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Analyse de Stratégies d’Evolutions adaptatives

Résumé: Ce document présente ’étude mathématique d’une classe d’algorithmes d’optimisation
stochastiques spécifiquement dédiés & I’optimisation réelle: les stratégies d’évolution. En uti-
lisant la théorie des martingales, on prouve la convergence de (1,\) — ES adaptatifs dans

le cas de fonctions & minimiser réguliéres. On montre aussi que les vitesses de convergence
sont géométriques. Les résultats théoriques sont ensuite comparés et validés avec les expé-
rimentations numériques de ces algorithmes.

Mots-clés : algorithmes évolutionnaires adaptatifs, stratégie d’évolution, martingales,
convergence, vitesse de convergence



Rigorous analysis of ES 3

1 Introduction

Since their invention in the mid-sixties (see the seminal books by Rechenberg [7] and Schwefel
[10]), Evolution Strategies have been thoroughly studied from the theoretical point of view.

Early studies on two very particular functions (the sphere and the corridor) have con-
cerned the progress rate of the (1+1)— ES, and have lead, by extrapolation to any function,
to the famous one-fifth rule. The huge body of work by Beyer, including many articles, and
somehow summarized in his book [3], has pursued along similar lines, studying more general
algorithm, from the full (u ¥ X) — ES to the (u/u,A) — ES with recombination and the
(1,A) —o — SA— ES with self-adaptation. However, though giving important insights about
the way ES actually work, the study of local progress measures, such as the progress rate,
does not lead to global convergence results of the algorithm.

Some global convergence results, together with the associated (geometrical) convergence
rates have been obtained for convex functions [8, 13], and for a class of functions slightly
more general than quadratic functions, the so-called (@ — K) — strongly convex functions
[9]- These latter results deal with the adaptive version of evolution strategies, in which the
step-size is computed at each iteration according to some measure on the current population
(the terminology used here is taken from [6]) — namely the norm of the gradient of the fitness
function.

Note that the results in [13] have been criticized in [4], in which an analytical approach
is provided in the case of the sphere function when the step-size is the norm of the parent
itself. In that case, the strong law of large number gives an almost sure convergence.

The state-of-the-art in practical ES, however, recommends using self-adaptive ES, in
which the step-size is adjusted by the evolution itself at the individual level. Whereas of
course the results by Beyer on the (1,A)-0-SA-ES do address self-adaptive ES [3], only
recently some global convergence results regarding self-adaptive ES-like algorithms were
published [5, 11]. However, the algorithms studied in those works do not consider the stan-
dard normal mutation, but rather use a simplified mutation operator: only a finite number
of variation of the step-size are allowed in [5], while [11] considers a uniform mutation.
Moreover, these works only consider the simple and symmetrical function f(z) = |z|. Fi-
nally, [5] does not give any estimation of the convergence rate, and the proof in [11] relies
on a numerical estimate of some inequality - though this might be improved in the near
future. An important point about these two latter results is that they use the theory of
super-martingales [12], a more sophisticated technique than all previously cited works (with
the remarquable exception of [8]).

The same supermartingale technique is also used in the present article, to analyze some
adaptive ES with Gaussian mutation, in which the step-size is adapted either using the
distance to the global optimum or using gradient information about the fitness function,
but in a different way than in [13, 9]. Moreover, the speed of convergence is also studied: as
in previous relevant works, some geometrical upper-bounds are derived, and their sharpness
are tested through numerical experiments.

RR n® 4914



4 Auger & LeBris € Schoenauer

The article is organized as follows. Next section formally describes the adaptive ES
under study. We configure ES with an adaptivity that evolves more deterministically than in
standard self adaptative ES (see formula (1) below). Section 3 gives the convergence results
and speed of convergence results. First, the one-dimensional case is thoroughly studied: in
the case of the sphere function analytical results are obtained, before two different ways of
adapting the step-size are studied in turn for a more general class of functions. It is indeed
to be noted that our proofs and techniques are not restricted to the specific cases we deal
with here. Next, the optimality of the critical value of the step size and convergence rate
obtained is proved for the sphere function. The case of larger dimension is finally presented.
The originality is that we derive estimates of the convergence rate that do not depend on
the dimension. The analysis is carried out on a specific algorithm where the step-size is
adapted independently in each dimension.

In section 4, our results are thoroughly discussed, in the light of previous works on adap-
tive algorithm (already cited in the Introduction). Section 5 gives experimental evidences
(in one dimension only) that demonstrate the validity of the critical value of the step size
and of the convergence rate, for more general functions (such as functions that are neither
symmetric nor convex). The article ends with some discussion and trends for future work.

Let us close this introduction by mentioning that most of the results proven here have
been announced in [2].

2 Notations and algorithm

For the sake of simplicity, the results will first be presented in dimension 1. The case of
higher dimensions will be introduced in Section 3.4. Let the function f to be minimized be
a function defined on R. The general adaptive (1, A)-Evolution Strategy algorithm we will
consider henceforth is of the form:

X% eR, 1
X" = argmin{f(X" + c H(X")N),i € [1, 7]}, o

where X, is the random variable modeling the parent at the generation n, (/\/i")izl,,_, ) are
independent standard normal random variables. For conciseness, we shall only consider in
the following two cases function H: H(z) = |z| or H(z) = |f'(x)|. However, other cases,
such as H(z) = |f(z) — f*| can be treated by the same technique, and will be detailed
in see [1]. Parameter o is a positive real parameter, often referred to as the step-size (or
normalized step-size e.g. in [10, 3], in the case where H(z) = |z|).

This paper is concerned with studying the behavior of algorithm (1), or, more precisely,
with addressing the issue of the range of values for o for which the algorithm converges®.
Moreover, whenever convergence takes place, bounds for the convergence rate will also be
determined.

1
1 Both almost sure convergence and convergence in LP (w.r.t the norm E(|X|P)?) will be examined.

INRIA



Rigorous analysis of ES 5

Section 3 addresses the two aspects, first for the sphere function (Section 3.1 collects
results from the literature, especially from [4]), since exact convergence rates can then be
easily computed, and next for twice continuously differentiable functions (with some partic-
ular properties, see Assumption (H1)(H2)(H3) below) in the case H(z) = |z| (Section 3.2)
and H(z) = |f'(z)| (Section 3.3 ).

3 Convergence results the (1, A)-ES.

3.1 The sphere function

The sphere function (f(X) = |X|?) is the preferred test function of authors studying the
theory of Evolution Strategies [7, 10, 8, 3, 4, 5, 11]. Indeed, when f is the sphere function,
things get simpler, and many interesting quantities can be computed analytically.

For instance, it is clear that both cases H(z) = |z| and H(z) = |f'(x)| behave identically
(up to a factor 2). But another important simplification concerns the algorithm itself:

Lemma 1. For the sphere function, the random variable X™ defined by (1) with H(z) = |z|
is such that
X = X1+ 0V (N) (2)

where the random variable Y (\) defined by
14+ 0Y(\) = argmin{(1+oN")?,...,(1+oND)?} (3)
does not depend on o.

A detailed proof, with the exact distribution of ¥'(A) can be found in [4].

3.1.1 Convergence in LP
The following theorem is an immediate consequence of Lemma, 1:

Theorem 1. (Convergence in LP) For the sphere function, the random variable X"
defined by (1) with H(z) = |x| satisfies

E(|X"P) = E(|Xo[P)E(]1 + oY (X)[P)". (4)

Hence, the algorithm converges or diverges in LP geometrically. Moreover, there exists a
value o.(A,p) such that X™ converges in LP if and only if o €]0,0.(A,p)]. This value is
defined by

0c(A,p) = inf{o such that E(|1 + oY (A)|?) > 1}. (5)

Remark 1. It can be proved that E(|]1 + oY (\)|P) has a unique minimum w.r.t. o, which
gives the best convergence rate. This minimum os(\,p) is thus defined by

os(\,p) = argmin{E(|1 + oY (A\)|?), 0 €]0,0.(A\, p)[}. (6)

RR n° 4914



6 Auger & LeBris & Schoenauer

3.1.2 An alternative view on the progress rate

Interestingly, this result meets early studies of ES [7, 10, 3] that did look at the progress
rate ¢,, defined by:

(XHP — X,
W'X : (7)

The progress rate measures the expectation of change from one iteration of the algorithm
to the next one, conditionally to the current parent X™ (Note that this conditional depen-
dency is often left implicit in the cited works. Those early works determine, for a given A,
the optimal step size ¢ which minimizes the progress rate. In general, this quantity depends
on the current point X™ and will not be very useful to study the dynamics of the algorithm.

However, in the case of the sphere function, things are different. A direct consequence of
Lemma 1 is that for the sphere function with H(z) = |z|, the progress rate does not depend
on n, and hence is for instance equal to the value for X™ = 1:

op(X",0,A) = E(

Vn >0, ¢p(X", 0,A) =E(|1 +0Y (AP —1). (8)
Hence, minimizing the progress rate as in [10, 3] thus amounts to finding the value of ¢ such
that E(]1 + oY (A)|P) is minimal — and this is exactly the value given by equation (6).
3.1.3 Convergence almost surely

For the almost sure convergence, Lemma, 1 and the strong law of large numbers gives the
following result (see [4] for more details),

Theorem 2. (Convergence almost surely, [4]) Assume that E(In(|]1 + oY (A)])) < 0.
Then, for the sphere function, the random variable X™ defined by (1) with H(x) = |z| is
such that

%ln(|X"|) — E(ln(|]1 4+ oY (N)|)) almost surely.
Thus the critical value o.(\, as) is here defined as sup{c\E(In(|1 + ¢Y (A)|) < 1}.
The following two sections will prove similar results for more general functions, for each
of the cases H(z) = |z| and H(z) = |f'(z)|.
3.2 Convergence of the (1,))-ES with H(z) = |z|

The case where H(z) = |z — z*| for some minimizer z* of f is the case with constant (nor-
malized) step-size, as defined for instance in [3]. The algorithm under study here therefore
reads from (1)

X% eR, 9)
X" = argmin{f(X" + 0| X" — z*|N]*),i € [1, \]},

INRIA



Rigorous analysis of ES 7

We are aware that this algorithm may be considered to have a poor practical interest
because it supposes that a minimizer x+ is already known. However, from the methodological
viewpoint, its consideration will allow us to develop the technique of analysis to be applied
later on to some more interesting cases: first here to the case H(z) = |f'(z)|, and second,
in a forthcoming publication [1], to the case H(z) = |f(z) — inf f|.

3.2.1 Convergence

The first step of the analysis consists in finding a value o.(a, A) such that, for o €]0, 0.(a, \)],
f(X™) is a supermartingale. The convergence of the processes f(X™) and X™ will then
immediately follow.

For this purpose, we need some assumptions on f, that we now state:

Assumptions (H1)

(i) The function f has a unique global minimizer x*. Without loss of generality, we
assume that z* = 0 and f(0) = 0, and therefore Vz € R, f(z) > 0.

(i) The function f is twice continuously differentiable.

(iii) There exists M finite such that, for all z € R, |f"(z)| < M.

; : f'(=z)
(iv) There exists a > 0 such that, for all z # 0, |4~ > a >0

The key assumptions for our proof are (i) and (iv), where the latter one basically amounts
to saying that f exhibits some strict coercivity at the vicinity of its minimizer. In addition
to these crucial assumptions we assume technical properties ((ii)-(iii)) for simplicity. The
latter ones may be shown to be unneccessary, at the price of tedious technical details we do
not want to enter here. Remark 2 below pursues in this line.

In the same vein, a straightforward extension of Assumptions (H1) consists in supposing
the three last properties hold only in a neighborhood of zero. Alternatively, one may make
use of the trick indicated in Remark 3 below.

Remark 2. The C? regularity assumption (H1)(ii) can be weakened into a C'+® regularity

with 0 < a < 1. The constant M of Assumption (H1)(iii) could then be replaced by the
|f' (2)=f"(9)]

[z—y|>

constant My = supg yer induced by the C1T% regularity.

Remark 3. It is to be noted that all our proofs still hold when the process X™ is replaced by
inf (sup(X™, —A), A) in equation (1) for some large A. Such a modification is an easy trick
to render Assumptions (H1) easier to fulfill.

Remark 4. Assumption (H1) above clearly implies that f is monotonously decreasing on
R~ and increasing on Rt. Considering the extension described in Remark 3, it may hold
only on [—A,0] and [0, A] respectively.

RR n° 4914



8 Auger & LeBris & Schoenauer

Remark 5. Actually, the need for Assumption (H1) comes from the fact that the choice
H(z) = |z — z*| is to some extent not a good choice. As we will see below when considering
e.g. the case H(z) = |f'(z)|, we can then prove convergence with weaker assumptions on
f, and it is only when convergence rates are to be evaluated that stronger assumptions come
into play.

We now introduce the following function

1<i<A

g(o, A\ o, M) = ]E( min (aN’ + UM(NZ) )) , (10)

and define o.(A, a, M) as the solution to
gloc(A o, M), Ao, M) =0 (11)

The existence and uniqueness of o.(\, o, M) is stated in Lemma 2 below. The convergence
of f(X™) for o < o.(\, @, M) is contained in

Theorem 3. If f satisfies Assumption (H1), and o €]0,0.()\, a, M)[ with o.(\, a, M) defined
by equation (11), then, when n goes to +oo, f(X™) converges to 0, both almost surely and
in L', and X™ converges to 0 both almost surely and in L2.

The proof of this theorem relies on Lemma 2 and Lemma 3. We first state these two
Lemma and their proofs before completing the demonstration of Theorem 3.

Lemma 2. Fiz « as in Assumption (H1)(iv). Let X > 2 be an integer. Let g be defined by
(10). Then, g(o,a, A, M) is a strictly increasing and continuous function of its argument o.
1t satisfies g(0,a, A, M) < 0 and lim,_, « g(o,a, A\, M) = +00. Consequently there exists a
unique o.(\, a, M) such that g(o.(a,A),a, A, M) = 0 and therefore g(o.(a,\),a, A, M) < 0
when o € [0,0.(\, a, M)][.

Proof. Let o1 and o4 such that o; < o3, then

min aN® 4+ oy — (N 2 < min aN® 4 oy — (./\/ )2 almost surely
1<i<A 1<i<A

And, thus,

g(a,01,)) = E( min aN* —I—(fl—(./\/’) ) < ]E(lr<rzi<n)‘ aN? +02%(N")2) = g(a, 03, \).

1<i<A

The continuity of g(,0,,a, M) can be proved by extracting an increasing subsequence
on such that o, — o and by using the monotone convergence theorem. The fact that
90, \a, M) = E(mini<ij<xN?) < 0 for A > 2 is a result of order statistics. Finally,
UIHEO g(o, A\, a, M) = +00 is a consequence of the monotone convergence theorem.

O

INRIA



Rigorous analysis of ES 9

The property of supermartingale of the process f(X™) is now stated in Lemma 3. In the
sequel, F,, denotes the filtration adapted to the process f(X™). Let us recall that f(X")
is said to be a F,-supermartingale if f(X™) € L' and satisfies E(f(X"*1)|F,) < f(X™)
almost surely.

Lemma 3. Assume [ satisfies (H1). Then
E(f(X")|F) < fF(X™) +0|X"g(o, A, @, M). (12)
It follows that f(X™) is a Fn-supermartingale for 0 < o < o.(\, a, M).

Proof. From the hypotheses f" < M, f(0) = 0 and f'(0) = 0, we deduce that Vz, f(z) <
Mz2. In order to show that f(X™) € L%, it suffices to show that X™ € L2. This can be
proven by recurrence, using the inequality

[ X < 1X7] + o] X" maz<ica (V)

which comes from the monotonicity of f mentioned in Remark 4, the independence between
|X™| and the fact that mazi<;<x(JN?|) € L2
Then, by definition, we know

FX™) < f(X™ 4 0| XPIND) VI<i< A

Using, then the Taylor Lagrange formula, and (H1)-(iii), we obtain,
FOE™) < FX) 4 ol XPINP£/(X7) + G IXPPMVP)? V1< <)
thus, using Assumption (H1)(iv),
FEX™) < FX™) + o X[ £/ (X™) [(sgn(f'(X™))NT + A;—;(M"V) VI<i<A,
whence

XM < FXT) + o] X f1(XT) (sgn(f' (X")N{ + ]\24—;(/\@")2)-

| min

1<i<A
Let H,, be the filtration adpated to the process X", we have, F,, C H,,. We first prove that
f(X™) is a H,-supermartingale and will deduce next that f(X™) is a Fy,-supermartingale.
We take the conditional espectation of the previous inequality,

B (X)) < FOX7) + 0] XCE)E (i gl (XA + 5 (NP

1<i<

It can be easily proved, using the symetry of the distribution of N that,
Mo

i n Mo n\2\) — . n 2
B min, (A (V%) = B i, (AT 5m()*))

RR n° 4914



10 Auger & LeBris €& Schoenauer

Hence,
B () < £ + o T8 g0, 3 0
Since for 0 < o < o.(\,a, M), g(o, \,a, M) < 0 we obtain
E(f(X™)|Ha) < F(X™) + 0] X"Pg(0, A, 0, M),

i.e. (12). The property, E(E(.|H,)|Fn)) = E(.|Fn) (see [12]), yields the fact that for 0 <
o< o.(\a, M), f(X™) is a Fn-supermartingale.

O

We are now in position to prove Theorem 3.

proof|of Theorem 3] We start from inequality (12) of Lemma 3, and we take its expectation,
which is legitimate since we have seen in the proof of Lemma 3 that f(X™) and |X"|* are
both in L'. We have

E(f(X™1) < E(f(X™) + oB( X" [*)g(0, A, a, M) (13)

From Lemma 2, we know that, for o €]0,0.(A, a, M), g(o,A,a, M) < 0, thus, for o €
10,0.(\, o, M)[, E(f(X™)) is a decreasing positive sequence that consequently converges.
We rewrite (13) as

E(X"*)(=og(o, A, a, M)) <E(f(X™)) — E(f(X™*)). (14)

For every o €]0,0.(A,a, M)[, the right-hand side of (14) converges to zero, and the left-
hand side is positive. This implies that E(|X™|?) converges to 0. We can thus extract a
subsequence |X7(™ |2 of | X"|?> which converges almost surely to zero.As f is continuous,
f(x7™) 225 £(0) = 0. From Lemma 3, we know that, for o €]0,0.(a, \)[, the process
n— o0

f(X™) is a positive supermartingale. This implies that f(X") converges almost surely (see
[12]). From the uniqueness of the limit for f(X™), we conclude that f(X™) converges almost
surely to 0. For the convergence of f(X™) in L', we deduce from Assumption (H1)(iii) that,
Vz, f(z) < &z? and use the convergence of E(|X™|?). Tt follows that E(f(X™)) converges
to zero.

O

3.2.2 Convergence speed

Theorem 4. Assume [ satisfies Assumptions (H1), and that o €]0,0.(\, o, M)[, with
e\, a, M) defined by (11), then f(X™) converges geometrically to 0 in the following senses:

f&X™)
(1+0Cg(o, A, a, M))"

(ii) (Convergence in L'): E(f(X™)) < (14 0Cg(o, A\, a, M))"E(f(X?)),

(i) (Convergence a.s.):

converges to some random variable Y,

INRIA



Rigorous analysis of ES 11

where C = 2 and M is defined by (H1)(iii). In addition, the best convergence rate is
reached for o = os(\,a, M) where os(\,a, M) is the unique value of o that minimizes
1+0Cg(o, )\, a, M).

Proof. We choose o < o.(a,\) and we again start from inequality (12)
E(f(X™ ) [Ha) < f(X™) + 0| X"’ g(o, A, @, M)

M
As mentioned above, Assumption (H1) in particular implies that f(z) < 7372 for all z, and

therefore we obtain

2
E(f(X™)[Hn) < fF(X")(A +0779(0, ), M))
For o such that 0 < 1+ o0Zg(0, A\ a, M) < 1, f(X")/(1 + 0Zg(o,\, o, M))" is a posi-
tive super martingale which converges almost surely. Taking the expectation leads to the
geometric convergence of E(f(X™)) to zero at the rate announced in the Theorem.

g
3.3 Convergence of the (1,\)-ES with H(z) = |f'(z)|
We now deal with the algorithm
X%eR, (15)
Xt = argmin{ f(X" + o| f'(X™)|NT),i € [1,A]},

The general outline of the demonstration in this case is the same as in the previous section:
First, find a value o.(a, \) such that f(X™) is a supermartingale for o €]0,0.(c, \)[. Then,
derive the convergence and the speed of convergence of f(X™).

Contrary to the previous section, convexity is not mandatory in the present section to
obtain the convergence result per se. However, some local convexity is indeed needed to
derive the convergence rate. In particular, it is simply assumed in the begining of this
section that

Assumption (H2)

(i) The function f is bounded from below (say by zero) and is twice continuously differ-
entiable.

(i) There exists M finite such that, for all z,
|f"(z)] < M.

Remark 6. Once again, using the truncation trick mentioned in Remark 3 weakens this
assumption which is then satisfied for every C? function.

RR n° 4914



12 Auger & LeBris €& Schoenauer

3.3.1 Convergence of f'(X")
In order to lighten the notation, we henceforth denote by

h(o,\) = g(1,0,)) = ]E( min (N" + a%w’ﬁ)) (16)

1<i<A
and define, o,()\) as the solution of,
9(1,0,(N), 1) =0 (17)

The proof of existence and uniqueness of this constant is exactly the same as the proof of
Lemma 2 in the previous section. The convergence of the process f'(X™) to zero is stated
in the following theorem.

Theorem 5. Assume | satisfies Assumption (H2). Assume X > 2 and o €]0,0,(\)[. Then
f'(X™) converges to 0 in L?. If we moreover assume that f(X™) is bounded then f'(X™)
converges almost surely.

The proof of this theorem relies on two lemmas, that we state and prove before completing
the proof of the Theorem itself. In the sequel F,, again denotes the filtration adapted to the
process f(X™).

Lemma 4. Let UIC(/\) defined by (17). Then, f(X™) is a Fp-supermartingale for 0 < o <

!

o.(A).

Proof. The proof follows the same lines as that of Lemma 3. We first remark that,
FX™Y) < F(X™ 4o f/(X™)N) VI<i<A

Using successively the Taylor Lagrange formula, the property (H2)(ii), and taking the min-
imum over i of the right hand side, we obtain,

JOXTH) < FX0) 4ol f(XTP i (sgn(f (XDAT + ZZNTD)a8)

Let H,, be again the filtration adpated to the process X™. Taking the conditional espectation
of the previous inequality, we have

X)) < FO87) 01 £ (8P (i Gsom( £ DT + 257 I,

and therefore
E(f(X")[Ha) < F(XT) + ol f'(X™)[?h(0, A) (19)

For 0 < 0 < 0,(a, \), this implies (taking the expectation of both sides) that, by induction
f(X™) € L', and foremost that f(X") is a F,-supermartingale.

INRIA



Rigorous analysis of ES 13

O

The next lemma, which indeed contains a standard result of the theory of random pro-
cesses, is given for consistency.

Lemma 5. Let F,, be an increasing filtration adapted to a process X™. We assume that,
X" 2240 and that X™ is bounded.

n—oo

Then,
E(X"|F,) ——0

n—oo

Proof. Fix an integer ng. We have
|E(X™|Fn)| < E(supp>ne | Xp||Fn)for all n > ng

Hence,
lim sup|1E(X” |.7-'n)| < E(supp>no | Xp||Foo)

With the dominated convergence theorem,
ng—oo
E(supp>no [ Xp||Foo) — 0,
thus we have
E(X"|F,) 22 0.
n—00
We now give the demonstration of Theorem 5.
Proof. For the first point of the theorem, we take the expectation of the equation (19),
E(f(X™*)) <E(f(X™)) + oE(|f' (X™)*)h(a, A)

Thus, for 0 < o < o, (a, A), E(f(X™)) is a positive decreasing sequence which consequently
converges. In addition,

—oR(|f' (X"))h(o, ) < E(F(X™) —B(f(X")
implies that, for 0 < o < o,(a, \),

E(|f'(X™)]*) = 0. (20)

In order to now get the almost sure convergence, we come back to inequality (19) and
Lemma 5. We know according to (19) that

E(f(X") — fX™)|Fn)

pamp < SRS

RR n® 4914



14 Auger & LeBris €& Schoenauer

Thanks to Lemma 4, f(X™) is a positive supermartingale. It converges almost surely. Hence
F(X™) — f(X™*1) converges almost surely to 0. As we also assume that f(X™) is bounded,
we deduce from Lemma 5 that E(f(X") — f(X™*1)|F,,) converges almost surely to 0. Thus
|f'(X™)|? converges almost surely to 0.

O

3.3.2 Convergence speed

An additional hypothesis, somewhat connected to convexity, is now needed to estimate the
convergence speed. Before we state it, we set by convention that

1%ff =0,

otherwise f(z) should be replaced by f(z) — infgr f in the assumption below.
Assumption (H3)

e There exists C > 0 such that (@)
[z
> C.
fl@) ~

Remark 7. It is important to note that Assumption (H3) implies that the set of global
minimizers ©* of f is indeed an interval, and that any critical point is such a minimizer.

Theorem 6. Assume f satisfies Assumptions (H2)(H3) and that o €]0,0,(N)[. Then f(X™)
converges geometrically to 0 at the rate (1 + cCh(o,))) both almost surely and L' (in the
sense of Theorem 4, and with the constant C defined in (H3)). The best convergence rate is
reached for o = o,()\) where o,(\) minimizes 1 + cCh(o, \).

inf
R

Proof. We choose o €]0,0,(\)[ and come back to (19) to write, using Assumption (H3),
E(f(X™)|Fa) < f(X™) (1 + 0Ch(a, N)) (21)

For o such that 0 < 1+ 0Ch(o,A) < 1, f(X™)/(1+0Ch(o, X)) is a positive super martingale
which thus converges almost surely. If we take the expectation of equation (21), we obtain
that E(f(X™)) geometrically converges to zero at the rate (1 + ocCh(o, A))™.

Remark 8. On the optimality of the general estimates when applied to the sphere
function It is enlightening to compare the results obtained in the present section and the one
of the previous one when the function under consideration is the sphere function f(z) = z2.
The algorithm (15) then reads
X% eR,

{ X"t = argmin{ f(X™ + 20| X"|N),i € [1, A]}, (22)

INRIA



Rigorous analysis of ES 15

and is exactly that of the previous section when H(z) = |z| and o is replaced by 20. In this
particular case, Theorem 6 claims that the rate of convergence is 1+40g(1,0,\) since C = 4
in Assumption (H3). On the other hand, Theorem 4 claims that the rate is 1+ o2 g(a,0,\)
and therefore here, where a = 2, M = 2, 0 = 20, that it reads 1+ 209(2,20,A) = 1 +
4og(1,0,)). It follows that the critical values o.(a, \) and os(a, X) given in Section 3.1 are
the same.

3.4 The case of higher dimensions

The algorithm defined in (1) must be slightly modified when going to dimension d > 1. The
general form of the non-isotropic ES algorithm considered here is:

{ X% e R?,

. 2
X+l — argmin{f(X" + O'(Hk(Xn)N:’l)ke[l,d])’i € [1,A]}, (23)

where X,, is the random variable modeling the parent at the generation n, (N, ;’i),k €
[1,d],i € [1,)] are independent standard normal random variables, and Hy(z),k € [1,d]
are d real-valued functions. Different step-sizes are here applied to the different directions,
similarly with what can be done as far as self-adaptation is concerned [10].

0
Only the case of practical interest where Hy(z) = y will be considered here. The
T
situation is then similar to that studied in Section 3.3, a similar result to that of Lemma 4 can
be proven. Indeed, let us briefly sketch the modified argument. We first replace assumption

(H2)(ii) by
There exists M finite such that D2 f, the Hessian matriz of f, satisfies

D?f < M1d,
in the sense of symmetric matrices.
and assumption (H3) by
There exists C > 0 such that
IVFII? > Cf.

We next write that, for all 1 <4 < ),
af(x™)
6$k

d
af(xn i
= f(X™) +UZ(7f( ))2Nk’

xr
o O

1 5. n af(X™)
+5 D27 (02

fXM) < (XM o

N

. 9f(Xn .
Ao (2D prpiy

IN

d n . .
f(Xn) + O_Z(afa(xXk ))2 [Nl:m + %U(Nl?,z)ﬂ
k=1
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16 Auger & LeBris €& Schoenauer

Then, it is straightforward to see that all our arguments go through mutatis mutandis,
yielding the same conclusions and the same criteria of convergence.

In particular, the critical value o, below which convergence takes place, is again defined
by equations (16) and (17). The more remarkable fact here is that this critical value (and
hence the convergence rate that comes with it) does not depend on the dimension.

4 Discussion

This section discusses the results of previous sections in the light of past related work from
the litterature.

First, it should be clear that only works proposing global convergence results are relevant
for comparison here, as opposed to all work studying local convergence (see Section 3.1 for
a link with those works).

The work whose results are most similar to the ones presented here are by far Rudo-
plh’s work, either using also supermartingale [8], or somehow simplified and based on order
statistics [9]. There are however quite a few differences.

First, Rudolph’s results are based on some strong convexity of function f — but it is fair
to say that on the other hand, he only needs f to be differentiable once — whereas convexity
is not required here for the convergence result, and, as expected, only weak convexity is
necessary to obtain the geometrical converge rate.

Second, whereas Rudolph chooses all offspring uniformly on some hypersphere (or radius
o), the algorithm considered here uses the “true” Gaussian mutation. A common argument
is that both mutations behave similarly in high dimension. However, when it comes to
theoretical results, such consideration is of no help. Indeed, the method used by Rudolph
based on order statistics [9] can also be applied with Gaussian mutation, and gives the same
kind of convergence result: there exists a critical value o, such that whenever o lies in |0, o[

A
the algorithm converges. Unfortunately, this constant ¢, is then defined as 2%,

where N*A is the At* order statistics for standard normal random variables. The problem
is that this quantity is a very poor upper bound: for instance, it decreases for large values
of A\, making the result less relevant.

A noticeable difference with Rudolph’s algorithm in [9] lies in the case where the dimen-
sion is greater than 1: the offspring of parent X™ in Rudolph’s algorithms are chosen using
H(z) =o||Vf(z)||N (notation of equation (1)), for some vector of standard normal random
variables N. The approach proposed here is different (see Section 3.4), and the results are
indeed far more appealing: the upper-bound geometrical rate obtained by Rudolph goes to
1 when the dimension goes to oo (despite the fact that he does not use Gaussian mutation),
while the one proposed here does not depend on the dimension. However, the gap between
the two approaches remains open, as it has not been possible up to now to analyze the
algorithm 1 with Rudolph’s H function.

INRIA
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Figure 1: (a) E(|1 + oY (4)|?) with respect to o — see equation (3). (b) E(In(f(X™))) with
respect to the number of generations n for different values of o.

5 Numerical experiments

All numerical experiments presented in the sequel are based on the Monte Carlo approxi-
mation of the expectation of a random variable. Define

1 X
7))~ — Z
)K;k;

where Zj, are K independant random variables with the same law than Z. Then, for instance,
from the central limit theorem, for large values of K (K = 1500 in all numerical experiments
presented here), with probability 0.95,

E(Z) e[—ZZk—\/Vaer% 1 sz VarZ\/gfﬁ] (24)

5.1 Computation of the constants

The Monte-Carlo method described above has been used to compute approximate values of
the constants o.(a, A) and os(a, A) from Section 3.

A first example is given by the plot of E(|1+0Y ())|?) against o for the sphere function on
Figure 1 (a), for A = 4. The limit value of o for which E(|1+ oY (V)[?) < 1is 0.(),2) = 2.7,
and the corresponding minimal value for E(|1 + oY (X)|?) is o,4(a, A, 2) ~ 0.8. Note that this
method allows us to plot the progress rate (8) for any dimension d, as in [10, 3], without
any assumption regarding d — +00.

5.2 Optimality of the constants

The idea here is to compare the constants o.(a,)), o5(a,)), 0.()) and o,()\) for some
functions that are not quadratic, in order to test their optimality.

RR n° 4914



18 Auger & LeBris €& Schoenauer

First, we need to circumvent a difficulty. Indeed, when evaluating E(f(X")) with the

Monte Carlo method, the relative error given by the Central Limit Theorem (1/Var(f(X")) ﬁ&n)))

grows geometricaly with the number of generations n (the exact computation can be made
easily on the sphere function). On the other hand, that of evaluating E(ln(f(X™))) de-
creases in ﬁ Hence, all numerical tests have been performed on the process In(f(X™)).
This fact in turn requires to come back to the convergence analysis. Indeed, it turns out
that the arguments used to treat the minimization of f also hold for the minimization of
In(f). Of course, since the a.s. convergence of f(X™) implies that of In(f(X™)), we know
sufficient conditions for such a convergence. But, more than that, In(f(X™) converges in
the same fashion and under the same conditions as f(X™) with an arithmetic rate replacing
the geometric rate of Theorems 4 and 6. Let us briefly indicate here the modifications of
the arguments needed to establish these facts. We argue e.g. in the case H(z) = |f'(z)|.
We start from (18), namely

M
FEE™) < FX) + ol /XM min (sgn(F/(XMNT + =57 (N7)?),

take the logarithm of both sides, and use In(1 + u) < u to obtain

(7 (e < () + 0 LEDE i son(roemaz + 27w

Then, we pass to the conditional expectation, and next use Assumption (H3) to write
E(In(f(X™ 1) [Ha) < In(f(X™)) + 0Ch(o, ).

This shows that In(f(X™)) (and in fact —noCh(o, A) +In(f(X™))) is a supermartingale. A
consequence is also the bound from above

E(In(f(X™)) < E(In(f(X?)) +noCho, A),

which yields the convergence of E(In(f(X™)) to —oo. Likewise, all results follow for the
function In(f) as they used to for f, with the same critical (resp. optimal) values for the
convergence rates. These rates are of course arithmetic instead of geometric. Anyway, this
equivalence will enable us to test the optimality of our analysis.

Only numerical results concerning the case H(z) = |f'(z)| will be shown here.

The functions fus, defined by equation (25) below, are examples among the class of non
symetrical functions satisfying both Assumptions (H2) and (H3) that will be used for all
experiments (where M > 0 is the value used in Assumption (H2)-(ii)).

2

fu(@) =% { zarctan(z) ifr >0 )
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Figure 2: (a) Theoretical and numerical speeds of convergence for functions f» and fs. (b)

Numerical o, (\) and theoretical o, ()).

K
1
Figure 1 (b) plots e Zln( f2(X})) against the number of generations for different
k=1
values of o. The relative error

E(In(f>(X™)) — & S5, In(fo(XP)
LR In(f2(XP))

given by equation (24), is here bounded by 0.01. This corroborates the linear rate of con-
vergence predicted by our theoretical study.

Figure 2 (a) plots the slopes of those linear functions (determined using linear regres-
sions), and the theoretical values cCh(o, \), for A = 4 and for both functions f» and fs.
Both curves have the same shapes. Moreover, on these functions, the theoretical bounds
indeed underestimate the threshold, as expected.

Studying only fonction fo, the intersection between the theoretical curve and the x-axis
gives a numerical approximation o,(4) ~ 1.4 of the theoretical value o.(4) — and in the
sequel, o, (4) will denote the intersection between the experimental curve and the x-
axis. From Figure 2 (a), it comes that a;num (4) ~ 3.1. Defining similarly a’swm (4) as the
critical point of the the numerical curve, it may also be noted on the same Figure that
o) <ol (4).

It may be observed from the same Figure 2 (a) that both theoretical and numerical curves
present the same scaling transformation when M is increased — even though the theoretical
bound still seems pessimistic. Last, Figure 2 (b) shows, for function f», the numerical
Grrum(A) and theoretical o, (A) for A = 2, ...,13. Both are linear increasing functions in .

6 Conclusions and perspectives

We have concentrated in this article on some convergence results and geometrical conver-
gence rates for adaptive (1,\) — ES in the specific cases of a sub-class of C? functions. Our
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20 Auger & LeBris €& Schoenauer

results have been extended to the d-dimensional case with a non-isotropic ES algorithm. In
the specific cases we have dealt with, they are quite satisfactory, as shown by the compar-
ison to experiments, for our analysis is sharp enough to reproduce most of the gqualitative
behaviours that are observed in the practice (convergence speed, behaviour with respect to
the population size, the dimension of the ambient space). Of course, on the quantitative
level, there is room for improvement. We now intend to pursue our efforts in two different
directions. First, we aim at improving our results on adaptive algorithms. This direction is
twofold: relaxing the regularity and convexity assumptions for the same adaptive algorithms,
and considering other adaptive algorithms, in particular one more practically useful algo-
rithm, where the step-size is adapted proportionaly to |f(z) — inf f|. The second direction
deals with self-adaptive (1,\) — ES.
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