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Abstract: We give lower and upper bounds for the denisty of the law of a locally elliptic Ito
process. Locally elliptic means that the ellipticity assuption holds true only if the process
lies in a tube around a deterministc given curve. This represents a generalization of the
classical lower and upper bounds for the density of an uniformlly elliptic diffusion process
but works for diffusions which may be locally degenerated, as the log-normal type diffusion
for example. In this case the lower bound is no more Gaussian but has a log normal shape.
This also works for Stochastic PDE’s.
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Limites inférieures pour la densité de la loi d’un
processus d’It6 localement elliptique

Résumé : On donne des minoration et des majoration de la densité de la loi marginale d’un
processus d’It6 localement elliptique. Le caractére local de notre hypothése consiste dans le
fait qu’on suppose que les coefficients de diffusion ont la propriété d’ellipticité seulement si
le processus d’It6 lui méme ce trouve dans un voisinage d’une courbe détérministe donnée.
C’est une généralisation du résulat classique concernnant les diffusions uniformement ellip-
tiques mais il a ’avantage de s’appliquer aussi a des diffusions localement dég énérés avec
des coefficients non bornés. Par éxample pour des diffusions de type log-normal. Mais dans
ce cas les minorations optimales ne sont plus de type Gaussien mais elles ont une forme
compatible avec la loi log-normale. Le résultat s’applique aussi & des EDP Stochastiques.

Mots-clés : Densité local, minoration, ellipticité locale, Calcul de Malliavin conditionel.
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1 Introduction

It is well known that under uniform ellipticity and boundedness assumptions for the diffusion
matrix, the law of a diffusion process is absolutely continuous with respect to the Lebesgue’s
measure and one has Gaussian type lower and upper bounds for the density of the law. This
classical result has been extended (see [6]; [5],[11]) to the more subtle case when instead of
ellipticity one has Hormander type hypothesis. In this paper we do not go in this sense.
On the other hand, as an application of Malliavin’s calculus, one has proved that, under
appropriate hypothesis, a large variety of functionals on the Wiener space (for example
solutions of Stochastic PDE’s) have absolute continuous laws and the density is smooth (see
Nualart [10]). Using already standard techniques one may also prove that some Gaussian
upper bounds hold true. In number of cases one also succeed to prove that the density
is strictly positive (see for example [II,[2],2],[9] or [I0]). But the techniques used in order
to prove strict positivity are rather qualitative and do not provide lower bounds. So this
remains a challenging problem. In a recent paper [7], A. Kohatzu-Higa developed a strategy
which permits to attack this problem for abstract Wiener functionals. He gives a frame
which essentially expresses the idea of uniform ellipticity for a Wiener functional and then
develops a methodology for computing lower bounds. This paper was the starting point
of our work and several important ideas come from there. But we do no more assume
uniform ellipticity but only local ellipticity around a deterministic curve. This is much
stronger and in particular permits to treat interesting new examples even in the classical
frame of diffusion process. An outstanding example is that of log-normal type diffusions
the coefficients of which are degenerated in zero and have unbounded coefficients. In this
case the lower bound is no more Gaussian but has a shape which is compatible with the
shape of the density of a log-normal distribution. Let us be more precise. We consider a

q—dimensional Ito process of the form

o0 t t
Xé::cé+Z/ U;‘deg+/ Vids, i=1,...q
=170 0

and we are interested by the local density of X1 in a point y. We assume that U and V are
smooth in Malliavin’s sense so that X is smooth also. We give now the non-degeneracy
assumption. We fix a differentiable curve x;,0 < ¢t < T such that zo = Xy and 7 = y and
some 7 > 0,0 < ¢t < T. We also consider some ¢ x g dimensional symmetric and positive
definite matrixes @, 0 < ¢t < T and denote by A; > 0 the lower eigenvalue of Q;. Then our
hypothesis are the following. For every 0 <t <T and 0 <d < T — ¢

(Hvl) UtUt* > Qt
(H",ii)  |Ts®)lly,, < K@®§*H,v>0,
1/2
g9 > 2
(H, iii) ZZ‘U;J < K'(t)

i=1 j=1
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4 Bally

on the set |Q; /2(X(t) — z(t))| < r(t).

Let us explain this definition. One writes
X=X+ / U¥dBI +T'(t)
j=1"t

) o0 t+48 B ) t+48 )
with T5(t) := / (U, — U,)¥dBI + / Vids.
j=1 t t

o t+5

The principal term is 77, [, U}?dBJ which is Gaussian conditionally to F, = o(BJ,s <

t,j € N). and has the covariance matrix U;U;" X §. So (H, i) says that the principal term is
non-degenerated. It represents the ellipticity assumption. I'}(¢) is a remainder and (H", i)
says that this remainder may be ignored with respect to the principal term which is es-
sentially of order §'/2. The number v is a strictly positive number which depends on the
problem at hand - in the frame of diffusion processes v = % and for Stochastic PDE’s,v = i.
The norm ||of|, , is a Sobolev norm which involves the L” norms of the first k& Malliavin
derivatives where p, k are some integers depending on the dimension ¢. The lower index ¢
signifies that we work with conditional expectations with respect to F; and not with usual

expectations (we use a conditional Malliavin calculus).

Let us now comment the localization. Both U; = Uy(w) and [[Ts(¢) (|, = [Ts (@)l , ¢ (w)
are random variables. So the properties (H,14), (H",it) and (H,1ii) hold true only for w €
{’Qt_lm(X(t) — z(t))’ < r(t)}. Think for a moment to the example of the diffusion process
dX; = o(t, Xt)dB; +b(t, X¢)dt. Then U; = o(t, X;) and so (H, i) says that co*(t,x) > Q; for
x such that ’Q; Y *(z— x(t))’ < r(t). So we need the ellipticity assumption only on a tube

around the curve x;. The same is true for the boundedness assumption (H,1iii) : we need
|oo* (t,z)| < K'(t) only for z in the tube. In particular this permits to handle unbounded
coefficients (with linear growth for example).

We fix now some h > 0 and define

i3 ! A+ 20 (1)
)=, [ R0 O () + VA K )7
pr(t) = = sup 1

0V (t—h)<s<t Yn(s)

where C'is an universal explicit constant. Our main result is the following. Under the above
assumptions (H,1i), (H",ii),(H,#ii) the random variable X1 has a local density pr(zo,y)

INRIA



Lower bounds for the density of the law of locally elliptic Ité processes 5

which is continuous and moreover

C

- - _ _ 1/2
Tq+2)\%+2(P(|XT zo| = |y —ol))

< 1
= 1e@mm(0)A0))

T
> pr(zo,y) 73 % exp(—C”/O s (t)dt).

Note that the above bounds hold true for every h > 0 and every deterministic path x; for
which the ellipticity assumption holds true. So one may take the supremum over such paths
in the lower bound. For example, in the case of log-normal type diffusions, if one takes x;
to be the stright line which ilnks z( to y, the corresponding lower bounds are Gaussian and
this is not optimal. At the contrary, if one takes exponential type curves then one obtains
a lower bound which is of the same type as the density of a log normal law.

The idea of the proof is the following. One constructs recursively the time grid ¢ty =
0,80 = V2 (to),t1 = to + 60,y Ok = Vi (tk—1),tk = tx—1 + O, ... and takes N to be the fist
integer such that ¢t > T. Now, for each k one writes

) ) 0 tp_1+0k i ) )
Xi = Xi 2 [ U BT (), 0
j=1

k—1

Using the ellipticity assumption (H,%) and the conditional Gaussian law ofthe random

variable >°° Li":”" U, dBI one derives a lower bound for the density of this term

and then, using (H",ii) one proves that the remainder T'§ (t,—1) may be ignored (it is in
a lower scale). So one obtains a lower bound for conditional density of the type P(X,, €

dy | Xt, , = x). The final lower bound will be obtained as the convolution of the N lower
bounds for the conditional density corresponding to each tx,k =0, ..., N. But note that the
above evaluations hold true only if the difussion X; remains in a tube of radius r; around the
curve z; (because our hypothesis are in force in this case only). The key problem is to find
the good equilibrium between J; and the size of X;, — X;, , on one hand and to evaluate
the probability that the process X; remains in a tube of radius r; around the curve z; on
the other hand. This leads to the definition of the function ~; (). Think for a moment that

X is a diffusion process so that U, = o(t, X;). Then there is a manifest analogy between
the decomposition used in () and the one used in the parametrix method (compare with
(4.1), (4.2) page 14 in [5]). In some way we use a stochastic version of the parametrix method
on small intervals of time. There are two points on which the stochastic approch has some
advantages: first of all it permits to localize on the set of trajectories which remain in a tube
around the deterministic curve and this permits to deal with a certain class of diffusions
which are not uniform elliptic and do not have bounded coefficients. In particular, the shape
of the lower bound in such a case may be different from the Gaussian one. Moreover, it
permits to deal with non-Markov problems.

RR n° 4887



6 Bally

The paper is organized as follows. In the first section we treat the problem in an abstract
frame which is inspired from [7]. But the main evaluation, contained in Theorem 1 is stronger
than Kohatsu Higa’s result. In particular it permits to derive some tubes evaluations which
are crucial in order to obtain local results. This section contains the main technical tools and
results. In the second section we deal with Itd processes and we obtain the result presented
above. In the third section we discuss the example of diffusion process. In order to illustrate
our method we consider log-normal type diffusions (that is o(t,z) = «a(t, z)x) and compare
our lower bounds with the precise log-normal density. Finally in the last section we consider
the example of Stochastic PDE’s (which has first been treated in [7]).

2 The general theory

2.1 Conditional Malliavin calculus

In this section we will use partial Malliavin calculus so we have to introduce some notation.
We consider an infinite dimensional Brownian motion B = (B?);cny and denote by F; the
filtration generated by B. We refer to Nualart [I0] for the notation. In all this section
we fix some ¢ > 0,6 > 0. What is specific in our frame is that we employ the partial
Malliavin calculus on the interval [t,¢ 4 §]. This means that we consider derivatives with
respect to Bs,s € [t,t + d] only and we employ the corresponding Sobolev norms, under
the conditional expectation with respect to F;. For example, Di’Q designes the space of the
functionals which are one times differentiable in L2, in Malliavin’s sense, on the interval
[t,t + 0]. More precisely, this space is constructed in the following way. One considers the
simple functionals F' = f(G, Bs, — Bs,, ..., Bs, — Bs,_,) where t = s < 81 < ... < s = t+9,
G is an F; measurable random variable and f (G, y1, ..., yx) is a smooth function with respect
to (y1,...,yr). For such a functional one defines the Malliavin derivative by

k
of
D,F = Z 5 (G, Bs; — By Boy, — By ) [s,6,_1) (5)-

3

Then one considers the norm
) ) t+35 )
IFI2 0= BFP) + ([ ID.FP ds).
t
Here and in the sequel E; designes the conditional expectation with respect to F; that is

So ||F||, 54 is an F; measurable random variable and not a constant. We define D} to

be the closure of the simple functionals space with respect to this norm. So F' € Dt1 2 means
that there exists a sequence of simple functionals F,,n € N, such that ||F, — F|l; 5, — 0

and E|F, — F|> — 0 almost surely as n, m — oc. In the same way one defines higher order

INRIA



Lower bounds for the density of the law of locally elliptic Ité processes 7

derivatives and the Orenstein Ulemback operator L. For F € (D)1, F = (F', ..., F9) the
Malliavin covariance matrix is defined by

. t+6 . ‘
= DsF'DsF'ds.
t
We denote by A ,(respectively Ar.t) the lower (respectively the larger) eigenvalue of ¢ ;.
They are given by

Apy = inf Zémm, Are = sup > a0
= —i,5=1

In order to define higher order derivatives we define the Sobolev norms

2
0= B0+ 0 Bl [ D5 B )
1<\a|<1~c
where, for a multi-index a = (a, ..., @, ) we denote [a| = m. The derivatives D Sl ‘F are
first defined on simple functlonals and then extended to general funcionals by passmg to the
limit in [|o]|, . We denote by DF? the closure of the simple functionals space with respect
to [[ol;, ;- The basic fact which we will use is the integration by parts formula which we
give in the following. We consider F' = (Fi, ..., Fy), F;,G € Df’p and we assume that F'
is non degenerated (that is A, > 0 almost surely). For a function f : R? — R which is

infinitely differentiable and for a multi-index o = («q, ..., @) denote D the corresponding
derivative that is D*f = 9% f/0z,,...074,. Then

of
6:101-

(IP) Ei(sL(F)G) = Ed(f(F)H{F.G)) with

t+5

q
— > (GJ L(Fy) + D,F;D(¢,G)ds

t

H;(F,G)

Jj=1

where qASF,t designees the inverse of ¢r; and L designes the Ornstein Uhlambeck operator
with respect to Bg, s € [t,t + d]. This formula may be iterated in order to obtain

(IP)) B(Df(F)G) = BE(f(F)Ha(F,G)) with
Ho(F,G) = Ha(F,H,,. 0 )(F,G)) for a=(ai,..,a).

We make two remarks concerning the above integration by parts formula. The first one
concerns a localization procedure. We asked ¢, to be invertible. But taking a look to (IP;)
we see that the matrix ¢r; has to be invertible in the region where G is not null, or put
it otherwise, G has to be null in the region in which ¢z is not invertible. This is true for

the first term in H;(F,G). In the second term appears DS(qASﬁtG) = DsaﬁtG + aﬁtDsG.

RR n° 4887



8 Bally

We need that DG is also null in the region in which ¢, is degenerated. Roughly speaking
this will be true if ”G is null if Ap, is null”. We do not formalize more this idea which will
be used in the sequel in a more precise frame in which the above rough description is much
more clear. The second remark concerns the main evaluation produced by the integration

by parts formula. There exist some constants p,,, k,, such that for a multi-index o with
lal <m
Vi

E(D*H(F)G)] < |6,

L P (<7 M
,

If one takes a look to the recursive definition of H, then one believes that the above evalua-
tion holds true, but expects that the norm of L comes on as well. In fact one may dominate
the norms of the Orenstein Ulembeack operator L by the norms of the derivatives (the
Sobolev norms) using Meyer’s inequalities. If one do not want to use these inequalities, one
has to add in the definition of ||F|,, , the norms of a certain number of operations L as
well (so this is not a really important point, but almost a metter of notation).

NOTATION: In all the following we will work with ¢-dimensional functionals where ¢
is a fixed integer and we will use integration by parts g + 1 times. So we will employ the
above evaluation with m = ¢ + 1. We denote k = k441 and p = py41 and use this notation
throughout the whole paper. To finish we give the following simple fact concerning the

Malliavin covariance matrix:

Proposition 1 Let F,G € (D'2)? . Then

AF,t - )\G,t-

N =

(det ¢F+G,t)1/q >

Proof. Using the elementary inequality (z + y)? > %wz — y? one obtains

2

t+6 q
(det price)/? > Apige= inf / (Z&DJFH—G”)) ds
t i=1

[§]=1
1 t+5 [ 4 A\ 2 t+6 [ 4 A\ 2
> - inf/ &EDGF' | ds — sup/ &EDSGY | ds
Zigl=1 /e ; jel=1/1 ;
1 _
= §AF¢_)\G¢-
|

2.2 Short time behavior and density evaluations
We consider now some measurable processes h/ (s),s € [t,t+0],i =1,...,q,7 € N such that

h¥(s) is F; measurable and denote

Ih]} =

4 o 46
ZZ/ }hij(s)’zds.
i=1j=171

| =

INRIA



Lower bounds for the density of the law of locally elliptic Ité processes 9

We assume that [|h]|, < oo almost surely. Then we may define
Jih)y=>" / h¥(s)dB (s).
j=1"1

Since h(s) is F; measurable, conditionally with respect to F}, J(h) is a Gaussian vector of
covariance matrix

Sy / W* (5)h3* (s)ds.
k=1Y1
Given some F; measurable random variable V' we define

00 t+5
G = V+Z/ K (s)dB7(s) =V + J(h).
j=171

We consider a deterministic, symmetric, positive definite, ¢ x ¢ dimensional matrix M
which is invertible and we denote by A its smaller eigenvalue (which is strictly positive). We
also denote © = M ~'/2. This matrix is fixed in this section and our hypothesis are given in
terms of M.

Given a point z € R? and a set A C {w: |©(V(w) — 2)| < 1} we consider the hypothesis

(H1,A,z) C(J)>M on the set A.

Finally we consider a function ¢ € C;°(R?),0< ¢ <1, [¢ =1 and ¢(y) = 0 for |y| > 1.
This is an auxiliary function which is fixed in the sequel. We construct the sequence ¢,, — do

defined by ¢, (y) = n~%(n"'y).

We look now to Ei(¢, (G — z)) on the set A where V is closed to z (in the sense given
by ©). We think to this quantity as to an approximation of the density of G — V = J(h)
conditionally to V = z.

Lemma 1 Suppose that (Hy, A, z) holds true. Then for every n € (0,v/A)

1
Ey(¢y(G —2)) > W on the set A.

Proof. We denote by < .,. > the scalar product in R? and we write

)i/ 1det o 5 < CON = (V=2)), (y=(V—2)) >)dy.

Ei(6,(G—2)) = / 0(0)

By (Hi, A, z), on the set A we have C(J) > M and consequently C(J)~! < M~!. For
ly] <n < VA one has
< CU My —(V=2),(y—(V-2) > << My = (V=2),(y— (V-2) >

1
< <M lyy>YV2 4 < MYV —2),(V = 2) >12< ﬁ|y|+|®(V—z)| <2

RR n° 4887



10 Bally

the last inequality being a consequence of the fact that, on the set A, |O(V — z)| < 1. Since
det C(J) > A% and [ ¢, = 1 the proof is completed. [ |

We consider now a g—dimensional random variable R = (R!,..., R?), R € DF? (recall
that k = kgy1,p = pg+1) and define

0 4§
F:G+\/ZR:V+Z/ hii(s)dB’(s) + VAR.
j=17t

Given a point z € R? aset A C {|O(V — z)| < 1} and a number v > 0 we consider the

hypothesis
(Hy, A, z) 1al|Rl;,, < CA” (2)

with p’ =p} ;= 2karip, 1 = 2Fp.

Remark 1 In the frame of diffusion processes v = % and in the frame of stochastic PDE's, v =
1

1

We also denote
t+0 5 t+5 4 9
A ::/ |DsR|” ds :/ D.R'|" ds
t t 1§:1: | D R'|

and notice that

_ a t+6 ] _ t+6
Api=sup » & / D,R'D,Rids = sup / <& D,R>%ds <A.
‘f‘:1i1j21 t |§l=1J¢

As a consequence of (HY, A, z), we have
E AP < cPAve,
The key evaluation in our approach is given by the following proposition.

Proposition 2 We consider a point z € R%, a set A C {|©(V —2)| < 1},v > 0 and
n € (0,VA). Suppose that (Hy, A, z) and (Ha, A, z) hold true, a5 < A < § for some a > 0,
and § is sufficiently small in order that

2[R 1
FEEEE 1106 < —— A.
q8%( Ja +1)C¢" < 122 on the set (3)
Then 1
p»,](Z) = Et¢n(F — Z) Z W on the set A. (4)

INRIA
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Proof.

¢ Step 1. Renormalization. We write
F=V+VA(I+R)

where
I =—J(h).
va'"

e Step 2. Localization. In the sequel we assume (withought special mention) that we
are on the set A and in particular |O(V — z)| < 1. Since I is Gaussian its Malliavin co-
variance matrix coincides with its usual covariance matrix which is equal to A=1C(J).
So A;; > 1. Using our first proposition we obtain for every p € (0,1)

1 — 1 — 1
det ¢ryprt = (EA” — Moryt)! = (5 — pARt)? > (5 —A)%.

The aim of this step is to localize on the set on which A < 1/4 and consequently
det ¢14,r,c > 1/49. We consider a localization function 6 € C;°(Ry; R1) such that
0<60<1,0(z)=1ifz < 1/8and f(z) =0if x > 1/4 and we denote Q = 0(A). We
may choose 6 such that for every multi-index « of length less or equal to k£ one has
| D20], < 8l°l. Since @ = 0 on the set A > 1 we have

Y
44

Qdetoryprs > Q(— - M) > (5)

Since for every multi-index o = (o, ...,a;), D*0(z) = 0 if x > 1/4 we also have
D*Q = 0 on the set A > } and so

) (6)

D)

Q1,0 1
(D( b );i))Q) x det ¢I+pR,t 4_

(81,...

>

e Step 3. Sobolev norms. Let us evaluate the Sobolev norm of ) on the set A. First
of all it is clear that [|Q|,, = (E; |Q")Y/? < 1, and one can not hope to do better.

Moreover, for |a| < k one has | D0 < 8/°! so that

IN

Et/ / 1D, Q| dsi...dsy)P/?)V/P 81 X ||R |y

< skoav <8kFCcsv <1

the last inequality being a consequence of our hypothesis on 4. So

1@l p,e <

RR n° 4887
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We evaluate now the Sobolev norm of 1 — Q). Since 0 < @ < 1 and Q = 1 on the set
A < 1/8 we have
PA> L) = B2 > L

t = g = I = W)

8p/2Et(Ap/2) < ]P/2(CP AP < ]p/2CPgPV .

IN

11— Q5.

IN

For a with |a] =m <k

t+48 t+48 9
Et(/ / D2, (1= Q)| dsy...dsy)P?
t t

t+o t+6 ,
= Et(/ / ’DO‘ st‘ dsl...dsm)p/2 < 8pkcp5pl’
t t

S1,ees

so that
11 =@l < 8°Cd".

ﬁinally we evaluate |I|, . Note that DII* = ﬁh? and DI = 0 for |a| > 1. We
ave

[ D aspe e = [T S S gz < L
E, / DI ds)Pati/2))Wpast — / hid|? ds)1/? <
¢ Ay IS va
The same is true for (F;(|I|”))'/? so that
2|l
LIRS

Step 4. Development in Taylor series of order one. We localize first (multiply
by @) and use then a development in Taylor series with respect to R in order to obtain
(note that ¢, > 0)
pn(2) = Ei(¢n(V -2+ VAU +R))Q)
a1
0 :
= Ei(¢,(G—-2)Q) + Z/ EA%(V — 2+ VA + pR))WAR'Q)dp
i=1 70
= J+J.

Let us evaluate the reminder J’'. We define

D, (x) ::/ 1 dyl.../ ' dygby(V — 2 +VAy)

— 00 —

INRIA



Lower bounds for the density of the law of locally elliptic Ité processes 13

so that 590
_ v/ —_Z 7n
¢n(V — 2+ VAx) 0x1...0x, (z)
and 96 gi+1g
4 1
i — .k — < < —
e (V -2+ VAx) 920710, () and 0< ®,(z) < a2

the last inequality being obtained using the change of variable z = V — z + v/Ay and
of the fact that [ ¢, = 1. We use the integration by parts formula ¢ + 1 times (with

respect to the random variable I + pR) and we obtain

gﬁi (V — 2+ VA + pR))R'Q)

q+1
_ g 0
8171'8561...817(1
= Ey(®,(I +pR)H(1,. 4.0 + pR, R'Q)).

E(

(I+pR)R'Q)

The random variable Hy 5 . q:(I + pR, R'Q) is the weight which appears in the
Malliavin’s integration by parts formula ¢ + 1 times. By &), (@) we know that we
may minored the determinant of the Malliavin covariance matrix which appears in
Ha .00 + pR, R'Q) by 1/44. This is because ¢r4,r,t is always multiplied by Q
or one of its derivatives. Finally we dominate &, by A~9/2 and we obtain

EJ?;? (V =2+ VA + pR)R'Q)
< ﬁ HH(l,z,...,q,z') (I +pR, RiQ)Hk,p,t
< % I+ pRl|y, ¢ }’RiQ||k,p,t
< Ml + 1Rl ) 1Rl 1@l
< A4qq/2 (% + CA")CA” < A4qq/2 (&\/ha”t +1)Co".
We have proved
17| < 2332(2%“ +1)Co"VA < qu;(z%lt +1)Cas
We evaluate now J. We use the previous lemma and obtain
Ei(¢n(G —2)) > ;
(2w A)2/2¢2
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In order to evaluate E;(¢,(G — z)(1 — Q)) we integrate by parts ¢ times with respect
to I and obtain

Ei(¢n(G —2)(1-Q))

Ei(¢y(V — 2+ VAI(1 - Q))
- 5 o)

! 0x1...0x4
= E(®y(DHapz,. o, (1-Q)).
Since A;, > 1 and 0 < @, () < A~%/2 we obtain

1 kv 21|
B (60(C = 21 = Q)| < Fa7m Ml 11 = @l < g =™

It follows that

Ei(on(G = 2))Q) = Ei(dn(G—2)) — Ex(dn(G —2))(1-Q))
1 skes 2], 1

P2rA)T? | A2 Ja © 262(2nA)il?

the last inequality being a consequence of our hypothesis on 4. Finally we obtain

1
S ——
Pr (Z) 92¢2 (27TA)q/2 | |
1 q4? 2| R, 1 1
— 1Nty > — —
2e2(2wA)4a/2 Aq/Q( Va +1CeT 2 4e2(2wA)4a/2
the last inequality being a consequence of our hypothesis (@). |

2.3 Evolution sequences

The following objects are given.

<> A time grid Iy = (to,...,tN) with 0 = tg < t1 < ... < ty = T. We denote O =
te —te—1-

& A sequence of matrixes My, k = 0,..., N which are symmetric, positive definite and
invertible. We denote by Aj the lower eigenvalue of M}, and Oy = M, 12 We suppose that
a0 < Ay < 0 for some given aj, > 0.

& A sequence of points x € RY,k =0, ..., N such that

|®1($C1 — 1‘0)| S 1.

- { A sequence of measurable processes hzj(s),s € [tk-1,tk],t = 1,...,q,5 € N such that
h{ (s) is Fy, , measurable and

) 1 qg o0 tr
Il = = 223

2
hy (s)} ds < oo
i=1 j=1"tk—1

INRIA



Lower bounds for the density of the law of locally elliptic Ité processes 15

almost surely. Then we may define
. e tk . . .
Ji=> / hi (s)dB (s).
j=1"7tk-1
Conditionally with respect to Fy, ., Ji is a Gaussian vector of covariance matrix
C(Jy) = Z/ hil(s)hi (s)ds.
=1 Ytre—1

¢ We introduce now the main object in this section, the evolution sequences. We consider
a sequence of R? valued random variables Fy, ..., Fiy of the form

oo th ) ‘
Fr.=F._1+ Z/ hi(s)dBj (S) + VALRy = Fr_1 + Ji + VARLR
j=1Ytk-1

where Rj are g—dimensional F;, measurable random variables. We are interested in the

density of the conditional law of Fj, with respect to F}, ,. Since we do not know that a
conditional density exists we are obliged to work with the following regularization of the
conditional density”
pmk(z) = Etk71¢77(Fk - Z)
This quantity makes sense independently of any non-degeneracy assumptions. We think tat
it as an approximation of F:, _,d.(F)) that is of the conditional density of F} computed in
z.
¢ Finally we define the sets

1
A = {w : |91(F1_1(w) — x1)| < 5,1' =1,.., k} € Ftk—l'

Definition 1 We say that Fy, ..., Fx is an elliptic evolution sequence if R; € Dy ¢, , (recall
that k = kqy1,p = pgt+1) and

(H,i) C(J)

(H", i) La; || Rilly,,

Mi on Ai,

>
< GAY

' te—1
where C;,i =1,..., N is a sequence of positive numbers and v > 0.
The frame given in the above definition has been introduced by A. Kohatzu Higa in [].

The time grid Iy, the path « = (xo,...,xn), v, My, Ak, 0k, ar, Cr, k =1, ..., N appear as
the parameters of the evolution sequence. The evaluations related to an evolution sequence
are given in terms of these parameters.

As a consequence of the proposition from the previous section we have the following
result.
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Proposition 3 Let Fy,..., Fx be an elliptic evolution sequence. We fiz k € {1,...,N}. Let
z € R? and n > 0 be such that |Ok(xx — 2)| < % and 0 < n < \/Ax. Suppose that

w Nl ) 1
q8 (W + I)Ckék S W on the set Ak. (7)

Then
1

pn,k(z) > W on the set Ay.

Proof. Suppose that we are on the set Ay. Since |Ok(xy — 2)| < % we have |Of(F_1 — 2)| <
|Ok(Fr—1 — )| + [Ok(z — x)| < 4 + 3 and so Ay C {|Ok(Fr—1 — 2)| < 1} and, since we
have an elliptic sequence, the hypothesis (Hy, Ak, z) and (HY, Ay, z) hold true. So we may
employ our previous result. [ |

2.4 Tubes evaluations

The aim of this section is to give lower bounds for P(Ay). We prove first the following
lemma.

Lemma 2 For every n such that n € (0, 3/Ay) one has

P(Ag) > E(lAk,l/ Pnk—1(y)dy). (8)
Ok (y—21)|<(1/2)—n/V Ak

Proof. We assume without loss of generality that the conditional law of F},_; with respect
to Fy,_, is absolutely continuous with respect to the Lebesgue measure and has a density
7 (if not we replace in a first stage Fr—1 by Fr—1 + 7, where 7, is a centered Gaussian
random variable of variance %, which is independent of F;, ,. We prove the inequality
for Fr—1 + 7, and then we pass to the limit and obtain the inequality for Fj_;). Since

A, =A,_1 N {|®k(kal — CCk)| < %} we have

P(Ak) = E(1A1w1 /W(y)l\Gk(y—wk)\Sl/Qdy) = E(lAk—l /ﬂ-(y+Z)1|®k(y+z—mk)|§1/2dy)

the last equality being true for every z € R? (just because the Lebesgue measure is invariant
to translations). We integrate in the above equality against ¢, (z)dz and we obtain

P(Ag) = E(lAk—lf/dzd)ﬁ(z)ﬂ-(y+Z)1|®k(y+z—wk)|§1/2dy)
= E(lA;H//du¢n(u—y)ﬂ(u)l\@k(u—zk)|g1/2dy)
= E(lAk—letk—z((bn(Fk*l _y)l‘ek(Fk—l_wk)‘§1/2)dy)

> Etk—2(¢n(Fkl—1 _y)1|@k(Fk71*Ik)|S1/2)dy)'

E(]‘Ak—l /
1Ok (y—z1)|<(1/2)—n/V A

INRIA



Lower bounds for the density of the law of locally elliptic Ité processes 17

Note that, if ¢, (Fr—1 —y) # 0, then |Fy_1 — y| < n. If we also have |Oy(y — z)| < (1/2) —
n/+v/Aj, then

n 1 n 1
Or(Fr_1 — < |O(Fr_1 — +|© — < + = — ==
Ok(Fe—1 — k)| < [Ok(Fre-1 — y)| + [Ok(y xk)"\/A_k > T VA2
and so the above term is equal to
E(la, [ En_y(60(Fhor — 9)dy)
1Ok (y—z1)|<(1/2)—n/VAK
and the proof is completed. |

Corollary 1 Let Fi,k =0,...,N be an elliptic evolution sequence such that {@) holds true.
For everyk=1,...,.N

/2

c(q) A
P(Ar) 2 4a+1le2(2m)a/2 p\9/2 P(A-1) 9)
k—1

where c¢(q) is a constant such that m(B-(0)) = c(q)r? with m the Lebesque measure. In
particular

An g c(q) N-1 AN\ 1 g
>(—)2(————~ > (—)2 .
P(AN) = (Al ) 4q+1€2(27{')q/2) = (Al ) € (10)
with +1,2 /2
q q
g = (2 e @m)E

c(q)

Proof. We take n = 1/Aj so that (1/2) — n/v/Ar = 1/4 and employ the above lemma
and the density minoration in order to obtain

P(A;) > E(lAk,l/ Pn.k—1(y)dy)
Ok (y—zk)|<1/4

1 1
oA a2 - <=
462(27TAk_1)Q/2m(|®k(y zg)| < 4)P(Ak71)

;ma — | < VAk
4e2(2mAj_1)9/2 Y~ Ikl =
2

clg) AV
4‘”‘162(271')‘1/2 AZ/—Ql

JP(Ag-1)

P(Ak—1)

and the proof of [@) is completed. In order to prove () we employ recurrence and obtain

An) > c(q) N-1 - AVIRY' o <1
P( N)_(W) g(Akfl)QP(l 1(Fo —z1)] < 3).

Since |01(Fy — 21)| = |[©1(z0 — 21)| < 3, (@) is proved. [
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2.5 The main result

Our final result is the following. We look for lower bounds for the density of Fy. We say
that the law of Fiy has a local density pr, with respect to the Lebesgue measure on RY,
in a neighborhood of x, if there exists some & > 0 such that for every smooth function 1
with the support included in Bs(xx) one has

Ed(Fy) = / Y(@)pry (2)de.

Theorem 1 Let Fy, k = 0,..., N be an elliptic evolution sequence which satisfies [@). Sup-
pose that the law of Fn has a continuous local density pr, with respect to the Lebesgue
measure on RY, in a neighborhood of xn. Then

1
PFn (‘TN) = 462(27TA1)‘1/2€

Proof. We use Proposition 5 in order to get

/R @0y —aow)de = B(oy(Fy —av)) = BBy ,n(Fy — ox))

2 E(EtN—l(bn(FN —an)lay)
1

> ——————P(A

T 4e2(2mAn)9/2 (4n)
1

- 462(27TA1)‘1/2€

Now we use the continuity of pr, and pass to the limit with  — 0 in order to obtain the
result. [

3 Elliptic Itd processes

We consider a ¢g—dimensional It6 process of the form

0 t t
X;::cg+z/0 U;'de‘;'Jr/O Vids, i=1,..,q.
j=1

We assume that for every 7' > 0

T
i) E(/O (U2 + Vads) < oo (11)

ii) U,V € DFF Yo<t<s<T

INRIA



Lower bounds for the density of the law of locally elliptic Ité processes 19

where
q

q oo
102 =330 and P = D |V
i=1 j=1 i=1

We fix T and y € R? and we study the density of the law of X7 in y. In order to do it
we have to give a non degeneracy assumption on X7 in y, and this assumption is related
with a path from z( to y. So we consider a continuous function z : [0,7] — R? such that
z(0) = 2o and z(T) = y. We consider also some continuous, strictly positive functions
r, K,K': [0,T] — R4. The significance of these function is the following. We work on a
tube around the path z(t) and r(¢) represents the radius of this tube, K controls the small
increments of our process and K’ controls the norm of U on the tube. Finally we consider
Q¢,t € [0,T] which are symmetric positive definite and invertible matrixes. We denote by
¢ the smaller eigenvalue of ); and we assume that A\; < 1. We also consider some v > 0.
We fix now 1 > h > 0 and define

1
SUPt<s<t+h ‘Q_lﬂ(t)asxs 7
)\(1-{-1/)/21/( )
(qgkq+1+1e2(2ﬂ_ q/2 K' \/— 1/2:/}

1
pn(t) : = sup
oV (t—h)<s<t Yn(s)

Yo(t) : = min{h, gr(t),

We will use the function 7, in order to construct an evolution sequence for X,. We
construct by recurrence the time grid 5,k = 1,..., N in the following way. We put o = 0
and &; = 77 (to). Suppose now that #; is known. Then we define d;41 = 7 (tx) and put
tk+1 =tk + Ox+1. We define N to be the first integer such that ¢ > 7. This supposes that
such an N exists so we have to assume that >, ; 77(t;) > 1. Generally ty # T so we have
to modify the last increment in an autoritharian way. We re-define y_1 =T — ty_1 and
put ty =tny_1+0ny—_1 = T. This will be the time net that we will use in the following. For
the moment we want to evaluate N. We note that t; — tx—1 = 6 = 77 (tx—1) < h? < h and
so that for ¢ € [tp_1,tx] one has t — h < tp_1 <t and consequently pp(t) > 1/vp(tk—1). It

follows that
th N 1
pa(t)dt = / us ——— X0 =N.
/o al Z alt 2 Plta)

te—1

We denote

Ci(Uy) = i Utt)uit(t)

=1

) o0 t+9 - ] t+9 )
Ti(t) == Z/ (U, — Uy)7 dBJ +/t Vids.
j=1

and, for § > 0

t
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Definition 2 We say that the path x is (r, K, K', Q,v)—elliptic for X if for every0 <t <T
and 0 << T —t

(H,i) CU) = Q
(H" i) D50y, < K05
¢ 1/2
(H, iii) ZZ‘UZJ < K'(t)
i=1 j=1

on the set |Q; /2 (X (t) — x(t))’ < r(t).

Theorem 2 Suppose that the law of Xp admits a continuous local density in y. Sup-
pose that there exists a path x(t),t € [0,T] such that x(0) = z,2(T) = y and which is
(K,K',r,Q,v)—elliptic for X. Then one has

1 T,
pr(0.) > g < el [ i)
where 4122 )q/2
R

Remark 2 Note that if fOT w2 (t)dt = oo our statement is void. So there are some hypothesis

hidden in the assumption fOT pa(t)dt < oo. In particular, if for some t € [0,T] we have
At = 0, then 1/ (t) = co and consequently py(s) = oo on an interval of length h. It follows
that fOT wa (t)dt = co. We conclude that in order to obtain a significant result it is necessary
that A\t > 0 for every t € [0,T], and this is the ellipticity assumption along the path x;.

Proof. We will use the result from the previous section so we construct an evolution
sequence for Xp. We consider the time grid 0 = ¢ty < t1 < ... < ty = T defined by
0k =tk — tx—1 = Y2(tx—1) (see above). We also denote Ay = )y, _,dx. Moreover we define
Fy, = X (tx) and write

ty ty
B = P+ / UsdB, + / Vids
tp—1 tp—1
tr tr ty
= Fk_1+/ Utk*lstJr/ (Us—Utkfl)stjL/ Vids
te—1 th—1 th—1

Fp1 4+ Jip + VAR

INRIA
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with

o0 tk .
i J J
Jp = E/ U, _,dBj,

j=1"te-1

1 b b 1
Ry = Us — U, dBy Vids) = ——1, _ th_1)-
k \/A—k(/;kl( tk—l) + /t;l S) \/A_k 175 tk—l( k 1)

Coming back to the notation concerning the evolution sequences we have hy(s) = U(tx—1)
for s € [tg—1,tx) and so C(J;) = 0,C(Us,_,) and My, = 0,Q(tx—1). Consequently O =

M,;l/z = 6,;1/262_1/2(&@_1) and the smaller eigenvalue of My, is Ag = A(tx—1)0k. Our aim is

to check that this is an evolution sequence which satisfies ([{ll). We will first check the space-
time relation |©(x(t;) — z(tx—1))| < 1 which amounts to |Q~"/2(tj—1)(z(tx) — (te-1))| <
V/05. We write
Q2 (th-1)(@(th) — w(ti-1))|
tk tk
Q2 (ty—1)dpwidt| < /
tk—l tk—l

< 6 sup ’Q71/2(tk71)at$t
tp—1<t<tp_1+h

Q_1/2 (tk,l)(?txt dt

So a sufficient condition in order that our time-space relation holds true is

1

SUPy, | <r<ty yh |@7Y2(Eh-1)0pwe |

Y(tr—1) = /o <

which enters in the definition of .
Recall that (by the very definition) on the set Ay one has

‘Q—lﬂ(tk_l)(X(tk—l) — ;v(tk))‘ = /05 [OR(X (te—1) — z(tr))] < %\/@

so that |Q /2 (tr—1)(X (tk—1) — x(tr—1)| < 3vVO+|Q 2 (th—1)(x(ts) — (tr—1))| < 30k =
Sy(te—1) < r(tk—1). So Ay C {]Qfl/Q(tk,l)(X(tk,l) — z(tk,l)] < r(tg_1)} and we may use
the hypothesis (H,1), (H, i), (H, ).

Using (H, i) we have C(Ji) = 6,C(Uy,_,) > 01Q(tx—1) = M. Moreover, by (H", 1)

Py

. , _ K(tp1)62"

kptg—1 /A H tk*tkfl( kil)Hk,p,tk,l = 7,—Ak
K(tk_l)

)\(tkfl)%""j'

|| R

= CLAY

with C) =
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Let us check ([@). Recall that hy(s) = U(tx—1) so that, using the hypothesis (H, i)
1/2

< K'(tp_1).

i, = (X o

=1 j=1

So the hypothesis ([@) reads

K(tk_l) "y 1

8k
( At * = 363 (2m)ar

and since /0, = ~y(tx—1), this is true by the definition of ;. So we may use our density

evaluation and obtain

> —N§6
pr(zo,y) > 7462(27TA1)(1/26

One has A1 = A(0)y(0) and N < f t)dt so the proof is completed. [ |

3.1 Upper bounds

We will now give sufficient conditions in order that X has a continuous local density in y
and we establish upper bounds for this density. First of all we assume that

(H,iv) U" e () L7([0,T); D)
=1

so that X7 € (2, D™'. Note that here our notation corresponds to the classical Malliavin
calculus (in our previous notation we have to take ¢ = 0). We denote

L=yt - / ZD UPdBP + D' Vidr)

so that . . ‘
DIX3 =Up + LY.

In our computations s will be closed to T so we look to Urfpl as to the principal term and to
L% as to a remainder. We assume that there exists some p > 0,7(T) >n > 0 and C,,p € N,

such that for every ¢ >0 and p € N

/2
</ Z Z |Lll‘ ds) Lxp—yl<n) < Opfp(%ﬂt)-

€i=11=1

We denote by ox, the Malliavin covariance matrix of X (that is ox, = ¢ x, in our
previous notation) and denote by Ax,. its smaller eigenvalue.
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Lemma 3 Suppose that (H,i), (H,iv) and (H*,v) hold true. Then for everyl € N

4 ql 4 p(%"‘/‘)
E((detox,) 5| X —yl <n) < (77— ) +2 c,
TAr Ar

with p = qlTH.

Proof.

Step 1. For every € > 0

A = inf/
xr el=1J,

PP

T o0

ds > mf Z i L”
T=e =1

i=1
ds — sup/
|€l=1JT—

the last inequality being a consequence of the elementary inequality (a + b)*> > 1a* — b7
Using (H,4) we obtain that on the set | X —y| <n < r(T)

. > /\T—/ ii“’?fds

Z D! XTgZ

=1 [i=1

ds

2
ds

q

Z zlgz

q

Y]

[Zl
S 57’
1=

=1 |i= €l=1

T—e =1 i=1
where Ap is the smaller eigenvalue of Qp.
Step 2. We write
s)\
POx, < 2L |Xp—yl<n) <P( )\T—/ ZZW\ ds <— AXr —yl <)
T—e =1 =1
il 5/\T
< ZZ\L\d>—|XT— <)
T=e =1 i=1
p/2
< Lids) L |Xr—yl<n)
<EAT> ([ SSwere)
4 p/2 4 p/2
< _— p(z+m) — [ 2 pi
< <€)\T> Cpe <)\T) Cpe
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Step 3. We want to use the above inequality for € = ﬁ, but we can not do it for every
k because we need that ¢ < T. So we need that k > k; := [ﬁ] This is the significance of

k1 which appears in the sequel. Since detox, > Ang we have

E((detox,) ™[ Xr -yl < 1) <E((A\xy) %X —y| <)
< 14> E((Ax,) q,)\XTE[—k+1,E)7|XT_y|§77)

k=1

= 1
< kl1q+kzk: (k+ 1)qlP(/\XT < E7|XT_y| < 77)'
=k1

We use now the inequality from the previous step with ¢ = % and p = ql#i so that the
above quantity is dominated by

. o . 4 P(%‘FH) 1
q al [ 2 -
ki + k; (k+1) (AT) Cp a2
=k1
and the proof is completed. |

Theorem 3 Suppose that there exists a path x(t),t € [0,T] such that z(0) = z,x(T) =y
and which is (K, K',r, Q)—elliptic for X. Suppose also that (H,iv) and (H*,v) hold true.
Then the law of X1 admits a continuous local density in y and

(rme) P —anl = ly—aol))?

1 T at
> pT(CCQ,y) > 46(27?7(0))\(0))(1/2 X exp(_9ﬂ2/0 72(t))

where C' and p are constant depending on the constants appearing in our hypothesis..

Remark 3 The evaluation of P(| X1 — xo| > |y — x0|) is subject to some large deviation
type evaluations and this is the reason for which some exponential upper bounds appear in
the frame of uniform elliptic diffusion processes with bounded coefficients. But in a general
frame these evaluations may be different and give other shapes then exponential ones. This
depends on the hypothesis on U and V. Note that our assumptions are just local and this is
not sufficient in order to determine the above probability.

Remark 4 In the case of uniform elliptic diffusion processes the time appears in the upper
bound as T—%? so our evaluation is not optimal. This is due to the fact that we have not
precise hypothesis on the Sobolev norms (in Malliavin sense) of Xr. In particular situations
one may reduce the power of 1/T using a precise analysis of these norms. But in the general
situation we are not able to do it because we have just local evaluations on U and V.
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Proof. In order to simplifie notation we suppose that =, < y,i = 1,..., q (the other cases
are completely analogues) and we denote D(zg,y) = {z: y* < 2%,i = 1,...,q}. We also de-
note by W, (z) the regularization by convolution of 1p 4, ,(z) and ¢, = 09V, /0x', ..., da".
Clearly 1, is a smooth function with the support contained in ball of radius 7 around y and
Yy — 0y and ¥,) — 1p(4,,,)- Under the hypothesis of the above lemma there is some 7 > 0
such that the Malliavin covariance matrix is invertible on | X7 — y| < 7 so we may use the
integration by parts formula and obtain

E(n(Xr)) = E(Uy(X1)H)

where H is the weight which appears in Malliavin’s integration by parts formula. Since the
support of ¢,, and of all its derivatives are included in | X7 — y| < 7 we obtain E(¥,(X1)H) =
E(V,(X7)H1{x,—y|<y}) - Passing to the limit with 7 — 0 in the above inequality proves
that X7 admits a local density in y and moreover

limy—o | E(W,(X1)H1{xr—yi<n))| = [E(UD(wo.0) (XT)H{1x70—yi<n})]
1/2
< (P(Xr € D(20.y)"/* | E(H1{xs —yj<n)|"

IN

PT(UC07 y)

A

Clearly P(X1 € D(wo,y)) < P(| X1 — 20| > |y — o). Moreover H?1{|x, _yj<yy < (det og,. )"
H 21{| Xrp—y|<n} for some [. Here H is a complex expression involving Malliavin derivatives
of Xr. So, using the evaluation from the previous lemma

2

IN

‘1/2

1/ B .
|E(H?1{|xp—y<n))| E((det ox, )2 | Xp —y| < m)*/? ’E(H“)

< () ¢

for some constants C and p. |

4 Diffusion processes

We considered now the central example of diffusion processes. More precisely

dXi = Za;i(t,Xt,et)ng + 00 (t, Xy, 0)dt, i=1,...q, Xo=u10

=1
where o%,b" : [0,00) X R? x RP — R and @ is a p—dimensional adapted process. The

p—dimensional process § may be regarded as a parameter. But one may think to a different
situation as well. Say that ¢ and b does not depend on X but just on 6 and 6 itself
is a diffusion process. Then the above frame covers the case X; = f(0;) where 0 is a
diffusion process (it suffice to employ Ito’s formula in order to obtain the semimartingale
decomposition of f(X;)). All the evaluations will be uniform with respect to this parameter.
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We recall that we use the notation p = p,41 and k = kg1 where p,1 and kgq1 are
some constants depending on ¢ which are fixed in the first section. Our hypothesis are the

following. We begin with 6. We assume that for each ¢ € [0, T
(Hi) 6:€DP* and |0 —6:),, < CVs—t.

We also assume that there exists some h > 0 such that for every multi-index o with |a| =
1<k
(Hs3) sup ’Dg‘l

t<s1<...si<u<t+h

o 0u| <O+ X))

.....

Moreover o
(Hs) o},b'eC”
and, for every 1 < i < ¢,1 <j <m and every multi-index n,n’ with 0 < ||, || < k
(Ha) i) |oj(t,z,0)],[b'(t,2,0)] < Co(1+|z])

,Dg'D;gbi(t,x,e)‘ < G

i) |Dy Dioi(t,z,0)

We consider also an ¢ x m dimensional matrix p = p(¢,x) and assume that
(Hs) |pp™(t, )] < Ca(1 + [z]).

Of course, in the case when o does not depend on a supplementary parameter § we may just
take p = 0. Our aim is to study the density of X7 in y € R?. We fix a differentiable path

z:[0,T] — R? with 2(0) = 29 and z(T) = y . We denote by A(¢) the smaller eighenvalue of
pp*(t,x,) and assume that 1 > A(t) > 0. We also assume that

(Hg) oo™ (t,x,0) > pp*(t,z) VO € RP.

We will use the result from the previous section with Q(t) = $pp*(t,2;) and r(t) = 5/0)\_5
Let us check that the assumptions there hold true here. We are on the set |Q), 1/ (X (1) —z(1)] <

r(t) and so in particulat we have | X (t) — z(t)] < VAr(t) = 2’30. First of all we check (H, 1)

that is C(U;) > Q; = $pp*(t) on |Q, (X (t) — z(t))| < r(t). We write

C(Ut) = O'O'*(t7Xt,9t) Z O'O'*(t7l't,9t) — CQ |Xt — (Et| 2 pp*(t7l't) — Et
At

So (H,i) amounts to $pp*(t,x;) > 3+ which is true by the very definition of A;. Then we
need to control the norm of the matrix oo™ (¢, Xy, 6,) in order to determine K'(t). For the
same reason as above, we have

A
00" (£, X0, 0)| < oo™ (t, 20, 0,)] + Co |X () = 2(0)] < CL(1+ o) + 5 =2 K/ ()%,

Finally we need to control the reminder and to compute K(¢). In order to do it we prove
the following lemma.
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Lemma 4 Under the above hypothesis
ITs@g e < Ca(l+ X))o
for some constant Co which does not depend on t, Xy and 0.

Once this lemma is proved we have

ITs (Ol .t

IN

Co(1+[Xi)0 < Co(1 + || + [X(2) — 2(t)])0

A
= Co(1+|z| + 3‘5)5 = K(t)8

so (H",ii) holds true with v = 1.

Proof of the lemma. In order to simplify the notation we assume that b = 0 and ¢ = 1.
The proof is analogues in the general case. We first evaluate

P

t+48
Hl"g(f)”?t Et <‘/t (U(S,Xs,es) —U(t7Xt,9t))st>

146 p/2
S CEt </ (U(Sa XS; 95) - U(t7 Xta et))2d5>
t
v t+6
< ot / Ey(0(s, X, 0,) — o(t, X, 0,))Pds
t
> t+6
< CCys2t / (6P + Ey(Xs — X¢)P + Ey(05 — 04)7)ds.
t

Using the hypothesis () we obtain E; (6, —6,)? < C6?/2. We use now the equation verified

by X and obtain
t+6 p/2 t+6 v/
CE, </ a(s,Xs,05)2ds> < CE; (/ C(1+ |X5|)2d5>
t t

» t+9
< Csz! C(1 + E; | X,|)Pds.
t

Ey(Xs — Xu)P

IN

Standard arguments based on the equation verified by X and Gronwall’s lemma give E; | X,|)P <
| X7 €=t < C'1X,|P . So we have E; (X, — X;)P < 6%Ce“"(1+|X,|)?. Finally we have
proved that

ITs (B, < C(1+ [Xe])Po".
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We turn now to the derivatives of I's(¢). For u € [t, ¢ + §] we have
Dul"g(t) = (o(u,Xu,Hu) — U(t7Xt,9t))
t46 44
+/ 0:0(8, Xs,05) Dy XsdBs + / 0po (s, Xs,05)D,,0:dBs
= I (u) + Ix(u) + I3(u).

The same arguments as above show that

t+0
[ i
t

Moreover, using the fact that dgo is bounded and D, 0 satisfies (Hz2) we obtain

p/2

B, < O(1+ | Xe|)Pov.

t+5 p/2 , t+5 t+5 p
Et/ |I3(u)|* du < 055*1/ Et/ D9 (s, Xs,0) D, 05dB,| du
t t u
, t+5 46 p/2
< 057—1/ Et/ 1890 (5, Xs,05)Dubs)* ds|  du
t u
t+0 t+9
< caH/ E; |D 0|7 dsdu < C(1 + | X¢|)P6P.
t u

It remains to treat I>(u). We write down the equation of D, X :

D, X =o(u, Xy, 0,) —I—/ 0r0(r, X, 05)D, X, dB, —I—/ 0.0(r, X;,05)D,0,dB,.
Using the fact that D, 0, satisfies (H2) and Gronwall’s lemma one may check that D, X
satisfies (H2) also and so, the same reasoning as for I3 applies to I and the proof is completed

for the first order derivatives. For the higher order derivatives the proof is similar. |

We resume: we have proved that under the above hypothesis X; is an elliptic Itd process
associated to the path z; and with the parameters v = 1,Q; = $pp*(t,z,) and

A A R
Ky =Colt o] +5), K= \/01(1 ) + 5, = e
where )\, is the smaller eigenvalues of pp* (¢, z;). We have
o 1 Cx'”
v(t) = min{h, —, , }
2Co SUPt<s<t+h Q;l/Qasfc(S) (1 + |xt| + )\t)3/2
= mln{h7 \2/277 1 71/2 ? 1+|It‘c 3 2}
O Supy<<pyn @ T 0sz(5) (T +1)%

INRIA



Lower bounds for the density of the law of locally elliptic Ité processes 29

where C' is some constant. If we assume that \; < 1 this gives

1+ [24]

1 _
Cmax{y, sw [Q;'0.a(s)|,(— 1))
t<s<t+h At
1 1 _ 1
< < C'max{—, sup ‘Qt 129,3(s) ,(M)Sm}
Y (t) t<s<i+h At
where C, C’ are some constants. So we have
1 _ 14+ |zy
pr(t) =C  sup max{ﬁ, sup ‘Qt,lmasx(s) ,(%)3/2}.
t—h<t'<t t'<s<t'+h t

Using the result from the previous section we obtain

Theorem 4 Let x(t),t € [0,T] be a path such that (0) = zo,2(T) =y and (H;),i=1,...,6
hold true. Then the law of X1 has a continuous local density in y which verifies (for some
constants C and 1)

TR P0Xr =0l = =) >

1 T
1e(2my(0)A(0))a2 exp(—0 /0 i (£)dt).

4.1 Log-normal type diffusions

pr(zo,y) >

In this section we will consider diffusion processes which are not uniformly elliptic but have
a singularity in the origin. They represent a generalization of the log-normal distribution
and so the shape of the density is different from the Gaussian density. We will taste our
method in this frame in order to see that we may capture such a shape. So we consider the
equation

q
dX} = ol(t,X;)dB] +b'(t, X;)dt, i=1,..q Xo=umo

j=1

where o, b : [0,00) x R? — R. We assume that o},b" € C*e+1and, for every 1 <i,j < ¢
and every multi-index n with 0 < || < kq41

(A1) |Dlok(t,z)|, |Dpb'(t,z)| < C.
Moreover we make the non-degeneracy hypothesis
(As) Ala* > 00" (t,2) > ala]”.
The example that we have in mind is o(t,z) = a(t,z)x where « is a matrix which verifies

(A1) Va(t,z) = 0 if |z[=R
(A)) A > aa*(t,z) >a.
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We come now back to o(t, z) which verifies (A1) and (As2). We take the matrix p defined
by
p(t,x) = Valz| x I
where I is the identity ¢ x ¢ dimensional matrix. We fix a path z; and then Q; = 3a |:1c,5|2 x I
and \; = 1a |z . We also have ‘Q;l/Qasxs

= ﬁ |0s25| . Then for every h > 0 we have

2(1 + |zv|)
pr(t)=C sup max sup |0sz(s)|, (—————=
®) t—h<t'<t {h \/—|17t' t’gsgt’-i-h' (8] € alzy|?

/2.

We will now compare the lower bounds given by our evaluations with the precise form
of the density of a log-normal density. So we consider the simplest possible situation, that
is ¢ = 1 and b = 0. So we look to the diffusion dX; = o(¢t, X;)dB; with Xo = z¢ and we
look to the density in the point y. We take the exponential path z; = z¢oe™ and in order to
obtain x7 = y we have to take 7 = % In % We have 0,2, = 72 so that

SUPy <s<t/+h |0s(s)] SUPy <s<t’+h |z(s)] h
=T =Tme .
|z | ||

We take h = % so that

2 1 / 1 V
i) = C sup  max(m, 220, 2LERD 3y o T (120 VY
t—h<t/<t va alzy|? va'talzg Ayl

It follows that

)*2}.

(ni)2 1+xoVy 3,

T
/ n(t)2dt < CT max{
0

Ta alzo Ayl?
On the other hand
T 21+ |z l 1+ |z
'Yh(O) > C”max{%,( (a|x||20|))3/2}_0/max{ \/_ ( ( |z||0|))3/2}
0 0
1
Ao = §a|:c0|2.
So we obtain
nl 2
pr(zo,y) > ¢ xp(— CTmaX{( T ) 1+x0\/y 3}
\/—xo(maX{T (7;;50\))3/2})1/2 a alzo Ayl

We have to compare this with the log-normal density which is
1 (In L + & T)?
pr(xo,y) = oy T eXP(—T

This looks rather compatible to the exponent level but different to the level of the coefficient.
But note that we have chosen the exponential path and maybe this is not the optimal choice.

).
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5 Stochastic Partial Differential Equations

In this section we discuss the solution of the Stochastic PDE

@(t x) = l@(t z) + o(u(t,z))W'(t,x) + b(u(t,x)), (t,z) € [0,00) x [0,1]
ot 2022 ’ ’ A ’ ’

w(0,2) = f(x),u(t,0)=wu(t,1)=0.

This equation has been introduced by Walsh in [12]. W’(¢, ) is a time-space white noise and
the above equation is just formal - we give in a moment the rigorous weak formulation. In [2]
one proves that if the coefficients o and b are smooth then for each fixed (¢, z),w — u(t, z,w)
is a smooth functional of the white noise so that the Malliavin calculus with respect to W
applies. One also proves that for every ¢ > 0 and every 0 < z; < ... < z; < 1 the law of
w — (u(t,z1,w), ..., u(t,zq,w)) has a local smooth density with respect to the Lebesgue’s
measure in any point (y1,...y,) such that o(y;) > 0,4 = 1,...,n and this density is strictly
positive. Finally in [{f] one gives lower bonds for the density under the uniform ellipticity
assumption o(z) > ¢ > 0,Vx € [0,1]. Our aim is to show how the results presented in this
paper give Kohatzu-Higa’s result (since our result is not new we will just skech the poofs).
Note that the ellipticity assumption considered here is uniform - although our approach
supposes only local ellipticity assumptions, we do not see how to localize in this frame and
so the only result under local assumptions remains the strict posititvity proved in [2]. The

weak formulation of the above stochastic PDE is the following. We consider the fundamental
solution of the linear problem 2% = %%, u(t,0) = u(t,1) = 0 which we denote by Gy(z, y).
This solution may be expressed as an explicit sery of Gaussian kernels and many useful
evaluations related to it are available (see the above papers). Then one considers the mild

form of the above Stochastic PDE :

ult,z) = Gi(f)(x) + / / G ()0 (u(s,9))dW (s,y) + / / Grea(,y)b(u(s, y))dyds

where G:(f)(x) = fol Gi—s(x,y)f(y)dy and dW (s,y) designees the stochastic integral with
respect to W. See [12] for the rigorous definition of this integral - anyway here we express
this integral in an alternative form which involves a sery of usual stochastic integrals. More
precisely we consider an orthonormal basis ey, k € N of L?[0,1] and define

e [ [ i

where dW still represents Walsh’s space-time stochastic integral. Then one may easily prove
that B* k € N are independent standard Brownian motions and for every ¢ € L2(Ry x[0,1])
one has

//¢sydwsy Z//¢syek )dBE = Z/ ), ex)p2dBE.
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So our stochastic PDFE reads
0o t . t 1
ult-0) =GN+ | Gestaotuts e+ [ [ G biuts,p)iyds.

We fix now 7' > 0 and 0 < z < 1 and look to density of the random variable Xp(w) :=
u(T,z,w) in a fixed point y. We want to express this random variable as the value at time
T of an Ito process so we define

0o t t 1
X =Gr(f)(z) + ,;/0 (Gr_s(z,)o(u(s,.)), ex)2dB* —l—/o /0 Gr—s(z,y)b(u(s,y))dyds.

Note that X; # u(t,x) so the evolution of the Ito process is essentially different from
the evolution of the solution of the stochastic PDE. This is normal because X; is a one
dimensional process while the solution of the Stochastic PDFE is an infinite dimensional
object. But one has X = u(T,z). So we have

ro = Gr(f)(z)
Us = (Grs(z,Jo(u(s, ), ex)z, Vs = (Gros(z,.),bluls,.)))re-
We assume that
(H,i) C > o(x)>c>0,
(H,1) o,b € Cp°.

Under the above assuption (¢, z) is smoth in Malliavin’s sense (see [2]) and

o) [e'e) 1
C(US) = Z UskUsk = Z(GT—S(xv .)U(’LL(S, )), 616)%2 = / G%is(x, y)02 (u(s, y))dy
k=1 k=1 0

1
> 02/ Gr_(w,y)dy =: As.
0

At this stage it is clear why we are not able to use our localization procedure in this frame:
because we may localize according to the position of X; but X; has almost nothing to do
with u(s,y) which appears as the argument of 0. So we define A, as above and we take
Qs =: A\sI. We have to check that A, > 0 for every s € (0,T).

We consider the straight line which links the initial value o = G (f)(z) to the point y
thatis 2} = f(2;) Tt +yi&. So Oy = #(y—Gr(f)(2)) and [Q~Y2(1) 52| = ﬁ ly — Gr(f)(x)].
We will take h > 0 and r, = co. We have to compute now K; and K. Since ¢ is bounded we
have K| = | o, (fol G2_ (z,y)dy)'/? = c||o||, V. We want to verify now (H",ii) with
v = 1. We have
Lemma 5 Under the hypothesis (H, 1), (H, i)

IT5(E)ljy o < Ke8™*
with K; = Cv/ .
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Proof. The proof of this lemma is rather long and technical. It follows the same ideas as
that in [2] and [3]. So we will not give it in extenso but just point out the main argument.
We use Burkholder’s inequality for Hilbert space valued martingales and obtain

t4+5 o©
/ ZUk UF)dBFy»

t+5 o0

< CEt/ ZUk UF)2ds)P/?
t+5

B CEt(/t /o(GT_s@c,y)o(u(&y))—GT_t<:c,y)o(u(ty)))zds)”/?
t+3

< O/Et(/t /O(GTs(I,y)—GTt(I,y))QdS)p/Q"‘

t+5 1
cnﬂg[ LA G (. y)(uls,y)) — ult,y))ds)?"”.

Using standard evaluations on the Green function G (see [3] Appendix B) and the fact
that E; |u(s,y)) — u(t,y)|” < C(s —t)P/* (see [I2]) one dominates the above term by

1

/ GT + x y)dy)lﬂ/25p( s+% )_C)\p/Qép% 1

The proof concerning the Malliavin derivatives are more involved but of the same nature,
so we live it out. |

We fix now h > 0 and we compute

(1+1/)/21/
w(t) = Cminfh, —=Y 4 ( ) )
ly = Gr(f)(z) t) + v/A( )12
TV
= Cmin{h, ————— /¢ }.
{|y—GTux@|V &
It is easy to check that there exists two constants «, 5 > 0 such that
2 < /1 Gr_y(z,y)dy < b
X
/—T_t— 0 T—t\T, Y)aY > T —¢

for ever 0 < ¢ < T. It follows that for every ¢ and s one has %)\t < A < g/\t. So we may
take h = 0o and obtain

_ L =GN

N B

H
E
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and consequently

T o . T
/0 W2()dt = (wvnz 0 ;l_;t

B . T 1
— (%\/1)2/0 (/0 Gh_y(z,y)dy) " dt.

We are now able to use our result on the Ito process and we obtain
Lemma 6
C(lv=Gr(N @)\, 1y1/2 e, T T 1
prtany) 2 ST o =G D [ e ey,
(Jy GZ(z,y)dy)*/ o Jo

Let us compare the above lower bound with the precise lower bound obtained for a
constant ¢. In this case (T, x) is a Gaussian random variable

u(T,2) = Grf (x) //@wwwm

and we know explicitelly the density. The mean of this random variable is Gr f(z) and the
variance is fOT fol G2%_,(z,y)dydt so that the precise density is

1 exp(— ly — GT(f)( )|

).
L Gyt 2y Jy Gl )yt

gr(y) =

The first thing to be noted is that in the exponent of our density we have fOT ( fol G2, (z,y)dy)~tdt
while in the precise density one has ( fOT fol G2._,(x,y)dydt)~'. Since z — 1 is a convex
function fOT(fol G2 _,(z,y)dy)~tdt > (fOT fol G2 _,(z,y)dydt)~! so we loose something in

our evaluations. But if we look to these evaluations up to some multiplicative constant (and
anyway such constants appear) we see that fOT(fol G2_,(z,y)dy)~tdt < C’fOT VT —tdt =
CTVT, and fol G2 (z,y)dy > % so our evaluation reads

pT(«Toay) > CT3/16( |y — GT(f)(x)| vV 1)1/2 exp(—cl( |y — GT(f)(x)l vV 1)2T\/T).

T T
Think for a moment that |y — G (f)(z)| > T. Then we obtain
¢ ly — Gr(f)(@)]?
pT(l'oay) > W |y - GT(f)(x)| exp(_c/T)-

On the other hand [ [} GZ_,(z,y)dydt ~ [; \/7 =CVT so

_ S e = Gr(H)@)
gr(y) = o p( 7T ).

So our evaluation remains correct at list at the level of the exponent.
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