_M��(T�� a « FdQWQOMO[]T_MSe(MWT��#^_FEPxQWFdD<FdXuTp^cM
QOF�[ChUV]e(Fd^U^_Px^ a « �7T��+QOPCM�D��dD<F~e(FIT_hUV\Px�\F a R\Xx^�PCX �YV\MS^cMOXxR`�YF a « PxXCF#e(VYPChU�1F a �ET��dh_DGMOXCMO^cT_F a V\XCX��dF\�
� « Fd^cT�PCXCF#� �EX!�Eh�R`QOMO^UR�TUMWVYX a PZh��d^_PCQOR`Tpe(QSR\^U^cM"�uPCF�e(VYXxe(Fdh_XCX1R`XuT�QWFq^ a MW¡!Px^_MOV\Xx^pPCXCMW��V\hUD<FdDGFEXuT�FEQOQWMO[]¤
TUM��uPCFq^�DGR\MO^�MOQiR�Q¥« R���R`XuT�R`�\F a FG^E« R`[C[xQWM"�uPCFEhIR`Px^U^_M�# a Fd^ a MW¡�Px^cMOV\X1^�QOV]eER\QWFdD<FdXuT a �d���dXCBEh��d^�R��\Fqe
a Fd^�e(VNF	��eEMWFdXYT�^�XxV\X��!V\hUX��q^E��g�R`h$�(fCR\D<[xQWF�[1VYPCh a Fd^ a MW¡!P1^cMOV\Xx^ a F�TkbN[1FIQOV\�\¤¥XCVYh_D+R\Q �%lmR`MS^ a R`Xx^
eEF�edR\^~QWFq^#DGMOXCV\h�R�TUMWVYXx^VY[]T_MOD+R`QOFd^~XCF�^_V\XuT<[CQWP1^ a F�TkbN[1F §IR`P1^_^_MWFdX�D+R`MS^#FdQWQOFd^~V\XuTGPCXCF���V\hUD<F
eEV\DG[xR`T_MO�CQWF�R��YFde�QOR<QOV\M?QOV\�\¤¥XCVYh_D+R\QWFY���?FIh��d^_PCQWTUR�Tp^d« R`[C[CQOM"�YPxFIR\Px^U^cM%# a Fq^�ª�©pg:KNT_V]e�AxR\^cT_M"�uPCFd^d�
&�± �q� ¯ � ' � ��� ©�FEXx^_M�T���QWV]edR`Q £ D<MOXCVYhUR`T_MOV\X £ FEQOQOMW[]TUMOeEM�T��QOVNedR`QOF £ � R`QSe(PxQ a F�lmR`QOQOMOR��NMOX�eEV\X a MWT_MOV\XxFEQ¥�
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�7T�MS^��,FEQOQN¢uXxV���XIT_AxR`T%PCX a FEh�PCXCMW��V\hUD FEQOQWMO[]TUMOeEM�TkbR\X a �!V\PCX a F a XxFd^U^�RY^_^_PCDG[]T_MOV\X1^?��VYh�TUACF a M�¡�Px^_MWVYX
D+R`T_hUM�f £ TUACF�QOR��)V`�¨R a MW¡!Px^_MOV\XG[ChUVNeEFd^U^%MO^iR\�x^_V\QOP]T_FdQWb#eEV\XuT_MOXNPCV\P1^���M�TUA<hUFd^_[!Fde/T�TUVIT_ACF���FE�!Fd^_�\PCFY« ^
DGFqR\^_PCh_F�R\X a V\XCF�AxRY^�§IR`P1^_^_MOR\X<Tkbu[!F�QOV���FdhiR`X a PC[C[!FEh��1VYPCX a ^���V\h�TUACF a FdXx^cMWTkb#V\�1TUACF�QSR����%@�AxMO^
eEQORY^_^_MSeER`Q¨hUFd^_PCQWT�AxR\^��1FdFEXZF(fNT_FdX a F a87 ^_FEF:9 ;�<2=>9 }*< £ 9@?�?�<�A�T_V�T_ACF�DGV\hUF^_PC�]T_QOF#edR\^_F���AxFEX MOXx^kTUFdR a V\�
FdQWQOMO[]T_MSe(MWTkb�VYXCF�AxRY^
BDC\hUDGR\X a FdhITkbu[!F�ANbN[!V`T_AxFd^_MO^d�Z�¦X�T_ACMS^#[1R`[!FEh�,F a VmXxV`T#�YVmMWX�TUACMS^#^_FEXx^_F\�
� X�TUACF�V\T_ACFdh#AxR\X a¨£ R\^R\X�R`[C[xQWMSeER`T_MOV\X V`��lmR\QWQOMSR��uMOX?« ^eER\QOeEPCQOPx^ £ V\XxF�AxR\^[Ch_V��YF a T_A1R�T £ PCX a FEh
R\[C[ChUV\[ChUMSR�T_FZANbN[1V\T_ACFq^cMS^ £ R�QSR`hU�\F ��R\h_MOF(Tkb)V`�I��PCXxe(T_MOV\XxR\QO^+VYX T_ACF � MWFdXCFEh�^c[xRYe(F 7 ��V\h�FEf]R\DG[CQWF
^_V\QOP]TUMWVYXx^�V`��KuTUV]e�AxR\^cT_MSe�g�©�ª�« ^�A�AxR��\F�R\�x^cVYQWPCT_F�e(VYXuT_MOXuPxV\Px^�QSR���^iR\X a T_ACF a FEXx^_MWTkb~MS^i^_D<VNV\T_A 7 ^_FEF
EpPxR`QSR`h_TF9&?qz�<�A(��G�^cMOXC� R`QOhUFdR a bZ^cTUR\X a R\h a T_Fde�AxXCM��uPCFq^IV\XCF<D+R�bmR`QS^cV�[ChUV��\F#T_AxR`T#^cVYD<F+§IR`P1^_^_MOR\X
Px[C[1Fdh+�1VYPCX a ^<ACVYQ a T_hUPCFY�$�¦X$XNPCD~�1Fdh+V`��edR\^_Fd^<V\XxF�R\QO^_V�^_Pxede(FEF a TUV�[ChUV��\F�T_AxR`TGT_ACF a FdXx^cMWTkb
MS^I^kTUh_MSe/TUQWbZ[!VY^_M�TUMW�YF 7 ^cFdF��VYh�FEfCR`DG[CQOF"9@?�< £ 9 H�< £ 9 y�< £ 9 H�<�VYhI9@?dz�<�A/�KJ,P]T�T_AxF~TUFde�ACXxM��uPCFq^pPx^_F a MWX�V\h a FEh
TUV [ChUV��\FG^kTUh_MSe/T[!VY^_M�TUMW�NMWTkb�R\h_FGh�R�T_AxFEh��uPxR`QOMWTUR�TUMW�YF+R`X a�a VZXCV\T[Ch_V��NM a FGQWV��,FEh��!V\PxX a ^d��KNVZT_AxMO^
hUFED+R\MWXx^�Re�AxR`QOQOFEXC�YMWXC��[xh_VY�CQWFdDZ���¦X�R�hUFdeEFEXuT�[xR\[1FdhD9 vL< £NM �NO�V\AxR`T_�dP]¤2BpMW�uR a FE�YFEQOV\[!F a R�^cT_h�R�T_Fd�\b
��AxMOe�A)[1Fdh_DGMWTU^~T_V�R�T_TUR\e�¢�TUACMO^G[xh_VY�CQWFdD���V\h+R`�x^cT_h�R\e(T � MOFEXCFdh<��PCXxe/TUMWVYXxR`QS^d�PB�FZ�\MO�\Fq^~Rm��hUR\D<F
��AxMOe�A Fq^_^_FEXuT_MSR`QOQOb�F(f][ChUFd^U^_Fd^�TUACF#M a FdR�V`��PCXCMW��V\hUD FdQWQOMO[]T_MSe(MWTkb���V\h�R � MWFdXCFEhp��PCXxe/TUMWVYXxR`Q%R`X a TUACFEX
a FE�\FdQWVY[x^#R�DGF(TUACV a V\QOV\�Yb���VYh<eEV\DG[CP]TUMWXC��QOV���Fdh#�!V\PCX a ^E� @�ACMS^#[1R`[!FEh<�,RY^TUACF�^cTUR\hcTUMWXx��[!V\MOXYT
V\��VYPCh��,V\hU¢)R\X a ^cFd�\FEh�R`Q�MODG[1VYhcT�R`XuT�M a FdRY^�e(VYDGFZ��h_VYD T_AxFEhUF\�QJ,P]T��,F a V XCV�DGV\hUFmR\^U^_PCDGF
PxXCM���VYh_D FEQOQOMW[]TUMOeEM�Tkb �CP]T�V\XCQOb)QOV]eER\Q�FEQOQWMO[]TUMOeEM�Tkb R`hUV\PCX a R a F(T_Fdh_DGMOXCMS^kTUMOemeEPChU�\F\� @�ACMS^+MS^�D#P1e�A
^cT_hUV\Xx�\FEh�R\X a MWX [1R`h_T_MSe(PCQSR`h�[!FEhUDGM�T�^IT_V TUh_FqR�TMOXuT_FEhUFd^cT_MOXC�ZXCFd� FEfCR`DG[CQOFd^�Fd�\FEX�MOX�T_ACF�eEQORY^_^_MSeER`Q
��h�R`DGF�V\� a MW¡!Px^_MOV\X$[xh_V]e(Fq^_^d� M X�V\P]T�^kT�R`X a MWXC��F(fCR`DG[CQOF�MS^#T_AxR`T~V`��QOV\�\¤¥XxV\hUDGR\Q�TkbN[1F a MW¡!Px^_MOV\Xx^
TUACF+e(VNF	��eEMWFdXYT�^IV`�,��ACMOe�A�R`hUF a FE�YFEXCFdhUR`T_F a MWX��EFdh_VZR`X a AxR��YF~PxXu�!V\PxX a F a e(VNF��+eEMWFdXuTU^d�~�¦X�T_AxMO^
edR\^_FGT_ACF�QWV��,FEh��!V\PCX a MO^#XCVmDGV\hUF�§IR`Px^U^_MOR\X��CPCT~AxRY^Rm^_AxR`[!F+��ACMSe�A MO^~e(V\DG[xR`T_MO�CQOF+��M�TUA T_ACF
^_AxR\[1FGV`�,T_AxF a FEXx^_MWTkbmV`��R�QWVY�`¤7XCV\hUD+R`Q a MS^kTUh_MO�CP]TUMWVYX?���?FETPx^I�1F+DGVYh_FG[ChUFdeEMO^_F\� � F�e(VYXx^cM a FdhIR

q− a MODGFEXx^_MOV\XxR\Q!�7TUV+[ChUVNeEFd^U^,V`�%T_ACFI��VYh_D

Xι
t = xi

0 +

∞∑

j=1

∫ t

0

U ij
s dB

j
s +

∫ t

0

V i
s ds, i = 1, ..., q

R\X a �,FIR`hUFpMOXYTUFEhUFd^cT_F a �NbGT_ACF�QOVNedR`Q a FdXx^cMWTkb+V`�
XT

MOX�R~[1VYMWXuT
y.
� F�R\^U^cPxD<FpT_AxR`T

U
R`X a

V
R\h_F

^_DGVNV`T_A�MOX�lmR`QOQWMSR��NMWX�« ^I^_FEXx^_F�^cV�TUAxR�T
XT

MS^^cDGVNV`TUA R`QS^cV1� � F+�YMW�YF<XxV�� T_AxF+XCV\X]¤ a Fd�\FEXxFEh�R\e(b
RY^_^_PCDG[]TUMWVYX?� � F�nCf�R a M�¡�FEhUFEXuT_MSR`�xQWFeEPCh_�YF

xt, 0 ≤ t ≤ T
^_Pxe�A�T_AxR`T

x0 = X0
R`X a

xT = y
R`X a

^_V\DGF
rt > 0, 0 ≤ t ≤ T.

� F�R\QO^_V�eEV\Xx^_M a FEhI^cVYDGF
q × q

a MODGFEXx^_MWVYXxR`Q�^_bND<DGFET_hUMOeGR`X a [!VY^_M�TUMW�YF
a F(nxXCMWT_F#DGR`T_hUM�f]Fq^

Qt, 0 ≤ t ≤ T
R\X a a FdXCV`TUF��ub

λt > 0
T_ACFQOV��,FEh�FEMO�\FdXN��R\QWPxF�V`�

Qt.
@�ACFdX V\PCh

ANbN[!V`T_AxFd^_MO^�R\h_F�T_ACFI��VYQWQOV���MOXC�x�SRCVYh�FE�YFEhUb
0 < t < T

R\X a
0 < δ < T − t

(H, i) UtU
∗
t ≥ Qt

(Hν , ii) ‖Γδ(t)‖k,p,t ≤ K(t)δ
1
2
+ν , ν > 0,

(H, iii)




q∑

i=1

∞∑

j=1

∣∣∣U ij
t

∣∣∣
2




1/2

≤ K ′(t)
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H � %�$�$+ 

VYX�TUACF^_F(T ∣∣∣Q−1/2
t (X(t) − x(t))

∣∣∣ ≤ r(t)
�

��F(T�Px^�FEf][CQOR\MWX�T_AxMO^ a F(nxXCMWT_MOV\X�� � XCFI��h_MWT_Fq^

X i
t+δ = X i

t +

∞∑

j=1

∫ t+δ

t

U ij
s dB

j
s + Γi

δ(t)

��M�TUA
Γi

δ(t) :=
∞∑

j=1

∫ t+δ

t

(Us − Ut)
ijdBj

s +

∫ t+δ

t

V i
s ds.

@�AxF�[xh_MOXxe(MO[xR\Q1TUFEhUD MS^ ∑∞
j=1

∫ t+δ

t
U ij

t dB
j
s

��ACMSe�A�MO^�§IR\Px^_^_MSR`X�eEV\X a M�TUMWVYXxR`QOQWbGTUV
Ft = σ(Bj

s , s ≤
t, j ∈ N).

R\X a AxR\^,TUACF�e(V���R`hUMOR\Xxe(F�D+R�TUh_MWf
UtU

∗
t × δ.

KNV
(H, i)

^UR�bN^�TUAxR�T�T_AxF�[Ch_MOXxeEMW[xR\Q�T_Fdh_D MS^
XxV\X]¤ a FE�YFEXCFdhUR`T_F a ���7T�hUFE[ChUFd^_FEXuT�^�TUACFIFEQOQWMO[]TUMOeEM�Tkb�RY^_^_PCDG[]TUMWVYX?�

Γi
δ(t)

MO^�R~h_FdD+R`MOX a FEh�R\X a
(Hν , ii)^UR�b]^�TUAxR�TGT_AxMO^<hUFED+R`MOX a Fdh~D+R�b �!F�MO�\XCVYh_F a ��MWT_A h_Fq^c[!Fde(T#T_V�T_AxF�[xh_MOXxe(MO[xR\Q�TUFEhUD ��ACMSe�A$MS^~Fq^k¤

^_FEXuTUMOR\QWQOb�V\�,VYh a Fdh
δ1/2.

@�ACF+XNPCD~�1Fdh
ν
MS^#R ^cT_hUMOe(T_QOb�[!VY^_M�TUMW�YF�XNPCD#�!FEh��AxMOe�A a Fd[1FdX a ^VYX�T_ACF

[xh_VY�CQWFdDrR�T�A1R`X a ¤!MOXTUACF���h�R`DGF�V`� a MW¡!P1^cMOV\X~[Ch_V]eEFd^U^cFq^
ν = 1

2

R`X a ��V\h�KuTUVNe�A1R\^cT_MSe
PDE′s, ν = 1

4 .@�AxF~XCVYh_D ‖◦‖k,p,t

MO^IR KNV\�!V\QOFE� XxV\hUD
��AxMOe�A�MWXN�YV\QO�\Fd^pT_AxF
Lp XCV\hUD+^�V\�iT_AxF~n1hU^cT k lmR\QWQOMOR��NMOXa FEhUMW��R�TUMW�YFd^���ACFdh_F

p, k
R\h_FG^cVYDGF<MOXuT_Fd�\FEh�^ a FE[!FEX a MWXx��VYX�TUACF a MODGFEXx^_MWVYX

q.
@�AxF+QWV��,FEhIMOX a F(f

t^_MO�\XCMWnxFd^�T_AxR`T��,F���VYh_¢���M�TUA�e(VYX a MWT_MOV\XxR\Q?F(f][!Fde/T�R�TUMWVYXx^���MWT_AmhUFd^_[1Fqe/T�TUV
Ft
R\X a XCV\Tp��M�TUA Px^_PxR`Q

FEf][1Fqe/TUR`T_MOV\Xx^ 7 ��FIPx^_FRGe(VYX a MWT_MOV\XxR\Q?lmR`QOQWMSR��NMWX�eER\QOeEPCQWP1^ A(�
��F(T�P1^?XCV���e(VYD<DGFdXYT�T_ACFiQOV]eER\QWMO�dR`T_MOV\X?�>J,V\T_A

Ut = Ut(ω)
R`X a ‖Γδ(t)‖k,p,t = ‖Γδ(t)‖k,p,t (ω)R\h_F#hUR\X a V\D ��R`hUMSR`�CQOFd^d��KNV�T_ACF<[ChUV\[!FEh_T_MOFd^

(H, i), (Hν , ii)
R\X a

(H, iii)
ACV\Q a TUh_PCF~V\XCQOb���V\h

ω ∈
{
∣∣∣Q−1/2

t (X(t) − x(t))
∣∣∣ ≤ r(t)}. @�ACMOXC¢���V\h�RGDGV\DGFEXuT�TUVGT_ACF�FEf]R\DG[CQWF�V\��TUACF a MW¡!P1^cMOV\XZ[ChUV]e(Fd^U^

dXt = σ(t,Xt)dBt +b(t,Xt)dt.
@�ACFdX

Ut = σ(t,Xt)
R`X a ^cV

(H, i)
^_R�b]^�T_AxR`T

σσ∗(t, x) ≥ Qt
��V\h

x
^cPxe�AZTUAxR�T ∣∣∣Q−1/2

t (x− x(t))
∣∣∣ ≤ r(t).

K]V���F#XCFEF a T_ACFFdQWQOMO[]T_MSe(MWTkb R\^U^cPCDG[]TUMWVYXZV\XCQOb�VYXmR<T_PC�!F
R\h_VYPCX a T_ACF�eEPCh_�YF

xt.
@�ACF�^UR`DGFGMO^�T_hUPCF<��V\hIT_AxF+�1VYPCX a F a XCFd^U^RY^_^_PCDG[]T_MOV\X

(H, iii) :
�,F<XxFEF a

|σσ∗(t, x)| ≤ K ′(t)
VYXCQOb���VYh

x
MWX TUACFTUPC�!F\���¦Xm[xR`h_T_MSe(PxQOR\h�T_ACMS^�[1Fdh_DGMWTU^pT_V�A1R`X a QOF#PxXu�!V\PxX a F a

eEVNF	��e(MOFEXuTU^ 7 ��M�TUAZQWMOXCFdR\h��\hUV���T_A���V\h�F(fCR\D<[xQWF�A/�
� FInCf�XxV�� ^_V\DGF

h > 0
R`X aZa FEnxXCF

γh(t) : = min{h, 3
2
r(t),

1

supt≤s≤t+h

∣∣Q−1/2(t)∂sxs

∣∣ ,
λ(1+ν)/2ν(t)

C((K ′(t) +
√
λ(t))K(t))1/2ν

}

µh(t) : = sup
0∨(t−h)≤s≤t

1

γh(s)

��AxFEhUF
C
MS^�R\X<PxXCMW�YFEh�^_R\Q]F(f][CQOMOeEM�T,e(V\X1^kT�R`XuTd� � PChiD+R`MOXGh_Fq^cPCQWT�MS^�T_AxF���V\QOQWV���MOXC�1��G�X a FEh�T_ACF�R\�1V��YF

RY^_^_PCDG[]TUMWVYXx^
(H, i), (Hν , ii), (H, iii)

TUACF�h�R`X a V\D���R\h_MSR`�xQWF
XT

AxR\^~R QWV]edR`Q a FEXx^_M�Tkb
pT (x0, y)

��� T����
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��AxMOe�A�MO^pe(V\XuTUMWXNPCVYPx^�R`X a DGV\hUFEV��YFEh

C

T q+2λq+2
T

(P (|XT − x0| ≥ |y − x0|))1/2

≥ pT (x0, y) ≥
1

4e(2πγh(0)λ(0))q/2
× exp(−C ′

∫ T

0

µ2
h(t)dt).

EpV`T_F�TUAxR�T�TUACF�R`�!V��\F,�!V\PCX a ^�ACV\Q a T_hUPCF,��V\h�FE�YFEhUb
h > 0

R\X a FE�\Fdh_b a F(T_Fdh_DGMOXCMS^kTUMOe�[xR`T_A
xt
��V\h

��AxMOe�AGTUACFpFdQWQOMW[CT_MSe(MWTkb<RY^_^_PCDG[]T_MOV\X+AxV\Q a ^�TUh_PCFY��K]VV\XCFpDGR�b~TUR\¢\F�TUACF�^_PC[ChUFED~PCD V��YFEhi^_Pxe�A+[xR`T_Ax^
MOX TUACF#QOV���Fdhp�!V\PCX a � RxV\h�F(fCR`DG[CQOF £ MWXmT_ACFGeERY^cFV\�iQWVY�`¤7XCV\hUD+R`Q�TkbN[!F a MW¡!P1^cMOV\Xx^ £ M���V\XCF�T�R`¢YFd^

xtTUV~�!F�T_ACFI^kTUh_MO�\AuT,QWMOXCFI��ACMSe�A�MWQOXC¢]^
x0
T_V
y,
T_ACFIe(VYh_hUFd^_[1VYX a MOXC�QOV���Fdh��!V\PCX a ^�R`hUF�§IR`P1^_^_MOR\X�R`X a

TUACMS^pMS^�XCV\T�VY[]T_MOD+R`Q¥� M TpT_AxF~e(VYXuT_h�R`hUb £ MW�iV\XCF#TUR\¢\Fd^�F(f][1VYXCFEXuTUMOR\Q?TkbN[1F<e(PChU�\Fq^�T_AxFEXmVYXCF#VY�]TUR\MWXx^
R<QOV���Fdh��1VYPCX a ��ACMSe�A�MS^�V`��T_ACF^UR`DGF�TkbN[1FRY^,T_ACF a FEXx^_M�Tkb�V`��R~QOV\�GXCVYh_D+R\Q!QSR����

@�ACF�M a FdRmV\��T_ACF�[ChUVuV\��MO^#T_ACF���V\QOQWV���MOXC�1� � XCF�eEV\Xx^cT_hUPxe/T�^hUFdeEPChU^_MO�\FEQObmTUACF�TUMWDGF��\hUM a
t0 =

0, δ0 = γ2
h(t0), t1 = t0 + δ0, ..., δk = γ2

h(tk−1), tk = tk−1 + δk, ...
R`X a TUR`¢YFd^

N
T_V��1FGTUACF<n1^kT

MOXuT_Fd�\FEh�^_Pxe�A�T_AxR`T
tN ≥ T.

EpV�� £ ��V\h�FqR\e�A
k
VYXCFI��h_MWT_Fq^

X i
tk

= X i
tk−1

+

∞∑

j=1

∫ tk−1+δk

tk−1

U ij
tk−1

dBj
s + Γi

δk
(tk−1).

7 ?*A

G�^cMOXC��T_ACF<FEQOQOMW[]TUMOeEM�Tkb�R\^U^cPCDG[]TUMWVYX
(H, i)

R`X a T_ACF+e(VYX a MWT_MOV\XxR\Qi§IR`Px^U^cMSR`X�QOR�� V\� T_ACFGh�R`X a V\D
��R\h_MSR`�CQOF ∑∞

j=1

∫ tk−1+δk

tk−1
U ij

tk−1
dBj

s

V\XCF a Fdh_MO�\Fq^+R�QWV��,FEhG�!V\PCX a ��V\hGT_AxF a FEX1^cMWTkb$V\��TUACMO^+T_FEhUD
R\X a TUACFEX £ Px^_MWXC�

(Hν , ii)
VYXCFG[ChUV��\Fd^�T_AxR`TIT_ACFGhUFED+R`MOX a Fdh

Γi
δk

(tk−1)
D+R�b �!FGMW�YXCV\hUF a 7 MWTIMS^IMOX

R�QOV���FdhI^UeER\QWF�A/�GKNV�VYXCFGV\�]T�R`MOXx^IR�QWV��,FEh��1VYPCX a ��V\heEV\X a MWT_MOV\X1R`Q a FEX1^cMWTkbmV`��T_ACFGTkbN[!F
P (Xtk

∈
dy | Xtk−1

= x).
@�AxF�nxXxR\Q�QOV���Fdh��!V\PCX a ��MWQOQ��!F#VY�]TUR\MWXxF a R\^�T_ACF<e(VYXu�YV\QOP]T_MOV\XZV\��T_ACF

N
QWV��,FEh

�!V\PxX a ^,��V\h�TUACFe(VYX a MWT_MOV\XxR\Q a FEXx^_MWTkb�e(VYh_hUFd^_[1VYX a MOXC�TUV+FdRYe�A
tk, k = 0, ..., N.

J�PCT�XCV`TUF�TUAxR�T�TUACF
R\�1V��YF�Fd��R\QWP1R�T_MOV\X1^�ACV\Q a TUh_PxF,VYXCQOb�M��!T_ACF a MW��Px^U^cMOV\X

Xt
hUFED+R`MOXx^�MOX<R�T_Px�1F�V`�!hUR a MOPx^

rt
R`hUV\PCX a T_ACF

eEPChU�\F
xt

7 �!FdeER\Px^_F�VYPCh�ANbN[1V\T_ACFq^cMS^�R`hUFIMWX���V\h�e(F�MOX�TUACMS^�eERY^cFIV\XxQWb�A/�i@�AxF�¢\FEb+[xh_VY�CQWFdD�MS^,T_VGnxX a
TUACF#�YVNV a F �uPCMWQOMO�Ch_MOPCD
�1FETk��FdFEX

δk
R`X a TUACF~^_MO�EF#V\�

Xtk
−Xtk−1

V\X VYXCFAxR\X a R`X a T_V�Fd��R\QWP1R�T_F
TUACF<[Ch_VY�xR`�xMWQOM�Tkb�TUAxR�T�T_ACFG[ChUV]e(Fq^_^

Xt
h_FdDGR\MWX1^pMOX�R�T_PC�!FGV`��h�R a MOPx^

rt
R\h_VYPCX a TUACFGe(PChU�\F

xt
VYX

TUACFIV`TUACFEh�AxR\X a
.
@�AxMO^�QOFdR a ^,T_V<T_AxF a F(nxXxM�TUMWVYX�V\��TUACF���PCXxe/TUMWVYX

γh(t).
@�ACMWXx¢���V\h�R<DGV\DGFEXuT�TUAxR�T

X
MS^R a MW¡!P1^cMOV\X [ChUV]e(Fq^_^�^_VZT_AxR`T

Ut = σ(t,Xt).
@�AxFEX�T_AxFEhUF+MO^~RZDGR\XCMW��Fd^cT#R`XxR\QWVY�\bm�!F(Tk�,FEFdX

TUACF a FdeEV\DG[!VY^_M�TUMWVYX�Px^_F a MWX 7 ?�A�R\X a TUACFGV\XCF<Px^_F a MWX�T_AxF<[1R`h�R`DGF(TUh_MWf D<FET_ACV a 7 eEV\DG[xR`hUF#��MWT_A
(4.1), (4.2)

[xR`�YFD?EH�MOX"9 }�<�A(���¦X<^cVYD<F��,R�bI�,F�P1^cF�R�^cT_V]e�AxRY^kTUMOe��\FdhU^_MWVYX�V`�CTUACF�[xR`h�R`DGFET_hUM�fIDGF(T_AxV a
VYX ^cD+R`QOQ?MOXuT_FEhU��R`QS^�V`�%T_MODGF\��@�ACFEhUFR`hUF�Tk��V+[!V\MOXuTU^�VYX ��ACMSe�A�TUACF#^cT_V]e�AxRY^kTUMOeIR`[x[Ch_V]e�AZAxRY^�^cVYDGF
R a ��R`XuTUR\�\Fq^���nxh�^cTiV`�¨R`QOQCM�T�[1Fdh_DGMWTU^�TUV�QWV]eER\QWMO�EF�VYX~TUACF�^_F(T�V\�1TUhUR`jkFde/TUV\hUMWFq^%��ACMOe�AGhUFED+R`MOX<MWX+R�T_Px�1F
R\h_VYPCX a T_AxF a FET_FEhUDGMWXxMO^cT_MSe�e(Pxh_�YF�R`X a TUACMS^#[!FEhUDGM�T�^�T_V a FdR\Q���MWT_A$R�e(FEh_TUR\MWX eEQORY^_^#V`� a MW¡!Px^_MOV\Xx^
��AxMOe�AGR`hUF�XCV`T�PCXCMW��V\hUD�FdQWQOMO[]T_MSe�R`X a<a V�XCV\T�AxR��\F��!V\PCX a F a e(VNF	��eEMWFdXYT�^E���¦XG[xR`h_T_MSe(PCQSR`h £ T_AxF�^cAxR\[1F
V\��T_ACF�QWV��,FEh�!V\PxX a MWX)^cPxe�A�R�eER\^_F+D+R�b��!F a M�¡�FEhUFEXuT��hUV\D T_ACFZ§IR`Px^U^_MOR\X�VYXCF\�mlmV\hUFEV��\Fdh £ M�T
[!FEhUDGM�T�^,T_V a FqR`Q¨��MWT_AZXCVYX]¤7l�R`hU¢\V��G[ChUV\�CQOFED+^d�

T�TVU�W�X�Y�Y�Z
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@�ACF�[1R`[!FEh�MS^�V\hU�YR`XxMW�dF a RY^���V\QOQWV���^d���¦X<T_AxF�nxhU^cTi^cFqe/TUMWVYX~�,F,T_hUFdR�T�TUACF�[Ch_VY�CQOFED MOX+R`XGR`�x^cT_h�R\e(T
��h�R`DGFi��AxMOe�A�MS^�MOXx^_[CMOh_F a ��h_VYD 9 vL<7� J,P]T�T_ACFiD+R\MWXFd��R`QOPxR�TUMWVYX £ eEV\XuTUR\MWXxF a MOX#@�ACFEVYh_FdD ?iMS^%^kTUh_VYXC�\Fdh
TUAxR`X,OpVYAxR�T�^cP"BpMW�uRC« ^ihUFd^_PCQWTd���¦X�[xR\hcTUMOeEPCQSR`h�MWT�[1Fdh_DGMWTU^�T_V a FEhUMO�\Fp^_V\DGF�TUPC�!Fd^,FE��R`QOPxR`T_MOV\Xx^���ACMSe�A
R\h_F,e(hUPxe(MSR`QuMOX~VYh a Fdh�TUV�VY�]TUR\MWX~QWV]edR`Quh_Fq^cPCQWTU^d��@�ACMO^�^_Fde(T_MOV\X~eEV\XuTUR\MWX1^?TUACF�D+R\MWX~T_Fqe�ACXCMSeER`QYT_VNVYQO^�R`X a
hUFd^_PCQWTU^d���¦X�T_AxFI^_FdeEV\X a ^cFqe/T_MOV\X���F a FqR`Q���M�TUA��7T��~[xh_V]e(Fq^_^_Fd^,R`X a �,F�VY�]TUR\MWX�T_ACFIhUFd^_PCQ�T�[ChUFd^_FEXuT_F a
R\�1V��YF\���¦X~TUACF�TUACMWh a ^_Fde/TUMWVYXG��F a MS^Ue(Px^U^�T_AxF�F(fCR`DG[CQOF�V`� a MW¡!P1^cMOV\XG[ChUV]e(Fd^U^d���¦XGV\h a Fdh�T_V�MOQWQOPx^cT_h�R�T_F
VYPCh�DGF(TUACV a �,F�e(VYXx^cM a Fdh,QOV\�\¤¥XxV\hUDGR\Q!Tkbu[!F a MW¡!P1^cMOV\Xx^ 7 T_AxR`T�MO^

σ(t, x) = α(t, x)x)
R\X a eEV\DG[xR\h_F

VYPChiQOV���Fdh��1VYPCX a ^i��M�TUAGT_ACF�[xh_Fqe(MS^cF�QOV\�\¤¥XCVYh_D+R\Q a FEXx^_MWTkb\� R�MOXxR\QWQOb#MOXGT_ACFpQORY^kT�^_Fde(T_MOV\XG�,F�e(V\X1^cM a FEh
TUACF�F(fCR\D<[xQWFIV`��KuT_V]e�AxRY^kTUMOe

PDE′s
7 ��ACMSe�AZAxR\^,nxh�^cT��!FEFdX�T_hUFdR�TUF a MWX 9 v*<�A/�

� � �����#��������'&����������% 

����� 	�
����������
����������������������� �!�����#"���"�$
�¦X�T_ACMS^�^cFqe/TUMWVYX���F���MWQOQ�Px^_F�[xR\hcTUMOR\Q!l�R`QOQWMSR��NMWX�edR`QSe(PCQOPx^�^cV~��F�AxR��\F�T_V<MWXuT_hUV a PxeEF�^_V\DGFpXCV\TUR`T_MOV\X?�
� FGe(V\X1^cM a FEhIR`X�MWX]n1XCM�TUF a MWDGFdXx^cMOV\X1R`Q J�hUV���XCMSR`X DGV`TUMWVYX

B = (Bj)j∈N
R\X a�a FdXCV`TUF#�Nb

Ft
T_ACF

n1Q�TUhUR`T_MOV\X �\FdXCFEh�R�TUF a �ub
B.

� FmhUF(��FdhGT_V EpPxR`QSR`h_T 9@?dz�<���VYh+T_AxFmXCV`T�R�TUMWVYX?�:�¦X R`QOQ�TUACMS^�^cFqe/TUMWVYX
�,F nCf ^_V\DGF

t ≥ 0, δ > 0.
� AxR�T�MO^�^c[!FdeEM�n1e�MWX:V\PCh+��h�R`DGFmMS^�T_AxR`T��,FmFEDG[CQOV�b$TUACF�[1R`h_T_MSR`Q

l�R`QOQWMSR��NMWX eER\QOeEPCQOPx^VYX�T_ACF�MOXuT_Fdh_��R`Q
[t, t + δ].

@�ACMS^DGFdR\Xx^�TUAxR�T#�,F�eEV\Xx^_M a FEh a Fdh_MO��R�TUMW�YFd^���MWT_A
hUFd^_[!Fde/T#T_V

Bs, s ∈ [t, t + δ]
V\XCQOb R`X a �,F�FdDG[CQWV�b�T_AxF�e(VYh_hUFd^_[!V\X a MOXC��KNVY�1VYQWFd��XxV\hUDG^ £ PCX a Fdh

TUACF�e(VYX a MWT_MOV\XxR\Q!FEf][1Fqe/TUR`T_MOV\X���M�TUA�hUFd^_[1Fqe/T,T_V
Ft
��RxV\h�F(fCR\D<[xQWF £

D1,2
t

a Fq^cMO�\XCFq^iTUACF�^c[1R\e(F�V`��T_ACF
��PxXxe/TUMWVYXxR`QS^#��AxMOe�A R`hUF�V\XxF�T_MODGFd^ a MW¡!Fdh_FdXuT_MSR`�CQOF�MOX

L2,
MOX)lmR\QWQOMOR��NMOX?« ^#^_FEXx^_F £ VYX T_AxF�MOXuT_Fdh_��R`Q

[t, t + δ].
l V\hUF#[xh_Fqe(MS^cFdQWb £ TUACMS^�^_[xRYe(F#MS^Ie(VYXx^kTUh_P1e/T_F a MOX�TUACF#��VYQWQOV���MOXC����R�b\� � XCFGe(V\X1^cM a FEh�^pT_ACF

^_MOD<[xQWF���PxXxe/TUMWVYXxR`QS^
F = f(G,Bs1

−Bs0
, ..., Bsk

−Bsk−1
)
��ACFEhUF

t = s0 < s1 < ... < sk = t+δ,
G
MS^�R`X

Ft
DGFdR\^_PCh�R`�CQOF,hUR\X a V\D���R\h_MSR`�xQWF�R`X a

f(G, y1, ..., yk)
MS^iRI^_D<VNV\T_A~��PCXxe/TUMWVYXG��M�TUA<hUFd^_[!Fde/T

TUV
(y1, ..., yk).

RxV\h�^_Pxe�A�R~��PCX1e/T_MOV\X1R`Q?VYXCF a F(nxXxFd^�TUACFlmR`QOQOMOR��NMOX a Fdh_MO��R�T_MO�\FI�Nb

DsF =

k∑

i=1

∂f

∂yi
(G,Bs1

−Bs0
, ..., Bsk

−Bsk−1
)1[si,si−1)(s).

@�AxFEX�V\XCFeEV\Xx^_M a FEh�^�TUACF�XCVYh_D

‖F‖2
1,2,t := Et(|F |2) +Et(

∫ t+δ

t

|DsF |2 ds).

BpFEhUF�R`X a MWX+TUACF�^_F��uPCFdQ
Et
a Fd^_MW�YXCFd^�TUACF�eEV\X a M�TUMWVYXxR`Q1F(f][1Fqe/T�R�T_MOV\X���M�TUA�h_Fq^c[!Fde(TiT_V

Ft
TUAxR�T,MO^

Et(Φ) := E(Φ | Ft).

KNV ‖F‖1,2,t

MO^�R\X
Ft
D<FqR\^_PCh�R`�CQOFIhUR\X a V\D���R\h_MSR`�xQWF�R`X a XCV\TpR+e(VYXx^kT�R`XuTd� � F a FEnxXCF

D1,2
t

T_V
�!F�TUACF�eEQWVu^cPChUF�V`��TUACFp^_MWDG[CQOF���PCX1e/T_MOV\X1R`QS^�^_[xR\eEF���M�TUA�h_Fq^c[!Fde(T�T_V�TUACMS^�XCVYh_DZ��KNV

F ∈ D1,2
t

DGFqR`Xx^
TUAxR�TpT_ACFdh_F�FEfNMS^cTU^�R+^_F��uPCFdXxe(F�V\��^_MWDG[CQOF���PCX1e/T_MOV\X1R`QS^

Fn, n ∈ N,
^_Pxe�A�T_A1R�T ‖Fn − Fm‖1,2,t → 0R\X a

E |Fn − F |2 → 0
R`QOD<Vu^kT�^_PCh_FdQWb�RY^

n,m→ ∞.
�¦X�T_ACF�^UR`DGFI�,R�bGV\XxF a F(nxXCFq^�ACMO�\ACFdh,VYh a FEh

��� T����



���������
	��������������������������������! "�#�������
$&%��'�(��$&�*)�%�$�$+ ,��$�$+� -��.�/)�0��213-4�5�*)���������� v

a FEhUMW��R�TUMW�YFd^�R\X a T_AxF � hUFEXx^cT_FdMWX GpQWFdD#�xRYe�¢�V\[!FEh�R�TUV\h
L
� RCVYh

F ∈ (D1,2
t )q , F = (F 1, ..., F q)

T_ACF
l�R`QOQWMSR��NMWX�e(V���R`hUMOR\Xxe(F�D+R�TUh_MWf�MS^ a F(nxXxF a �Nb

φij
F,t =

∫ t+δ

t

DsF
iDsF

jds.

� F a FEXCV\T_F��ub
λF,t(

hUFd^_[1Fqe/T_MO�\FdQWb
λF,t)

TUACF�QWV��,FEh 7 hUFd^_[1Fqe/T_MO�\FdQWb�TUACF�QOR\h_�YFEh�A�FEMO�\FdXu��R\QWPCF�V`�
φF,t.@�AxFEb�R\h_FI�\MO�\FdX��Nb

λF,t = inf
|ξ|=1

q∑

i,j=1

ξiξjφ
ij
F,t, λF,t = sup

|ξ|=1

q∑

i,j=1

ξiξjφ
ij
F,t.

�¦XZV\h a Fdh�TUV a F(n1XCFIACMW�YACFEh�VYh a FEh a Fdh_MO��R�T_MO�\Fq^,��F a FEnxXCFIT_AxF#KNV\�!V\QOFE��XxV\hUDG^

‖F‖p
k,p,t := Et(|F |p) +

∑

1≤|α|≤k

Et((

∫ t+δ

t

...

∫ t+δ

t

∣∣∣Dα
s1,...,s|α|

F
∣∣∣
2

ds1...ds|α|)
p/2)

��AxFEhUF £ ��VYh�R�D~PCQ�TUM�¤7MOX a F(f
α = (α1, ..., αm)

��F a FdXCV`TUF |α| = m.
@�ACF a Fdh_MO��R�T_MO�\Fq^

Dα
s1,...,s|α|

F
R`hUF

n1hU^cT a F(n1XCF a VYX+^cMODG[CQWF���PCXxe/TUMWVYXxR`QS^�R\X a T_AxFEX+F(fNTUFEX a F a T_V��YFEXCFdhUR\Q]��PCXxeEMWVYXxR`QS^��Nb<[xR\^U^cMOXC�ITUV�T_ACF
QOMOD<MWT�MOX ‖◦‖k,p,t .

� F a FEXCV\T_Fp�Nb
Dk,p

t

T_AxF�e(QOVY^_PChUF�V`��TUACF�^_MOD<[xQWF���PxXxe/TUMWVYXxR`QS^�^_[xRYe(F���MWT_A�hUFd^_[!Fde/T
TUV ‖◦‖k,p,t .

@�ACF<�xR\^_MSe� RYe/TI��ACMOe�A��,F~��MOQWQ�Px^_FGMO^�TUACFGMWXuT_Fd�\h�R�TUMWVYXm�Nb [xR`h_TU^���V\hUD#PxQOR���ACMOe�A���F
�YMW�YF+MWX�T_ACF+��VYQWQOV���MOXC�x� � F�e(VYXx^_M a Fdh

F = (F1, ..., Fq)
£
Fi, G ∈ Dk,p

t

R\X a �,F�R\^U^cPxD<FGTUAxR�T
FMS^�XCVYX a FE�\FdXCFEh�R�TUF a 7 TUAxR�TMS^

λF,t > 0
R`QOD<Vu^kT#^_PChUFEQOb�A/� RCVYhR���PCXxe(T_MOV\X

f : Rq → R
��ACMSe�A�MS^

MOX]nxXxM�TUFEQOb a MW¡�FEhUFEXuT_MSR`�CQOFR`X a ��V\hpRGD~PCQ�TUM�¤7MOX a F(f
α = (α1, ..., αk)

a FEXCV\T_F
Dα T_ACF~e(V\hUhUFd^_[1VYX a MOXC�

a FEhUMW��R�TUMW�YFpTUAxR�T�MS^
Dαf = ∂kf/∂xα1

...∂xαk

�i@�ACFdX

(IPi) Et(
∂f

∂xi
(F )G) = Et(f(F )Hi(F,G)) with

Hi(F,G) = −
q∑

j=1

(Gφ̂ji
F,tL(Fj) +

∫ t+δ

t

DsFjDs(φ̂
ji
F,tG)ds

��AxFEhUF
φ̂F,t

a Fq^cMO�\XxFEFd^�TUACFGMWXN�YFEh�^cF<V`�
φF,t

R`X a
L
a Fd^_MW�YXCFd^�TUACF � h_X1^kTUFEMOX GpACQOR\D#�!Fde�¢mVY[1FdhUR`T_VYh

��MWT_AZhUFd^_[1Fqe/T�T_V
Bs, s ∈ [t, t+ δ].

@�ACMS^,��V\hUD#PxQOR<D+R�b+�1F�MWT_FdhUR`T_F a MOX�V\h a FEh�TUV<VY�]TUR\MWX

(IPα) Et(D
αf(F )G) = Et(f(F )Hα(F,G)) with

Hα(F,G) = Hαk
(F,H(α1 ,...,αk−1)(F,G)) for α = (α1, ..., αk).

� F�D+R`¢\F�Tk�,VGh_FdDGR\h_¢]^�e(VYXxe(Fdh_XxMWXC�<TUACFR`�!V��\F�MWXuTUFE�\h�R�TUMWVYX��Nb�[1R`h_TU^,��V\hUD#PxQORx��@�AxFInxhU^cT�V\XCF
eEV\XxeEFEhUXx^�R�QWV]eER\QWMO�dR`T_MOV\X~[Ch_V]eEF a PChUF\� � F�RY^c¢YF a

φF,t
T_V��!F,MOXN�\FdhcTUMW�CQOF\� J,P]T�TUR\¢uMOXC��R�QWVNVY¢�T_V

(IPi)�,F+^cFdF<T_AxR`T�TUACF+D+R�TUh_MWf
φF,t

AxRY^�T_VZ�1F+MOXN�\FdhcTUMW�CQOF<MWX�T_AxF+h_Fd�\MOV\X���AxFEhUF
G
MO^XCV`T�XNPCQOQ £ V\hI[CP]T

MWT�V\T_ACFdh_��MS^_F £
G
A1R\^�TUV��!F#XNPCQOQ�MOXZT_ACF~h_Fd�\MOV\XZMOXm��ACMSe�A

φF,t
MS^pXCV\TpMOXu�YFEh_T_MO�CQOF\��@�ACMS^pMS^�TUh_PxF���V\h

TUACFGnxh�^kTITUFEhUD|MWX
Hi(F,G).

�¦X�T_ACF�^_FdeEV\X a T_Fdh_D R\[C[!FdR`h�^
Ds(φ̂

ji
F,tG) = Dsφ̂

ji
F,tG + φ̂ji

F,tDsG.

T�TVU�W�X�Y�Y�Z



t � %�$�$+ 

� FpXxFEF a T_AxR`T
DsG

MS^�R\QO^_VXNPCQOQ�MWX+TUACF�h_Fd�\MOV\X+MOX���ACMSe�A
φF,t

MS^ a FE�YFEXCFdhUR`T_F a �%o�VYPC�\AxQWb+^_[1FqR`¢NMWXx�
TUACMS^���MOQWQ?�!F�TUh_PCF#M����

G
MO^�XuPxQWQ�M��

λF,t

MS^�XNPCQWQ��/� � F a V+XCV\T���V\hUD+R`QOMW�dFID<VYh_FITUACMS^�M a FdRG��ACMSe�A ��MOQWQ
�!FIPx^_F a MWX�T_ACF�^_F��uPCFdQ¨MWXZR#DGVYh_F�[ChUFde(MS^_Fp��h�R`DGFIMWX���ACMSe�A�TUACF�R`�!V��\F�h_VYPC�\A a Fd^Ue(hUMW[CT_MOV\X�MS^�D#P1e�A
DGVYh_F<e(QOFdR`hq�I@�ACF<^_FdeEV\X a h_FdDGR\h_¢Ze(VYXxe(Fdh_X1^�TUACF~D+R\MWXmFd��R`QOPxR�TUMWVYXm[ChUV a Pxe(F a �Nb�T_ACF<MWXuTUFE�\h�R�TUMWVYX
�Nb�[xR`h_TU^���V\hUD#PCQSRC� @�ACFdh_F�FEf]MO^cT~^_V\DGF�e(VYXx^kT�R`XuTU^

pm, km
^_Pxe�A�T_AxR`T#��VYh~RZD#PxQ�TUM�¤7MWX a F(f

α
��MWT_A

|α| ≤ m

|Et(D
αf(F )G)| ≤

∥∥∥φ̂ji
F,t

∥∥∥
pm,t

‖F‖pm,km,t ‖G‖pm,km,t .

�7�?VYXCF�T�R`¢\Fq^�R�QOVNV\¢~T_V�TUACFphUFdeEPCh�^cMO�\F a FEnxXCMWT_MOV\X�V\�
Hα

T_ACFdX�VYXCF��!FEQOMWFd�\Fd^iT_AxR`T�TUACF�R\�1V��YF�FE��R`QOPxR�¤
TUMWVYX�ACVYQ a ^iT_hUPCF £ �CPCT�F(f][!Fde(TU^�T_AxR`T�TUACFpXCVYh_D V`�

L
e(VYD<Fq^iVYX�R\^���FdQWQ¥���¦X+� R\e(T�V\XxFpD+R�b a V\DGMWX1R�T_F

TUACFmXCVYh_D+^GV\��TUACF � hUFEXx^cT_FdMWX G�QOFED~�1FqR\e�¢�VY[1FdhUR`T_VYh
L
�ub$T_ACF�XCV\hUD+^GV`��T_ACF a FEhUMW��R�TUMW�YFd^ 7 T_ACF

K]V\�!V\QOFE�GXCV\hUD+^ A�Px^_MWXx�<l Fdb\Fdhd« ^iMOXCF��uPxR\QWMWT_MOFd^d���7��VYXCF a V~XCV\T,��R`XuT�T_V<Px^cF�T_AxFd^_F�MOXCF��uPxR\QWMWT_MOFd^ £ V\XCF
A1R\^�T_V R aCa MWX�T_AxF a F(nxXCMWT_MOV\X�V\� ‖F‖p,k,t

TUACF+XCV\hUD+^IV`��R e(FEh_TUR\MWX�XNPCD#�!FEhV\��VY[1FdhUR`T_MOV\Xx^
L
R\^

�,FEQOQ 7 ^_V<T_ACMS^�MS^�XCV\T�R<hUFdR\QWQOb�MOD<[!V\h_TUR\XuT�[!V\MOXuT £ �xP]TpR`QODGVY^cT�R<DGF(T_T_Fdh�V`�%XCV`T�R�T_MOV\X4A/�
E � @ M @�� � E ���¦X R`QOQ�T_AxF+��V\QOQWV���MOXC�Z�,F+��MWQOQ��,V\hU¢m��MWT_A

q
¤ a MWDGFEX1^cMOV\XxR\Q���PCXxe(T_MOV\XxR\QO^��ACFEhUF

qMS^IR�nCf]F a MWXuT_Fd�\Fdh�R\X a �,F<��MWQOQ�Px^_F<MOXuT_Fd�\h�R�T_MOV\X��ub�[xR`h_TU^
q + 1

T_MODGFd^d�GKNV��,F<��MOQOQ�FEDG[CQOV�bZT_ACF
R\�1V��YFIFE��R`QOPxR�TUMWVYX ��M�TUA

m = q + 1.
� F a FEXCV\T_F

k = kq+1
R\X a

p = pq+1
R`X a Px^_F�TUACMO^�XCV\TUR�TUMWVYX

TUAChUV\PC�YACV\P]T<T_AxF ��ACV\QOFZ[xR`[!FEhq� @�V�nxXCMS^_A)�,FZ�\MO�\F�T_ACF���VYQWQOV���MWXx��^_MOD<[xQWF�� R\e(T�e(VYXxe(Fdh_XCMOXC��T_ACF
l�R`QOQWMSR��NMWX�e(V���R`hUMOR\Xxe(F�D+R�TUh_MWf �
� � ±���± ��� ��� ±	��
 �����

F,G ∈ (D1,2)q . � ����

(detφF+G,t)
1/q ≥ 1

2
λF,t − λG,t.

� � ±?±	�� Gp^_MWXC�<TUACF�FEQOFEDGFEXuT�R`hUb�MWXxF��uPxR`QOMWTkb
(x+ y)2 ≥ 1

2x
2 − y2 VYXCFIV\�]T�R`MOXx^

(detφF+G,t)
1/q ≥ λF+G,t = inf

|ξ|=1

∫ t+δ

t

(
q∑

i=1

ξiDs(F
i +Gi)

)2

ds

≥ 1

2
inf
|ξ|=1

∫ t+δ

t

(
q∑

i=1

ξiDsF
i

)2

ds− sup
|ξ|=1

∫ t+δ

t

(
q∑

i=1

ξiDsG
i

)2

ds

=
1

2
λF,t − λG,t.

�

��� � ��� 
���� ���������������#� ��
�� ����� ��� ��$ ����� �#� ����" � ����
 ��$
� FIe(V\X1^cM a FEh�XCV�� ^_V\DGF�DGFdRY^cPCh�R`�xQWF�[xh_V]e(Fq^_^_Fd^

hij(s), s ∈ [t, t+ δ], i = 1, ..., q, j ∈ N
^_Pxe�A+TUAxR�T

hij(s)
MO^
Ft
D<FqR\^_PCh�R`�CQOF�R\X aZa FEXxV`T_F

‖h‖2
t :=

1

δ

q∑

i=1

∞∑

j=1

∫ t+δ

t

∣∣hij(s)
∣∣2 ds.

��� T����



���������
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� FR\^U^_PCDGF�TUAxR�T ‖h‖t <∞ R\QWDGVu^kT�^_PCh_FdQWbY��@�ACFEXZ�,F�D+R�b a F(nxXCF

J i(h) =

∞∑

j=1

∫ t+δ

t

hij(s)dBj(s).

K]MWXxeEF
h(s)

MO^
Ft
DGFdRY^cPxhUR\�CQWF £ eEV\X a M�TUMWVYXxR`QOQWb ��MWT_A�h_Fq^c[!Fde(T�TUV

Ft, J(h)
MO^IRZ§IR`Px^U^cMSR`X��\Fde(T_VYh�V\�

eEV���R`hUMOR\Xxe(F�DGR`T_hUM�f

Cij(J) =

∞∑

k=1

∫ t+δ

t

hik(s)hjk(s)ds.

§�MO�\FdX�^_V\DGF
Ft
DGFdRY^cPCh�R`�xQWFIh�R`X a VYD���R`hUMOR\�CQWF

V
�,F a F(nxXCF

G = V +

∞∑

j=1

∫ t+δ

t

hij(s)dBj(s) = V + J(h).

� F+e(V\X1^cM a FEhIR a F(TUFEhUDGMWXCMS^cT_MSe £ ^_buDGDGF(TUh_MSe £ [!VY^_MWT_MO�\F a F(nxXxM�TUF £
q × q

a MOD<FdXx^_MWVYXxR`Q%D+R�T_hUMWf
M��AxMOe�AGMS^�MWXN�\FdhcTUMW�xQWF�R`X a �,F a FdXCV`TUF,�Nb

∆
MWTU^i^_D+R`QOQWFdh�FEMO�\FEXN��R`QOPCF 7 ��AxMOe�AGMS^i^kTUh_MSe/TUQWb#[1Vu^cMWT_MO�\F�A/� � F

R\QO^_V a FEXCV\T_F
Θ = M−1/2.

@�ACMO^�D+R`T_hUM�f+MS^�nxfNF a MOX�TUACMS^,^_Fde(T_MOV\X�R`X a V\PCh�ANbN[1V\T_ACFq^cMS^�R\h_F��\MO�\FdX�MOX
TUFEhUD+^�V`�

M.§�MO�\FdX�R~[1VYMWXuT
z ∈ Rq R\X a R<^cFET A ⊆ {ω : |Θ(V (ω) − z)| ≤ 1} �,FIe(V\X1^cM a FEh,TUACFIAubN[!V`TUACFd^_MO^

(H1, A, z) C(J) ≥M
V\X�T_AxFI^_F(T

A.

R%MOXxR`QOQWb<�,Fpe(VYXx^cM a Fdh�R���PCXxe(T_MOV\X
φ ∈ C∞

b (Rq), 0 ≤ φ ≤ 1,
∫
φ = 1

R\X a
φ(y) = 0

��VYh |y| > 1.@�AxMO^�MS^�R`XGR`P]f]MOQWMSR`hUb���PCXxe/TUMWVYXG��ACMOe�A<MS^%nCf]F a MOX<T_ACF�^_F��uPCFdQ � � F�eEV\Xx^cT_hUPxe/T%T_AxF�^_F��uPCFdXxe(F
φη → δ0a F(nxXCF a �ub

φη(y) = η−qφ(η−1y)
�

� F~QOVNV\¢ZXCV�� T_V
Et(φη(G − z))

V\XmT_ACFG^cFET
A
��ACFEhUF

V
MO^�e(QOVY^_F a T_V

z
7 MOXmT_AxF<^_FEXx^_F#�YMW�YFEX

�Nb
Θ
A(� � F~T_ACMOXC¢ TUV�TUACMS^��uPxR\XuT_MWTkbmR\^pT_VZR`X�R\[C[ChUV�f]MWD+R�TUMWVYX V`�iTUACF a FEX1^cMWTkb V`�

G − V = J(h)eEV\X a M�TUMWVYXxR`QOQWbGTUV
V = z.

�� � ��� 
�� �*- -������I����% �
(H1, A, z)

����$@���K�!��� ��� � ����I�������������� η ∈ (0,
√

∆)

Et(φη(G− z)) ≥ 1

(2π∆)q/2e2
�� ��� �������

A.

� � ±?±	�� � F a FdXCV`TUF��Nb
< ., . >

T_ACF^UeER\QOR\h�[Ch_V a P1e/T�MWX
Rq R`X a �,FI��h_MWT_F

Et(φη(G−z)) =

∫
φη(y)

1

(2π)q/2
√

detC(J)
exp(−1

2
< C(J)−1(y−(V−z)), (y−(V−z)) >)dy.

J,b
(H1, A, z),

V\X�TUACFZ^cFET
A
�,F�AxR��YF

C(J) ≥ M
R`X a e(V\X1^cF �YPxFEXuT_QOb

C(J)−1 ≤ M−1 � RCV\h
|y| ≤ η ≤

√
∆
V\XCFIAxRY^

< C(J)−1(y − (V − z)), (y − (V − z)) >1/2≤< M−1(y − (V − z)), (y − (V − z)) >1/2

≤ < M−1y, y >1/2 + < M−1(V − z), (V − z) >1/2≤ 1√
∆

|y| + |Θ(V − z)| ≤ 2

T�TVU�W�X�Y�Y�Z



?qz � %�$�$+ 

TUACFIQORY^kT�MOXCF��uPxR\QWMWTkb+�!FEMOXC�+R<eEV\Xx^_F��uPCFdXxe(F�V`��T_ACF�� RYe/T�T_AxR`T £ VYX�TUACF�^cFET
A, |Θ(V − z)| ≤ 1.

K]MWXxeEF
detC(J) ≥ ∆q R`X a ∫ φη = 1

T_ACF�[ChUVNV`�%MO^�eEV\DG[CQOF(TUF a �
�

� F�e(VYXx^cM a Fdh�XCV�� R
q− a MODGFEXx^_MOV\XxR\Q%h�R`X a V\D ��R`hUMSR`�CQOF

R = (R1, ..., Rq), Ri ∈ Dk,p
t

7 hUFdeER\QWQ
TUAxR�T

k = kq+1, p = pq+1)
R`X a�a FEnxXCF

F = G+
√

∆R = V +
∞∑

j=1

∫ t+δ

t

hij(s)dBj(s) +
√

∆R.

§�MO�\FdXmR+[1VYMWXuT
z ∈ Rq R+^_F(T A ⊆ {|Θ(V − z)| ≤ 1} R`X a R+XNPCD~�1Fdh ν > 0

��FeEV\Xx^_M a FEhpT_ACF
ANbN[!V`T_AxFd^_MO^

(Hν
2 , A, z) 1A ‖R‖k,p′,t ≤ C∆ν 7 y�A

��MWT_A
p′ = p′q+1 = 2kq+1pq+1 = 2kp.


� ���]��� 
 0����� �4���5%��:� �#� ��� � � ���/�� -��5�L)����������
ν = 1

2

% 4� ������ � ��� %��:� �#�S��� �L)���%����.�/)
PDE′s, ν =

1
4 .

� FR`QS^cV a FdXCV`TUF

Λ :=

∫ t+δ

t

|DsR|2 ds =

∫ t+δ

t

q∑

i=1

∣∣DsR
i
∣∣2 ds

R\X a XCV`TUMOeEFIT_AxR`T

λR,t = sup
|ξ|=1

q∑

i,j=1

ξiξj

∫ t+δ

t

DsR
iDsR

jds = sup
|ξ|=1

∫ t+δ

t

< ξ,DsR >2 ds ≤ Λ.

M ^�RGe(V\X1^cF �YPxFEXxeEF�V\�
(Hν

2 , A, z),
�,FIAxR��\F

Et |Λ|p/2 ≤ Cp∆νp.

@�ACF�¢YFEb�Fd��R`QOPxR�TUMWVYX�MOX�VYPCh�R`[x[Ch_VuR\e�A�MO^��YMW�YFEX��ub�T_ACFI��VYQWQOV���MWXx�<[xh_VY[1Vu^cMWT_MOV\X?�
� � ±���± ��� ��� ±	�����F� ) � ����/����� % - ���� �

z ∈ Rq,
% �����

A ⊆ {|Θ(V − z)| ≤ 1}, ν > 0
% 4�

η ∈ (0,
√

∆).
� �*-�- �����I����%��

(H1, A, z)
% 4�

(H2, A, z)
��� $&�,�.��� �
	

aδ ≤ ∆ ≤ δ
�����
�����F�

a > 0,% 4�
δ
� � ���
� )��/�� �!$+ F��:%�$�$ �� ���5� ���K����% �

q8k(
2 ‖h‖t√

a
+ 1)Cδν ≤ 1

4e2(2π)q/2

�  �����K�����
A.

7 { A

� � ��
pη(z) := Etφη(F − z) ≥ 1

4e2(2π∆)q/2

�� ��� �������
A.

7 HNA

��� T����
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� � ±?±	��
��� �  � 
�� 
� �%± �����!' ���Y�]��� ±�� � � F���h_MWT_F

F = V +
√

∆(I +R)

��ACFEhUF

I =
1√
∆
J(h).

��� �  � � � ��± �\��' ���Y�]��� ±�� ���¦X+TUACF�^_F��uPCFdQ1�,FpRY^_^_PCDGF 7 ��M�TUACV\PC�YAuT�^c[!FdeEMOR\Q1DGFdXYTUMWVYX A�TUAxR�T,��F
R`hUF�V\X<T_AxFp^cFET

A
R`X a MOX+[xR\hcTUMOeEPCQOR\h |Θ(V − z)| ≤ 1.

KNMOXxe(F
I
MO^�§IR\Px^U^cMSR`XGMWTU^ilmR\QWQOMSR��uMOX+e(V\¤

��R`hUMOR\Xxe(F�D+R�TUh_MWf<eEV\MOXxe(M a Fq^���M�TUA+M�T�^iPx^_PxR\Qxe(V���R`hUMSR`XxeEF,D+R`T_hUM�f<��ACMOe�AGMS^iF �YP1R`Q]TUV
∆−1C(J).KNV

λI,t ≥ 1.
Gp^_MWXC�GVYPCh�nxh�^kT�[ChUV\[!VY^_M�TUMWVYX��,FIV\�]T�R`MOX���VYh�FE�YFEhUb

ρ ∈ (0, 1)

detφI+ρR,t ≥ (
1

2
λI,t − λρR,t)

q = (
1

2
− ρλR,t)

q ≥ (
1

2
− Λ)q.

@�ACF R`MOD V`��T_ACMS^+^cT_FE[ MS^<T_V�QWV]edR`QOMW�dF�VYX$TUACF ^cFETGVYX$��ACMSe�A
Λ ≤ 1/4

R\X a e(V\X1^cF �YPxFEXuT_QOb
detφI+ρR,t ≥ 1/4q.

� F�eEV\Xx^_M a FEh#RZQOV]eER\QWMO�dR`T_MOV\X���PCXxe(T_MOV\X
θ ∈ C∞

b (R+;R+)
^cPxe�A�TUAxR�T

0 ≤ θ ≤ 1, θ(x) = 1
MW�
x < 1/8

R`X a
θ(x) = 0

MW�
x > 1/4

R`X a ��F a FEXCV\T_F
Q = θ(Λ).

� F
D+R�b�e�ACVNVY^_F

θ
^_Pxe�A�T_AxR`T���VYh�FE�YFEhUb D#PCQWT_MW¤¥MOX a FEf

α
V`��QOFEXC�\T_A�QWFq^_^IVYh�F �uPxR`Q�TUV

k
VYXCFGAxR\^

‖Dαθ‖∞ ≤ 8|α|.
K]MWXxeEF

Q = 0
V\X�T_ACF�^_F(T

Λ ≥ 1
4

�,FIAxR��\F

Q detφI+ρR,t ≥ Q(
1

2
− Λ)q ≥ Q

4q
.

7 }�A

KNMOXxe(F ��VYh+FE�YFEhUb�D#PCQWT_MW¤7MWX a F(f
α = (α1, ..., αi), D

αθ(x) = 0
MW�
x > 1/4

�,F R`QS^cV�AxR��YF
DαQ = 0

VYX�TUACF^_F(T
Λ ≥ 1

4

R`X a ^_V

∣∣∣(D(α1,...,αi)
(s1,...,si)

Q) × detφI+ρR,t

∣∣∣ ≥ 1

4q

∣∣∣D(α1,...,αi)
(s1,...,si)

Q
∣∣∣ .

7 ; A

��� �  ����� � ± � ± ' �� �%± � �$� ����F(T�Px^,FE��R`QOPxR`T_F�TUACF�KNV\�!V\QOFE�+XCVYh_D V\�
Q
V\X�T_ACFI^cFET

A.
R�MOh�^kT

V`��R`QOQ�M�TMS^�e(QOFdR\hIT_AxR`T ‖Q‖p,t = (Et |Q|p)1/p ≤ 1,
R`X a VYXCF+eER\X�XCV\T�ACV\[!FGT_V a V �!F(T_T_FEhq�

l V\hUFEV��YFEh £ ��VYh |α| ≤ k
VYXCFIAxR\^ ‖Dαθ‖∞ ≤ 8|α| ^cV<T_A1R�T

(Et(

∫ t+δ

t

...

∫ t+δ

t

∣∣Dα
s1,...,sk

Q
∣∣2 ds1...dsk)p/2)1/p ≤ 8|α| × ‖R‖k,p′,t

≤ 8kC∆ν ≤ 8kCδν ≤ 1

T_ACF�QSR\^cT�MOXCF��uPxR\QWMWTkb��!FEMOXC�+R<eEV\Xx^_F��uPCFdXxe(FIV\��V\Pxh�AubN[!V`TUACFd^_MO^�VYX
δ.
KNV

‖Q‖k,p,t ≤ 1

T�TVU�W�X�Y�Y�Z



?�y � %�$�$+ 

� F~FE��R`QOPxR`T_F#XxV�� TUACF<K]V\�!V\QOFE��XCV\hUD V\�
1 − Q.

K]MWXxeEF
0 ≤ Q ≤ 1

R\X a
Q = 1

V\X TUACF~^_F(T
Λ ≤ 1/8

��FIAxR��YF

‖1 −Q‖p
p,t ≤ Pt(Λ ≥ 1

8
) = Pt(Λ

p/2 ≥ 1

8p/2
)

≤ 8p/2Et(Λ
p/2) ≤ 8p/2Cp∆pν ≤ 8p/2Cpδpν .

RCVYh
α
��M�TUA |α| = m ≤ k

Et(

∫ t+δ

t

...

∫ t+δ

t

∣∣Dα
s1,...,sm

(1 −Q)
∣∣2 ds1...dsm)p/2

= Et(

∫ t+δ

t

...

∫ t+δ

t

∣∣Dα
s1,...,sm

Q
∣∣2 ds1...dsm)p/2 ≤ 8pkCpδpν

^cV<TUAxR�T
‖1 −Q‖k,p,t ≤ 8kCδν .

R%MWXxR\QWQOb �,F#FE��R\QWPxR`T_F ‖I‖k,p,t .
EpV`T_F#T_AxR`T

Dj
sI

i = 1√
∆
hij

s

R`X a
DαI = 0

��VYh |α| > 1.
� F

AxR��\F

(Et(

∫ t+δ

t

|DsI |2 ds)pq+1/2))1/pq+1 =
1√
∆

(

∫ t+δ

t

q∑

i=1

∞∑

j=1

∣∣hij
s

∣∣2 ds)1/2 ≤ ‖h‖t√
a

@�ACF^UR`DGFIMO^,TUh_PCFI��VYh
(Et(|I |p))1/p ^cV<TUAxR�T

‖I‖k,p,t ≤
2 ‖h‖t√

a
.

��� �  �������� �! ' ±�� �  � � � ��� � ® ' ± ���  � �  � ±��± ��²  � ±	�%�� � F�QWV]eER\QWMO�EF�nxh�^cT 7 D#PCQWT_MO[CQOb
�Nb

Q)
R`X a P1^cF�TUACFEX+R a Fd�\FEQOV\[xD<FdXuT�MOX+@�R�bNQOV\h�^_FEhUMWFq^���M�TUA<hUFd^_[!Fde/T�TUV

R
MOXGV\h a FEh%T_V�VY�]TUR\MWX

7 XCV\T_FITUAxR�T
φη ≥ 0)

pη(z) ≥ Et(φη(V − z +
√

∆(I +R))Q)

= Et(φη(G− z)Q) +

q∑

i=1

∫ 1

0

Et(
∂φη

∂xi
(V − z +

√
∆(I + ρR))

√
∆RiQ)dρ

= : J + J ′.

�?FET�Px^�FE��R\QWPxR`T_F�T_AxF�h_FdD<MOX a Fdh
J ′.

� F a F(n1XCF

Φη(x) =:

∫ x1

−∞
dy1...

∫ xq

−∞
dyqφη(V − z +

√
∆y)

��� T����
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^cV<TUAxR�T

φη(V − z +
√

∆x) =
∂qΦη

∂x1...∂xq
(x)

R`X a
∂φη

∂xi
(V − z +

√
∆x) =

∂q+1Φη

∂xi∂x1...∂xq
(x) and 0 ≤ Φη(x) ≤ 1

∆q/2

T_ACF�QSR\^cT�MWXxF��uPxR`QOMWTkb��1FdMWXx�<VY�]TUR\MWXxF a Px^cMOXC�<T_AxFe�AxR`XC�YF�V\����R`hUMSR`�CQOF
x = V − z +

√
∆y

R`X a
V`��TUACF#� RYe/T�T_AxR`T ∫

φη = 1.
� F#P1^cF#T_ACF<MWXuTUFE�\h�R�TUMWVYXZ�ubZ[xR\hcT�^���VYh_D~PCQOR

q + 1
T_MODGFd^ 7 ��MWT_A

h_Fq^c[!Fde(T�T_V<T_AxF�hUR\X a V\D���R\h_MSR`�xQWF
I + ρR)

R`X a ��F�VY�]TUR\MWX

Et(
∂φη

∂xi
(V − z +

√
∆(I + ρR))RiQ)

= Et(
∂q+1Φη

∂xi∂x1...∂xq
(I + ρR)RiQ)

= Et(Φη(I + ρR)H(1,2,...,q,i)(I + ρR,RiQ)).

@�ACF�hUR\X a V\D ��R`hUMOR\�CQOF
H(1,2,...,q,i)(I + ρR,RiQ)

MS^�TUACF��,FEMO�\AuT���ACMOe�A R`[C[!FdR\hU^�MWX:T_ACF
lmR`QOQOMOR��NMOX?« ^#MWXuTUFE�\h�R�TUMWVYX �Nb�[xR\hcT�^��VYh_D~PCQSR

q + 1
TUMWDGFd^d� J,b 7 }�A £ 7 ; A��F�¢uXxV�� TUAxR�T<��F

D+R�b D<MOXCVYh_F a T_AxF a FET_Fdh_DGMOXxR`XuTGV`�pTUACFZlmR`QOQWMSR��NMWX e(V���R`hUMSR`XxeEF�D+R�T_hUMWf���AxMOe�A R`[C[!FdR\hU^~MOX
H(1,2,...,q,i)(I + ρR,RiQ)

�Nb
1/4q.

@�ACMS^�MS^p�!FdedR`Px^_F
φ̂I+ρR, t

MS^pR\QW��R�b]^�D#PCQWT_MO[CQOMWF a �Nb
QV\h�VYXCFIV`��M�T�^ a FEhUMW��R`T_MO�\Fd^d�SR%MWXxR\QWQOb��,F a V\DGMOXxR�TUF

Φη
�Nb

∆−q/2 R`X a �,F�VY�]TUR\MWX

∣∣∣∣Et(
∂φη

∂xi
(V − z +

√
∆(I + ρR)RiQ)

∣∣∣∣

≤ 1

∆q/2

∥∥H(1,2,...,q,i)(I + ρR,RiQ)
∥∥

k,p,t

≤ 4q

∆q/2
‖I + ρR‖k,p,t

∥∥RiQ
∥∥

k,p,t

≤ 4q

∆q/2
(‖I‖k,p,t + ‖R‖k,p,t) ‖R‖k,2p,t ‖Q‖k,2p,t

≤ 4q

∆q/2
(
2 ‖h‖t√

a
+ C∆ν)C∆ν ≤ 4q

∆q/2
(
2 ‖h‖t√

a
+ 1)Cδν .

� F�A1R��\FI[ChUV��\F a

|J ′| ≤ q4q

∆q/2
(
2 ‖h‖t√

a
+ 1)Cδν

√
∆ ≤ q4q

∆q/2
(
2 ‖h‖t√

a
+ 1)Cδ

1
2
+ν .

� F�Fd��R`QOPxR�TUF�XxV��
J.
� F�Px^_F�TUACF�[ChUFE�NMOV\Px^�QOFEDGD+RGR`X a V\�]T�R`MOX

Et(φη(G− z)) ≥ 1

(2π∆)q/2e2
.

T�TVU�W�X�Y�Y�Z
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�¦XZV\h a FEh,T_V+Fd��R`QOPxR�TUF
Et(φη(G− z)(1 −Q))

�,F�MWXuTUFE�\h�R�TUF��Nb�[1R`h_TU^
q
T_MOD<Fq^���M�TUAZh_Fq^c[!Fde(T

T_V
I
R\X a V\�]T�R`MOX

Et(φη(G− z)(1 −Q)) = Et(φη(V − z +
√

∆I)(1 −Q))

= Et(
∂qΦη

∂x1...∂xq
(I)(1 −Q))

= Et(Φη(I)H(1,2,...,q)(I, (1 −Q)).

KNMOXxe(F
λI,t ≥ 1

R\X a
0 ≤ Φη(x) ≤ ∆−q/2 �,F�V\�]T�R`MOX

|Et(φη(G− z)(1 −Q))| ≤ 1

∆q/2
‖I‖k,p,t ‖1 −Q‖k,p,t ≤

8kCδν

∆q/2

2 ‖h‖t√
a
.

�7T���V\QOQWV���^,TUAxR�T

Et(φη(G− z))Q) = Et(φη(G− z)) −Et(φη(G− z))(1 −Q))

≥ 1

e2(2π∆)q/2
− 8kCδν

∆q/2

2 ‖h‖t√
a

≥ 1

2e2(2π∆)q/2

T_ACF�QSR\^cT�MOXCF��uPxR\QWMWTkb��!FEMOXC�+R<eEV\Xx^_F��uPCFdXxe(FIV\��V\Pxh�AubN[!V`TUACFd^_MO^�VYX
δ
��R%MOXxR`QOQOb��,F�VY�]TUR\MWX

pη(z) ≥ 1

2e2(2π∆)q/2
− |J ′|

≥ 1

2e2(2π∆)q/2
− q4q

∆q/2
(
2 ‖h‖t√

a
+ 1)Cδ

1
2
+ν ≥ 1

4e2(2π∆)q/2

T_ACF�QSR\^cT�MOXCF��uPxR\QWMWTkb��!FEMOXC�+R<eEV\Xx^_F��uPCFdXxe(FIV\��V\Pxh�AubN[!V`TUACFd^_MO^ 7 { A(�
�

����� � �
 ��"�����
� $ ��� " � ��� � $
@�AxF���VYQWQOV���MOXC�GV\�]jkFqe/TU^�R\h_F��\MO�\FdX?�

♦ M T_MOD<F��\hUM a
ΠN = (t0, ..., tN )

��M�TUA
0 = t0 < t1 < ... < tN = T

� � F a FdXCV`TUF
δk =

tk − tk−1.
♦ M ^cF �uPCFEXxeEF+V`��D+R�T_hUMWfNFq^

Mk, k = 0, ..., N
��ACMSe�A R`hUFG^_bNDGD<FET_hUMOe £ [!VY^_M�TUMW�YF a F(nxXxM�TUF�R`X a

MOXN�\FdhcTUMW�CQOF\� � F a FdXCV`TUFp�Nb
∆k

TUACFpQOV��,FEh�FdMW�YFEXN��R`QOPCF�V`�
Mk

R`X a
Θk = M

−1/2
k .

� F�^_PC[C[!VY^_F�TUAxR�T
akδk ≤ ∆k ≤ δk

��VYh�^cVYD<FI�YMW�YFEX
ak > 0.

♦ M ^cF �YPxFEXxeEF�V\�%[!V\MOXuTU^
xk ∈ Rq , k = 0, ..., N

^_Pxe�A�T_AxR`T

|Θ1(x1 − x0)| ≤ 1.

♦ M ^cF �uPCFEXxeEF#V\�iD<FqR\^_PCh�R`�CQOF[ChUV]e(Fd^U^_Fd^
hij

k (s), s ∈ [tk−1, tk], i = 1, ..., q, j ∈ N
^_Pxe�A T_A1R�T

hij
k (s)

MO^
Ftk−1

DGFqR\^_PChUR\�CQOFIR\X a

‖hk‖2
tk−1

:=
1

tk − tk−1

q∑

i=1

∞∑

j=1

∫ tk

tk−1

∣∣∣hij
k (s)

∣∣∣
2

ds <∞

��� T����
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R\QWDGVu^kT�^_PCh_FdQWbY��@�ACFEXZ�,F�D+R�b a F(nxXCF

J i
k =

∞∑

j=1

∫ tk

tk−1

hij
k (s)dBj(s).

� VYX a MWT_MOV\XxR\QWQOb���MWT_AZhUFd^_[1Fqe/T�T_V
Ftk−1

, Jk
MO^�R�§IR\Px^U^cMSR`X��\Fde(T_VYh,V\��eEV���R`hUMOR\Xxe(F�DGR`T_hUM�f

Cij(Jk) =

∞∑

l=1

∫ tk

tk−1

hil
k (s)hjl

k (s)ds.

♦ � F�MOXYTUh_V a P1e(FiXCV���TUACF�D+R`MOXVY�]jkFde(T�MWXT_ACMS^�^_Fde(T_MOV\X £ T_AxF�FE�YV\QOP]T_MOV\X^_F��uPCFdXxe(Fq^E� � F�eEV\Xx^_M a FEh
RG^_F��uPCFdXxe(FIV`�

Rq ��R\QWPCF a hUR\X a V\D���R\h_MSR`�xQWFq^
F0, ..., FN

V`�%T_ACFI��VYh_D

Fk = Fk−1 +

∞∑

j=1

∫ tk

tk−1

hj
k(s)dBj(s) +

√
∆kRk = Fk−1 + Jk +

√
∆kRk

��AxFEhUF
Rk

R\h_F
q− a MWDGFEX1^cMOV\XxR\Q Ftk

DGFdRY^cPCh�R`�xQWF�h�R`X a V\D ��R\h_MSR`�xQWFq^E� � F�R\h_F�MOXuT_Fdh_Fq^kTUF a MOX T_ACF
a FEXx^_M�Tkb�V\��T_ACFZe(VYX a MWT_MOV\XxR\Q�QSR���V`�

Fk
��MWT_A�hUFd^_[1Fqe/T~T_V

Ftk−1
.
KNMWX1e(F��,F a V�XCV\T~¢NXCV�� T_A1R�T<R

eEV\X a M�TUMWVYXxR`Q a FdXx^_M�TkbmFEf]MO^cTU^I�,F+R`hUF<VY�CQOMW�YF a T_VZ��VYh_¢���M�TUA�TUACFG��V\QOQOV���MWXC� �¦h_Fd�\PCQSR`hUMW�qR�TUMWVYXmV`�,T_ACF
eEV\X a M�TUMWVYXxR`Q a FdXx^_M�Tkb � �

pη,k(z) = Etk−1
φη(Fk − z).

@�AxMO^ �uPxR`XuT_MWTkb<DGR\¢\Fq^�^_FEXx^_FpMOX a Fd[1FdX a FEXuTUQWb+V\��R`XNb~XxV\X]¤ a FE�YFEXCFdhURYe(b<R\^U^cPCDG[]TUMWVYXx^d� � F�TUACMWXx¢GTUR�T
MWT�RY^�R`XmR`[x[Ch_V�f]MOD+R�T_MOV\X�V`�

Etk−1
δz(Fk)

TUAxR�T�MO^�V\��TUACF#eEV\X a MWT_MOV\X1R`Q a FdXx^_M�Tkb�V`�
Fk

eEV\DG[CP]TUF a MOX
z.

♦ R%MWXxR\QWQOb��,F a F(nxXxFIT_ACF^_F(T�^

Ak = {ω : |Θi(Fi−1(ω) − xi)| <
1

2
, i = 1, ..., k} ∈ Ftk−1

.

������ ��� � ±	� 
 �F����%  ����% �
F0, ..., FN

� � %  ��$�$+� -��.�/) ������$ ���.�/� F������� ���)���� �
Ri ∈ Dk,p,tk−1

� �5��)�%�$�$
����% �

k = kq+1, p = pq+1)
% 4�

(H, i) C(Ji) ≥ Mi on Ai,

(Hν , ii) 1Ai
‖Ri‖k,p′,tk−1

≤ Ci∆
ν
i

��� ��� �
Ci, i = 1, ..., N

� �K%:������� ��4)��I�(� -��������.� ���I � �:	 �����K%�4�
ν > 0

�

@�ACF���h�R`DGFI�\MO�\FdX�MOX�TUACF�R`�!V��\F a F(n1XCM�TUMWVYX�A1R\^��!FEFEX�MOXYTUh_V a P1e(F a �Nb M ��O�V\A1R�T_�dP,BpMW�uR~MOX 9 v�<¥�
@�ACF�TUMWDGFI�\hUM a

ΠN ,
T_ACFI[xR`T_A

x = (x0, ..., xN ), ν,Mk,∆k, δk, ak, Ck, k = 1, ..., N
R`[x[1FqR`h�R\^

TUACFI[xR`h�R`DGFET_FEh�^�V`�?TUACFIFE�\VYQWPCT_MOV\X�^_F��uPCFdXxe(FY��@�ACF�Fd��R`QOPxR�TUMWVYXx^,h_FdQOR`T_F a T_V+R`X�FE�YV\QOP]T_MOV\X�^cF �YPxFEXxeEF
R\h_F��\MO�\FdX�MOX�T_Fdh_D+^�V`�%T_AxFd^_F�[1R`h�R`DGF(TUFEh�^E�

M ^+R�eEV\Xx^_F��uPCFdXxe(F�V`��T_ACFZ[ChUV\[!VY^_MWT_MOV\X���hUV\D T_ACFZ[ChUFE�NMOV\Px^G^_Fde/TUMWVYX$�,FZAxR��\F�T_ACF���VYQWQOV���MWXx�
hUFd^_PCQWTd�

T�TVU�W�X�Y�Y�Z



?*; � %�$�$+ 

� � ±���± ��� ��� ±	��� �����
F1, ..., FN

	�� %�P��$�$+� -4�!�/)"� ����$+���!�/�� ������� ��4)�� � �������
k ∈ {1, ..., N}. �>���

z ∈ Rq % 4�
η > 0

	��K��� ) � ����% � |Θk(xk − z)| ≤ 1
2

%���
0 < η ≤

√
∆k.

� �*- -������K����% �

q8k(
‖hk‖tk−1√

ak
+ 1)Ckδ

ν
k ≤ 1

4e2(2π)q/2

�  �����K�����
Ak.

7 v A

� � ��
pη,k(z) ≥ 1

4e2(2π∆k)q/2

�� �����K�����
Ak.

� � ±?±	�� KNPC[C[!VY^_F�T_AxR`T��,FiR`hUF%VYX�T_ACF�^_F(T
Ak.

K]MWXxeEF |Θk(xk − z)| ≤ 1
2

�,F�AxR��\F |Θk(Fk−1 − z)| ≤
|Θk(Fk−1 − xk)| + |Θk(z − xk)| ≤ 1

2 + 1
2

R\X a ^_V
Ak ⊆ {|Θk(Fk−1 − z)| ≤ 1} R\X a¨£ ^_MWX1e(F#�,FA1R��\F�R`X FdQWQOMW[CT_MSe^cF �uPCFEXxeEF £ T_ACFANbN[!V`T_AxFd^_MO^

(H1, Ak, z)
R\X a

(Hν
2 , Ak, z)

ACV\Q a T_hUPCF\��KNV+�,FD+R�b
FdDG[CQWV�b�V\PCh�[ChUFE�NMOV\Px^�hUFd^_PCQWTd�

�

����� � "���� $ �#� ����"�� ����
��$
@�AxF�R\MWD V\��T_AxMO^+^_Fde(T_MOV\X$MS^<T_V��\MO�\F�QOV���Fdh~�!V\PCX a ^<��V\h

P (AN ).
� FZ[ChUV��\F�nxh�^kT<T_ACF���VYQWQOV���MWXx�

QOFEDGD+RC�
�� � ��� ���>� �
�������� 

η
��� )�� ����% �

η ∈ (0, 1
2

√
∆k)

� 4�3��%��

P (Ak) ≥ E(1Ak−1

∫

|Θk(y−xk)|≤(1/2)−η/
√

∆k

pη,k−1(y)dy).
7 t A

� � ±?±	�� � FpRY^_^_PCDGF���M�TUACV\PCT�QWVu^_^�V\�!�YFEXCFdhUR\QWMWTkb�TUAxR�T�TUACFpe(VYX a MWT_MOV\XxR\Q]QOR�� V`�
Fk−1

��M�TUA<hUFd^_[!Fde/T
TUV
Ftk−2

MS^IR`�x^_V\QOP]T_FdQWbmeEV\XuT_MOXNPCV\P1^p��MWT_A�h_Fq^c[!Fde(T�TUV�T_ACF+�?Fd�1Fq^c�YPCF#DGFqR\^_PCh_FGR`X a AxRY^�R a FdXx^cMWTkb
π
7 M���XCV`T<��F�hUFE[xQORYe(F�MOX$RZnxh�^cT<^cTUR`�YF

Fk−1
�Nb

Fk−1 + γn
��ACFdh_F

γn
MS^#R�e(FEXuTUFEhUF a §IR`P1^_^_MOR\X

h�R`X a V\D ��R`hUMOR\�CQWF�V`���R`hUMOR\Xxe(F 1
n ,
��AxMOe�A MS^�MWX a FE[!FEX a FdXuT�V\�

Ftk−1
.
� F�[ChUV��\F TUACF�MOXCF��uPxR\QWMWTkb

��VYh
Fk−1 + γn

R`X a T_ACFdX$�,F�[xRY^_^#T_V�T_ACFZQOMWDGMWTGR\X a VY�]TUR\MWX�T_ACFZMOXCF��uPxR\QWMWTkb���V\h
Fk−1

A/�$KNMOXxe(F

Ak = Ak−1 ∩ {|Θk(Fk−1 − xk)| ≤ 1
2}
�,F�AxR��\F

P (Ak) = E(1Ak−1

∫
π(y)1|Θk(y−xk)|≤1/2dy) = E(1Ak−1

∫
π(y + z)1|Θk(y+z−xk)|≤1/2dy)

TUACF�QSR\^cT�F��uPxR\QWMWTkb�!FEMOXC��T_hUPCF���VYhiFE�YFEhUb
z ∈ Rq 7 jkPx^kT��1FqeER`P1^cF�TUACFp�?Fd�1Fq^c�YPCF�DGFdRY^cPChUF�MO^iMWXN��R`hUMOR\XuT

TUV<T_h�R`Xx^_QOR`T_MOV\Xx^�A/� � F�MWXuTUFE�\h�R�TUF�MOX�T_ACFR\�1V��YF�F �uPxR`QOM�Tkb�R`�YR\MWX1^kT
φη(z)dz

R\X a ��FIVY�]TUR\MWX

P (Ak) = E(1Ak−1

∫ ∫
dzφη(z)π(y + z)1|Θk(y+z−xk)|≤1/2dy)

= E(1Ak−1

∫ ∫
duφη(u− y)π(u)1|Θk(u−xk)|≤1/2dy)

= E(1Ak−1

∫
Etk−2

(φη(Fk−1 − y)1|Θk(Fk−1−xk)|≤1/2)dy)

≥ E(1Ak−1

∫

|Θk(y−xk)|≤(1/2)−η/
√

∆k

Etk−2
(φη(Fk−1 − y)1|Θk(Fk−1−xk)|≤1/2)dy).

��� T����



���������
	��������������������������������! "�#�������
$&%��'�(��$&�*)�%�$�$+ ,��$�$+� -��.�/)�0��213-4�5�*)���������� ?�v

EpV`TUFpTUAxR�T £ M��
φη(Fk−1 − y) 6= 0,

T_ACFdX |Fk−1 − y| ≤ η.
�7�%��FIR`QS^_V~AxR��YF |Θk(y − xk)| ≤ (1/2)−

η/
√

∆k
T_ACFdX

|Θk(Fk−1 − xk)| ≤ |Θk(Fk−1 − y)| + |Θk(y − xk)| ≤ η√
∆k

+
1

2
− η√

∆k

=
1

2
R\X a ^cV<T_AxFR`�!V��\F�T_FEhUD�MS^�F��uPxR\Q�T_V

E(1Ak−1

∫

|Θk(y−xk)|≤(1/2)−η/
√

∆k

Etk−2
(φη(Fk−1 − y))dy)

R\X a T_ACF�[ChUVNV`�%MO^�eEV\DG[CQOF(TUF a �
�

� ± � ± ' ' �]� ® 
 �����
Fk, k = 0, ..., N

	���%� ��$�$+� -��.�/):� ��� $+���!�/�� ������� ���) �K��� ) � ��� %�� ����� � ��$&���K�.��� � �
�����
� ������ 

k = 1, ..., N

P (Ak) ≥ c(q)

4q+1e2(2π)q/2

∆
q/2
k

∆
q/2
k−1

P (Ak−1)
7 H A

��� ��� �
c(q)

� � %P)��� ��� %� �3��� ) � ����% �
m(Br(0)) = c(q)rq �S�����

m
��� �"�>�*	�������� � �:� %������5��� 0�

- %����!�/)���$&%��

P (AN ) ≥ (
∆N

∆1
)

q

2 (
c(q)

4q+1e2(2π)q/2
)N−1 ≥ (

∆N

∆1
)

q

2 e−Nθ.
7 ?dz A

�S�����

θ = ln(
4q+1e2(2π)q/2

c(q)
).

� � ±?±	�� � F<TUR\¢\F
η = 1

4

√
∆k

^cV�T_AxR`T
(1/2) − η/

√
∆k = 1/4

R`X a FEDG[CQOV�b�TUACFGR`�!V��\F#QOFEDGD+R
R\X a T_ACF a FdXx^_M�Tkb�DGMOXCV\h�R�TUMWVYX�MOXZV\h a FEh,TUV<VY�]TUR\MWX

P (Ak) ≥ E(1Ak−1

∫

|Θk(y−xk)|≤1/4

pη,k−1(y)dy)

≥ 1

4e2(2π∆k−1)q/2
m(|Θk(y − xk)| ≤ 1

4
)P (Ak−1)

≥ 1

4e2(2π∆k−1)q/2
m(|y − xk | ≤

√
∆k

4
)P (Ak−1)

=
c(q)

4q+1e2(2π)q/2

∆
q/2
k

∆
q/2
k−1

P (Ak−1)

R\X a T_ACF�[ChUVNV`�%V`� 7 H�A,MS^�e(VYDG[CQWFET_F a ���¦X�VYh a FEh�T_VG[ChUV��\F 7 ?qz�A,�,F�FdDG[CQWV�b�h_Fqe(PChUh_FdXxe(FIR`X a VY�]TUR\MWX

P (AN ) ≥ (
c(q)

4q+1e2(2π)q/2
)N−1

N∏

k=2

(
∆k

∆k−1
)

q

2P (|Θ1(F0 − x1)| ≤
1

2
).

K]MWXxeEF |Θ1(F0 − x1)| = |Θ1(x0 − x1)| ≤ 1
2 ,

7 ?dz A,MS^�[ChUV��\F a �
�

T�TVU�W�X�Y�Y�Z



?qt � %�$�$+ 

����� � � � � ����� � � $ "����
� Pxh�n1XxR`Q�hUFd^_PCQ�T�MS^�T_ACFG��VYQWQOV���MWXx�x� � FGQWVNV\¢Z��VYhIQWV��,FEh��1VYPCX a ^���VYh�T_ACF a FdXx^_M�Tkb V\�

FN .
� F+^_R�b

TUAxR�T�TUACF+QSR���V`�
FN

AxR\^�RZQOV]eER\Q a FEXx^_MWTkb
pFN

��M�TUA�h_Fq^c[!Fde(T�TUVZT_ACF���FE�!Fd^_�\PCFGDGFdRY^cPxh_FGV\X
Rq £

MOXmR+XCFdMW�YAN�1VYh_ACVNV a V`�
xN ,

MW��T_AxFEhUFF(f]MS^kT�^p^_V\DGF
δ > 0

^_Pxe�AZT_AxR`T���V\h�FE�YFEhUb�^cDGVNV`TUAZ��PCXxe(T_MOV\X
ψ��MWT_A�TUACF^cPx[C[1VYhcT�MOXxe(QOP a F a MWX

Bδ(xN )
VYXCFIAxR\^

Eψ(FN ) =

∫
ψ(x)pFN

(x)dx.

����N± �  � 
'�����
Fk, k = 0, ..., N

	���%  ��$�$+� -��.�/) � ��� $+���!�/�� ������� ��4)��I��� �/)�� ��% �.� ��� ��� ��� � � �4�*-��
- ����� ��� %��
����� $&%�� �(�

FN
��%�� %P)��� �.�� � ��� � $&�L)�% $ ����������! 

pFN

�S����� �5���!-���)��K� � ��� �,���L	������ � �
�:��%������5�I��

Rq 	��� %:���� ����	����5� �L�*� �#�
xN . � ����

pFN
(xN ) ≥ 1

4e2(2π∆1)q/2
e−Nθ.

� � ±?±	�� � F�Px^_FIgihUV\[!VY^_M�TUMWVYXZ}~MOX�VYh a FEh,T_V+�YF(T
∫

Rq

pFN
(x)φη(x− xN )dx = E(φη(FN − xN )) = E(EtN−1

φη(FN − xN ))

≥ E(EtN−1
φη(FN − xN )1AN

)

≥ 1

4e2(2π∆N )q/2
P (AN )

≥ 1

4e2(2π∆1)q/2
e−Nθ.

EpV�� ��F~Px^cFT_ACF<e(V\XuTUMWXNPCMWTkbZV`�
pFN

R\X a [xRY^_^�T_V+TUACF#QOMWDGMWT���MWT_A
η → 0

MOXmV\h a FEh�T_V�VY�]TUR\MWXmT_ACF
hUFd^_PCQWTd�

�

� � &(&(�(.����E* 0x��23.����+*����������

� Fe(VYXx^_M a Fdh�R
q− a MODGFEXx^_MOV\XxR\Q¨�7T��G[ChUVNeEFd^U^�V`��T_ACFI��VYh_D

Xι
t = xi

0 +

∞∑

j=1

∫ t

0

U ij
s dB

j
s +

∫ t

0

V i
s ds, i = 1, ..., q.

� FR\^U^cPxD<F�TUAxR�T���VYh�FE�\Fdh_b
T > 0

i) E(

∫ T

0

(‖Us‖2
+ |Vs|)ds) < ∞ 7 ? ?*A

ii) Us, Vs ∈ Dk,p
t ∀0 ≤ t ≤ s ≤ T

��� T����



���������
	��������������������������������! "�#�������
$&%��'�(��$&�*)�%�$�$+ ,��$�$+� -��.�/)�0��213-4�5�*)���������� ?*H

��AxFEhUF

‖Us‖2
=

q∑

i=1

∞∑

j=1

∣∣U ij
s

∣∣2 and |Vs|2 =

q∑

i=1

∣∣V i
s

∣∣2 .

� FnCf
T
R`X a

y ∈ Rq R`X a �,F#^cT_P a b�TUACF a FdXx^_M�Tkb�V`��TUACFQSR�� V\� XT
MWX
y.
�¦X V\h a FEh�T_V a V�M�T

�,FGAxR��\F~T_VZ�YMW�YF<R�XCVYX a Fd�\FdXCFEh�R\eEbmR\^U^cPCDG[]TUMWVYX�VYX
XT

MOX
y,
R`X a TUACMO^#R\^U^cPCDG[]TUMWVYX�MS^�hUFEQSR�T_F a

��MWT_A�R�[xR�TUAm��hUV\D
x0
TUV
y.
KNV���FGe(VYXx^_M a Fdh�R�e(VYXuT_MOXuPxV\Px^p��PCXxe(T_MOV\X

x : [0, T ] → Rq ^_Pxe�AmTUAxR�T
x(0) = x0

R\X a
x(T ) = y.

� F�e(V\X1^cM a FEh�R`QS^cV�^_V\DGFme(VYXuT_MOXuPxV\Px^ £ ^kTUh_MSe/TUQWb)[1Vu^cMWT_MO�\F ��PxXxe/TUMWVYXx^
r,K,K ′ : [0, T ] → R+.

@�ACF�^_MW�YXCMWn1eER\Xxe(FGV`�,T_AxFd^_F+��PCXxe(T_MOV\X MS^IT_ACF���V\QOQWV���MOXC�x� � F��,V\hU¢mVYX�R
TUPC�!FR`hUV\PCX a T_AxF�[xR�TUA

x(t)
R`X a

r(t)
h_Fd[Ch_Fq^cFdXuTU^�T_ACF�h�R a MWPx^�V\��TUACMS^�T_PC�!F £

K
eEV\XuT_hUV\QS^�T_ACF^_D+R`QOQ

MOXxeEh_FdD<FdXuTU^�V\��VYPChp[xh_V]e(Fq^_^�R\X a
K ′ e(VYXYTUh_VYQO^�T_ACFXxV\hUD�V`�

U
VYXZT_ACF�TUPC�!F\� R%MWX1R`QOQWb���F~e(V\X1^cM a FEh

Qt, t ∈ [0, T ]
��ACMSe�A�R`hUF~^_bNDGD<FET_hUMOe#[1Vu^cMWT_MO�\F a FEnxXCMWT_FGR`X a MOXN�\FdhcTUMW�CQOF#D+R`T_hUM�f]Fd^d� � F a FdXCV`TUF#�Nb

λt
T_AxF<^_D+R`QOQWFdh�FdMW�YFEXN��R`QOPCFV`�

Qt
R`X a ��F<R\^U^cPCDGF#T_AxR`T

λt ≤ 1.
� FGR`QS^cV�e(VYXx^cM a Fdh�^_V\DGF

ν > 0.� FInCf�XxV��
1 ≥ h > 0

R`X aZa FEnxXCF

γh(t) : = min{h, 3
2
r(t),

1

supt≤s≤t+h

∣∣Q−1/2(t)∂sxs

∣∣ ,

λ(1+ν)/2ν(t)

(q8kq+1+1e2(2π)q/2(K ′(t) +
√
λ(t))K(t))1/2ν

}

µh(t) : = sup
0∨(t−h)≤s≤t

1

γh(s)

� F ��MWQOQ�Px^_F�T_ACFZ��PCX1e/T_MOV\X
γh

MWX V\h a Fdh~TUV e(V\X1^kTUh_Pxe(T�R`X FE�\VYQWPCT_MOV\X)^_F��uPCFdXxe(F���VYh
XT .

� F
eEV\Xx^cT_hUPxe(T��Nb h_Fqe(PChUhUFEXxeEF�T_ACF~T_MODGF~�Yh_M a

tk, k = 1, ..., N
MOXmTUACF~��V\QOQWV���MOXC����R�b\� � F~[CPCT

t0 = 0R\X a
δ1 = γ2

h(t0).
KNPC[C[!VY^_F�XCV�� TUAxR�T

tk
MO^~¢NXCV���X?�m@�ACFdX ��F a F(nxXxF

δk+1 = γ2
h(tk)

R\X a [CP]T
tk+1 = tk + δk+1.

� F a FEnxXCF
N
T_VG�!F�T_AxFInxhU^cT�MWXuTUFE�\Fdh�^cP1e�A�TUAxR�T

tN ≥ T.
@�ACMS^�^_PC[C[!VY^_Fd^,TUAxR�T

^_Pxe�A�R\X
N
F(f]MO^cTU^�^cV#��F�A1R��\F�T_V~R\^U^cPCDGF�TUAxR�T ∑∞

k=1 γ
2
h(tk) ≥ T

��§�FEXxFEh�R`QOQWb
tN 6= T

^_V�,F�AxR��\F
TUV�DGV a MW��bZT_ACF~QORY^kT�MWXxeEh_FdDGFEXuT�MOX�R\X�R`P]TUV\hUM�TUAxR`hUMSR`X ��R�b\� � F#hUF(¤ a FEnxXCF

δN−1 = T − tN−1
R`X a

[xP]T
tN = tN−1 + δN−1 = T.

@�ACMS^���MWQOQ?�!F�TUACF�T_MODGF�XCF(T�T_A1R�T��,F���MOQWQ¨P1^cFIMOX�TUACF���V\QOQWV���MOXC�1� RxV\h
TUACF�DGV\DGFEXuT��,F��,R\XuT,TUV+FE��R`QOPxR`T_F

N.
� FXCV\T_FITUAxR�T

tk − tk−1 = δk = γ2
h(tk−1) ≤ h2 ≤ h

R`X a
^_V+TUAxR�T���V\h

t ∈ [tk−1, tk]
V\XCFA1R\^

t − h ≤ tk−1 ≤ t
R`X a eEV\Xx^_F��uPCFdXuT_QOb

µh(t) ≥ 1/γh(tk−1).
�7T

��VYQWQOV���^�T_AxR`T
∫ T

0

µ2
h(t)dt =

N∑

k=1

∫ tk

tk−1

µ2
h(t)dt ≥

N∑

k=1

1

γ2(tk−1)
× δk = N.

� F a FEXxV`T_F

Cij(Ut) =

∞∑

l=1

U il(t)U jl(t)

R\X a¨£ ��VYh
δ > 0

Γi
δ(t) :=

∞∑

j=1

∫ t+δ

t

(Us − Ut)
ijdBj

s +

∫ t+δ

t

V i
s ds.

T�TVU�W�X�Y�Y�Z



y\z � %�$�$+ 

������ ��� � ±	� ���F� ��%� 
��� %��>�����S- %����
x
� �

(r,K,K ′, Q, ν)− ��$�$+� -4�!�/) �����
X

� � ��� �D�������� 
0 < t < T% 4�

0 < δ < T − t

(H, i) C(Ut) ≥ Qt

(Hν , ii) ‖Γδ(t)‖k,p,t ≤ K(t)δ
1
2
+ν

(H, iii)




q∑

i=1

∞∑

j=1

∣∣∣U ij
t

∣∣∣
2




1/2

≤ K ′(t)

�  ����������� ∣∣∣Q−1/2
t (X(t) − x(t))

∣∣∣ ≤ r(t)
�

����N± �  � � �4�*-�- ����� ��� %�� ��� �P$&% � �#�
XT

%����I���.� % )��  �!�� � ��� � $&�*)�%�$�� �� �����. ��
y.

�4�*-��
- ����� ��� %������ ��� � � ��� ���.� % - %����

x(t), t ∈ [0, T ]
��� )�� ����% �

x(0) = x, x(T ) = y
%���8�����/) � � �

(K,K ′, r, Q, ν)− ��$�$+� -4�!�/) �����
X
� � ���� � 4�3��%��

pT (x0, y) ≥
1

4e(2πγ(0)λ(0))q/2
× exp(−θ

∫ T

0

µ2
h(t)dt)

��� ��� �

θ = ln(
4q+1e2(2π)q/2

c(q)
).


� ���]��� ���
� �2� ����% � � � ∫ T

0
µ2

h(t)dt = ∞ ����� ���2% �2� �:�� � � � �����/� � ��� �������5� % �5� �����F���� -�� ��� ����� �
���/��� �� �� ��� � %������ � -��.�/�  ∫ T

0
µ2

h(t)dt < ∞.
0� -�% ���.�/)���$&%�� 	I� � ��� � �����:�

t ∈ [0, T ]
���,��% ���

λt = 0,
������

1/γh(t) = ∞ %���:) � �������� �� �!$+ 
µh(s) = ∞ �  %� �� � ��� ��% $ �(� $&�� � ���

h.
0�� ��� $�$&��� �

����% � ∫ T

0 µ2
h(t)dt = ∞.

���
) � 4)�$+� ���K��� %����� ���5� ���3� �:��	��2% �� %���� �  � � )�%� ���5������$+������� �34��)�������%��� 
����% �

λt > 0
�������������� 

t ∈ [0, T ],
%���:��� � ��� ����� �I��$�$+� -��.�/)����. %������ � -��.�/�  % $&�� �"����� - %����

xt.

� � ±?±	�� � F���MWQOQ�Px^cF�T_ACF�hUFd^_PCQ�T���h_VYD T_ACF�[ChUFE�NMWVYPx^�^_Fde(T_MOV\X:^_V��,F�eEV\Xx^cT_hUPxe/TZR`X Fd�\VYQWP]TUMWVYX
^_F��uPCFdXxe(F���V\h

XT .
� F�e(VYXx^cM a Fdh�T_AxF�TUMWDGF��\hUM a

0 = t0 < t1 < ... < tN = T
a F(nxXCF a �Nb

δk = tk − tk−1 = γ2(tk−1)
7 ^cFdFGR\�1V��YF*A

.
� F+R`QS^cV a FEXCV\T_F

∆k = λtk−1
δk.

lmV\hUFEV��\Fdhp�,F a F(nxXCF
Fk = X(tk)

R`X a ��hUM�TUF

Fk = Fk−1 +

∫ tk

tk−1

UsdBs +

∫ tk

tk−1

Vsds

= Fk−1 +

∫ tk

tk−1

Utk−1
dBs +

∫ tk

tk−1

(Us − Utk−1
)dBs +

∫ tk

tk−1

Vsds

= Fk−1 + Jk +
√

∆kRk

��� T����



���������
	��������������������������������! "�#�������
$&%��'�(��$&�*)�%�$�$+ ,��$�$+� -��.�/)�0��213-4�5�*)���������� y�?

��MWT_A

J i
k =

∞∑

j=1

∫ tk

tk−1

U ij
tk−1

dBj
s ,

Rk =
1√
∆k

(

∫ tk

tk−1

(Us − Utk−1
)dBs +

∫ tk

tk−1

Vsds) =
1√
∆k

Γtk−tk−1
(tk−1).

� VYD<MOXC���1R\e�¢�TUV�T_AxFiXCV`T�R�TUMWVYXe(V\X1e(FEhUXCMOXC��T_AxFiFE�YV\QOP]T_MOV\X�^_F��uPCFEX1e(Fd^?��FiA1R��\F
hk(s) = U(tk−1)��VYh

s ∈ [tk−1, tk)
R`X a ^_V

C(Jk) = δkC(Utk−1
)
R`X a

Mk = δkQ(tk−1).
� V\X1^cF �YPxFEXuT_QOb

Θk =

M
−1/2
k = δ

−1/2
k Q−1/2(tk−1)

R\X a T_ACF�^cD+R\QWQOFEhiFdMW�YFEXN��R`QOPCF�V\�
Mk

MO^
∆k = λ(tk−1)δk.

� Pxh�R`MOD MO^
TUV~e�ACFqe�¢<T_AxR`T�TUACMO^,MS^�R\X�FE�YV\QOP]T_MOV\X�^cF �YPxFEXxeEFp��ACMSe�A�^UR�T_MS^cnxFd^ 7 v�A/� � F���MOQWQ!nxh�^kT�e�ACFde�¢<TUACF�^_[xRYe(F(¤
TUMWDGF�h_FdQOR`T_MOV\X |Θk(x(tk) − x(tk−1))| ≤ 1

��AxMOe�A�R`DGV\PCXuT�^iTUV ∣∣Q−1/2(tk−1)(x(tk) − x(tk−1))
∣∣ ≤√

δk
� � F���hUMWT_F

∣∣∣Q−1/2(tk−1)(x(tk) − x(tk−1))
∣∣∣

=

∣∣∣∣∣

∫ tk

tk−1

Q−1/2(tk−1)∂txtdt

∣∣∣∣∣ ≤
∫ tk

tk−1

∣∣∣Q−1/2(tk−1)∂txt

∣∣∣ dt

≤ δk sup
tk−1≤t≤tk−1+h

∣∣∣Q−1/2(tk−1)∂txt

∣∣∣

K]VGRG^_P ��e(MOFEXuTpe(VYX a MWT_MOV\X�MWXZVYh a Fdh,T_AxR`T�V\PCh�TUMWDGF(¤¦^_[xR\eEF�hUFEQSR�TUMWVYX�ACVYQ a ^,T_hUPCF�MO^

γ(tk−1) =
√
δk ≤ 1

suptk−1≤t≤tk−1+h

∣∣Q−1/2(tk−1)∂txt

∣∣
��AxMOe�A�FEXuT_FdhU^�MOX�T_ACF a F(nxXCMWT_MOV\XZV\�

γh.o�FqeER\QWQ�TUAxR�T 7 �ub�T_ACF��YFEhUb a F(n1XCM�TUMWVYX A,V\X�TUACF^cFET
Ak

V\XCFIAxRY^

∣∣∣Q−1/2(tk−1)(X(tk−1) − x(tk))
∣∣∣ =

√
δk |Θk(X(tk−1) − x(tk))| ≤ 1

2

√
δk

^_V,T_AxR`T ∣∣Q−1/2(tk−1)(X(tk−1) − x(tk−1)
∣∣ ≤ 1

2

√
δk+

∣∣Q−1/2(tk−1)(x(tk) − x(tk−1))
∣∣ ≤ 3

2

√
δk =

3
2γ(tk−1) ≤ r(tk−1).

KNV
Ak ⊆ {

∣∣Q−1/2(tk−1)(X(tk−1) − x(tk−1)
∣∣ ≤ r(tk−1)}

R`X a �,F�D+R�b#P1^cF
TUACF�ANbN[1V\T_ACFq^cMS^

(H, i), (Hν , ii), (H, iii).
G�^cMOXC�

(H, i)
��FIAxR��YF

C(Jk) = δkC(Utk−1
) ≥ δkQ(tk−1) = Mk.

l VYh_FdV��\FEh £ �ub
(Hν , ii)

‖Rk‖k,p,tk−1
=

1√
∆k

∥∥Γtk−tk−1
(tk−1)

∥∥
k,p,tk−1

≤ K(tk−1)δ
1
2
+ν

k√
∆k

= Ck∆ν
k

with Ck =
K(tk−1)

λ(tk−1)
1
2
+ν
.

T�TVU�W�X�Y�Y�Z



yYy � %�$�$+ 

��F(T�Px^�e�AxFde�¢ 7 v�A/�io�FqeER\QWQ�TUAxR�T
hk(s) = U(tk−1)

^cV<T_A1R�T £ Px^cMOXC�<T_AxF�AubN[!V`TUACFd^_MO^
(H, iii)

‖hk‖tk−1
=




q∑

i=1

∞∑

j=1

∣∣∣U ij
tk−1

∣∣∣
2




1/2

≤ K ′(tk−1).

K]V~TUACF�ANbN[1V\T_ACFq^cMS^ 7 v�A,h_FqR a ^

q8k(
2K ′(tk−1)√
λ(tk−1)

+1)
K(tk−1)

λ(tk−1)
1
2
+ν
δν
k = q8k(2K ′(tk−1)+

√
λ(tk−1))

K(tk−1)

λ(tk−1)1+ν
δν
k ≤ 1

4e2(2π)q/2

R\X a ^cMOXxeEF √
δk = γ(tk−1),

TUACMS^MS^�T_hUPCF+�Nb�T_ACF a F(nxXCMWT_MOV\X V\�
γh.

KNV �,F�D+R�b�P1^cF+VYPCh a FdXx^cMWTkb
Fd��R`QOPxR�TUMWVYX�R\X a VY�]TUR\MWX

pT (x0, y) ≥
1

4e2(2π∆1)q/2
e−Nθ.

� XxF�A1R\^
∆1 = λ(0)γ(0)

R`X a
N ≤

∫ T

0 µ2
h(t)dt

^_V~TUACF�[ChUVNV`��MS^�e(VYDG[CQWFET_F a �
�

����� ������� � � 
"�����$
� F��MOQWQ�XCV�� �\MO�\F^_P ��e(MOFEXuT�e(VYX a MWT_MOV\Xx^�MWX VYh a Fdh�T_A1R�T

XT
AxRY^�R�eEV\XuT_MOXNPCV\Px^�QOV]eER\Q a FEX1^cMWTkb�MOX

yR\X a ��FIFd^cTUR\�CQOMO^_AZPC[C[!FEh��!V\PCX a ^���V\h�TUACMO^ a FEXx^_MWTkb\�SR%MWh�^kT�V\�%R\QWQ?�,F�R\^U^cPxD<F�TUAxR�T

(H, iv) U il ∈
∞⋂

l=1

Lp([0, T ];Dk,l)

^_V<T_AxR`T
XT ∈ ⋂∞

l=1 D
k,l.

EpV`T_FITUAxR�T�AxFEhUF�V\PCh�XCV\TUR`T_MOV\X e(VYh_hUFd^_[1VYX a ^�T_VGTUACFe(QSR\^U^_MOedR`Q?lmR\QWQOMOR��NMOX
edR`QSe(PCQOPx^ 7 MWXZV\Pxh�[Ch_Fd�NMWVYPx^,XCV`T�R�T_MOV\X��,F�A1R��\F�T_V<TUR\¢\F

t = 0).
� F a FEXCV\T_F

Lil
s = U il

s − U il
T +

∫ T

s

(

∞∑

p=1

Dl
sU

ip
r dB

p
r +Dl

sV
i
r dr)

^_V<T_AxR`T
Dl

sX
i
T = U il

T + Lil
s .�¦X�V\Pxh�e(V\DG[CPCTUR�TUMWVYXx^

s
��MOQWQ¨�!Fe(QOVY^_F a T_V

T
^_VG��FIQOVNV\¢GT_V

U il
T

R\^,TUV~TUACF�[ChUMWX1e(MO[xR`Q�TUFEhUD�R`X a T_V
Lil

s

RY^%T_VRIhUFED+R`MOX a Fdhd� � FpRY^_^_PCDGF,T_AxR`TiT_AxFEhUF�F(f]MO^cTU^�^_V\DGF
µ > 0, r(T ) > η > 0

R\X a
Cp, p ∈ N,

^_Pxe�A�T_AxR`T���V\h�Fd�\FEhUb
ε > 0

R`X a
p ∈ N

(Hµ, v) E(

(∫ T

T−ε

q∑

i=1

∞∑

l=1

∣∣Lil
s

∣∣2 ds
)p/2

1(|XT −y|≤η) ≤ Cpε
p( 1

2
+µ).

� F a FEXxV`T_F �Nb
σXT

TUACF lmR`QOQWMSR��NMWX e(V���R\h_MSR`XxeEF�D+R�TUh_MWf$V\�
XT

7 T_A1R�T�MS^
σXT

= φ0,XT

MOX V\PCh
[xh_Fd�uMOV\P1^�XxV`TUR`T_MOV\X A,R\X aZa FEXCV\T_FI�Nb

λXT

MWTU^�^_D+R`QOQWFdh�FEMO�\FdXu��R\QWPCFY�

��� T����



���������
	��������������������������������! "�#�������
$&%��'�(��$&�*)�%�$�$+ ,��$�$+� -��.�/)�0��213-4�5�*)���������� y\{

�� � ��� � � �*- -������I����% �
(H, i), (H, iv)

%���
(Hµ, v)

� ��$&�,�!��� ��� � �������� �
�������� l ∈ N

E((det σXT
)−l; |XT − y| ≤ η) ≤

(
4

TλT

)ql

+ 2

(
4

λT

)p( 1
2
+µ)

Cp

�S�����
p = ql+2

µ .

� � ±?±	��

� �  � 
	� RCV\h�Fd�\Fdh_b
ε > 0

λXT
= inf

|ξ|=1

∫ T

0

∞∑

l=1

∣∣∣∣∣

q∑

i=1

Dl
sX

i
T ξ

i

∣∣∣∣∣

2

ds ≥ inf
|ξ|=1

∫ T

T−ε

∞∑

l=1

∣∣∣∣∣

q∑

i=1

(U il
T + Lil

s )ξi

∣∣∣∣∣

2

ds

≥ ε

2
inf
|ξ|=1

∞∑

l=1

∣∣∣∣∣

q∑

i=1

U il
T ξ

i

∣∣∣∣∣

2

ds− sup
|ξ|=1

∫ T

T−ε

∞∑

l=1

∣∣∣∣∣

q∑

i=1

Lil
s ξ

i

∣∣∣∣∣

2

ds

TUACF+QSR\^cTMWXCF �uPxR`QOM�Tkb��1FdMWXx�mR�eEV\Xx^_F��uPCFdXxe(F+V\��TUACF+FEQOFEDGFdXYT�R`hUbmMOXCF��uPxR\QWMWTkb
(a + b)2 ≥ 1

2a
2 − b2.G�^cMOXC�

(H, i)
��FIV\�CTUR`MOX�T_AxR`T�V\X�T_ACF�^_F(T |XT − y| ≤ η ≤ r(T )

λXT
≥ ε

2
λT −

∫ T

T−ε

∞∑

l=1

q∑

i=1

∣∣Lil
s

∣∣2 ds

��AxFEhUF
λT

MS^�T_ACF^_D+R`QOQWFdh�FEMO�\FEXN��R`QOPCFIV`�
QT .

� �  � � � � F���hUM�TUF

P (λXT
≤ ελT

4
, |XT − y| ≤ η) ≤ P (

ε

2
λT −

∫ T

T−ε

∞∑

l=1

q∑

i=1

∣∣Lil
s

∣∣2 ds ≤ ελT

4
, |XT − y| ≤ η)

≤ P (

∫ T

T−ε

∞∑

l=1

q∑

i=1

∣∣Lil
s

∣∣2 ds ≥ ελT

4
, |XT − y| ≤ η)

≤
(

4

ελT

)p/2

E(

(∫ T

T−ε

∞∑

l=1

q∑

i=1

∣∣Lil
s

∣∣2 ds
)p/2

, |XT − y| ≤ η)

≤
(

4

ελT

)p/2

Cpε
p( 1

2
+µ) =

(
4

λT

)p/2

Cpε
pµ.

T�TVU�W�X�Y�Y�Z



y`H � %�$�$+ 

� �  � ��� � F#�,R\XYT�TUV�Px^_FIT_ACF#R\�1V��YFIMWXCF �uPxR`QOM�Tkb���V\h
ε = 4

kλT
,
�xP]Tp�,FeER`XZXCV\T a V�MWT���V\h�Fd�\Fdh_b

k
�!FdedR`Px^_F���F�XxFEF a TUAxR�T

ε < T.
KNV+�,F�XCFdF a T_A1R�T

k ≥ k1 := [ 4
TλT

].
@�ACMS^�MO^�T_ACF~^cMO�\XCMWn1edR`XxeEF�V\�

k1
��ACMSe�A�R\[C[!FdR`h�^�MOX�TUACF^_F��uPCFEQ¥�iKNMOXxe(F

detσXT
≥ λq

XT

��FIAxR��YF

E((det σXT
)−l; |XT − y| ≤ η) ≤ E((λXT

)−ql; |XT − y| ≤ η)

≤ 1 +

∞∑

k=1

E((λXT
)−ql;λXT

∈ [
1

k + 1
,
1

k
), |XT − y| ≤ η)

≤ klq
1 +

∞∑

k=k1

(k + 1)qlP (λXT
≤ 1

k
, |XT − y| ≤ η).

� F<Px^cF<XCV�� TUACF~MOXCF �YP1R`QOM�Tkb���hUV\D T_AxF~[ChUFE�NMOV\Px^�^kTUFE[���M�TUA
ε = 4

kλT

R`X a
p = ql+2

µ

^_V�TUAxR�T�T_ACF
R\�1V��YF��uPxR\XuT_MWTkb�MO^ a V\DGMWX1R�T_F a �ub

klq
1 +

∞∑

k=k1

(k + 1)ql

(
4

λT

)p( 1
2
+µ)

Cp
1

kql+2

R\X a T_ACF�[ChUVNV`�%MO^�eEV\DG[CQOF(TUF a �
�

����N± �  � � �4�*-�- ����� ����% � �������5�"� � � ���.� %I-�% ���
x(t), t ∈ [0, T ]

��� ) � ��� %��
x(0) = x, x(T ) = y% 4�,��� �/)�� � �

(K,K ′, r, Q)− ��$�$+� -��.�/) �����
X
� � �*-�- �����:% $ ��� ��� %��

(H, iv)
%���

(Hµ, v)
� ��$&� �!��� � �

� � �� ��� �K$&% �'�#�
XT

%��������.�K%,)��� �!�� � � � � $@�L)�%�$ ����������! :��
y
%�4�

(
4

(T ∧ 1)λT

)p

C(P (|XT − x0| ≥ |y − x0|))1/2

≥ pT (x0, y) ≥
1

4e(2πγ(0)λ(0))q/2
× exp(−θβ2

∫ T

0

dt

γ2(t)
)

��� ��� �
C

% 4�
p
%��5��)������� %� � ��� - ������� � �  �����
)�� ����2%  �.��%�-�- ��%����� � �� �����D�  - ����������� � � �


� ���]��� � � ��� � ��% $+� %��!�/��'�(�
P (|XT − x0| ≥ |y − x0|)

� �"��� 	�����)���� � �����:� $&%�� �N� ��� �*�/%��!�/��
�! - � ����%�$ � %��!�/����:%��� ����� �I� ����� �F�5��%����� ��� �I�����/) � �����:� � ��- ����� �.�/% $ �*- -����:	 � ��4���F% - -���% ����
����� ���5%��F�F�#�K�� � ������ ��$�$+� -4�!�/):��� � � ���/�  -��5�*) ���������K�S����� 	�� ��4����� )��L� � )��/�� �.��� � ��� �� % � ��4���5%�$
��� %��:�
���������I� ��%�$+� % �.�/� �� �:%� ,	������ �D���5�� � %��� ��� ���:� ��� ���3�5��%�-����
������ � ��-�� 4�� �!�/%�$�� 4����� � ��� �� �2- ��4���I�  �����3�  - ����������� ����

U
%�4�

V.
�I��� �K����% � � ���
%������ � -��.�/� ��
%��5����� ��� $@�L)�%�$ %���:��� � ��� �

��������
� )��/�� � �� � �5�����K� �"� ��� �������4�
������%�	�� ��� -��5��	�% 	���$+���! �


� ���]��� �Q0� �����I) %����
�#� �� � ������V��$�$+� -��.�/)F��� � � ���/� F-4� �L)���� ����� �����K�.� �:�K%�-�- � % ������ ��� ���*- -����
	�� ��4� %��

T−q/2 ��� �����F����%�$ � %��!�/��P� ��4���D��-4�!� �F% $ � � ��� ��� �:��� ��� � ��� � ��%�)�� ����%��D���
��% ���F����-��5��)�� ���D�� -�� ��� ����� ���� ��� � ��� 	 � $&� �K4� ��
� � ���� %�$�$+�/% �L�� ���� ��� � �(�
XT .

0�
- %����!�/)���$&%�� �����.� % �.�/� ��
� 4� �:%� K�5��� � ) � ������- ������� �#�

1/T
� ���� �I% -4� � )�� ���3%�4% $+ ���� �3�(� ��� ����� �����I��� � ��� �� ��� � �N��4���5%�$

�����!� %��!�/�� ���I% �5�K���� %�	�$&�I�2� � � ��� 	���) % � �������3��% ������� ����$&�*)�%�$ � ��%�$+� % �.�/� ��I��
U

%���
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� � ±?±	�� �¦X�VYh a FEh,T_V�^_MWDG[CQOMWnxF�XCV`T�R�TUMWVYX��,F�^cPC[x[1Vu^cF�T_A1R�T
xi

0 < yi, i = 1, ..., q
7 TUACF�V`TUACFEh�edR\^_Fd^

R\h_F~e(V\DG[CQOF(TUFEQOb�R\XxR`QOV\�YPCFd^�A�R`X a ��F a FEXCV\T_F
D(x0, y) = {x : yi ≤ xi, i = 1, ..., q}. � FGR`QS^cV a FE¤XxV`T_F��Nb

Ψη(x)
T_ACFIh_Fd�\PCQSR`hUMO�dR�TUMWVYX+�Nb�e(V\XN�YV\QOP]T_MOV\X�V\�

1D(x0,y)(x)
R`X a

ψη = ∂qΨη/∂x
1, ..., ∂xq .� QOFdR\h_QOb

ψη
MS^�R#^cDGVNV`TUAG��PCXxe/TUMWVYX���MWT_A+TUACF�^_PC[C[!V\h_T�eEV\XuTUR\MWXCF a MWX��xR`QOQxV\�?hUR a MWP1^

η
R`hUV\PCX a

y
R`X a

ψη → δy
R\X a

Ψη → 1D(x0,y).
G�X a FEh�TUACFANbN[1V\T_ACFq^cMS^�V`�%T_ACF~R`�!V��\F�QWFdD<D+R<TUACFEhUF�MO^p^cVYD<F

η > 0^_Pxe�AZTUAxR�T�T_ACF<lmR`QOQWMSR��NMWXmeEV���R`hUMOR\Xxe(FID+R�TUh_MWf�MS^�MWXN�\FdhcTUMW�xQWFVYX |XT − y| ≤ η
^_V��,FD+R�b�Px^_FTUACF

MOXuT_Fd�\h�R�T_MOV\X��Nb�[xR`h_TU^,��VYh_D~PCQSR<R\X a V\�]T�R`MOX

E(ψη(XT )) = E(Ψη(XT )H)

��AxFEhUF
H
MO^,TUACFI��FdMW�YAuT,��ACMSe�AZR`[C[!FdR\hU^,MOX�lmR\QWQOMSR��uMOX?« ^,MWXuT_Fd�\h�R�TUMWVYX��Nb�[xR`h_TU^���VYh_D~PCQORx�iKNMWX1e(F�T_ACF

^_PC[C[!V\h_T?V`�
ψη
R`X a V`�CR\QWQ`MWTU^ a FEhUMW��R`T_MO�\Fd^¨R\h_F�MOXxeEQWP a F a MOX |XT − y| ≤ η

�,F�V\�]T�R`MOX
E(Ψη(XT )H) =

E(Ψη(XT )H1{|XT −y|≤η})
��g�RY^_^_MOXC�GT_V+TUACF#QOMOD<MWT���MWT_A

η → 0
MOXZT_AxF~R`�!V��\F�MOXCF �YP1R`QOM�Tkb�[ChUV��\Fd^

TUAxR�T
XT

R a D<MWTU^pR~QOV]eER\Q a FEXx^_MWTkb�MWX
y
R`X a DGV\hUFEV��\Fdh

pT (x0, y) ≤ limη→0

∣∣E(Ψη(XT )H1{|XT −y|≤η})
∣∣ =

∣∣E(1D(x0,y)(XT )H1{|XT −y|≤η})
∣∣

≤ (P (XT ∈ D(x0, y)))
1/2
∣∣E(H21{|XT −y|≤η})

∣∣1/2
.

� QOFdR\h_QOb
P (XT ∈ D(x0, y)) ≤ P (|XT − x0| ≥ |y − x0|)

��l VYh_FdV��\Fdh
H21{|XT −y|≤η} ≤ (det σxT

)−l

Ĥ21{|XT −y|≤η}
��V\hI^_V\DGF

l.
BpFEhUF

Ĥ
MO^�R�e(V\DG[CQOF(f FEfN[xh_Fq^_^_MWVYXmMOXu�YV\QO�NMWXC��lmR`QOQWMSR��NMWX a FEhUMW��R`T_MO�\Fd^

V\�
XT .

KNV £ Px^_MOXC�GT_ACF�Fd��R`QOPxR�TUMWVYX���hUV\D TUACF�[ChUFE�NMOV\Px^,QOFEDGD+R

∣∣E(H21{|XT −y|≤η})
∣∣1/2 ≤ E((det σXT

)−2l; |XT − y| ≤ η)1/2
∣∣∣E(Ĥ4)

∣∣∣
1/2

≤
(

4

(T ∧ 1)λT

)p

C

��VYh�^cVYDGFIeEV\Xx^cTUR\XuTU^
C
R\X a

p. �

� � ���������(��-.����+*����������

� Fe(VYXx^_M a Fdh_F a XCV��:T_ACFeEFEXuT_h�R`Q¨FEfCR`DG[CQOF�V\� a MW¡�Px^cMOV\XZ[ChUV]e(Fq^_^_Fd^d�%lmV\hUF�[xh_Fqe(MS^cFdQWb

dX i
t =

m∑

j=1

σi
j(t,Xt, θt)dB

j
t + bi(t,Xt, θt)dt, i = 1, ..., q, X0 = x0

��AxFEhUF
σi

j , b
i : [0,∞) × Rq × Rp → R

R\X a
θ
MS^�R

p− a MWDGFdXx^cMOV\X1R`QpR a R`[]TUF a [ChUV]e(Fq^_^d� @�ACF

p− a MWDGFdXx^cMOV\X1R`Qx[xh_V]e(Fq^_^ θ D+R�b~�!F�h_Fd�YR`h a F a RY^�R#[xR`h�R`DGF(TUFEhq��J,P]T�V\XCFpDGR�b<TUACMWXx¢~TUV~R a M�¡�FEhUFEXuT^_MWT_PxR`T_MOV\X:RY^��,FEQOQ � K]R�b)T_A1R�T
σ
R`X a

b
a VNFd^�XCV\T a Fd[1FdX a VYX

X
�CPCT<jkP1^kTZV\X

θ
R`X a

θ
M�T�^cFdQ��

MS^�R a MW¡!Px^_MOV\X [ChUV]e(Fq^_^d��@�ACFdX T_ACF�R`�!V��\F ��h�R`DGF�eEV��\FdhU^GTUACF�edR\^_F
Xt = f(θt)

��ACFEhUF
θ
MS^�R

a M�¡�Px^_MWVYX�[xh_V]e(Fq^_^ 7 M�T<^cP ��eEFGT_V FEDG[CQOV�b��7TUVx« ^I��V\hUD#PxQOR�MOX�VYh a FEhIT_V VY�]TUR\MWX�TUACF�^cFdDGMWD+R`h_T_MOXC�uR`QOF
a Fde(VYDG[1Vu^cMWT_MOV\XGV`�

f(Xt)).
M QWQxT_ACFpFE��R`QOPxR�TUMWVYXx^���MOQWQ1�1FpPCXCMW��V\hUD���MWT_A+hUFd^_[1Fqe/TiTUVIT_ACMS^i[xR\hUR\DGF(T_Fdhd�

T�TVU�W�X�Y�Y�Z
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� F�h_FqeER`QOQ�T_AxR`T��,F�P1^cF�T_ACF�XCV\TUR�TUMWVYX
p = pq+1

R\X a
k = kq+1

��ACFdh_F
pq+1

R`X a
kq+1

R`hUF
^_V\DGFeEV\Xx^cTUR\XYT�^ a FE[!FEX a MWXx��V\X

q
��ACMSe�A R`hUFInCf]F a MOXZT_ACF�n1hU^cTp^cFqe/TUMWVYX?� � Pxh�ANbu[!V`TUACFd^_MS^�R`hUFIT_ACF

��VYQWQOV���MOXC�x� � F��!FE�YMWXZ��MWT_A
θ.
� FR\^U^_PCDGF�TUAxR�T���VYh�FdRYe�A

t ∈ [0, T ]

(H1) θt ∈ Dp,k
t and ‖θs − θt‖p,t ≤ C

√
s− t.

� F~R\QO^_V�R\^U^_PCDGF�T_AxR`TpTUACFEhUFF(f]MS^kT�^�^_V\DGF
h > 0

^_Pxe�AZTUAxR�T���V\hpFd�\Fdh_b�D#PCQWT_MW¤¥MOX a FEf
α
��MWT_A |α| =

l ≤ k
(H2) sup

t≤s1≤...sl≤u≤t+h

∣∣Dα
s1,...,sl

θu

∣∣ ≤ C(1 + |Xt|).
l VYh_FdV��\Fdh

(H3) σi
j , b

i ∈ Ck

R\X a¨£ ��VYh�FE�\Fdh_b
1 ≤ i ≤ q, 1 ≤ j ≤ m

R`X a Fd�\FEhUb+D#PxQ�TUM�¤7MWX a F(f
η, η′

��M�TUA
0 ≤ |η| , |η′| ≤ k

(H4) i)
∣∣σi

j(t, x, θ)
∣∣ ,
∣∣bi(t, x, θ)

∣∣ ≤ C0(1 + |x|)

ii)
∣∣∣Dη′

θ D
η
xσ

i
j(t, x, θ)

∣∣∣ ,
∣∣∣Dη′

θ D
η
xb

i(t, x, θ)
∣∣∣ ≤ C0.

� Fe(VYXx^cM a Fdh�R`QS^cVGR`X
q ×m

a MODGFEXx^_MOV\XxR\Q¨DGR`T_hUM�f
ρ = ρ(t, x)

R`X a R\^U^_PCDGF�TUAxR�T

(H5) |ρρ∗(t, x)| ≤ C1(1 + |x|).
� �¨e(VYPCh�^cF £ MWXGTUACFpedR\^_F���ACFEX

σ
a VNFd^�XxV`T a Fd[1FdX a V\X+R�^_PC[C[CQOFEDGFdXYT�R`hUb#[xR\hUR\DGF(T_Fdh

θ
��F�D+R�b�jkP1^kT

T�R`¢YF
ρ = σ.

� Pxh�R\MWD MS^pTUV�^cT_P a bZT_ACF a FEX1^cMWTkbZV`�
XT

MWX
y ∈ Rq.

� F~nCfmR a M�¡�FEhUFEXuT_MSR`�xQWF~[xR�TUA

x : [0, T ] → Rq ��M�TUA x(0) = x0
R`X a

x(T ) = y
� � F a FEXxV`T_F��Nb

λ(t)
T_AxF�^_DGR\QWQOFEh,FEMO�\AxFEXN��R`QOPCF�V`�

ρρ∗(t, xt)
R\X a R\^U^cPCDGF�T_A1R�T

1 ≥ λ(t) > 0.
� FR`QS^cVGR\^U^cPxD<F�TUAxR�T

(H6) σσ∗(t, xt, θ) ≥ ρρ∗(t, xt) ∀θ ∈ Rp.

� F���MOQOQ!P1^cFpT_ACF�h_Fq^cPxQ�T���h_VYD TUACF�[Ch_Fd�NMWVYPx^�^_Fde(T_MOV\X���MWT_A
Q(t) = 1

2ρρ
∗(t, xt)

R`X a
r(t) =

√
λt

2C0
.

��F(T?Px^�e�ACFde�¢�T_AxR`T?T_ACFiRY^_^_PCDG[]TUMWVYXx^�T_AxFEhUF�ACV\Q a T_hUPCF�ACFEhUF\� � FiR\h_F�VYX�T_ACF�^_F(T ∣∣∣Q−1/2
t (X(t) − x(t))

∣∣∣ ≤
r(t)

R\X a ^_V#MOX�[xR\hcTUMOeEPCQOR`T��,FpAxR��YF |X(t) − x(t)| ≤
√
λtr(t) = λt

2C0

�SR%MWh�^cT�V`�%R`QOQ1�,F�e�ACFqe�¢
(H, i)

TUAxR�T�MS^
C(Ut) ≥ Qt = 1

2ρρ
∗(t)

V\X ∣∣∣Q−1/2
t (X(t) − x(t))

∣∣∣ ≤ r(t).
� F���h_MWT_F

C(Ut) = σσ∗(t,Xt, θt) ≥ σσ∗(t, xt, θt) − C0 |Xt − xt| ≥ ρρ∗(t, xt) −
λt

2
.

K]V
(H, i)

R`DGV\PCXuT�^pTUV 1
2ρρ

∗(t, xt) ≥ λt

2

��AxMOe�A�MO^�TUh_PCFG�Nb TUACFG�\FEhUb a F(n1XCM�TUMWVYX�V\�
λt.

@�ACFEX���F
XxFEF a T_VZe(VYXYTUh_VYQ?TUACFGXCV\hUD V`�iTUACFGDGR`T_hUM�f

σσ∗(t,Xt, θt)
MOX�VYh a FdhpTUV a F(T_Fdh_DGMOXCF

K ′(t).
RCVYh�T_ACF

^UR`DGFIhUFdR\^_V\X�R\^�R\�1V��YF £ ��FIAxR��YF

|σσ∗(t,Xt, θt)| ≤ |σσ∗(t, xt, θt)| + C0 |X(t) − x(t)| ≤ C1(1 + |xt|) +
λt

2
=: K ′(t)2.

R%MOXxR`QOQObm��F<XCFdF a T_V e(VYXYTUh_VYQ�TUACF+hUFEDGMWX a FEh�R`X a TUVZeEV\DG[CP]TUF
K(t).

�¦X�VYh a FdhpTUV a VZM�T��,F<[xh_V��YF
TUACFI��V\QOQOV���MWXC�<QOFEDGD+RC�

��� T����
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‖Γδ(t)‖k,p,t ≤ C2(1 + |Xt|)δ
��� �3�����:�I)��� ���2%  �

C2
��� �/)�� � �L����4� � � �2- ����"� 

t,Xt
%���

θt.

� XxeEF�T_ACMS^�QOFEDGD+RGMO^�[ChUV��\F a �,FIAxR��\F

‖Γδ(t)‖k,p,t ≤ C2(1 + |Xt|)δ ≤ C2(1 + |xt| + |X(t) − x(t)|)δ

= C2(1 + |xt| +
λt

2
)δ =: K(t)δ

^_V
(Hν , ii)

ACVYQ a ^,T_hUPCF���M�TUA
ν = 1

2 .

� � ±?±	�±	 � �% '  � ��� � �¦X�VYh a Fdh,T_V+^cMODG[CQOM���b+TUACFIXCV`T�R�TUMWVYX��,F�RY^_^_PCDGF�T_AxR`T
b = 0

R\X a
q = 1.@�AxF�[xh_VNV`�%MO^pR`XxR\QWVY�\PCFq^�MOX�T_ACF��YFEXCFdhUR\Q�edR\^_F\� � FInxhU^cT�FE��R\QWPxR`T_F

‖Γδ(t)‖p
p,t = Et

(∫ t+δ

t

(σ(s,Xs, θs) − σ(t,Xt, θt))dBs

)p

≤ CEt

(∫ t+δ

t

(σ(s,Xs, θs) − σ(t,Xt, θt))
2ds

)p/2

≤ Cδ
p
2
−1

∫ t+δ

t

Et(σ(s,Xs, θs) − σ(t,Xt, θt))
pds

≤ CC0δ
p

2
−1

∫ t+δ

t

(δp +Et(Xs −Xt)
p +Et(θs − θt)

p)ds.

G�^cMOXC�ITUACF�ANbu[!V`TUACFd^_MS^
(H1)

��F�VY�]TUR\MWX
Et(θs−θt)

p ≤ Cδp/2.
� F�Px^_F�XCV��)T_ACF�F �YP1R�T_MOV\XG�YFEhUM�nxF a

�Nb
X
R`X a VY�]TUR\MWX

Et(Xs −Xt)
p ≤ CEt

(∫ t+δ

t

σ(s,Xs, θs)
2ds

)p/2

≤ CEt

(∫ t+δ

t

C(1 + |Xs|)2ds
)p/2

≤ Cδ
p

2
−1

∫ t+δ

t

C(1 +Et |Xs|)pds.

KNTUR`X a R`h a R\h_�YPCDGFEXuTU^��1R\^_F a V\X�T_AxFiF��uPxR`T_MOV\XI�\Fdh_MWnxF a �Nb
X
R`X a §�hUV\XN��R`QOQ « ^�QOFEDGD+R��\MO�\F

Et |Xs|)p ≤
|Xt|p eC(s−t) ≤ C |Xt|p eCδ.

KNV�,FpAxR��YF
Et(Xs −Xt)

p ≤ δ
p

2CeCh(1+ |Xt|)p.
R%MOXxR`QOQOb~�,F�AxR��YF

[xh_V��YF a TUAxR�T
‖Γδ(t)‖p

p,t ≤ C(1 + |Xt|)pδp.

T�TVU�W�X�Y�Y�Z
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� FIT_PChUXZXCV�� TUV<T_ACF a Fdh_MO��R�TUMW�YFd^�V`�
Γδ(t).

RxV\h
u ∈ [t, t+ δ]

�,FIAxR��\F

DuΓδ(t) = (σ(u,Xu, θu) − σ(t,Xt, θt))

+

∫ t+δ

u

∂xσ(s,Xs, θs)DuXsdBs +

∫ t+δ

u

∂θσ(s,Xs, θs)DuθsdBs

: = I1(u) + I2(u) + I3(u).

@�AxFI^UR`DGF�R`hU�\PxD<FdXuTU^�R\^�R\�1V��YFI^_ACV�� TUAxR�T

Et

∣∣∣∣∣

∫ t+δ

t

|I1(u)|2 du
∣∣∣∣∣

p/2

≤ C(1 + |Xt|)pδp.

lmV\hUFEV��\Fdh £ Px^_MWXx�~TUACFI� R\e(T�T_AxR`T
∂θσ

MO^��!V\PCX a F a R`X a
Duθs

^UR�TUMO^cnxFd^
(H2)

�,F�VY�]TUR\MWX

Et

∣∣∣∣∣

∫ t+δ

t

|I3(u)|2 du
∣∣∣∣∣

p/2

≤ Cδ
p

2
−1

∫ t+δ

t

Et

∣∣∣∣∣

∫ t+δ

u

∂θσ(s,Xs, θs)DuθsdBs

∣∣∣∣∣

p

du

≤ Cδ
p
2
−1

∫ t+δ

t

Et

∣∣∣∣∣

∫ t+δ

u

|∂θσ(s,Xs, θs)Duθs|2 ds
∣∣∣∣∣

p/2

du

≤ Cδp−2

∫ t+δ

t

∫ t+δ

u

Et |Duθs|p dsdu ≤ C(1 + |Xt|)pδp.

�7T�hUFED+R\MWXx^�TUVGT_hUFdR�T
I2(u)

� � F���h_MWT_F a V���X�T_AxF�F��uPxR�TUMWVYX�V\�
DuXs :

DuXs = σ(u,Xu, θu) +

∫ s

u

∂xσ(r,Xr, θs)DuXrdBr +

∫ s

u

∂xσ(r,Xr , θs)DuθrdBr.

G�^cMOXC��T_AxF+� R\e(T�T_AxR`T
Duθr

^_R`T_MS^kn1Fd^
(H2)

R`X a §�hUV\XN��R`QOQ « ^�QWFdD<D+RZVYXCFGDGR�b�e�ACFde�¢ TUAxR�T
DuXs^UR�TUMO^cnxFq^

(H2)
R`QS^cV�R\X a ^cV £ TUACF�^UR`DGFihUFdRY^cVYXCMWXx��RY^���V\h

I3
R\[C[CQOMWFq^�T_V

I2
R`X a T_ACFi[xh_VNV`�NMS^�e(VYDG[CQWFET_F a

��VYh�T_ACFIn1hU^cT�V\h a FEh a Fdh_MO��R�T_MO�\Fq^E�SRxV\h�T_AxF�ACMW�YACFEh�VYh a FEh a FEhUMO��R`T_MO�\Fq^�TUACF�[ChUVNV`��MS^�^_MWDGMOQOR\hd�
�

� FphUFd^_PCDGF ����F�A1R��\F�[ChUV��\F a TUAxR�T,PCX a FdhiT_AxFpR`�!V��\F�ANbN[1V\T_ACFq^cMS^
Xt

MO^�R`X+FdQWQOMW[CT_MSe��7T��[xh_V]e(Fq^_^
RY^_^_V]e(MSR�TUF a TUV<T_ACF�[xR`T_A

xt
R`X a ��MWT_A�T_AxF�[xR`h�R`DGF(TUFEh�^

ν = 1
2 , Qt = 1

2ρρ
∗(t, xt)

R`X a

Kt = C2(1 + |xt| +
λt

2
), K ′

t =

√
C1(1 + |xt|) +

λt

2
, rt =

R

2C0

��AxFEhUF
λt
MS^�TUACF^cD+R\QWQOFEh�FEMO�\FdXN��R\QWPxFd^,V`�

ρρ∗(t, xt).
� F�AxR��YF

γh(t) = min{h,
√
λt

2C0
,

1

supt≤s≤t+h

∣∣∣Q−1/2
t ∂sx(s)

∣∣∣
,

Cλ
3/2
t

(1 + |xt| + λt)3/2
}

= min{h,
√
λt

2C0
,

1

supt≤s≤t+h

∣∣∣Q−1/2
t ∂sx(s)

∣∣∣
,

C

( 1+|xt|
λt

+ 1)3/2
}

��� T����
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��AxFEhUF
C
MS^�^cVYD<F�eEV\Xx^cTUR\XYTq���7�%�,F�R\^U^cPCDGF�T_A1R�T

λt ≤ 1
TUACMS^��\MO�\Fd^

Cmax{ 1

h
, sup
t≤s≤t+h

∣∣∣Q−1/2
t ∂sx(s)

∣∣∣ , (1 + |xt|
λt

)3/2}

≤ 1

γh(t)
≤ C ′ max{ 1

h
, sup
t≤s≤t+h

∣∣∣Q−1/2
t ∂sx(s)

∣∣∣ , (1 + |xt|
λt

)3/2}

��AxFEhUF
C,C ′ R\h_FI^cVYDGFIeEV\Xx^cTUR\XuTU^d��K]V<�,FIAxR��\F

µh(t) = C sup
t−h≤t′≤t

max{ 1

h
, sup
t′≤s≤t′+h

∣∣∣Q−1/2
t′ ∂sx(s)

∣∣∣ , (1 + |xt′ |
λt′

)3/2}.

G�^cMOXC�GT_AxF�h_Fq^cPCQWT���h_VYD�T_AxF�[Ch_Fd�NMWVYPx^�^cFqe/T_MOV\XZ�,FIV\�]T�R`MOX
����N± �  � � �����

x(t), t ∈ [0, T ]
	�� % - %����F��� )��:����% �

x(0) = x0, x(T ) = y
% 4�

(Hi), i = 1, ..., 6� ��$&�,�!��� ��� � � �� �����
$&%�� �#�
XT

��%��I% )��� �.�� � ��� ��$&�*) % $ � �� �����. ��
y
��� �/)�� ������� � ��� � �����������:�

)�� ����2%  �.�
C

% 4�
l)

C

((T ∧ 1)λT )l
(P (|XT − x0| ≥ |y − x0|))1/2 ≥

pT (x0, y) ≥ 1

4e(2πγ(0)λ(0))q/2
× exp(−θ

∫ T

0

µ2
h(t)dt).

����� � 
���� � 
�� � ������� ��� ����� "�$ ��
��$
�¦X�T_ACMS^�^cFqe/TUMWVYX��,Fp��MOQWQ?eEV\Xx^_M a FEh a M�¡�Px^_MWVYX�[ChUV]e(Fq^_^_Fd^���ACMOe�A�R`hUFpXCV\T,PxXCM���VYh_DGQOb+FEQOQWMO[]TUMOe��CP]T�AxR��YF
RZ^_MWXx�\PCQSR`hUM�Tkb MOX�T_ACF+VYh_MO�\MOX?�G@�ACFEb�h_Fd[ChUFd^_FEXuTIR��YFEXCFdhUR\QWMO�dR`T_MOV\XmV\��TUACF+QWVY�`¤7XCV\hUD+R`Q a MS^kTUh_MO�CP]TUMWVYX
R\X a ^cV�TUACF�^_AxR`[!F+V`�,T_ACF a FEXx^_MWTkb�MS^ a MW¡!Fdh_FdXYT���hUV\D T_ACF�§IR`Px^U^cMSR`X a FdXx^cMWTkb\� � F+��MOQOQiTURY^kTUF+V\PCh
DGFET_ACV a MWX�T_ACMS^,��h�R`DGF�MOX�V\h a FEh�T_VG^cFdF�T_AxR`T��,F�DGR�b�edR`[]TUPChUF�^_Pxe�A�R<^_AxR`[!F\�iKNVG�,F�eEV\Xx^_M a FEh,T_ACF
F �uPxR�TUMWVYX

dX i
t =

q∑

j=1

σi
j(t,Xt)dB

j
t + bi(t,Xt)dt, i = 1, ..., q, X0 = x0

��AxFEhUF
σi

j , b
i : [0,∞) × Rq → R

� � F+R\^U^_PCDGFT_A1R�T
σi

j , b
i ∈ Ckq+1

R`X a?£ ��V\hIFE�YFEhUb
1 ≤ i, j ≤ qR\X a FE�\Fdh_b+D~PCQWT_MW¤¥MOX a FEf

η
��MWT_A

0 ≤ |η| ≤ kq+1

(A1)
∣∣Dη

xσ
i
j(t, x)

∣∣ ,
∣∣Dη

xb
i(t, x)

∣∣ ≤ C.

lmV\hUFEV��\Fdh��,FID+R`¢\F�T_AxF�XCV\X]¤ a Fd�\FEXxFEh�R\e(b+ANbN[!V`T_AxFd^_MO^

(A2) A |x|2 ≥ σσ∗(t, x) ≥ a |x|2 .
@�AxF�FEfCR`DG[CQOF�TUAxR�T��,F�AxR��YF�MOXZD<MOX a MS^

σ(t, x) = α(t, x)x
��ACFEhUF

α
MS^�R~D+R`T_hUM�f���AxMOe�AZ�\Fdh_MWnxFq^

(A′
1) ∇α(t, x) = 0 if |x| ≥ R

(A′
2) A ≥ αα∗(t, x) ≥ a.

T�TVU�W�X�Y�Y�Z
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� F�eEV\DGFpXCV�� �xRYe�¢#TUV
σ(t, x)

��ACMSe�A+�\FEhUMWnxFd^
(A1)

R`X a
(A2).

� FpTUR`¢YF�TUACFpD+R�TUh_MWf
ρ
a FEnxXCF a

�Nb
ρ(t, x) =

√
a |x| × I

��AxFEhUF
I
MO^�TUACF�M a FEXuT_MWTkb

q×q a MWDGFEX1^cMOV\XxR\Q]D+R�T_hUMWf�� � F�nCf<RI[xR`T_A xt
R\X a TUACFEX

Qt = 1
2a |xt|2×IR\X a

λt = 1
2a |xt|2 .

� F�R`QS^_V~AxR��YF ∣∣∣Q−1/2
t ∂sxs

∣∣∣ = 2√
a|xt| |∂sxs| .

@�AxFEX���V\h�FE�YFEhUb
h > 0

��F�AxR��\F

µh(t) = C sup
t−h≤t′≤t

max{ 1

h
,

2√
a |xt′ |

sup
t′≤s≤t′+h

|∂sx(s)| , (
2(1 + |xt′ |)
a |xt′ |2

)3/2}.

� F~��MOQOQ%XxV�� e(V\DG[xR\h_F#T_ACF<QOV���Fdhp�!V\PCX a ^��YMW�YFEXm�NbZV\Pxh�Fd��R\QWP1R�T_MOV\X1^p��MWT_A�T_ACF<[ChUFde(MS^_F��V\hUD
V\��T_ACF a FEXx^_MWTkb�V\��R+QWVY�`¤7XCV\hUD+R`Q a FdXx^_M�TkbY��KNV��,F#e(VYXx^_M a Fdh�T_AxF~^_MWDG[CQOFd^cT�[!VY^U^cMO�CQOF#^_M�TUPxR�TUMWVYX £ TUAxR�T
MS^
q = 1

R\X a
b = 0.

K]V��,F+QOVuVY¢ T_V�TUACF a MW¡!Px^_MOV\X
dXt = σ(t,Xt)dBt

��M�TUA
X0 = x0

R`X a ��F
QOVNV\¢GTUV#TUACF a FEXx^_MWTkb+MWX�T_ACFI[!V\MOXuT

y.
� FpT�R`¢YFpTUACFIF(f][1VYXCFEXuTUMOR\Q![1R�T_A

xt = x0e
πt R`X a MWX�V\h a FEh�T_V

VY�]TUR\MWX
xT = y

�,FIAxR��\F�T_VGT�R`¢\F
π = 1

T ln y
x0
.
� F�AxR��YF

∂sxs = πxs
^_V<T_AxR`T

supt′≤s≤t′+h |∂sx(s)|
|xt′ |

= π
supt′≤s≤t′+h |x(s)|

|xt′ |
= πeπh.

� FITUR\¢\F
h = 1

π

^_V~T_AxR`T

µh(t) = C sup
t−h≤t′≤t

max{π, 2πe√
a
, (

2(1 + |xt′ |)
a |xt′ |2

)3/2} ≤ C ′ max{ π√
a
, (

1 + x0 ∨ y
a |x0 ∧ y|2

)3/2}.

�7T���VYQWQOV���^�T_AxR`T
∫ T

0

µh(t)2dt ≤ CT max{
(ln y

x0
)2

Ta
, (

1 + x0 ∨ y
a |x0 ∧ y|2

)3}.
� X�T_AxF�V`T_AxFEh�AxR\X a

γh(0) ≥ C ′ max{ π√
a
, (

2(1 + |x0|)
a |x0|2

)3/2} = C ′ max{
ln y

x0

T
√
a
, (

2(1 + |x0|)
a |x0|2

)3/2}

λ0 =
1

2
a |x0|2 .

K]V<�,FIV\�]T�R`MOX

pT (x0, y) ≥
C

√
ax0(max{ ln y

x0

T
√

a
, ( 2(1+|x0|)

a|x0|2 )3/2})1/2
exp(−C ′T max{

(ln y
x0

)2

Ta
, (

1 + x0 ∨ y
a |x0 ∧ y|2

)3}.

� F�AxR��YFpTUV�e(V\DG[xR\h_F�T_AxMO^���MWT_A�TUACF�QWVY�`¤7XCV\hUD+R`Q a FEX1^cMWTkb���ACMSe�AZMO^

pT (x0, y) =
1

ay
√

2πT
exp(−

(ln y
x0

+ σ2

2 T )2

2Ta2
).

@�AxMO^%QOVuVY¢]^�h�R�TUACFEh�e(VYDG[xR�TUMW�CQOF�T_V�T_ACF�F(f][!V\XCFdXuT%QOFE�YFEQN�CP]T a MW¡!Fdh_FdXuT�TUVpTUACF�QWFd�\FEQNV\�CT_ACF�eEVuF���e(MOFEXuTd�
J,P]T�XCV\T_F,T_A1R�T���F,AxR��YF,e�ACVu^cFdXTUACF�F(f][1VYXCFEXuTUMOR\Qu[1R�T_AGR`X a D+R�bN�1F�T_AxMO^�MS^�XCV`T�TUACF�V\[]TUMWD+R`QCe�AxV\MSe(F\�

��� T����
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�¦X�TUACMO^�^_Fde(T_MOV\XZ�,F a MO^Ue(Px^U^,T_AxF^cVYQWP]TUMWVYX�V\��TUACF#KuT_V]e�AxRY^kTUMOe
PDE

∂u

∂t
(t, x) =

1

2

∂2u

∂x2
(t, x) + σ(u(t, x))W ′(t, x) + b(u(t, x)), (t, x) ∈ [0,∞) × [0, 1]

u(0, x) = f(x), u(t, 0) = u(t, 1) = 0.

@�AxMO^�F �YP1R�T_MOV\X~AxR\^%�!FEFdX~MOXuT_hUV a Pxe(F a �Nb � R`QS^cA<MWX 9@?qy*<7�
W ′(t, x)

MS^�RpTUMWDGFE¤7^_[xR\eEF���AxM�TUF,XxV\MS^cF�R`X a
TUACF�R`�!V��\F�F��uPxR�TUMWVYX~MS^1jkPx^cT���V\hUDGR\Qu¤��,F��\MO�\F,MWXGR�D<VYDGFEXuT�T_ACF�hUMW�YV\hUV\Px^���FqR`¢���V\hUD#PxQOR`T_MOV\X?���¦X,9 y�<
VYXCF�[ChUV��\Fd^�T_A1R�TiMW�1TUACF�e(VNF	��eEMWFdXYT�^

σ
R\X a

b
R\h_F�^_D<VNV\T_A~T_ACFdX~��VYh�FdRYe�A#nCf]F a

(t, x), ω → u(t, x, ω)MS^pR�^cDGVNV`TUAZ��PCXxe/TUMWVYXxR`Q%V`��TUACF#��ACMWT_F~XCV\MS^_F#^cV�T_AxR`T�T_ACF<lmR`QOQOMOR��NMOXmeER`QSe(PxQWPx^���M�TUAmh_Fq^c[!Fde(TpTUV
WR\[C[CQOMWFq^E� � XCFGR`QS^cV�[ChUV��\Fd^�T_AxR`TI��V\h�FE�YFEhUb

t > 0
R`X a FE�YFEhUb

0 < x1 < ... < xq < 1
T_AxF<QSR�� V\�

ω → (u(t, x1, ω), ..., u(t, xq , ω))
AxRY^RZQOVNedR`Q�^_DGVNV`T_A a FdXx^_M�Tkb���M�TUA h_Fq^c[!Fde(T�T_V TUACF���FE�!Fd^_�\PCFY« ^

DGFqR\^_PCh_F#MWX�R`XNbZ[1VYMWXuT
(y1, ...yn)

^cP1e�A T_AxR`T
σ(yi) > 0, i = 1, ..., n

R`X a T_ACMS^ a FEX1^cMWTkb MO^�^cT_hUMOe(T_QOb
[!VY^_MWT_MO�\F\��R%MWXxR\QWQObmMOX 9 vL<iVYXCFG�\MO�\Fq^�QOV��,FEh��1VYX a ^���V\h�TUACF a FEX1^cMWTkbmPCX a FEh�T_ACF+PxXCM���VYh_D FEQOQWMO[]T_MSe(MWTkb
RY^_^_PCDG[]TUMWVYX

σ(x) ≥ c > 0, ∀x ∈ [0, 1].
� PChIR`MOD MS^pT_V�^_ACV�� ACV�� T_AxF~hUFd^_PCQWTU^�[xh_Fq^cFdXYTUF a MOXmTUACMO^

[1R`[!FEh��YMW�YFKOpVYAxR�TU�EP]¤ B�MO�YRx« ^,hUFd^_PCQ�T 7 ^cMOXxeEFV\PChph_Fq^cPCQWT�MS^�XCV\TpXCFE� �,F��MWQOQCjkP1^kT�^_¢\Fqe�A�T_ACF[!VNV`� ^�A/�
EpV`TUF�TUAxR�TGTUACF FEQOQWMO[]TUMOeEM�Tkb R\^U^cPCDG[]TUMWVYX)eEV\Xx^_M a FEhUF a AxFEhUF�MS^GPCXCMW��V\hUD ¤#R\Q�TUACV\PC�YA)VYPCh+R`[C[xh_VuR\e�A
^_PC[C[!VY^_Fd^�VYXCQOb�QOVNedR`Q¨FdQWQOMW[CT_MSe(MWTkb�RY^_^_PCDG[]T_MOV\X1^ £ �,F a V+XCV\Tp^cFdF�ACV�� TUV+QWV]eER\QWMO�EF�MOX�T_ACMS^���h�R`DGFR`X a
^_VGT_AxFV\XCQOb�hUFd^_PCQWT�PCX a FdhpQOV]eER`Q�R\^U^cPCDG[]TUMWVYXx^�hUFED+R`MOXx^�TUACF#^cT_hUMOe(Tp[1Vu^cMWT_MWT_�NMWTkb�[ChUV��\F a MOX89 y�<7�,@�ACF
�,FdR\¢���VYh_D~PCQOR`T_MOV\XIV`�NTUACF�R`�!V��\Fi^cT_V]e�AxRY^kTUMOe

PDE
MO^?T_ACF���VYQWQOV���MOXC�x� � F�eEV\Xx^_M a FEh¨TUACFi��PCX a R`DGFEXuT�R`Q

^_V\QOP]TUMWVYX�V`��T_ACFIQOMWXCFqR`h,[ChUV\�CQOFED ∂u
∂t = 1

2
∂2u
∂x2 , u(t, 0) = u(t, 1) = 0

��AxMOe�A���F a FEXxV`T_FI�Nb
Gt(x, y).@�AxMO^G^_V\QOP]T_MOV\X D+R�b �1FZF(f][ChUFd^U^_F a RY^+R`X$FEf][CQWMSe(MWT�^cFdh_b V\�I§IR\Px^_^_MSR`X�¢YFEhUXCFEQS^GR`X a DGR\XNb�Px^_F(��PCQ

Fd��R`QOPxR�TUMWVYXx^�hUFEQSR�T_F a T_V�MWT�R\h_F~R���R\MWQSR`�xQWF 7 ^cFdF�T_ACF<R`�!V��\F�[xR\[1FdhU^�A/��@�AxFEXmVYXCF#e(VYXx^_M a FdhU^�T_ACFDGMOQ a
��VYh_D�V`�%T_ACF�R`�!V��\FKuTUV]e�AxR\^cT_MSe

PDE :

u(t, x) = Gt(f)(x) +

∫ t

0

∫ 1

0

Gt−s(x, y)σ(u(s, y))dW (s, y) +

∫ t

0

∫ 1

0

Gt−s(x, y)b(u(s, y))dyds

��AxFEhUF
Gt(f)(x) =

∫ 1

0
Gt−s(x, y)f(y)dy

R`X a
dW (s, y)

a Fd^_MW�YXCFEFq^�TUACF~^cT_V]e�AxRY^kTUMOe#MWXuT_Fd�\h�R`Q?��MWT_A
hUFd^_[!Fde/T�T_V

W.
KNFdF,9@?qy*<���VYh�TUACFGh_MO�\VYh_VYPx^ a FEnxXCMWT_MOV\X�V`�iTUACMS^�MOXuT_Fd�\h�R`Q�¤�R\XNbu��R�b�ACFEhUF#�,F~FEf][Ch_Fq^_^

TUACMS^�MOXuT_Fd�\h�R`Q!MWX�R`X�R\Q�TUFEhUXxR�TUMW�YF���V\hUD ��ACMSe�A�MOXu�YV\QO�\Fq^�R<^cFdh_bGV`��Px^cP1R`Q�^kTUVNe�A1R\^cT_MSe�MOXYTUFE�YhUR\QO^d�%lmV\hUF
[xh_Fqe(MS^cFdQWb+�,Fe(VYXx^cM a Fdh�R\X�VYhcTUACV\XxV\hUDGR\Q��xR\^_MO^

ek, k ∈ N
V`�
L2[0, 1]

R`X a�a FEnxXCF

Bk
t :=

∫ t

0

∫ 1

0

ek(y)dW (s, y)

��AxFEhUF
dW

^cT_MOQOQCh_Fd[ChUFd^_FEXuTU^ � R`QS^cA?« ^i^_[xR\eEF(¤¥T_MODGF�^cT_V]e�AxRY^kTUMOe,MOXuT_FE�YhUR\Q ��@�ACFEXGV\XxF�DGR�b#FdR\^_MOQWb[xh_V��YF
TUAxR�T

Bk, k ∈ N
R`hUF�MOX a FE[!FEX a FEXuT%^cTUR\X a R\h a J,h_V���XxMOR\X�DGV\T_MOV\Xx^�R`X a ��VYh�FE�YFEhUb

φ ∈ L2(R+×[0, 1])VYXCFIAxR\^

∫ t

0

∫ 1

0

φ(s, y)dW (s, y) =

∞∑

k=1

∫ t

0

∫ 1

0

φ(s, y)ek(y)dBk
s =

∞∑

k=1

∫ t

0

(φ(s, .), ek)L2dBk
s .

T�TVU�W�X�Y�Y�Z
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K]V<VYPCh�^cT_V]e�AxR\^cT_MSe
PDE

hUFdR a ^

u(t, x) = Gt(f)(x)+

∞∑

k=1

∫ t

0

(Gt−s(x, .)σ(u(s, .)), ek)L2dBk
s +

∫ t

0

∫ 1

0

Gt−s(x, y)b(u(s, y))dyds.

� FnCfZXCV��
T > 0

R`X a
0 < x < 1

R`X a QOVNV\¢�T_V a FdXx^_M�Tkb�V`��T_AxFhUR\X a VYD���R`hUMOR\�CQOF
XT (ω) :=

u(T, x, ω)
MWXmRGnxfNF a [1VYMWXuT

y.
� F��R`XuT�TUV+F(f][ChUFd^U^�T_ACMS^�h�R`X a V\D ��R\h_MSR`�xQWFRY^�T_ACF#��R\QWPxF#R�T�TUMWDGF

T
V`��R`X��7T_V+[ChUV]e(Fq^_^�^_V<�,F a F(n1XCF

Xt = GT (f)(x) +
∞∑

k=1

∫ t

0

(GT−s(x, .)σ(u(s, .)), ek)L2dBk
s +

∫ t

0

∫ 1

0

GT−s(x, y)b(u(s, y))dyds.

EpV`TUF�TUAxR�T
Xt 6= u(t, x)

^_V�TUACF�FE�\VYQWPCT_MOV\X:V\�T_AxF��7TUV [xh_V]e(Fq^_^�MS^�Fq^_^_FEXuTUMOR\QWQOb a M�¡�FEhUFEXuT���h_VYD
TUACF�Fd�\VYQWP]TUMWVYX V`��T_AxF�^_V\QOP]T_MOV\X V\��T_ACFZ^kTUV]e�AxR\^cT_MSe

PDE.
@�ACMO^~MS^#XCVYh_D+R\Qi�1FqeER\Px^cF

Xt
MS^<R V\XCF

a MWDGFEX1^cMOV\XxR\Q�[Ch_V]eEFd^U^~��AxMWQOF�T_ACFm^_V\QOP]T_MOV\X)V`��T_ACF�KuTUV]e�AxR\^cT_MSe
PDE

MS^+R`X MWX]n1XCM�TUF a MOD<FdXx^_MWVYXxR`Q
VY�]jkFde(Td�SJ,P]T�V\XxF�A1R\^

XT = u(T, x).
KNVG��FIAxR��YF

x0 = GT (f)(x)

Uk
s = (GT−s(x, .)σ(u(s, .)), ek)L2 , Vs = (GT−s(x, .), b(u(s, .)))L2 .

� FR\^U^_PCDGF�TUAxR�T

(H, i) C ≥ σ(x) ≥ c > 0,

(H, ii) σ, b ∈ C∞
b .

GpX a FEh�T_ACFR\�1V��YF�RY^_^_PC[]TUMWVYX
u(t, x)

MO^�^_DGV`TUA�MOX lmR`QOQOMOR��NMOX?« ^�^_FEXx^_F 7 ^_FEF:9 y*<�A�R`X a

C(Us) =

∞∑

k=1

Uk
s U

k
s =

∞∑

k=1

(GT−s(x, .)σ(u(s, .)), ek)2L2 =

∫ 1

0

G2
T−s(x, y)σ

2(u(s, y))dy

≥ c2
∫ 1

0

G2
T−s(x, y)dy =: λs.

M T�TUACMO^�^cTUR\�\F�M�T�MS^�e(QOFdR`h���ANb+�,F�R\h_F�XCV`T�R`�xQWF�T_V<Px^_FIV\PCh�QOVNedR`QOMW�qR�TUMWVYX�[ChUVNeEF a Pxh_F�MWX�T_ACMS^,��h�R`DGF �
�!FdedR`Px^_F<��F<D+R�b QWV]eER\QWMO�EFGR\ede(VYh a MOXC�+TUV�T_ACFG[!VY^_M�TUMWVYX�V`�

Xt
�CP]T

Xt
AxR\^IR\QWDGVY^cTIXCV`TUACMWXx��TUV a V

��MWT_A
u(s, y)

��ACMSe�A)R\[C[!FdR`h�^<R\^#T_ACF R`hU�\PxD<FdXuT~V`�
σ.
KNV��,F a F(nxXxF

λs
RY^~R\�1V��YF�R\X a �,F�T�R`¢YF

Qs =: λsI.
� F�A1R��\F�T_V+e�ACFqe�¢+T_AxR`T

λs > 0
��VYh�FE�\Fdh_b

s ∈ (0, T ).� F#e(VYXx^_M a Fdh,T_ACF#^cT_h�R`MO�\AuT�QWMOXCF��AxMOe�A�QWMOXC¢]^�TUACFMOXCM�TUMOR\Q?��R`QOPCF
x0 = GT (f)(x)

TUVGT_ACF�[!V\MOXuT
yTUAxR�T?MS^

xi
t = f(xi)

T−t
T +yi

t
T .
KNV
∂txt = 1

T (y−GT (f)(x))
R`X a ∣∣Q−1/2(t)∂sxs

∣∣ = 1
T
√

λt
|y −GT (f)(x)| �� F���MOQWQ]T�R`¢YF

h > 0
R`X a

rt = ∞ � � F�AxR��\F,TUVe(V\DG[CPCT_F�XCV��
Kt

R\X a
K ′

t.
KNMOXxe(F

σ
MS^��!V\PCX a F a ��F

A1R��\F
K ′

t = ‖σ‖∞ (
∫ 1

0
G2

T−s(x, y)dy)
1/2 = c ‖σ‖∞

√
λt.

� F~��R`XuT�T_V��YFEhUM���bZXCV��
(Hν , ii)

��MWT_A
ν = 1

4

� � F�AxR��YF
�� � ����� ������������ � �� -�� ��� ����� �

(H, i), (H, ii)

‖Γδ(t)‖k1,p1,t ≤ Ktδ
1/4

�S�����
Kt = C

√
λt.

��� T����
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� � ±?±	�� @�ACF�[ChUVuV\��V\��TUACMO^�QWFdD<D+RGMS^�hUR`T_ACFdh�QWVYXC�+R`X a TUFde�ACXCMSeER\Q ���7T���VYQWQOV���^,T_AxF^_R\D<FIM a FdRY^�R\^
TUAxR�T�MOX89 y�<�R\X a 9 {�<¥��KNV+�,F���MWQOQ�XCV\T��\MO�\FIMWTpMWX FEfNT_FEX1^cV+�CPCTijkPx^cTp[1VYMWXuT�VYP]T�T_AxFD+R`MOXZR\h_�YPCDGFEXuTd�
� F�Px^_F�J�Pxh_¢NACVYQ a Fdhd« ^,MWXxF��uPxR`QOMWTkb+��V\h BpMWQO�1FdhcTp^_[xRYe(FI��R`QOPCF a D+R`h_T_MOXC�YR\QWFq^�R`X a V\�]T�R`MOX

Et(

∫ t+δ

t

∞∑

k=1

(Uk
s − Uk

t )dBk
s )p

≤ CEt(

∫ t+δ

t

∞∑

k=1

(Uk
s − Uk

t )2ds)p/2

= CEt(

∫ t+δ

t

∫ 1

0

(GT−s(x, y)σ(u(s, y)) −GT−t(x, y)σ(u(t, y)))2ds)p/2

≤ C ′Et(

∫ t+δ

t

∫ 1

0

(GT−s(x, y) −GT−t(x, y))
2ds)p/2 +

CEt(

∫ t+δ

t

∫ 1

0

G2
T−t(x, y)(u(s, y)) − u(t, y))2ds)p/2.

G�^cMOXC�Z^kT�R`X a R\h a FE��R`QOPxR�TUMWVYXx^�V\X TUACFG§�hUFEFdXm��PCX1e/T_MOV\X
G

7 ^_FEF 9 {�< M [C[1FdX a MWf J ApR\X a TUACF~� R\e/T
TUAxR�T

Et |u(s, y)) − u(t, y)|p ≤ C(s− t)p/4 7 ^_FEFF9&?�y*<�A,V\XCF a VYD<MOXxR`T_Fd^,TUACFR`�!V��\F�T_Fdh_D �Nb

C(

∫ 1

0

G2
T−t(x, y)dy)

p/2δp( 1
2
+ 1

4
) = Cλ

p/2
t δp( 1

2
+ 1

4
).

@�AxF<[xh_VNV`�,e(V\X1e(FEhUXCMOXC��TUACF+lmR`QOQOMOR��NMOX a Fdh_MO��R�T_MO�\Fq^�R\h_F<DGV\hUF~MOXN�\VYQW�YF a �CPCTV`�iTUACF+^_R\D<F<XxR`T_PChUF £
^_VG��FIQOMW�YFIM�T�VYP]Td�

�

� FInCf�XxV��
h > 0

R\X a ��F�e(VYDG[CP]T_F

γh(t) = Cmin{h, T
√
λt

|y −GT (f)(x)| ,
λ(1+ν)/2ν(t)

(K ′(t) +
√
λ(t))K(t))1/2ν

}

= Cmin{h, T
√
λt

|y −GT (f)(x)| ,
√
λt}.

�7T�MS^�FdRY^cb�T_V+e�ACFde�¢�T_AxR`T�T_ACFdh_FIF(f]MS^kT�^,Tk��V+eEV\Xx^cTUR\XYT�^
α, β > 0

^cP1e�A�TUAxR�T

α√
T − t

≤
∫ 1

0

G2
T−t(x, y)dy ≤ β√

T − t

��VYh�Fd�\Fdh
0 ≤ t < T.

�7T���V\QOQWV���^pT_A1R�T���V\hIFE�YFEhUb
t
R`X a

s
V\XCF<AxR\^ α

β λt ≤ λs ≤ β
αλt.

K]V��,F~D+R�b
T�R`¢YF

h = ∞ R`X a VY�]TUR\MWX

µ(t) =
1

γ(t)
= (

|y −GT (f)(x)|
T

∨ 1)
1√
λt

T�TVU�W�X�Y�Y�Z
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R\X a e(V\X1^cF �YPxFEXuT_QOb
∫ T

0

µ2(t)dt = (
|y −GT (f)(x)|

T
∨ 1)2

∫ T

0

dt

λt

= (
|y −GT (f)(x)|

T
∨ 1)2

∫ T

0

(

∫ 1

0

G2
T−t(x, y)dy)

−1dt.

� FR`hUF�XCV�� R\�CQWF�TUV+Px^cFIVYPCh�h_Fq^cPxQ�T�V\X�TUACF��7T_VG[ChUV]e(Fd^U^�R`X a �,FIV\�]T�R`MOX
�� � �����

pT (x0, y) ≥
C( |y−GT (f)(x)|

T ∨ 1)1/2

(
∫ 1

0 G
2
T (x, y)dy)3/8

exp(−C ′(
|y −GT (f)(x)|

T
∨1)2

∫ T

0

(

∫ 1

0

G2
T−t(x, y)dy)

−1dt).

��F(T�Px^�e(VYD<[1R`hUF�TUACF�R\�1V��YF QWV��,FEh+�!V\PCX a ��M�TUA T_ACF�[Ch_Fqe(MS^cFZQOV���Fdh��!V\PCX a VY�]TUR\MWXxF a ��V\h�R
eEV\Xx^cTUR\XuT

σ.
�¦X�TUACMS^�eERY^cF

u(T, x)
MO^�R�§IR\Px^_^_MSR`X�h�R`X a V\D ��R\h_MSR`�CQOF

u(T, x) = GT f(x) +

∫ T

0

∫ 1

0

GT−t(x, y)dW (t, y)

R\X a ��FI¢NXCV��:FEf][CQWMSe(MWT_FdQWQOb�TUACF a FdXx^cMWTkb\�i@�AxF�D<FqR`X�V`�%T_ACMS^�h�R`X a VYD ��R`hUMOR\�CQOF�MS^
GT f(x)

R\X a T_ACF
��R\h_MSR`XxeEF�MS^ ∫ T

0

∫ 1

0 G
2
T−t(x, y)dydt

^_V<T_AxR`T�T_ACF�[ChUFdeEMO^_F a FEX1^cMWTkb�MS^

gT (y) =
1√

2π
∫ T

0

∫ 1

0
G2

T−t(x, y)dydt
exp(− |y −GT (f)(x)|2

2
∫ T

0

∫ 1

0
G2

T−t(x, y)dydt
).

@�AxF�nxhU^cT¨T_AxMWXC��T_V��!FiXCV`TUF a MS^�T_AxR`T�MOXIT_ACF�FEfN[!V\XxFEXuT?V`�]V\Pxh a FEXx^_MWTkbp�,F�AxR��\F ∫ T

0 (
∫ 1

0 G
2
T−t(x, y)dy)

−1dt��AxMWQOF�MOX)T_ACFZ[ChUFdeEMO^_F a FEXx^_M�Tkb VYXCF�AxR\^
(
∫ T

0

∫ 1

0 G
2
T−t(x, y)dydt)

−1.
KNMWX1e(F

x → 1
x

MO^GR�e(VYXu�YF(f
��PxXxe/TUMWVYX ∫ T

0
(
∫ 1

0
G2

T−t(x, y)dy)
−1dt ≥ (

∫ T

0

∫ 1

0
G2

T−t(x, y)dydt)
−1 ^_V �,FmQWVNVu^cFm^_V\DGF(TUACMOXC��MOX

VYPChiFd��R\QWP1R�T_MOV\X1^E� J,P]T�MW�?��F�QOVNV\¢~T_V�TUACFd^_F�FE��R\QWPxR`T_MOV\Xx^iPC[GT_V#^_V\DGF�D~PCQWT_MO[CQWMSeER`T_MO�\FpeEV\Xx^cTUR\XuT 7 R`X a
R\XNbu��R�bm^_Pxe�A�eEV\Xx^cTUR\XuTU^�R`[x[1FqR`h�Ap�,F�^_FEF<T_AxR`T ∫ T

0 (
∫ 1

0 G
2
T−t(x, y)dy)

−1dt ≤ C
∫ T

0

√
T − tdt =

CT
√
T ,
R\X a ∫ 1

0 G
2
T (x, y)dy ≥ C′

√
T

^cVGV\Pxh�FE��R`QOPxR�TUMWVYX�hUFdR a ^

pT (x0, y) ≥ CT 3/16(
|y −GT (f)(x)|

T
∨ 1)1/2 exp(−C ′(

|y −GT (f)(x)|
T

∨ 1)2T
√
T ).

@�AxMWXC¢���V\hpR<DGV\DGFEXuT�T_A1R�T |y −GT (f)(x)| ≥ T.
@�ACFdX��,FIV\�]T�R`MOX

pT (x0, y) ≥
C

T 13/16

√
|y −GT (f)(x)| exp(−C ′ |y −GT (f)(x)|2√

T
).

� X�T_AxF�V`T_AxFEh�AxR\X a ∫ T

0

∫ 1

0 G
2
T−t(x, y)dydt ∼

∫ T

0
1√
T−t

dt = C
√
T
^_V

gT (y) =
c√

2π
√
T

exp(−c
′ |y −GT (f)(x)|2√

T
).

K]V<VYPCh�FE��R\QWPxR`T_MOV\X�h_FdD+R`MOXx^�e(V\hUhUFde/T�R�T�QOMS^kTpR`T,TUACF�QOFE�\FdQ¨V`�%T_ACF�FEf][1VYXCFEXuTd�

��� T����



���������
	��������������������������������! "�#�������
$&%��'�(��$&�*)�%�$�$+ ,��$�$+� -��.�/)�0��213-4�5�*)���������� {u}

�
������������*,���

9&?�< M M a R £ K�� OpVYPx^cVYPxe�¢�R £ ©#��KuT_hUVNVNe�¢ � � X TUACF�^_PC[1VYhcT�V\� � MWFdXCFEh+��PxXxe/TUMWVYXxR`QS^E� M ^_bND<[CT_V`TUMOe
[xh_VY�CQWFdD+^#MOX�[ChUV\�xR\�CMOQWMWTkb�TUACFEVYh_b � � MOFEXCFdh#��PxXxe/TUMWVYXxR`QS^~R\X a RY^cbNDG[]T_V\T_MSeE^ £ OG� ©~��ªiQW�,V\h_T_ANb
R\X a E�Y�¦¢\F a R 7 ª a ^ A(�\giMWT_D+R`X�o�Fd^_FdR\hUe�AFE�V\T_Fd^iMWX+D+R�TUA?�uK]FEhUMWFq^�y`t\H £ {`¤7{\Hx�`�?VYXC�\D+R\X+KCe(MOFEXuTd�
@�Fde�A�� ?LH H\{C�

9 y�<��~�4J�R\QWQOb�R\X a ª��!g�R\h a V\P]f ��lmR\QWQOMSR��uMOX eER\QOeEPCQWP1^���V\h���ACM�TUFXCVYMO^_F a hUMW�YFEXmKNg�©�ª�« ^E�!g�V`TUFEXuT_MSR`Q
M XxR`QOb]^cMS^ H 7 ?*H�H\tNA�yYvq¤ ;`H1�

9 { <��~��J�R`QOQWb £ M l MOQOQWFET £ l �CK]R\XC� � M [C[ChUV�fNMOD+R�TUMWVYX�R`X a KNPC[x[1VYhcT�@�ACFEVYh_FdD�MWX B CYQ a FEh�XCV\hUD ��V\h
[1R`h�R`�!V\QOMOe�[xR\hcTUMOR\Q a M�¡�FEhUFEXuT_MSR`Q�F��uPxR�TUMWVYXx^d� M XCX?�Cg�h_VY�xR`�?�xy\{ £ EpVx�@? £ ?�v`t�¤ky\yYy 7 ?*H�HY} A/�

9 H�<§<� J,FEXxR\h_VYPx^ £ o�,��FdR`X a h_F � ©pFqe(hUV\MS^_^UR`XxeEF F(f][!V\XCFdXYTUMWQOQOF a P XCV�buR`P a F�QOR)e�AxR`QOFEPCh�^cPCh�QOR
a MOR\�\V\X1R`QOF 7 �c�(A/�1g�@�o R H\z £ {Nv\v�¤¥HuzYy 7 ?LH�H ?*A(�

9 }�< � � �i� RCFE¡!Fdh_D+R\X £SM �%KCR`Xxe�ACFd�(¤ � R`QOQWF �IRxPCX a R\D<FdXuTUR`Q,^cVYQWPCT_MOV\Xx^�V\�p^cFqe(VYX a V\h a FEh#^_PC�!FEQOQWMO[]TUMOe
VY[1FdhUR`T_VYhU^d� M XCX?�xV`��lmR�TUA?� 7 y A ?qy�H 7 ?*H\t ; A�y�H]vq¤kyYv`yC�

9 ; <K¨� O�V\Px^_PCV]e�¢�R £ ©#� KuT_hUVNV]e�¢ � M [C[xQWMSeER`T_MOV\Xx^�V`��T_ACF lmR\QWQOMOR��NMOX�eER\QOeEPCQOPx^ £ [xR\hcT��c�_� £ wx��RxRYe`�
KCe(M¥� GpXCMW��@�VY¢Nb\V £ KNFqe/TK? M lmR�TUA�{\H 7 ?LHYtuv A�{�H ?(¤7H\HNy]�

9 v�<�O�V\A1R�TU^_P]¤ B�MO�YR ����V���Fdh��!V\PCX a ^���VYh a FEXx^_M�TUMWFq^�V\�PCXCMW¡!VYh_D FdQWQOMO[]T_MSe�h�R`X a V\D ��R`hUMOR\�CQWFq^�VYX
� MOFEXxFEhp^_[xR\eEF\�C@�V+R`[C[!FdR\hd�

9 t <�E#�Y�¦¢YF a R £ K�� � R`TUR\XxR`�!F ��KuT_V]e�AxRY^kTUMOep©pMW¡!Fdh_FdXuT_MSR`Qxª �YP1R�T_MOV\X1^iR`X a ©�MW¡!Px^_MOV\X�gihUV]e(Fq^_^_Fd^d� M D<¤
^cT_Fdh a R`D £ � fN��V\h a¨£ E�Fd��¤��iVYh_¢ £ E�VYhcTUA BpV\QOQOR\X a¨£ O�V a R`Xx^_AxR £ ?*H\t HC�

9 H <Ig�VYMWXuTU^�V\�%[!VY^_MWT_MO�\F a FEXx^_MWTkb+��V\h�TUACF^cVYQWPCT_MOV\Xx^�T_V+R<ANbN[1Fdh_�!V\QOMOe�KNg�©pª £ g�V`T_FdXuT_MSR`Q M X1R`QObN^_MS^�v
7 ?LH Huv A(�

9@?dz <I©~��E�P1R`QSR`h_T ��@�ACF�lmR`QOQOMOR��NMOX�eER\QOeEPCQWP1^,R\X a hUFEQSR�TUF a T_V\[xMOed^E�xKN[xh_MOXC�\Fdh���Fdh_QSR`� £ J�Fdh_QOMOX £ B�FEM a FdQ�¤
�!FEhU�:E�Fd��¤��iVYh_¢ £ ?LH HY}C�

9@?�?�< M �xK]R`X1e�ACFE�p¤ � R\QWQOF � RCPCX a R`DGFEXuT�R`Q¨^cVYQWPCT_MOV\Xx^,R`X a �\FdV\DGF(TUh_b<V`�?TUACFI^cPCD�V\��^��YP1R`hUF�V`���YFde(T_V\h
n1FEQ a ^E�x�¦Xu�YFEXuTd�]D+R`T_A =!v`t 7 ?LHYt`HNA�XCV ?Y� ?EHY{`¤ ?*;\zx�

9@?qy�<Iw1� J�� � R`QS^_A � M X MOXYTUh_V a P1e/T_MOV\X)T_V ^cT_V]e�AxRY^kTUMOe�[xR`h_T_MSR`Q a M�¡�FEhUFEXuT_MSR`Q�F �uPxR�TUMWVYXx^E��ª�eEV\QOF a « F(T_F
a F[ChUV\�xR\�CMWQOMWT_Fd^ a F~KuT R�QOV\Pxh��p��� ¤ ?LHYt`H+�?Fqe/TUPCh_Fq^ E�V\T_Fq^�MOXmlmR�TUACFED+R�TUMOed^K? ?dt\zx�xKN[ChUMWXx�\FEh
��Fdh_QSR`� £ J,FEhUQWMOX BpFEMOQ a FEQO�1Fdh_�:E�Fd��¤��iVYh_¢ £ @�V\¢NMOV £ ?LHYt�;x�

T�TVU�W�X�Y�Y�Z



Unité de recherche INRIA Rocquencourt
Domaine de Voluceau - Rocquencourt - BP 105 - 78153 Le Chesnay Cedex (France)

Unité de recherche INRIA Futurs : Parc Club Orsay Université - ZAC des Vignes
4, rue Jacques Monod - 91893 ORSAY Cedex (France)

Unité de recherche INRIA Lorraine : LORIA, Technopôle de Nancy-Brabois - Campus scientifique
615, rue du Jardin Botanique - BP 101 - 54602 Villers-lès-Nancy Cedex (France)

Unité de recherche INRIA Rennes : IRISA, Campus universitaire de Beaulieu - 35042 Rennes Cedex (France)
Unité de recherche INRIA Rhône-Alpes : 655, avenue de l’Europe - 38334 Montbonnot Saint-Ismier (France)

Unité de recherche INRIA Sophia Antipolis : 2004, route des Lucioles - BP 93 - 06902 Sophia Antipolis Cedex (France)

Éditeur
INRIA - Domaine de Voluceau - Rocquencourt, BP 105 - 78153 Le Chesnay Cedex (France)��������� �	��
�

���������� ��� ���

ISSN 0249-6399


	Introduction
	The general theory
	Conditional Malliavin calculus
	Short time behavior and density evaluations
	Evolution sequences
	Tubes evaluations
	The main result

	Elliptic Itô processes
	Upper bounds

	Diffusion processes
	Log-normal type diffusions

	Stochastic Partial Differential Equations

