
HAL Id: inria-00071656
https://inria.hal.science/inria-00071656

Submitted on 23 May 2006

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

On the Complexity of Linear and Stratified : Context
Matching Problems

Manfred Schmidt-Schauss, Jürgen Stuber

To cite this version:
Manfred Schmidt-Schauss, Jürgen Stuber. On the Complexity of Linear and Stratified : Context
Matching Problems. [Research Report] RR-4923, INRIA. 2003, pp.28. �inria-00071656�

https://inria.hal.science/inria-00071656
https://hal.archives-ouvertes.fr


IS
S

N
 0

24
9-

63
99

   
   

 IS
R

N
 IN

R
IA

/R
R

--
49

23
--

F
R

+
E

N
G

ap por t  


de  r ech er ch e 


THÈME 2

INSTITUT NATIONAL DE RECHERCHE EN INFORMATIQUE ET EN AUTOMATIQUE

On the Complexity of Linear and Stratified
Context Matching Problems

Manfred Schmidt-Schauß — Jürgen Stuber

N° 4923

Juillet 2003





Unité de recherche INRIA Lorraine
LORIA, Technopôle de Nancy-Brabois, Campus scientifique,

615, rue du Jardin Botanique, BP 101, 54602 Villers-Lès-Nancy (France)
Téléphone : +33 3 83 59 30 00 — Télécopie : +33 3 83 27 83 19

���������
	���
���������������������� �!�#"%$&"���')(*�+$,"%���.-/�#'
	����������0�213"4��56�����!798:$6�%;/���<
>=

?A@�B,CEDGFIH:J+KML6NPOQH,RTS�J�KMLU@�V,W
∗ XZY�[ DG\]FIB:J^R_V6`ZFaD

†

bdcfeTg*h�ikjmlonTpfqrh%sutwvIqux qrhTs
h yzx {|s}x�~�s^����gk��twsuq}�I~�h

�Z��tw�Eh�y��d�Z��twy�cfhTt
�<{w�f��tw��y#�fh%��hGx�cfh ��x�cfh�p��,�a�Iiw��j��w~fqususrh y�i|�w�I�4j�i|�*��{wvwhG�

���,�T� �M�f w�w¡4¢ h�vIqr£Ihz{|suvwtI��qry�cfg¤�¦¥§tw��srqupfhT{w��{wp��0¥§tI�¨vIh pfhT��{ws©x�tIpay�h�ª�y�g0{|y�x�cfqupfv*{|p��!�«qu��x�~©���¨cftM¬
y�cfh<��h ��¥§tw��g¤{|p�x h#qrp¤y�cfh<vIh pfhT��{ws�x {I��h<xT{|p¤��hzqug*����tM£IhT�ky�cf��tw~fvIc0y�cfhz~���hzt|¥­qrpf¥§tw��g0{|y�qutwp��«hT��qu£whG�
¥§��twg�{|�f�f��t_ª«qrg¤{|y�qutwp���y�c©{Mykx {wp®�©h�x twg0�f~«y�hT��qrp¯��twsu��pftwg0q}{|s6y�qrg0hw° ¢ h�qup�£whG�Ey�qrva{My�h�y�c�h�x�tIg�±
��srh ª�qryE�¤t|¥,x�twpay�h�ª�y�g¤{|y�x�cfqupfv*¬#q²y�c!��hT���©hGx.y�y�t*y�c�ho��y���{My�q²³©xT{My�qrtIp�t|¥�£_{w��q}{|��srh�t�xTx�~f����h p�x hT�T´a¬#c�h ��h
tI~f�*g0{wqrpP��hG��~�s²y���{w��h�y�c�{|y0��y���{My�q²³�hG�µx twpay�h ªay*g¤{My�x�c�qrpfv�q}��¶z�U±·x twg0�fsuh�y�hw´Z��~«y�y�c�{My¤��y���{My�qr³�hG�
��qugk~fsry�{wpfh tI~��og*tIp�{w�fqux0x�tIpay�h�ª�y%g¤{My�x�cfqrp�v�q}�%qup¸�6°�¹�¹«º¸»�º�qu��hT�a~fqu£_{wsrhTpayoy�t¼�Ey���{|y�qr³�hT����qugk~�s²±
y�{|pfhTtw~��o¬�tw���¼g¤{My�x�cfqrp�v�° ¢ h¤{|s}��t/��c�tM¬:y�c�{|yoy�cfh0srqupfhG{|�%{|p���y�cfh¤��c�{|��hT�«±½suqrp�hT{|�ox {I��h0{|��h�qup¾�
{wp��0t|¥­y�qrg0hox�twg0�fsuh�ª«qryE�

O(n3)
´�{|p��0y�c�{My�£M{|��q²yE�¤i%x�tIpay�h�ª�y�g0{|y�x�cfqupfv©´w¬#cfhT��h�£_{w��q}{|��srhG�Ut«x x�~��¨{My

g0ta�EydyE¬#q}x�hw´�qu�#¶z�U±·x twg0�fsuh�y�hw°
¿¼ÀaÁ]Â�ÃkÄ �MÅ,�w¡ x twpay�h ª�ydg¤{|y�x�cfqupfv�´�¬¨tI����g0{|y�x�cfqupfv©´f�Ey���{|y�qr³©x {|y�qutwp^´fx twp���y���{|qupayd��twsu£�qrpfv

∗ Æ|Ç�È·É Ê|ËEÌQËEÍÎÈ·É�ÏÑÐGÒrÓ.ÌQÔ<Ç�ÕQÍÎÖw×�Ø_Ù Ú}Û¾Ù ÚÝÜ,ÓTËÞÕQÉ_ËÞÚ§ß�ÐGÍ à�Ë�ÌÝá½Í Õ½â�Õ�×­ã«Ó.áQÕÝÒ}Ç�È½É�ä.ä�ä�å%æ.çG×]è�Ú§é.ê.ê.ë�ì�ÆMÌ½Ç�ÐGÖ Òrí_Ì§Õ�×­Ü,Ë�ÌÝÔ<Ç�Ð�î Ùï Ë�ð}ñIòÑó,ì�å�ô§é.å�ÚÝõ�å.ö�Ú§ç.ö.ë.å�õT×wÆ|Ç�÷wñ�ò}ó,ì�å�ôÝé.å�ÚÝõ�å.ö�ÚÑç.ö.åGä�åG×aøfÚÑÔ<Ç�ÍÎð}ñ á½È·É_Ç�í_á½á·ù,ÖTÍ}Ù ÍÎÐGÒrÓ.ÌÝÔ<Ç�Õ½ÍÎÖ|Ù í_Ð_Í Ú}ÒrÌQÇ�Ð_Ö Òrí_Ì§Õ�Ù úGË
† ûfü6ý ÏÑþ ÿ©ÈEÓ.ðÎËdú_ËEá � ÍÎÐ_ËEáUú_Ë���Ç�Ð_ÈÞî�×«éGä�ë ý í_ËdúGí�Ø�Ç�ÌÝú_ÍÎÐ��]Ó�Õ·Ç�Ð_Í�� í_Ë.×fÆ«Ú§ë�ì�é.ê.ê	�,ÍÎðÎðÎËEÌQáÝÚÑð�
EáQÚ���Ç�Ð_ÈÞî ×wÆMÌQÇ�Ð_ÈEË.Ùï Ë�ð}ñIòÑó6æ.æ�ô§æ.ö.æ�Ú§ë.ö�ä�õ]ä.ä.×MÆ|Ç�÷wñ�ò}ó6æ.æ�ôÝæ.ö.æ�Ú§ë.ö+ä�õ�êGä.×|ø�Ô<Ç�ÍÎð}ñ áQÕQí_Ê|Ë�Ì½ù,ðÎÓ.ÌÝÍ ÇGÙ ÒuÌ
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� 	 ¡ ¶ztw~��#����nG��hTpIy�twp��#�fhT�z{wsrvItw��q²y�cfg0hT�d��tw~f�zsrh%³©s²y���{wvwh��«h�x twpay�h ªay�hT�#suqupfnT{wqr��hT�#h yzvwnTpfn�±
��{|~fªoh y,pftI~��,g0twpay���twp���x�tIg*g0hTpIy6suhT���©hT��¥§tI��g¤{|p©x�hT���f{|p©��suh¨xT{w��vwnTpfn ��{|sa�©hT~f£whTpay���y���hd{|g0nTsrqutw��n hG�
hTp�~«y�qrsuqu��{|payzs�� qrp«¥§tI��g¤{|y�qutwp��«nT��qu£wnThk��� {|�f�f��t_ª«qrg¤{|y�qutwp��#xT{|s}x�~fs}{|�fsuhT�zh p¼y�h g0�����©tIsr��pftIg0qu{wsQ°<¶ztw~��
n y�~��fqrtIp��*su{®x�tIg0�fsrh ª«q²y�n��«~ ³�sry���{|vIh!�«h¼x twpay�h ªay�hT�*��{w�*��{|���©tI��y��¾s}{®�Ey���{|y�qr³©x {|y�qutwpµ�fhT�0t«x x ~f��±
��h p©x�hT�o�«h*£M{|��qu{w�fsrhG� ´�h�y4pftwy���hk��nT��~fs²y�{My4�f��qrp�x qr�©{|s,hT��y4�a~fh�srh�³�sry���{|vwh*�«h0x�twpay�h�ª�y�hG����y���{My�q²³�nG�zhG�Ey
¶z�U±Þx�twg0�fsuh�yG°¤�U{|��x�tIpay���h*suh*³�sry���{|vwh¤��qrg�~fsry�{|p�n0�fh�x�twpay�h�ª�y�hG�%�Ey���{|y�qr³�nT�og0twp�{I�«q}�I~�hT�T´+�a~fq¦��h ~«y
{w~�����q�� y���h#£�~0x twg0g0h<suhd³�s²y���{wvwh<��qrg�~fsry�{|p�n<�«h#g0t|y��¨�Ey���{|y�qr³�nT�T´|hG�Ey¨��{|p��U�6°a¶<tw~©�Ug0twpay���twp��Z{|~�����q
�a~fh4suh%x {w��suqrp�nT{|qu��h�h y<srh%x {I����{|��y�{wvwn�±·suqrpfnG{|qu��h���tIpIy#�f{wp��d��h�y<�a~fh4srhT~f�<��tIsr£M{w�fqrsuqry�nohT��y#�fnTx�q}�f{w�fsrh
hTp�y�h g0���

O(n3)
°��¦p«³�p+´^srh¤xT{w�4�«~�³©s²y���{wvwh0�«h*x twpay�h ª�y�hT�4�«h*£M{|��q²y�n0i��§q½° hw°­t���x�c�{w�a~fh*£M{|��qu{w�fsuh

��h ~fyz{|�f��{w��{��uy���h4{|~�g¤{Mª«qugk~fg2�fh ~«ª!¥§twq}����hG�Ey#g0twpay���n%¶<�U±Þx�tIg0�fsrh yT°
��Ä �G� Â  �� 	 �0¡ ³�sry���{|vwh��«h�x twpay�h ªay�hT�T´|³�sry���{|vIhz�«h�g*twy��T´a��y���{My�q²³�x {My�qrtIp^´a��hG��tIsr~«y�qrtIp��«h�x twpay���{|qupay�hG�
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»¨tIpay�h�ª�yUg¤{My�x�cfqrp�voh ª�y�h p©�f�6³����Ey�±½tI���fh �6g¤{My�x�c�qrpfv4����y�cfh<{_£M{|qusu{w�fqusrqryE�%t|¥­x�tIpIy�h�ª�y¦£M{|��qu{w�fsuhT�,¬#cfq}x�c
g¤{_�0��h�qup���y�{|pay�qu{|y�hT���a�¤{*x�tIpIy�h�ª�yT´Iy�c©{Mydqu�d{%y�h ��g ¬#q²y�c!{kcftwsuhw°¦¹ay�{|p��f{w���¤³�����y�±·tw���«hT�Zg¤{My�x�cfqrp�v
{wsrsutM¬<�6twp�sr� �Ñy�hT��g �¦£_{w��q}{|��srhG� ´|£M{w��q}{|�fsuhT�,y�c�{My¨g0{_���©hzqrp���y�{wpay�q}{My�hG�0����{o³����Ey�±½tI���fh �6y�hT��g/° ¢ cfqusrh
y�cfhT��h¾{w��h¼��hT��y���qux�y�hG�µy�t®y�cfh¸srhG{_£whG�0t|¥�{�y�hT��g>{|p���g¤{|y�x�c�twpfsu��{|vI{wqrp©�Ey�x�tIg0�fsrh y�h¾��~f�«y�h ��g¤� ´
x twpay�h ª�y4£M{w��q}{|�fsuhT�%xT{|p®t«x x ~f��{w�4g0twp©{w�«q}x0tw��h ��{My�tw���o{wp��a¬#c�h ��h*qup���qu�fh�{�y�h ��g�{wp����©hT��g0qry�y�cfh
g¤{|y�x�cfqupfv�y�t �«hG��x h p����«hTh �fsu�µqup {¯��qupfvIsrh���y�hT�^° »¨twpay�h�ª�y�g¤{My�x�c�qrpfv�y�ca~©��{|susrtM¬<�0g�~�x�c�g0tw��h
¥§��h hG�«twg�qrp®y�cfh���h suhTx.y�qrtIp®t|¥<��~��«y�hT��g¤�T´+¬#cfq}x�c¯g¤{_�¾��h¤t|¥#~���h0¥§tw��h ª«{wg0�fsrh0¥§tI�k�a~fh ����qrp�v/��{My�{
y�c�{My%q}��{_£M{|qusu{w�fsuh�qup¾y�cfh0¥§tw��g tw¥�{�su{w��vIhky�h ��g/´+suq)(Ih+*oº-, �«t«x�~�g*hTpay��T°/.�tw�%h ª«{wg0�fsrhI´^¬�h*g¤{_�
¬#q}��c¤y�t*��hTsrhGx.y�y�cfhzy�qry�suhT��t|¥+{wsrs]��~�����hGx.y�qrtIp��Zqup!{�x�hT��y�{|qup���hGx.y�qutwp�t|¥�{wp0*�º-,¸�«t«x�~fg0hTpIyG° ¢ hox {wp
h ª«�f��hG���¨y�cfqu�<�a��y�cfh%suqrp�hT{|�<x twpay�h ª�ydg¤{|y�x�cfqupfv0�f��tw�fsuh g

X(section( 13254�68789;:=<%>@?=A�B;AC1 , Y (subsection(y, z)))) = s

¬#c�h ��h
X

{|p��
Y

{w��h�x twpay�h ª�y<£_{w��q}{|��srhG�<{|p��
y

{|p��
z

{|��h4³�����y�±·tw���«hT�#£_{w��q}{|��srhG� °ED<hT��h�hG{wx�c¼��~f�«±
��hTx�y�qutwp0t|¥]y�cfhz��hTx.y�qrtIp0¬#q²y�c¤y�qry�suh 132�4
68789;:8<�>@?=A�B=A�1 ¬#qrsus���hT��~fsry¦qrp¤tIpfh<��tIsr~fy�qutwp¤t|¥�y�c�hzg¤{My�x�cfqrp�v
����tI�fsrhTg ¬#qry�c

y
��tw~fp©�/y�t�qry��<y�qry�suh*{wp��

z
y�t�q²y��zx twpay�hTpIy�� °<º�tw��h�vwhTpfh ��{|s+�a~fhT��quhT�#y�t��f{|y�{w��{w��hT�

g¤{_���©h*h�ª«�f��hT����hT�/{w��pftwp�srqupfhT{w�z�f~fyo��y���{My�qr³�hG��x�tIpIy�h�ª�y�g¤{|y�x�cfqupfv��f��tw��srhTg0�T°F.�tw��h�ªf{|g0�fsuhw´�¬¨h
g0quvwcay#c�{_£wh%{0�f{|y�{|�©{w��h

db
qup/{0g*tI��hFG�h ª�qu�fsuhH*�º-,^±½suqI(who¥§tw��g¤{My#srqI(wh

.(book(.(author(a1), .(title(t1), nil))),

.(book(.(author(a1), .(title(t2), nil))),

.(book(.(author(a2), .(title(t3), nil))), nil))),

¬#c�h ��hKJ
. L qu�<{*�fqup�{w����suq}�Ey�x twp���y���~�x�y�tw��y�t¤h p�x t��fh%£_{w��q}{|��srh%{|��qryE�w° ¢ hkx {wp!�fq}x�(�tI~«y#y�c�h%y�qry�suhT�#tw¥

y�cfh%��tat�(«�dt|¥,{w~«y�c�tw�
a1

¬#q²y�c¼{*�a~fhT���

X(book(Y (author(a1))))) = db ∧ X(book(Z(title(x))))) = db

���¼sut�t5(�qrp�v!{Myoy�c�h*��~f����y�qry�~«y�qrtIp¾¥§tI�
x
°kbdcfq}�4�I~�h ���¼qu�4��y���{My�qr³�hG�­´]�©hGx {|~©��h�y�cfh�yE¬�t!t«x x ~f����hTp�x�hG�

tw¥
X

c�{_£whoy�cfh���{wg0ho����h ³fª�t|¥6x�tIpIy�h�ª�y#£M{|��qu{w�fsrhG�#{|��tM£wh�y�cfhTg/´f¬#cfq}x�c!q}�#h g0�«yE��cfh ��hw°
bdcfhG��h/yE¬�t¯h�ªf{wg*��srhG�¤��cftM¬2y�c�{|y!x�tIpay�h�ª�y¤g¤{My�x�cfqrp�v x {|p���h¼~���hT����qug0qrs}{|��su� y�t@*��U{My�cNM ��O

g¤{|y�x�cfqupfv4¬#cfq}x�c�q}�6~���hT�*qrp�y�c�hK*o¹;,«bµy���{|p���¥§tw��g¤{My�qrtIp�su{wpfvw~©{|vwhPM �
O«¥§tw��*oº-,¼�«t«x�~�g*hTpay��T´|¬#cfq}x�c
¬d{w��tw~f�!qrp�q²y�qu{ws�g0t|y�qr£M{|y�qutwp y�tP��y�{|��y!��y�~��f�aqupfv x�twpay�h�ª�y!g¤{My�x�cfqupfv�°RQÞp y�cfh�x�tIpIy�h�ª�y!tw¥S*�º-,
����t«x�hG����qupfv�y�cfh ��h¼{|��h!twy�cfhT�¤�f��tI�©ta��hG�¯¥§tI��g¤{|suq}��g¤�0��~©x�c {I����h vI~fs}{|�0h�ª«�f��hT����qutwpµg0{|y�x�cfqupfvTMIUWVWO
y�c�{My*�«qr��hTx�y�su��y�{�(wh¤qupay�t�{Ix x�tI~fpay%y�cfh¤£M{w��q}{|�fsuh�{|��qryE��t|¥K*�º�, ���¸{|susutM¬#qrpfv/��h vI~fsu{w�%h�ª«�f��hT����qutwp©�
tM£Ih �Z{w��vI~fg0h pay��T°XQÞp�tw~f�dx�tIpay�h�ª�y¦y�cfq}��x tw~fs}�¤��ho��qugk~fs}{My�hT�0���0~���qupfv*{|��vw~fg0h payZsuq}�Ey��Z�fsu~�����h vw~�su{w�
��hT��y���q}x.y�qutwp©��tIpky�cfh<x�tIpay�h�ª�y��,y�c�{|yZx {|p*��h#qrp���y�{wpay�q}{My�hG��¥§tI�¦{4x�twpay�h�ª�yU£_{w��q}{|��srhI°,bdcfq}�6¬�tw~fs}��{wsrsutM¬
~©�zy�t/�©twy�c¸��h �©{|��{My�hky�cfh0suqu��y%~���hT�¼¥§tI�4h gk~�su{|y�qupfv!£M{w��q}{|�fsuh�{w��qryE�/¥§��twg t|y�cfh �o¥§~fp©x.y�qutwp®���ag��©tIsu�
{wp��/y�t!hTp«¥§tw��x�hky�cfh���hTvw~fs}{|��h�ª«�f��hT����qutwp/yE����hT�T°4b�hTx�c�pfquxT{|susr�¼��~�x�c���h vI~fsu{w�z��hT��y���qux�y�qutwp���x�tI~fsu�¾�©h
h ª«�f��hG����hT�����0»¨tIg*tIp � �6g*hTgk��h ����c�qr�¤x�tIp���y���{|qupIy��EM V«´5Y
O·° ¢ h#��h suqrhT£whdy�c�{MyUy�cfhzx�tIg0�fsrh ª«q²yE����hG��~fsry��
tw¥Uy�cfq}����{|��h �o��hTg¤{|qup¼£_{wsrq}��~�p��«h ��y�c�h�{w���«q²y�qrtIp�t|¥Z��~�x�c¾{���hG�Ey���q}x.y�qrtIp^´�c�tM¬¨hT£wh �z¬¨h*x�cft�tI��h�pft|y
y�t¤�«qu��x�~©���dqry<qrp¼�«h y�{wqrs­y�t/(wh hT��y�cfh%�f��hT��h pay�{|y�qutwp���qug0�fsrhI°

ý�ý Ð
Zfì�å.ç.æ
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 pft|y�cfh ��{|�f�fsuq}x {My�qrtIp {|��hT{¸¥§tw��g¤{|y�x�cfqupfv®y�hGx�cfpfq}�a~fhT��qu��y�h ��g
��h ¬#��qry�qupfv M)U O½° QÞp ��y�{|p©�f{|���
y�h ��g���h ¬#��q²y�qrpfv�y�c�ho��~fsuhT�#{w��hoqrg0�fsuq}x�qry�su��h�ª�y�h p��«hG������{wsrsutM¬#qupfv�{wp�{w���fqry���{|���¤x�tIpIy�h�ª�y<{|��tM£wh�y�cfh
g¤{|y�x�cfqupfv���tI��q²y�qrtIp^´�{|p��0�f��hT��h ��£�qrp�v�y�cfq}�¨x twpay�h ªay¨tM£wh �¨{%��hT¬#��qry�h<��y�hT�^° QÞp�g¤{|p��0��qry�~�{|y�qutwp��Zg0tw��h
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X(l) ⇒ X(r)

y�c©{My¤qu�0{w�f�fsuquxT{|�fsuh/twpfsu� {My*y�cfh/��t�t|yT´�{|p�� ¥§tw�*³�pfhT�
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qug0�fsuqux q²y#{|p���y�cfhocftIsrh�qu�¨y�c�ho��qrp�vwsuhzt«x x ~f����h p©x�hztw¥­y�cfh4��tw~fp©��£M{|��qu{w�fsuhw°6bdca~©�¨x twpay�h ªaydg¤{My�x�cfqrp�v
q}�Z{k��hG�Ey���q}x.y�hT��¥§tw��g t|¥­suqrpfhG{|�¨cfqrvIcfh ��±·tw���«h �Ug¤{My�x�cfqupfv�´a¬#cfq}x�c¤¬�{I�Z��cftM¬#p0y�t���h�¶z�U±Þx�twg0�fsuh�y�hz���
�fh¨lo��t�twy�hKM �3O½°XD<hT��hUsuqrp�hT{|�+g*hG{|p��^y�c�{|y+twp�sr�o��tIsr~«y�qrtIp��­¬#cfhT��h¦{wsrs|¥§~fp�x.y�qrtIp��+{w��hUsuqupfhT{w�T´GqQ° hw°Gx�tIpIy�{|qup
hG{wx�c�tw¥Uy�cfhTqr�4��tw~fp©��£M{|��qu{w�fsuhT�<h ªf{wx.y�sr�/tIp�x�hI´]{w��h�x�twp©��q}�«h ��hT�^°obdcfq}��c�{w���©hTh p¸h�ª�y�hTp��«hT��y�t!y�cfh
xT{w��h�¬#c�h ��h4{0��tw~�p���£M{w��q}{|�fsuh4g¤{_��t«x x�~��<{My#g0tI��y

k
y�qrg0hT�<�a���ztI~fvwcfhT��yE��{wp�� ¢ qrhT� >T�fqux�(�q�MIUT�
O½´

¬#c�h ��h<¶<�U±Þx�tIg*��srh y�h p�hT���¦cftIsu�f�U¥§tw�
k = 1

{|p��0�«hGx�q}�f{|�fqusuq²yE��¥§tw�
k ≥ 2

° 
 p�{|suvwtI��qry�cfg�¥§tw�¦vIh pfhT��{ws
��hTx twp��«±½tI���«hT�4g0{|y�x�cfqupfv¼q}�%vwqu£whTp®�a� D<~�h�y�{wp�� ,+{|p�v@M)UWY3O½°�»¨~f��qrhTp^´���qu{wp®{wp��¯¹�cfqFM ��O¨vwqu£wh¤{wp
{wsrvItw��q²y�cfg�¥§tI�Z��hGx�tIp���±·tw���«h �,g¤{My�x�c�qrpfv4y�c�{My¨qrg0�f��tM£whG��h+;�x�quh p�x ��¥§tw�¦y�cfhzxT{w��hdt|¥]��quvwcay�±·c�{wp�����q}�«hT�
¬#qry�c¼g¤{wpa����tw~fp���£_{w��q}{|��srhG�<{|p���¥§hT¬�x�twp©�Ey�{|pay��T°<¹�hTx twp���±·tw���«hT�<{|p���y�cfqr���/tw���«hT�<g¤{My�x�c�qrpfv!{|��h
¶z�U±Þx�twg0�fsuh�y�h M��WO·´]¬#cfqrsuh�¥§tI~f��y�c«±·tw���«h ��g¤{My�x�c�qrpfv�qu�4�«hGx�q}�f{|�fsuh��f~fy4¶ ��*z�ZbEQEº �U±½c©{|��� MÎi�� O·° .ftw�
tI���fh ���#{|��tM£who¥§tw~f�zq²yoqu�<��y�qusus+tw��h p¼¬#c�h�y�c�h �<cfquvwc�h ��±½tI���«hT�#g¤{My�x�c�qrpfv¤q}�<�«hGx�q}�f{|��srh0MIU5U O½°d�#hTx h pay�su�
,+tI{I�«h �4c�{I�%��cftM¬#p¸y�c©{My�cfquvwcfhT��±·tw���«hT�o��h�y�{M±·g¤{My�x�c�qrpfv/q}�4~fp��«hGx�q}�f{|��srhI´+�f~«yky�cfq}���«t�hT��p � y�qrg0�fsu�
{wp��Iy�cfqupfv¤{|��tw~«y<�«hGx�q}�f{|�fqusuq²yE��tw¥�y�cfh%��h�y�{|±½h y�{0x {I��h/MIUT�3O·°

Dzqr��{My�{f´��Z{|g¤{w�f{¼{wp��@Dz{w��{wt M)UT�
O¨c�{_£Ih��Ey�~��«quhT��y�cfh�x�tIg0�fsrh ª«q²yE��su{wp��f��x {w�©h¤tw¥�y�cfh���hTx twp���±
tI���fh �kg¤{|y�x�cfqupfv¾����tI�fsrhTg ¬#q²y�cµ��hT���©hGx.y*y�t¸��h £Ih ��{|s¨��hG�Ey���q}x.y�qrtIp�� ´6q½° hI°®pa~�gk��h �0t|¥z��hTx twp���±·tw���«hT�
£M{w��q}{|�fsuhT�T´�p�~fgk��h �#tw¥,t«x x ~f����hTp�x�hG�¨tw¥�£M{|��q}{|�fsuhT�T´«vw��tw~fp©�­´a¥§~fp�x.y�qrtIp«±½¥§��hThw´f�f~fy<pft|y<��y���{My�qr³©xT{My�qutwp+°
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o{wp���y�cfhoyE¬¨tw±·x twpay�h ª�y�±·£_{w��q}{|��srh#¥§��{|vIg0h payPMÎi|�
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x tw����hG����twp©�«qrp�vkg¤{My�x�cfqrp�v*����tI�fsrhTg¤�d¬¨h%{|s}��t0x twp���q}�«h �G°
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tw¥¨x�tIpay�h�ª�y
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x, y, z
¥§tI�+qup��«qu£�qu�«~©{|s

£M{w��q}{|�fsuhT�T´
X, Y, Z

¥§tI�ox twpay�h ª�y�£M{|��qu{w�fsuhT�T´
a, b, c, d
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¥§tw�¨��twg0hzx twpay�h ª�y
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¢ h¨{wsu��tzx�tIp���qu�«hT� � ��* ��� �  ����8�!������<w´ ¬#c�qux�c�{w��hUy�h ��g¤�+¬#qry�ck{wp�{|���fqry���{|���zp�~fgk��h ��t|¥ft«x x ~f����hTp�x�hG�
tw¥�y�cfh�cftwsuhw° 
 ,C	�� ,8� 	 � ��* � � �  ����8�!�����]qu�,{#g�~fs²y�q²±Þx�tIpay�h�ª�y+¬#qry�c*{My+suhT{I�Ey�yE¬¨tzcftwsuhT�T° ¢ hZ¬#��q²y�hZgk~�s²y�q²±
x twpay�h ª�y��¦{I�

C[2, . . . , 2]
°U¹«~�x�c�{%g�~fs²y�q²±Þx�tIpay�h�ª�y¦g¤{_�*�©h�£aquh ¬�hT�¤{I�¦{���hTx twp��0tI���«hT�¦s}{|gk�]�f{4y�h ��g

λx1 . . . λxn C[x1, . . . , xn]
¬#cfhT��h4y�cfh%�©tI~fp���£M{|��qu{w�fsuhT�

x1, . . . , xn

t«x x�~��#hT{wx�c�h�ªf{Ix.y�su��tIp�x�h%{|p©�
qup¯suh�¥Ñy�±½y�tw±½��quvwcay%tw���«h �G°!¹�t

f [2, 2]
x�tI����hT����twp��f�oy�t

λxλy f(x, y)
�f~«y�pft|y%y�t

λxλy f(y, x)
° ¢ h

g¤{_�/��h �fs}{wx hk{���~f����h�yot|¥ZcftIsrhG�z����y�hT��g¤������¬#��qry�qupfv�¥§tI��qup���y�{|p©x�h
C[. . . , s1, . . . , s2, . . . ]

¬#c�h ��h
y�cfhk�«twy��<��y�{wp��!¥§tw�<c�twsuhT�T° ¢ cfhT��h�¬�h%pfhThT��y�t¤��h�g0tw��h%�f��hTx qu��h4¬¨h%¬#��q²y�h

2
k
¥§tI�

k
cftwsuhT�<{wp��

2i¥§tI�%y�c�h
i
±Qy�c¯cftwsuhw°/¶<twy�h0y�c©{Myk¬�h��«t¼pftwy�{|susutM¬�£M{|��qu{w�fsuhT�4y�c�{My���y�{wp��¸¥§tw��g�~fsry�qr±·x twpay�h ªay�� ´6{|p©�

y�c�{My#y�cfh ��h%{|��h4pft0cftwsuhT�dqup
C[2, . . . , 2]

�©hG��q}�«hT�#y�cfh%tIpfhT�dqup���qu�«hoy�cfh����a~�{w��h4�f��{wx�(Ih�y�� °

 < ��� < �������;��� �
�*q}�,{�g¤{|�f��qrpfvz¥§��tIg�qrp©�«qr£�q}�«~�{wsa£M{w��q}{|�fsuhT�+y�t�y�hT��g¤�,{|p���¥§��tIg x�tIpIy�h�ª�y�£M{w��q}{|�fsuhT�

y�t�x�tIpIy�h�ª�y��T´©��~�x�c�y�c©{My�{wsrs^��~«y<³�pfqry�hTsr��g¤{|p���qup��«qu£�qu�f~�{|s�£_{w��q}{|��srhG�#{|��h%g0{w�f��hT��y�t�y�cfhTg0��h su£whG� ´
{wp��¾{wsrsU��~«y4³�pfqry�h su��g¤{|p���x twpay�h ªay4£M{|��qu{w�fsuhT�o{|��h�g¤{|���©hG��y�t�y�cfh g¤��h su£whT�4{w�f�fsuqrhG��y�t�y�cfh0cftwsuhw°
¹«~f����y�qry�~«y�qrtIp��<{|��hoh�ª�y�hTp��«hT�!y�t0y�h ��g¤�#{w��¥§tIsrsutM¬<�+�

f(t1, . . . , tn)σ = f(t1σ, . . . , tnσ)

xσ = σ(x)

(X(t))σ = σ(X)[tσ].

¶zt|y�h�y�c�{Myz��~f����y�qry�~fy�qutwp��<xT{|pfp�t|y#qrpay���t«�«~�x h4tw�#��h g0tM£whocftwsuhT�T°

 �!� 	 � ���+�8�
��� �
� q}�0{|p hT�a~�{|y�qutwpµ��h�yE¬�h hTp x twpay�h ª�y�y�h ��g0�T´¨{wp�� {  ��
���������������8��� � ��� qu�0{wp

hG�a~�{My�qrtIp¤�©h yE¬¨hTh p�x�tIpay�h�ª�y�� ° 
 p ���+�8�
��� �
�
s ≈ t

qu�¨{|p�hG�a~�{My�qrtIp¤�©h yE¬¨hTh p¤gk~�s²y�q²±Þx�tIpIy�h�ª�y��T´a¬#cfqux�c
vIh pfhT��{wsrq > hG��y�hT��g {|p©�¼x�twpay�h�ª�yzhT�a~�{|y�qutwp^° 
 ��~f�©�Ey�q²y�~«y�qutwp

σ
q}�o{ < ��* �;��� �
��t|¥¦{|p¼hG�a~�{My�qrtIp

s ≈ tqr¥
sσ = tσ

° 
 � ���� �"#���#$ �����8��� � ��� qu�0{wpµhT�a~�{|y�qutwp
s ≈ t

¬#cfhT��h
t
�«t�hG��p � y¤x�twpay�{|qupP{|p���¥§��h h

£M{w��q}{|�fsuhT�T°Ubdc�~��
σ

qu�<{¤��twsu~«y�qrtIp!tw¥6{*g¤{My�x�cfqrp�v¤hT�a~�{My�qrtIp
s ≈ t

q²¥
sσ = t

° 
 � �
�! �"#���%$(,C	��)�+*)� �
����< ������ ���q}�z{¤x twpM�E~�p�x.y�qrtIp¼t|¥Ug¤{My�x�c�qrpfv�hT�a~�{My�qrtIp��T´�{|p���y�cfh < ���W��t|¥¦{|p/qup��Ey�{|p�x h�q}�#y�c�h�p�~fgk��h �
tw¥6¥§~fp�x.y�qrtIp�{|p��/£M{w��q}{|�fsuh����ag��©tIsu�<q²y�x twpay�{wqrp©� °db+¬�t¤qup��Ey�{|p�x hT�<{w��h ���+�;� '3� *)� �8�#qr¥Uy�cfhT�!c�{_£Ih4y�cfh
��{|g0hz��h�y�t|¥+��twsu~«y�qutwp©� ° 
 � �
�! �";���%$:,C	��)�+*)� � q}�Z{k��h�y�t|¥^qup���y�{|p©x�hT�T´I{wp��0y�cfh��a~fhG�Ey�qrtIp¤¥§tw��{�vwqu£whTp
qup���y�{wp�x�h¤q}��¬#cfh y�cfhT��qrykqu����tIsr£M{w�fsrhI° ¢ h�¬#qusrs�{|s}��t�xT{|susUy�cfh�srh ¥Ñy�±·c�{|p��¯��q}�«hT�%tw¥<{|p®qrp©�Ey�{|p�x h¤y�cfh
�+�8� 	��4{wp��%y�cfhd��quvwcay�±½c�{wp�����qu�fhT��y�cfhS
��
�!�f°Ubdcfh��+�8� 	��S �� � ,�*)��������� �Ý��hG���+°Ty�cfhS
5�����  �� � , *)���5���	� �,tw¥
{�g0{|y�x�cfqupfv��f��tI�fsuh g tw�¨{wp�{|suvwtI��qry�cfg ¥§tw�¨q²ydq}�Uy�c�hox twg0�fsuh�ª«q²yE�*¬#cfhT��h<tIpfsu��y�cfh��a~fhT�����§��hT���^°Iy�cfh
��{My�{ �¨£_{w��quhT�#{wp���y�cfh��f{|y�{��§��hT���^°�y�cfh��a~fh �����Zq}�d³fª«hG�­°

 � Ä��ZÄ ���Ý��� Ä���
 ����,),8�/< ����"8� 	��+���5� < ��<H��� *I����< �E�����(<�� � ����* �����
	 ���	� ≥ 2 ��� "8� �

� � � �
	 �����  ��
��� �;�� � � ��� ��� ��� 	 � ���+�8�
��� �
��<P� "=� 	��+����� < � <���� �����;� '
��*)� �8� �!� 	 � �����8��� � �������
�C

� � � �
	 �������!� 	 � �����8��� � ����� "=� 	�� ����� < � <S�
� ���+�;� '
��*)� �8�K ��
�8�!���5�E�����8��� � ��� �

�E	�� ������,+h�y
h

��h�{�¥§~fp�x.y�qrtIp¼����gk��tws­tw¥6{w��qryE�
k ≥ 2

°
� U � .ftI�<{*x twpM�E~�p�x.y�qrtIp

s1 ≈ t1 ∧ . . . ∧ sn ≈ tn
y�{5(wh

h(s1, . . . , sk−1, h(sk, . . . , h(. . . , sn) . . . )) ≈ h(t1, . . . , tk−1, h(tk, . . . , h(. . . , tn) . . . )).

�½i�� .ftI��{�vIqr£Ih p®y�h ��g hT�a~�{My�qrtIp
s ≈ t

y�{�(Ih
h(2, s, . . . , s) ≈ h(2, t, . . . , t)

{I��y�cfh!x twpay�h ª�y
hG�a~�{My�qrtIp^°
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 � Ä��ZÄ ���Ý��� Ä��#6 ����,),8�/< � ��"8� 	��+����� < �E�  ����;�8�!�)�+* �0���W��������� ��� � ��� 	����� ��
��<��!�
��� <�� � ����* < � � "8� ������  ��
��������� � �
�! �";���%$������8��� � ���  ��
� ���S	���
��8 ���
��!� ��� �����;� '
��*)� �8�E�!� 	 � �����8��� � ��� �
�E	�� �����k�<h �fs}{wx h�y�cfh�cftIsrh0tIp���t|y�c¯��q}�«hT��t|¥�y�cfh¤hG�I~©{My�qutwp����¸{¼x twp���y�{wpIy%pftwy�t«x x�~�����qrp�v!qup®y�cfh
����tI�fsrhTg/°

2

Q·¥6¬¨h%c©{_£wh4{|p�hT�a~�{My�qrtIp!��h�yE¬�h hTp/gk~fsry�qr±·x twpay�h ª�y��T´ahI° v©°

C[f(C1[2], C2[2])] ≈ D[g(D1[2], D2[2])],

y�cfh p¼hTq²y�cfh �
f 6= g

{|p���y�cfh ��h%q}�<pft���twsu~«y�qrtIp^´ftw�z¬¨hkxT{|p¼���fsrqryzy�cfq}�<hT�a~�{|y�qutwp/qupIy�t¤y�c�h�hT�a~�{|y�qutwp��
C[] ≈ D[]

´
C1[] ≈ D1[]

{wp��
C2[] ≈ D2[]

´M��hT�f~�x�qupfv#y�cfh¨g�~fsry�qr±·x twpay�h ªay,hT�a~�{|y�qutwp4y�to{|p�hG�a~fqr£M{wsrhTpIy
x twpM�E~�p�x.y�qrtIp�tw¥�x twpay�h ªay�hG�a~�{My�qrtIp�� °/QÞp�y�c�qu�%¬d{_��¬�h¤x {|p�h suqug*qup�{|y�h�{|sus¦�f��tw��h �%g�~fsry�qr±·x twpay�h ªay�� ´
��h h4�¦��tw��tI��qry�qutwp UT�k¥§tw�<{*¥§tw��g¤{|s�y���hT{|y�g0h payG°


 x twpay�h ªay¦g¤{|y�x�cfqupfv4�f��tw�fsuh g qup���y�{wp�x�hdq}�¦x {wsrsuhT� * ��������	�qr¥�hG{wx�c*£M{|��qu{w�fsrhdt«x x ~f���,{|y¦g0tI��y6tIp�x�h
{wp�� � �����5
��  %qr¥6{wsrs]¥§~�p�x.y�qrtIp/����gk��tws}�dt«x x�~�����qrp�v�qup/q²y<c�{_£Iho{wp¼{|��q²yE�¤tw¥6{|ydg0ta�Ey<tIpfhw°

bdcfh '3��	 � �)�+*)� ,C	�� �X��tw¥^{|p¤t«x x ~f����h p©x�hdqrp!{oy�h ��g qu�¦y�cfho��hG�I~�h p�x h#t|¥^x�tIpIy�h�ª�yZ£M{|��q}{|�fsuhT�UtIp0y�cfh
�©{My�c¾¥§��tIg&y�cfh0��tatwyo�«tM¬#p�y�t/{|p��¾qrp�x sr~©�«qrp�v�y�c�{My4t«x x�~�����h p�x hw° � 
 x�tIpay�h�ª�yog0{|y�x�cfqupfv��f��tw�fsuh g
qup���y�{wp�x�h�q}�zxT{|susrhG� <���	���� � � ��
�qr¥U¥§tw�zhT{wx�c¼qup��«qu£�qu�f~�{|s�tw�zx twpay�h ªay�£_{w��q}{|��srh�{wsrs�t�xTx�~f����h p�x hT�#tw¥,y�c�{My
£M{w��q}{|�fsuhoqrp�y�c�h%�f��tI�fsuh g�c�{_£Ihzy�cfh���{|g0h4£_{w��q}{|��srh4�f��h�³fª­°
�:� ��� � � À�� � "=� ,�	��)�+*)� �

X(f(Y (g(a, x)), Y (g(x, Z(z))))) ≈ f(g(a, b), b)

� < < ��	��
��� ����
 �
X
"=� ' ���#$�� "=��,�	�� �X�

X
�

Y
� "=��,�	�� � �

XY
�

x
� "=��,�	�� � �

XY x
�

Z
��"8� ,C	�� �X�

XYZ����

z
� "=� ,�	�� � �

XYZz �
�:� ��� � � À��

X(Y (2)) ≈ f(g(2)) ∧ Z(X(2)) ≈ h(f(2))
� <H�C�
� < ��	��
��� ����
 � ���� ���� < �

X
�  � +�;	 <������ "�� "=� '
�
	 � �)�+*)�-,C	�� �X�#� <

X
�
�C


ZX �

 � Ä��ZÄ ���Ý��� Ä��
	��  ����8�!����� � ���� �"#���#$ ,C	��)�+*)� � "8�/< ��� � �/< �E����,=����� �8��� ��* * � � �����=< ��* �;��� �
��< �
�E	�� ������¹«~f�f��tI��h

l ≈ r
q}��{wp�qrp���y�{wp�x�h¾t|¥�x�tIpIy�h�ª�y�g¤{My�x�cfqupfv�° QÞp { ��twsu~«y�qutwp hG{wx�c�t|¥4y�c�h¾{My

g0ta�Ey
|l|

x�tIpay�h�ª�y4£M{|��qu{w�fsrhG�oqrp
l
c�{w��y�t���h¤qup��Ey�{|pay�q}{My�hT�¸���¾{/��~f�]x�tIpay�h�ª�y%qup

r
´�tw¥¨¬#cfq}x�c¸y�cfhT��h

{w��h
O(|r|2)

° ��p�x�h�x twpay�h ªay�£M{w��q}{|�fsuhT�%{w��h¤qup���y�{wpIy�qu{|y�hG�¾y�cfh ��h�q}��{My�g*ta�Ey�tIpfh���twsu~«y�qutwp�¥§tw�ky�cfh
qup��«qu£�qu�f~�{|s­£M{|��q}{|�fsuhT�T´f��t*y�cfh ��h%{|��h4{|y#g*ta�Ey

O(|r|2|l|)
��tIsr~«y�qrtIp��T°

2

�:� ��� � � À�
 � "#� <����#� � ,�*I� <�"=��� < ��"8�
�K� "=� 	�� � � � ���/��� ,8�
�C� ��� � � * * � � ����� ���� �� � ,=��	��)�+*)� < � * ������ �
��< � �
	S�� ��
��������� � ���� �"#���#$:,�	�� ��*I� � ����'
� � ��� � "=�4* �������
	 � �
����

�   ���< � ��"8�
��� <P���� +* �8
5��
+������* *
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,C	��)�+*)� � <S��	����
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0��� � "#� < ,8� ,8� 	 ���# ���,C� � ��	S� "=� k
�  ��
��������� '
�
	 � �)�+*)� ��	�� $ � � �8� ��� �
	 < � � ,�* �  ����� � �� � ��� � 	��5 ��5� ��<���< ���C ��+��* * � ,8� 	��
�!�
	 < �
	�� � �
�C�5

�  � � � ����"8� � ��* ��� �  ����8�!���������+�8�
��� �
� ���

X1Y1hX2Y2h . . . hXnYn(a) ≈ ghgh . . . hg(a).

������ ���� "=� 	��0� <+� "=� < � � �0��� � ��� 	�� � h � <���� ���
� " < � 
5��<�� ��"8�  ��
��������� '
�
	 � �)�+*)��<  ��
� ����* � � �
�! �"
� "=�

g � <���< �0��"8� 	��+�
	��S� � �4,8�/< < � ��*I�(< � * �;� � ��� < � �
	����� �"=,=����	 Xi, Yi

� �� ��
��������� '
�
	 � � ��*)��< �

Xi Yi

2 g(2)
g(2) 2

������ �� ��"8� < � * �;��� �
� <  ���� ���/ �� � � ���C��
 ���C
5�8,=� ��
�� ����* � �E� "=� ��� � ��� 	���� < ��* �;��� �
��<S� < 2n
�K�
��
 � " � <

����,=����� �8��� ��* �

� �®���!�#"�$ 	����������0� 13"4�,5,������79��=���� 8

���
	��
� ,^qupfhG{|�z»¨twpay�h ª�yzº�{My�x�cfqrp�v � ,,»�º �
���
�������
���
� 
 suqrpfhG{|�#x�tIpay�h�ª�y<g¤{My�x�cfqupfv0hT�a~�{My�qrtIp

s ≈ t
°

��� ������������� QE�
s ≈ t

��twsu£M{|�fsuh! 
,+qrp�hT{|�ox�tIpIy�h�ª�yzg¤{My�x�cfqupfv�q}��{wp¼qrpay�h ��hT��y�qupfv����©hGx�q}{|s6x {w��h�tw¥Zx�twpay�h�ª�y�g¤{My�x�cfqupfv�¬#cfhT��h�£M{w��q}{|�fsuhT�
xT{|p���hd��hTvI{w���«hG�%{w��¬#qrs}�fxT{|���f�^¥§tI�,x twpay�h ª�y��T° ¢ hdxT{|pk��twsu£wh¨srqupfhG{|�6x�twpay�h�ª�y,g¤{|y�x�cfqupfvz����tI�fsrhTg¤�+���
�f�ap©{|g0qux��f��twvI��{wg0g*qupfv©° ¢ h#��~fqrs}�¤{�y�{w�fsrhd¬#cfq}x�c*¥§tw�UhT£wh ������{wqr�Utw¥�{%��~f�«y�h ��g

s
tw¥©y�cfh#srh ¥Ñy�±·c�{|p©�

��q}�«h�{wp���{k��~f�«y�h ��g
t
t|¥­y�c�h���qrvIcayZc�{|p©����q}�«h�t|¥­y�c�h��f��tw��srhTg ��hTx tw���f�¦¬#cfh y�cfhT�

s
g¤{My�x�cfhT�

t
° ¢ h

{I����~fg0h%y�c�{My�¥§tw�zhT£whT������~f�fy�h ��g ¬¨h�(ap�tM¬ ¬#c�h�y�c�h �<y�cfh ��h�q}��{�cftwsuhkqup¼q²y!"]y�cfq}�<qup«¥§tI��g¤{My�qrtIp�x {wp
��h�x�tIg0�f~«y�hG��qup/srqupfhG{|�dy�qug0hw°¦bdcfh4y�{|�fsuh%q}�d�f~fqus²y<��hTx ~f����qu£wh su�0¥§��twg y�cfh%�©twy�y�twg2~�� �

# Q·¥
s
qu�#{wp�qup��«qu£aq}�«~�{ws^£M{|��qu{w�fsuh<y�c�h p�y�cfh%{wp���¬�h �dq}�d�whG�¨qr¥U{|p���twpfsu��qr¥+y�c�h ��hoq}�dpft0cftIsrh4qup

t
°

# Q·¥
s = f(s1, . . . , sm)

{wp��
t = g(t1, . . . , tn)

y�cfh p�y�cfh*{|p���¬¨hT�zq}�<�IhT�<qr¥Z{|p©�¼twpfsu��q²¥
f = g

´
m = n

{|p��
si

g¤{My�x�cfhT�
ti

¥§tI�
1 ≤ i ≤ m

°
# Q·¥

s = 2

y�c�h p�y�cfh�{wp���¬¨hT��q}�#�IhT�dqr¥6{wp���tIpfsu��q²¥
t = 2

°
# Q·¥

s = X(s′)
y�cfh p�y�cfh�{|p���¬�h �dqu�d�IhT�dqr¥6{wp��!twpfsu��qr¥

s′
g¤{|y�x�cfhG�#��tIg*h4��~f�«y�hT��g t|¥

t
°

,+h�y
n

��h/y�cfh¼��q?>Th!tw¥zy�cfh/�f��tI�fsuh g/° ¢ h/c�{_£wh
O(n2)

y�{|��srh/h pay���quhT�*t|¥4x�tIp��Ey�{|pay¤��q > hI´Z{|p��µy�t
x twg0�f~«y�h�hG{wx�c!h pay����¤¬¨hopfhThT��{Mydg*ta�Ey

O(n)
��y�hT���T° Dzh p�x hoy�cfh%{|suvwtI��qry�c�g ~©��hG�

O(n3)
y�qrg0h%{|p©�

O(n2)
����{wx hw´«{|p©��suqrpfhG{|�#x�tIpay�h�ª�ydg¤{My�x�c�qrpfv*q}�dqrp!�,°©¶<t|y�hzy�c�{Mydy�cfqu�d¬�tw~�su��pft0srtIpfvwhT�¨cftIsu��q²¥,¬¨h

¬�h ��h�y�t�{|susutM¬ £M{|��qu{w�fsrhG�¨¥§tw�<g�~fs²y�q²±Þx�tIpay�h�ª�y�� °

Ï�� ý ÏÑþ
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	��
� »¨twpay�h�ª�y<º�{My�x�cfqrp�v��·»�º �
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���
� 
 x�tIpay�h�ª�y#g¤{My�x�cfqrp�v*����tI�fsrhTg�qup��Ey�{|p�x h

P
°

��� ������������� QE�
P

��tIsr£M{|��srh  
�Z£wh pky�cftI~fvwc*x�tIpIy�h�ª�y6g0{|y�x�cfqupfvoqu�6¶z�U±½c©{|����qupkvwhTpfh ��{|s½´_q²yUq}�,pfh £Ih ��y�cfhTsrhG����qrpay�h ��hT��y�qupfvzy�to�fh £whTsrtI�
����{Ix.y�q}x {ws¦{|suvwtI��qry�cfg¤�o¥§tI��q²yG´,{I�4¬¨h¤c�tw��h¤y�c�{|y�g¤{|p��¾�f��{wx�y�q}x {wsrsu��qupIy�h ��hT��y�qupfv/qrp©�Ey�{|p�x hT�%¬#qusrs¨�©h
��twsu£M{|�fsuh#hT{I��qusu�kh p�tw~fvIc�y�t���h<~���h�¥§~fs½° ¢ h<¬#qusus�³�����y¦vwqu£wh<{%vIh pfhT��{wsf{|suvwtw��qry�cfg�¥§tw�Zx twpay�h ªay¨g0{|y�x�c«±
qupfvoqrp*y�cfqu�U��hTx�y�qutwp^´I{|p���y�cfhTp*qup�y�cfh�¥§twsusutM¬#qrpfv4��hTx.y�qrtIp��,g0t��fq²¥§�*{|p���h�ª�y�hTp���q²y6y�t4g0tw��h�h�;�x�quh pay�su�
��twsu£wh4��twg0h4hT{w����xT{w��hT�T´�{wp��/�«q}��x ~�����y�cfh�x�tIg0�fsrh ª«q²yE��tw¥,���©hGx�q}{|s^xT{w��hT�dt|¥6x�tIpIy�h�ª�y#g¤{My�x�c�qrpfv©°

¢ h!vIqr£Ih���~fsuhT�k¥§tw��x twpay�h ª�y�g¤{My�x�cfqrp�v¾�f��tw�fsuh g¤�*x�tIp���q}��y�qupfv�t|¥o{¾x�tIpM�E~fp�x�y�qutwp tw¥zhT�a~�{|y�qutwp��
��h�yE¬�h hTp gk~�s²y�q²±Þx�tIpIy�h�ª�y�y�h ��g0��¬#cfta��h!��quvwcay�±·c�{wp��®��q}�«h�q}��vw��tw~fp��^°¸�#~fsuhT�*{|��h�{w�f�fsuqrhG�¯g0t��f~fsrt
{I����t«x�q}{My�qr£�qryE��{wp��¾x twg0gk~«y�{My�qr£�qryE� � 
 » �<tw¥

∧
´­qQ° hw°u´­qrvIpftw��qupfv¤y�c�h�tI���«hT�ztw¥ZhT�a~�{|y�qutwp���qrp�{!x twp«±

�E~�p�x.y�qrtIp^° ¢ cfh p {®��~fsuh!¥Ý{wqrs}�0qry���hT¬#��qry�hG�0q²y��¤srh ¥Ñy�±·c�{|p©� ��q}�«h�y�t
⊥
° ¢ h/³�����y�vwqu£wh/�«twp � y�±Þx {w��h

p�twp��«h y�hT��g0qupfqu��y�q}xo��~�srhG��y�c�{|y<g0{_���©h�{w�f�fsuqrhG��hG{|vwhT��su� �
��À   Ä � �ZÄ � À

f(s1, . . . , sm) ≈ t → s1 ≈ t1 ∧ . . . ∧ sm ≈ tmq²¥
t = g(t1, . . . , tn)

´
f = g

{wp��
m = n

"�t|y�c�h ��¬#qu��hz¥Ý{wqrs½°
�¼Ä � À���À   Ä � �ZÄ � À

2 ≈ C[] → >
q²¥

C[] = 2

"ft|y�cfh ��¬#qu��h�¥Ý{|qusQ°
� 
��Ý��� Â $ Ä � � À � � $��Ý�f���

C[2m] ≈ D[2n] → ⊥
q²¥

m 6= n
°

� À ��� � À � !©À
x ≈ s ∧ x ≈ t → x ≈ s

q²¥
s = t

"ft|y�cfh ��¬#q}��h�¥Ý{|qusQ°
$ Ä�� � À�� � � À � !©À

X [] ≈ C[] ∧ X [] ≈ D[] → X [] ≈ C[]
q²¥

C[] = D[]
"«t|y�cfh ��¬#qu��ho¥Ý{|qusQ°

$ Ä�� � À�� � � ��� � � � �f� À
X [] ≈ C[] ∧ X(s) ≈ t → X [] ≈ C[] ∧ s ≈ t′

q²¥
s 6= 2

{|p��
t = C[t′]

"ftwy�cfhT��¬#q}��hz¥Ý{wqrs½°
¶zt|y�h�y�c©{My

s ≈ t′
qu�*{|pµhT�a~�{My�qrtIp¯�©h yE¬¨hTh p g�~fsry�qr±·x twpay�h ªay�� ´U{wp���y�c�{|y

t′
x {wp¯�©h/x�tIg0�f~«y�hG�¯qup

suqupfhT{w�dy�qug*hI°
.,qup�{|susr�¼¬�h*pfh hG�¾{��ftwp � y�±�(�pftM¬�pftwp©�«h�y�h ��g*qupfq}�Ey�qux���~fsrhky�c�{|yo��hT�a~fqu��hT����{wx�(ay���{wx�(�qupfv¤tM£whT��{wsrs

{w�f�fsuquxT{My�qrtIp��+�
5 �«���Q�«�
� À � � ���§�

X(s) ≈ t → X [] ≈ C[] ∧ s ≈ t′

q²¥
s 6= 2

{|p��
t = C[t′]

°

ý�ý Ð
Zfì�å.ç.æ
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 x�tIpay�h�ª�y*g0{|y�x�cfqupfv��f��tw�fsuh g q}��qup < � * '
��
 � ��	 � qr¥�{|susdq²y��*hT�a~�{My�qrtIp��*c�{_£wh�y�cfh�¥§tw��g
x ≈

t
tI�

X [] ≈ C[]
{wp���hT{Ix�c�£_{w��q}{|��srh¼t«x x ~f����{My�g0tI��y�tIp�x�hI° bdcfhT��h¼q}��{wp�tw��£�qrtI~��¤twp�h�±½y�t|±·twp�h

x tw����hG����twp©�«h p�x hz��h�yE¬�h hTp/��twsu£whG�¤¥§tI��g¤�#{|p©����~f����y�qry�~fy�qutwp��T°
�:� ��� � � À�� � "#� < ���#� � ,�*I��� * * � < � 	��
�!� < �	� ,��  �� * ���#�� ��;��� �
� ,8�/< < � � � * ����� ��< � ��	 � "=� ��	���� < � �
	 � �
��� �
�� * $%�
	 ��� " � � �
	  ����8�!����� � �
�! �";���%$ � �4<S���#� � , *)�  ���� < � 
5� 	S� "=�+���+�8�
��� �
�

X(f(Y (a), Y (g2))) ≈ f(ga, f(a, g2)).

�/� <�"=� � � � �4,8�/< < � � � * ����� ��< � �
	���� ���%�� +�;� � ��� �
� � � �
	 � � ��*I�S�),�* ��� � X [] ≈ 2 ∧ f(Y (a), Y (g2)) ≈ f(ga, f(a, g2))

� �� �� � ,8�/< ��� X [] ≈ 2 ∧ Y (a) ≈ ga ∧ Y (g2) ≈ f(a, g2)

� �
	 � � ��*I�S�),�* ��� � X [] ≈ 2 ∧ Y [] ≈ g2 ∧ a ≈ a ∧ Y (g2) ≈ f(a, g2)
� �� �� � ,8�/< ��� X [] ≈ 2 ∧ Y [] ≈ g2 ∧ Y (g2) ≈ f(a, g2)
���
�8�!���5��� * � � ��������� � � �
� *

� � � �
	 � � ��*I�S�),�* ��� � X [] ≈ f(ga, 2) ∧ f(Y (a), Y (g2)) ≈ f(a, g2) �
� �� �� � ,8�/< ��� X [] ≈ f(ga, 2) ∧ Y (a) ≈ a ∧ Y (g2) ≈ g2

� �
	 � � ��*I�S�),�* ��� � X [] ≈ f(ga, 2) ∧ Y [] ≈ 2 ∧ a ≈ a ∧ Y (g2) ≈ g2

� �� �� � ,8�/< ��� X [] ≈ f(ga, 2) ∧ Y [] ≈ 2 ∧ Y (g2) ≈ g2

���
�8�!���5��� * � � ��������� � X [] ≈ f(ga, 2) ∧ Y [] ≈ 2 ∧ g2 ≈ g2

� �� �� � ,8�/< ��� X [] ≈ f(ga, 2) ∧ Y [] ≈ 2 ∧ 2 ≈ 2

��� *)���+�� �� � ,=��< � � X [] ≈ f(ga, 2) ∧ Y [] ≈ 2

¢ h%pftM¬A�f��tM£Ihzy�cfh%x�tI����hTx�y�pfhG����t|¥,y�c�h�{|suvwtw��qry�cfg/°
1¨À � � ��	 � "=�/
5��� � �
�  ��
	���������
�� �!� 	 � ���8� < ���  S	 ��*I� < ,�	�� < � 	 '3����"8� < � �E���4< ��* �;��� �
��< �
�E	�� ����� ����qup����©hGx.y�qrtIp^°

2

1¨À � � ��
 � � �
P
���S�0 ��
��������� � ���� �"#���#$4,�	��)�+*)� � �
�C
=*)� �

P1, . . . , Pn

��� � "=�S ����8�!����� � �
�! �";���%$
,C	��)�+*)� � <E�)� ����������
 ��	�� � P

���F� * *�,=��< < � �+*)� � ,),�* �  ���� � ��� <K� � � �
	 � � ��*)���),�* ��� �!�P� � �
�! �"#���%$H���+�8�
��� �
� �
� "8� � � < ����< � ���
�;��� �
�0� <P�(< ��* �;��� �
� � � P

� �F����
/�
� * �S� � ��� � <F�(< ��* �;��� �
� � � < � � � Pi

� �
	
1 ≤ i ≤ n �

�E	�� �����kbdc�h�x twpay�h ªay0£M{|��qu{w�fsuh!{My*y�c�h���t�t|y0gk~���y0�©h¼��~f����y�qry�~«y�hT�P�a� ��twg0h�x�twpay�h�ª�yT° .�tw�0hT{Ix�c
��tI����qr�fsuh%x�cftwq}x�h4tw¥,{0x�tIpIy�h�ª�ydy�cfhT��h%q}�#{0x�tI����hT���©tIp��«qupfv0{|�f�fsuq}x {My�qrtIp!tw¥ 3 {w��q}{|�fsuh�¹��fsuq²yG°

2

1¨À � � � 
���
 � �  ��
��������� � �
�! �";���%$ ,C	��)�+*)� � � <0�����P��� < ��* '3��
�� �
	 � � "=� � �
������� � "=� 	 ��*)��<0� <
� ,), * �  ��)�+*)� �
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�E	�� �����SQ·¥+y�cfhT��h�qu�d{|p�hT�a~�{My�qrtIp�¬#qry�c!{��«q���hT��hTpIydp�~fgk��h ��t|¥�cftwsuhT�¨twp¤y�cfhosrh ¥Ñy�±¦{|p���twp¤y�cfho��quvwcay�±
c©{|p��®��qu�«h0y�cfh p®¬�h�{|�f��sr�¾º�~fs²y�q²±�»¨twpay�h�ª�y*»¨su{I��c+° 
 ¥Ñy�h ��h ª�c©{|~���y�qu£wh¤{|���fsrq}x {|y�qutwp®{|sus¦hT�a~�{|y�qutwp��
c©{_£wh�y�cfh���{|g0h4p�~fgk��h �#tw¥,cftIsrhG�dtwp��©twy�c¼��qu�«hG� °

Q·¥6y�c�h ��h�qu��{|p/hT�a~�{|y�qutwp/¬#qry�c�{0¥§~fp©x.y�qutwp�����gk��tws+{|y<y�c�h���t�twy<t|¥,y�cfh�srh ¥Ñy�±·c�{|p��/��qu�fh%y�cfhTp¼¬¨h
xT{|p¯{|���fsr� �zhGx�tIg*��tI��hw´,tw�%qr¥dy�cfh�srh ¥Ñy�±·c�{|p��¯��q}�«h¤qu��{/cftwsuh¤¬�h�{|�f�fsu� Dztwsuh �zhGx�tIg*��tI��hw° 
 ¥Ñy�h �
h ª«c�{|~���y�qu£whd{|���fsrq}x {|y�qutwp�t|¥�{wsrsay�cfhd��~fsuhT�U{w�©tM£Ih¨{wsrs«hG�I~©{My�qutwp©��qup�y�cfhd�f��tw�fsuh g�c©{_£wh¨y�cfh�¥§tw��g

x ≈ ttI�
X(s) ≈ t

°
b�t�{|p¼hG�a~�{My�qrtIp

X(s) ≈ t
3 {|��qu{w�fsrhk¹«�fsrqryoxT{|p/��h�{|���fsrquhT�^° 
 ¥Ñy�h �oh�ª«c�{w~���y�qu£wh�{|���fsrq}x {|y�qutwp/t|¥

{wsrs]y�cfh%��~fsrhG�#{|��tM£wh4{|sus­hT�a~�{|y�qutwp��dqup�y�cfh%�f��tw��srhTg�c�{_£wh�y�c�h4¥§tw��g
x ≈ t

tw�
X [] ≈ t

°
Q·¥d{!£M{w��q}{|�fsuh

x
tI�

X
t«x x ~f���og�~fs²y�qr��srh*y�qug0hT�oy�cfh p®b+hT��g�º¼h ��vwh�tw�k»¨twpay�h ª�y4º¼hT��vIh*xT{|p��©h

{w�f�fsuqrhG�­´«��hT���©hGx.y�qu£whTsr�I°
¢ h¤x�twp©x�su~��«h�y�c�{My%qr¥ZpftIpfh�tw¥¦y�c�h*��~fsuhT��qu�4{w�f�fsuquxT{|�fsuhky�cfh p¾y�cfh0�f��tw��srhTg&q}�oqrp���tIsr£IhT�/¥§tI��g/°

2

¶zt|y�h<y�c©{Mydgk~fsry�qr±·x twpay�h ª�y��Z{w��hox�tIpa£Ih ��y�hG��qupay�t�y�hT��g¤��{|p���x twpay�h ª�y��¦���*y�c�hox twgk��qrp�{|y�qutwp�tw¥ 3 {|��q²±
{w�fsuh¤¹«�fsrqry�{|p�� ��hTx�tIg0�©ta��hI´^¬#cfq}x�c¸hT£wh pay�~�{|susr�¸��hT��{|��{My�hT�zy�cfh¤cftIsrhG�ot�xTx�~f����qrpfv�qup¸��{w��{wsrsuh sU��~f�«±
y�h ��g¤� ° ��~fh<y�tky�cfh��«tIp � y�±�(ap�tM¬ pftwp��fh�y�hT��g0qupfq}��g t|¥ 3 {w��q}{|��srh4¹��fsuq²y�y�cfq}�¨qu����{My�c�h �Zqupfh+;¤x qrhTpay "�¬¨h
¬#qusus+�«q}��x ~����#{*��h�y�y�h �zg*h y�cft«��qup¼¹«~f����hTx.y�qrtIp�Vf° ��°
1¨À � � � 
 
 � "8�+� ,), * �  ��
��� �
� � �H	 ��*I� < ��� 	 � �����
�!��<S������� 	��
� � �/< � O(n)

< ���8, < �
�E	�� �����kbdc�qu�6¥§tIsrsutM¬<�,¥§��twg �¦��tw��tI��qry�qutwp�U �4qup�y�cfh<pfh ª�yZ��hGx.y�qutwp0¬#cfhT��hd¬�h<��c�tM¬ y�hT��g0qup�{My�qrtIp�¬#qry�c
��hT����hTx.ydy�t�{|p�h�ª�y�hTp��«hT�/��h�y#t|¥6��~fsrhG� °

2

� � À�Ä � À � 
 6 � "=�P��* $%�
	 ��� " � ��"8�
� � ,), * � � < � "=�F
5��� � �
�  ��
	��K���
�C
5� ��� 	 � ���8� < � �  	 ��*)��<K� ��� '3�P��� $%� 	 * �����
 ���� ����	��5 ��/< � '3� 	 � �
	 � � ��*I�K�),�* ���#���C
/< < � * '
��
 � �
	 � < � �
	 ��* *�< ��* �;��� �
��<K���E��"8�F ��
��������� � �
�! �";���%$,C	��)�+*)� � �
��~fh¤y�t¼y�c�h��«twp � y�±�(�pftM¬ pftwp©�«h�y�h ��g*qupfq}��g qupfcfh ��h pay�qup 3 {|��qu{w�fsuh�¹��fsuq²y�y�cfq}�k{wsrvItw��q²y�cfg q}��h ª���t|±
p�h pay�q}{|s½´�{|p©��qup/��{|��y�q}x�~fs}{|�#qry<g¤{_���f��t«�«~�x�h%h ª«�©tIpfh pay�q}{|susu��g¤{|p�����twsu~«y�qutwp��T°�.ftI�<x�hT��y�{|qup����©hGx�q}{|s
xT{w��hT�#�«q}��x�~�����hG����h sutM¬:��tIsr£M{|��qrsuq²yE��¬#qrsus+��h��«hTx qu��{|�fsuh%qrp/��twsu��pftwg0q}{|s­y�qrg0hw´�¬#cfqrsuh%y�cfh%p�~fgk��h �<tw¥
��twsu~«y�qrtIp��<��h g¤{|qup��zh�ª«�©tIpfh pay�qu{ws+qup¼y�cfh*¬�tw���EyzxT{w��hw° Q·¥Zqup¼y�cfhT��h�xT{w��hT�#¬�h�{w��h�tIpfsu�!qupay�h ��hT��y�hG�¼qup
��twsu£M{|�fqusuq²yE��{|p��/¬d{|pay<y�t�{_£wtIqu��h�ª«��twpfhTpay�q}{|s+��h c©{_£aqutw���«~fh%y�t¤y�cfh�p�~fgk��h ��t|¥¦��tIsr~fy�qutwp��z¬¨h�g¤{_�
��h g0tM£Ih�hG�I~©{My�qutwp©�

x ≈ t
{wp��

X [] ≈ C[]
¬#cfh ��h

x
tw�

X
t�xTx�~f���dtwp�sr��tIp�x�h4qup�y�cfh%�f��tw��srhTg�°

Q·yZq}�Uqupay�h ��hT��y�qupfvoy�t�x twg0��{w��h�y�c�h#¬¨tI��(�qupfv�tw¥�tI~f�¦��~fsuhT�,y�t4y�cfh#��~fsrhG�Z¹�qug0�fsrqr³©xT{My�qutwp+´5QÞg0q²y�{My�qrtIp
{wp��¼�¦��t|�EhGx.y�qrtIp/y�c�{|y4{w��h�~©��hG�¼qrp¾y�cfh*g0tw��h�vwhTpfh ��{|s�cfquvwcfhT��±·tw���«h ��x {w��hT��M �f´XUWY3O·°4¹�qug0�fsuq²³©xT{My�qrtIp
q}��hT����hTpIy�qu{wsrsu�¯{ ��hTx twg0�©ta��h�¬#qry�cµ��hT����hTx.y�y�t®{¼¥§~fp©x.y�qutwp����ag��©tIsQ´U¬#c�qrsuh QÞg0qry�{|y�h/{|p��¯�Z��tw�EhTx.y
y�twvIh�y�c�h �%x�tI����hT���©tIp��¼y�t 3 {|��qu{w�fsrh¤¹��fsuqryT° 
 ���fsrquhT�¸y�t/x twpay�h ª�y4g¤{|y�x�cfqupfv!y�cfhT�¾¬�tw~fs}�¸x twp���y���~�x�y
{!x�tIpIy�h�ª�y���y�hT�¾������y�hT�^´CQÞg0q²y�{My�qutwp¸¬¨tI~fs}�¼{w�f��{�¥§~fp�x�y�qutwp¸����gk��tws,{Myzy�cfh*�©twy�y�tIg {|p��¼�Z��tw�EhTx.y
¬�tw~�su�!�f~«y<qup�y�cfh%cftIsrhI° �¦srqug0qrp©{My�h�{|p���º¼h ��vwh%{w��hoqrg0�fsuq}x�qry<qrp�y�c�h%c�{|p��fsrqupfv0t|¥U��~����Ey�q²y�~«y�qutwp©� °

»¨~f��quh p^´ ��q}{|p�{wp��!¹�c�qXM �
O^x twp���qu�fh �¨{�£M{|��qu{wpayZt|¥^y�cfh4��hGx�twp©��tw���«hT�Zg¤{My�x�cfqrp�v�{|suvwtI��qry�c�g y�c�{My
��h ��su{Ix�hT�Zy�c�hPQÞg0qry�{|y�h4{|p��!�¦��t|�EhTx�y���~fsuhT������{k��~fsuhP.6� y�c�{|y#c�{|p��fsrhG�¨��qrvIvwh �dx�tIpay�h�ª�y��¨qup!{0��qrp�vwsuh
{w�f�fsuquxT{My�qrtIp^° bdcfh �µ~���h¼t«xTx�~f����hTp�x�hG�*t|¥4�©tI~fp�� £M{|��qu{w�fsrhG�*y�t¯suqrg0qry¤y�cfh���hT{w��x�c�����{wx hw° QÞp�tw~f�
��h�y�y�qupfv%y�cfqu�¨x�tI����hT���©tIp��f��y�t�y�cfh#¥Ý{Ix.y¦y�c�{My¨cftwsuhT�Ug�~���yZg¤{My�x�c+´a{I�UcftwsuhT�Zx {|p0��h���h hTp0{I�Uqug*��srq}x�qry�su�

ý�ý Ð
Zfì�å.ç.æ



U_i �  �" � � 
������  �"8�����	� ���
����� 	

��tw~�p���£M{w��q}{|�fsuhT�T°6bdcfqu��q}��twpfh4x {I��ho¬#cfh ��h4��tIg*hot|¥+y�cfh%�«tIp � y�±�(�pftM¬ p�twp��«h y�hT��g0qupfqu��g suhT{w�fqrpfv�y�t
h ª«�©tIpfh pay�q}{|s]y�qrg0h�x twg0�fsuh�ª«q²yE�!x {|p/��h�{_£wtIqu�«hG�­° ¢ h��fqu��x�~�����y�c�qu�<{wp���t|y�cfh �#��twsu��pftwg0q}{|s^x���qry�h ��q}{
qup�y�cfh%p�h�ª�y<��hGx.y�qutwp+°
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¢ h/�«hT��x���qr��h���twsu��pftwg0q}{|sdg0h�y�cft«�f��y�t¸�fh�y�hGx.y¤x�tI����hT���©tIp��«qupfv���tI��q²y�qrtIp��*qrpµy�cfh�suh�¥Ñy�±�{wp�� ��qrvIcay
c©{|p�����q}�«h%tw¥�g¤{My�x�c�hG�a~�{My�qrtIp�� ´«{wp��/{�g0h y�cft«�!y�t0h�ª«�fsutwqry#y�c�qu�#qup«¥§tI��g¤{My�qrtIp^°
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 ����~fg0h�{I�<vIqr£Ih p¼{�x twpay�h ªay�g0{|y�x�cfqupfv�����tI�fsrhTg

P
´­{¤g¤{|y�x�c¼hT�a~�{|y�qutwp

s ≈ t
´­{wp��/�©ta��qry�qutwp©�

psqup
s
{|p��

pt

qup
t
° ¢ h���{_�%y�c�{My

ps

{|p��
pt
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0¥§tw�Z{%��~f����y�qry�~«y�qrtIp
σ

q²¥
s[2/ps]σ = t[2/pt]σ{wp��

(s|ps
)σ = (t|pt

)σ
° ¢ h#��{_�4y�c�{My

ps

{|p��
pt
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����%$ ,=��< ��� � ��� <dqrp0{zg¤{|y�x�c*hT�a~�{My�qrtIp
s ≈ t

qr¥
ps

{wp��
pt

x�tI����hT����twp��¸¥§tw�*{|susZ��twsu~«y�qutwp��
σ

t|¥
s ≈ t

°¼¶<twy�h�y�c�{|y�¥§tw�*{|p¯~fp���{My�qu��³©{w�fsrh
����tI�fsrhTg {|sus��©ta��qry�qutwp��6tIp�y�cfhdsrh ¥ÑyZx�tw����hT���©tIp��4y�t%{wsrs���tI��q²y�qrtIp��,twp�y�cfhd��qrvIcIyG° Q·¥�¬¨hE(�pftM¬¯y�c�{My6yE¬�t
��tI��qry�qutwp��

ps

{wp��
pt

x�tI����hT����twp���qrp¼{*g¤{My�x�c�hT�a~�{|y�qutwp
s ≈ t

t|¥6{0x�twpay�h�ª�y#g0{|y�x�cfqupfv0�f��tw�fsuh g
Py�cfh p y�cfh!¥§twsusrtM¬#qupfv���~fsuh��f��hT��h ��£whG�4y�cfh/��h�y�tw¥z��tIsr~fy�qutwp���{|p�� xT{|p¯cfhTp�x�h!�©h�~���hT�¯hG{|vIh ��sr�¸qrpµ{

�ftwp � y�±Þx {w��h0pftIp��«h�y�h ��g0qrpfq}��y�q}x¤¬�{_�I° .�tw�%y�h ��g*qup�{|y�qutwp®q²y�qu�kqrg0��tw��y�{|pay%y�t¼h�ªfx�su~��«h¤y���qu£�qu{wsZx {I��hG� ´
p©{|g0h su�¤y�c�h%��t�t|y#��tI��q²y�qrtIp�{wp���y�cfh%��tI��q²y�qrtIp��dt|¥6cftIsrhG� ´«¬#cfq}x�c�¬¨h�xT{|sus�� 	 � 'W� ��* * �� ��
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s[s′/ps] ≈ t[t′/pt] → s[2/ps] ≈ t[2/pt] ∧ s′ ≈ t′

q²¥
ps

{|p©�
pt

{|��h4pftwpay���qu£�qu{wsrsu��x�tI����hT���©tIp��«qupfv�°

¶zt|y�h!y�c�{My
s
´
s′
´

t
{wp��

t′
g¤{_�¯��h�g�~fsry�qr±·x twpay�h ªay�� ´�{|p�� y�c�{|y¤¬¨h¼{w����~fg0h�y�c�{My0y�c�h�c�twsuhT�*pft|y

g0hTpIy�qrtIpfhT��{|��h4c�{|p©�«srhG�!{w�f�f��tw�f��q}{My�hTsr�I°
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bdc�qu�%qug0�fsuqrhG�%y�c©{My%¥§tw����~�x�c¯{/�f��tw��srhTg y�c�h ��h�{|su¬�{_�«�oh�ª«q}�Eykx tw����hG����twp��fqrpfv/��tI��q²y�qrtIp��T´+¬#cfq}x�c®qu�
qup vIh pfhT��{ws<pft|y�y�cfh�x {w��hw° ¢ h¸x twpay�qup�~fh������«qu��x�~©����qrp�v g0h�y�c�t�����y�tµx�tIg*��~«y�h�x�tw����hT���©tIp��«qupfv
��tI��qry�qutwp��T°
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loqu£whTp�{%g¤{My�x�c¤hT�a~�{My�qrtIp

s ≈ t
´a¬�hzx {wp0y�hT��yZ¥§tI�Z~fp©��tIsr£M{|��qrsuq²yE�*����suqupfhT{w��q > qupfv4y�c�hzsuh�¥Ñy¨c©{|p��¤��qu�fh)�

.,qu����yUg¤{�(wh#{wsrs«£M{|��q}{|�fsuhT� �§³�����yUtw���«h �U{wp��0x�twpay�h�ª�yU£_{w��q}{|��srhG���+qrp
s
�«qu��y�qup�x�yT´wvIqr£�qupfv

s
°6bdcfhTp0x�c�hTx�(

s ≈ t
~©��qupfv�y�cfhkg0h y�cft«�/¥§tI�zsuqrpfhG{|�ox�twpay�h�ª�yzg¤{My�x�cfqrp�v�qrp�¹�hTx�y�qutwp¾�f° Q·¥Uy�c�qu��g¤{My�x�c¼hG�a~�{My�qrtIp¼qu�

~�p���tIsr£M{w�fsrhI´wy�cfh p+´Itw¥+x�tw~�����hw´
s ≈ t

q}�¦~�p���tIsr£M{w�fsrhI°¦¹�qrp©x�h#y�cfho��twsu£M{|�fqusuq²yE��y�hG�Ey¨¥§tw�ZsuqupfhT{w�Z�f��tw�fsuh g¤�
q}�oqrg0�fsuh g0hTpIy�hT�¾�a���f�ap©{|g0quxk�f��twvw��{|g0g0qupfv�´�¬¨h0x {wp�~���h�qryoy�t/�«h�y�hTx.y�x tw����hG����twp��fqrpfv¤��tI��qry�qutwp��
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¶zh�ª�y�¬�h�x�tIp���q}�«hT�%y�cfh!p�~fgk��h ��tw¥d¥§~fp�x.y�qrtIpµ���ag��©tIsu���f~«y�p�t|y�y�cfh qu�k��tI��q²y�qrtIp^´,¬#cfqux�c¯q}��tI��±
y�cftwvItwp�{ws�y�t0srqupfhG{|�<x�tIpay�h�ª�y#g¤{My�x�cfqrp�v�°
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P = s1 ≈ t1 ∧ . . . ∧ sn ≈ tn
��hk{¤x twpay�h ªay�g0{|y�x�cfqupfv¤�f��tw��srhTg�°dbdcfhTp¼¬¨h�xT{|p�x�tIg0�f~«y�h�{

suqupfhT{w�zhT�a~�{|y�qutwp¾���«�Ey�h g&¥§tw�zy�cfh*p�~fgk��h �ot|¥¦t«xTx�~f����hTp�x�hG�<tw¥U¥§~fp�x.y�qrtIp¸����gk��tws}�<qup¾{�g¤{My�x�c^° ,^h�y
occ(f, s)
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f
{wp��
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si ≈ ti

´��«h�³©pfhoy�cfh4¥§tIsrsutM¬#qrp�v*qupay�hTvwh �dhG�I~©{My�qutwp.�

occ(f, si) + occ(x1, si) ∗ x1,f + · · · + occ(xm, si) ∗ xm,f = occ(f, ti)
�
EQ(f, i)
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¬#c�h ��h
xj,f
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f
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{|p��
xj
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°
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P
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qup ��twsu��pftwg0q}{|s¦y�qrg0h!¬#cfh�y�cfh �0{¾��twsu~«y�qutwp¯qup¯y�cfh�qupay�h vIh ����h ª�q}��y��0MÎiM��O½°�¶<t|y�h�y�c�{My0�«hT���fqry�h!¶z�U±
x twg0�fsuh�y�h pfhG���zq²yog0{_��qup��f��{wx.y�qux hk��y�qusrs,�©h�~���h�¥§~fs�y�t�x�twp©��q}�«h �zy�cfh �zqutw��c�{|pay�qupfh*x {w��h4¥§tw�4x�hT��y�{|qup
����tI�fsrhTg2x�s}{w����hT�T°

¢ hkx {wp!p�tM¬ ~���h4y�cfq}�#pfhGx�hG����{|����x���q²y�h ��qrtIp�¥§tI�<��tIsr£M{w�fqrsuqryE�¤y�t¤��hT�«~©x�hoy�cfh%p�twp��«h y�hT��g0qupfqu��g2tw¥
y�cfh�¹��fsuq²y<��~fsuhT�T° ¢ h%g¤{_�0y�����{wsrs^���fsuq²y���¥§tw�#{�³fª«hT�!�©ta��qry�qutwp�qrp!y�c�h%srh ¥Ñy�±·c�{|p�� �§��hT���^°«��qrvIcay�±·c�{|p�� �
��q}�«hw´a{|p��0qr¥­y�cfhT��hzqu�Ztwpfsu�ktIpfh<��tI��q²y�qrtIp¤twp0y�c�h<t|y�cfh �Z��q}�«h#y�c©{My¨suhT{I�f�6y�tk{���twsu£_{w�fsuh#�f��tI�fsuh g y�cfh p
y�cfh4yE¬�t0{w��h4x�tI����hT����twp��«qupfv*�©ta��qry�qutwp©� °


 p¾qupIy�h ��hT��y�qupfv����©hGx�q}{|s6x {I��h�q}�zy�c�{|y4{!����gk��tws
f

t«x x�~����<y�cfh0��{wg0h�p�~fgk��h �ot|¥Uy�qrg0hT�otIp¼y�cfh
suh�¥Ñy�±o{wp��¯twp®y�cfh���qrvIcay�±·c�{|p��¯��q}�«hw´6¬#cfq}x�c¯qrg0�fsuquhT�%y�c�{My*q²y0�«t�hT��p � ykt«x x�~��kqupµ��~����Ey�q²y�~«y�qutwp©�k{|p©�
xj,f = 0

¥§tw��{wsrs
j
°TQÞp y�c�{|y�x {w��hw´¨q²¥oy�c�h ��h�q}�¤{®��tIsr~fy�qutwp�{My�{|susQ´�¬�h/xT{|pPhT��y�{|��srq}��c�{�twpfh ±Qy�t|±

tIpfh4x�tw����hT���©tIp��«h p©x�hz��h�yE¬�h hTp!����gk��tws}�¨tIp�y�cfh4srh ¥Ñy<{|p��!twp�y�cfh4��qrvIcIy#{|p©��tI�«y�{wqrp�x�tw����hT���©tIp��«qupfv
��tI��qry�qutwp��T°

¢ h#g¤{_�k{|s}��t4tI�«y�{wqrp*g0tw��h�vIh pfhT��{ws���{|��y�q}{|sf��twsu~«y�qutwp©�6t|¥�y�cfh<���«�Ey�h g tw¥ ��qrtI�fc�{wpIy�qrp�h#hT�a~�{My�qrtIp
y�c�{Myo³fª¼y�cfh�p�~fg��©hT�4t|¥¨����gk��tws6t«x x�~�����h p�x hT�<¥§tw�4x�h ��y�{wqrp¸£M{|��qu{w�fsrhG� ´�¬#cfq}x�c¾g¤{_�/cfh su�¸y�t/�«h�y�hTx.y
x tw����hG����twp©�«qrp�vk��tI��q²y�qrtIp��d~���qrpfv¤g0tI��h4{w�«£M{wp�x�hG�!{wsrvItw��q²y�cfg¤� °
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Q·¥�tIpfh¾tw¥4y�cfh�g0h�y�c�t�����qup y�c�h¾�f��h £�qutw~�����{|��{|vI��{w�fc��¤�«h y�hTx�y���x�tI����hT���©tIp��«qupfv¯��tI��q²y�qrtIp�� ´dy�cfh p
qup vIh pfhT��{wszg�~fs²y�q²±Þx�tIpay�h�ª�y���¬#qry�c yE¬¨tPtw��g*tI��h¸cftwsuhT�!g¤{_�P��h®qrpay���t«�«~�x hT�­° QÞp���y�hG{w� tw¥�~���qrpfv
y�cfh���~fsuhT�%qupP¹�hGx.y�qrtIp¯�¾�«qu��hGx.y�su�®twp¯g�~fs²y�q²±Þx�tIpay�h�ª�ykhG�a~�{My�qrtIp�� ´,¬#cfq}x�c¯��hG�a~fqr��hT�%y�cfh��«twp � y�±�(�pftM¬
p�twp��«h y�hT��g0qupfqu��y�q}x¦~©��h�t|¥ 3 {w��q}{|�fsuh�¹«�fsrqryT´w¬¨h¨�f��tI�©ta��h¨qrpky�cfq}�6��hGx.y�qrtIpk�«twp � y�±·xT{|��h¦pftwp©�«h�y�h ��g*qupfq}�Ey�qux
��~fsuhT��y�c�{My�xT{|p!y���{|p���¥§tw��g2{wpa��gk~fsry�qr±·x twpay�h ª�y<hT�a~�{My�qrtIp/qrpay�t0hG�I~©{My�qutwp©�#�©h yE¬¨hTh p/gk~�s²y�q²±Þx�tIpIy�h�ª�y��
¬#qry�c¸{My�g0ta�Eyotwpfh�cftwsuhw°zb�t�y�cfq}�zhTp��¼¬�hkh�ª«�fsutwqryzy�c�{My�y�cfh*��tatwyz��tI��q²y�qrtIp��z{wp��/y�c�hk��tI��q²y�qrtIp��ztw¥
x tw����hG����twp©�«qrp�vzcftIsrhG�,{wsr¬d{_�«��x tw����hG����twp©�%y���qu£aq}{|susu�w´|{|p©��y�c�{MyZx tw����hG����twp��fh p�x hT�^��h�yE¬�h hTp���tI��qry�qutwp��
g¤{_�oqrg0�fsu�%pfhT¬ x�tw����hT���©tIp��«h p©x�hT�T° .ftI��h ªf{|g0�fsuhw´Mx�tI����hT���©tIp��«hTp�x�hG�­�©h yE¬¨hTh p���tI��qry�qutwp����f��tw��{wvI{My�h
{Ix���tI����¥§~fp�x�y�qutwp¾����gk��tws}� ´©¬#cfqux�c/y�twvIh�y�c�h �<¬#qry�c¼y�cfhkx tw����hG����twp��fh p�x h%t|¥UcftwsuhT�zsrhG{w�f�#y�t�{��ftwp � y�±
xT{|��h���~fsuhoy�c�{|yz�«t�hT�#��t|y�y�twg*±·~f�/�«hTx twg0�©ta��qry�qutwp+°

bdcfh4h ��hGx.y#t|¥�y�cfhG��h4��~fsrhG��qrp/x�tIgk�fqup�{My�qrtIp�¬#qry�c�y�c�h4��qug*��srqr³©x {|y�qutwp!��~fsuhT�dqup/��hGx.y�qutwp!�0¬#qrsus­�©h
{0�«tIp � y�±Þx {|��h4��qug0�fsrqr³©xT{My�qutwp¼��~�x�c!y�c�{|y#y�cfh4y�h ��g0�dqup�y�cfh%hG�a~�{My�qrtIp���c�{_£wh%{My#g0tI��y<twp�hoc�twsuhw´f{|p©�
y�cfh%cftIsrh%x {wp!tIpfsu��t«x x�~��#qrp¼{0��~��«y�hT��g t|¥+y�cfh4¥§tw��g

X []
°
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i = j �
¢ hzxT{|p¤~���h#y�c�qu�Z�f��tI�©hT��yE�ky�tk�fhTx�tIg0�©ta��hd¥§~fp©x.y�qutwp!����gk��tws}�]�E~���y¨{w�©tM£Ih<x�tw����hT���©tIp��«qupfv4cftwsuhT�T´w���
{w�f�fsu��qrpfv�¹���srqry#¥§twsusrtM¬�hT��������hTx�tIg0�©ta��h%{My<��~�x�c/{0�©ta��qry�qutwp �

�*Ä � � Ä � ��À   Ä � �ZÄ � À
C[2k, f(s1, . . . , sn), 2

l] ≈ D[2k, f(t1, . . . , tn), 2
l]

→ C[2k+l+1] ≈ D[2k+l+1] ∧ s1 ≈ t1 ∧ . . . ∧ sn ≈ tnq²¥
sj = tj = 2i

¥§tw�<��twg0h
i, j

´
1 ≤ j ≤ n

°

Ï�� ý ÏÑþ



���������
	�����
�����	��
��� ����
����
�������������
�! �"#���%$ U3V

�*Ä � � Ä � $��Ý�����
C[2k1 , f(s1, . . . , sm), 2

l1 ] ≈ D[2k2 , g(t1, . . . , tn), 2
l2 ] → ⊥

q²¥
sj1 = 2i

¥§tI�
1 ≤ j1 ≤ m

´
tj2 = 2i

¥§tw�
1 ≤ j2 ≤ n

´f{wp��
f 6= g

tI�
j1 6= j2

°


 ¥Ñy�h �<{w�f�fsu��qrpfv*y�cfhT��h���~fsuhT�dh ª�c©{|~���y�qu£whTsr�*y�c�h ��ho¬#qusus­�©h4twp�sr��x twpay�h ªayd£M{|��qu{w�fsuhT��qrg0g0hT�fqu{|y�h su�
{w�©tM£Ih�c�twsuhT�dtwp!y�c�h%srh ¥Ñy�±·c�{|p��/��qu�fhw°


 g0tw��h�h s}{|��tw��{My�h/x���qry�h ��qutwpµ{wsrsutM¬<�*~��*y�t®h suqug*qup�{|y�h/gk~fsry�qr±Þx�twpay�h�ª�y��*¬#qry�c�g0tw��h�y�c�{|p twpfh
c�twsuhw°
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s ≈ t �

¹«t¤qrp��©{|��y�q}x�~fs}{|�dy�cfhksutwpfvIhT��yzx�tIg*g0tIp�����h ³fª«hT�<tw¥6{wsrs�cftwsuhT�zqrp
s
{|p©�

t
{w��h�x tw����hG����twp��fqrpfv©´f{|p��

¥§tI�%yE¬�t¼tw��g0tw��h�cftIsrhG�4y�c�h �®{|��h¤pftwpay���qu£aq}{|s½°¼¹�qrp©x�h�tIpfsr�¾¥§~fp�x�y�qutwpµ����gk��tws}��x {wp¯c�{_£wh0cftIsrhG��qup
�fqu��y�qup�x.y%{|��vw~�g*hTpay��T´fy�c�h ��hkgk~©�Eyo�©h�¥§~fp�x�y�qutwp¾����gk��tws}�ztw¥Z{|��q²yE�

≥ 2
{My�y�cfhG��h��©ta��qry�qutwp���{|p���¬¨h

g¤{_��{wvI{wqrp!h�ª«�fsutwqry�y�cfq}�dy�t��«hT��qu£wh4{0�«hTx twg0��tI��ho��~fsuh)�

� 
��Ý��� Â   Ä�� � À�� � �!À   Ä � �ZÄ � À
C[f(C1[2

k1 ], . . . , Cn[2kn ])] ≈ D[f(D1[2
k1 ], . . . , Dn[2kn ])]

→ C[2] ≈ D[2] ∧ C1[2
k1 ] ≈ D1[2

k1 ] ∧ . . . ∧ Cn[2kn ] ≈ Dn[2kn ]
q²¥,y�c�h ��h%h�ª«qu��y

i, j ∈ {1, . . . , n}
¬#qry�c

i 6= j
´

ki ≥ 1
{wp��

kj ≥ 1
°

� 
��Ý��� Â   Ä�� � À�� � $ �Q�f���
C[f(C1[2

k1 ], . . . , Cm[2km ])] ≈ D[g(D1[2
l1 ], . . . , Dn[2ln ])]

→ ⊥
q²¥ �§q �4y�c�h ��h�h�ª«q}�Ey

i, j ∈ {1, . . . , m}
¬#qry�c

i 6= j
´

ki ≥ 1
{wp��

kj ≥ 1
´ �§quq ��y�c�h ��h�h�ª«q}�Ey

i, j ∈ {1, . . . , n}
¬#q²y�c

i 6= j
´

li ≥ 1
{wp��

lj ≥ 1
´�{|p©� �Ýqrquq �

f 6= g
tI�

ki 6= li
¥§tI�k��tIg0h

i ∈ {1, . . . , m}
°

Dzh ��h*y�cfh¤x�tIp��«qry�qutwp����Ýq �4{wp�� �§quq �ohTp���~���h�y�c�{|y%y�cfh0��tI��q²y�qrtIp��4t|¥
f

{wp��
g
´^��hT���©hGx.y�qu£whTsr�I´^{|��h*y�cfh

tI~«y�hT��g0ta�Ey�¥§~fp�x.y�qrtIp�����gk��tws}�z¬#c�h ��hky�cfh��©{My�c©�zy�t�y�cfh0cftwsuhT���f��{|p�x�c+°�»¨twp��«qry�qutwp �§quqrq �ox {w�«y�~f��hT�
�fq �]h ��h p�x hT��y�c�{My<¬#qusrs+�f��hT£whTpIy#{0��tIsr~fy�qutwp^°


 �f�fsu�aqupfv*y�c�h%su{I�EydyE¬�t���~fsuhT��hT{wvwh ��su�¤¬#qrsus­��hTg0tM£wh�{wsrs­����tI�©hT��g�~fsry�qr±·x twpay�h ªay��#{|p��!suhT{_£wh�twpfsu�
y�h ��g2{|p©��x twpay�h ª�ydhG�a~�{My�qrtIp��+�
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C[2m] ≈ D[2n]
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� �����;� '
��*)� �8�K ��
��� �;�� � � ��� � �� ����8�!����������
��!� 	 � �����8��� � ��� < � � "#� <  ��
� ���+ �� � ,��;�!��
��� * ��������	 <�,8�5 ��+�
�C
0��� � � �

�:� ��� � � À 6 � � � � � "=�+�����8��� � ��� ���

X(f(b, Y (g2))) ≈ f(a, f(b, f(c, gg2))).
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X(f(2, Y (g2))) ≈ f(a, f(2, f(c, gg2))) ∧ b ≈ b,

� "8� 	��S� "=�+�����8��� � ���
b ≈ b
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X [] ≈ f(a, 2) ∧ Y (g2) ≈ f(c, gg2)
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X [] ≈ f(a, 2) ∧ Y [] ≈ f(c, g2) ∧ 2 ≈ 2
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X [] ≈ f(a, 2) ∧ Y [] ≈ f(c, g2)
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¢ h4pftM¬Ax twpay�qup�~fho¬#q²y�c/{wp!qup�£whG�Ey�qrva{My�qutwp!t|¥�y�cfh%x�tIg0�fsrh ª«q²yE��tw¥,���©hGx�q}{|s^xT{w��hT��t|¥6x�twpay�h�ª�y#g0{|y�x�c«±
qupfv©´¨qup���{|��y�q}x�~fs}{|�¤��y���{My�q²³�hG��x�twpay�h�ª�y¤g0{|y�x�cfqupfv®qupPy�cfq}����hGx.y�qrtIp^´�{wp�����qugk~�s²y�{|pfhTtw~��0��y���{My�qr³�hG�
g0tIp�{w�«q}xox�twpay�h�ª�y�g¤{|y�x�cfqupfv*qrp!y�cfh�¥§twsusutM¬#qrpfv0��hTx.y�qrtIp^´�¬#cfq}x�c!qusrsu~fg0qup�{My�hzy�cfh4�©tI~fp��f{w���¤��h�yE¬�h hTp
��twsu��pftwg0q}{|s^{wp��!¶z�U±Þx�twg0�fsuh�y�h�x {I��hG� °

b�t���c�tM¬ ¶<�U±·c�{w���«p�hT���dt|¥,��y���{My�q²³©hT�/x�tIpIy�h�ª�y#g¤{My�x�c�qrpfv0¬�h4��hG�«~�x�h%�a¹ 
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S
t|¥,�f��tw��tI��q²y�qrtIp�{|s­x�s}{|~©��hG�d¬#q²y�c�h ªf{wx.y�sr�!��suqry�h ��{|s}�T°
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��{|y�q}�E³�{|�fsuh! 
�a¹ 
 b qu��(ap�tM¬#p¸y�t¼�©h!¶<�U±Þx�tIg*��srh y�h-MIUT�3O·° ,^h y

c1, . . . , cm

�©h�y�cfh�x su{w~���hT��{wp��
x1, . . . , xn

y�cfh
����tI�©ta��qry�qutwp�{ws©£M{w��q}{|�fsuhT��qup�{wp!qup���y�{wp�x�h4t|¥6�I¹ 
 b4° ¢ h%h p©x�t«�«hoy�cfq}�#{w�d{wp!qup���y�{|p©x�h4t|¥U¹�»�º ¬#qry�c
m + 1

hT�a~�{|y�qutwp��
s0 ≈ t0 ∧ s1 ≈ t1 ∧ . . . ∧ sm ≈ tm

¬#c�h ��h
s0 ≈ t0

qu�¤{®�«~fg0g�� hT�a~�{|y�qutwpP{wp��
si ≈ ti

x tw����hG����twp����%y�t¯x su{w~���h
ci

° bdc�h/�f~fg0gk�
hG�a~�{My�qrtIp!��hT��y���qux�y��dg¤{My�x�cfqupfvI�#��t0y�c�{|y#y�cfhT�!x tw����hG����twp���y�t¤��t�twsuhT{|p/£M{|su~�{|y�qutwp��T´f{|p���hG�I~©{My�qutwp

ig¤{|y�x�cfhG�z¬#qry�c®��~©x�c¸{!£_{wsr~©{My�qutwp¸q²¥d{|p��¾twpfsu�¼qr¥Zy�c�h*£M{wsr~�{|y�qutwp¾��{My�qu��³�hG�ox su{w~���h
i
°kbdcfh*y�hT��g¤�oqup

hG{wx�c¤hG�I~©{My�qutwp!x�twp©��q}�Ey��¦tw¥
n+ 1

*I� �5� 	 <w´
n

su{_�Ih ���6¥§tw�¨y�c�hz£M{|��qu{w�fsuhT�Z{wp��¤tIpfh�{|yZy�c�h���t|y�y�twg ¬#qry�c

Ï�� ý ÏÑþ
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x twp���y�{wpay��¨y�c�{|y<h p�x t«�«hT�#¬#c�h�y�c�h �<x�s}{|~©��hG�#{|��h4��{My�qu��³�hG�­° �Z{wx�c/s}{_�wh �dqup¼{|p�hT�a~�{My�qrtIp!q}�#hTq²y�cfh �<{wp
�� ��� '
�¤s}{_�wh ��y�c©{My���¬#qry�x�c�hT�o�©h yE¬¨hTh p���~f�fy�h ��g¤�4qrp¾y�cfh¤��quvwcay�±·c�{|p©����q}�«h*tw�%{ ,=��< < � '
��s}{_�whT�zy�c�{My
�ftahG��p � yG° QÞp¯hG�I~©{My�qutwp

i
su{_�Ih �

j
q}�k{Ix.y�qr£Ih*¬#c�h p¯£M{|��qu{w�fsuh

j
t«x x�~����%qup x�s}{|~©��h

i
´+twy�cfhT��¬#q}��h¤q²ykq}�

�©{w����qu£whI°,bdcfh4�«~fg0g���hT�a~�{|y�qutwp!x twp���q}�Ey��¨tIpfsu�¤t|¥+��{I����qu£whzs}{_�whT���T°6bdcfho�f~fg0gk��hG�I~©{My�qutwp�{w����~���hG�
y�c�{My#hG{wx�c�s}{_�whT��{wsrsutM¬<�ZtIpfsu�0yE¬¨t0�«q���hT��hTpIy#g¤{My�x�cfhT�¨¥§tI�¨yE¬�t�x twpay�h ª�y�£M{|��q}{|�fsuhT��qup�y�c©{My#su{_�Ih � �§tIp
y�tw�¯tw¥<hT{wx�c¯twy�cfhT� ��´6¬#cfh ��h�h £Ih ���¾g¤{My�x�c¯��hT�f��hT��h pay���{¼y���~«y�c £M{wsr~fhI°-QÞp®y�c�h!x {I��h�t|¥<{|pµ{Ix.y�qr£Ih
s}{_�whT�zy�cfhT��h0g¤{My�x�c�hT�4��hTsrhGx.y%�«q���hT��hTpIy���~f�«y�h ��g0�otIp¾y�cfh0��quvwcay�±·c�{wp��¾��qu�fhk¥§tI�og¤{|y�x�cfqupfv/qrp�sutM¬¨hT�
s}{_�whT���T´«¬#cfq}x�c�{|susrtM¬<�<~��#y�t¤y�hG�Ey<¥§tI����{My�qu��³©{|��qrsuq²yE�I°EQÞp/y�cfh���t|y�y�tIg&s}{_�whT�#¬¨hkpfh hG��y�t��«q}��y�qupfvw~fq}��c
y�cfh0x�cftwq}x�hG�<g¤{w�«h*qup�y�c�h�s}{_�whT����{|��tM£whw´�qup¾tw���«hT�<y�t/�«h y�h ��g0qrp�hk¬#cfh y�cfhT��y�cfh0x�s}{|~���hkq}����{My�qu��³�hG�
tI��pftwyT° ¢ h���hTx�tI���¸y�cfh¤y���~«y�c £M{|su~fhT�kt|¥#srqry�hT��{wsu�kqrp x su{w~���h

ci

qup {���y���qrp�v¾x�tIpIy�{|qupfqupfv
∗

qup¯y�cfh
j
±½y�c���tI��qry�qutwp¼¬#cfhTp¼y�cfhT��h�qu��pft�suqry�h ��{|s,x�tIpIy�{|qupfqupfv

xj

´
0

¬#cfh p¼y�cfh ��h�q}��{�srqry�hT��{ws,x twpay�{wqrpfqupfv
xjy�c�{Myoqu�z¥Ý{|s}��hk~fp��fh �oy�cfh*x�cftI��h p¸{w����quvwpfg0hTpIyG´©{wp��

1
¬#c�h p�y�cfh ��hkq}�o{�suq²y�h ��{|s6x�twpay�{|qupfqrp�v

xj

y�c�{My
q}�%y���~�h�~fp��«hT��y�cfh!x�cfta��hTp {w����quvwp�g*hTpayT° .ftI�%y�cfh��«~fg0gk�®hG�I~©{My�qutwp®¬�h�x�tIp���y���~�x.y�{¾��{|y�q}�E³©{w�fsuh
��t|y�y�tIg su{_�Ih �G´I¬#cfqusuh�¥§tI�Zy�cfh4t|y�cfh �dhT�a~�{|y�qutwp��¨¬�hox�cfta��ho{���{My�qu��³©{w�fsrho��t|y�y�twg s}{_�whT�Z¥§tI�d{*x�hT��y�{|qup
��~f�«y�h ��g twpfsu�0¬#cfh p¤y�cfh4�Ey���qupfv�suhT{I�«qrp�v�y�tky�c�{|y���~f�«y�h ��g�x�twpay�{|qup��Z{|y¨suhT{w��y¨tIpfh

1
´Ig0hG{|pfqupfv�y�c�{My

y�cfh¤x�s}{|~���h*qu�%��{My�qu��³�hT�¾qrp�y�cfqu�4����{wp�x�c^° .,quvw~f��h U�vIqr£IhT��y�cfh0vIsrtI��{|sU��y���~�x.y�~f��h*t|¥¨y�cfq}�4h p©x�t«�«qupfv�´
{wp�� .�quvw~���h�i�qrsusu~��Ey���{|y�hG��y�cfh%qupay�h ��p�{ws­¬¨tI��(�qupfvI�¨t|¥,y�cfh%va{w�«vIh�y�� °

b�t0¥§tw��g¤{|suq?>Thzy�cfqu�<¬¨h4��hTx�~�����qr£Ih su���«h�³©pfh

sij =

{

f(Xj(g(g(xij , Yj(si,j+1)), yij)))
q²¥

xj

t«xTx�~f����qrp
ci

´f{|p��
f(Xj(Yj(si,j+1)))

t|y�cfh ��¬#qu��hw°

ti,α =











f(g(g(g(c, ti,α0), g(ti,α1, c)), c))
qr¥

x|α|+1

t«x x ~f���d��tI��qry�qu£wh su��qup
ci

´
f(g(g(g(c, ti,α1), g(ti,α0, c)), c))

qr¥
x|α|+1

t«x x ~f���dp�h vI{|y�qu£whTsr�¤qup
ci

´�{wp��
f(g(ti,α∗, c))

twy�cfhT��¬#q}��hw°

¬#c�h ��h
0 ≤ i ≤ m

{|p��
1 ≤ j = |α| + 1 ≤ n

°@.ftI�
i = 0

¬�h�{wsr¬d{_�«�kx�cft�ta��h¤y�cfh �§��{I����qu£wh �
twy�cfhT��¬#q}��h�±Þx {w��hw°X.ftI�dy�cfh%suhT{_£IhT��¬¨h4~���h

si,n+1 = a
{wp��

ti,α =

{

a
qr¥

i = 0
tw�

α
x twpay�{wqrp©�#{My#srhG{w��y#twpfh/U

b
twy�cfhT��¬#q}��hw°

.,qup�{|susu�¤y�cfh���y���{My�q²³©hT��x�twpay�h�ª�y#g0{|y�x�cfqupfv0�f��tw�fsuh g
P

q}�

s01 ≈ t0,ε ∧ . . . ∧ sm1 ≈ tm,ε.

Q·y0��h g¤{|qup��ky�t®��cftM¬�y�c�{|y
P

c©{w�0{¾��twsu~«y�qutwpPq²¥4{|p��µtwpfsu�®q²¥�y�cfh/tI��quvwqup�{|s¨qrp©�Ey�{|p�x h!tw¥��I¹ 
 b�qu�
��twsu£M{|�fsuhw°

.,qu����y<¬¨h���cftM¬Ay�c�{|y
si,j

x {wp/twpfsu��g¤{My�x�c
ti,α

¥§tI�
1 ≤ i ≤ m

{wp��/��tIg*h
α

¬#q²y�c
j = |α| + 1

°
bdc�qu�zcftws}�f�#��hTxT{|~���h%y�c�h ��hk{|��hoy�cfh*��{wg*h%p�~fg��©hT�ztw¥

f
�<qrp/y�cfhksuh�¥Ñy�±�{|p©�/qrp/y�cfh���qrvIcIy�±½c©{|p��/��qu�«h

tw¥Zy�cfh��«~fg0g���hT�a~�{|y�qutwp^´�cfh p�x h0pftwpfh�xT{|p��©h¤g¤{|y�x�cfhG�¸���¾{/x twpay�h ªay�£M{w��q}{|�fsuh0{|p��¸y�c�h¤su{_�Ih ���
{w��h���h �©{|��{My�hG�­°K.f~f��y�c�h ��g*tI��hI´«y�c�hkg¤{|qup¼��{My�c��<g�~���y��f��t«x�h hG��qrpay�t�y�cfh�pftwpay���qu£aq}{|s���~f�fy�h ��g¤� ´]{w�
f

�«t�hT��p � y#g¤{My�x�c�y�cfh%x�tIp��Ey�{|pay
c
°�,^h�y#~��dp�tM¬ x�tIp���q}�«hT�d{0��qrp�vwsuh�s}{_�whT�¨qup�y�cfh%�«~fg0gk�!hT�a~�{|y�qutwp^°
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c1

x2 ∨ ¬x3 ∨ xn

. . . cm

x1

x2

x3

°°°

xn

s01 ≈ t0,ε s11 ≈ t1,ε sm1 ≈ tm,ε

�I¹ 
 b qup���y�{|p©x�h

¹©»�º�qup���y�{wp�x�h

�
1�
1

�
2�
2

�
3�
3

°°°
�

n�
n

�

1 0

1 0

1 0

°°°

1 0

�

∧

�
1�
1

�
2�
2

�
3�
3

°°°
�

n�
n

�

1 0

1 0

1 0 1 0

°°° °°° °°° °°°

1 0 1 0 1 0 1 0

���������������

∧ . . . ∧

�
1�
1

°°°

�
n�
n

�

1 0

1 0 1 0

1 0 1 0 1 0 1 0

°°° °°° °°° °°° °°° °°° °°° °°°

���������������

.�quvw~���h/U)�¦losutw��{ws+¹ay���~�x�y�~f��h%t|¥�y�cfh �¦p©x�t«�«hT�/�a¹ 
 b �Z��tI�fsrhTg
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��{I����qr£Ih

{Ix.y�qu£wh

1 0

1 0

�

�
j

�
j

�

�

�

�
jσ

�
jσ

�

�

�

�

�
j

�

�

�
j

�
j

�
j

�

�

� �

� �

� �

0

�

�

� �

� �

� �

1

.,qrvI~f��h%i��Zl4{I�«vwh y���¥§tI�dy�cfh��#hG�«~�x�y�qutwp�t|¥U�I¹ 
 b y�t�¹�»�º

bdc�h ��h4{w��h�yE¬�t*��tI����qr�fsuh4g¤{My�x�c�hT�dqup�s}{_�whT�
j
�Ý��h hH.,quvw~f��h�i � �

Xj = 2 Yj = g(2, c)
� U �

Xj = g(2, c) Yj = 2

�Qi��
bdc�hT��h4{w��h�y�c�h%twpfsu��g¤{My�x�cfhT��¥§tI�<{��©{w����qu£whosu{_�Ih �G°,¶ztM¬ suh�y<~��dsut�t5(�¬#c�{|y#c�{|�f��h p©�#qrp/{*�©ta��qry�qu£wh
{Ix.y�qr£Ih�s}{_�whT���FQÞp�xT{w��h � U �zy�cfh0pfh ª�y4sutM¬�h �osu{_�Ih �

si,j+1

q}�4g¤{My�x�cfhT�¸{|vI{wqrp©�Ey
ti,α1

´�¬#cfqusrh0qup�xT{w��h
�½i��zq²y4q}��g¤{|y�x�cfhG�¾{|va{|qup���y

ti,α0

°S.ftw�4{!pfh va{My�qu£wh*{wx�y�qu£whks}{_�whT�zqryoq}�o£�qux h�±·£wh ����{f° D<h p©x�h0{�g¤{My�x�c
tw¥�y�cfh%¥§tI��g � U��#x tw����hG����twp©�f�¨y�t�{w����qrvIpfqrp�v�y���~�h4y�t0y�c�h�srtIvwq}x {ws­£_{w��q}{|��srh

xj

´�{|p��/{0g¤{My�x�c/t|¥6y�cfh
¥§tI��g �½i �*x�tI����hT���©tIp��f��y�t®{w����quvwpfqupfv¾¥Ý{|s}��h�y�t

xj

° bdcfq}�*qrp g0qrp©�µ¬�h!��h h!y�c�{|y0{|y�y�cfh/srhG{_£whG�
α��h G©hTx.y���y�cfh4y���~fy�c¼£M{|su~fhT�dtw¥�y�cfh%suq²y�h ��{|s}�dqrp/y�cfh�x�s}{|~���hw°�Q·¥,y�c�hT��h%g0{5(whoy�c�hkx�s}{|~���hoy���~fhw´�¬¨h4c�{_£Ih

��~«y¨y�cfh%��tIsr£M{w�fsrh�g¤{My�x�c�qrpfv*�f��tw�fsuh g
a ≈ a

{My�y�c�h�suhT{|¥E´atwy�cfhT��¬#q}��h<y�c�ho~�p���tIsr£M{w�fsrh
a ≈ b

° Dzh p�x h
hG{wx�c�g¤{My�x�c/x�tI����hT����twp��f�Zy�t�{0��{My�qu��¥§��qrpfv*y���~«y�c¼{w����quvwpfg0hTpIy#{|p©�!£�q}x�h ±½£Ih ����{�°

Q·¥Z¬�h�sut�t5(¼{My�y�cfh*��q > h�t|¥
P

¬�hk��hTh�y�c�{MyohT{wx�c¾��quvwcay�±·c�{wp��/��q}�«hktw¥Z{|p�hG�a~�{My�qrtIp¼�f��{wp�x�cfhG�z{My
g0ta�Ey<{Mydy�cf��hTh4�©tIqrpay��T´���qrp©x�h4hT{Ix�c�x su{w~���h4x�tIpay�{|qup��#{|ydg0ta�Eydy�c���hTh4�fqu��y�qup�x.y<£M{w��q}{|�fsuhT�T°Ubdcfq}�dvwqu£whT�
{k¥Ý{wx�y�tI��tw¥

23 = 8
�f~«y<�«t�hT��p � ydsuhT{I��y�t�h ª«�©tIpfh pay�q}{|s­vI��tM¬dy�c^°6bdcfh%�«h �«y�c!q}�d�f��tw��tw��y�qutwp�{ws�y�t*y�cfh

p�~fg��©hT�ztw¥6£M{w��q}{|�fsuhT�T´�{wp���y�cfh�p�~fgk��h ��t|¥UhT�a~�{|y�qutwp��dy�t¤y�c�hkp�~fgk��h ��t|¥¦x�s}{|~©��hG� ´©cfh p�x h%y�c�hk��q > h
tw¥+y�cfh�x�tIpIy�h�ª�y#g¤{My�x�c�qrpfv0�f��tw��srhTg�qu�z�I~©{w�«��{My�qux�qrp�y�cfh���q > h4tw¥�y�cfh��I¹ 
 b qrp©�Ey�{|p�x hw°

¢ h�x�tIp�x�su~��«hoy�c©{Myz�I¹ 
 bAxT{|p��©h%��hT�«~©x�hT��y�t�¹©»�º¯´�{|p©��tI�«y�{wqrp �
� � À�Ä � À � 6 
 � �X� � <�� � �  �� � ,�*I� �!� �
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��� 8

���
	��
� ¹�qugk~fsry�{wpfh tI~��<¹ay���{|y�qr³�hT��º¼twp©{w�«q}x�»¨twpay�h ªay<º�{|y�x�cfqupfv �Q¹�¹«º¸»�º �
���
�������
���
� 
 ��y���{My�qr³�hG��g0twp©{w�«q}x4x�twpay�h�ª�y#g0{|y�x�cfqupfv0�f��tw�fsuh g2qrp���y�{wp�x�h

P
°

��� ������������� QE�
P

��tIsr£M{|��srh  
¹«qrg�~fs²y�{|pfhTtw~��,¹ay���{My�q²³©hT�%º¼tIp�{w�«q}x¨»¨tIpIy�h�ª�y�º�{|y�x�cfqupfv �½¹f¹«º¸»�º��­q}��x twpay�h ªay�g0{|y�x�cfqupfv<��hT��y���q}x.y�hG�
y�t/¥§~fp�x�y�qutwp¯����g��©tIsu�4tw¥d{w��qryE�¾{My�g0ta�Ey�tIpfhw°�QÞp�y�c�qu��x {w��h¤x�tIpM�E~fp�x�y�qutwp��%xT{|pfpftwy��©h�x t«�«hT��qup®{
��qupfvwsuhkhG�I~©{My�qutwp+´�c�h p�x hk¬�h*{wsrsutM¬ y�cfhTg h�ª«�fsuqux q²y�sr�I° ¢ h*¬#qrsusU��c�tM¬:y�c�{|y4��qrg�~fsry�{|p�h tw~©�z��y���{My�qr³�hG�
g0tIp�{w�«q}x4x�tIpIy�h�ª�y#g¤{My�x�c�qrpfv �½¹f¹«º¸»�º ��q}�#qup/�,°

¢ h�g¤{_�0hT{I��qusu��hTsrqug0qrp�{|y�h4{w�Z~fp���twsu£_{w�fsuh�{|p��0�f��tw�fsuh g x�tIpay�{|qupfqupfv�{wp�hT�a~�{|y�qutwp0y�c�{Mydc�{w�ZyE¬�t
�fqu��y�qup�x.y�x twp���y�{wpIy���{|y�y�cfh*�©twy�y�tIg t|¥¨q²y���suh�¥Ñy�±z{|p��¾��quvwcay�±½c�{wp�����qu�fhw´^{|p©�¾{w����~fg0h�¥§��twg pftM¬�tIp
y�c�{Myk{wsrsUhG�a~�{My�qrtIp��%{|��h¤x�twpay�h�ª�y%hT�a~�{My�qrtIp��%{|p©�¾c�{_£Ih¤{!c�twsuh0{|y%y�cfh¤��t|y�y�tIg�°�QÞp®��{w��y�qux ~fs}{|�4¬¨h
��h ��su{Ix�h#{|p0qup��«qu£aq}�«~�{wsf£M{|��qu{w�fsuhd{|y¦y�c�h#�©twy�y�tIg tw¥]{4suh�¥Ñy�±½c©{|p��0��qu�«h#���*{%x�twpay�h�ª�y¦£M{|��qu{w�fsrh#{w�f�fsuqrhG�
y�to{zcftwsuhw° ¢ q²y�cky�cfhT��h���hTg0{w��(«�+q²yU��hTx�tIg0hT��tw��£�qrtI~��^y�c�{My¦¹f¹«º�»�º2q}�+hG�a~fqr£M{wsrhTpIy,y�t4��qrg�~fs²y�{|pfhTtw~��
��y���{My�q²³©hT�¸¬¨tI���¾g0{|y�x�cfqupfv©´­¬#cfh ��h*y�cfh�x twpay�h ªay4£M{|��qu{w�fsuhT�o�©hGx�tIg*h0tI���«qup�{w���¼£M{|��q}{|�fsuhT�T´]y�cfh0cftIsrh
{|yzy�cfh���t|y�y�tIg qu�otwg0qry�y�hT�­´­{|p©��¬#cfhT��hky�cfh*�f��h�³fª¼t|¥�{�£M{|��qu{w�fsuhkx�tIp���q}��y���t|¥¨{wsrs,£M{|��qu{w�fsrhG�#y�t!qry��
suh�¥Ñyo�fsu~��zqry���h sr¥E°zb�t���qrg0�fsuq²¥§��y�cfhkpftwy�{|y�qutwp¼¬�h�¬#qrsus6x�twp©��q}�«h �<y�h ��g¤�z{I�<¬�tw���f�#qup¼y�cfh���hG�Ey�t|¥Uy�c�qu�
��hTx�y�qutwp^° ¢ h%¬#��qry�h

ε
¥§tw�dy�c�h%h g0�«yE��¬�tw���­°

bdcfh�x���~�x�q}{|s^����tI�©hT��yE��y�c�{|yzsrhG{w�f�#y�t�{0��twsu��pftwg0q}{|s+{wsrvItw��q²y�cfg2qup/y�cfq}�zxT{w��h%qu�#y�c�{|y<y�cfhT��h�{|��h
p�to����{wp�x�cfqupfvI��qrp�y�c�hdy�h ��g¤� ° .ftI�U{|p��%hT�a~�{|y�qutwp

w1X1 . . . wnXnwn+1 ≈ w
¬�hE(ap�tM¬¯y�c�{|y¦{o��twsu~«±

y�qrtIp
σ
g�~��Ey6��{|y�q}�E¥§�

|(X1 . . .Xn)σ| = |w|−|w1 . . . wnwn+1|
´_cfhTp�x�h¨¬¨h�x {wsrs

|w|−|w1 . . . wnwn+1|y�cfh9< ����<������
�;� � ��� *)� �%$5��"¯t|¥dy�c�qu��hT�a~�{|y�qutwp^° �Z�a~�{My�qrtIp���¬#qry�cµpfh va{My�qu£wh���~f����y�qry�~fy�qutwp¯suh pfvwy�c {|p©�
x twpM�E~�p�x.y�qrtIp��dx�twpay�{|qupfqrp�vkyE¬�t�hG�a~�{My�qrtIp���¬#q²y�c!y�cfh%��{wg0h4x twpay�h ª�y�£M{|��q}{|�fsuhT���f~«y<�«q��]h ��h pay<��~f�©�Ey�q²±
y�~«y�qutwp/suh pfvwy�c��#{w��h4qup�x�tIp���qu��y�hTpIyG°

¢ hzvIqr£Ihd{%y���{|p���¥§tw��g¤{My�qutwp0{|suvwtI��qry�c�g y�t���twsu£whz¹�¹«º¸»�º&y�c©{My¨x twp���qu��y��¦t|¥^��qug0�fsuq²³©xT{My�qrtIp¤��~fsuhT�
{wp��¤{%£M{|��q}{|�fsuh<h suqug*qup�{|y�qutwp¤��~fsrh<y�c�{|y��«t�hT�¦y�cfh�g¤{M�Etw�Z¬¨tI��(]°6bdcfh<��~fsrhG�¦¬�tw��(k��t|y�y�twg*±·~f� �Ý��quvwcay�±
y�t|±·srh ¥Ñy �¨{|p��!x {w��h ¥§~fsrsu�¤g0h ��vwh��©ta����qr��srh�qrp���y�{wpay�q}{My�qutwp©�¨tw¥+£M{|��qu{w�fsuhT�¦qup�tw���«h �Zy�t0�Ey�{_�¤¬#q²y�cfqrp!�©tIsr�a±
p�twg0qu{ws^��q > hI°

¢ h��Ey�{|��y������fhT��x���qr�fqupfv�y�cfho¥§tI��g tw¥,{*�f��tw�fsuh g�{|¥Ñy�h �#h ª«c�{|~���y�qu£wh4{|���fsrq}x {|y�qutwp!t|¥+y�cfh%��qug0�fsuq²±
³�x {My�qrtIp���~fsrhG� °4¹�~�x�c¾{��f��tw�fsuh g

P
q}�o{�x�twp|�E~fp�x.y�qrtIp¾tw¥Z�«qu�Ý�E~fp�x�y�qutwp��otw¥Zx�twp|�E~fp�x.y�qrtIp���t|¥¦g¤{My�x�c

hG�a~�{My�qrtIp�� °Uº¼tI��ho�f��hTx qu��h su�w´«qry<c�{w��y�cfh4¥§tw��g

Ps1
∧ . . . ∧ Psn

¬#c�h ��hZhT{Ix�c
Psi

q}�U{z�fqu�Ý�E~fp�x�y�qutwp*t|¥©x twpM�E~fp©x.y�qutwp©��tw¥©hG�I~©{My�qutwp©����~�x�c�y�c�{My,y�c�h���quvwcay�g0tI��y�£M{w��q}{|�fsuhT�
qup�y�cfh�srh ¥Ñy�±·c�{|p�����q}�«hG�+tw¥�hT�a~�{|y�qutwp���qrp

Psi

{|susac�{_£whZy�cfh�£M{|��qu{w�fsrhZ�f��h ³fª
si

° 
 susay�cfh
si

{w��h¨�«qu��y�qup�x�yT´
��~«yZy�cfh ��h<g¤{_����h�x twpM�E~�p�x.y��

Psi

{wp��
Psj

��~©x�c0y�c�{|y
si

q}�¨{��f��tI�©hT�¦�f��h�³fª¤tw¥
sj

°Ubdcfh�pa~�gk��h �Ztw¥
£M{w��q}{|�fsuh<�f��h�³�ª�hG�¦q}�Z��tw~�p��«hT���a�*y�cfh�p�~fg��©hT�¨tw¥^£M{|��qu{w�fsrhz�f��h ³fª«hT�Zqrp¤y�cfhoqrpfqry�q}{|s��f��tw�fsuh g/´a¬#cfq}x�c
qup�y�~f��p/qu�<�©tI~fp��«hG�/�a��y�cfh%p�~fg��©hT�<t|¥6£M{|��qu{w�fsuhT�#{|p©�!c�h p�x h4y�cfhk��q > h%t|¥,y�c�h%�f��tI�fsuh g/° .ftI�<hT{Ix�c
����h ³fª

s
y�cfh�x�tIpM�E~fp�x�y

Ps

c�{I��y�cfh4¥§tI��g

Ps,0 ∨ . . . ∨ Ps,k

Ï�� ý ÏÑþ
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¬#c�h ��h
Ps,i

q}�#{*x twpM�E~�p�x.y�qrtIp!tw¥�hT�a~�{|y�qutwp���¬#cfta��h4��~f����y�qry�~«y�qrtIp!suh pfvwy�c�qu�
i
°�.ftI�dy�cfh4��tw~fp©�

k
¬¨h

xT{|p/~���h4y�cfhksu{w��vIhT��yd��~f����y�qry�~«y�qrtIp¼srhTpfv|y�c¼qrp�y�cfh�qupfq²y�qu{ws^�f��tw�fsuh g/´f¬#c�qux�c¼q}�#��tw~fp��fhT�/����y�cfh���q > h
tw¥+y�cfh%�f��tw�fsuh g/°

�Z{Ix�c x�tIpM�E~fp�x�y�qutwp
Ps,i

qu�!h qry�cfhT�
⊥
´
>
´#tI�!{ x twpM�E~fp©x.y�qutwp t|¥�hT�a~�{|y�qutwp���¬#cftI��h¾��qu�fhT��{w��h

����h ³fª«hT��t|¥ztI��quvwqup�{|s¨hT�a~�{|y�qutwp��ky�c�{|y0x twpay�{wqrp y�cfh/£M{|��qu{w�fsuh��f��h�³fª
s
° bdcfhG��h�{|��h�h�ªf{Ix.y�su��y�cfta��h

hG�a~�{My�qrtIp���y�c�{|y¤x twpay�{wqrpµy�cfh/�f��h�³�ª
s
´�{|p��P¬#cfq}x�cP�«tIp � y¤x twpay�{wqrp {¾sutwp�vwh �0�f��h�³�ª¯y�c�{|y0q}�¤��y�qusrs

����hG��hTpIy#qup¼{|pftwy�cfhT�d�fqu�Ý�E~fp�x�y�qutwp^°
bdcfq}�o¥§tw��g qup�x�su~��«hG�o��qug*��srqr³�hT�¸qupfq²y�qu{ws6�f��tI�fsuh g¤��y�c�{|y%{w��hz�E~���y%{�x�tIpM�E~fp�x�y�qutwp¸t|¥¨hG�a~�{My�qrtIp�� °

QÞp�y�cfqu��x {I��h0y�cfh��«q}�§�E~fp©x.y�qutwp©��hT{Ix�c¯x�twpay�{|qup¸h ª«{Ix.y�sr�¸twpfh¤pftIpfh g0�«yE��x�tIpM�E~fp�x�y�qutwp®t|¥#hT�a~�{|y�qutwp��
¬#qry�c�y�cfh���{wg0h¤g0{|ª«qrg¤{|sU����h ³fª­´+{|p��¸y�cfh¤t|y�cfh ���«q}�Ý�E~fp�x.y��%¥§tI�4y�cfq}�%�f��h�³fª�g¤{_���©h�{I����~fg0hT�¾y�t
��h

⊥
°

bdcfh�y���{wp��E¥§tI��g¤{|y�qutwpµ{wsrvItw��q²y�cfg x�twp©��q}�Ey��*t|¥o��qug*��srqr³©x {|y�qutwpP��~fsuhT��y�c�{My�{|��h/{|�f�fsuquhT�PhT{|vIh ��sr�
{wp��a¬#c�h ��h�qup���qu�«hoy�cfh%�f��tw�fsuh g/´«¬#cfhT��hoy�c�h4�<hT��y���qux�y�hT� ��qu��y���qu�f~«y�qu£�q²yE����~fsuh4qu�<twpfsu��{|�f��srquhT��¬#cfhTp
p�t�twy�cfhT�6��qug*��srqr³©x {|y�qutwp*��~�srh�qu�U{w�f�fsuquxT{|�fsuhw´|{wp��ky�cfh 3 {|��q}{|�fsuh �¦suqug*qup�{|y�qutwp0��~�srh¨y�c�{|yUqu�6{|���fsrquhT�ky�t
{*¥§~�srs,�«qu�Ý�E~fp�x�y�qutwp�{wp���twpfsu��¬#cfhTp¼pft���qrg0�fsuq²³�x {My�qrtIp/��~fsuh%q}�z{|���fsrq}x {w�fsuhw°¨bdc�h%��~fsuhT�z{|��hoqry�hT��{|y�hG�
~�pIy�qrs�twpfh#tw¥©y�cfh<��tIsr£IhT�k¥§tw��g¤�

>
tI�

⊥
q}�Utw�«y�{|qupfhT�^°XDzh ��h���~fsuhT�¦{w��h#{w�f�fsuqrhG��g0t«�«~fsut�{w����t�x qu{|y�qu£�q²yE�

{wp��¤x�tIg0gk~«y�{My�qu£�q²yE�*t|¥
∧

{|p��
∨

´�{|p��*¥Ý{wqrsu~f��hz{|vI{wqrp0g0hT{wp��¦��h ¬#��qry�qupfv4y�t
⊥
°Ubdcfh���qug0�fsrqr³©xT{My�qutwp

��~fsuhT�U{w��h�y�c�h#��~fsuhT�,¥§tI�Uqu�fh g0�©twy�hTp�x��0{|p��ky�c�h#su{_¬<�6tw¥©y���~fh<{wp��k¥Ý{|s}��hdy�twvwh y�cfhT�U¬#q²y�c*y�cfhd¥§tIsrsutM¬#qrp�v
��~fsuhT���
��À � À � À

ε ≈ t → >
q²¥

t = ε
"ft|y�cfh ��¬#q}��h�¥Ý{|qusQ°

�*Ä � � Ä � ��À   Ä � �ZÄ � À
sf ≈ tg → s ≈ t

q²¥
f = g

"«t|y�c�h ��¬#qu��ho¥Ý{|qusQ´
¬#c�h ��h

f
{|p��

g
{|��h�¥§~fp�x.y�qrtIp¼����gk��tws}�T°

� 
��,�T���Ý��
���� Ä�� 1ZÀ � ! ���#$��Q�f��� 

s ≈ t → ⊥

q²¥,y�c�h���~f�©�Ey�q²y�~«y�qutwp/suh pfvwy�c/t|¥
s ≈ t

q}�dpfh va{My�qu£whI°
� 
��,�T���Ý��
���� Ä�� 1ZÀ � ! ���#$��Q�f��� 6

s1 ≈ t1 ∧ s2 ≈ t2 → ⊥
q²¥

s1

{|p©�
s2

c�{_£Ih�y�c�h¸��{|g0h¾��qrvIcay�g0tI��y�£M{|��qu{w�fsuh��f~«y
s1 ≈ t1

{wp��
s2 ≈ t2

�fq �]h �/qup
��~����Ey�q²y�~«y�qutwp/suh pfvwy�c^°

¶zt|y�h�y�c©{Myoy�cfh¤¹�~f����y�qry�~fy�qutwp ,^h p�v|y�c®»¨su{I��c���~fsuhT�o{|��h�twp�sr�¼pfhThT�«hG�¼qup¸{|p¾qrpfqry�q}{|sU��qrg0�fsuqr³©x {|y�qutwp^´
��qup�x�h#y�cfh<¥§tIsrsutM¬#qupfv4yE¬¨tk��~fsuhT�¨�«t�pftwyZvwhTpfh ��{My�h<��~��f�f��tw�fsuh g¤�Uy�c�{Myd{|��h#qrp©x�twp©��q}�Ey�h payZ¬#qry�c���hT����hTx.y
y�t¤��~f�©�Ey�q²y�~«y�qutwp/suh pfvwy�c^°
�!À � �T�/�Q |� À Å � �Ý�T� ���§� 
������ �Ý� Á

(Ps,0 ∨ . . . ∨ Ps,k) ∧ (P ′
s,0 ∨ . . . ∨ P ′

s,k) →
∨

0≤i≤k

(Ps,i ∧ P ′
s,i)

¬#cfh ��h%{|sus^hT�a~�{|y�qutwp�c�{_£wh�y�c�h���{wg*h4��qrvIcay�g0tI��y�£M{w��q}{|�fsuhw°

ý�ý Ð
Zfì�å.ç.æ
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�<hT��y���qux�y�hT� ��qu��y���qr��~«y�qu£�q²yE�kx twg��fqrp�hT�U�«q}�§�E~�p�x.y�qrtIp��6¬#cftI��h�£_{w��q}{|��srh��f��h�³fªkc©{w�6��hTx�tIg0h�hG�a~�{|s«{M¥Ñy�h �
3 {w��q}{|��srh �¦suqrg0qup�{My�qrtIp/{wp�� (whTh ���dtIpfsr�!x�twp|�E~fp�x.y�qrtIp��d¬#qry�c¼x�tIp���q}��y�h pay<��~f����y�qry�~«y�qrtIp�suh p�v|y�c+°

¢ h���{_�!{�����tI�fsrhTg�q}�4<�� � ,�* � ����
�q²¥,y�c�hT��h%��~fsuhT�dc©{_£who�©hTh p¼{|�f��srquhT�!h�ª«c�{w~��Ey�qr£Ih su�w°
3 {w��q}{|�fsuh �Zsrqug0qrp�{|y�qutwp!h suqrg0qup�{My�hT�d{���qrvIcay�g0tI��y�x twpay�h ªay�£M{|��qu{w�fsrh

X
���0vwh p�h ��{My�qupfvk{*�«q}�§�E~�p�x.±

y�qrtIp�t|¥
k+1

x twpM�E~�p�x.y�qrtIp��^¥§��twg hT{Ix�c%tw��qrvIqrp©{|swx twpM�E~fp©x.y�qutwp+´G¬#c�h ��h¦hT{Ix�c�x�twp|�E~fp�x.y�qrtIpkx�tI����hT����twp��f�
y�t¤{���tI����qr�fsuh%suh pfvwy�c�t|¥,y�cfh%¬�tw������~f����y�qry�~«y�hT�!¥§tw�

X
°

5 �«���Q�«�
� À � � � � � � �«��� Ä �
Ps,0 ∨ . . . ∨ Ps,k →

∨

0≤i≤k

∨

0≤j≤i

Ps,i{ts,j/X}

q²¥
X

q}�¦{%£M{|��q}{|�fsuhd¬#q²y�c�g¤{Mª«qrg¤{wsf£M{|��qu{w�fsrhd�f��h�³�ª
s
´

k
q}�6y�cfh�g¤{Mª«qrg¤{ws���~����Ey�q²y�~«y�qutwp¤suh p�v|y�c

qrp
Ps

´�{wp��
ts,j

q}�#{0��~�;0ª�t|¥�suh p�v|y�c
j
qrp/��tIg0ho��quvwcay�±·c�{|p©�!��qu�fhotw¥

Ps,i

°

 ����qutw��q 3 {|��qu{w�fsuh �¦suqug*qup�{|y�qutwp�x {wp�suhT{I��y�t%{%�a~�{w�«��{My�qux¨�fsutM¬#~f�0t|¥�y�cfh<�fqu�Ý�E~fp�x�y�qutwp¤{My¦hG{wx�c0�Ey�h �^°
DztM¬¨hT£whT�T´¦{I��¬�h/¬#qrsus<{|��vw~�h���h sutM¬%´¨��qrg0�fsuq²³�x {My�qrtIpPhTsrqug0qrp©{My�hG�0{|sus#�f~«y¤srqupfhG{|��sr�¯g¤{|p�� �«q}��y�qup�x.y
x twpM�E~�p�x.y�qrtIp�� °�¶zt|y�h�y�c�{|y

X
c�{_£�qrp�v®y�cfh¸g0{|ª«qrg¤{|sz£_{w��q}{|��srh¼�f��h�³�ª

s
qrg0�fsuquhT��y�c�{|y

X
qu��y�cfh

��quvwcay�g0tI��y4£_{w��q}{|��srh0qup¸y�cfh¤suh�¥Ñy�±·c�{wp��®��q}�«hT��t|¥¨hG�a~�{My�qrtIp��4qrp�y�cfh��«q}�§�E~fp©x.y�qutwp
Ps,0 ∨ . . . ∨ Ps,k{wp��0y�c�{My

X
t«x x�~����ZpftM¬#cfh ��h<hTsu��h<qup�y�c�hz�f��tw�fsuh g/°U¶<twy�ho{|s}��t%y�c�{My�¬¨ho�«tkp�t|y�(Ih hT�¤y�cfh��fqup��«qupfvI�

tw¥+y�cfh%£M{|��qu{w�fsrhG� ´f{I��qrp/vwhTpfh ��{|s�y�cfqu�<��hG��~fsry��dqup¼{|p�h�ª«��twpfhTpIy�qu{ws­p�~fgk��h �<tw¥,��twsu~«y�qutwp©� °
¢ h!tI����h ��£wh¤y�c�{My�¥§tw�0{|p hG�I~©{My�qutwp y���{|p���¥§tw��g0hT�®��� �¨twy�y�twg �zhGx�tIg*��tI��h�hG{wx�cµ��q}�«h�tw¥<y�cfh

��hT��~fsry#qu�#{0�f��h�³�ª�t|¥�y�cfh�x tw����hG����twp��fqrpfv0��qu�«h4tw¥+y�c�h%tw��qrvIqrp�{ws]hT�a~�{My�qrtIp^´f{|p©��y�c�{Mydy�cfh%t|y�cfh �<��qrg*±
��srqr³©x {|y�qutwp®��~fsrhG�%�«t¼pftwy4vIh pfhT��{|y�h0pfhT¬ hG�I~©{My�qutwp©� °0.�tw� 3 {w��q}{|�fsuh �¦suqrg0qup�{My�qrtIp¸y�cfq}�%qu��pft|y%y���~fh
¥§tI�dy�cfh4suh�¥Ñy�±½c�{wp��/��q}�«hG� ´f{I��{*¬�tw����q}�<��~f����y�qry�~«y�hT�!¥§tw��y�c�h%£_{w��q}{|��srhI° DztM¬¨hT£whT�T´���qug0�fsuq²³©xT{My�qrtIp!���
��twy�y�tIg ��hTx twg0�©ta��h#��h g0tM£IhT�,y�c�qu�Z¬¨tI���­´I��t 3 {w��q}{|�fsuh �¦suqrg0qup�{My�qrtIp0¥§twsusrtM¬�hT������hG{|vIh �¦��qrg0�fsuq²³�x {M±
y�qrtIp�{|s}��t4�f��hT��h ��£whG�,y�cfq}�¦����h ³fª��f��tw��h ��yE�w´I{|p��0cfhTp�x�hzq²yZq}�U�f��hT��h ��£whG�k����y�cfh�{|suvwtw��qry�cfg qup¤vwhTpfh ��{|s
¥§tI����qug*��srqr³�hT�!�f��tw�fsuh g¤�T°,bdc�~��d{wp�hT�a~�{|y�qutwp!qrp�{���qrg0�fsuqr³�hT���f��tI�fsuh g q}��x twg0�fsuh�y�h su���«h�y�h ��g*qupfhG�
���*y�c�hzqupfq²y�qu{ws©hG�a~�{My�qrtIp�q²y�qu���«hT��qu£whG�0¥§��tIg/´Iqry��¨£M{|��qu{w�fsrhz�f��h ³fª�{|p���q²y��¨��~f����y�qry�~«y�qrtIp�suh pfvwy�c^°Ubdcfh
s}{w��y4£_{w��q}{|��srh�qrp¸y�cfh0£M{|��q}{|�fsuh�����h ³fª¾�«h�y�h ��g0qrpfhG��y�cfh0h p©�¾tw¥¦y�cfh0suh�¥Ñy�±½c�{wp�����q}�«hw´^{wp��¸vwqu£wh p¾y�cfh
suh�¥Ñy�±½c©{|p��/��qu�«hoy�cfh���~����Ey�q²y�~«y�qutwp/suh pfvwy�c¼�«h y�h ��g0qrp�hT��y�c�h%srhTpfv|y�c!tw¥�y�cfh%��quvwcay�±½c�{wp�����q}�«hw°

º¼tI��hTtM£whT�T´«qupfpfhT��x�tIpM�E~fp�x�y�qutwp��z{|��h%h qry�cfhT�zh suqug*qup�{|y�hT�¼x twg0�fsuh�y�h su�!���!{¤¥Ý{|qusrqupfv���~fsuhw´�tI�#y�c�h �
��h�y�{|qup�¥§tw�zhG{wx�c/tw��quvwqup�{|s­hG�I~©{My�qutwp/tw¥U��~fqry�{w�fsrhk£_{w��q}{|��srh%�f��h�³�ª���twg0hkx�tI����hT����twp��«qupfv*hT�a~�{|y�qutwp¼qup
y�cfhkx twpM�E~fp©x.y�qutwp+°�¹�qup�x�h�£M{w��q}{|�fsuh%�f��h�³fª¼{|p©�¼��~f�©�Ey�q²y�~«y�qutwp�suh p�v|y�c¸{|��h4³fª«hT��¥§tw��hT{Ix�c¼qrpfp�h ��x twp«±
�E~�p�x.y�qrtIp

Ps,i

´�{wp¸qupfpfhT�kx�tIpM�E~fp�x�y�qutwp®{|s}��t¼x�tIpay�{|qup��4{My�g0ta�Ey%twp�h¤hT�a~�{My�qrtIp��fh ��qr£IhT�¼¥§��twg ��tIg0h
qupfqry�q}{|s�hT�a~�{|y�qutwp
"aq²¥­y�cfh ��hz¬�h ��h#yE¬�t%y�c�h p¤y�cfh �¤¬�tw~fs}�0��hzq}�«h pay�q}x {ws�{wp��0y�ca~©�¦g0h ��vwhG�0�a�0q}�«h g0��t|±
y�h p�x �k¥§tI�

∧
°6bdc�~��Zpftwpay���qu£�qu{wsfqrp�pfh �Zx twpM�E~�p�x.y�qrtIp��¦qup�{���qrg0�fsuq²³©hT�0�f��tw�fsuh g {|��h<{|s}��t��«h�y�h ��g*qupfhG�

���4y�cfh qu�U£M{|��qu{w�fsrh¨�f��h�³fª�{wp��%y�cfh qu�¦��~f����y�qry�~«y�qrtIp�suh pfvwy�c^´I{|p��ky�cfh
O(n2)

x�tIpM�E~fp�x�y�qutwp��,qupay���t��f~�x�hG�
��� 3 {|��qu{w�fsuh �¦srqug0qrp©{My�qutwp¾srhG{w�!y�t�tIpfsu�

O(n)
�«q}�Ey�qrp©x.y�x twpM�E~fp©x.y�qutwp©�z{M¥Ñy�h �o��qug0�fsrqr³©xT{My�qutwp+´©¬#cfhT��h

x twpM�E~�p�x.y�qrtIp��z{w��h%hTq²y�cfh �<��h g0tM£IhT������¥Ý{|qusuqrpfv���~fsuhT�T´�tI�<g0h ��vwhG�!¬#qry�c¾hT�a~�{|s�x�twp|�E~fp�x.y�qrtIp��<���!y�cfh
q}�«hTg*��t|y�h p�x ����~fsuh�¥§tI�

∨
°

.,qup�{|susr��¬¨hdpftwy�hdy�c�{MyZ��qrp©x�h�y�cfh<y�tw�f±½suh £Ih s«x�tIpM�E~fp�x�y�qutwp0��{|��y�qry�qutwp©�,y�cfh#hG�I~©{My�qutwp©�6¬#q²y�c*��hT����hTx.y
y�t¼y�c�h�£M{|��qu{w�fsuh¤�f��h ³fª®t|¥dy�cfhTqr�*��qrvIcIy�g0tI��y�£_{w��q}{|��srhI´+y�cfh!�«hG��x h p���{|pay��%tw¥z{|p¯tI��quvwqup�{|sZhT�a~�{My�qrtIp
{w��h¾vw��tw~f��hT� qup���qu�fh¾twp�h¸�«q}�§�E~�p�x.y�qrtIp^°�¹�qrp©x�h�hT{wx�c qrpfp�h �/x�twp|�E~fp�x.y�qrtIp x�tIpay�{|qup���{My�g*ta�Ey�twpfh
�fhT��x�h p©�f{|payT´IhT{Ix�c¤tw��qrvIqrp�{wsfhT�a~�{|y�qutwp�xT{|p�suhT{I�*y�t�tIpfsr�

k
hG�I~©{My�qutwp©�¦qrp!{|p¤qupIy�h ��g0hT�«q}{My�h<�f��tw�fsuh g/´

¬#c�h ��h
k

qu��y�c�h¾g¤{Mª«qug0{ws���~f����y�qry�~«y�qrtIp suh pfvwy�c qup y�c�h¾�f��tw�fsuh g y�c�{|y!��tw~fp©�f��y�cfh¾p�~fg��©hT��tw¥

Ï�� ý ÏÑþ
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�fqu�Ý�E~fp�x�y��T°6bdc�qu��qug*��srquhT�Zy�c�{|y¨y�cfh4��q > h�t|¥+qupay�h ��g0hT�«q}{My�h���qrg0�fsuqr³�hT�¤����tI�fsrhTg¤�Zq}�
O(n2)

°Z¹�qup�x�h�y�cfh
y�h g0��tw��{|���¼�fsrtM¬#~���qup 3 {|��qu{w�fsuh �Zsrqug0qrp�{|y�qutwp®q}��{|s}��t�t|¥#��q?>Th

O(n2)
{|susUqrpay�hT��g0hG�«qu{|y�h¤�f��tw��srhTg0�

c©{_£wh4��q > h
O(n2)

°
� � À�Ä � À � 6�6 � "#� < ��* $���	 ����" � 
��� � 
�� < < ��* '3� � � * ���	� � �P�8���@� � �
�E	�� ����� ����qup����©hGx.y�qrtIp�¬�h%��hThoy�c�{|y#y�cfh%��~fsuhT�d�f��hT��h ��£wh4��tIsr£M{w�fqrsuqryE�w°

.�tw��x twg0�fsuh�y�h pfhG���k¬¨h!pft|y�h¤y�c�{|y*{wpa��hT�a~�{|y�qutwp¯¬#qry�cftI~«y*{�£_{w��q}{|��srh�{|y�y�c�h�h p©�¯t|¥<qry���srh ¥Ñy�±
c©{|p�����q}�«h¤x {wp¸��h���qrg0�fsuq²³©hT��h qry�cfhT�%��� �zhTsrh y�h¤tI�%¹«~f����y�qry�~«y�qrtIp ,+h pfvwy�c »¨su{I��c U0q²¥dtwp�h0��q}�«h0qu�
hTg0�«yE�w´�tw�%��� ��t|y�y�tIg ��hTx�tIg0�©ta��h0t|y�cfh ��¬#q}��hI°��#hT��y���qux�y�hG� ��q}�Ey���qu�f~«y�qr£�qryE�¾¬#qusrs¨g*hT��vIh¤{|p��¼yE¬�t
�fqu�Ý�E~fp�x�y�qutwp��,¬#qry�c�y�cfh#��{|g0hZ�f��h�³�ª]°,b+t4{|p��%pftIpay���qr£�q}{|s���qug0�fsrqr³�hG���f��tw�fsuh g 3 {w��q}{|��srh �¦srqug0qrp©{My�qutwp
q}�k{w�f�fsuquxT{|�fsuhw° QÞp¯�©{|��y�q}x�~fs}{|�G´,x�c�tata��qupfv

k
{I�4y�c�h�g¤{Mª«qug0{ws¨��~f����y�qry�~«y�qrtIp srhTpfv|y�c¯t|¥

Ps

h p©��~f��hT�
y�c�{My%{���~�;�x�quh pay�sr�/sutwpfv!��quvwcay�±·c�{wp��¼��q}�«h*h�ª«q}�Ey�� ° D<hTp�x�h0{���~fsuh�{|���fsrquhT�zy�t/{|p����f��tw�fsuh g&y�c©{My4qu�
p�t|y#qrp¼��twsu£whG��¥§tI��g/°

.�tw��y�hT��g0qup�{My�qrtIp�¬�ho~©��h�y�cfh4suh�ª«q}x�twvI��{w�fcfq}xzx twgk��qrp�{|y�qutwp�tw¥+y�cfh4pa~�gk��h �dt|¥,£_{w��q}{|��srhG� ´a¬#cfq}x�c
y�{�(IhT�%x {w��h*t|¥ 3 {|��q}{|�fsuh �¦srqug0qrp©{My�qutwp¯��y�hT��� ´+y�cfh¤p�~fg��©hT�%t|¥#x�tIpM�E~fp�x�y��%qup�y�cfh0y�tw�¯x�tIpM�E~fp�x�y�qutwp^´
¬#c�qux�c0y�{�(whG�¦x {w��hzt|¥^�#hT��y���q}x.y�hG� �zq}��y���qr�f~fy�qu£aqryE�¤�Ey�h ���T´�{|p��*y�cfh���q?>Th<t|¥]y�cfhz�f��tw��srhTg�¥§tI�¦y�c�hzt|y�cfh �
��qug*��srqr³©x {|y�qutwp���~�srhG� °

2

b�t�tI�«y�{wqrp¸{���tw~fp���twp¼y�qrg0h0x�twg0�fsuh�ª«qryE�/¬¨h�pft|y�h�y�c©{My%�#hT��y���qux�y�hG� �zq}��y���qr�f~fy�qu£aqryE�/twpfsu�¼{|�f��srquhT�
y�t�{My<g0ta�Ey<yE¬�t��«q}�§�E~�p�x.y��z¬#qry�c/y�cfhk��{|g0h�£M{|��qu{w�fsuh%�f��h ³fª­´ftwp�h��f��h h�ª«q}�Ey�qrp�v�{|p��/tIpfh�x���hT{|y�hT�����
y�cfho�f��hGx�hG�«qrp�v�{|���fsrq}x {|y�qutwp�tw¥ 3 {|��q}{|�fsuh �¦suqug*qup�{|y�qutwp^°¦bdcfhot|y�cfh �#��qrg0�fsuqr³©x {|y�qutwp���~fsuhT�d{|sus���y���q}x.y�su�
�fhTx���hT{I��h�y�c�h¤pa~�gk��h ��tw¥d����gk��tws}�%{|p��¾y�c�~��%suhT{I�¸y�t¼{/srqupfhG{|�%p�~fgk��h �%tw¥���~fsuh¤{|�f�fsuq}x {My�qrtIp��T´���t
y�cfh �¾pftw��g¤{|suq?>Th�y�c�qu�%��~f�f�f��tw��srhTg t|¥¨��q?>Th

O(n2)
qup

O(n2)
��y�hT��� ° ¢ h0vIh�y%{|p�tM£wh ��{|sus+��tw~�p��¾tw¥

O(n2)
�Ey�h ���¦¥§tw�Zh ª«c�{|~���y�qu£whTsr�*{|�f��sr��qupfv%y�c�hz��qug0�fsuq²³©xT{My�qrtIp¤��~fsuhT�T°6bdcfh ��hz{|��h

O(n)
£_{w��q}{|��srhG�¦{|p��

hG{wx�c¯£M{|��q}{|�fsuh�q}�k��h g0tM£IhT�®qup
O(n2)

��y�hT���T´¦cfh p©x�h�y�cfh/�«h ��qr£M{|y�qutwp c�{I��{|y�g0tI��y�suh p�v|y�c
O(n3)

°

 s²y�cftw~�vwc�{¤��qrpfvIsrhk��~fsuh�{|���fsrq}x {|y�qutwp¼g¤{_��p�h hT�/suqupfhT{w�#y�qug0h�¥§tw�<³�p��«qupfv�{���~f�f����tI�fsrhTg�y�t�¬#cfq}x�c
qry�q}�%{|�f�fsuq}x {|��srhI´^¬#q²y�c¯��~fqry�{w�fsuh0{wsrvItw��q²y�cfg¤��y�cfh¤x�ta�Ey%tw¥¨y�cfqu�4tM£Ih �%{/�«h ��qu£_{|y�qutwp¾y�c�{|y�qu�%{|y4suhT{I�Ey
tw¥�suqrp�hT{|�dsuh pfvwy�c�qrp�y�cfh%��q > h4t|¥�y�cfh%����tI�fsrhTg ¬#qrsus^��h4srqupfhT{w�#qrp!y�c�h%srhTpfv|y�c!tw¥+y�c�h��«h ��qr£M{|y�qutwp^´«{|p©�
c�h p�x hop�t|y<h�ªfx h hT��y�qug0h

O(n3)
° ¢ h4y�c�~��#tI�«y�{wqrp!y�c�h4¥§twsusrtM¬#qupfv*y�cfhTtw��h g �

� � À�Ä � À � 6 � �8��� �X� � < < ��* '
�)�+*)�+������� � � O(n3)
����
 <
,=�� ��

O(n2) �
loqu£whTp�{0�«hT��qu£M{My�qrtIp^´f{0��tIsr~«y�qrtIp�xT{|p/hT{I��qusu�¤�©h%h ªay���{Ix.y�hT��¥§��tIg y�cfh��fh ��qr£M{My�qrtIp^°

ý�ý Ð
Zfì�å.ç.æ
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�:� ��� � � À 6 � �4< ��� ���%� � , *)� � �  ��
� < � 
�� 	H� "=� ,�	�� ��*)� � XfY = ff ∧ XZ = g
����� " � � ��� � � *

< ����< � ���
�;� � ���9*)� �%$5��"
1 � �+�+�)� ��������� "=� � ��* *)� �����%$ < �����8� �� ��+� � 	 ��*)�+� , ,�* �  ��
��� �
��<��

XfY ≈ ff ∧ XZ ≈ g

→ ���������	��
���
�
 ����������������� Y (Xf ≈ ff ∨ Xff ≈ ff) ∧ XZ ≈ g

→∗� ������������������������� � (X ≈ f ∨ X ≈ ε) ∧ XZ ≈ g

→ �����!���	�!
��"
�
 ����������������� Z (X ≈ f ∨ X ≈ ε) ∧ (X ≈ g ∨ Xg ≈ g)

→
� ������������������������� � (X ≈ f ∨ X ≈ ε) ∧ (X ≈ g ∨ X ≈ ε)

→∗# ���$�����%�$�%�'&(�)���$�����%��*+����,��-��. (X ≈ f ∧ X ≈ g) ∨ (X ≈ ε ∧ X ≈ ε)

→ /�&	�����������!���!. (X ≈ f ∧ X ≈ g) ∨ X ≈ ε

→ �����!���	�!
��"
�
 ����������������� X ((ε ≈ f ∧ ε ≈ g) ∨ ε ≈ ε) ∨ (f ≈ f ∧ f ≈ g)

→∗ ε ≈ ε

→ >

0 � ���!�d$&5¨��
���������������$,�#=��!�.��=

1���� 243�� �
���45 � ������� � �
	�� ! �76 !98 � ! �:3������<; � ��� �
���
	��
� ¹�c�{w��hG��±!,^qupfhT{w�#»¨tIpIy�h�ª�y<º�{My�x�cfqupfv �Q¹;,6»�º �
���
�������
���
� 
 x�tIpay�h�ª�y�g¤{My�x�cfqupfv¼�f��tw�fsuh g�qrp���y�{wp�x�h

P
��~�x�c�y�c�{|y�¥§tw��hG{wx�c®x�tIpIy�h�ª�y�£M{|��qu{w�fsuh

{|sus^qry��dt«x x ~f����h p©x�hT�d{w��h%{|���fsrquhT��y�t0y�cfh���{|g0hoy�h ��g/°
��� ������������� QE�

P
��tIsr£M{|��srh  


 x�twpay�h�ª�yZg¤{My�x�cfqrp�v��f��tw�fsuh g qrp©�Ey�{|p�x h<qu� <�"=�
	���
 �8* ��������	4¥§tw�ZhG{wx�c¤x�tIpay�h�ª�yZ£M{w��q}{|�fsuh<{|sus�qry��¨t«x x ~f��±
��h p©x�hT�6{w��h�{|�f�fsuquhT�ky�toy�cfh#��{|g0h¨y�h ��g/°,bdc�qu�6��hT��y���qux�y�qutwp�c©{w�,�©hTh p0qupIy���t«�«~©x�hT�k����»¨twg0twp M Vf´�Y3O½´Iq²y
q}�d{0����hTx qu{ws]xT{w��h�tw¥���y���{My�qr³©xT{My�qutwp+°XQ·y#qug0�fsrquhT�¨y�c�{My<{�¥§~fsusr����c�{w��hG�¤vw��{|�fc!��hT�f��hT��h pay�{|y�qutwp�tw¥���~©x�c
{4����tI�fsrhTg�qup���y�{|p©x�h<x�tIpay�{|qup��6hG{wx�c¤x�tIpIy�h�ª�y¦£M{|��qu{w�fsuh�h ªf{wx.y�sr��twp�x hw° ¢ h<xT{|p¤{|���fsr�ky�cfh�{|suvwtw��qry�cfg
¥§tI�Zy�cfhzsuqupfhT{w��xT{w��hw´a¬#cfh ��hz¬�hz��h �fs}{wx hz��~f�«y�hT��g¤�¨����y�cfh4x�tw����hT���©tIp��«qupfv���~��«± � 
 l4�Zqup¤y�c�h�vI��{w�fc
��h ����hG��hTpIy�{My�qrtIp^°obdc�qu�osuhT{w���<y�t�y�cfh*��{|g0h�y�qug0h*{wp��¾����{wx h�x twg0�fsuh�ª«q²yE�I´]¬#cfh ��h

n
qu�zy�{5(wh p¾y�t��©h

y�cfh���q?>Thotw¥+y�cfh%vw��{|�fc+°

1���� = � � � !�>�� � 	�� ! �?6 !@8 � ! �A3������<; � � �B5 � 		���DC�� ! �
���
	��
� 3 {|��qryE�!i¤»¨twpay�h ªay<º�{|y�x�cfqupfv � 3 iI»�º �
���
�������
���
� 
 x�twpay�h�ª�y�g¤{|y�x�cfqupfv �f��tI�fsuh g9qup��Ey�{|p�x h

P
��~�x�c y�c�{|y�x�twpay�h�ª�y/{wp�� qup��«qu£�qu�f~�{|s

£M{|��qu{w�fsrhG�dt«x x�~��d{|y<g0tI��y�yE¬#q}x�hI°
��� ������������� QE�

P
��tIsr£M{|��srh  

3 {w��qryE�¼i�x�tIpay�h�ª�yzg¤{|y�x�cfqupfv�� 3 ia»�º �<q}�ox�twpay�h�ª�yzg¤{My�x�cfqrp�v���hT��y���qux�y�hT��y�t�y�cfh*xT{w��h�¬#cfhT��h�hT£whT���
x twpay�h ª�y¨tw�¨qrp©�«qr£�q}�«~�{ws�£M{w��q}{|�fsuhzg¤{_�*t«x x�~���{|y�g0tI��yZyE¬#q}x�hI°Ubdcfh�p�t|y�qutwp+JE£M{|��qryE��tw¥�{%y�h ��g tI�Z¥§tI��±
g�~fs}{ L ¬d{w�,qupay���t��f~�x�hG������,+��p�x�c*{wp��0º¼tw��{_¬<��(_{�M)UG�3O·´wqry¦qu�6y�cfh#g¤{Mª«qug0{ws«p�~fgk��h �Utw¥�t«x x ~f����hTp�x�hG�
tw¥,{*£M{|��qu{w�fsuhw°

Ï�� ý ÏÑþ
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� � À�Ä � À � 6�	 � � � � � <�� � �  �� � ,�*)� ��� �
�E	�� ����� ���%��hT�«~©x.y�qutwp�t|¥���tI��qry�qu£whPU�±�QE¶#±Þ�M±E¹ 
 b MIUT�3O�y�t 3 iI»�º¯°Mb���~«y�c�£M{wsr~fhG�6{|��h¨��h �f��hT��h pay�hT�%���

a¥§tI�o¥Ý{|s}��h0{|p��
f(a)

¥§tw�oy���~fhw°�bdcfh0hT����hTpIy�qu{ws���twqupay%qu��y�c©{My
n

�«q���hT��hTpIy%qup��«qu£�qu�«~©{|s6£M{|��qu{w�fsrhG��xT{|p
��h���h�ydy�t0y�cfh���{wg0h�y���~fy�c/£M{|su~fh4�a�!{0g0{|y�x�c�hT�a~�{|y�qutwp

Xi(g(yi1, ..., yini
)) ≈ h(g(a, ..., a), g(f(a), ..., f(a))).

¢ h¾~©��h���~�x�cA{|p hG�I~©{My�qutwp�y�tµtI�«y�{wqrp
ni

£M{|��qu{w�fsuhT�¤¥§tI��hG{wx�c sutwvIquxT{|sz£M{w��q}{|�fsuh�qup y�c�h U ±�QE¶<±·�|±
¹ 
 b:qrp���y�{wp�x�hI´]¬#cfh ��h

ni

qu�zy�cfh�p�~fgk��h �ot|¥Uy�qrg0hT�oqry�t«x x ~f���<qup�y�c�hkqup��Ey�{|p�x hw°%»¨su{w~���hG�z{w��h%y�cfh p
��h ����hG��hTpIy�hT���a�

Zj(g(yij1
, yij2

, yij3
)) ≈ h(g(f(a), a, a), g(a, f(a), a), g(a, a, f(a))),
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