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Abstract: In many medical computer vision tasks, the relevant data is attached to
a specific tissue such as the cortex or the colon. This situation calls for regularization
techniques which are defined over non flat surfaces. We introduce in this paper
the Beltrami flow over manifolds. This new regularization technique overcomes the
over-smoothing of the Ly flow and the staircasing effects of the L; flow, that were
recently suggested via the harmonic map methods. The key of our approach is first
to clarify the link between the intrinsic Polyakov action and the implicit Harmonic
energy functional and then use the geometrical understanding of the Beltrami Flow
to generalize it to images on explicitly and implicitly defined non flat surfaces. It
is shown that once again the Beltrami flow interpolates between the Ly and Iy
flows on non-flat surfaces. The implementation scheme of this flow is presented
and various experimental results obtained on a set of various real images illustrate
the performances of the approach as well as the differences with the harmonic map
flows. This extension of the Beltrami flow to the case of non flat surfaces opens new
perspectives in the regularization of noisy data defined on manifolds.
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Flot de Beltrami sur des Variétés

Résumé : Ce rapport traite du probléme de la régularisation de données bruitées
définies sur des surfaces non planes et représentées de maniére implicite ou intrin-
séque. Deux classes d’approches existent a ce jour pour la régularisation de données
bruitées définies sur des variétés : L’approche que l’on appelle Action de Polyakov,
utilisée dans le développement du flot de Beltrami et qui nécessite une représentation
locale et intrinséque de la surface de travail, et I'approche dite des Cartes Harmo-
niques, qui utilise une représentation implicite de la surface ol vivent les données
a régulariser. Dans ce rapport, on commence par clarifier le lien qui existe entre
I’ Action de Polyakov, intrinséque, et I’approche implicite des cartes harmoniques. Le
flot de Beltrami qui agit comme un opérateur de régularisation qui interpole, dans le
cas des images scalaires, entre la norme Ly et la norme L; est généralisé dans ce rap-
port au cas des images définies sur des surfaces non planes. Nous développons dans
ce rapport de nouveaux flots de régularisation de données scalaires ou vectorielles
définies sur des variétés représentées de maniére implicite ou explicite. On dérive
en particulier les flots qui permettent de régulariser des images scalaires et couleurs
définies sur des surfaces représentées de maniére intrinséque et on explicite ces flots
dans le cas de surfaces sphériques. Pour le cas des surfaces représentées de maniére
implicite, on propose deux approches, une géométrique et ’autre variationnelle, pour
régulariser des données scalaires définies sur des courbes ou des surfaces représentées
de maniére implicite. On montre que 1& aussi, le flot de Beltrami sur des surfaces
non planes interpole entre la norme Lo et la norme L. Nous pensons, comme le dé-
montre notre application sur la régularisation de cartes rétinotopiques sur la surface
corticale, que les travaux présentés dans ce rapport permettent d’ouvrir de nouvelles
perspectives dans le traitement de données vectorielles sur des surfaces non planes.

Mots-clés : Régularisation de données sur des variétés, Flot de Beltrami., Action
de Polyakov, Cartes harmoniques, Régularisation de données scalaires et vectorielles
sur des images non planes, Surface corticale.
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1 Introduction

We have seen in recent years an expansion in the use of differential geometry and
calculus of variation for various problems in image processing, computer vision and
computer graphics. In particular, one can notice that the problem of regularizing
noisy data defined on non flat, implicit or intrinsic, surfaces has been tackled with two
functionals which operate on the space of embedding maps of Riemannian manifolds
(see [8] for non-variational approach)

e The Polyakov action: It was introduced in the Beltrami framework [19, 20,
22,9, 10]. It uses a local and intrinsic-parametric description of the manifolds
and treat the metric as a dynamic variable.

¢ The Harmonic maps. Recently used to denoise images on manifolds [1, 13,
5, 2, 17]. It uses an implicit description for the surface where the noisy data
are constrained to live. The metric is a parameter of the process.

It is the aim of this paper to first clarify the relation between the intrinsic Polyakov
action of the Beltrami framework [19, 20, 22, 9, 10] and the implicit harmonic energy
functional [1, 13, 5, 2, 17] . It is found that although the functionals are basically
the same, there are differences in the way various problems are formulated and
consequently in the way the functionals are applied. Specifically for the case of
denoising images on non-flat surfaces there are differences in the definition of the
manifolds and of the embedding functions.

Usually we have, in various problems in vision, an underline manifold, flat or curved,
and the features are defined over this manifold. A typical situation is when the
image rectangle is the underlying flat manifold and at each pixel we assign values
such as intensity, color, gradient value, gradient direction, motion vector, disparity
vector, texture characteristics etc. This is easily described mathematically as a fiber
bundle in which a space is attached to each point in the base manifold. The spaces at
different points of the manifolds are isomorphic. A choice of one point in the attached
space for every point in the base manifold is called a section. If the attached space
is a vector space then this section is called a vector field.

In order to understand better the difference between the two formulations, we con-
sider the case of a gray-value image defined on a surface (flat or not). In the harmonic
energy approach it is usually assumed that the map is from the 2D surface (the base
manifold) to the real axis (the fiber). This means that the metric of the base
manifold is used for the derivatives and the fiber’s 1D flat metric is used for the
values of the scalar field. If the norm chosen is Ly we get a linear diffusion process
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4 Sochen, Deriche & Lopez

whether the base manifold is flat or not. In the case of L1 norm or the ® formulation
[11, 16, 7] we get non-linear flows. These flows only depend on the absolute value of
the gradient, defined over the base manifold [2, 23].

In the Beltrami framework [19, 20, 9], the basic object is the section embedded
in the fiber bundle. For a flat gray-value image, thus, the graph of the intensity
function is the section of this 3D fiber bundle and is the primary object of interest.
The metric of the fiber bundle induces a metric on this section and both are used in
the functional. The flow depends on the geometry of the data and not only on
the geometry of the base manifold. This means that the image metric, that is,
the section metric is being changed along the flow. It also means that the
flow may depend on the direction of the gradients and not only on their amplitudes.
The Beltrami flow which has been shown to interpolate, for flat gray-value images,
between the Ly norm and the L norm [20, 21| is generalized in this paper to images
on non-flat surfaces. It is shown, in this work, that once again the Beltrami flow
interpolates between the Ly and L; flows on non-flat surfaces that were derived
recently |2, 23]. A common feature of both frameworks is the ability to deal with
non-flat feature spaces [22, 23, 10, 24, 3, 4].

This report is organized as follows: In Section 2 we briefly review the Beltrami and
harmonic map frameworks. The intrinsic-implicit correspondence is explained in
Section 3. The Beltrami intrinsic approach is used in Section 4 to derive equations
for the denoising of gray value images defined over an explicitly described non-flat
2D surfaces. A general, as well as an example of an image on the sphere are worked
out explicitly. The straight forward generalization for color images is described in
Section 5. We take in Section 6 the Beltrami formulation of scalar denoising of
data on a curve and reformulate it in an implicit form. The equations are derived
first from pure geometric considerations. It is shown next that the derived implicit
equation is the gradient descent equation for a functional. Section 7 generalize these
results to a scalar field defined over an implicit manifold. The interpolation between
the Ly and Ly norms is discussed in Section 8. The regularization of a vectorial field
over an implicit surface is discussed in Section 9. Section 10 presents examples and
results. We summarize and conclude in Section 11.

2 The Beltrami and the Harmonic Map Frameworks

There are two ways to write the geometric functional which is called harmonic energy
or the Polyakov action. Both functionals are defined over the space of embedding
maps of Riemannian manifolds. We focus our attention to the case of a gray-value

INRIA



The Beltrami Flow over Manifolds 5

image defined over a two- (or one-) dimensional manifold i.e. a surface (curve). The
first way is to represent the surface implicitly i.e. as a zero section of a distance
function, defined over IR®. The other way will be to choose a local coordinate system
and define the surface intrinsically in a parametric way. These ideas are developed
in more details in the next two-subsections.

2.1 Implicit formulation

Let’s suppose that we have a scalar data U defined on a known surface X, that is
we have a mapping U : © — IR! where ¥ is a known surface, given by its implicit
representation

T(XL X2 X3 =0. (1)

We extend U to U : IR?® — TR such that U is the restriction of U to . The Harmonic
maps approach [1, 13, 5, 2] is to look for the minimizer of the following energy

SinplU] = [ NI VU | a5 @

where dY is the surface element d¥ = §(¥)||V¥||dX1dX2dX3. We denote here by
¢ the Dirac function and VU denotes the gradient intrinsic to the surface X i.e the
projection of the 3D Cartesian gradient of U on T'Y — the tangent space to ¥. Clearly
V¥ is normal to its zero level set, which is ¥. It follows then that VU = P,VU
where P, is the orthogonal projection operator on the surface X. Here VU is the 3D
Cartesian gradient of U:

t
VU = 6U’ BU7 oUu ’
0X1' 9X?' 9X3

and 7 denotes the unit normal vector to the surface ¥ with

A

n=TSen
IV ]|

We can rewrite now the harmonic energy as follows :

SinalU) = [ 1| P,VU | a3
]RS

= / || B,VU || §(T) || VT || dX'dX?dX? .
R3

RR n® 4897



6 Sochen, Deriche & Lopez

All the expressions above are considered in the sense of distributions. Noting that
given a surface with a unit normal vector 7, the orthogonal projection operator P,
on that surface is given by :

Py=I1-m", (3)

where T is the 3 x 3 Identity matrix and 7' denotes the transposed of the vector 7.
The functional can be rewritten as follows :

SimplU] = /]R VUM ) VUS| @)

This functional is the generalization of the Ly norm from flat to non-flat manifolds.
The modified gradient descent equation reads:

1
Ui = ———Div (||V¥||P,VU) , (5)
IVl !
where Div stands for the 3D Divergence operator, and V is in IR® as well. The
restriction of U to the surface X is the regularized image. The implicit functional
can be generalized via the ® formulation [11, 16, 7] to

SeplU] = [ @ISV Iz ©)

and in particular, for the generalized L; norm
SinplU) = [ | IVsU]jas ()

RS
we obtain the following minimization flow
1 . (1IVY]|P, VU)
U = Div ( Y . (8)
I |12, VU]

For the interested reader, we refer to [1, 13, 5, 2] for more details and results on this
implicit formulation and its various applications.
2.2 Intrinsic formulation

Suppose we have a 2-dimensional manifold 3 with local coordinates o', o embedded
in an 3-dimensional manifold M with coordinates X!, X2, X3, the embedding map
X : ¥ — M is given explicitly by the 3 functions of 2 variables

X: (01702) - (Xl(O'l,0'2),X2(0'1,0'2),X3(0'1,0'2)) -

INRIA



The Beltrami Flow over Manifolds 7

Note that the X°’s are the solution of Eq. (1). A gray-value image is represented, in
this framework, as the embedding (X' = ¢!, X2 = 02, X3 = BU(c', 0?)) (see Fig.
1).

2

ds=g V;{O’Q{G/:{x +dy +dF

Figure 1: The graph of the intensity map as a surface embedded in R3

Denote by (X, g) the image manifold and its metric and by (M, h) the space-feature
manifold and its metric, then the map X : ¥ — M has the following weight

Sint[U, g] = / dotdo® /99" 8, X" 9, X7 h;;j(X) 9)

where ¢ is the determinant of the image metric, g is the inverse of the image
metric, the range of indices is p,v = 1,..,2 and ¢,j = 1,..3 and h;; is the metric
of the embedding space. We use the summation convention: indices that appear
twice are being summed over. This functional was first proposed by Polyakov in the
context of high energy physics [15] .

Let us formulate the Polyakov action in matrix form: (X, &) is the image manifold
and its metric as before. Similarly, (M, H) is the spatial-feature manifold and its
metric (it is simply IR with the usual Euclidean distance for gray-value images).
Define

A7 = (9 XH)G T On X7,

where 9g X* = (9,1 X*,0,2 X*)*.

RR n° 4897



8 Sochen, Deriche & Lopez

The map X : ¥ — M has a weight
S[X' G,H] = /dA Tr(AH),

where g = det(G), and the area element dA = do'do?,/g.
The gradient descent equations, with respect to the embedding functions, are

i 1 v i i j v
Xi = 509" 0,X") + T3u(0,X7)(0, X g (10)

In our case X! and X? are fixed and we only change X® = SU. The embedding
space is Euclidean and therefore the Levi-Civita F;fk coefficients are zero.
The flow, in matrix form, is therefore

Uy=—-—— = —gdiv (VgG'VU). (11)

The extension for non-Euclidean embedding space is treated in [19, 20, 9, 21, 22].
Note that we didn’t specify the metric yet. If we choose for a metric the first
fundamental form of the base, non-flat, manifold then this flow is the analog of Eq.
(5). Both equations describe a linear operator that acts on the image function
U. One major difference between the Beltrami framework and the harmonic map
formulation is the way one choose the metric. In the harmonic map approach it is
treated as data which is given beforehand. The metric then is constant in time.
In the Beltrami framework the metric is a dynamic variable to be found by
minimizing the functional. Carrying out the calculation we find the following
equation (see [19] for the derivation):
1 68 1 . . . .
NI —§guug)"’8>\X23pX] hij + 0, X 8, X7hij =0, (12)

Albeit the complicated appearance of the minimization equation it can be solved
analytically. The result is simply

gl“’ = 8yXi8Vthij .

This equation has a clear geometric meaning: It is the induced metric of the section!
In the simplest situation of flat domain with a scalar field i.e. the intensity, it is find

INRIA



The Beltrami Flow over Manifolds 9

to be [20]
1+U2 UU,
= z . 1

where U denotes the intensity level. In the Beltrami framework, therefore, the man-
ifold of interest, and the metric, is taken to be the data surface i.e. the graph
of the intensity function. In other words we are interested in the structure of the
section of the fiber bundle and not in the base manifold. It means that the metric
itself depends on the data. This is the way non-linearities are introduced in the flow.

Equation (11), with the induced metric Eq. (13), has a clear geometric meaning. It
is the projection of the mean curvature vector in the X3 = U direction:

Uy = KNy (14)

where K is the mean curvature magnitude. IV is the normal to the surface and U is
a unit vector in the X3 = U direction (see Fig. 2). This choice of the induced metric
gives a simple geometric meaning to the functional as well. It becomes simply the
volume of the section (area or length for the two- and one- dimensional cases). It

Z

A

UX,Y)

X

Figure 2: The Beltrami flow velocity as a projection of the mean curvature on the
data = z axis

RR n° 4897



10 Sochen, Deriche & Lopez

is important for the study below to have the explicit form of the functionals for flat
domain in the scalar and vectorial cases:

Sscalar[U] = /dwdyﬁ:/dxdy 1+ 32| VU||?
SvectorU*] = /dwdy\/l ‘|‘//J)2§:||V(]i||2 +ﬂ4ZHVUi x VUI||2, (15)

%,J

where [ is the ratio between the distances taken in the spatial and intensity direc-
tions.

We will use this geometric understanding in order to derive the Beltrami flow on
non-flat surfaces from pure geometric consideration. We will also use this simpli-
fied functional in our quest for implicit formulation of the Beltrami flow on non-flat
manifolds. But before we turn to that let us explain first the implicit-intrinsic cor-
respondence.

3 The Implicit-Intrinsic Correspondence

We have shown two ways to write the geometric functional, which is called harmonic
energy or the Beltrami functional, that weight embedding maps of Riemannian man-
ifolds.

Let us work out the case of a painted surface. The mapping is U : & — R! where ¥
is a known surface with metric (= first fundamental form) G.

One way is to represent the surface implicitly i.e. as a zero section of an Osher-Sethian
function, defined over IR®. The other way will be to choose a local coordinate system
and define the surface intrinsically in a parametric way.

The implicit method consist on the equation

(X X% X3 =o. (16)

This equation is an implicit description of a surface. The functional is written in this
case as

Simp|U] :/Rg VU1 - gn)VUS(D)||VT||dX dX?d X3 (17)

where

Vv
’]’]: _—
hadl

INRIA



The Beltrami Flow over Manifolds 11

and the gradient is

t
VU — 8U’ BU’ ou
0X1’ 9X?’ 9X3

The intrinsic way consists on choosing (o', 0?) as local coordinates on (possibly part
of) the manifold. The surface is given then by the functions

(Xl(al,02),X2(01,02),X3(01,02)). (18)

Note that these functions are the solutions of Eq. (16).
The functional is defined as

Sint[U] = / OsU'G 05U /gdo' do® (19)

where g = det(G) and

oU aU \*
U = (ﬁm)

We will show the equality between these two ways of writing by passing from the
implicit to the intrinsic formulation. In order to do that we will perform the in-

tegration over the delta function and express all the the three dimensional objects

intrinsically. Explicitly we prove the following technical lemma;:
LEMMA:

1.
G=JJ
where J is the Jacobian — a 3x2 matrix whose elements are
oX* ,
gy 1=1,2,3 p=1,2
That is
axt  ax!
9ol o2
J=| x> oax?
dol  9o?
ox3  ax3
90T 902
2.
VU'J = osU"

RR n° 4897



12 Sochen, Deriche & Lopez

VP[] = vy

where g = det G.

JLVT =0
PROOF:

1. For an intrinsic surface the induced metric is
Gu =eu-ey

where e1, ey are the tangent vectors to the surface. In our case

ax?
ot
e = | 9x2
1 ook
ax3
o+

The Jacobian is simply written as J = (e, e9) and we find

(J' )y =€y € =Gy

2.
ox! 0X? ox3 ;
aﬂtU:Umlm‘l‘Um? py +Um380-lt = VU, p=12
This is written as
OxUt = VUL

3. The normal to the surface VWV is perpendicular to the two tangent vectors
eu. The components of vector product of two vectors Vi and V3 is given by

(Vi xVa); = eijleszk where €;;;, = (—1)? and p is the number of permutations
needed to bring (ijk) to (123). We can now compute

||V‘I’||2 = Hel X €2H2 = €¢jk€{€§€¢lmelle;" )

We use the identity €;;x€i1m = 010km — 0jmér Which can be verified directly,
and find

||V\IJH2 = (5j16km—5jm5kl)6{€§eﬁ€£n = 61-6162-62—(61'62)2 = G]_]_GQQ—G%Q =detG

INRIA



The Beltrami Flow over Manifolds 13

Jt VU = (61, 62)tV\I»‘

but
et VU =0, =0 i=1,2,

Since V is constant in the tangent directions. That concludes the proof of the
Lemma.

Inserting these results in Eq. (19) we find
Sint[U] = / VU G TIVUS(D)||[VT||dX dX2d X3 (20)

All is needed now is to prove the identity
JG LIt =Id -t

In order to do that we start from property 1 in the Lemma: G = J!J. We take
now the inverse of the two sides. Here we must proceed with care. While G is
positive definite and there is no problem, J has a non-trivial kernel as we can see
from property 4 of the Lemma. The Kernel is one dimensional and is the normal
direction to the surface. Its inversion should be accompanied by projection on the
tangent space of the surface where J~! is well defined. We get therefore

Gl =) =T Id =) Id = ") T = T Id = )T

and the identity follows.

4 Scalar field on a surface: Explicit-intrinsic approach

Assume that we have a surface X, and a Riemannian structure on X i.e a metric
(gij)- We can take, for example, the induced metric of ¥ as in the previous Section.
This surface is the substance on which an image is defined. The regularization acts
on the image only and do not change the geometry of the surface. The metric (g;;)
is constant with respect to time. In addition we are given a scalar field (image) i.e.
a function U, defined on ¥. In a local coordinate system (z,y) of the surface ¥ the
line element is
dsy = guda® + 2gi12dady + gardy®

RR n® 4897



14 Sochen, Deriche & Lopez

We add now a third dimension, perpendicular to the surface and describe the scalar
field U(x,y) as a surface S embedded in the 3D fiber bundle M = ¥ x IR. The
surface S is a section of the fiber bundle. The embedding coordinates are

(.T(O'I,O'Q) = ol y(ot,0?) = 0%, X3(0!,0%) = U(:I:,y))

or by abuse of notations: (z,y,U(x,y)), where (x,y) are coordinates on S .
The line element in the manifold/fiber bundle M is

dsp = Gr1da”® + 2§12dwdy + Gaady® + B7dU?

or, in equivalent way, the metric of the 3D manifold M is

gin g1z 0
(hij) = §21 Ga2 O
0o o0 p?

Assuming an isometric embedding i.e. dss = dsaq, we obtain the induced metric on
the section S :

dss = g11da’ + 2§1zdxdy + Gazdy® + B° (Upda® + 2U,Uydzdy + Uy dy®)

where 32 takes into account the differences in dimensions between the spatial direc-
tions and the intensity one. The metric elements on S , therefore, are:

9ij = §ij + BUU; . (21)

Denote by G the matrix whose elements are g;;. Using this metric we can calculate
the Laplace-Beltrami operator:

AU = %Div (VgG~'VU) . (22)

Note that here Div and V are two-dimensional. The equation of motion that results
from the Polyakov action is:

U= AgU + T3, (3:X4)(9;X")g"

where 1
oy = §h0d (Oahab + Obhad — Odhap) -

INRIA



The Beltrami Flow over Manifolds 15

In our case

1 1
ro, = §h3d (Oahap + Ophaq — Oghay) = 5h«“"”’ (Oahizp + Ophaz — O3hgp) =0 .

where the second equality is from the decoupling of the third dimension from the
other two (i.e. the independence of the fiber on the base manifold) and the last
equality is from the fact that hss3 = const and the other elements do not depend on
U (note that 93 = 9/0X3 = 9/0U) .

The equation of motion is therefore

Ut:AgU,

where A U is given in Eq. (22) with the induced metric that we calculated Eq. (21).

4.1 Example: Gray image on the sphere

In order to apply the above equations to an image “painted” on the sphere we have
to calculate the metric g;; of the sphere. We choose to represent the sphere by
stereographic coordinates from the south pole. The metric in this case is

4

gij = 1+$2+y251j :

See for example ([18, 10]).
In general we write

gij = Gij + B°UU;
where U; = 0U/9z". We denoted here 2! = x and x? = y. Define

4
Ay =17

We find, consequently, that
g = det(gij) = A> + AG*(U; + Uy)

and the equation of motion is

1 .. (1 (A+p2U2 —B°U,U ) )
Uy = —Div | — v s \vU) .
Ve V(\/ﬁ (—ﬂQUzUy A+ U7

RR n° 4897



16 Sochen, Deriche & Lopez

5 Color image on a surface: Explicit-intrinsic approach

The second case, in levels of complexity, is a color image on a surface. Here the base
manifold is a two-dimensional surface. The fiber is the color space. We will treat
here, for simplicity, the case where the color space is taken to be a Euclidean IR3
space with Cartesian coordinates (R, G, B). One can also consider the color space
to be a 3D Riemannian manifold |22].

The main point in this example is that the notion of color is space independent. It
means that our definition of redness, greenness and blueness is THE SAME on each
and every point on the surface. In other words if we define unit vectors in the R, G
and B directions, say, r, g and b respectively then a color is represented as C(z,y) =
R(z,y)r + G(z,y)g + B(z,y)b. Note that the unit vectors are CONSTANTS with
respect to « and y. This situation when the basis vectors themselves are spatially
dependent occurs often in vision problem. We defer the treatment of this problem
to future publication.

Here we describe the color image on a surface as embedding of a 2D surface S
embedded in 5D manifold M = ¥ x IR?. The metric in the embedding space is

gii giz 0 0 0

g21 g2 0 0 0

(hij)=] 0 0 B 0 0
0 0 0 B2 0

o 0 o0 o0 p?

The line element is therefore
dsp = Juida® + 2§12dxdy + Gazdy® + B° (dR* + dG?* + dB?) .

and the induced metric is

G = (gi) = g1+ B* (R2+ G2+ B2) gi2 + 8% (RyR, + G.Gy + B,B,)
g’LJ §21 + 52 (RzRy + Gsz + Bsz) §22 + 52 (R; + GZ + B:Z)

It is easy to see that the Levi-Civita connection coefficients vanish in this case for
the same reason it does in the scalar case. We finally obtain the equations of motion

1
Ut =A,U* = —Div (/gG~'VU*) a=rg,b
t g \/g (\/_ )
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The Beltrami Flow over Manifolds 17

5.1 Example: Color image on the sphere

In order to apply the above equations to an image “painted” on the sphere we need
the metric g;; of the sphere. We choose to represent the sphere by stereographic
coordinates from the south pole. The metric in this case was calculated already in

the scalar case and it is 4

— b .

1+a? 492"

The induced metric of the two-dimensional section of this five-dimensional fiber bun-
dle is

Gij =

G=(95)=|a+8° > IT}|,
a=R,G,B

where I = 9U%/8z" with z' = z and 2? = y. Define

4
A(.Z',y) = 714_3;24_3/2 .

With this notation the determinant read

g =det(gi;) = A+ AB>Y (U +(U)?) + ) |VU* x VU

a ab

The equation of motions are

a 1 1 A+522b(U5)2 —/32217U3U5 a _
Y D”( ( Y, Ut A+ gy,whe) V) Tt

Ve

V9

6 The Beltrami flow over a curve: Implicit approach

In the previous sections, we formulated the Beltrami flow for images which are defined
over non-flat surfaces that were given in an intrinsic-explicit parametric form. We
would like to focus in the following section on the case where the surface is given in an
implicit form. In the implicit setup we are given an implicit surface (X', X2, X3) =
0 and an implicit scalar image on the surface U(X!, X2, X?). We postpone the
treatment of this case to the next Section. We wish to study first the easier case of
a one-dimensional manifold i.e. a curve on which a scalar field is given. Although
the derivation of the flow equations for scalar data defined over a curve and that
over a surface is very similar it is easier to have a clear mental image of the situation
for curves. We describe first, therefore, the derivation in details in this simpler
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18 Sochen, Deriche & Lopez

situation. The derivation in the first subsection is purely geometric, while we derive,
in the second subsection the same equation from a variational point of view. It is
this second, variational, approach that will be generalized in the next sections to
higher dimensional manifolds.

6.1 Scalar field defined on a curve: Geometric derivation

The curve is given in the z-y plane and the data is pictured as the height in the
z direction. The data from this point of view is a curve in IR3. Note that this
curve lies on the cylinder-like surface defined by ¥(z,y) = 0. We want to produce a
curvature flow of this data such that it is confined to the surface which means that it
is defined on the base curve. The projected curvature on the surface is the geodesic
curvature. Note however that the fact that the data curve is on the cylinder-like
surface, generated by the base curve, is not enough in general to guaranty that the
data curve can be represented as a function on the base curve since the evolution is
not done in the z direction only (compare with [5]). It may happen, for a general
flow, that at some time of the flow more than one point of the data curve has the
same z-y values. In order to avoid that and in order to have a flow that respect
discontinuities we confine the flow by projecting the geodesic curvature on the z
direction. It is the analog of the Beltrami flow which is a projection of the mean
curvature flow on the intensity direction.

Formulating this geometric understanding, we represent the curve as the intersection
of two surfaces :

\If(xay) =0
b(z,y,2) = z—pU(x,y)=0. (23)

The surface defined by ¥ is a cylinder-like surface defined by the base curve, which
lies in the x-y plane. The second surface is the graph of the function U which is
defined over the z-y plane (and by restriction over the base curve). The data function
is modified along the flow in the z direction only. It remain, thus, a function along
the flow (see Fig. 3). We denote by D the 3D gradient D = (9, dy,d,)", and by V
the 2D gradient V = (8,,9y)". We define the tangent vector to the curve by

DV x D(z — gU)

T — = [Ty. Ty, Tal*
DV xD(z—poy oIt

The curvature is given by the second derivative of the curve.

kN = 0T = 2,0,T +ys0,T + 250,T = T'DT
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The Beltrami Flow over Manifolds 19

= (T-DT.,T DTy, T - DT)" (24)

The projection of this vector on the surface defined by ¥(z,y) = 0 is given by the
projection operator applied to this vector — P,kN. The normal to the surface is

DV
n=THor
||Dw|

We will write, by abuse of notation, Ppy and Pyyg for the 3D and 2D projections
respectively. Keeping only the z component in Eq. (24) we get

U = (PpykN), (25)

which is the non-flat analogue of Eq. (14).

Figure 3: The data curve as the intersection of the cylinder-like surface induced by
the base planar curve, extended to IR, and the graph of the function U.
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20 Sochen, Deriche & Lopez

Let us calculate it explicitly. We have the following:

(DU x D(z — BU))" = (¥y, =Ty, B(T, U, — T,Uy))
D(Z - ﬁU)t = (_ﬁUxa _ﬁUya 1)
DU' = (V,,7,,0) (26)

Note that T does not depend on z! The projection operator is

DYDV!
Ppy = I—5——7%
[P
1 vy —\IIJCQ\I/y 0
= —— | =V, ¥ v 0
2 z¥y x
HD‘I!” 0 0 ||D\I/||2
The equation of motion now reads
T -DTy
U =|Ppy | T DI =T-DTj
T-DTj

z

Since T does not depend on z, only the x and y components enter the calculation:
Uy =T1T10,T5 + TzayTg (27)

The gradient notation V and all other vector notations are from now on two-
dimensional. We also denote the perpendicular gradient by V+¥ = (¥, —¥ ).
Notice also that in the z-y plane we have the identities

IVU|*PyyVU = (U, — T, U,)V T
IVO|?|PeeVU|? = (WU, — U,U,)° (28)

Define

VO] + 5°(2y Uy — TuU,,)?
= |IV|]® (1 + 82| Pee V%) - (29)

Q
Il

We can finally write Eq. (27) as follows

v~ YU (ﬁ(\prm - \IlmUy)>

v v X
1 o B||V¥||? Pgg VU
- o ( 2 ) (30)
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where we used the identities Eq. (28) and the fact that DivVt¥ = 9,(¥,) +
Oy(—T,) =0.

In conclusion, this last equation allows us to denoise the scalar signal U lying on the
implicitly defined curve ¥(z,y) = 0. This Beltrami flow defined on implicit curve
can also be generalized to the case of scalar field defined on implicit surface. In
order to do that we re-derive the same equation, for the curve. The next subsection
approach this problem from calculus of variations viewpoint.

6.2 Scalar field on a curve: Variational derivation

The variational formulation is simply the minimization of the length of the data
curve. The curve is given, as before, by the intersection of two surfaces:

U(r,y) = 0
Q(w7y7z) = Z_ﬁU(xvy)ZO (31)

The length of the curve is given by integrating the non-normalized tangent vector
along the curve. In explicit-implicit formulation we would write L = [ |C'(p)|dp
where C' = (z(p),y(p), 2(p)). In the implicit formulation we note that the curve is
given as the intersection of two surfaces. The tangent to the curve is, thus, per-
pendicular to the normals of the two surfaces. The length, in this case, takes the
following form:

L= /6(\11(:5,y))é(@(x,y,z))HD\P(xy) x D®(z,y, z)||dxdydz . (32)

Yet we insist that ® cannot be any function that obey the flow. It must also conserve
the form ®(x,y, z) = z— BU(z,y) along the flow. This means that we can plug this
form in the integral and minimize directly with respect to U(x,y). This operation is
in fact the projection in the z direction. Our functional, therefore, is

I = / 5(0(z,4))8(= — BU(z,9))| DU (zy) x D(z — AU (z,y))||dzdyd:
= [8(0@0)e(: — UG ) IDVIE + BV, T, — 0,0, Pdsdyd:
= [8(0@ 00z — BUG ) IVUIE + 58,0, — 0,0, Pdsdyz

= [ o) IIVVIP + 520, — .0, 2dudy (39)
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We used here the fact that ¥ does not depend on z to wrote ||D¥|| = ||V¥|| and
since nothing depends anymore on z we can integrate it out, which leads to the last
equality.

Define

g =IVU|]® + *(T,U, — U,U,)" .
The flow is simply the (modified) gradient descent equation

Lo
B/g 6U
_ i
= iDiv (5|‘V\I/||(‘I!yuw Vauy)V \I;)
V9

and using the identities Eq. (28) we find the same flow Eq. (30) as in the previous
section.

Ut =

(34)

7 scalar field on an implicit manifold

We treat here the case of a scalar field i.e. gray-value image, on an n-Dimensional
manifold. We describe the manifold by the zero level of a function on IR"*! i.e.
U(z1,...,2n41) = 0 and we extend the scalar field to IR™™! as well by the func-
tion U(x1,...,%ns1). The data manifold is described then as an n-Dimensional
manifold embedded in IR"*2. The data manifold is given by the intersection of
the two implicit (n + 1)D hyperplanes ¥(z1,...,Zn+1) = 0 and ®(z1,...,ZTpy1) =
Tnto — BU(x1,...,2n+1) = 0. Note that U does not depend on x,49. This is not
the most general form because it is not always true that one can represent an n-
Dimensional manifold as a zero set of a function in (n+1) Euclidean space (see Nash
embedding theorem [14]). Nevertheless this embedding is always possible for 2d sur-
faces that we treat below. It is also possible in most cases of interest in computer
vision and computer graphics. We define as above the IR"*? gradient D and the
IR"*! gradient V. The functional is simply the volume of this n-Dimensional man-
ifold. Note however that this is the data manifold and not the underlying fixed
manifold described by V.

The length functional, that was described in the previous section, is written in a
manner that resist generalization. Let us first use Eq. (28) to rewrite it as follows:

L = /6(\If(x,y,z))(5(cl>(a:,y,z))||D\If><D<I>||d:cdydz
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— [ 6006w,y DDV | Pou DB dodydz . (35)
It is exactly this form that we generalize directly from curves to surfaces :
A= [ o(W(a,y. )o@, y.z,w))| DY Py DY dadydsdu . (36)

We claim that A, defined by Eq. (36), is exactly the area of the surface which is
the intersection between the two 3-dimensional hyperplane, defined implicitly via
functions in IR*. Tt is quit easy to see, via simple examples, that A is indeed the
area. We will give below two such examples. Yet, we couldn’t find in the literature
this formula, let alone its proof. We defer the proof of this fact (and its higher
dimensional analogs) for a future publication. Let us look in the meantime at the
following examples:

e A scalar data over the 2D plane: The image is given explicitly by the
function U(x, y) defined over IR, The graph of this function is our data surface.
This surface is given, intrinsically, by the mapping S = (z,y,z = BU(z,y)).
The area of the surface is given by

Area = /dxdy\/§ = /d:cdy\/l +BXUE+UZ) -

The implicit description of the surface is the intersection of the following im-
plicit functions

\I/(a:,y,z,w) = Z
‘ﬁ(xayazaw) = w_ﬁU(xay?z) (37)

We can calculate directly

IIDY|| = 1
100 0 0000 —BU,
B 001 00| [0 o000 ~BU,
PpyD® = 0010 0010 —pU, (38)
00 0 1 00 00 1

Such that ||PpyD®|| = \/1 + B2(U2 + U2) = \/1+ B%|VU||?. Note that this
expression does not depend on z and w anymore. The integration over z and
w, in the functional A, given in Eq. (36), can now be carried out trivially. We
find, with no surprise, that A is exactly the area of the surface, as claimed.

RR n° 4897



24

Sochen, Deriche & Lopez

e The 2D sphere: The intrinsic description of the sphere (for all, but the north

pole, points) is S = (z,y,2z = v/1 — 22 — y2). The metric is

2 T
G — 1+ 17;27312 17:132y7y2
[ A IR L
1_$2_y2 1_$2_y2
and denoting g = det(G) we finally get

1
Area = /d:cdy\/sz /dxdy— .
V1-—122—y?

In the implicit approach the sphere is the intersection of zero level sets the
following functions

U(z,y,z,w) = z2+y>+22-1
q)(xayazaw) = w-—1 (39)

It is straightforward to show that

[|1D¥]| = 2vz?+y?+ 22

PpyD® = (0,0,0,1)" . (40)

The functional now reads

A = /(5:6 + 92 422 — D)é(w — 1)2v/ 22 + 42 + 22dzdydzdw

= /5 22+ y? 4 22 — 1)dadydz (41)
We use the identity ( )
6(z
6(f(2) = f’( )or

where z* is the root of f(z), in order to rewrite the functional in the following
form s dnd
A:z/g——ﬁl——mww e (42)

1— 22 —y? B \/1—x2—y2-

Again we see that A is the area, as claimed.
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Going back now to a scalar image defined over implicitly given n-dimensional mani-
fold we write the volume of the data manifold as follows:

V= /5(‘1’(9317 o3 Tpg1)) (@2 = BU(, - Ty 1)) || DY| || Pow D(@pt2—BU) || dy - - - Ay

Notice that in this setup we have

0
P : —-pVU
1PoaDna—pUIP = ( —gvu , 1| P TV g peg v
o ..~ 0 1 1

Using also the fact that ||DY|| = ||[VT|| we get

A = /5(‘1’(337 e T 1))8(Tn g = BU (2, . 201V |V + B[ Pog VU 2dz - - dagyo

— [ 2 VUV I+ B PowVOTPda - dons (43)

The equation of motion is derived by a (modified) gradient descent equation

(44)

U

B 1 D B||VT||Pyy VU
= 1v
IVE||\/1+ %[ Pes VU2 V1+ B%[Pey VU]

This is the direct generalization of the flow we obtained in the previous section for a
scalar data field defined over a curve.

8 The L; and L, limits

We show in this subsection that Eq. (44) interpolates between the non-flat Ly flow
Eq. (8) and the Ly flow Eq. (5).

Note that
li = T
lim g VY|
Jim g = B2V e[| Pyu VU (45)

It is easily seen now that the implicit Beltrami flow Eq. (44), in the limit 8 —
0, t— oo such that 7 =0 is finite, goes to

1
IV Y]]

Div ([|[V¥|[PyeVU),

Ur =
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which is the non-flat Ly flow, which was derived differently by Bertalmio et al [1].
In the other limit, § — oo, ¢ — oo such that 7 = ¢/ is finite, we obtain another

flow :
1 Di (HV\I/HPV\I;VU>

IV¥[[|[PowVU| |1PeeVU|
which is the non-flat L; flow, used in [1].
In one limit, we find the Ly norm which over-smooth the image, while in the other
limit we find the L; flow with the notorious "staircasing" effect. Choosing for
intermediate value brings more degree of freedom in the regularization of noisy data
defined on surfaces. It opens news perspectives with the advantage of smoothing
anisotropically the image and conserving the edges while avoiding the disadvantages
of the total variation type of flow. This is well illustrated and demonstrated on
various synthetic and real images in Section 10.

Uy =

9 Bi-dimensional vector field on a surface: Implicit ap-
proach

We have in this case an N-dimensional manifold which is described by an implicit

function on R™*!: U(z1,...,2Z541). On this manifold we have a bi-dimensional

vector field with components U; and Us extended to R™! as well. We describe the
data manifold as the intersection of the following functions:

\I/(xl,...,a:n+1) =0
<I>1(:1c1,...,a:7H_3) = .’,En_|_2—,8U1(ZL‘1,...,.CEn+1) =0
@2(1‘1, “e ,$n+3) = Tn+3 — ,3U2($1, ‘e ,.’En_|_1) =0 (46)

The functional is the volume of the manifold of intersection of these three functions.
It is given by

S[U1,Us) = /5(‘11)5@1)5(‘1)2”|D‘I’||||PD\I/D‘I’1||||PPWD<I>1PD\1/D<I>2H (47)

In order to write it in a simpler form we use the following identity. Let v; and vy be
two vectors. then

o1l |P1| Poy w2l [* = [[or]*[[o2]|* — (o1 - 02)? (48)
It follows that

|PpwD®1)(|Pppy pe, PowD®s||> = || PowD®:||*|| Py D®s||*— (Ppy D®1- Ppy D®;)?
(49)
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Next we recall our distinction between the gradient D in IR"™® and V which is the
gradient in the first n + 1 coordinates. It follows that

PpyD®, = (—BPyyVUi,1,0)
PpyD®y, = (—pBPygyVU,,0,1)". (50)

Using these identities in Eq. (49) we arrive finally to a functional that reads

S[UL, Uy] = /6(\If)||D\IJ||\/1 + 823" ||Poy VU2 + B4 Poy VUL x PoyVUs||2 .

(51)
This functional is the obvious generalization of the functional Eq. (15).

10 Examples and Results

In this section, we first give some implementation details and then illustrate the
capabilities of the approach we have developed to regularize noisy signals and images
defined on implicit curves and surfaces. Various experimental results have been
carried out, we just give some figures for illustrations.

10.1 Implementing the regularization of scalar fields on surfaces

We compute the value of u;'; 1, the value of u in the pixel (7, 7, k) at the n'” iteration,
based on the values of u"~! at the neighboring pixels. First, we compute the vector
N ~ VU (this is needed only once), by central differences. Then, for each iteration

n, we visit all pixels to compute:

e The gradient, its projection, and g.
e The divergence.
e The actualization of u.

an

For the gradient ;| we used forward differences,

n n
Yit1gk — Wik

—n _ n _ n R
Uik = Villijp = Uij1e Uik
Uigkt+1 — Wik
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its projection on the surface,

3 —
21 Nijk[m] Uzngk[m] .
m=

Nijk

—

(PNU)i,j,k = Uik 2
Nz‘,j,kH

and g,
9tk = [|Ni gkl (1 + 8 (Pg?); “2) ’

where square brackets represent the component of the vector. To compute the di-
vergence, we use backward differences,

Vo dijr = Wijkll] = dio1 k1] +
Wi j.k[2] — Wi j—1,%[2] +
Wy .k [3] — Wi j k—1[3]

We switch forward differences and backward differences to avoid numerical problems.
Finally, the flow implementation is:

. 2
=\
g1 n 1 B Ni,j,kH (Pﬁv)i,j,k
w, T = Ui+ At—=V_-
Z:]sk %0
gn.k gn.k
27‘7’ 25]7

We use a time step %, adjusted accordingly to section 3.3.

The code is made in C++ using the libraries developed in our lab. For the visualiza-
tion, we used the marching cubes algorithm [12] to obtain a triangulation from our
implicit representation of the surface, and draw the data on this surface. This was
made using VTK.

10.2 Examples

We present in this subsection few figures that illustrate the regularization of noisy
data on various implicitly defined curves and surfaces. The results are given with
various values of the parameter 3. Note how the regularization of the data is done
isotropically or anisotropically depending on the value of this parameter.

For the next set of images: the red curve is the original and the blue curve is after
regularization. For images (a) and (b), we added a Gaussian noise with o = 15.
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(b) 8 =0 (Isotropic diffusion)

Regarding the CPU time, for the tori (12500 pixels), it took less than 2 seconds for
20 iterations. Please note that we used a color map from red to blue in order to
better see how the discontinuities are treated. Regarding the noise level, we have
added a Gaussian noise with (o = 40) to the grey level images which scalar range is
(0,256).

For the Ella image, illustrated in Fig. ( 5) and defined in a solid that looks like
a quadratic, the image is much bigger (2744000 pixels). The time to compute 20
iterations was almost 3.5 minutes in a 386 sun, 260 MB in RAM. We can see that in
strongly noised images like these, where anisotropic regularization treat some noise
as part of the image discontinuities (the points under the left eye, for example) the
regularization with 8 = 0.1 performs better.

Finally, for a slice from a cortex (97x222x143) acquired at IRMf Center of Marseille
(N. Wotawa together with J.L. Anton and his colleagues are gratefully acknowledged
for their support) it took less than 10 minutes to compute these results (fig 6). This
is a retinotopic map i.e a neural representation within the visual cortex that preserves
the spatial layout of the retina image. Notice the red holes in the noisy image. The
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Original noisy image Isotropic diffusion

B=0.1

Figure 4: Synthetic image on the torus regularized with different 3

L1 anisotropic diffusion

small holes have to be filled in the map. Our approach allows to fill in these holes
while preserving the important borders. While the isotropic smoothing also performs
this task, it doesn’t allow to preserve important information like the blue zone in the
extreme right. With the L; anisotropic smoothing 4 la Bertalmio et al, the outer
borders are thinner, but the inner holes rest. Our approach allows us to deal with
more degree of freedom in the process to manage the weighting between the isotropy
and anisotropy processes. Choosing beta in a range from 0.1 to 0.5 allows to produce
a whole set of interesting and better results since the blue zone is kept and the holes
are filled in.

11 Summary and conclusions

In this paper, we have first clarified the link that exists between the the intrinsic
Polyakov action of the Beltrami framework and the implicit harmonic energy func-
tional . It is found that although the functionals are basically the same, there are
differences in the way various problems are formulated and consequently in the way
the functionals are applied.

We used the geometrical understanding of the flat Beltrami flow and generalized it
to a denoising flow over implicitly defined curves and surfaces. The same result was
derived by a minimization of a functional. This functional was generalized first to
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Original noisy image = 0 (Isotropic diffusion)
8=0.1 Anisotropic diffusion
and detail and detail

Figure 5: Ella image regularized with different

a scalar field over an n-dimensional manifold. It was further generalized to treat
vector value fields over an n-dimensional manifold. It is shown that the resulting
flows depend on 8 which encodes the ratio between the data and spatial units. This
parameter controls the edge-preserving characteristic of the flow. The Beltrami flow
is shown to act as the linear diffusion (Ly-norm) in the limit § — 0 and to the
strongly edge preserving diffusion (L;-norm for the scalar field) in the limit § — oo
(up to time scaling).

This work opens interesting perspectives in some important applications such as the
inverse EEG-MEG problem. See for instance the work presented in |[6] where the
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original noisy image
on the left cortex

B =0.5 L, anisotropic diffusion
Figure 6: Retinotopic images regularized with different (8

authors are interested by localizing cortex activity from EEG/MEG measurements.
The PDE associated to the inverse problem includes a regularization term on the
implicitly defined surface of the cortex. It could certainly be of interest to apply
the implicit Beltrami flow, we developed, to regularize such data defined on implicit
cortex surface. It will also be of great interest to compare our result to the methods
developed to regularize data defined on triangulated surfaces.
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