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Abstract: A mathematical study of the focusing properties of acoustic fields obtained by
a time-reversal process is presented. The case of time-harmonic waves propagating in a
non-dissipative medium containing sound-soft obstacles is considered. In this context,the
so-called D.O.R.T. method (“Decomposition of the Time-Reversal Operator” in french) was
recently proposed to achieve selective focusing by computing the eigenelements of the time-
reversal operator. The present paper describes a justification of this technique in the frame-
work of the far field model, i.e., for an ideal time-reversal mirror able to reverse the far field
of a scattered wave. Both cases of closed and open mirrors, that is, surrounding completely
or partially the scatterers, are dealt with. Selective focusing properties are established by
an asymptotic analysis for small and distant obstacles.

Key-words: acoustic scattering, time-reversal, far field operator, small obstacles

* Laboratoire SMP, CNRS/ENSTA, 32 Boulevard Victor, 75739 Paris Cedex 15, France (Email: haz-
ard@ensta.fr).

T INRIA (Projet CORIDA) and Institut Elie Cartan, University of Nancy I, POB 239, Vandceuvre-les-
Nancy, 54506 France (Email: ramdani@loria.fr).

Unité de recherche INRIA Lorraine
LORIA, Technopble de Nancy-Brabois, Campus scientifique,

615, rue du Jardin Botanique, BP 101, 54602 Villers-Lés-Nancy (France)
Téléphone : +33 3 83 59 30 00 — Télécopie : +33 383 27 83 19



Focalisation acoustique sélective en régime harmonique
par des miroirs a retournement temporel

Résumé : Nous présontons ici une étude mathématique des propriétés de focalisation
acoustique obtenues & 1’aide du processus de retournement temporel. On considére le cas
d’ondes harmoniques en temps se propageant dans un milieu non dissipatif. Dans ce cadre,
la méthode D.O.R.T. (“‘Décomposition de I’Opérateur de Retournement Temporel”) a été
récemment proposée pour réaliser une focalisation acoustique sélective en calculant les vec-
teurs propres de lopérateur de retournement temporel. Cet article fournit une justification
mathématique de cette méthode dans le cadre d’une approche en champ lointain, i.e., pour
un miroir & retournement temporel idéal capable de rétropropager le champ lointain associé
au champ diffracté. Nous traitons le cas d’un miroir fermé (entourant totalement les obs-
tacles) et celui d’un miroir ouvert (entourant partiellement les obstacles). Les propriétés de
focalisation sélective sont établies pour des obstacles diffractants petits et distants, & ’aide
d’une analyse asymptotique du champ diffracté.

Mots-clés : focalisation acoustique, retournement temporel, opérateur de champ lointain,
obstacles de petite taille
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1 Introduction

Acoustic time-reversal has known in the last few years a significant growth of interest,
covering a large number of applications (medical imaging, non destructive testing,...). The
main idea of this phenomenon is to take advantage of the reversibility of the wave equation
in a non dissipative unknown medium to back-propagate signals to the sources that emitted
them. Today, the physical literature (cf. [9] for more details) on this topic is quite rich.
Meanwhile, some mathematical works started to deal with different aspects of time-reversal
phenomena: see for instance [2] and [4] for time-reversal in the time domain, [13] for time-
reversal in the frequency domain, and [3] for time-reversal in random media.

In this work, we present a mathematical analysis of the so-called D.O.R.T method (“De-
composition of the Time-Reversal Operator” in french), introduced in [14, 15] to achieve
selective focusing on diffracting obstacles using time-reversal mirrors (TRM) which are able
to emit and receive acoustic waves. In the frequency domain, this method can be described
as follows: the TRM first emits an acoustic wave in a homogeneous and non-dissipative
medium containing some unknown obstacles, and then measures the diffracted field. The
measured field is then conjugated (reversing time amounts to a conjugation when the time
dependence is of the form e*?), and reemitted. The time-reversal operator T is the operator
obtained by iterating this procedure twice. The experimental results obtained in [15] show
that the number of non-zero (or significant) eigenvalues of T' is exactly the number of ob-
stacles contained in the propagation medium. Furthermore, the corresponding eigenvectors
generate incident waves that focus selectively on the obstacles. Our aim here is to present
a mathematical justification of these results related to selective focusing using time-reversal
mirrors: we will show that these results are not true in general, but do hold for small and
distant obstacles.

The paper is organized as follows. We first deal with a TRM which surrounds entirely the
obstacles. In Section 2, we describe the mathematical model used to analyze time-reversal
phenomena in the framework of time harmonic waves in the far field model, i.e., for an
ideal TRM able to reverse the asymptotic behavior at large distance of a scattered wave.
This will in particular lead us to express the time-reversal operator by means of the far field
operator, well-known in scattering theory. Section 3 recalls some results obtained in [13],
concerning the global focusing properties of the eigenvectors of the time-reversal operator.
The main result of the paper, which concerns selective focusing, is given in Section 4. It
provides a mathematical justification of the D.O.R.T. method for the problem of scattering
by several small and distant obstacles. In Section 5, we generalize the results obtained in the
previous sections to the case of open mirrors (i.e., mirrors which do not surround completely
the scatterers). The main ingredient for the proof of our main result is formula (15), which
provides the asymptotic behavior of the scattering amplitude for the diffraction by many
small obstacles. This formula, which is of independent interest, is proved in the Appendix.

RR n° 4888



4 Hazard €& Ramdani

2 Mathematical setting of the problem and definition of
the time-reversal operator

Consider a time-reversal mirror (TRM) surrounding completely a collection of sound-soft
obstacles, located in a homogeneous medium of celerity ¢. During the emission step, the
TRM illuminates the obstacles with an incident wave u; which is supposed to be a Herglotz
wave. Such waves are superpositions of planes waves u¢(z) = exp(ika-z) of direction a € S?
(S? denotes the unit sphere in R*, k¥ = w/c is the wavenumber and w is the frequency).
More precisely, given a directional distribution f € L?(S?), we suppose that the incident
field emitted by the TRM has the form

ur(z) = | fl@)uf(z)da= | f(a)e™*? da. (1)
52 52

We assume that the TRM is located far enough from the obstacles, so that its influence on
the diffracted field can be neglected. Morever, the TRM is supposed to measure the far field
corresponding to the diffracted field.

Let Q denote the propagation domain located outside the obstacles and let v be the
outgoing normal to Q on its boundary T' = Q2. When illuminated by the incident plane
wave u$(x) = et**? of direction a € S?, the obstacles generate the diffracted field u$ that
solves the classical Dirichlet exterior problem:

Augy +Euy = 0 Q)
2u% = —uj (T)
(e
lim MD _ikus| dw = 0
R—+o0 SR

where Sg is the sphere {z € R®; |z| = R} and where Gu$,/0v denotes the radial derivative
of u} on Sg.

It is well-known (cf. [7]) that the far field asymptotics of the diffracted field in a given
direction B € S? is given by the formula

eiklwl

up(Blel) = WA(%B) +0(|z|7?)

where the bound O(|z|~?) is uniform for all 3 € S%, and where A(a, ) is known as the
scattering amplitude. This function satisfies some remarkable properties (cf. [7]), which are
summarized in

Proposition 1 The scattering amplitude A(-,-) is given by the formula

A0 =4 [ FEe)dwar, @)

INRIA



Selective acoustic focusing 5

where ug = uf+uf) denotes the total field associated with the incident field u§. Furthermore,
A(-,-) defines an analytic function on S? x S2, and satisfies the reciprocity relation

A(a, B) = A(=B,—a). (3)

Remark 1 This reciprocity relation simply states that the behavior of the diffracted field
observed in the direction 8 when the scatterers are illuminated by a plane wave of direction
@, is identical to its behavior in the direction —a under an incident plane wave with direction
—B. This property is a direct consequence of the symmetry of the Green function of the
diffraction problem (which follows itself from the self-adjointness of the Dirichlet Laplacian).

Note that in (2), the integral actually represents the duality product between H/?(T)
and H~1/2(T) since u$./0v belongs to the latter in general. We keep this simplified notation
in the sequel.

By linearity, it follows from the results above that when illuminated by the Herglotz
wave (1) associated with a given directional distribution f € L?(S?), the scattering obstacles
generate the diffracted field up

up(x) = /52 fl@)uf(x) da.

Furthermore, the asymptotic behavior of up is given by the formula
ezk\wl Ly
up(Blz]) = WFf(ﬂ) +O0(l2] )
where the far field Ff(3) in the direction 8 € S? is simply given by the relation
FF(B)= | Ale, ) (o) do. 4
The integral operator F' : L?(S?) — L?(S?) with kernel A(-,) is known in the literature
as the far field operator. Its properties are given in

Proposition 2 The far field operator F : L?(S?) — L?(S?) defined by equation (4) is a
compact and normal operator. Its adjoint is the operator F* : L2(S?) — L?(S?) defined by

F*f=RFRf, VfelL*S? (5)
where R is the symmetry operator defined by : Rf(a) = f(—a),Va € S2.

Proof. The compactness of the integral operator F' follows immediately from the ana-
lyticity of its kernel A(:,-). The fact that F' is a normal operator is a well-known result,
which is proved for instance in [5] (see Corollary 2.5.). The adjoint F* of F is the integral
operator with kernel

A*(aaﬂ) = A(ﬁaa) = A(_aa _ﬂ)7

where we have used the reciprocity relation (3). Formula (5) follows. [ |

RR n° 4888
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Remark 2 In fact, in [5], it is proved more precisely that
27
ik
Since the far field operator F' is related to the scattering matrix by the relation S = I +

(ik/2m)F, formula (6) can be seen as an equivalent formulation of the fact that the scattering
operator S is unitary, which is classical result in scattering theory (cf. [12]).

FF*=F*F = —_(F - F*). (6)

We are now able to give a rigorous definition of the time-reversal operator. During the
time-reversal process, when a Herglotz wave associated with a density f € L?(S?) is emitted
by the TRM, the far field corresponding to the diffracted field is measured, conjugated
and then reemitted by the TRM. The new emission is characterized by the Herglotz wave
associated with the density g € L?(S?) defined by

g=RFf.

In this relation, the presence of the symmetry operator R is due to the fact that during the
time-reversal process, the far field measured in a given direction 8 € S? is used to define the
new incident plane wave in the direction —f. The time-reversal operator T is then obtained
by iterating this scheme once again, and thus, we have

Tf=TRFg= RFREFJ.
Thanks to (5) and using the fact that F' is a normal operator, we finally get
Proposition 3 The time-reversal operator T : L2(S?) — L?(S?) is given by
T=F'F=FF". (7)
It is the integral operator with kernel

1 . ug. . oul
ou8) = 3= [ dolkly —21) GiLy) GL() dry T, ®
X

where ug = uf +ug, denotes the total field associated with the incident field u§, and jo(§) =
sin(&) /€ is the spherical Bessel function of order 0.

Proof. Since (7) has been already proved, we only have to show the second part of the
proposition. From (7), it follows that T is the integral operator with kernel

t(a, B) = . Ala, ) A(B,7) dy. 9)

Substituting expression (2) of the scattering amplitude in the above relation sand inverting
the integrals over S? with the integrals over T', we find that :

1 —— dus , . duf
tad) = s [ ([ @) Gk Gt dr, ar..

INRIA
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Equation (8) follows then from the remarkable identity (cf. [1, p.155]):

/52 u] (y) u(2) dy = /52 e*7 G0 dy = dmjo (kly — 2))- (10

3 Global focusing

The time-reversal operator T = F*F : L?(S?) — L2(S?) is clearly a positive and self-
adjoint operator. Moreover, by Proposition 2, it is also a compact operator. Besides the value
0, its spectrum is thus constituted of a finite or countable sequence of positive eigenvalues
admitting 0 for only possible accumulation point. In this section, we will see how these
eigenvectors can be used to generate incident waves that focus acoustic on the diffracting
obstacles. These global focusing results have been obtained for the first time in [13]. First,
we recall a classical result from linear operators theory (see for instance [19, p.442]):

Proposition 4 Let N be a compact and normal on a Hilbert space H. If A, Ao,... is
the sequence of all nonzero eigenvalues of N, arranged such that |A1| > |A2| > ... and if
©1,p2, ... 18 a corresponding orthonormal sequence of eigenvectors, then [A\1]? > |Xo|? > ...
is the sequence of all nonzero eigenvalues of N*N = NN*, and p1, p2, ... is a corresponding
orthonormal sequence of eigenvectors.

This result shows that the nonzero eigenvalues of the time reversal operator T' = F*F =
FF* are exactly the positive numbers [A;|> > |A2|? > ..., where the complex numbers (\p)p>1
denote the nonzero eigenvalues of the normal compact far field operator F. Furthermore,
the corresponding eigenvectors (f,),>1 of F are exactly the eigenvectors of T = F*F.
Consequently, it suffices to analyze the focusing properties of the eigenvectors of the far field
F to obtain the same results for the time reversal operator 7.

Let us first deal with the largest eigenvalue of the far field operator. Then, we have

Proposition 5 Let \; be the largest eigenvalue (in modulus) of F, and let f; € L*(S?) be
an eigenvector of F' associated with A1. Then,
IFf sy WFFlas:
sup

) 2
= = [\1]%.
sernisd 0 MBasny — MhlBagssy, "

In other words, the incident Herglotz wave up(x) = [q fi(a) etk doy is, among all the
possible Herglotz waves, the one that maximizes the energy scattered by the obstacles.

Proof. The Proposition is a straightforward consequence of the Min-Max principle. In-
deed, applying this principle to the positive selfadjoint and bounded operator T' = F*F', we
can write that the largest eigenvalue |\;|? of T satisfies
(Tf: f)L2(52) _ ||Ff||i2(s2)

|Ai]? = sup — 0 = sup —_—
rera(s?), 0 WfllTas2y  reras?), s0 [1fI172(s2)

RR n° 4888
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Roughly speaking, this result says that the “best” way to illuminate a family of obstacles
with Herglotz waves is to use a Herglotz wave u} corresponding to an eigenvector f; of F' (or
T) associated with its largest eigenvalue \;. The physical reason explaining this property is
that the incident field generated by an eigenvector f, associated with any eigenvalue A, # 0
of F, focuses on the obstacles. More precisely, the following result holds true.

Proposition 6 Let A\, # 0 be an eigenvalue of F and f, € L*(S?), f, # 0, an eigenvector
of F associated with \,. Then, the Herglotz wave ur,p associated with f, and defined by
urp(z) = [o fpla)uf(z)da = [g fr(a) e da, has the following form

auT,p

ury(@) = 3= [ dotkllr = yl) FE2 ) dr, (1)

where ur, = urp + up,, denotes the total field associated with the incident field ur ,.

Proof. Since f,(8) = A" Ffp(B) = A, / A(a, B) fp(c) da, we obtain by using expres-
sion (2) of A(a, 3) that

BB = () /SZ/O“T uf d f,(0) do

= (47)) / / OuT ¢ (a)da Wl dT.
52

But by superposition, the integral [g, du$/0v fy(a) da is nothing but the normal derivative
of the total field ur,, associated with the incident field u; p, and thus:

6UT

vuT,p B
5, 1 T (12)

fp(B) = (dmr,) ™

We can now obtain the expression of the incident field generated by the eigenvector f,.
From (12), we have:

ug@) = [ HE) v as
= (47),) //8“” ﬂdru,( )dp
S2
_ 6“T,p
= (4m)) /(/S d,B) U720 (y) dr.
Formula (11) follows then from identity (10). [ |

INRIA
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Since jo(§) = sin(§)/¢&, formula (11) shows that as expected, the incident field uz p(z)
generated by an eigenvector f, of F' (or T) decreases like r(z)™!, if r(z) denotes the dis-
tance of z to the obstacles. In this sense, one can say that ur, focuses on the obstacles
located in the propagation medium. Furthermore, the quality of this focusing (given by
the amplitude of the far field) is exactly given by the magnitude of the eigenvalue ), since

~EF follags?)
Apl = T ——-
1 fpll2(s2)

4 Selective focusing

The aim of this section is to propose a mathematical justification of the so-called D.O.R.T.
method presented in [15] and briefly described in the introduction of this paper. Roughly
speaking, we answer the two following questions:

e Is the number of obstacles contained in a homogeneous medium equal to the number
of “significant” eigenvalues of the far field operator F' (or, equivalently, to those of the
time-reversal operator T' = F*F = FF*)?

¢ If so, do the associated eigenvectors selectively focus on the obstacles?

As it can be seen from the numerical experiments presented in [6], the answer to the first
question is in general negative (there can be several “significant” eigenvalues even when there
is just one scatterer). We will confirm this result by studying in subsection 4.1 the special
case of a single spherical obstacle. Nevertheless, we will show that the answer becomes
positive provided the obstacles considered are small enough. Under this assumption, we
show in subsection 4.2 that selective focusing can be achieved using the eigenvectors of the
far field operator.

4.1 Diffraction by a single spherical obstacle

In this subsection, we deal with the case where the scatterer is a sphere of radius a > 0. For
this particular geometry, an explicit formula can be obtained for the eigenvalues of the far
field mapping, and thus for those of the time-reversal operator. Most of the results of this
subsection are classical, and can be found for instance in [7].

The Jacobi-Anger formula (cf. [7, p.31]) shows that for x = S|z|, the plane wave u¢(z)
has the following expansion

+o0
uf (@) =) i"(2n+ 1) (klz]) Py (cos),

n=0

where 6 denotes the angle between a and 3, and where j, and P, are respectively the spher-
ical Bessel function and the Legendre polynomial of order n. Furthemore, the convergence

RR n° 4888



10 Hazard €& Ramdani

of this sum is uniform on bounded subsets of R®. The corresponding diffracted field for
|z| > a reads then

Zz (2n+1) ((]Z ))hl(k|a:|) w(cos ),

where hl denotes the spherical Hankel function of the first kind of order n, and where the
convergence is once again uniform on bounded subsets of the propagation domain {z €
R3; |z| > a}. One can then obtain the following expression of the scattering amplitude (cf.
[7, p-52]), where the sum converges uniformly on S? x S?:

i 3 jn(ka)
Ala, B) = % 20(2n + 1)h1 (ko) P, (cosb).

On the other hand, P, can be written in terms of the spherical harmonics (Y,;") thanks

|m|<n
to the addition formula

(2n + 1) P,(cosb) = 4w i Y7 (@) Y (6).

m=—n
Consequently, we finally get that

n

Z > = dim ’" Y (a) VI (). (13)

n=0m=—n

Now, since the far field mapping F is the integral operator of L?(S?) with kernel A(a,f3),
and since (Y;")n>0,/m|<n defines an orthonormal basis of L?(S?), then for any given

+oo n
F=Y Y ayyr e LX(S?),

n=0m=—n

we have

400 n . .
FiE) =Y 3 AT 0k gy

Since (Y,")>0,/m|<n is an orthonormal basis of L?(S?), this formula shows that the following

result holds.

Proposition 7 The eigenvalues of the far field operator F' in the case of a single sound-soft

spherical scatterer of radius a are given by

dim ju(ka)
k hl(ka)’

The eigenspace associated with the eigenvalue A, is the vector space of dimension 2n + 1
with basis Y., for |m| < n.

An = Vn > 1. (14)

INRIA



Selective acoustic focusing 11

Remark 3 Equation (14) shows in particular that the eigenvalues A, of the far field oper-
ator F satisfy |\, | < 47/k (recall that hl = j, + iy,). This property can also be obtained
from the fact that the scattering operator S = I+ (ik/27)F is unitary. Indeed, this property
implies that the eigenvalues A, lie on the circle of radius 47 /k and centered at (0,27 /k).

Proposition 7 shows in particular that the number of non-zero eigenvalues is not
necessarily equal to the number of obstacles. However, in the case of a point scatterer
or in the case of the low-frequency scattering (both cases which correspond to the asymptotic
limit ka — 0), this result becomes true. Indeed, using the asymptotic behavior of Bessel
and Hankel functions, we easily see that the eigenvalues \,, given by (14) satisfy

472 (ka/2)?"+1
'k T(n+1/2)T(n+3/2)

An ~ =

when ka goes to zero (and n is fixed). Thus, A,41/)\, decreases like (ka)?, and hence, one
can consider that the only significant eigenvalue in the limit case ka — 0 is the largest
one A;. This observation suggests that the number of non zero eigenvalues can be related
to the number of obstacles when the obstacles are small. The next subsection provides a
justification of this statement.

4.2 Diffraction by several small obstacles

Consider a family of obstacles {O5; p = 1, N} depending on a small parameter ¢, where
each O; is the image of a reference open set O, (which is assumed to contain the origin) by
a dilation of ratio e centered at a given point s, € R® (see figure 1):

0;:{32611&3;5:%6(9,,}.

2

€

RR n° 4888
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Of course the “centers” s, are chosen different so that for small enough €, the obstacles
do not intersect.

The main ingredient to show that selective focusing can be achieved using the eigenvectors
of the far field operator when ¢ is small enough is given by the following result, which provides
the asymptotic behavior of the scattering amplitude A°(a, ) associated with the family of
obstacles {05} :

Proposition 8 There exist N positive constants C1,...,Cx depending only on the geometry
of the reference obstacles O1,...,On (called the “capacities” of these obstacles) such that

TOD) 400, 8) 4 0) with AV ()= 5 3 Gui(s) (s, (19

where the bound O(g) is uniform for all a, 3 € S?.

For the sake of clarity, the — rather technical — proof of this Proposition is given in the
Appendix.

Remark 4 The capacity of a spherical soft obstacle of radius a is C' = 4wa (since the
solution to (36) is simply given in this case by V(z) = a/||z]|)-

Thanks to Proposition 8, we know that the far field operator F© of the family of obstacles
{05; p =1, N} satisfies
(e F= — FO) f[|12(s2) _

sup O(e),
FEL2(S2)\{0} 112252y

where F(1) is the integral operator on L?(S?) with kernel A(") :

FO1(8) = [ AV(@,) f(a)da.
SZ

Since F* is compact and normal, perturbation theory [11] ascertains the continuity of any
finite system of eigenvalues as well as of the associated total eigenprojection. More precisely,
assume that AV is an isolated eigenvalue of F(!) with finite multiplicity m, which implies
that A1) #£ 0.

e Then for small enough &, the spectrum of e 1 F* can be separated into two parts. On
one hand the so-called A(V-group consists of m' < m eigenvalues A5, with j =1 to
m/, having a constant multiplicity m; for € # 0, and which are continuous near € = 0,

namely

A5 =AM = 0(e).

Moreover the total multiplicity ijl,m, m; of the XD _group coincide with the mul-

tiplicity m of A, On the other hand, the complementary of the A(V-group in the
spectrum of e "' F* lies outside a vicinity of A(*).

INRIA



Selective acoustic focusing 13

e The total projection P¢ for the A(")-group, i.e., the sum of the orthogonal projections
on the eigenspaces associated with the A%, is continuous at € = 0, and

I(Pe = PMW) fll2(s2)
sup =
FeL2(s2)\{0} 11l z2(s2)

O(e),

where P(V is the eigenprojection associated with A1),

Notice that in general, one cannot assert the existence of a continuous family of eigen-
vectors associated respectively with the A;. However, for our particular choice of geometric
perturbation (e—dilation), such a result holds, since the perturbation actually is analytic
with respect to € (which is easily deduced from the Appendix). But this result is of poor
practical interest.

An eigenvalue of e 1 F¢ either belongs to some A()-group for a nonzero eigenvalue A"
of F(U, or vanishes as ¢ tends to 0. In the latter case, the above result do not apply:
perturbation theory only provides the continuity of non-stationary eigenelements. So it
remains to study the spectral properties of F(1), whose degenerate kernel will be rewritten
in the form

AW (@, 8) == Y Cpey(a)ey(B) where ep(a) = N (p=1,N). (16)
p=1,N

efz'kowsp

Remark 5 Each e, appears as a unit function of L?*(S?) and corresponds to an incident
Herglotz wave ur , which focuses on the p-th obstacle, for

ury(@) = [ esle)ui(@)da = 2/ okl sy,

by virtue of (10).

The above expression of A1) then yields

F(l)f = - Z Cp (f; ep)L2(52) €p. (17)

p=1,N

Proposition 9 The limit far field operator (17) is a negative selfadjoint operator with finite
rank N (the number of obstacles) and whose spectral radius cannot be smaller than the
greatest capacity Cp, of the obstacles.

In the case where the wavelength £ = 2w [k is small compared with the minimum distance
d = mini<pe<n ||Sp — 5q|| between the obstacles, the family {ep; p=1,N} defined in (16)
provides an approximate basis of eigenvectors associated with the approrimate eigenvalues
{-Cp; p=1,N}:

FWe, = —Cpe, + 0 (2) . (18)

RR n° 4888
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Proof. The bilinear form associated with F) :

(FO £, sz = - Z Cp (frep)r2(s2) (f'5ep)r2(s?)

p=1,N

is clearly negative and selfadjoint, and so is F(1). The range of F(!) is spanned by {ep; p=
1, N}. To see that this family is linearly independent, suppose that

Z zpep =0 with 2z, € C.
p=1,N

Choose ag € S? and 79 a tangent vector to S? at point ag such that the real numbers 7 - 5,
are all distinct. Taking successive tangential derivatives of the above dependence relation
then yields
Z (—ikTo - 8p)? zpep(ag) =0 for j =0,N —1,
p=1,N

which amounts to an invertible Vandermonde system. Hence all the z, must vanish: the
rank of F(1) is exactly the number of obstacles.

The lower bound for the spectral radius follows from the fact that

= Z Cp| (ep,eq)L2(52)|2 Z Cq for q= ].,N,
p=1,N

(F(l)eq, eq)LZ(Sz)

since the e, are unit functions. On the other hand, nothing can be said in general about
the gap between 0 and the other eigenvalues, which may be arbitrarily close to the former.
This actually depends on the constructive or destructive interactions between the different
obstacles, which are measured by the following scalar products (see (10)):

_ sin(k||sp — 54]])

(eps €a)12(s) = do(Kllsp = 54ll) =
PR P Fllsp — s

These relations show in particular that

1 for ¢ = p,
(e 6)2 2y = 12
P2 2aI L3S O(5) fora#p,

which means that {ep; p = 1, N} is close to an orthogonal basis of the range of F) when
¢ < d. The estimate (18) follows: each e, is an approximate eigenvector. [ |

What are the practical consequences of the above results as regards selective focusing?
Mainly that the eigenvectors of the time-reversal operator (or the far field operator) will
produce selective focusing acoustic waves if

e the obstacles are small enough, compared to the wavelength,
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Selective acoustic focusing 15

e the smallest distance between them is large, compared again to the wavelength,
e their capacities are all distinct.

Indeed in this case all the nonzero eigenvalues of F(!) will be simple: the diagonalization of
the time-reversal operator will then yields approximations of the focusing densities e,,.

But if one of these assumptions is missing, the nice focusing properties will disappear,
at least for some groups of eigenvectors.

On one hand, if the interactions between the obstacles become significant, i.e., when
d/¢ = O(1), these properties may reduce to the purely global focusing presented in section
3. In particular, for very low frequencies, the situation ¢ € d < £ may occur. In this case
we have

efzk a-§

. d -
ep = €+0 (Z) Wlth e(a) = ﬁ,

where 3 may be chosen as a convex combination of the s,. As a consequence

d
FOf=— 3" G| (£,8)12s2 e+ 0 (Z) ;

p=1,N

which shows that the cluster of obstacles behaves like a unique obstacle which accumulates
their respective capacities: only one significant eigenvalue of the time-reversal operator may
be observed. Of course, for several distant clusters, we shall recover selective focusing on
each cluster.

On the other hand, if some of the obstacles have neighbouring capacities, the time-
reversal operator may admit non simple eigenvalues. In this situation, the diagonalization
of the latter cannot choose the selective focusing densities among all their linear combinations
which compose the corresponding eigenspace.

5 Open time-reversal mirrors

In this section, we consider the case of a TRM that does not entirely surround the obstacle.
Given a subset S of S2, we assume that the TRM can emit plane waves of directions a € S
and measures the far ﬁeld in the opposite directions 8 € (— S). One emission-diffraction-
reception cycle is described by the directional far field operator

F=P_FPr:L*+8) — L*(-5),
where P. are the restriction operators from L%(S2) to L2(+5), and thus their respective

adjoints P} : L2(+8) — L2(S?) are the operators of continuation by 0 outside +5. Note
here that F' appears as the integral operator

+S

Fi(8) = / A, ) f(a) da for § € 8.
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16 Hazard €& Ramdani

The time-reversal operator T in the case of an open TRM is then defined by
Tf=RFR FY,
where R : L*(—5) — L?(+35) is the restriction of the symmetry operator defined in section
2 (i.e., Rf(a) = f(—a) for a € 5).

~

But one can easily check that R P = 13+ R and ﬁj; R = Rﬁf, and since these operators
commute with the conjugation, we have by virtue of (5)

F*f=P F*P*f=P RFRP*f=RP FP*Rf=RFR}].
Hence, we can state the following result

Proposition 10 The time-reversal operator T for an open TRM is given by
T = F*F : L*(5) — L(S).

Thus, it is the integral operator with kernel
f0.0)= [ A0 AFE b forapes. (19)

Moreover, T defines a compact positive and selfadjoint operator.

Besides the value 0, the spectrum T is thus constituted of a finite or countable sequence
of positive eigenvalues ({ip)p>1 admitting 0 for only possible accumulation point. The largest
eigenvalue ji; of T is thus given by

12
N L2(§) _ ||Ff||L2(_§)

(7£.5)
fir= sup sup

feL2(§),f;é0 ||f||i2(52) f€L2(§),f¢0 ||f||2Lg(+§) -

This expression shows in particular that the incident field corresponding to an eigenvector
associated with this eigenvalue maximizes the diffracted field in the direction of the TRM.
Our goal now is to see if the global and selective properties proved respectively in sections 3
and 4 for closed mirrors still hold in the case of an open TRM. The main difference between
both situations is that in the latter one, the directional far field operator F' is not anymore
normal (the range of F*F is contained in L?(S), when that of F'F* is contained in L?(—S)).
Consequently, the eigenelements of T = F*F can not be directly related to those of F.
Contrary to the case of a closed TRM, the spectral analysis need thus to be carried on the
time reversal operator and not on the far field one. Nevertheless, as we are going to see now,
all the focusing results obtained previously still hold.

INRIA



Selective acoustic focusing 17

5.1 Global focusing

In this subsection, we prove a global focusing property similar to the one given in Proposition
6. More precisely, we have the following result

Proposition 11 Let i, # 0 be an eigenvalue off and ﬁ, € L? (§) a corresponding eigem)ec—

tor. Then, the Herglotz wave iy ,, associated with f, and defined by Uy p(x) = [5 Fo(a) ug(z) da
can be written in the form

mam=ﬁjwu—wMAwﬂ, (20)

for some density hy,, where

ﬂMw—w%=éuﬂMUﬂww%jééw“”%w- (21)

Proof. Like in the proof of Proposition 6, formula (20) will be proved if we can write fp in
the form

mmzﬁ%ﬁw, (22)

for a given density h,. Indeed, if such a relation holds, then

i (z) = /g F(8) v (z) dB = /g /F hy a2 dT ol (z) dB.

Equation (20) follows then by inverting the integrals over S and T.
Thus, it only remains to prove (22). We first write that for all § € S,

—~ 1 ~~ 1 ~ ~
nm=?mm=ﬁémwmmm (23)

P
Thanks to the reciprocity relation (3), formula (19) can be written

5= [ Al T B

Using in the above relation the integral representation (2), we get after some simple com-
putations that

fa,) = [ hgufar. (24)

where the density hy is given by

Ouf ol 8uT
(x) e / / 7dr 5y (z) dv.

Combining ( 3) and (24), one obtains the claimed relation (22), with the density h,(z) =
iyt fsh a) da. [ ]
3
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It is well known in oscillatory integrals theory that the function 7(z) defined by (21)
satisfies (one can use the stationary phase theorem, see for instance [18])

7(@) =0 (ll«lI")- (25)

In the directions which are not covered by the TRM (i.e. when z/||z|| ¢ £S), one can in
fact obtain a faster decay for 7(z), since we have then 7(z) = O (||z||=%/?).

Thanks to (25), formula (20) shows thus that the incident field generated by an eigen-
vector of T focuses on the obstacles located in the propagation medium.

5.2 Diffraction by several small obstacles

Now we turn to the analysis of the selective focusing in the case of a TRM partially surround-
ing several small obstacles. The assumptions made on the geometry of the small scatterers
are identical to those made in section 4. Let us recall that the main difference with section
4 is that since F' is not normal, the spectral analysis can not anymore be achieved on F,
but has to be carried out directly on the time reversal operator T'. In this subsection, we
are going to see that the selective focusing results obtained in section 4 can be extended to
the case of an open mirror.

Using the asymptotic formula (15) of the scattering amplitude, one easily gets that the
kernel # (a, B) of the time reversal operator T¢ = (F¢)*F* satisfies

g
PP _ 50 (a,8) +000),

where

T (a,p) = / AM (0, ) AD (B 7Y dy,  Va,B €S
-3

and where AM(-,.) is the degenerate kernel defined in (15). Since T¢ is compact and
selfadjoint, classical results of perturbation theory show again that for small ¢, the spectral
elements of e 2T can be approximated by those of the integral operator T/(\l) with kernel
tM(.,-), which also reads T} = (F)*F(1) where the operator F!) : L2(S) — L%(-95)
is defined by

FOfB) == " Cp(frep)rag en(B),  for fe=5.

p=1,N
If we define the normalized functions {&,; p = 1, N} in L2(5) and L2(—S5) by
ep(a) = (dar) /2 e ke, (26)

-~

where 7 = mes(S)/(4n) is the opening ratio of the T.R.M., then

FOf=—7 3" Cp(f,8) 2058 in L*(=9). (27)
p=1,N
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Hence, for all f € L2(S), we have

TWE=72 3" Cy| Y Co(£:8) 125 @802 g | o (28)

q=1,N p=1,N
We can now state the main result of this subsection.
Proposition 12 The limit time reversal operator TV : L2(5) —s L2(S) defined by (28) is
a selfadjoint operator with finite rank N (the number of obstacles).

Furthermore, if the wavelength £ = 2w [k is small compared with the minimum distance
between the obstacles, the family {€p; p = 1,N} defined in (26) provides an approzimate

basis of eigenvectors of TW associated with the approzimate eigenvalues (7 Cp)?:

(1) o ~ ~ 14
TWe, = (7FC,)? &, + 0 (3) : (29)
Proof. The fact that T is of rank N follows from the fact that the family {€,;p =1, N}
is linearly independent in L?(S)(see the proof of Proposition 12). Equation (29) follows from
(28) combined with the fact that
1 for p =g,

Eris =@ iies = o) wrpta
d
The last estimate follows from the relation

(é\paé\q)LZ(§) = (47T7q)_1 /geikﬁ.(sp_sq) dp = (4Wﬁ)_17(k(5p —59)),

and from the decay property (25) of 7, for p # g. ]

Remark 6 Contrary to the case of a closed mirror (compare propositions 9 and 12), we
have not been able to compare the spectral radius of TV with the greatest value taken by the
quantities (FCp)2.

As in the case of a closed mirror, Proposition 12 shows that the eigenvectors of the
time-reversal operator for an open mirror will produce selective focusing acoustic waves if

e the obstacles are small enough, compared to the wavelength,
e the smallest distance between them is large, compared to the wavelength,

e their capacities are all distinct.

Indeed in this case all the nonzero eigenvalues of T will be simple: the diagonalization of
the time-reversal operator will then yields approximations of the focusing densities €, since
each €, generates an incident Herglotz wave 4y, which focuses on the p-th obstacle, for

fir,p(z) = /gap(a) u§(@)da = A (k(z —5,)) = O (L) .

477 llz = syl
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A Asymptotics for small obstacles

We detail here a constructive proof of the asymptotic behavior (15) of the scattering ampli-
tude for small obstacles, claimed in Proposition 8. This result is formally derived in other
papers (see e.g. [16, 17]). A more abstract proof based on potential theory was recently
proposed in [8].

The idea of our proof is to rewrite the scattering problem as a regular perturbation of a
Fredholm equation in a fized Hilbert space, in the sense that it does not depend on the size,
say €, of the obstacles:

(I +K)p® = g°. (30)

We obtain such a formulation by means of a variant of the integral method introduced by
Jami and Lenoir [10], which has the advantage to involve non singular kernels, contrary
to usual integral equations (for which perturbation theory requires more complicated argu-
ments).

Consider the family of obstacles {Og; p = 1,N} introduced in subsection 4.2. We
denote by I}, (respectively, I';) the boundary of O (respectively, of Op), I'* = U,_; x I}
and O° = |J,—; y O} Our exterior Dirichlet problem for the diffracted field u® reads

Au® + E*uf =0 in R®\ O¢,

u®=f onT*®, (31)
R.C,
where R.C. stands for the outgoing radiation condition, and f = —u¢ is the Dirichlet datum

associated with an incident plane wave u%(x) = exp(ika - z) of direction a € S2.

Reduction to a bounded domain

Around each reference obstacle O,, we delimit a bounded part D, of its exterior by a
fictitious boundary ¥, which does not intersect I'). We denote by D and X7 the images of
D, and ¥, by the same dilation as for O}, as well as D* = ,_, y D, and £° =, _; y 5.

The Jami—Lenoir method consists in introducing a transparent boundary condition on
¥¢ which is derived from the usual integral representation of u°. Here, in order to get rid
of the normal derivative of u® on I'®, the single-layer potential is re-expressed as a volume
potential by Green’s formula. Indeed it is easy to see that near ¥¢ we have,

e 8G e e
u* =f Y 8—Vk + k2uf g (x°*Gg) — Vu© B V(x*Gg),

where the different “convolutions” represent respectively the surface double-layer potential

{155 @ = [ 10 G-,
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and the volume potentials

e wcenf@ = [ wwxweie-na,

{VUE T V(XEGk)} (z) Vus(y) - Vy (X () Gr(z — y)) dy.

De

In the above expressions, G stands for the outgoing Green function of A+ k2, i.e., Gx(z) =
—exp(ik|z|)/(47|z|), and x° denotes a family of regular cutoff functions (x})p=1,....~ defined
by the e-dilation: x(z) = x,((z —sp)/¢) if x € D}, where each ¥, is equal to 1 in a vicinity
of I’y and 0 in a vicinity of X,,. Note that these integrals involve regular kernels when z is
near X°.

As a consequence if u® solves (31), its restriction v® to D¢ satisfies

Av® + E*v° =0 in D®,
v®=f onI?®,

e 6Gk

. . (32)
A {f * W + kQ,UE Izk (XEGk) — Vo* D* V(XEGk:)} on EE,

where Z¢ stands for the boundary operator (0/0v + i/e) on Xe.

Conversely, the solution to this problem extends outside ¢ (by the integral representa-
tion) to the solution to (31) (thanks to the term involving i/e which prevents the so-called
irregular frequencies from being real, see [10]).

The limiting process

In order to work in a functional framework independent of £, we perform in each subdomain
D, the change of variable £ = (z — s;)/e. By denoting ¢, (§) = v*(x) and f,(§) = f(), for
z € Dy, as well as

G;q(faﬂ) = Gk(sp — 84 +6(€ - 77)) for g € D_P and ne D_lb

problem (32) amounts to a family of N problems set on the domains D, coupled by the
transparent boundary conditions written on X,:

Asc,of, —}—E(Ek)chf, =0 in Dy,
(Pp = fp on Fp;

Z¢,=2 Y {ef; ¥ 2 (33)

where Z = (0/0v + i) on X,
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We are now able to define the formal limit of the latter problem. Let Gy be the limit of
Ger, when € tends to 0, i.e., Go(z) = —1/(4x|z|). Notice that

G;q(gan) = Gk(sp - Sq) + 0(6) lfp 7£ q, (34)
Gop(&m) = 1Go(E—n) +0Q1) ifp=gq.

where these formulas hold uniformly in any compact subset of D, x D, which does not
contain points of the diagonal when p = ¢, and can be derived with respect to £ or n. Hence
the formal limit of problem (33) reads

Ap) =0 in D,

0 _ 0 _ _ Jika-sp T
(pp - fp - € on P (35)
ZO_Z OrpaGO ODPV G E

¥Yp = p ¥ o $p * (xpGo) on Zup,

which correspond to a family of uncoupled problems. Each of them amounts to solving an
exterior Laplace equation. More precisely, we can write that cpg = —uf(sp) Vp where V}, is
the static potential solution to

AV, =0 in R\ O,
Vp=1 only, (36)
Vp =0(1/z) as|z| — oc.

Convergence

Consider the closed subspace of the usual Sobolev space H'(D,) given by H, = {4, €
H'(D,); v, = 0 on I',}. The variational formulation of (33) appears as a coupled system
of variational equations:

Find ¢}, € f; +Hyp, p=1,N, such that
| Ve V-0 [ i [ o
D, D b

31.2 ¢ D, e & D, £ o
+ | 28 ) R ¥ (G — VY, ¥ V(xG5,) ¢ Ypdo
Zp q=1,N
r, 0G5, | —
=/Epz q;Nafq * ayp" Ypdo Vi, € Hp, p=1,N.

Adding these equations yields the announced Fredholm equation (30) in the Hilbert space
H = H1 X ... x Hny which can be equipped with the scalar product

i)=Y [ Vo V5

p=1,N
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Indeed, define ¢ = (¢5,...,9%), f© = (ff,-..,fy) and respectively the operator K*
defined in ‘H and ¢° € H by

o) = 3 —(ek)?/D ¢p¢_p+i/2 vy Ty do

p=1,N P P
31.2 Dq e D, £ o
+ Z Z e°kp, * (qupq) — eV, * V(qupq) Yy do
p q=1,N
. 0G| ——
) = 3 / S ef ¥ S do,
p=1,N q=1,N

for all o = (¢1,...,¢on) and ¥ = (¢1,... ,9n) in H. Then our coupled system reads
Find ¢° € f° + H such that (I + K )¢® = ¢°. (37)

And of course we have a similar expression of the limit problem (35) with

®py) = 3 /wpwpda—/ 2{0, ¥ Y(xsG0) } By do

p=1,N

6°y) = Z/ {0 paGO}d},,da

p=1,N

Note that the uniqueness of the solution to (31) (respectively, (36)) implies that I + K°
(respectively, I + K) is injective, and thus bijective thanks to the following

Lemma 1 K° defines a family of compact operators in H which satisfies

K — K| = &0 ¥) _ 5. 38
| = o Tellen ~ 0© (38)

Proof. Consider for instance the part of K® corresponding to the operator T;, given by

/E {EVgoq ¥ V(x,G5 )} 1, do,

L Vg (n) - Vaolexqe(n) Z: Gy (€ — n)) dn by doe.

(T5050, %)

We detail the proof only for the latter: similar arguments can be used for the other terms
involved in the definition of K*.
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The compactness of T}, can be easily deduced from that of its adjoint. Indeed using
Schwarz inequality yields

(Tq0, %)
I(T5)* ¢l = sup —Flo—=
b peH\{0} llll

1/2
(/ / ||Vn{5Xq(77)Zng,q(§—n)}||2dnda§) _
EF Dq

< Gy lWllzes,) where

€
CPQ

But the trace operator is compact from H!(D,) to L?(X,), which implies the compactness
of (T5,)* in H.

If p # q, formula (34) shows that C5, = O(e), and consequently the same holds for
IT5, I = [I(T5,)*[|- If p = g, the limit operator is given by

D _
1) = [ 2{¥0, ¥ V04600 | By o
p
since (34) shows in this case (again by Schwarz inequality) that

|((T15)p - Tzo)p)goa ¢)| < eC ||V90||L2(Dp) ”¢||L2(EI,)'
Hence || TS, — T, || = O(e). ]

Lemma 1 turns our problem into one of the simplest situation of perturbation theory
[11]: the use of the Neumann series readily shows that

[T+ &)™ = (T +K) 7 = Ofe).

It remains to notice that || f¢ — f°|| and ||g° — ¢°|| are also of order ¢, from which we conclude
that

lle” = ¢°l = Oe). (39)

The scattering amplitude

Thanks to formula (2), the local convergence expressed by the latter result also provides
the far field asymptotics. Here, using our homothetic changes of variables, the scattering
amplitude reads

Lap=7 ¥ [ s - e Fwa.

p=1,N

On one hand (39) implies that 9¢5 (r) /0w tends to 8p0(a) /0y = —u§(s,) OV, /Ovin H Y/2(T})
(recall that V, is defined in (36)). On the other hand f;(a) tends to the constant function
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f(a) = —uf(sp). Hence
A@f) = — 3 Couf(s)uf(s;) + O() where
47
v
= P dy = / 2
Chp N, o Y RO, [VVal

is referred to as the capacity of the obstacle O,. Proposition 8 is thus proved.
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