
HAL Id: inria-00071638
https://inria.hal.science/inria-00071638v1

Submitted on 23 May 2006

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

Binary Feature Selection with Conditional Mutual
Information
François Fleuret

To cite this version:
François Fleuret. Binary Feature Selection with Conditional Mutual Information. [Research Report]
RR-4941, INRIA. 2003. �inria-00071638�

https://inria.hal.science/inria-00071638v1
https://hal.archives-ouvertes.fr


IS
S

N
 0

24
9-

63
99

   
   

 IS
R

N
 IN

R
IA

/R
R

--
49

41
--

F
R

+
E

N
G

ap por t  
de  r ech er ch e 

THÈME 3

INSTITUT NATIONAL DE RECHERCHE EN INFORMATIQUE ET EN AUTOMATIQUE

Binary Feature Selection with Conditional Mutual
Information

François Fleuret

N° 4941

Octobre 2003





Unité de recherche INRIA Rocquencourt
Domaine de Voluceau, Rocquencourt, BP 105, 78153 Le Chesnay Cedex (France)

Téléphone : +33 1 39 63 55 11 — Télécopie : +33 1 39 63 53 30

���������
	�������
��������������
�����������! #"$���&%&���
�����&���(')���
�&���
*+�&,-���/.0�1�
���2�

3/465+7�8:9+;=<>3@?BA:C�4DAFE

GIHKJ�L�M�N2OQPSR:TUMDVXWFYZTX[]\FR�HK\FL^L�M�_=L`WaY�Hb[]RKMFc
[dL`WfeFMDgDcihK\aRKRKjDMDgDcKY�\FRKRbWf[kgXgUWaRbY�M6g

l�VU\amnM�ToPSL�MDhK[dW

poWfqbqr\FVsTohtM�VXMDY�HKMDVXY�HbMuR+v!wFxawby&O{z@Y�TU\a|bVUM�}f~F~aN�O�yD�^qbWaeaMDg

���!�D���-�K�a�a� PSR�W�Y�\aR:TUM��iTI\a�!Y��dWFgUgU[��+Y�W-TX[]\FR�c:��M1qKVX\aq+\FgUM�TX\��bgsM1Y�\FRbht[]TU[d\aRbWa��L2�tTX�bWf��[dRt��\FVUL`W-TX[]\FR
TX\�gsMD�]M6YZT�W@��WfL�[d�]��\a�+|b[]RbWaVU�1��M6W-TX�KVUM6g���HK[kY�H�WaVUM�[dRbht[d�:[kht�bWa�]�d�2ht[kgXY�VX[]L�[dRbW-TX[]RKe�WaRbh2��MDWa�i�]�2hKM�q+M�Rt_
hKM�R:TD����M�gUHK\-� TXHbW-T�\aR>W1T�WagU��\a��[]L`WfeFM�Y��kWagXgU[��rYDW-TX[]\FR�cFhtM6gsqb[�TXMo[�T�g�gU[dL^qb�][kY�[]Tn�aciW�RbWa[]�FM�¡IW¢�aMDgU[kWfR
Y��dWFgUgU[]�bM�V/|bWFgsM6h2\FR^��MDW-TX�KVXMDg�gUM��dMDY�TUMDh^��[]TUH^TUHb[dgI£�\aRbht[]TU[d\aRrWf�K¤¥�tTX�bWf�rPSRt��\aVXL`W-TX[]\FR^¤¦Wf�t[]L�[d§DW-TX[]\FR
¨ £�¤¥Pn¤ª©�Y�VX[�TXM�VX[]\FR¦q+M�VU��\aVXL�g�Wag���MD�]��Wag@W&Y��kWagXgs[]�bM�V�|K�K[d��T1��[]TUH¬«�hbWa¡�\i\FgsTD�@�¬M�Wf�kgs\�gsHK\-�TXHbW-T
TXHK[kgoY��kWagXgs[]�rYDW-TU[d\aR�L�M�TUHb\ih&[kgIL�\aVXM@VX\a|b�bgnTITXHbWfR�|+\:\:gnTX[]Rbe^��HbM�R�TUV�Wf[dRKMDh�\aR¥W^RK\a[kgU��hKW-T�W�gsM�TD�
®¥¯:°²±X³2´ �-µ!�a� Y��dWFgUgU[]�rY�WfTU[d\aR�ci��M6W-TU�bVUM�gUM��dMDYZTX[]\FR�cK¡IW¢�aM6gs[kWfR�Y��dWFgUgU[]�bM�V6ctL2�tTX�bWf��[dRt��\FVUL`W-TX[]\FR



����������!����� %� %���
� �������
��������&��� .0�	�>��.0�
�
�1�
�����
%� ���s���&,-����.0���
����� . �>�!������� �����&%&���
�����&�&�����

�� ����� � ��� WaRbg��KRªY�\FR:TUM��iTXM2htM�Y��dWFgUgU[]�rY�WfTU[d\aR�cKRb\a�bg�qKVX\aq+\FgU\aRbgoh�� �tTX[]�d[kgsMDV���� [dRt��\aVXL`W-TX[]\FR¥L2�t_
TX�KM��d�dM^Y�\aRbht[]TU[d\aRbRKM��d�]M�q+\a�KV1gUj��dMDYZTX[]\FRKRKMDV@�bRKM2��WaL�[]�d�]M`htM�htM6gUY�VU[dqtTUMD�KV�g�|K[dRbWa[]VXMDg	�:�K[/gs\FR:T@[dRbht[d�i[�_
hK�KM��d�]MDL�M�R:T�[dRt��\aVXL`W-TX[���g�TU\F�tT�MDR¦j�T�WfR:To��Wf[d|K�dM�L�M�R:T�htj�q+M�RrhKWfR:TXg�M�R:TUVXM2MD�t�����o\F�bg�L^\FR:TUVX\aRbgogU�KV
�bR�qKVX\a|b�]JDL^M1htM1Y��kWagXgs[]�rYDW-TU[d\aR�h�� [dL`WfeFMDg��:�KM�L`Wa�]eFVUj1gUW�gs[dL�qK�d[dY�[�TXj@�bR&Y��dWFgUgU[��rM��KVIhtM@Tn�iqrM�¡IW¢�aj�_
gU[dM�R�RbW��B���tTX[]�d[kgUWaRFT�htM6g�htMDgXY�VX[dqtTUMD�KVXg1gUj��dMDY�TU[d\aRKRKj6g�htM`Y�M�TsTUM`L`WaRK[]JDVUM^\a|KTU[dM�R:T�htMDg@T�Wf�t�¬h�� MDVUVXM��KV
gU[dL^[d�kWf[dVUM6g���Y�M��K�ªh�� �bR�Y��dWFgUgU[��rM��KV1Y�\FRbgnTXVU�b[�T	����� Wa[dhKM^h�� «�hKWF¡�\i\:gnT6�	��\a�bg@L�\aR:TXVU\FRbg�jDeFWa�]MDL^MDR:T
�:�KM�Y�M�TsTXM1TUM6Y�HKRK[ �F�bM�MDgsTI|+MDWa�bY�\F�Kq&qK�]�rg�VU\F|K�bgsTUM!�:�KM1�]M�|+\i\FgsTU[dRKe`hKWfRrgI�KR¥Y�WahKVUM1|KVX�K[]TUja�
"$´ �6� ± ��# � �`� Y��dWFgUgU[]�rY�WfTU[d\aR�cigsjD�]M6YZTX[]\FR�htM@��MDWfTU�KVXMDgDctY��kWagXgs[]�bMD�KV�|rW¢�ajDgU[dM�R�c:[]RK��\aVXL�WfTU[d\aR�L2�tTX�KM��d�]M



���������	��
�����������	������������� N

� *+��� ���`%&��� �
�����

¡��`VXMDht�rY�[dRKe�TXHKM1R:�bL2|+M�VI\f�
Y�\aRbgU[khtM�VXMDh���M6W-TX�KVUM6g�ci\FRKM@YDWfR�|r\aTUH&VUM6ht�bY�M�\-�aMDVs_=�KTsTX[]Rbe2\f�
�]M6WfVXRK[]Rbe
L�M�TUHK\thKgDcbWfRrh�[dRbY�VXMDWFgsM�TUHbM�Y�\aL�qK�KTXW-TX[]\FR¥gsq+M�M6h�\a�!qKVXMDhK[dY�TU[d\aR�� �! ~FN#" �/�¬M1��\tY��bg�[dR�TXHK[kgIqbWfq+M�V
\FR�TXHKM�gsMD�]M6YZTX[]\FR�\a�!W���M�� TUM�RrgI\f�
|b[]RbWaVU�>��MDW-TX�KVXMDgIWfL�\aRbe^W�gUM�T�\f��gsMD�aM�V�Wf�rTUMDRbgI\f�!TUHb\a�bgXWfRbhbg�\a�
TXHKM�L []R¥W�Y�\FR:TUM��iT�\f�/Y��kWagXgU[��rYDW-TX[]\FR��

GIHKM�L�\FgsT�gnT�WfRbhbWfV�h ��W¢�tg1TX\ªgsMD�]M6YZT���MDW-TX�KVXMDg2Y�\aRbgU[kgnT2[dR V�WfRK�i[dRKe¥TUHbM�L WaYDY�\aV�ht[dRKe�TU\¦TUHKMD[]V
[dRbht[d�i[dhK�bWf��qKVXMDhK[dY�TU[d�aM&qr\-��M�V6c���HK[kY�H [kg�MDgsTU[dL`W-TUM6h |i� �-WfVX[d\a�bg^L�M�TXHK\thKg`gs�rY�H Wag%$![kgsHKMDV`gUY�\aVXM
� $!£ � + ~a~#"=c'&�\a�dL�\aea\FVU\-�:_)(iL�[]VXRK\-�ªTUMDgsTDc�l�M6WfV�gs\FR Y�\aVXVUMD�dWfTU[d\aR*� ¤¥l�~a~#"@\aV>L��tTU�rWf��[dRt��\FVUL`W-TX[]\FR
� ¡IW-T�xfwtc�¡�� xa�tc�G
\aV�~aN+" �,(tM��dMDYZTX[]\FRª|bWFgsM6h¦\FR¬gU�bY�H¬W�VXWaRK�i[]Rbe�ht\iMDg1Rb\fT1M�RbgU�KVXM^W�ea\i\th¦\FVsTXHK\aea_
\FRbWf�d[]Tn� |+M�Tn��M�MDR ��M6W-TU�bVUM6g�c@WfRbh Y�WfR �]M6Wah TX\ VUM6ht�KRbhKWaR:T&WfRrh TUHi�bg&�dMDgXg&[]Rt��\FVUL`WfTU[d�aM¬gUM��dMDY�TUM6h
��WaL�[]�d[]M6g��

z��KV�WfqKqKVX\FWFY�H�Y�\aRbgU[dgsTXg�[dR`qK[kY��i[]RKe@��M6W-TU�bVUM6g/��HK[kY�H^L`Wf�i[dL�[]§DMITUHKMD[]V L2�tTX�bWf�K[dRt��\FVUL`W-TX[]\FR���[]TUH
TXHKMoY��kWagXg�TX\�qKVUM6ht[kYZTDc:Y�\FRbht[]TU[d\aRbWa�]�d��TU\1TXHKMoVXMDgUqr\FRbgUM�\a�²WaRi����MDWfTU�KVXMoWf�dVUM6Waht�2qK[dY��FMDh��!GIHK[kg�£�\aRbhK[�_
TX[]\FRbWf�
¤¥�tTU�rWf� PSRK��\aVXL�WfTU[d\aR¥¤¦Wf�i[dL�[]§6W-TX[]\FR�Y�VU[]TUMDVU[d\aR ¨ £�¤¦Pn¤ª©oht\iM6g�RK\fT@gsMD�]M6YZTo��M6W-TU�bVUM6gogs[dL�[]�kWfV
TX\@Wa�]VXMDWFht�1qK[kY��aMDh2\aRKM6g�c-MD�aMDR2[]�bTUHbM��2WaVUM�[]RbhK[]�i[kht�bWf�d�d��qr\-��M�VU���K�=cfWag TUHKMD�2ht\@RK\fT�YDWfVXVU��Wahbht[�TX[]\FRbWf�
[dRt��\FVUL`W-TX[]\FR�Wa|r\F�tT/TUHKMoY��dWFgUg
TX\@qbVUM6ht[dY�TD��GIHi�bg�cF[�T/MDRbgs�bVUM6g/W�eF\i\ih2TUV�WahKM�\�-`|+M�Tn��M�MDR^VXMDhK�KRbhKWaRbY��
WaRbh&ht[dgXY�VX[dL^[dRbWfTU[d\aR��

 /�tq+M�VX[]L�MDRFT�go\FR�W^��WFY�M��tgD� RK\FRt_B��WFY�M�Y��dWFgUgU[��+Y�W-TX[]\FR�T�WagU��htMDL�\aRbgsTUV�W-TXM�TXHbW-T���MDW-TX�KVXMDgoY�HK\:gsMDR
WFY�Y�\aV�ht[]Rbe�TX\�TUHb[dg!Y�VX[�TXM�VX[]\FR�Y�WfR�|+M M�.>Y�[dM�R:TU�d�@Y�\aL�|K[]RbMDh1��[]TUH2W�RrWf[d�aM ¡IW¢�aM6gs[kWfR1WfqbqKVU\:WaY�H,� �!/!0 NKc
1 PnG�xF}+"@WfRbh �dMDWFh TX\(M�VXVX\aV`V�W-TUM6g`gs[dL�[]�kWfV>TU\ TXHK\FgUM¥\a|tT�Wf[dRKMDh ��[]TUH «�hbWa¡�\i\FgsT2� $3(txa�FW4" � «��dgU\bc
M��tqrMDVU[dL�M�R:TXg�gUHK\-�$TUHKM>VX\a|b�bgnTXRKMDgXg1\f��TUHb[dg2L^M�TUHK\th ��[]TUH VXMDgUqrM6YZT�TX\¥RK\a[kgs�ªTUV�Wf[dRK[dRKe¥gsM�TXgDc!WFg�[�T
WFY�HK[dM��aM6g�|+M�TsTXM�V�VXMDgU�K��T�g�TXHbWfR�VXM�eF�K�kWfVX[]§DMDh1«�hKWa¡�\i\FgsTDc¢MD�aM�R1TXHK\a�beaH�[]T�hK\:M6g�RK\aT
VXM��:�K[dVUM�TUHKM�TU�KRb[]RKe
\a�!W^VXM�ea�b�dWaVU[d§DWfTU[d\aR�qrWfV�WfL�M�TXM�V6�

PSR65Z}^��M�gU�KL�L`WfVX[]§DM1TUHKM2Y�\aR:TUM��iTo\f��TUHK[kg���\aVX�²cK��M�[dR:TUVX\tht�bY�M1TXHKM�RK\aTXWfTU[d\aRbgI��\FV�TUHbM�VUM6gnTo\a�
TXHKM�qbWfq+M�V�WaRbh¦��M�ea[d�aM�W�gsHK\FVsT�gU�KL�L�WaVU�¥\a��gsTXWaRbhKWfV�hªY��dWFgUgU[]�rY�WfTU[d\aR¥TXMDY�HKRK[ �:�KMDgD�^�¬M �:�K[kY��i�]�
qbVUM6gsMDRFT�TU\i\a�kg���VX\aL []RK��\aVXL�WfTU[d\aR�TXHKM�\FVU��WfRbh¥hKMDgXY�VX[]|+M2\F�KVo��M6W-TU�bVUM�_ gUM��dMDY�TU[d\aR¥gUY�HbM�L�M�[dR75XNb�o�¬M
eF[]�FM`VUM6gs�b��T�g�\f�oM��tqrMDVU[dL�M�R:TXg�8¬L`Wf[dRK�]� Y�\aL�qbWfVX[kgs\FRbg1��[�TXH «�hKWF¡�\i\:gnT�8�[]R95XwªWfRrh:5�;tc/WaRbh ��M
�rRbWf�d�]��ht[dgXY��rgUg�TXHK\FgUM1VUM6gs�K�]TXg�WaRbh�TUHKM1��\FVsTXHbY�\FL�[]RKe�htMD�aM��d\aqbL^MDR:TXgI\f�
TUHK[kg���\aVX�`[]R�5��K�

l�M�\FqK�dMo[]R�W�Hi�KVUVX�2��Hb\2WfVXMI��WfL�[d�][kWfV���[�TXH�TUHKM�TU\aqb[dYoYDWfR1mn�KL�q�hK[]VXMDY�TU�d�2TX\2gsM6YZTX[]\FR25�}t�dy ¨ qbWfeFM
N:©���\FV�TXHKM@RK\fT�W-TU[d\aRrg�c<5XNb� } ¨ qbWaeaM 0 ©���\FV TXHKM�htMDgXY�VX[]qKTU[d\aR>\a��TUHKM�£�¤¥Pn¤ Wa�]eF\aVX[�TXHKL�c:WaRbh`TX\�T�Wf|K�dMDg
y�WaRbh&} ¨ qbWfeFMDg@yay�WaRbhªyDw:© ��\aV�MDVUVX\aVIV�W-TXMDgIWfRbh�Y�\aL�qbWfVX[kgs\FR���[]TUH¥«�hKWa¡�\i\FgsTD�

= "$��� � � �?>������
�����

@BADC E*F3G�H�GJI)FLKNM
¡�M6Y�Wf�rgsM�TUHK[kg���\aVX���IWag�\aVX[dea[dRbWf�d�]��L�\aTU[d�¢WfTUM6h�|i��TXHKMohtM6gs[deaR�\f�²W@��WaY�MIhKM�TUM6YZTX\aV6cf\a�KV/M��tqrMDVU[dL�M�R:TXg
WaVUM�|bWagUMDh \aR W¬Y��dWFgUgU[��+Y�W-TX[]\FR(\f����WaY�M&�tg�� RK\aRt_=��WaY�M�[dL`WfeaM6g��O$b\aV^TUHrW-T`VUM6WagU\aR�c���M�[dR:TUVX\tht�bY�M
Rb\fTXWfTU[d\aRbgoVUMD�dWfTUMDh�TU\�[]L`WfeFM�Y��kWagXgs[]�rYDW-TU[d\aR���\aVoTUHKM2gXWf�FM1\f���KRbhtMDVXgsTXWaRbht[dRKebcr|K�tT�\F�KVoWfqKqbVU\:WaY�H&[dg
eFM�RKMDVU[kY�WfRrh¥Y�WfR�|+M�WaqKqK�d[]M6h�TX\�WfRi��gsM�T�\f�/|K[dRbWaVU����MDW-TX�KVXMDgD����M2eF[]�FM�HKM�VXM�W`VX\a�KeFH�hKMDgXY�VX[]qtTX[]\FR
\a� TXHKM�M��tq+M�VX[]L�M�R:T�Wf��gUM�TsTX[]RbeFg ¨ [dL`WfeFMDgDci��MDW-TX�KVXMDgDctM�TXYa� ©^|b�tTo��M1eF\^[dR:TU\`htM�TXWf[d�kgI[]R�5Uwr�

PQPSR#TJU	V�U4W



w � ���	�� �	�

1 M�T
I
htMDRK\fTXM2TXHKM�gsM�T1\a�

28× 28
qK[]�tM���eaV�W¢�tgUYDWf�dM�[dL�WaeaM6g�c�WfRrh

X
W�VXWaRbht\FL �-WaVU[kWf|K�dM2\FR

IgsTXWaRbht[dRKe¥��\FV�TUHKM&ht[kgnTXVU[d|K�tTX[]\FR \f��[]L`WaeaMDgD���¬M&htM�Rb\fTUM
Y
W¥|+\:\F�]M6WfR V�WfRbht\FL �-WaVU[kWf|K�dM���\aV2TUHKM

Y��dWFgUg�TX\`qKVUM6ht[kYZTDciTXHKM��-Wf�d�KM
0
gnT�WfRbhK[]RKe^��\FV � �#��� �	
 ��� WaRbh

1
��\FV �	
 ��� ¨ Y��n�B5Uwr�]y¢©Z�

��M�Y�\aRbgU[dhKM�V�W`gUM�T@\f�/|r\i\F�]M6WfR&��MDWfTU�KVXMDg
f1, . . . , fN

cb��HK[kY�H¦WfVXM�L`WfqKqb[]RKe:g���VX\aL
I → {0, 1}

�
GIHbM�Ri�KL�|rMDV^\a�o��MDWfTU�KVXMDg

N
[dg^qKVXM�TUTn� �dWaVUeFMac�\f��TUHKM&\aV�htM�V^\f��TUM�Rrg�\a��TXHK\a�bgXWfRrhKg�� PSR TUHKM&M��i_

q+M�VX[dL^MDR:TXg1TXHK\FgUM���MDWfTU�KVXMDg�WaVUM�|+\i\a�dMDWfR����KRrYZTU[d\aRrg���HK\:gsM`�-Wf�d�KM6g�htM�q+M�Rrh ��[�TXH¬TXHKM>qKVXMDgUM�RrY�M`\aV
Wa|bgUM�RbY�M�\a��MDhKeaMDg�WfT`Y�M�VUTXWa[]R qr\:gs[]TU[d\aR []R TUHbM¥qK[dY�TU�KVXMa�: WFY�H \f��TUHKMDL [kg^TUHi�bg`htM��bRKM6h |i�([]TXg
�d\tY�WfTU[d\aR&[]R�TUHKM

28× 28
qK[kYZTX�KVXM���V�WfL�MFct[�T�g�\aVX[]MDR:TXW-TX[]\FR�WaRbh&[�T�g�TU\a�dM�V�WfRrY�M ¨ Y��n� 5Uwb� }a©��

��M�htM�RK\aTUM
F1 = f1(X), . . . , FN = fN (X)

TUHbM@|+\i\a�dMDWfR�VXWaRbht\FL �-WaVU[kWf|K�dMDgIgsTXWaRbht[dRKe2��\FV�TUHKM
VXMDgUq+\aRbgUMDg \f��TUHbM���M6W-TU�bVUM6g��!�¬M@��[d�]�²\f� TXM�R>L`Wa�aM�W�Y�\FRt���bgU[]\FR>|rM�Tn��MDM�R`TXHKM���MDW-TX�KVXMDg�Wag�L�WaqKqK[dRKeFg
WaRbh&WagIV�WfRbht\FL��-WfVX[dWa|K�dMDg ¨ [=� MF�/|rM�Tn��MDM�R&TUHbM

fi

WfRbh�TUHbM
Fi

©Z�
$![dRbWf�d�]�Fc���M�hKM�RK\aTUM

fn(1), . . . , fn(M)
TXHKM�gUM��dMDY�TUM6h ��MDWfTU�KVXMDgDco��HKMDVUM

M
[dg�TXHKM¬Ri�KL�|rMDV�\a�

��M6W-TX�KVUM6gI��M�gUM��dMDY�TDcKWfRrh�[kgI�aMDVU��gsL`Wf�d��Y�\FL�qbWfVXMDh>TU\
N
¨ \f�!TUHbM�\aV�htM�VI\f�
�K� Tn�K©Z�

«��]�@gnT�W-TU[kgsTU[kY�Wf��M6gnTX[]L`WfTU[d\aRbg>hK�KVU[dRKe TXVXWa[]RK[dRKe WfRrh TXMDgsTU[dRKe(WfVXM�|bWagUMDh \FR gXWfL�qK�dMDg`\a�1W���MD�
Hi�KRrhtVUM6hKg�\f�²qK[kYZTX�KVUM6g�ca�dWa|rMD�]M6h�|i��HrWfRbh^��[]TUH^TUHKMD[]V VUM6Wf�KY��kWagXgUMDg

(x1, y1), . . . , (xT , yT )
¨ YZ�n� 5Xwb�dy6©Z�

GIHb\FgUM�gUM�TXg�Y�\FR:TXWf[dR�WFg L`WfRi����WaY�M@WaRbh`RK\FRt_B��WFY�M�qK[dY�TU�KVXMDgDci��HK[kY�H�Y�\FVUVXMDgUqr\FRbh^TU\^WfR>M �:�K[]�d[d|KVXWfTUM6h
qbVU[d\aV

P (Y = 1) ' 1/2
����M���[]�d���bgUM�TXHKM�L []L�qK�d[kY�[]TU�d����\FV�Wf�d��TXHKM�M�L�qK[dVX[dYDWf��MDgsTU[dL`W-TX[]\FRbgoht�KVX[dRKe

TXVXWa[]Rb[]RKe�\FV�TXMDgsTU[dRKeb�

@BA�@ �������	��
'G��JFLK H3K� K H3I������6H���� M IDH K����DH3M M I������
�@[d�aMDR^W@gU�K|bgUM�T�\f�r��MDWfTU�KVXMDg

fn(1), . . . , fn(M)

Wf�dVXMDWahK��gsMD�]M6YZTUM6h�cf��M�Y�\aRbgU[khtM�V/�d[]RbMDWfV/htM6Y�[kgs[d\aR�VU�b�]M6g�c
��Hb[dY�H�htM�q+M�Rrh�\FR&TUHKM�gU[]eFR�\a�!WaR&M��tqKVUM6gUgU[d\aR�\a� TXHKM1��\aVXL��

f(x) =

M
∑

i=1

ωi fn(i)(x) + b

��M2HbW¢�FM��bgUMDh&Tn��\>Wf�dea\aVX[]TUHKL`g�TU\�MDgsTU[dL�WfTUM�TXHKM
(ω1, . . . , ωM )

WfRbh
b
��VX\aL TUHKM2TUV�Wf[dRK[]Rbe>gsM�TD�

GIHbM��rVXgsT^\FRKM�[dg�TXHKM¦Y��kWagXgs[kY�Wa��q+M�V�Y�MDqtTUVX\aR*� po\Fg�;��ic �o\-�t�:}+"oWfRbh TUHKM¥gUMDY�\aRbh \aRKM�[kg^TUHKM�RbWa[]�FM
¡IW¢�FMDgU[dWaR�Y��kWagXgs[]�bMDV!� �!/!0 Nbc 1�PnG�x:}+" �

��¯ �¢� ¯�� �D� ´! 
PSR W�Ri�tT�gsHKMD�]�=c
TUHKM`q+M�V�Y�MDqtTUVX\aR �dMDWfVXRK[dRKe�gUY�HKMDL�M>Y�\aRrgs[kgnT�g1[]R M6gnTX[]L`WfTU[dRKe¥[�TXM�V�W-TX[]�FM��d�¥TUHKM`�FMDY�TU\aV
(ω1, . . . , ωM )

|i�>Y�\aVXVUM6YZTU[dRKe�[�ToWag��d\aRKe�Wag�TXVXWa[]RK[dRKe^M��KWfL�qK�dMDgIWaVUM�L^[kgXY��kWagXgs[]�bMDh���¤¦\aVXM�qKVXMDY�[dgUM��d�ac
WFg��]\FRKe Wag^TXHKM�VXM¥M��t[kgnT�g`W L^[kgXY��kWagXgs[]�bMDh M��KWaL^qb�]M

(yi, xi)
[�T�g���MDWfTU�KVXM¥�aM6YZTU\FV�[dg>WFhKhtM6h TX\ TUHKM

Rb\aVXL�Wa�²�aMDY�TU\FV�[���[�To[kgI\f�/Y��kWagXg�qr\:gs[]TU[d�aMFcKWfRbh&[kgI\fTXHKM�VX��[dgUM�gs�b|tTUV�WaY�TUMDh��

∀k ωk ← ωk + (2 yi − 1) fn(k)(xi)

GIHKM�|b[dWFg TXM�VXL
b
[dg�Y�\aL�qK�tTXMDh&|i��Y�\FRbgs[khtMDVU[dRKe�W�Y�\aRbgsTXWaRFTI��M6W-TU�bVUM�Wf�d�IW¢�ig�M��:�bWa�²TU\

1
��P �!TUHKM

TXVXWa[]Rb[]RKe&gsM�T@[kg@�][dRKM6WfVX�]�¥gUM�qbWaVXWa|K�]M�[]RªTUHKM^��M6W-TU�bVUM^gsqbWFY�MFc²TUHKM^qKVX\iY�MDgXg�[kg@qKVX\-�aMDh&TX\&Y�\aRi�aMDVUeFM�TU\

"$#�P�"&%
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W�gsMDqbWfV�W-TX[]Rbe�Hi�iqrMDVUqK�kWfRbM�WfRrh¥TUHbM�Ri�KL�|rMDV@\a� []TUM�V�W-TX[]\FRbg�YDWfR¬|rM^MDWFgs[d�]�¥|+\a�bRbhtMDh ¨ gUM�M � £ (KG�~a~4"
qrWfeaM6g�y6}¢_�y�wi©Z��P �rTUHKMohbW-TXW@WfVXMIRK\fT�gUM�qbWaVXWa|K�dMac6TUHKM�qbVU\tY�M6gUg!RKMD�aMDV!MDRbhKgDcaWfRrh2HbWFg!TU\1|+M�TXM�VXL�[]RbWfTUM6h
Wf� TUMDVoW�Ri�KL�|rMDV�\f��[�TXM�V�W-TX[]\FRbg��K�tMDh&W^qKVU[d\aVX[=�

� ����� ¯�� � °r¯ �����  
GIHbM2RbWa[]�FM�¡�W¢�FMDgU[dWaR¥Y��kWagXgs[]�bM�V�[dg@W>gU[]L�qK�dM2�d[]�FM��d[]Hb\:\th�V�W-TX[]\`TXMDgsT���[]TUHªWaRªWagXgU�KL�qtTU[d\aR¥\a� Y�\aRrht[�_
TX[]\FRbWf��[dRbhtMDqrMDRbhtMDRbY�M�|+M�Tn��M�MDR�TXHKM1��MDWfTU�KVXMDgD�/GIHKM1qKVXMDht[kYZTXMDh�Y��kWagXgIhtM�q+M�Rbhbg�\aR&TUHbM�gs[deaR&\f���

f(x) = ln
P̂ (Y = 1 |Fn(1) = fn(1)(x), . . . , Fn(K) = fn(K)(x))

P̂ (Y = 0 |Fn(1) = fn(1)(x), . . . , Fn(K) = fn(K)(x))

��RbhtM�VoTUHKM�WFgUgU�KL�qtTU[d\aR�TUHrW-T�TUHbM
Fn(.)

WfVXM�Y�\FRbht[]TU[d\aRbWa�]�d�>[dRbhtM�q+M�RrhtM�R:TDcbea[d�aM�R
Y
cK��M1HbW¢�aM �

f(x) = ln
P̂ (Fn(1) = fn(1)(x), . . . , Fn(K) = fn(K)(x) |Y = 1)

P̂ (Fn(1) = fn(1)(x), . . . , Fn(K) = fn(K)(x) |Y = 0)
+ a

= ln

∏K

i=1 P̂ (Fn(i) = fn(i)(x) |Y = 1)
∏K

i=1 P̂ (Fn(i) = fn(i)(x) |Y = 0)
+ a

=
∑

i

ln
P̂ (Fn(i) = fn(i)(x) |Y = 1)

P̂ (Fn(i) = fn(i)(x) |Y = 0)
+ a

=
∑

i

{

ln
P̂ (Fn(i) = 1 |Y = 1)

P̂ (Fn(i) = 1 |Y = 0)
fn(i)(x) + ln

P̂ (Fn(i) = 0 |Y = 1)

P̂ (Fn(i) = 0 |Y = 0)
(1− fn(i)(x))

}

+ a

=
∑

i

{

ln
P̂ (Fn(i) = 1 |Y = 1)

P̂ (Fn(i) = 1 |Y = 0)

P̂ (Fn(i) = 0 |Y = 0)

P̂ (Fn(i) = 0 |Y = 1)

}

fn(i)(x) + b

GIHi�bg���M@�bRbWa�]�d�>\a|KTXWf[dR�W^gU[dL^qb�]M�M��iqbVUM6gUgU[]\FR>��\FVITUHKM�Y�\:M�.>Y�[dM�R:TXg �

ωi = ln
P̂ (Fn(i) = 1 |Y = 1)

P̂ (Fn(i) = 1 |Y = 0)

P̂ (Fn(i) = 0 |Y = 0)

P̂ (Fn(i) = 0 |Y = 1)

GIHKMI|K[kWag
b
[kg�VXM��kW-TUM6h1TU\�TUHbM�qbVU[d\aV

P (Y = 1)
WaRbh2YDWfR�|rM�MDgsTU[dL`W-TUM6h2eF[]�FM�R�TXHKM

ωi

TX\�L�[dRK[]L�[d§�M
TXHKM�M�VXVX\aV�VXWfTUM1\aR�TUHKM1TXVXWa[]Rb[]RKe`gUM�T6�

�¯ �(�t�
	
GIHb\FgUM`Tn��\�Y��kWagXgs[]�bMDVXg�HrW¢�aM�ht[�-²M�VXM�R:T^gsTUVXM�RKeaTUHbg^WfRrh ��M6Wf�iRKM6gUgUMDgD�¦GIHKM&qrMDVXY�M�qtTXVU\FR TXWf�FMDg2[]R:TU\
WFY�Y�\a�KR:T�TUHKMImn\F[]R:T�gsTXW-TX[dgsTU[kY�gI\a� TXHKM1��MDWfTU�KVXMDgDcKWfRbh�htM6Wf�kg���[�TXH&\F�tTU�d[dM�V�gI|:��[]RbY�VUM6WagU[]Rbe2TXHKM�[dVo[dR��b�t_
MDRbY�M�[]RªTUHKM2�bRbWa�
\FVsTXHK\aeF\aRbWa���aM6YZTU\FVD��z�R¥TUHbM^Y�\aR:TUV�WfVX�acbTUHKM^RbWf[d�aM�¡�W¢�FMDgU[dWaR¥Y��kWagXgs[]�bM�V�[dg@|bWFgsM6h

PQPSR#TJU	V�U4W
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\FR�M6gnTX[]L`W-TXMDg�\f� TUHKM�Y�\FRbht[]TU[d\aRbWa�²L�WaVUeF[]RrWf�bqbVU\F|bWf|K[d�d[�TX[]M6g�WaRbh>[kg�L�\aVXM�VX\a|K�rgnT�TU\�TUHKM1qKVXMDgUM�RrY�M�\a�
\F�tTU�d[dM�V�g���GIHK[kg1L�MDWaRbg�TUHbWfT@��HK[d�dM�TXHKM�qrMDVXY�M�qtTXVU\FR¦[kg@Wa|K�dM�TX\&hKMDWf����[]TUH htM�q+M�RrhtM�R:T1��MDWfTU�KVXMDgDc�[�T
gU��-²M�V�gIL�\aVXM���VX\aL \-�aM�VU�KTUTU[dRKe2TXHbWfR&TXHKM�RbWf[d�aM1¡IW¢�aM6gs[kWfR��

@BA�� � �'H �6F FLM G
GIHbM2[khtMDW�\f��|+\:\:gnTX[]Rbe�[kgoTX\&gUM��dMDY�T@WfRrh¦Y�\FL2|K[dRKM�gUM��FM�V�Wf� Y��dWFgUgU[]�bM�V�g ¨ \f� TUMDRªVXM���MDVUVXMDh&TX\�Wag�� ��
����
� � 
��?� ����� crWagoTUHKMD�&WFY�HK[dM��aM1[dRbht[d�i[dht�rWf�d�]�&HK[deaH¥M�VXVX\aV�V�W-TUM¢©�[]R:TX\�W�L�\aVXM�ea�d\a|bWa��\aRKM���[]TUH¦W>�a\fTX[]Rbe
qbVU\tY�M6ht�KVXMa�IPSR¥\a�bV�Y�WFgsMFcKTXHKM���MDWfTU�KVXMDg�WfVXM�Y�\FRbgs[khtMDVUM6h¥Wag���MDWa�F_ �dMDWfVXRKMDVXgD��GIHi�bgDcbTXHKM�TXVXWa[]RK[dRKe>\a�
TXHKM^��M6Wf�:_=�dMDWaVURbM�VoY�\FRbgU[dgsTXg@gs[dL�qK�d�¥[]R¬qK[dY��i[dRKe>TXHKM���MDW-TX�KVXMDgo��[]TUH¬TUHbM�L�[dRK[]L��KL M�VXVX\aVoV�W-TXMa�1�¬M
Wa�dgU\�Y�\aRrgs[khtM�VI��\FV�MDWFY�H���M6W-TU�bVUM1[]TXg�WfR:TX[�_=��MDWfTU�KVXM ¨ [=� MF��TUHKM�\FRKM1��HK[dY�H�VXMDgUqr\FRbhKg�TUHbM�\aqKq+\FgU[�TXM6©��

GIHKM gUM��dMDYZTX[]\FR [kg&hK\aRKM¬|:� L`Wa[]R:TXWa[]Rb[]RKe W ht[kgsTUVX[]|K�KTU[d\aR \FR TUHbMªTXVXWa[]RK[dRKe M��KWfL�qK�dMDg���HK[kY�H
WFY�Y��KL2�K�kW-TXMDgI\FR�TUHKM�L�[kgUY��dWFgUgU[]�bMDh&\aRbMDgoht�bVU[dRKe�TUHbM�TUV�Wf[dRK[dRKeb��«�T�[]TUM�V�W-TX[]\FR

k
cbTXHKM���MDWf���]M6WfVXRKM�V

fn(k)

��HK[kY�H¦L�[dRK[]L�[d§�M6g�TXHKM2��M�[deaH:TXMDh¥MDVUVX\aVoV�W-TXM�[kg�gUM��dMDY�TUMDh�c²WaRbh�TXHKM^hK[dgsTUVX[]|b�tTU[d\aR¦[kg�VUM���VUM6gsHKM6h
TX\�[dRbY�VUM6WagUMoTUHbM���M�[deaH:TI\f��TXHKM�L�[kgUY��dWFgUgU[]�bMDh�gUWaL^qb�]M6g�WaRbh>VXMDht�rY�M�TUHKM@[]L�q+\aVUTXWaRbY�M@\f��TXHKM1\fTXHKM�V�g��
��\fTXM�TUHbWfT�|+\:\:gnTX[]Rbe>Y�WfR�|+M�gUM�MDR�WFgoW����KRrYZTU[d\aRrWf��eFVXWFht[]MDR:T�htMDgXY�MDRFT � ¡�VUM6~a~tc+¤¦¡I¡ $!~F~ic<$ / G�~F~#"
[dR���HK[kY�H�M6WaY�H�WahKhtM6h���MDWa�>�dMDWfVXRKMDV�[kg�W`gsTUM�q&[dR�TXHKM�gUqbWaY�M@\a�!Y��dWFgUgU[��rM�V�g��

PSR�\F�KV
Y�\aL�qbWaVU[kgs\FRbgDc���M HbW¢�FM/�bgsM6h1TUHbM \aVX[dea[dRbWf�a«�hbWa¡�\i\FgsT qKVX\iY�MDht�bVUMB� $3(txa�FWtc+$3(txF�f|�" c¢��HK[kY�H
[kg@�iRK\-��R¦TX\�gU��-²M�V@��VX\aL \-�aMDVs�bTsTU[dRKer� $K\FV@Rb\a[kgs��T�WagU�igDc���M�HbW¢�FM^Y�Hb\FgUM�RªW&gs\a� Ts_ L`WfVXea[dRª�aMDVXgU[d\aR
YDWf�d�]M6h¬«�hbWa¡�\i\FgsT

reg

� poz@¤¦x �+"=��P T�VXM�eF�K�dWaVU[d§�M6goTXHKM>Y��kWagXgU[dYDWf�/«�hKWa¡�\i\FgsT1|:�ªqrMDRbWf�d[]§D[]Rbe�gXWfL�qK�dMDg
��Hb[dY�H&[]R �b�KM�RrY�M1TU\i\�HKM6W¢�:[d�d�`TUHKM1TXVXWa[]Rb[]RKercKWag�TXHKM���WaVUM1�bgU�bWa�]�d�>\a�KTU�d[]MDVXgD�

G
\`�bgUM�|r\i\:gnTX[]RKe`WFgoW^��MDWfTU�KVXM�gsMD�]M6YZTX\aV6cK��M�VX�KR&TUHbM2Wf�dea\FVU[]TUHKL�TU\>WaYDY��KL��K�kW-TUM1TXHKM�M��iq+MDY�TUM6h
Ri�KL�|rMDV�\a����MDWfTU�KVXMDgDc:WaRbh`��M�TUHbM�R�VXMDY�\aL�qK�tTXM�TUHbM���M�[deaH:TU[dRKe:g���[]TUH�WaRK\fTXHKM�V�qKVU\tY�MDht�KVXM ¨ qrMDVXY�M�qt_
TXVU\FR�\FV�RbWf[d�aM1¡IW¢�aM6gs[kWfRr©��
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�BADC � K��F ��� H�GJI)FLK�G�� � F���� G�F F��DM
PSRK��\aVXL�WfTU[d\aR�TXHKM�\FVU��qKVX\-�i[dhtM6g�[dR:TU�K[]TU[d�aM�TU\i\a�kg TU\ �:�bWaR:TU[]���^Hb\-� L2�bY�H>[dRt��\FVUL`W-TX[]\FR>[kg�VXM��:�K[dVXMDh^TU\
hKMDgXY�VX[]|+M�VXWaRbht\aL �:�bWaR:TU[]TU[dMDgDc \aV1HK\-��L2�bY�H�[dRt��\aVXL`W-TU[d\aR�[kg�gsHbWaVUM6hª|i�ªW���MD�$\f��TUHbM�L � £�G�xKy	"=�
��M�Y�\FRbgU[dhtMDVIHKM�VXM1\aRK�d�`�bRK[]TUM2VXWaRbht\aL �-WaVU[kWf|K�dMDgIWaRbh&��M�htMDRK\fTXM

U
c
V
WfRbh

W
TXHKVUMDM�\f�
TUHKMDL&�

GIHKM2L^\:gnT����bRbhKWfL�MDRFT�Wf�!Y�\aRrY�M�qKT�[]R�[dRt��\aVXL`W-TX[]\FR�TXHKM�\FVU��[dgoTUHKM2M�R:TUVX\aqi�
H(U)

\f��W�V�WfRbhK\aL
�-WaVU[kWf|K�dMa�!p�\a�beaHK�d�ac-[]T �F�rWfR:TU[]�bMDg
TXHKM�W¢�FM�V�WfeFM�Ri�KL2|+M�V�\f�+|K[]TXg�VXM��:�K[dVUM6h1TU\@M�RbY�\thtMI\aV�htMDgXY�VX[]|+M�TUHKM
�-Wa�]�KM�\a�

U
�!« htM�TUMDVUL�[dRK[dgsTU[kY��-WfVX[kWf|K�dM�HrWag�W1Ri�K�d�KM�R:TXVU\Fq:� ¨ Wag�Rb\fTUHb[]RKe�[kg/VXM��:�K[dVUM6h�TX\�htMDgXY�VX[d|rM�[]TXg

�-Wa�]�KMFca��HK[kY�H`[kg/�iRK\-��R�|:��WahK�¢WaRbY�M¢©ZcF��HK[]�dM�W1�KRb[���\FVUL ht[kgnTXVU[d|K�tTX[]\FR`\aR
1, . . . , 2l

HbWag WfR�M�R:TUVX\aqi�
\a�

l
�¬P ��Wªht[kgsTUVX[]|K�KTU[d\aR([kg2�bR:|rWf�kWfRbY�MDh�c/[]T^[kg�L^\FVUM�M	.>Y�[dM�R:T2TX\¬�rgsM��]M6gUg2|K[�T�g�TU\¬Y�\thtM>��VXM��:�KMDRFT

�-Wa�]�KM6g�ctMD�aMDR�[]�
TXHbW-T���\FVXY�M@TU\��bgUM�L^\FVUM@|K[]TXgI��\FV�VXWaVUM@�-Wf�d�KMDgD�/P T�Y�WaR�|+M�gUHK\-��R�TXHbW-T

H(U) = −
∑

u

log2 (P (U = u)) P (U = u)

"$#�P�"&%
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GIHKM&Y�\FRbht[]TU[d\aRbWa� M�R:TXVU\Fq:�
H(U |V ) = H(U, V ) − H(V )

�:�bWfR:TX[��bM6g�TXHKM�W¢�FM�V�WfeaM�Ri�KL�|rMDV
\a��|K[]TXg�VUM �:�K[]VXMDh^TX\^hKMDgXY�VX[]|+M

U
c:��HKMDR>TUHbM��-Wf�d�KM�\f�

V
[dg�Wf�dVUM6Waht�^�iRK\-��R�� $K\FV�[dRbgsTXWfRrY�Maci[]�

U
[kg�W

hKM�TUMDVUL�[dRK[kgnTX[dY����KRbY�TU[d\aR&\f�
V
ciTUHKMDR&TUHK[kg�Y�\FRbht[]TU[d\aRbWa�+MDR:TUVX\aqi��[dgIRi�K�d�BcKWFg�RK\�L�\FVUM@[]RK��\aVXL�WfTU[d\aR�[dg

VXM��:�K[dVXMDh�TU\2hKMDgXY�VX[]|+M
U
��HKM�R

V
[dg �iRK\-��R���z�R�TXHKM�Y�\aR:TUV�WfVX�aca[��²TUHbM���WfVXMo[]RrhtM�q+M�RbhKM�R:TDc:�iRK\-��[]Rbe

V
ht\iM6g1RK\fT�TXM��d���a\F�¬WfRi�:TUHb[]RKe¥Wa|r\F�tT

U
WaRbhªTUHKM>Y�\aRbht[]TU[d\aRrWf�/M�R:TXVU\Fq:�¥[kg�Wf�dL�\FgsT�M��:�bWf��TX\�TUHKM

MDR:TUVX\aqi�`[�T�gsMD���n�
z��KVI��M6W-TX�KVUM�gUM��dMDY�TU[d\aR&[dg�|rWagUMDh�\aR�TUHKM�Y�\aRbht[]TU[d\aRrWf��L2�KTU�bWa��[]RK��\aVXL�WfTU[d\aR��

I(U, V |W ) = H(U |W ) − H(U |W, V )

GIHK[kg��-Wf�d�KM �:�bWaR:TU[]�bMDg�HK\-� L2�rY�H>[]RK��\aVXL�WfTU[d\aR>[kgIgsHrWfVXMDh�|+M�Tn��M�M�R
U
WaRbh

V
cieF[]�FM�R`TXHKM��-Wa�]�KM

\a�
W
�>«�RK\fTXHKM�V2��W¢��TX\¦gsMDM^[]TDc�Wag1[]T�[]T2htMDY�\aL�qr\:gsM6h¬Wa|r\-�FMac�[kg�WFg@TUHKM>ht[�-²M�VXM�RbY�M`|rM�Tn��MDM�R�TUHKM
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n(k + 1) = arg max
i

{

min
l≤k

Î(Y, Fi |Fn(l))

}
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GIHbM�M6hteaMIhtM�TUMDY�TU\FVXg!��MIWaVUM��bgU[]Rbe@WaVUMIY�VX�bhtMI|K�tT/[dRi�¢WaVU[kWfR:T!TU\�Y�HbWaRKeaM6g
[dR^[]�d�]�bL^[dRbWfTU[d\aR��
GIHbM¥qK[dY�TU�KVXM¥\aR TXHKM¦�dM�� T�gUHK\-�og^TUHbMªY�VX[�TXM�VX[]\FR ��\FV�W�HK\aVX[d§�\aR:T�Wf��MDhKeaM¥�d\iYDW-TXMDh []R

(x, y)
� GIHKM

hKM�TUM6YZTX\aV/VXMDgUqr\FRbhKg�[]�rTXHKM�gU[���hK[ -²M�VXM�RbY�MDg/|+M�Tn��M�MDR�qb[��tM��kg�Y�\aRKRKM6YZTXMDh^|i�2W�TUHK[dR>gsMDeaL�M�R:T�WfVXMI�]M6gUgUM�V
[dR�Wa|bgU\a�d�tTUM��-Wf�d�KM TXHbWfR2TUHKMIht[�-+MDVUMDRbY�M�|+M�Tn��M�M�R2TUHKMIqK[]�tM��kg�Y�\aRbRKMDY�TUMDh�|:�1TXHKM�TUHK[kY���gUM�eaL�MDRFT6�
GIHKM
VXM��kW-TX[]�FM��-Wf�d�KMDg�\f��TUHbM�Tn��\>qK[]�iMD�dg@Y�\FRKRKM6YZTUM6h�|i��TXHKM�TXHK[kY����d[]RbM�htM��bRKM�TXHKM2q+\a�kWfVX[]Tn��\a�!TXHKM2M6hteaM
¨ hKWfVX�^TU\��][deaH:TI\aV �d[deaH:T�TX\�hKWaVU�K©���GIHbM�qK[kYZTX�KVXM�\aR�TUHKM@VX[]eFHFTIgsHb\-�og/TUHbM�RKMD[]eFHi|r\FVUHK\i\th���HKMDVUM�TUHKM
M6hteaM1HbWFg�TU\�|+M�htM�TXMDYZTXMDh���\aVoW���M6W-TU�bVUM�\a� TU\F�]MDVXWaRbY�M

t = 5
TU\`VXMDgUqr\FRbh��

$![dea�KVXM2N ��GIHKM�\aVX[]eF[]RrWf��eFVXW¢�tgXY�Wf�dM@qK[dY�TU�KVXMDg@WfVXM�gUHK\-��R¥\aR�TXHKM2�dM�� T6��GIHKM�MD[]eFH:T�|K[dRbWfVX��L`Waqbgo\FR
TXHKM2VX[deaH:T�gUHK\-� TXHKM^VUM6gsq+\aRbgUMDgo\f��TUHKM^MDhKeaM2htM�TUM6YZTU\FVXg�W-T�MD�aMDVU���]\tY�WfTU[d\aRbg�[]R¦TUHKM

28× 28
��VXWaL^MFc

��\FV�M��FM�VX�`\aRKM1\f�!TUHbM
8
q+\FgXgU[]|K�dM�ht[dVUM6YZTU[d\aRrg�WfRbh�qr\F�dWaVU[]TU[dMDgD�
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£��kWagXgs[]�bM�V G
V�Wf[dRK[]Rbe^MDVUVX\aV G
MDgsToM�VXVX\aV
«�hKWF¡�\i\:gnT

0% 1.45%£�¤¥Pn¤ ��MDWfTU�KVXM�gsMD�]M6YZTX[]\FR�� ¡�W¢�FMDgU[dWaR
0.52% 1.52%£�¤¥Pn¤ ��MDWfTU�KVXM�gsMD�]M6YZTX[]\FR��uqrMDVXY�M�qtTXVU\FR
0% 2.28%«�hKWF¡�\i\:gnT���MDWfTU�KVXM�gsMD�]M6YZTU[d\aR�� qrMDVXY�M�qtTXVU\FR
0% 2.46%«�hKWF¡�\i\:gnT���MDWfTU�KVXM�gsMD�]M6YZTU[d\aR��$¡�W¢�FMDgU[dWaR

0.4% 3.51%¤¥Pn¤ ��MDWfTU�KVXM�gsMD�]M6YZTX[]\FR��uqrMDVXY�M�qtTXVU\FR
3.56% 8.28%¤¥Pn¤ ��MDWfTU�KVXM�gsMD�]M6YZTX[]\FR�� ¡�W¢�FMDgU[dWaR
5.58% 8.54%

G!Wf|b�]M�y �  �VXVX\aV�V�W-TUM6g���[�TXH
50
��M6W-TX�KVUM6gI\aR�TUHKM�WFY�Y��KVXWfTUM�TUV�Wf[dRK[dRKe`gsM�TD�
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���Z� �

�BADC � � 
 ��� I � � K G�M��:I G���H ��� ��JH�G � G��JH3IDKNIDK�� M�� GJM
GIHbM��bV�gnT@VU\F�KRbh¥\a��M��tq+M�VX[]L�M�R:T�g��IWag�htMDgU[]eFRKMDh¥TU\�Y�\aL�qbWaVUM�TXHKM^qrMDVs��\FVUL`WfRrY�MDg�\f��\F�KV�L�M�TUHK\thKg
��[]TUH�Tn��\�\fTUHbM�V1��MDWfTU�KVXM>gUM��dMDYZTX[]\FR¬L�M�TUHK\thKg ¨ «�hKWa¡�\i\FgsT��bgUMDh Wag�W&��M6W-TU�bVUM`gUM��dMDYZTX\aV6c WfRrh�¤¦Pn¤
��Hb[dY�H [kg�W gU[]L�qK�dM gsMD�]M6YZTU[d\aR |bWagUMDh \FR [dRbht[d�:[kht�bWa��L��tTU�rWf�1[]RK��\aVXL�WfTU[d\aR Y��n�S5XNK� NF©>��HKM�R TUHKM
��M6W-TX�KVUM6g WaVUM�Y�\aL�|K[]RbMDh���[]TUH�W�q+M�V�Y�MDqtTUVX\aR �!GIHKM�VUM6gs�b��T�g ¨ Y��n���bea�bVUMow�WfRbh�T�Wf|K�dM�y¢©�gUHK\-� TUHbWfT�Wag
W>��MDWfTU�KVXM^gUM��dMDY�TU\FVDc²«�hKWa¡�\i\FgsT@hK\:M6g@RK\fT1qrMDVs��\FVUL |+M�TUTUM�V@TXHbWfR¬\a�KV@L�M�TUHb\ih��2¡��tT@[]� ��M��rgsM�TUHKM
��M�[deaH:T�g�Y�\aL�qK�tTXMDh&|i��«�hKWF¡�\i\:gnT�[]TXgUM��]�nctTUHKM�eF�]\F|bWf��Y��dWFgUgU[��rM�VI\a�tTXqrMDVs��\FVUL`gI\F�KVXgD�

PSR&TUHbM1gUMDY�\aRbh�VX\a�KRbh���M�Y�\aL2|b[]RKM@TXHKM@��MDW-TX�KVXMDgI��[]TUH�W�RrWf[d�aM1¡�W¢�FMDgU[dWaR�Y��kWagXgU[��bMDVDci[dRbgsTUMDWFh�\a�
W�q+M�V�Y�M�qKTUVX\aR��2GIHb[dg1M��iq+M�VX[dL^MDR:T1gUHK\-�og�TUHbWfT���M6W-TX�KVUM6g1gsMD�]M6YZTUM6hª|i��TXHKM�£�¤¥Pn¤ �dMDWFh¥TX\�W�RbWa[]�FM
¡IW¢�FMDgU[dWaR�WagIq+\-��MDVs���b��Wag�TUHbM�«�hKWa¡�\i\FgsTIY��dWFgUgU[]�bM�V ¨ Y��n�/�beF�KVUM ;^WfRrh>T�Wf|K�dM`y6©��

GIHK\:gsM�VUM6gs�b��T�g�WfVXM2Y�\aRbgU[dgsTUMDR:TD��GIHKM�qrMDVXY�M�qtTXVU\FR¦gs�J-+MDVXg���VU\FL []TXg@gU[]L�qK�d[dY�[�Tn�	�oWFg�gU\:\FR¦Wag�TUHKM
Ri�K�d�bMDVUVX\aV/V�W-TXM�[dg \a|tT�Wf[dRKMDh�\FR�TUHKMoTUV�Wf[dRK[]Rbe�gsM�TDc:[�T�gsTU\FqbgDcF�dMDWFht[]Rbe1TU\���\aV�gnT�MDVUVX\aV/V�W-TXMITUHbWaR`��HbW-T
L`Wf�i[dL2�bL L�WaVUeF[]R WfqKqKVX\FWFY�HKMDg^Y�\F�K�kh ht\r� «�hKWa¡�\i\FgsT�ea\iMDg�\aR L�Wf�t[]L�[d§�[dRKeªTXHKM�VUM6gsq+\aRrgsM6g2\FR
TXVXWa[]Rb[]RKe�gXWfL�qK�dM�M��FM�R���HKMDR�TUHKMoRi�K�d�bMDVUVX\aV�V�W-TXM�[dg VUM6WaY�HKM6h2\FR�TUHKM�TXVXWa[]Rb[]RKe�gUM�T6��GIHb[dg L�Wf�t[]L�[d§�MDg
TXHKM�L`WaVUeF[]R |+M�Tn��M�MDR TUHKM�Y��kWagXgU[��rYDW-TX[]\FR�|+\a�bRbhKWfVX� WfRbh TUHKM�TUV�Wf[dRK[]RbeªgUWaL�qK�]M6g�WaRbh eFM�RKMDVXWa�][d§�M6g
|+M�TUTUMDVD�/GIHKM@VUM6gs�b��T���[�TXH>TUHbM@«�hKWF¡�\:\:gnT�� RbWf[d�aM@¡�W¢�FMDgU[dWaR`WfVXM�Y�\FRbgs[kgsTUM�R:T�TU\i\bctY�\FRbgU[dhtMDVU[dRKe�TXHbW-T
«�hbWa¡�\i\FgsTIht\iM6gIRK\fT�T�Wf�aM�YDWfVXM�\a�
TXHKM�[]RrhtM�q+M�RbhKM�RbY�M�|rM�Tn��MDM�R���MDW-TX�KVXMDgD�

GIHKMª�aM�VX�(|bWFh qrMDVs��\FVUL`WaRbY�M�\f�1TXHKMª¤¥Pn¤{Y�VX[]TUM�VX[d\aR Y�WaR |+M¦M��iqb�dWa[]RKM6h |:� �d\:\F�i[]RKe WfT>TUHKM
Y�Hb\FgUM�R¥��M6W-TU�bVUM6g��1«�g@M��tq+MDY�TUMDh¦TUHKMD�¦WfVXM2HK[deaHb�]�¥gU[]L�[d�dWaV�|+\fTXHª[dRª�d\iYDW-TX[]\FRbg�WaRbhªhK[]VXMDY�TU[d\aR�c+TUHbM��
WaVUM@|bWFgs[kY�Wa�]�d��Wf�d��htM�TUMDY�TU[dRKe�TUHbM��KqKq+M�V�qbWaVsT�\f�!TUHbM�gs�i�K�d�B�

�BA�@ � � 
 ��� I � � K G	� I G��SK'FLI�M ��G � H I�K I�K � M�� GJM
G
\�TUMDgsT�TUHbM@VX\a|b�bgnTXRKMDgXg�\f�
TUHKM�Y�\aL2|b[]RbWfTU[d\aR�\f�/£�¤¦Pn¤ WaRbh>TXHKM�RbWa[]�FM@¡IW¢�aM6gs[kWfR cF��M�ht[dh&W�TUHK[dV�h
VX\a�bRbh&\f�/M��tq+M�VX[]L�M�R:T�go��[]TUH¦RK\F[dgU�>TXVXWa[]Rb[]RKe�hKW-T�WKcb�iRK\-��R&TX\>|rM^ht[�.`Y��K�]To��\aV�|r\i\FgsTU[dRKe�gXY�HKMDL^M6g��
��M�eaMDRKM�V�W-TXMDh�TXHK[dg�TXVXWa[]RK[dRKe�gsM�T@|i� �b[dqKqK[dRKe¥W-T1V�WfRbht\FL ;�
 \a��TUHKM^TXVXWa[]RK[dRKe��dWa|rMD�dgD��P T�Y�VXMDWfTUMDg
W ht[�.`Y��K�]T�gU[�TX�bW-TX[]\FR ��\FV��dMDWaVURK[dRKe(L�M�TUHK\thKg&��HK[kY�H TXWa�aM�Y�WfVXM¦\a�2\a�tTX�][dM�V�gDc�Wag�TUHKMDVUM¬[dg ;�
 \a�
TXHKM�L�cIht[kgnTXVU[d|K�tTXMDh �KRK[]��\aVXL^�d� WaL^\FRKe¦TXHKM�TUV�Wf[dRK[dRKe�qr\FqK�K�kW-TU[d\aR � p�M6gs�K�]TXg`WaVUM�gU�KL�L�WaVU[d§�M6h(\FR
�rea�KVXMDg�� WfRbh TXWa|K�dM¥}K� ¡�\aTUH £�¤¥Pn¤� q+M�V�Y�M�qKTUVX\aR WaRbh «�hKWa¡�\i\FgsT^q+M�VU��\aVXL �FM�VX� |bWaht�d�acIWag
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GIHKM�q+M�VU��\aVXL�WaRbY�M6g�\f�iTXHKM�Tn��\ITn�iqrM6g�\f�t��M6W-TX�KVUM�gsMD�]M6YZTU[d\aRrg�Y�\FL2|K[dRKMDh1��[]TUH�W�qrMDVXY�M�qtTXVU\FR
TXVXWa[]Rb[]RKer��GIHKM�Y��bVU�FMDgIgsHb\-� TUHbM�M�VXVU\FVIVXWfTUMDgI�tgD��TUHKM�Ri�KL�|rMDVo\f�/Y�\FRbgU[dhtMDVUM6h>��M6W-TX�KVUM6g���GIHbM�M�VXVU\FV
\FR TUHKM�TXVXWa[]RK[dRKe(gUM�T>[kg>gUHK\-��R \FR TUHKM¦�dM�� T&WfRbh TUHbM¥M�VXVU\FVXg^\aR TXHKM¥TUM6gnT�gUM�T>\FR TUHKM¦VX[deaH:TD� «
q+M�V�Y�MDqtTUVX\aR |b�K[]�]T���[]TUH TUHKM���MDWfTU�KVXMDg�gsMD�]M6YZTUM6h |i� £�¤¦Pn¤ ¨ TXHK[dY�� Y�\aR:TU[dRi�K\a�bg2�][dRKM¢©�q+M�VU��\aVXL`g2Wag
��M��d��Wag�W�qrMDVXY�M�qtTXVU\FR¦|bWFgsM6h¥\aR¥TXHKM���M6W-TX�KVUM6g�Y�Hb\FgUM�R¥|i�¥«�hKWa¡�\i\FgsT ¨ TXHK[dR�hKWFgsH¥�d[dRKM6©���(iTU[d�]�=c²TUHKM
qb�KVUM�«�hKWF¡�\:\:gnTIVXMDWaY�HbMDgIW^|rM�TsTUMDVoM�VXVX\aVIVXWfTUM ¨ TXHK[kY���hKWFgsH&�][dRKM¢©Z�
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$![dea�KVXM�;���GIHKM>q+M�VU��\aVXL�WaRbY�M6g1\f��TUHKM>Tn��\�Tn�iq+MDg�\a����M6W-TX�KVUM>gUM��dMDY�TU[d\aRbg2Y�\aL�|K[dRKMDh���[]TUH(W�RbWa[]�FM
¡IW¢�FMDgU[dWaR&Y��dWFgUgU[��rM�V6��GIHKM2Y��KVX�aMDg�gsHK\-� TUHbM�M�VXVU\FV�VXWfTUM6g��tg���TUHbM�Ri�KL2|+M�V�\f��Y�\FRbgs[khtMDVUM6h���M6W-TX�KVUM6g��
GIHbM�MDVUVX\aV^\aR TUHKM&TUV�Wf[dRK[dRKe gsM�T�[kg�gsHb\-��R \aR TUHKM��dM�� T�WaRbh TXHKM�M�VXVU\FVXg2\aR TUHKM&TUM6gnT>gUM�T�\aR TUHKM
VX[deaH:TD��GIHKM�RbWf[d�aM�¡IW¢�aM6gs[kWfR&|bWFgsM6h�\aR�TUHbM���MDWfTU�KVXMDg�gsMD�]M6YZTXMDh�|i�¥£�¤¦Pn¤ ¨ TXHK[dY���Y�\FR:TU[dR:�b\a�bg��d[dRKM6©
q+M�VU��\aVXL`g�Wag���MD�]�bWFg/qK�KVXM�«�hKWF¡�\:\:gnT ¨ TUHK[kY��^hbWagUH`�][dRKM6©�c:WaRbh^|rM�TsTXM�V�TUHbWaR�W�RbWf[d�aMo¡IW¢�aM6gs[kWfR��bgU[]RKe
TXHKM1��MDWfTU�KVXMDg�Y�Hb\FgUM�R�|i�&«�hKWa¡�\i\FgsT ¨ TUHK[dR¥hKWagUH��][dRKM¢©Z�
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$![dea�KVXM�� � £�\aL�qbWfVX[kgs\FR`\f� q+M�VU��\aVXL`WfRbY�MDg���[�TXH&W2RK\a[kgs��TXVXWa[]Rb[]RKe^gsM�TD�/GIHKM1Y��KVX�aM6g�gUHK\-� TXHKM1M�VXVU\FV
V�W-TXMDg/�tgD�!TUHKM�R:�bL2|+M�V \a� Y�\FRbgs[khtMDVUM6h2��M6W-TX�KVUM6g/��\FV�W1TXVXWa[]RK[dRKe2gUM�T���HK\FgUM��kWf|+M��kg HbW¢�FM�|rMDM�R �r[]qKq+MDh
��[]TUH(W¦qKVU\F|bWf|b[]�d[�Tn�

5%
�¦GIHKM>MDVUVX\aV�\FR TUHKM�TUV�Wf[dRK[]Rbe¦gsM�T�[kg2gUHK\-��R \aR TUHbM��dM�� T^WaRbh�TUHbM>M�VXVU\FVXg

\FR�TUHKM�TUMDgsT@gUM�T�\aR�TUHbM2VX[]eFHFT6��«�goM��tqrM6YZTUM6h�c²«�hKWa¡�\i\FgsT ¨ hKWFgsH¥�d[dRKM6©o\-�aM�VU�KT�g�WfRbh�VXMDWFY�HKMDgoW>R:�b�]�
MDVUVX\aV�VXWfTUM�\aR¦TXHKM^TUV�Wf[dRK[dRKe�gUM�T�WfRbh¬W�Hb[]eFHªM�VXVX\aV�V�W-TXM�\FR¥TUHbM�TXMDgsT1gUM�T6�2GIHKM^qrMDVXY�M�qtTXVU\FRª|bWFgsM6h
\FR�TUHKM�£�¤¥Pn¤ ��M6W-TU�bVUM6g ¨ Y�\aR:TU[dRi�K\a�rg/TUHb[]R>�d[dRKM6© ht\iMDg�|bWah�|+\fTXH>\aR`TXVXWa[]Rb[]RKe�WfRbh^TXMDgsTU[dRKebc:|K�tT�TUHKM
gXWfL�M���MDW-TX�KVXMDg Y�\aL�|K[]RbMDh`��[]TUH&W�RbWa[]�FM�¡IW¢�aMDgU[kWfR ¨ Y�\aR:TU[dRi�K\a�rg/TUHb[dY����d[]RKM¢© hKM�L�\aRbgsTUV�W-TXM�W2VU\F|K�bgsT
|+M�HrW¢�:[d\aV6�

TXHKM��`WaVUM�HKM6W¢�i[]�d��[dR��b�bM�RbY�MDh`|i��qbW-TXHK\a�d\aeF[dYDWf�tTXVXWa[]Rb[]RKe2qr\F[]R:TXgD��z�R`TUHKM@Y�\FRFTXVXWaVU�`£�¤¥Pn¤ � RbWa[]�FM
¡IW¢�FMDgU[dWaR`VUMDL�Wa[]Rrg�Wa�]L�\FgsT�Wag�M	.>Y�[dM�R:T�Wag���[]TUH>TXHKM1\aVX[]eF[]RrWf�rTUV�Wf[dRK[]Rbe�gUM�TD��GIHbM�|bWFh>q+M�VU��\aVXL`WfRbY�M
\a��«�hbWa¡�\i\FgsT�WFgoW^��MDWfTU�KVXM�gUM��dMDYZTX[]\FR&gXY�HKMDL^M�Y�\aL�|K[]RbMDh&��[�TXH�TUHKM2RbWf[d�aM�¡IW¢�aM6gs[kWfR&htM�L�\aRrgnTXVXWfTUMDg
TXHbW-ToRrWf[d�aM1¡�W¢�FMDgU[dWaR�Wa�]\FRKM�Y�WfR&RK\aTIHrWfRbht�dM1TUHbM �b[]qbqrM6h�TXVXWa[]Rb[]RKe��kWf|+M��kg��

G
\1|rMI��Wa[]V/��[]TUH�|+\:\:gnTX[]Rbebca��MIL`WahtM�W���\a�KVUTUH�VX\a�KRrh2\a�rM��tq+M�VX[]L�MDRFT�g���[�TXH`«�hKWa¡�\i\FgsT
reg

�!GIHKM
M��tqrMDVU[dL�M�R:T2[kg�TUHbM�gXWfL�M�Wag2|rM���\aVXMac�|K�tT^[dg2VUMDqrM6W-TXMDh���\aV��-WfVX[]\F�bg��-Wf�d�KMDg2\f��TXHKM>VXM�ea�b�dWaVU[d§DWfTU[d\aR
qrWfV�WfL�M�TXM�V

C
��GIHbM�M�VXVU\FV�VXWfTUMDgIeF[]�FM�R&[]R�T�Wf|K�dM2}�Y�\FVUVXMDgUq+\aRbh�TU\�TXHKM

C
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