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TVU�WYX[Z]\_^a`cbdXfe�gihkjlbnmpoqZ8j$msr*jlbnX[bit�h�j�bdmso
u ZKt�vct�j�WwX[Zwt$x8mpX[r�gnZYy*Zwt

z|{�ms}0Z8j3~Qhky*r�gde�t

�3h�r�r&ms{�j u Z�{lZwx"U�Zw{lx"U�Z�o+��\p�s\s\�^�`cZwr*j�ZwXf�&ZY{��s�s�s��^��k\[r�hs�sZ�t

�H���w�Y�k���s�s�]� Z]xYmso�t�b u ZY{4j�U�Z�Mmpgngdmk�$bno��fXAhkjl{�bnyR{�Z�hsx"U�hs��bdgnbnj0v�r�{�mp��gnZwXq���pbn�pZYo
r
t��/e�hs{�Z�XAhkj�{lbix8Zwt

�$bnj�U�ZYo/jl{�bdZwt�bno!h�t�ZwX_bd{lbno��1�+bdtjlU�ZY{lZ_h(r�{lm u e�xFj]m��4j�U�Z�t�Z_XAhkjl{�bix8Z�t	�$U�bix"U!hkj�j"h�bdo�t]hHr�{�Z�t�xY{�bd�1Z u
XAh�j�{lb�y�� � Z u Z8 �o�Z3t�bdX_bdgih�{lgnv]jlU�Z$�sZ�xFj�mp{3¡M{lZwt�r�¢Dt�xwh�gih�{F£�{lZwhpx"U�h���bdgdb�j0v�r�{lms��gnZwX��s�/vf{�Z��pe�bn{lbno���jlU�hkj
jlU�Z	XAh�j�{lb�y[r�{lm u e�xFj��chpxFjlbno��f�/v[{lbn�pU/j|Xfe�gnj�bdr�gdbdxwhkjlbnmpoAmsoHhfr�{�Z�t�xY{�bd�&Z u {lmk�¤�pZwxFjlms{��s�pbn�pZwt|hso�m�jlU�ZY{
r�{�Z�t�xY{�bd�1Z u {lmk�¥�pZwx8j�ms{3¡¦{�Z�t�r�¢,�$U�Zwo[Xfe�gnj�bdr�gdbnZ u h�j�gnZY�§j4h�o u {lbd�sU/j��/v�r�{lZwtlx8{lbn�&Z u {�mk�¨h�o u xYmsgde�X[o
�pZwx8j�ms{"tw�|�sbd�sZ�tAh!r�{lZwtlx8{lbn�&Z u t�xwh�gih�{F£F¢ � ZQt�U�mk��j�U1hkjHmk�pZY{Ah�ocv¥t�ZYX[bd{�bdo����VtlxYh�gih�{A{lZwhpx"U�h���bngdb�j0v
{lZ u e�x8Z�t	jlmq�sZwx8j�mp{{lZwhpx"U�h���bngdb�j0vq�$U�bix"U!bdt]Z��/e�bn�khsgnZwopjj�mqXAhkjl{�bny©{lZwhpx"U�h���bdgdb�j0vp��h�o u j�U�h�j]�Mms{Kh�ocv
ms��jlU�Zwt�Zªr�{lms��gdZYXAtw�|jlU�Z©t�r1Z�x8bih�gdbn«�hkjlbnmpo¥jlm¬h�ocv

r ≥ 2
bitAZw�/e�bd�kh�gdZYo/j[j�m!j�U�Z©t�r&ZwxYbdhsgnbd«wh�j�bdmso¤j�m

r = 2
¢®	tRhso¯h�r�r�gdbixYhkjlbnmpo¤ms��jlU�bitR{lZwt�e�g�jRhso u m���h�j�U�Zwms{lZYX°ms�]±]{lms���²�²Zqt�U�mk�³j�U�h�jH�$U�ZYo

r = 2
�3j�U�Z��sZ�xFj�mp{(hso u XAhkjl{�bny¯{�Z�hsx"U�hs��bngdbnj0v¤r�{lms��gnZwX[t�h�{lZ©e�o u ZwxYb u h���gdZ©mk�pZY{RjlU�Z�X[h�yc´µr�gde�t

t�ZYX[bd{�bdo��
(Z∪{−∞}, max, +)

¢ � Zh�git�mKt�U�mk�¨j�U1hkj|jlU�Z3XAhkjl{�bny<�p�pZwx8j�ms{��phso u tlxYh�gih�{|{�Z�hsx"U�hs��bngdbnj0v
r�{�mp��gnZwXAt<h�{lZ u ZwxYb u hs��gdZ�mk�sZY{�t�ZYX[bd{�bdo��/t+�$U�mpt�Z�ZYgdZYX[ZYo/j"t�h�{lZ�¶0r&mpt�b�jlbn�pZF·F�wgdbd¸sZDj�U�ZDj�{lmsr�bixYhsgst�ZwX[bn{lbno��
(N ∪ {+∞}, min, +)

¢
¹ªº/»+¼l½f¾ �k¿��s� `cZwX[bn�p{�mpe�r(X[ZwXf�&ZY{"t�U�bdrqr�{lms��gdZYXq��mp{���b�j$r�{lms��gdZYXq��XAh�j�{lb�yqt�ZwX_bd�s{lmse�r�tY�*r�{�ms}0ZwxF´
jlbn�pZfgdbno�Zwh�{t�ZwX[bn�p{�mpe�r�tw��X[ms{�jlhsgnbnj0vs�&{�Z�hsx"U�hs��bdgnbnj0vs�1{�Z u e�xFjlbnmpo��+e�o u Z�x8b u h���bngdb�j0vp�1XAh�y/´Àr�gde�th�gd�sZY��{lh��
jl{�mpr�bixYh�g<t�ZYX[bd{�bdo��
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�� ����� � ��� mpe�t|xYmso�t�b u�� {lmso�tDgdZ$r�{lms��gdWYX[Z u�� hsxwx8Z�t�t�bn��bngdb�j � XAhkjl{�bix8bdZYgdgnZ3t�e�bd�kh�o/jw� � jlhso/j u mso�o � Z�t
rXAh�j�{lbdxYZwt�xYh�{l{ � Zwt��	xYmcZ��Rx8bdZYo/jlt u hso�t�e�o[t�ZwX_bn´�h�o�o�Z�h�e��:ZYycbit�j�Z8´µj�´Àbdg/e�o�r�{lm u e�bnj u ZVxYZwt,XAhkj�{lbix8ZwtD�/e�b

h�j�jlZYbdopj]e�o�Z[XAhkjl{�bix8Z�r�{lZwtlx8{lb�jlZ�����o u��  �o�b�j u Z[X��YX[Z_gnZ�t�r�{�mp��gnWwX[Zwt u�� hsxYxYZwtlt�bd��bdgnbnj � �sZ�xFj�mp{�bdZYgdgdZ
¡¦{�Z�t�r�¢tlxYhsgdhsbn{lZ�£8�1Zwo©Z8y*bd�sZ�h�o/j��/e�ZfgdZ_r�{�m u e�b�j u ZfXAh�j�{lbdxYZwtw�&X�e�gnj�bdr�gnb � �R�phse�x"U�ZKr1h�{e�o©�pZwxFjlZYe�{
gdbd�so�ZKr�{�Z�t�xY{�bnjw�&hkj�jlZYbd�so�Zfe�o©h�e�j�{lZ��sZwx8j�Zwe�{	gdbn�po�ZKr�{lZwtlx8{lbnj�¡M{lZwt�r�¢$Xfe�g�jlbnr�gdb � �A�/h�e�x"U�Z�ZYj�� u {�mpb�jlZ
r1h�{ u Zwt��sZwx8j�Zwe�{lt�gdbn�po�ZVZ8j|xYmsgdmso�o�Z²r�{lZwtlx8{lb�j"tY�phkj�jlZYbd�so�ZVe�oAtlxYhsgdhsbn{lZ|r�{lZwtlx8{lbnj"£F¢ � mpe�tDX[mso/j�{lmso1t��/e�Z
u h�o�t4e�oqt�ZwX_bn´�h�o�o�Z�h�eHhs{���b�jl{lhsbn{lZs�pgnZr�{lms��gdWYX[Z u Z�g � hsxYxYZwtlt�bd��bdgnbnj � t�xwh�gih�bd{�Zt�Z{ �wu e�bnj$h�eHr�{�mp��gnWwX[Z
u Zfg � hpxYx8Z�t�t�bd��bngdbnj � �pZwx8j�ms{lbdZYgdgnZp�&�/e�bDZwt�j � �/e�bd�:hsgnZwo/jh�e©r�{�mp��gdWYX[Z u Z_g � hpxYx8Z�t�t�bd��bngdbnj � XAh�j�{lbdxYbnZwgngdZs�+Z8j
�/e�Zqr&mse�{Rx"U1hsx8e�o u ZªxYZwt[r�{lms��gdWYX[Z�tY�4gnZQxwhst[r�hs{�jlbdxYe�gnbdZY{[mp�*j�Zwo/e¨ZYo¨ �y�hsopjAe�o�Z��khsgnZwe�{

r ≥ 2�/e�ZwgdxYmso��/e�Z�Z�t0j � �/e�bn�khsgnZwopjh�eªxYhpt$r�h�{�j�bix8e�gnbdZY{
r = 2

¢ � mpe�t u���u e�bit�mpo�t u ZKxYZK{ � t�e�g�j"hkj	hsbno�t�b��/e�Z
u�� e�o_jlU � mp{�WwX_Z u Z3±]{lms�_�pe�Z$r1mpe�{

r ≥ 2
��gdZwtDr�{lms��gnWwX_Z�t u�� hsxYxYZwtlt�bd��bdgnbnj � XAhkjl{�bix8bdZYgdgdZ²ZYj��sZwx8j�mp{�bdZYgdgnZ

t�mso/j	bdo u�� x8b u h���gnZ u h�o�t�gdZ�t�ZYX[b�´�h�o�o�ZwhseªX[h�yc´µr�gde�t
(Z ∪ {−∞}, max, +)

¢ � mse�t�X[mso/j�{lmso�t�h�e�tlt�b
�/e�Z!x8Z�t�r�{�mp��gdWYX[Zwt u ZY�cbdZYo�o�ZYo/j u�� xYb u hs��gdZwt u h�o�t u Z�tqt�ZwX_bn´�h�o�o�Z�h�e*y u mpo/j�gdZwt � g � X[Zwopj"tªt�mpo/j
¶�r&mpt�b�jlb��¦t0·"��xYmsX[X[Z]gnZKt�ZYX[bn´Àhso�o�ZwhseRjl{�mpr�bdxwh�g

(N ∪ {+∞}, min, +)
¢

 ¾ ��� ¼ �"! � � � z�{�mp��gdWYX[Zwt u�� hsxwx8Z�t�t�bn��bngdb�j � ��t�ZYX[bn�p{�mpe�r&Z u Z'X[h�j�{lbdxYZwtw��mp{���b�jlZwtw�]t�ZYX[bd�s{lmse�r&Zwt
gdbdo � hsbn{lZwt�r�{lm�}0Z�xFj�bn�¦tw��X[ms{�jlh�gdbnj � �s{ ��u e�xFjlbnmpo��kbdo u�� xYb u h���bdgnbnj � �phsgn�pWY��{lZ4XAh�y/´Àr�gde�tw�st�ZwX[b�´�h�o�o�Zwh�efj�{lmsr*´
bixYhsg
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- ¢/.�021434576989:;1=<>590@?9026BA�1C?D1=E�F�E�0=1G57HI3=E%AJ82K,12A
� ZKx8mpo�t�b u Zw{Vj�U�Z]�Mmpgngdmk�$bno���r�{lms��gnZwX��

L � ¾ ��! º �NM ¡¦~Qh�j�{lb�yH{lZwhpx"U�h���bngdb�j0v�£�OQPR
ST��U
n×n

�V�����,
&�����
A1, . . . , Ar

�*U�"
M W 
�>�X��U%���,
&�,�Y
U�V�����Z
�,
UD[�\^]_
`�'�>�����!���ba_U;
�c�'����d�$%��U����

1 ≤ i1, . . . , ik ≤ r
�,$%���X�>���*�

Ai1 · · ·Aik
= M e

¡+f�Z8j$e�t²{lZwxwh�gdg�jlU�hkj$hft�ZYX[bd{�bdo��fbitVh�t�Z8jR\aZw�/e�bdr�r1Z u �$bnj�U�h�o�h u�u bnj�bdmso�h�o u hfX�e�g�jlbnr�gnbixYh�j�bdmso��
t�e�x"U¤j�U�h�jw�g\ bitAh!x8mpX_X�e*jlh�j�bd�sZqX[mso�mpb u �Mms{Rh u�u bnj�bdmso��R\ bitAh!X[mso�mpb u �Mms{AX�e�g�jlbnr�gnbixYh�j�bdmso��
X�e�gnj�bdr�gnbixYh�j�bdmsoQgdZ8�§j]h�o u {�bd�sU/j u bit�j�{lbn��e�j�Zwt�mk�sZw{	h u�u b�jlbnmpo��+h�o u jlU�Zf«wZY{lmRZYgdZYX[Zwopj��Mms{h u�u bnj�bdmso©bdt
gdZ8�§jfhso u {�bd�sU/jfhs��t�mp{���bno��(�Mms{�X�e�gnj�bdr�gnbixYh�j�bdmso�¢ £¯TVU�ZAXAh�j�{lb�y©{lZwhpx"U�h���bngdb�j0vªr�{�mp��gnZwXq���$U�bix"U'hst�¸ct
�$U�Z8j�U�ZY{

M
�&ZYgdmso��/t<jlm$j�U�Z²t�ZwX[bn�p{�mpe�r��sZwo�ZY{"hkjlZ u �cv

A1, . . . , Ar

��XAh:v�1Z²xYhsgngdZ u X[ms{lZ|xYgdhpt�t�bdxwh�gdgnv
jlU�Zh������
i[��!�*$#�j�)���)	������!�k
 �ªr�{�mp��gdZYXq¢ � Z�x"U�m/t�Zfmse�{	j�ZY{lX[bno�msgdms�svHj�m�t�U�mk� jlU�Z�bdo/j�Zw{�r�gih:vH�$bnj�U
jlU�Z]j0�²m��Mmpgngdmk�$bdo���r�{�mp��gnZwXAtY�
L � ¾ ��! º �ml ¡>n�Zwx8j�mp{3{�Z�hsx"U�hs��bdgnbnj0v�£,OhPR
S���U

n×n
�V�����,
&���,�

A1, . . . , Ar

�*U�"�� W � 1×n
�)�*�+�,
&�����

α, η
]����� W 
�>�X��U;�+�,
&����
Uo��������
�,
Uk[/\p]q
`�r��%�����'�Ra_U;
�c�r����d�$%��U4���

1 ≤ i1, . . . , ik ≤ r
�,$%���s��%���

αAi1 · · ·Aik
= η eL � ¾ ��! º �ut ¡ `*xwh�gih�{${lZwhsx"U1h���bdgnbnj0v�£,OhPR
S���U

n × n
�)�*�+�,
&�����

A1, . . . , Ar

]/�
1 × n

�V�����,
iv
α
]��

n × 1
�V�����,
iv

β
]w���� W 
�>�x��U;�+�,
&���Q
Uy�z�����Z
�,
UD[X\p]w��U�"{�o���������*�

γ ∈
\p]/
`�Q��%�����I��a�U%
�|�

����d�$%��U4���
1 ≤ i1, . . . , ik ≤ r

�,$%���I��%���
αAi1 · · ·Aik

β = γ e
� U�Zwo

M
bdt�j�U�Z	«YZY{lm�XAhkjl{�bny<��j�U�Z	XAhkjl{�bny�{lZwhpx"U�h���bdgdb�j0v�r�{�mp��gdZYX bit�jlU�Z	�²ZYgdg1t�j�e u bnZ u �)�*�,�c�*��
���

�4�!��	�������¢�z�h�j�ZY{"t�msog} z�hkj,~��T��r�{lmk�sZ u j�U�h�j²�$U�ZYoX\
= (Z, +,×)

bdt²jlU�Z�{lbdo���ms��bdopjlZY�pZY{"tY�pj�U�Z]X[ms{�´
j"h�gdb�j0v�r�{lms��gdZYX bdt	e�o u Z�x8b u h���gnZp��ZY�pZYoª�$U�Zwo

n = 3
h�o u

r = 2n � + 2
�1�$U�ZY{lZ

n � bdt3j�U�Z�X[bno�bdXAh�goce�X��1Zw{3m��Dr�hsbn{"tVm��D�4mp{ u t²�Mms{$�$U�bix"Uqz�m/t0j � t	x8ms{l{lZwt�r1mpo u ZYo1x8Zr�{�mp��gdZYX³bit$e�o u ZwxYb u hs��gdZR¡¦~Qh�j�bdvphk´
t�ZY�cbix"UHh�o u ` � o�bn«wZY{l�se�Z�tY} ~©`*�C�T�<r�{�mk�pZ u jlU�hkj

n � ≤ 7
£F¢��²mse�{�o�Zw«	h�o u �²{lhso�bix"¸/v�} ���V�/�c�cz�{�mpr�¢ - �

r�{�mk�pZ u jlU�hkj]j�U�Z�X[ms{�jlhsgnbnj0vªr�{lms��gdZYX {lZYXAhsbno�te�o u ZwxYb u hs��gdZ��$U�Zwo
n = 3

h�o u
r = n � + 2

��h�o u
��h�gih:�kh	h�o u ��h�{ }0eQ} �Y�	� - ��r�{lmk�sZ u j�U1hkjDj�U�ZVX[ms{�jlhsgnbnj0v�r�{lms��gdZYX�{lZYXAhsbno�t�e�o u ZwxYb u hs��gdZ²Zw�sZwof�$U�Zwo
n = 3

hso u
r = n � +1

¢�`cZwZY�	hs{¦}0eAhso u ±�h�{lU/e�X)�s¸cb�} �	±��k~J�À�C�²gnmpo u Zwg�h�o u T�t�bnjlt�bd¸/gdbit } �VT$�p�T�µ�/h�o u
��h�gih:�khAh�o u ��h�{ }0e{} ���	� - ���Mmp{	mk�sZw{��cbdZY�3tw¢��²gdmso u ZYg,hso u T�t�bnjlt�bn¸cgdbdtw} �VT$�k~J�µ�+h�o u bno u ZYr&ZYo u Zwo/j�gdvs�
� hpt�tlh�bd�so�Z]hso u ±�hs{�Uce�XAh�¸cb�} � ±����T�À�&r�{�mk�pZ u j�U1hkj	jlU�ZKX[ms{�jlhsgnbnj0v�r�{�mp��gdZYX �Mms{

r
XAhkjl{�bix8Z�t3ms� u b�´

X[Zwo�t�bdmso
n
{lZ u e�x8Z�t$j�mRj�U�Z_X[ms{�jlh�gdbnj0vHr�{lms��gdZYX �Mms{

2
XAhkjl{�bix8Z�t3m�� u bnX[ZYo1t�bdmso

nr
�+�$U�bix"UQbnX[r�gdbdZwt

jlU�hkj$jlU�ZY{lZ]bdt$hso(bdo/j�Zw�sZY{
n ��� t�e�x"U(j�U�h�j$j�U�Z�X[ms{�jlhsgnbnj0vAr�{lms��gdZYX��Mms{Vj0�²m_XAh�j�{lbdxYZwtVm�� u bdX_Zwo�t�bnmpo

n ��� bit$e�o u Zwx8b u hs��gnZA¡¦b�j$�Mmpgngdmk�3t²�M{�mpX�} �Y�	� - �<jlU�hkj3mpo�Z�xYh�o(jlhs¸sZ
n ��� = 3(n � + 1)

£F¢
TVU�ZQtlxYhsgdhs{�{lZwhpx"U�h���bngdb�j0v'r�{�mp��gnZwX r�{lZY�cbnmpe�t�gnv¬hsr�r1Z�h�{lZ u bno¨j�U�Zªgnbnj�Zw{lh�j�e�{lZ(bdo¤j�U�Zq�Mmpgngdmk�$bno��

�Mmp{�Xq�
L � ¾ ��! º ��� ¡ � ms{lo�Zw{${�Z�hsx"U�hs��bngdbnj0v*£�OhPR
ST��U

n×n
�)�*�+�,
&�����

A1, . . . , Ar W 
�>�Q��U%���,
&�,� 
UZ\^]��*U�"
�V�����*�����

γ ∈
\p]_
`�/��%���!�Z�ba�U%
�|������d�$%��U����

1 ≤ i1, . . . , ik ≤ r
�,$%���I��%���

(Ai1 · · ·Aik
)1n = γ e

� U�Zwo
γ
bdt]«wZY{lm��<jlU�bit��1Z�x8mpX_Z�t]j�U�Zs�J���!�g���*�,U����r���!�C	�������} ~Qhso�~:\*�9��±��D~/� � ±��C�#�µ�,�$U�bix"U�bit

e�o u ZwxYb u h���gdZ(mk�pZY{
(Z, +,×)

�$U�Zwo
n = 3

h�o u
r = n � } ~Qhso�~:\T�À�4hso u hsgdt�m��$U�ZYo r = 2

h�o u
n = 3n � +3

} � ±��C�c�cTVU�ZYms{lZYX ��hso uX� ��¢ �*�µ¢�3oHZwhst�vfmp��t�ZY{l�:h�j�bdmsoQ¡�¡ ���/£D�&ZYgdmk�	£�t�U�mk�3t�jlU�hkj4j�U�Z
tlxYhsgdhs{$h�o u x8mp{�o�Zw{V{�Z�hsx"U�hs��bngdbnj0vAr�{�mp��gdZYXAt$h�{lZ�Z�t�t�ZYo/jlbdhsgngdvRZw�/e�bd�kh�gdZYo/jw¢
���(�T�+�T���&�r�,�#�*�,�,�,�#���T�* ���¡+�( w¢J�(�#¡+�¤£¥�*�¤�7�,¦#���,�,�,�#§
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\ �����|���%��U��QPb��$%	����,�_]���
&�����!"C���)���>�

��o�jlU�bdt(r�hsr1Zw{w�V�²Zª�$bngdg�t�U�mk� j�U�h�jHmk�sZw{Rh�ocv¤t�ZYX[bd{�bdo����VXAhkjl{�bny¤{lZwhpx"U�h���bngdb�j0v¥bdt(h'r�{lms��gdZYX
Z��/e�bn�khsgnZwopj�j�m(�sZwx8j�mp{	{lZwhsx"U1h���bdgnbnj0vs�1�$U�bix"U©bit	U�hs{ u ZY{3jlU�h�o�t�xwh�gih�{	{lZwhpx"U�h���bngdb�j0vp�1hso u �²Zf�$bdgngDh�git�m
t�U�mk� jlU�hkj[�Mmp{

r ≥ 2
��jlU�Z

r
´À�sZwo�ZY{"hkjlms{"tf�pZY{"t�bdmso¬ms��Z�hsx"U¥ms�3j�U�Zwt�Z�r�{�mp��gnZwXAt�bit[Zw�/e�bd�kh�gdZYo/j_j�m

bnjlt
2
´À�sZwo�ZY{"hkjlms{"t]�kh�{lbdhsopj�¢�T,mQ�Mmp{�XAhsgnbd«YZR�$U1hkj]¶�U�hs{ u Zw{0·Hhso u ¶�Zw�/e�bd�:hsgnZwo/j0·RX[Zwh�o1tY���²ZHU�h:�pZAj�m

u Z8 �o�Z[jlU�ZAo�msj�bdmso�m��V{�Z u e�xFjlbnmpo�¢ � ZRt�U�hsgng�hpt�t�e�X[Z_j�U�h�j�j�U�ZAZwgnZwX[ZYo/jlt�ms�|jlU�ZRt�ZwX[bn{lbno��X\ h�{lZ
{lZYr�{�Z�t�ZwopjlZ u bdo¬t�mpX_ZHZ��+ZwxFjlbn�pZR�Vh:vs�,hso u j�U1hkj��²ZRU�h:�pZAms{"hsxYgnZ�tjlh�¸cbdo��qj�U�ZH{lZYr�{lZwt�ZYo/jlh�j�bdmso�t]ms�
j0�²m[ZYgdZYX[ZYo/j"t

a, b ∈
\ hptVbno�r�e*j�h�o u {�ZYj�e�{lo�bdo��[{�Zwr�{�Z�t�Zwo/jlhkjlbnmpo�t²m��Dj�U�Zft�e�X³m��

a
hso u

b
��ms��jlU�Z

r�{�m u e�x8j�m��
a
h�o u

b
��j�ms�pZ8jlU�ZY{]�$bnj�U�j�U�Z[jl{�e�j�U'�kh�gde�Z

a = b
�,hpt]mse*jlr�e*j�¢HTVU�ZYo����²Z[tlh:vqj�U1hkjfh

r�{�mp��gnZwX
P ′ �!��"�$%���,�²j�m(hAr�{lms��gdZYX P

�1h�o u �4ZK�${lbnj�Z
P ′ → P

�&b��DjlU�ZY{lZKbit	h�oªhsgn�pms{lb�jlU�X t�msgd�cbno��
r�{�mp��gnZwX

P ′ ��e1t�bdo��!h�o¬mp{lhpx8gdZHt�mpgn�cbdo��©z|{�mp��gnZwX P
j�mp�sZYj�U�Zw{f�$bnj�U¤j�U�Z�ms{"hsxYgnZ�tfx8mpX[r�e*j�bdo���j�U�Z

t�e�Xq�1j�U�Z�r�{�m u e1xFjw�+h�o u x"U�Zwx"¸cbdo��[j�U�Z�Zw�/e�hsgnbnj0v(bdoo\ ¢3TVU�Zfo�m�j�bdmsoª�²Z$}0e�t�j u Z8 �o�Z u bit	hRt�r1Z�x8bih�g
xwhst�Z�ms�	��$ �,
UD[I����"*$%����
&��U } ��
�~k�T���$bnj�U�{�Z�t�r&Zwx8j]j�m�ms{"hsx8gdZwtw¢ � ZAt�U�hsgng�hsgdt�m�tlh:v�j�U�h�j

P
h�o u

P ′
hs{�ZV��d�$ 
S���� ��U;� ��hso u �${�bnj�Z

P ↔ P ′ ��b�� P
{�Z u e�x8Z�t4j�m

P ′ hso u P ′ {�Z u e�x8Z�t²j�m P
¢

T,m_t�jlh�j�ZX[ms{lZ	r�{lZwxYbdt�Z	{lZwt�e�gnjltw�p�²Z�o�ZYZ u j�m_bno/jl{�m u e�xYZ	{lZwt�j�{lbdx8j�Z u �sZw{lt�bnmpo�t�ms��j�U�Zhs�1mk�pZ	r�{lms�*´
gdZYXAtw¢�TVU/e1tY������������

(r, n)
�$bngdg u ZYo�msj�Zj�U�Zt�r1Z�x8bih�gdbn«�hkjlbnmpoHm���j�U�Z]XAhkjl{�bnyR{�Z�hsx"U�hs��bdgnbnj0v[r�{�mp��gdZYX

jlm
r
�pZYo�Zw{lh�j�ms{"t4m�� u bnX[Zwo�t�bdmso

n
h�o u �����������

(r)
�$bdgng u ZYo�msj�Z]j�U�ZKt�r&ZwxYbdhsgnbd«wh�j�bdmso�m���jlU�ZKXAhkjl{�bny

{lZwhpx"U�h���bngdb�j0v]r�{lms��gnZwX�j�m
r
�sZYo�ZY{"hkj�mp{lt²¡Mms�+hs{���b�jl{lhs{�v u bdX[ZYo�t�bnmpo1£F¢ � Z$�$bngdg�e�t�Z$ht�bdX_bdgih�{�o�msjlhkjlbnmpo

�Mmp{�j�U�ZR�sZ�xFj�mp{w��t�xwh�gih�{���h�o u x8ms{lo�Zw{�{�Z�hsx"U�hs��bngdbnj0vQr�{lms��gdZYXAtw�,�$U�m/t�Z
r, n

t�r1Z�x8bih�gdbn«�hkjlbnmpo�t��$bdgng4�1Z
u ZYo�msj�Z u �cv������������

(r, n)
�������������

(r, n)
�������������

(r, n)
�sZ8jlxs¢�TVU�Z|�Mmpgngdmk�$bno��3j�U�ZYms{lZYX bitDr�{lmk�sZ u

bdo � \1¢
 �! ºc¾ � º �NM O#",Uz�*U ����	�
���!���,�V������
�,
Uk[�]

������$���
(r, n)

{lZ u e1x8Zwt²jlm%�����������
(2, rn)

¡ - £
�&���������

(r, n)
{lZ u e1x8Zwt²jlm'�����������

(2, rn)
¡ �p£

�������$���
(r, n)

{lZ u e1x8Zwt²jlm(�����������
(2, rn)

¡¦�/£

�����������
(r, n)

{�Z u e�x8Z�t²j�m'�����������
(r + 1, k)

¡M\c£
�$U�ZY{lZ

k = n + 1
bn�

η 6= ) , hso u k = n + 3
m�jlU�ZY{l�$bdt�Z

�����������
(r, n)

{�Z u e�x8Z�t²j�m*�&���������
(r + 1, k)

¡,+p£
�$U�ZY{lZ

k = n + 1
bn�

γ 6= ) , hso u k = n + 3
msj�U�Zw{��$bit�Z

�����������
(r, n)

{�Z u e�x8Z�t²j�m'�����������
(r + 1, k)

¡&�/£
�$U�ZY{lZ

k = n + 2
bn�

γ 6= ) , hso u k = n + 5
msj�U�Zw{��$bit�Zs¢

-o�*�!����S�����]���%�'S�����$%�)�¤�
γ

`�R�4�!�������,S���"Q
U�����"�$%���+
&�*U¨¡ - £�] W �%���������'
U�����"*$%����
&��U%�(¡ �p£w�*U�"'¡ �p£�]�>�����#�����Q���/U4��U��#���!�Q�����*�!�����|�����¤�

η
���

M

`�����!�������,S���"�.

 u�u b�jlbnmpo�o�h�gdvs�%nf¢%�²gdmso u Zwg�} �²gdmp�/�J��ms��t�ZY{l�sZ u jlU�hkj3bdoªh�oqh�{l��b�jl{lhs{�vAt�ZYX[bd{�bdo����
�����������

(r, n)
{�Z u e�xYZwt²j�m*�&�����$���

(r, rn) .
¡�~s£
/�ms{fxYmsX[r�gdZ8jlZYo�Z�t�tw���²ZA{�Zwr�{lm u e�x8Z[jlU�Z©¡¦t�bdX_r�gnZ:£]r�{lm/ms�²bdo � \1¢ ~*¢H	t�h�o!bdX_X[Z u bdh�j�ZHxYms{lmsgdgdhs{�vªms�
TVU�ZYms{lZYX - hso u �$Z u e1xFj�bdmso'¡c~�£F���4Z]�sZYjw�
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������������	�
��
����������	�������������� ���!�#"�$%���&�'�(�'�)�*�+�,
&����� +

� ¾ � ¾ ! !¦�*� » M O&",Ug��Uo�*��	�
���!���,�������Z
�,
UD[*]������/����
r, r′, r′′, r′′′ ≥ 2

]7�>���������*�����r�!���������C	�
��
�������!�C	��
� ���ª�����

r
�V�����,
&���,�X
`�g��d�$ 
S�������U%���c� �>���I�����*�����X�!���������C	�
�i
�+�X�4�!��	������ª���*�

r′
�V�����,
&������] W �k
&�������"*$%���,���c�h��%�'S������|���/�����C���%��	�
��
���/������	������ ���*�

r′′
�V�����,
&���,��] W �k
&���o
`�w��d�$ 
S�������U%���c�h��%�'�V�����,
iv�����C���%��	�
��
���/������	������ ���*�

r′′′
�)�*�+�,
&����� .

	gng²j�U�ZH{lZ u e�x8j�bdmso�tfbno¥j�U�Z(r�{lm/ms�¦tKms�$j�U�Z(r�{�Z�t�Zwo/j�r�hsr1Zw{Kjlhs¸sZHh©r1mpgnvco�mpX[bdhsg�j�bdX[Z�¡¦��e*j_j�U�Z
r�{�mp��gnZwXAt$t�U�mpe�g u o�msj$�1Z�ZYycr&Zwx8j�Z u jlmA�1Z�r&msgdvco�msX[bih�gµ�*Z8y�x8Zwr*j$bnoq�pZY{lvRt�r&ZwxYbdhsg�xYhst�Zwt"£F¢
�Àj��²mse�g u �&ZVt�e�{lr�{lbdt�bno��3b��1j�U�Z²{lZ u e�x8j�bdmso ������$���

(r) →
�����������

(r+1)
t�jlh�j�Z u bnoq¡&�/£�xYmse�g u �&Z

bdX[r�{lmk�sZ u j�m_�sbd�sZ&������$���
(r) →

�����������
(r)
¢ ��o u ZwZ u �c�$U�Zwo�\

= Z
� �����������

(1)
bit²Zw�/e�bd�:hsgnZwo/j

jlm�j�U�Z[z�bit�msjKr�{lms��gdZYXq��h(�4Zwgng�¸co�mk�$o�e�o�t�msgd�sZ u r�{lms��gnZwX x8mpo�t�bit�j�bdo��(bdo u ZwxYb u bno���jlU�Z[Z8y*bdt�j�Zwo�x8Z
ms�4h(«YZY{lm�bno!h�o�bno/j�Zw�sZw{gdbdo�Zwhs{�{lZwxYe�{�{lZYo/j]t�Z��pe�ZYo�xYZs���$U�Zw{�Z�hst	j�U�Z[XAhkjl{�bnyQ{lZwhsx"U1h���bdgnbnj0vqr�{lms��gdZYX
� ���������

(1)
�&Zwx8mpX[Zwtw�
�pbn�pZYo

A, M ∈ Z
n×n,

bit²j�U�Zw{�Z�t�msX[Z
k ≥ 1

t�e1x"UHjlU�hkj
Ak = M ,

hVX�e�x"U�t�bdX[r�gdZY{�r�{lms��gnZwX����$U�bix"U]bdt<Zw�sZwo]t�msgd�kh���gdZDbno�r&msgdvco�msX[bih�gkjlbnX[Zp��t�ZYZ } ±/f9�C�T�µ�:h�o u hsgdt�m/} � f��+�p�c�
�R� � + ���T�À¢qTVU�ZR�sZ�xFjlms{�{lZwhsx"U1h���bdgnbnj0vQr�{lms��gnZwX �Mms{fmso�ZAXAhkjl{�bny<� �&���������

(1)
�,�$U�bix"U'�Vhst�xYhsgngdZ u

jlU�Z��*��	�
�;������	������ bdoI} ±/f7���#�À�pbit�h�git�mKt�mpgn�kh���gnZVbdoAr1mpgnvco�mpX_bih�g�j�bdX_Zw} ±/f7���#�À�/t�m]j�U�h�j�j�U�Z	Z8y*bdt�j�Zwo�x8Z
ms��h_{lZ u e�x8j�bdmso �����������

(r)→
�����������

(r)
t�ZYZwX[tVe�o�gnbd¸sZwgnvp¢

��o'jlU�Z(t�jlh�j�ZwX_Zwo/j�m��3TVU�Zwms{lZYX - �D�²ZRo�ZYZ u Z u j�m u bdt�j�bdo��se�bdt�U!j�U�Z�xYhpt�Z�tK�$U�Zw{�Z
M
�
η
�Dms{

γ
�

hs{�Zf«YZY{lm�¢���o u ZwZ u �&jlU�Z�{lZ u e�xFjlbnmpo�t u ZYr&ZYo u x8{lb�jlbdxwh�gdgnv�msoªjlU�Z_«YZY{lmHmp{	o�mpo*´À«YZY{lmHx"U�hs{lhpxFjlZY{3ms��j�U�Z
bdo�t�jlhso�x8Zp¢�/�mp{�bdo�t�jlhso�x8Zp��jlU�Z�r�{�mcm���ms�_¡¦�/£$�$U�Zwo

M = ) �Mmsgdgdmk�3t3X[ZY{lZYgdv��M{�mpX³jlU�Z_hs{��pe�X[ZYo/j	ms�
�²gdmso u ZYg+h�o u T�t�b�j"t�bd¸cgnbitr} �VT$�D~#�+hso u ms� � hstlt�hsbn�po�Z	h�o u ±�h�{lUce�XAh�¸cb2} � ±����T�À�c�$U�ZY{lZwhpt�jlU�Z

M 6= )xwhst�Z�bit$r�{lmk�sZ u e�t�bdo��Ah��pZY{lv u b �&Zw{�Zwo/jVX[ZYj�U�m u ¡¦xYmsX[r�h�{lZ � \1¢ ��¢ - �$b�jlU � \�¢ ��¢ �s£8¢
� Z	o�ZYycj u ZY{lbd�sZ	t�msX[Z3x8mpo�t�Zw�/e�ZYo1x8Zwt�m���TVU�ZYmp{�ZwX - ¢�f�Z8j|e1t4xYmso�t�b u ZY{�jlU�Z	xYhpt�Z	�$U�ZYoh\ bdt|j�U�Z

XAh�y/´Àr�gde�t$t�ZYX[bn{lbdo��
Zmax = (Z ∪ {−∞}, max, +)

¢ ��o
Zmax

�*jlU�Z�XAhkjl{�bnyHr�{lm u e�xFj3bitV�sbd�sZwo(�cv

(AB)ij = max
k

(Aik + Bkj) .

��o
Zmax

�cj�U�ZKtlxYhsgdhs{²{lZwhpx"U�h���bngdb�j0vAr�{�mp��gnZwX��VhstVt�mpgn�pZ u o�ZY�/hkjlbn�pZYgdvA�/v(±]{�mp���
 �! ºc¾ � º �ml ¡µ`cZYZ)} ±]{�m/�s�#�M£,O��9�*�

r = 2
]���%�������*�����I�����C���%��	�
��
���X���!�C	�� ��� ��S����I�>���X�V��v�� �4��$k�

������
�,
Uk[
Zmax


`�/$ U�"�����
&"��C	���� .
��o��¦hsx8jw��±]{lms� u b u o�msj3X[hs¸sZZ8y*r�gdbdxYb�j3TVU�Zwms{lZYX³���*��e*j3�²Z]t�U�hsgng<t�ZYZ]bno � �*¢ +Kj�U�h�j$TVU�ZYms{lZYX³�

bit	xYmso/jlhsbno�Z u bnoªU�bdt	r�{�mcms�0¢ � m�j�Z�h�git�m[jlU�hkj�±]{lms�ªt�jlh�j�Z u jlU�ZK{lZwt�e�gnjlt$bdoªj�U�Zs��d�$%�*�c�*�,
&���7�����Z
�,
UD[
Zmin = (Z∪{+∞}, min, +)

�s�$U�bdx"U[bit�Z��+Zwx8j�bd�sZYgdvfbit�msX[ms{lr�U�bix4j�m
Zmax

¡M�cv�h�x"U1h�o��pZ²ms�+t�bd�so1£8�pt�m
jlU�hkj u Zwx8b u hs��bngdbnj0vfbit�t�e�Zwt�bno

Zmax
hso u

Zmin
hs{�ZVZw�/e�bd�kh�gdZYo/jw¢ � Z$�sZYj|hst�h�xYms{lmsgdgdhs{�v�ms�+TVU�Zwms{lZYX �

hso u m���j�U�Z�{lZ u e1xFj�bdmso1t�¡,+s£8��¡&�/£F��¡µ�s£F�1h�o u ¡¦�/£²bnoªTVU�Zwms{lZYX - �
 �! ºc¾ � º �ut O��9�*�

r = 2
]Z�>���o�V�����,
iv ��U�"jS������|���I�!���������C	�
�i
�+�o���!�C	�� �����z��S����z��%�g�V��v�� �4��$k�

������
�,
Uk[
Zmax

���!�w$ U�"C����
&"C��	���� .
TVU�Z

r ≥ 2
�&mse�o u bdt3msr*jlbnXAh�gµ�1t�bdo�x8ZK�$U�ZYo

r = 1
��jlU�ZKXAhkjl{�bny({lZwhpx"U�h���bdgdb�j0vRr�{�mp��gnZwX³bdo

Zmaxbit�¸co�mk�$o_j�m��&Z u Z�x8b u h���gnZK¡ t�ZwZ � \1¢ - ���&ZYgdmk�	£F¢D~ªmp{�Zwmk�sZY{���h�t�bnX[r�gdZ3h�{l�se�X[Zwopj|t�U�mk�3t�jlU�hkj��Mmp{|h�ocv
r
�&j�U�Zs�V���,�|����
���Kr�{lms��gnZwX bdoQjlU�ZfXAhkyc´Àr�gde�t�t�ZYX[bd{�bdo��Rbit u ZwxYb u hs��gdZ(¡Me1t�Zfj�U�Zfj�U�bd{ u {�ZwXAh�{l¸(hk�§jlZY{
TVU�ZYms{lZYX³�_bdo } �VT$�D~#�§£8¢
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� �����|���%��U��QPb��$%	����,�_]���
&�����!"C���)���>�

TVU�Z�r�{lmcm��3m��	TVU�ZYms{lZYX ��h�o u ±]{lms� � tfr�{�mcms�3m���TVU�Zwms{lZYX �©t�U�mk�)j�U1hkj_j�U�Z�{�Z�t0jl{�bixFjlbnmpo�tKms�
jlU�Z[t�xwh�gih�{��&�pZwx8j�ms{��<h�o u XAhkj�{lbnyQ{�Z�hsx"U�hs��bngdbnj0v�r�{�mp��gnZwXAt3jlm(XAhkjl{�bix8Z�tm��4t�msX[Z� �y*Z u ��t�e��Rx8bdZYo/j�gdv
gih�{l�sZp� u bdX[ZYo�t�bdmso

n
�&{�ZwXAh�bdoQe�o u Z�x8b u h���gnZp¢���o u ZwZ u �<~Qh�j�bdvphpt�Zw�/bix"U � tVj�U�ZYms{lZYX ¡¦t�ZYZ�bno©r�h�{�j�bix8e�gih�{

jlU�Z(xYms{lmsgdgdhs{�v©bno'jlU�ZHbdo/j�{lm u e�xFjlbnmpo¬m��'} �~Q��~����µ� } ~Qhkj"�s�T�À��h�o u j�U�Z�{�ZY�MZY{lZYo�xYZwt]jlU�ZY{lZYbdo1£ft�U�mk�3t
jlU�hkj$jlU�Zw�	bngd�1Zw{�j � t3j�ZwopjlUªr�{lms��gdZYX {�ZwX[hsbno1tVe�o u Z�x8b u h���gdZ]�Mms{�hAt�e��+x8gihstlt$ms��bdo�t�jlh�o1x8Zwt	x8mso1t�bit0jlbno��
ms�3hª�¦h�X[bdgnv�m��3r&msgdvco�msX[bih�gitKms�V�&mse�o u Z u¥u ZY�p{�ZwZs�D�$b�jlU¥hq �y*Z u oce�Xf�&ZY{�m��3�kh�{lbdhs��gdZwtw��hso u mso�Z
xwh�o¬x"U�Z�x"¸©jlU�hkj[±]{�mp� � t�r�{lm/ms�0�D�$U�ZYo¥hsr�r�gdbnZ u j�mQj�U�bitK�¦hsX[bngdvs��vcbdZYg u tKgdbno�Zwh�{�{�Zwr�{lZwt�ZYo/jlh�j�bdmso�t�ms�
�&mse�o u Z uqu bdX[ZYo�t�bdmso

n
¢

¨o�h�j�e�{"h�g*�/e�Zwt�j�bdmso��4mpe�g u �&ZVj�m� �o u h�o�hsg�jlZY{lo�hkjlbn�pZ4r�{�mcm��1�$U�bdx"U��4mpe�g u h�gdgdmk�¥h	X[mp{�Z²r�{lZwx8bit�Z
xYmso/j�{lmsg1m��<jlU�Z u bdX[ZYo�t�bdmso�¢�TVU�Z�{�Z�h u Zw{4t�U�mse�g u o�msj�Zs�cU�Zw{�Zp�sjlU�hkj²j�U�Z	zDmpt�j�´�x8mp{�{lZwt�r1mpo u Zwo�x8Z$��hpt�Z u
jlZwx"U�o�bd�/e�Zm���z�h�j�ZY{"t�msoo} z�hkj�~k�T�À�*�$U�bix"UH{lZYgdbnZ�t|mpoHjlU�Z�ZwXf�&Z u�u bno��[ms�,hK�M{lZYZX[mso�mpb u �$b�jlU�h�j²gdZwhpt0j
j0�²mqgnZYj�jlZY{"t]bno/j�mªXAh�j�{lbdxYZwt]mk�sZw{

Z
��U�hpt�o�mqo�hkjle�{"h�g�Z8ycjlZYo�t�bnmpo�j�m

Zmax
¢'��o��¦hpxFjw��j�U�ZAr&mptlt�bn��bnj0v

ms�,t�e�x"U�hsoHZYy/jlZYo�t�bdmso��²hpt4xYmso�t�b u ZY{lZ u �$U�ZYo(j�U�Z]Zw�/e�hsgnbnj0vAr�{lms��gdZYX��Mmp{$XAhkyc´µr�gne�t²{"hkjlbnmpo�h�g+t�Zw{�bdZwt
�Vhst_t�j�bdgng$mpr1Zwo��|h�o u bnjA�²hptf{lZYXAh�{l¸sZ u bno u ZYr&ZYo u ZYo/j�gdv¬�cv¥±]{lms�¥hso u �cv¥`cbdX[mso } `cbdXV�����À��jlU�hkj
Z

n×n
max

xYmso/jlhsbno1t|o�m��M{lZYZ]t�e���X_mpo�msb u ¢$¡¦T,m[t�ZwZ	jlU�bdtw� u ZY �o�Zs�c�Mmp{$h�gdg
A ∈ Z

n×n
max

�
n(A) = sup{|Aij | |

1 ≤ i, j ≤ n, Aij 6= −∞}
��ms�1t�Zw{��pZ	jlU�hkj

n(AB) ≤ n(A) + n(B)
�&h�o uqu Z u e�xYZ]j�U�h�j	h�ocvR �o�b�jlZYgdv

�pZYo�Zw{lh�j�Z u XAhkjl{�bny(t�e���X[mso�mpb u m��
Z

n×n
max

U�hpt$h_�s{lmk�Vj�UR�Me�o�xFjlbnmpo
O(kn2

)
¢ £

�t4Z�hst�vAx8ms{lmsgdgih�{lbnZ�t�m���TVU�Zwms{lZYX ���/�²Z��$bdgng&�sZYj²bdo � \�¢ - ��e�o u ZwxYb u h���bdgnbnj0v[{�Z�t�e�g�j"t��Mmp{_�4�!���������+
S��
�khs{�bih�o/jltDms�1jlU�Z3{lZwhpx"U�h���bdgdb�j0v�r�{lms��gnZwX�¢D�$Z�xYh�gdg*jlU�hkj�jlU�Z$r�{lmsr&ms{�j�bdmso�hsgnbnj0v�{lZYgihkj�bdmso

∼
mso

Z
n
max

h�o u
Z

n×n
max

bdt u Z8 �o�Z u �cv
u ∼ v

bn�
u = λv

���Mmp{	t�mpX[Z
λ ∈ R

¡Mj�U�h�j3bdtw�
ui = λ + vi

�$U�Zwo
u, v ∈ Z

n
max

�
mp{

uij = λ + vij

�$U�Zwo
u, v ∈ Z

n×n
max

£8¢
� ¾ � ¾ ! !¦�*� » l ¡¦z�{lm�}0Zwx8j�bd�sZ]XAhkjl{�bnyH{lZwhsx"U1h���bdgnbnj0vAmk�sZw{

Zmax
bit$e�o u ZwxYb u hs��gdZ�£,O��4���4���*���� W 
Uk[�������	 �� ��� 
`�)$ U4"�����
&"���	������)[*
S���U

A1, A2, M ∈ Z
n×n
max

]b
`�V�>�����!�Q�wa_U;
�c�Z����d�$%��U4���
1 ≤ i1, . . . , ik ≤ 2�,$%���X�>���*�

Ai1 · · ·Aik
∼M e

� ¾ � ¾ ! !¦�*� » t ¡¦z�{lm�}0Zwx8j�bd�sZ]�sZ�xFjlms{V{�Z�hsx"U�hs��bdgnbnj0vAmk�sZw{
Zmax

bitVe�o u Zwx8b u hs��gnZ:£,O��4���=���*���� W 
Uk[¥���!�C	��� ����
`� $ U�"C����
&"��C	�� ��� [�
ST��U
A1, A2 ∈ Z

n×n
max

]���U4"
α, η ∈ Z

1×n
max

]�
`�z�>�����!�{�Xa_U;
�c�z����d�$%��U����
1 ≤ i1, . . . , ik ≤ 2

�,$%�����>���*�
αAi1 · · ·Aik

∼ η e
z�{lm�}0Z�xFjlbn�pZ�{�Z�hsx"U�hs��bdgnbnj0v3r�{lms��gdZYXAt,h�{lbdt�Z�bno�{lZYgihkjlbnmpo��$b�jlU]j�U�Z4r�{lms��gdZYX m�� u ZYj�ZY{lX[bno�bno��	�$U�Z8jlU�ZY{

h�XAhkyc´Àr�gde�t{lh�j�bdmso�hsgDt�ZY{lbdZwtbdt�t�e���t�Zw�/e�Zwo/j�bih�g$¡Mbµ¢ Zp¢[U�hst�h u ZYj�ZY{lX[bno�bdt�j�bix_gnbdo�Zwhs{]{�Zwr�{�Z�t�Zwo/jlhkjlbnmpo1£F¢
³�sZwo�ZY{"h�g�{lZwt�e�gnj��$U�bix"U'�²hpt] �{"t0j�e�o u Zw{lt�j�mcm u �cv � U�m��&{le*j��Dt�ZYZo} � U�m ~��*� � U�¢D���Vh�o u } � U�m/�s�*�
TVU�¢ - �,�Mms{	hR{�Z�x8ZYo/j3mk�pZY{l�/bdZY����t�ZYZ�h�git�mI}��]h�e���+c�1TVU�¢�\*�Dh�o u } ~ªmpU��D~/�&TVU�¢ - ���À��vcbdZYg u t	h[r�hs{�jlbdhsg�´
u Zwx8bit�bnmpo h�gd�sms{lbnj�U�X j�m u Z8j�Zw{�X[bdo�ZQ�$U�ZYj�U�Zw{�h¬X[h�yc´µr�gde�tH{lh�j�bdmso�hsg	t�Zw{�bdZwtHbdt(t�e���t�Z��/e�ZYo/j�bih�g_¡M�cv
¶�r�hs{�jlbdhsg u ZwxYbdt�bnmpoc·F��²Z¬X[Zwhso j�U�h�jªj�U�Z¥hsgn�pms{lb�jlU�X o�ZwZ u o�msjªj�Zw{�X[bdo�hkjlZs��ZY�pZYo �$U�Zwo j�U�Z¥t�Z8´
{lbdZwt_bdt[t�e���t�Zw�/e�Zwopjlbdhsgi£8¢ ��o¤j�U�ZªxYhpt�Z�m��

Zmax
��jlU�bitAh�gd�sms{lbnj�U�X x8mpo�t�bdt�jlt_bdo¨xYmsX[r�e*jlbno���j�U�Zqt�Z8j

{αAi1 . . . Aik
| k ≥ 1, 1 ≤ i1, . . . , ik ≤ r}

X[m u e�gdmAjlU�ZKZw�/e�bd�kh�gdZYo�xYZ�{�Zwgdh�j�bdmso
∼
¢²TVUce�tw� � mp{�mpg�´

gih�{lv¥�¬t�U�mk�3t_jlU�hkjHbnjHbitAe�o u Zwx8b u hs��gnZ©�$U�Z8jlU�ZY{AjlU�bitHh�gd�smp{�bnj�U�X �$bdgng3r�{�m u e�xYZqj�U�Z©Zw�/e�bd�:hsgnZwo�x8Z
xYgdhpt�t_ms�

η
¢ � ms{lmsgdgih�{lv!�!hsgdt�m!U�hstAhso¤bdo/j�ZY{lZwt�j�bdo�� u bit�xY{�ZYj�ZqZY�pZYo/jRt�v*t�j�ZwX[t[bdo/j�Zw{�r�{lZ8j"hkjlbnmpo�¢ ��o

jlU�bit�xYmso/j�ZYy/j�} �]hse�� +*���]hse����*�	�]~Q�C�*����
��]���*�	�]~Q�p��� �À�Dj�U�Z(�sZ�xFj�mp{
α′ := αAi1 . . . Aik

�sbd�sZwt
jlU�Z[x8msX[r�gdZ8jlbnmpoQjlbnX[Z[m�� u b �+ZY{lZYo/j]ZY�sZwo/jltw��hk�§j�Zw{	jlU�Z[Z8y*ZwxYe*j�bdmso�m��4h�tlx"U�Z u e�gnZ_{�Zwr�{lZwt�ZYo/j�Z u �/vQh
t�Zw�/e�Zwo�x8Z

i1, . . . , ik
�<h�o u j�U�Z�Zw�/e�bd�:hsgnZwo�x8Z�x8gihstlt3m��

α′ X_m u e�gnm ∼ {lZYr�{�Z�t�Zwopj"t$bdopjlZY{�´µZw�sZwopj u ZYgih:vct
¡
α′

i − α′
j

{lZYr�{�Z�t�Zwopj"t4j0v/r�bdxwh�gdgnvAjlU�Z]j�bdX[ZKh_r�h�{�j3t0j"h:vctVbdoqhAt0jlms{"h��sZ�{�Z�t�mpe�{"x8Z�£8¢

021�¨3054



������������	�
��
����������	�������������� ���!�#"�$%���&�'�(�'�)�*�+�,
&����� ~

���pZYo���bno�j�U�ZAxYgdhpt�t�bdxwh�gDxYhpt�Z)\
= Z

��TVU�Zwms{lZYX - t�e��s�sZ�t0j"t]t�mpX_Z_{lZwt�e�g�j"tY¢ /�ms{]bdo�t�jlh�o1x8Zs��j�U�Z
{lZwt�e�gnj4ms��} ~©h�o�~k\�� �	±��D~c� � ±��C�T��t�U�mk�$bno��Kj�U�h�j²jlU�Z«YZY{lm�xYms{lo�ZY{4r�{lms��gdZYX bit|e�o u ZwxYb u h���gdZ�mk�pZY{

ZbdX[r�gdbnZ�t²j�U�h�j²jlU�Z]�sZ�xFj�mp{V{�Z�hsx"U�hs��bngdbnj0v_r�{�mp��gnZwX bdtVe�o u ZwxYb u h���gdZs��hso u jlU�bit u mcZwtVo�msj$t�ZYZwX�j�m[U�h:�pZ
�&ZYZwoQt0j"hkjlZ u r�{lZY�cbnmpe�t�gnvp¢ ��oq�¦hsx8jw�1�4ZKxwh�oqr�{lmk�sZ�hAX[ms{lZ]r�{�Z�x8bit�Z�{lZwt�e�gnj3�cv�hAt�XAh�gdg�X[m u b� 1xwhkjlbnmpo
ms��jlU�Z�r�{lm/ms�,ms��z�hkjlZY{"t�mpoo} z�hkj,~��T�4¡ t�ZwZ � \�¢ �p£8�
L � ¾��|¾ ���¦��� ¾�� M O��4���wST�����c�*�/�)�*�,�c�*��
�+�r�4�!��	������ �*ST���

Z
];���*�

n � + 1
�V�����,
&���,�w�(�'"*
�)��U��,
&�*U

3
]


`�/$ U4"�����
&"C��	���� .
TVU�Zwms{lZYX - h�git�mªbdX[r�{lmk�sZwt]�cv�mso�ZRe�o�b�jfj�U�Z u bnX[Zwo�t�bdmso!mp�*jlhsbno�Z u bno¬TVU�ZYms{lZYX ��m��/} � ±����T�

¡ t�ZwZ � \�¢ �p£8�
� ¾ � ¾ ! !¦�*� » � O ���%�w�#�����s�����,U4���b���!�C	�� ���^���*�

2
�)�*�+�,
&�����Z�(�Z"�
�V��U%��
&�*U

3n � + 2
��S����

Z

`�w$ U �

"C����
&"C��	���� .
�Àj�bdt�o�hkjle�{lhsg�jlm	hst�¸	�$U�ZYj�U�Zw{�jlU�Z�{lZwhpx"U�h���bdgdb�j0v�r�{�mp��gdZYXAt<�&Zwx8mpX[Z u Z�x8b u h���gdZ�bdo�m�jlU�ZY{�t�ZwX_bd{lbno��/tY¢

~©h�ocv[�:hs{�bih�o/j"t|ms�
Zmax

xwh�o(�1Z��Mmse�o u bdoHjlU�Z�gdbnj�ZY{"hkjle�{lZs¢ ��oHr�hs{�jlbdxYe�gih�{��sjlU�Z	�Mmpgngdmk�$bdo���t�ZYX[bd{�bdo��pt
hs{�Zgdbdt�j�Z u bdo } z|bno��C���À�

Nmin = (N ∪ {+∞}, min, +)
T�{lmsr�bdxwh�g<t�ZwX[bn{lbno���} `cbdXA�s�T�

Nmax = (N ∪ {−∞}, max, +)
�²ms{lZwh�g<t�ZYX[bd{�bdo��X} ±]{lmp�p�#�

N̄max = (N ∪ {±∞}, max, +)
~Qhstlx8gdZ � t$t�ZYX[bn{lbdo��X} ~Qhpt!�C�#�

�
= (N ∪ {ω, +∞}, min, +)

f�Zwe�o�� � t$t�ZYX[bd{�bdo��X} f�ZYe�� - �
��o

N̄max
�
(+∞) + (−∞) = (−∞) + (+∞) = −∞

¢ f�ZYe�o�� � t_t�ZYX[bn{lbdo�� � bdt�jlU�Z(mpo�ZHr&msbdo/j
xYmsX[r�hpxFj�bn 1xwhkj�bdmso�m��,j�U�Z�t�ZwX_bd{lbno��

Nmin
Zw�/e�bdr�r1Z u �$b�jlUªb�j"t u bit�xY{�ZYj�Zj�mpr1mpgnmp�sv+��j�U�ZKX[bdo�bdXfe�X bdt

u Z8 �o�Z u �$bnj�U©{lZwt�r&ZwxFj�j�mHj�U�Z�ms{ u ZY{
0 < 1 < 2 < · · · < ω < +∞

�&hso u jlU�Z_h u�u bnj�bdmsoQms�
Nmin

bdt
xYmsX[r�gdZ8jlZ u �cv

ω + a = a + ω = max(a, ω)
¢�TVU�Zt�ZYX[bd{�bdo��

Nmax
bit²h_t�e���t�ZYX[bn{lbdo��fms�

Zmax
�*h�o u

jlU�Z�XAh�r
x 7→ −x

bdt	h�o�bdt�msX[ms{lr�U�bit�X �M{�mpX
Nmin

j�mAh[t�e��1t�ZwX_bd{lbno��[ms�
Zmax

¢
T,m�t�U�mk��jlU�hkjj�U�Z_{lZwhpx"U�h���bngdb�j0v�r�{lms��gdZYXAt]h�{lZ u Zwx8b u hs��gnZ_mk�sZw{3jlU�Zwt�Z_t�ZYX[bd{�bdo��/t��²Zf�$bdgdg�o�ZYZ u

jlU�Z(�Mmsgdgnmk�$bdo�� u Z8 �o�b�jlbnmpo�tY¢ � Zqt�h:v!jlU�hkjAh�t�ZwX_bd{lbno�� \ 
`�Q���|���*�!���|��"{	�� �V������� 
`�,�w�g�(�ra_U;
�c�

�V��[D�4b����Mms{4hsgng

γ ∈
\ �pj�U�Zw{�Z�bdt²h� 1o�b�jlZ�t�ZYX[bd{�bdo��w\

γ

hso u h�t�ZwX_bd{lbno��fX_mp{�r�U�bdt�X
πγ

�M{�mpX \ j�m
\

γ

t�e�x"U[jlU�hkj
π−1

γ (πγ(γ)) = {γ}
¢ � Z�t�U�hsgng+t�h:v�j�U1hkj�\ bitr�	�Y������
S�������t�Zwr�h�{"hkjlZ u �cv[X_mp{�r�U�bdt�XAt

ms�$ �o�bnj�Z�bnXAhs�sZHbn�$j�U�Z(XAh�r1t
γ 7→

\
γ

h�o u
γ 7→ πγ

hs{�Z(Z��+ZwxFjlbn�pZs��bdo¬jlU�Z(t�ZYo�t�ZRjlU�hkj_�Mms{[h�ocv
γ ∈

\ �<�4Z_xYh�o�x8msX[r�e�j�Z�j�U�Zq¡§ �o�b�jlZ�£t�ZYj�ms�|ZYgdZYX[ZYo/j"t	ms��j�U�Z[t�ZYX[bn{lbdo��s\
γ

�+jlms�sZYj�U�Zw{	�$bnj�U�j�U�Z
h u�u bnj�bdmso�h�o u Xfe�gnj�bdr�gdbdxwhkj�bdmso�jlhs��gdZwtm��¥\

γ

��hso u j�U�h�j�²Z_xwh�o�x8msX[r�e�j�Z
πγ(y)

�Mmp{�h�ocv
y ∈

\ ¢
� Z�r�{lmk�sZbno � \1¢ -C- �
 �! ºc¾ � º ��� O����%�@�V�����,
iv�]�S������|����]o�*U�"x���������*�@�!���������C	�
�i
�+� �4�!��	������w�j�*�!�G"C����
&"C��	����B��S����j�
������
�,
Uk[h�>���*�¥
`�w�	�Y������
S������h���|�%���!�*�c��"Q	��h�V�����%�k
`�,�w���¤��a_U;
�c�'
�)�J[C� .
� Z��$bngdg�t�U�mk�®bdo��¦hsx8j$h[t�gnbd�sU/jlgnvRX[mp{�Z]r�{lZwxYbdt�Z]{�Z�t�e�gnjK¡¦TVU�Zwms{lZYX +�bdo � \�¢ -�- £F¢
��e�{[X[Z8jlU�m u h�r�r�gdbdZwt_o�m�jAmpo�gnv!jlm!X[h�yc´µr�gde�t�j0vcr1Zqt�ZYX[bn{lbdo��ptw����e*jHhsgdt�mQjlm�j�U�Zªt�ZYX[bn{lbdo���ms�

o1hkj�e�{lhsg�o/e�Xf�&ZY{"tY�
N = (N, +,×)

��h�o u j�mªbnjltKxYmsX[r�gdZ8jlbnmpo��
N̄ = (N ∪ {+∞}, +,×)

¡Mbdo
N̄
�,�4Z

h u msr�jjlU�ZAx8mpo/�pZYo/j�bdmso
0 × (+∞) = (+∞) × 0 = 0

£F¢[ t�bdX[r�gdZ[hs{��pe�X[ZYo/jw�<�$U�bdx"U�bdt]�pbn�pZYo�bno
� \1¢ - �*��t�U�mk�3t4j�U�h�jw�
L � ¾��|¾ ���¦��� ¾�� l O��4���¥�����Z
�,
UD[*�

Nmin
]
Nmax

]
N̄max

] � ]
N
]2��U4"

N̄
]2�*��k�*�!� �	�Y������
ST���������c�%���!�*�c��"

	��V�V������� 
`�,�w���¤�_a_U;
�c�'
�)�J[C� .
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� �����|���%��U��QPb��$%	����,�_]���
&�����!"C���)���>�

�t3h[x8ms{lmsgdgih�{lv_ms�DTVU�ZYms{lZYX \Rhso u z�{�mpr1m/t�bnj�bdmsoª���4Z]�pZ8jw�

� ¾ � ¾ ! !¦�*� »��=O ���%���)�*�+�,
iv�]�ST�����c�*��]w��U�"g���������*�Q�!���������C	�
�i
�+�Q���!�C	�� �����������I"�����
&"C��	����g�*ST���Q�>���
������
�,
Uk[��

Nmin
]
Nmax, N̄max

] � ]
N
]¥��U4"

N̄
.

� U�Zwo�j�U�ZAt�ZYX[bn{lbdo��(bit
Nmin

mp{
Nmax

�<j�U�Z u Zwx8b u hs��bngdbnj0vªm��|jlU�ZAt�xwh�gih�{{�Z�hsx"U�hs��bdgnbnj0vªr�{lms��gdZYX
�VhstVt�jlh�j�Z u �cvH±]{lms�(bno } ±]{�m/��\*��z�{lmsr&mpt�bnj�bdmso���¢ ���µ¢
� Zªh�gd{�Z�h u v�ms��t�ZY{l�sZ u �M{lmsX TVU�ZYmp{�ZwX - jlU�hkj[XAhkj�{lbny¬{�Z�hsx"U�hs��bngdbnj0vs�Dms{_Zw�/e�bd�kh�gdZYo/j�gdvs���pZwx8j�ms{

{lZwhpx"U�h���bngdb�j0vp��h�{lZRU�h�{ u Zw{fr�{lms��gdZYXAtfj�U�hso¥tlxYh�gih�{�{�Z�hsx"U�hs��bdgnbnj0vs¢ �3mk�²ZY�sZw{w�,�Mms{[h�gdg4j�U�Z�Z8y�h�X[r�gdZwt
ms�ft�ZwX[bn{lbno��ptAjlU�hkj��4Z�x8mpo�t�b u Zw{�Z u �3ZYbnj�U�ZY{qh�gdg	r�{lms��gdZYXAt(�4Zw{�Z©e�o u Z�x8b u h���gdZs�	ms{(j�U�Zwv¨�²ZY{lZ©hsgng
u Zwx8b u hs��gnZp¢TVU�bdt{"h�bit�Z�t$j�U�Z_�/e�Z�t0jlbnmpoQm���jlU�Z_Z8y*bdt�j�Zwo�x8Z�m��4h(t�ZwX[bn{lbno��H�$bnj�U©e�o u ZwxYb u h���gdZ�XAh�j�{lb�y
{lZwhpx"U�h���bngdb�j0vAr�{�mp��gnZwX���e*j u Zwx8b u hs��gnZ�tlxYhsgdhs{²{lZwhpx"U�h���bngdb�j0vAr�{�mp��gnZwXq¢
f�Z8jKe�t] 1o�h�gdgnv©X_Zwo/j�bdmso't�mpX[Z[h u�u bnj�bdmso�hsg�X[m�j�bd�khkjlbnmpo�hso u r1mpbno/j�mse*jKmsj�U�Zw{�{�ZY�MZY{lZYo�xYZwtw¢A3e*´

jlmsXAhkj"h_�$b�jlU�X�e�gnj�bdr�gnbix8bnj�bdZwt	h�o u t�ZwX[bn�p{�mpe�r�t²m��DXAhkj�{lbix8Zwt²mk�pZY{²j�U�Z]jl{�mpr�bixYh�g�t�ZYX[bd{�bdo��_U�h:�sZ]�&ZYZwo
X�e�x"Uªt0jle u bdZ u bdoQx8mso�o�Zwx8j�bdmso��$b�jlU u ZwxYbdt�bnmpoqr�{�mp��gdZYXAtVbnoªgih�o��se�hs�sZ�j�U�Zwms{lvs��t�ZYZV} `cbdXh~*�*�1`cbdXA��\��µ�
} �	hpt!�/�/����hstl�s�#�À�q} ~Qhpt!�C�#�µ��} f�ZYe1� - �À�7} ±]{lmp�s�#�À�+h�o u } z�bdo����*�,�Mmp{	hRt�e�{��pZYvp¢33e*jlmsXAhkj"hA�$b�jlUQXfe�g�jlb�´
r�gnbix8bnj�bdZwt�mk�pZY{�j�U�Z$X[h�yc´µr�gde�t�t�ZYX[bd{�bdo���h�o u XAhkyc´Àr�gde�tDgnbdo�Z�h�{�t�ZYX[bn�p{�mpe�r�t�hsr�r1Z�h�{�bdo_j�U�Z$X[m u ZYgdgdbno��
ms� u bit�xY{�ZYj�Z_ZY�pZYo/j u v/o1h�X[bdx_t�vct�j�ZwXAtY��t�ZYZX}��]h�e���+/� �]~Q���*�2��
��]���*� �]~Q�p����� �]~Q�p�shT�À¢ �Zwo�ZY{"h�g
{lZ8�MZw{�Zwo�x8Z�t,hs�1mpe*j�XAhkyc´µr�gne�t�hsgn�pZY��{"h	hs{�Zr} � � ����/�p� � �'~k�*��±�~©�D~p� �]~Q�/�T�À¢D`cmpX[Z4ms��j�U�Z$r�{�Z�t�Zwo/j
{lZwt�e�gnjltVU�h:�pZ��&ZYZwoªh�o�o�mpe�o�xYZ u bno }��]±��s�T�À¢

� ����U4� W ����"�[��)��U%�+� .ªTVU�ZHhse*j�U�ms{"tj�U�hso�¸zn�bno1x8ZYo/j��²gdmso u ZYg|hso u ��hso�bdZYg|±]{lms���Mms{fU�ZYgdr*�Me�gVx8mpX�´
X[Zwopj"tVmsoªh_r�{lZYgdbnX[bdo�h�{lvA�sZw{lt�bnmpoHms�,jlU�bdt3X[hsoce�t�xY{�bdr*j�¢

�*¢���3=E
	#?934?k14<>570
��o�j�U�bdt3t�Zwx8j�bdmso��*�²Z�x8mpgngdZwx8j3r�{�ZwgnbdX[bno1h�{lvA{�Z�t�e�gnjltw¢

��¢ - ¢��Hº��À¾ � � � ! �*��� ¾�� � � � º � �¬� ¾� ! � �,º �*�A� º � � º � º � ���*��� ¾�� � OTVU�Z�r�{�mcm���m��,j�U�Z�{lZwt�e�gnjltVe�t�Zwt
{"hkjlbnmpo�h�g&t�Zw{�bdZwt4h�o u h�e*jlmsXAhkj"h�o�m�jlbnmpo�tw�,�²Z	o�ZYycj²{lZwxwh�gdg���hpt�bix u ZY �o�bnj�bdmso�tw¢�`cZYZ�} �V�b�C�T�<ms{�} f,h�g>~k�T�
�Mmp{$X[ms{lZ�1hsx"¸c�s{lmse�o u ¢
f�Z8j

Σr = {a1, . . . , ar}
u Zwo�m�jlZ|h�o�h�gdr�U�hs�1ZYj��$bnj�U

r
gnZYj�j�Zw{ltw�:h�o u gdZ8j

Σ∗
r

u ZYo�m�j�Z�j�U�Z9���������V��U4��
&"
mpo

Σr

�*j�U1hkj	bitVj�U�ZKt�ZYj3m��� �o�bnj�ZR¡Mr&mptlt�bn��gdvHZwX[r*j0v�£V�4mp{ u t4�$bnj�UªgdZ8j�j�Zw{ltVbdo
Σr

¢4�t�e���t�Z8j3ms�
Σ∗

r

bdt
xwh�gdgnZ u hZ���*UD[�$%��[D�8¢ � Z$�$bngdg�hsgdt�m�x8mso1t�b u ZY{�jlU�Z_���!��� ������
i[��!�*$#�

Σ+
r

�s�$U�bix"U_bdtDjlU�Z3t�e���t�ZYX[bn�p{�mpe�rfms�
Σ∗

r

x8mpX[r1m/t�Z u m���o�mpo�ZYX[r*j0v[�²ms{ u tY¢ � Z]tlh:vKj�U1hkj²hfXAh�r
s : Σ∗

r →
\ bdt��!�����![�U%
��#�C	����4mp{Y�!�*�+
&�*U����

bn��jlU�ZY{lZfZYycbit�jlth�oQbdo/j�ZY�pZY{
n
�
α ∈

\ 1×n
�
β ∈

\
n×1 ��h�o u hRX[ms{lr�U�bit�X µ : Σ∗

r →
\

n×n
t�e1x"U

jlU�hkj
s(w) = αµ(w)β

�Mmp{|h�gdg
w ∈ Σ∗

r

¢ � Z�t�h:vfj�U�h�j
(α, µ, β)

bit|h)��
U4���*�Y�!�|�����,����U%�|����
&��Ufms�
s
�ch�o u

jlU�hkj
n
bitVj�U�Z�"�
�V��U%��
&�*URm���j�U�ZK{�Zwr�{lZwt�ZYo/jlh�j�bdmso�¢ � Z u ZYo�m�j�Z��cv�\������

〈〈Σr〉〉
j�U�ZKt�Z8j3ms��{"hkjlbnmpo�h�g
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������������	�
��
����������	�������������� ���!�#"�$%���&�'�(�'�)�*�+�,
&����� �

XAhsr�tY�*�$U�bdx"Uqh�{lZ�h�git�mAxYhsgngdZ u �!�*�+
&�*U����2�����,
&���"¢|z�{�mp��gdZYXAt -�� \��*xYhso(�&Z�{�Zw�${�bnj�jlZYoªhstw�
� ���������

(r, n) :
¡+�p£

µ
X[ms{lr�U�bit�X

Σ∗
r →

\ n×n, M ∈
\ n×n; ∃w ∈ Σ+

r , µ(w) = M ?�&���������
(r, n) :

¡ �p£

µ
X[ms{lr�U�bit�X

Σ∗
r →

\ n×n, α, η ∈
\ 1×n; ∃w ∈ Σ+

r , αµ(w) = η ?������$���
(r, n) :

¡ - �p£
s ∈

\ �����
〈〈Σr〉〉

�$b�jlUªh�gdbdo�Zwhs{${�Zwr�{�Z�t�Zwo/jlhkjlbnmpoHms� u bdX[ZYo�t�bnmpo
n, γ ∈

\
;

∃w ∈ Σ+
r , s(w) = γ ?�����������

(r, n) :
¡ -�- £

µ
X[ms{lr�U�bit�X

Σ∗
r →

\ n×n, γ ∈
\

; ∃w ∈ Σ+
r , µ1,n(w) = γ ?

��¢ ��¢�� �*� �¦� � ����� ! ! ¾c½ � ��� � ! º'º � � � »¯½f¾ �k¿ O � Z_{lZw�/e�bd{lZ u jlU�hkjj�U�Z[�²ms{ u
w
�&ZYgdmso��pt�j�m

Σ+
rhso u o�m�j$jlm

Σ∗
r

bdoqj�U�Z]�Mmp{�X�e�gdh�j�bdmso�t�¡+�p£ � ¡ -C- £"�1�1Z�xYhse�t�Z�bdo�j�U�Z�t0j"hkj�ZwX[ZYo/jltVms�Dz|{�mp��gnZwXAt -�� \1�*�4Z
xYmso�t�b u ZY{lZ u t�Zw�/e�Zwo�x8Z�t

i1, . . . , ik
m���gdZYo���j�Uqhkj$gdZwhpt0j

1
¢��3mk�²ZY�pZY{��/t�msX[Z]t�bdX[r�gdZmp��t�ZY{l�:h�j�bdmso�t4�$bdgng

t�U�mk�¯jlU�hkj3r�e*j�jlbno��
w ∈ Σ∗

r

mp{
w ∈ Σ+

r

bno'¡+�p£ � ¡ -C- £4bdtVZ�t�t�ZYo/jlbdhsgngdvAbn{l{lZYgdZY�kh�o/jw¢
f�Z8j[e�t u Zwo�m�jlZH�cv ����������� ′(r, n)

� ����������� ′(r, n)
� ����������� ′(r, n)

�|h�o u � �����$��� ′(r, n)
j�U�Z

�khs{�bih�o/jltfm��3jlU�Zqh��&mk�sZRr�{lms��gnZwX[t��$bnj�U
Σ∗

r

bdo�t�j�Zwh u m��
Σ+

r

bno ¡&�/£ � ¡ -�- £"¢ � Z��$bngdg u ZYo�m�j�Z(�cv )hso u�� j�U�Zf«YZw{�mRhso u e�o�bnj�ZwgnZwX[ZYo/jlt	m���\ �&{lZwt�r1Z�xFj�bd�sZwgnvp���cv ) pq ∈
\

p×q
mp{�t�bnX[r�gdv ) j�U�Z p × q«wZY{lmQXAhkjl{�bny<��h�o u �cv

In ∈
\

n×n
mp{_t�bdX_r�gnv

I
j�U�Z

n × n
b u ZYo/jlb�j0v!XAhkjl{�bny<¢'`*bno�xYZRjlU�Z�xwhst�Zwt

�$U�ZY{lZ
M = I

mp{
M = ) �,mp{ η = ) ��ms{ γ = ) �$bngdg4t�msX[Z8jlbnX[Z�t]{�Z��pe�bn{lZRhqt�r&ZwxYbdhsg�j�{lZwh�j�X[ZYo/jw��²Z��$bngdg]bno�xYms{lr1mp{lh�j�Z�{�Z�t0jl{�bixFjlbnmpo�t(hs�1mpe*j

M
�

η
��mp{

γ
bdo jlU�Z!o�m�j"hkjlbnmpo��	�${lb�jlbno��¥�Mmp{�bdo�t�jlhso�x8Z

� ���������
(r, n, M 6= I)

�Mmp{$j�U�Z�{lZwt�j�{lbixFj�bdmso�m���j�U�Z�X[h�j�{lb�y�{�Z�hsx"U�hs��bdgnbnj0vAr�{lms��gdZYX³j�m
r
�pZYo�Zw{lh�j�mp{lt

ms� u bdX[ZYo�t�bdmso
n
hso u h�XAh�j�{lb�y

M
u b �&Zw{�Zwopj$�M{lmsX�j�U�Z�b u ZYo/jlb�j0vp¢

�4º � �¬� M O �4�������*���� W 
Uk[��!��"�$%���+
&�*U��Y����� " ��&�����$���
(r, n)↔

�&��������� ′(r, n)
¡ - �s£

������$���
(r, n)↔

������$��� ′(r, n)
¡ - �p£

� ���������
(r, n, M 6= I)↔

����������� ′(r, n, M 6= I)
¡ - \/£

�����������
(r, n, M = I)→

����������� ′(r, n + 1, M 6= I)
¡ - +s£

�����������
(r, n ≥ 2, γ 6= ) )↔ � �����$��� ′(r, n ≥ 2, γ 6= ) ) .

¡ - �p£
	R�!�J�¤��. � mpo�t�b u Zw{,hsoKbno1t0j"h�o�xYZ�m���&�����$���

(r, n)
�k�$U�bdx"U�x8mso1t�bit0j"t�ms�

α, η ∈
\ 1×n

h�o u h3X_mp{�r�U�bdt�X
µ : Σ∗

r →
\

n×n
¢|`cbdo�x8Z

(∃w ∈ Σ+
r , αµ(w) = η) ⇐⇒ (∃a ∈ Σr, ∃z ∈ Σ∗

r , αµ(a)µ(z) = η) ,
¡ - ~s£
�&���������

(r, n)
{lZ u e1x8Zwt²jlm'����������� ′(r, n)

¢ � msoc�pZY{"t�Zwgnvp�
(∃w ∈ Σ∗

r , αµ(w) = η) ⇐⇒ (α = η
mp{
∃w ∈ Σ+

r , αµ(w) = η) ,
¡ - �p£
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- � �����|���%��U��QPb��$%	����,�_]���
&�����!"C���)���>�

t�U�mk�3t4j�U1hkj��&��������� ′(r, n)
{�Z u e�x8Z�t²j�m*�&���������

(r, n)
���$U�bdx"Uqt�U�mk�3t�¡ - �s£"¢

`cbdX[bngih�{lgdvs�pxYmso�t�b u ZY{�h�o[bdo�t�jlh�o1x8ZVm�� �����������
(r, n)

�/xYmso�t�bit0jlbno��]ms�
s ∈

\ �����
〈〈Σr〉〉

�$bnj�UAh]gdbno�Zwh�{
{lZYr�{�Z�t�Zwopj"hkjlbnmpo�ms� u bdX_Zwo�t�bnmpo

n
�
(α, µ, β)

��h�o u
γ ∈

\ ¢�f�ZYj�� u ZYo�m�j�Zfj�U�Z_ZYX[r*j0vq�²ms{ u m��
Σ∗

r

�
hso u gnZYj

a−1s
u Zwo�m�jlZ²j�U�Z$t�ZY{lbnZ�t u Z8 �o�Z u �cv

a−1s(w) := s(aw)
¢ ����t�Zw{��pZ�jlU�hkj

a−1s
bdtD{lZwxYms�so�bn«wZ u

�cvAjlU�Z�gdbno�Z�h�{${lZYr�{lZwt�ZYo/j"hkj�bdmso
(αµ(a), µ, β)

�1�$U�bix"U(bit$bit$t0jlbngdg�m�� u bdX[ZYo�t�bnmpo
n
¢|`*bno�xYZ

(∃w ∈ Σ+
r , s(w) = γ) ⇐⇒ (∃a ∈ Σr, ∃w ∈ Σ∗

r , a−1s(w) = γ) ,

������$���
(r, n)

{lZ u e1x8Zwt²jlm(����������� ′(r, n)
¢ � msoc�sZw{lt�ZYgdvs�

(∃w ∈ Σ∗
r , s(w) = γ) ⇐⇒ (s(

�
) = γ

ms{
∃w ∈ Σ+

r , s(w) = γ) ,
¡ - �p£
t�U�mk�3t4j�U1hkj������������ ′(r, n)

{lZ u e�x8Z�t²j�m%�����������
(r, n)

���$U�bdx"Uqt�U�mk�3t�¡ - �/£"¢
TVU�Z_r�{lms��gdZYXAt��������$��� ′(r, n, M 6= I)

h�o u �����������
(r, n, M 6= I)

h�{lZ�j�{lbn�cbih�gdgnv�Zw�/e�bd�kh�gdZYo/jw�
�&Zwxwh�e�t�Z

µ
t�ZYo u t²j�U�Z�ZwX[r*j0vR�²ms{ u jlm�jlU�Z�b u ZYo/j�bnj0vHXAh�j�{lb�y<¢�TVU�bit3t�U�mk�3t¡ - \c£F¢

�²Z8�Mmp{�ZVt�U�mk�$bno��[¡ - +p£F���²Z4bdo/j�{lm u e�x8Z$h�o�m�j"hkjlbnmpofjlU�hkj��²Z²t�U�h�gdg*e�t�Z4{lZYr&Zwh�j�Z u gnvfbno�j�U�Z$t�Zw�/e�Zwg ¢ �À�
U1, . . . , Uk

hs{�Z3tl�/e�h�{lZVX[h�j�{lbdxYZwt��$bnj�UHZYo/j�{lbnZ�t�bdoRh�t�ZwX_bd{lbno���\ �p�4Z u ZYo�msj�Z3�cv u bdhs�
(U1, . . . , Uk)jlU�Z|��gnm*x"¸ u bdhs�smso1h�g�XAhkjl{�bny]�$U�mpt�Z u bih��pmso�hsg���gdmcx"¸*t�hs{�Z

U1, . . . , Uk

¢ �À�
µ1, . . . , µk

h�{lZ�X[ms{lr�U�bit�X[t
�M{lmsX hf�M{lZYZ]X[mso�msb u jlm_XAh�j�{lb�yHX[mpo�msb u tw�*�4Z u Zwo�m�jlZ�cv u bdhs�

(µ1, . . . , µk)
j�U�Z�X[ms{lr�U�bit�X��$U�bix"U

t�ZYo u t�hV�²ms{ u
w
j�m u bih��

(µ1(w), . . . , µk(w))
¢ /�ms{�hsgng

1 ≤ p
���²Z u ZYo�msj�Z��cv ) pp

j�U�Z�«wZY{lmVX_mp{�r�U�bdt�X
�M{lmsX h��M{�ZwZAX[mso�mpb u jlmg\ p×p ¢Xf�Z8j�e�t u ZY �o�ZAo�mk� j�U�ZRX[ms{lr�U�bit�X

µ′ : Σ∗
r →

\ (n+1)×(n+1) �
µ′ =

u bih��
(µ, ) 11)

¢|`cbdo�xYZ
µ′(

�
) = I

�

(∃w ∈ Σ+
r , µ(w) = I) ⇐⇒ (∃w ∈ Σ∗

r , µ′(w) =
u bih��

(I, ) 11)) ,

�$U�bdx"Uqt�U�mk�3t�¡ - +p£"¢
/�bdo�h�gdgnvp�/j�U�Zr�{lms��gdZYXAt � �����$��� ′(r, n ≥ 2, γ 6= ) ) h�o u � �����$��� (r, n ≥ 2, γ 6= ) ) h�{lZ3jl{�bd�cbdhsgngdvZ��/e�bn�khsgnZwopj��*�1Z�xYhse�t�Z

µ(
�

)1n = ) 6= γ
��hst$t�m/mpo�hpt

n ≥ 2
h�o u

γ 6= ) ¢4TVU�bdt$t�U�mk�3t]¡ - �p£8¢
� Z u b u o�m�j]x8mpo�t�b u Zw{	jlU�Z�r�{�mp��gnZwXAt������������ ′(r, n, M = I)

h�o u � ��������� ′(r, n ≥ 2, γ = ) ) bdof�ZYX[XAh - ��t�bno�xYZ]j�U�ZKhso�t��4Zw{4jlm_j�U�Z�t�Z�r�{lms��gnZwX[t²bitVj�{lbd�/bih�gdgdv�¶0vpZwt0·"¢
��¢ ��¢���� � ����� ! º � � º�¾� � ¾ � �,º �ª� � ¿ �w�p� !¦�*�ª� º ��� ! �*� � ! �¦� »;O�TVU�Zf�Mmpgngdmk�$bdo��RZYgdZYX[Zwopj"h�{lvq{�Z u e�xF´
jlbnmpo�t²t�U�mk��jlU�hkj$e�rHj�m[h�oRbdo�xY{�Z�hst�Z	m���j�U�Z u bdX_Zwo�t�bnmpoHm��,X[h�j�{lbdxYZwtw�sjlU�Z]x8ms{lo�Zw{²hso u tlxYh�gih�{²{lZwhsx"U�´
hs��bdgnbnj0vRr�{lms��gdZYXAt$hs{�ZZw�/e�bd�kh�gdZYo/jw�

����������
(r, n)→

� ���������
(r, n + 2) ,

¡ �s�p£
� �����$���

(r, n)→
������$���

(r, n) .
¡ � - £
��o u ZYZ u �*x8mso1t�b u ZY{²h�oRbdo�t�jlhso�x8Z�m�� �����������

(r, n)
�c�$U�bix"UHx8mpo�t�bdt�jlt4m���h�t�Zw{�bdZwt

s ∈
\ � � �

〈〈Σr〉〉
�$bnj�U

hgdbno�Zwh�{�{lZYr�{�Z�t�Zwopj"hkjlbnmpo
(α, µ, β)

m�� u bdX_Zwo�t�bnmpo
n
�/h�o u h]t�xwh�gih�{

γ ∈
\ ¢ � Z$��e�bng u j�U�ZVX[ms{lr�U�bit�X

µ′ : Σ∗
r →

\ (n+2)×(n+2) t�e�x"U(j�U�h�j

µ′(ai) =





) 11 αµ(ai) αµ(ai)β
) n1 µ(ai) µ(ai)β
) 11 ) 1n ) 11



 ∀1 ≤ i ≤ r .
¡ �p�s£
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������������	�
��
����������	�������������� ���!�#"�$%���&�'�(�'�)�*�+�,
&����� -C-

	oqbnX[X[Z u bihkjlZ�bno u e�xFjlbnmpo(mpo�j�U�Z�gdZYo��sj�U�m��
w
t�U�mk�3t²jlU�hkj

µ′(w) =





) 11 αµ(w) s(w)
) n1 µ(w) µ(w)β
) 11 ) 1n ) 11



 , ∀w ∈ Σ+
r .

¡µ���/£

TVUce�tw�

∀w ∈ Σ+
r , µ′

1,n+2(w) = s(w) ,
¡ ��\/£
�$U�bdx"Uqt�U�mk�3t�¡ ���/£"¢
�$Z u e�x8j�bdmso ¡µ� - £[U�msg u t(�1Z�xYhse�t�Z � ���������

(r, n)
bdt(X[ZY{lZYgdv¯h¬t�r&ZwxYbdhsgxwhst�ZQm�� ������$���

(r, n)
¢

��o u ZYZ u ��xYmso�t�b u ZY{Khso�bdo�t�jlhso�x8ZAms�4jlU�ZRx8mp{�o�Zw{�{�Z�hsx"U�hs��bdgnbnj0vQr�{lms��gdZYXq��x8mso1t�bit0jlbno���ms�
µ
hpt�h��&mk�sZs�

hso u
γ ∈

\ �<h�o u gnZYj
α = (

�
, ) , . . . , ) ) ∈ \ 1×n

�<h�o u
β = ( ) , . . . , ) , � )T ∈

\
n×1 ¢�TVU�Zwo��&�Mms{

hsgng
w ∈ Σ∗

r

�
µ1n(w) = αµ(w)β

�&�$U�bix"Uqt�U�mk�3t]¡ � - £"¢
��¢ \1¢� �*�w� ��� � º � � º � º � �w�*� � ¾���¾ � �Y� � � � � � ��� � � � ¾ �,�'� ��� ¾ �¬���w� O � ZQt�U�h�gdg$e�t�ZQt�Zw�sZw{lhsg
jlbnX[Z�tj�U�Z_�Mmsgdgdmk�$bno���Zwtlt�ZYo/j�bih�gdgnvªxYgdhpt�t�bdxwh�g�x8mpo�t�j�{le�xFjlbnmpo�tY¢�T�mqh�ocvQh�e�j�msXAh�j�mso�� mk�pZY{

Σr

�$bnj�U
t�Z8j]m��|t�jlh�j�Z�t

{1, . . . , p}
�<h�o u t�ZYjms�|bdo�b�jlbdhsg$¡M{lZwt�r�¢ �o�h�g§£�t0j"hkj�Z�t

I
¡¦{�Z�t�r�¢

F
£8�<�4Z_hstlt�m*xYbdh�j�ZKjlU�Z

X[mp{�r�U�bdt�X
ν � : Σ∗

r →
\ p×p �

∀x ∈ Σr, ν � (x)ij =

{ � b���j�U�Zw{�Z]bit$h�oªh�{l{lmk���M{�mpX
i
j�m

j
gdhs�1ZwgnZ u

x
bdo��

,

) m�j�U�ZY{l�$bdt�Zs�¡µ��+s£

jlU�Z��sZ�xFjlms{"t

α � ∈
\ 1×p, (α � )k =

{ � b��
k ∈ I

) m�j�U�ZY{l�$bdt�Zs� β � ∈
\ p×1, (β � )k =

{ � b��
k ∈ F

) m�j�U�ZY{l�$bdt�Zs�
jlms�pZ8j�U�ZY{V�$b�jlU

M � = {ν � (v) | v ∈ Σ∗
r

hso u
[ν � (v)]ιφ =

� �Mmp{3t�mpX_Z
ι ∈ I, φ ∈ F} ,

F � = {α � ν � (v) | v ∈ Σ∗
r

h�o u
[α � ν � (v)]φ =

� �Mmp{3t�mpX[Z
φ ∈ F} .

�3ZwxYhsgng1j�U1hkj�� bdt�$ U��*�)	�
i[*$%�*$k��b��<�Mmp{²hsgng
w ∈ Σ∗

r

�/j�U�ZY{lZ	bit²h�j4X[mpt�j4mpo�Z	r1hkj�UH�$b�jlUHgih��&ZYg
w
�M{lmsX

hsoHbdo�r�e*j	t�jlh�j�Zj�m[h�o�mse�j�r�e*j3t�jlh�j�Zs��hso u j�U�h�j�� bdt����,
��bn���Mms{$hsgng�t�jlh�j�Z
k
�cj�U�Zw{�Zbit$hfr�h�j�U(�M{�mpX

t�msX[Z]bdo�r�e*j	t�jlh�j�Zj�m
k
��hso u h_r�hkjlU(�M{lmsX

k
j�mRt�msX[Z]mse�j�r�e*j	t�jlh�j�Zp¢

�4º � �¬�ol O&"&��� 
`�w�+�,
���*U�"s$ U��*�)	�
i[�$%��$k��]��>����U
M �

��U�"
F �

����U@	��V� ��������
ST�����I���*�b�4$ �c��"�]
�*U�"Q��%������Uk[*$%�J[C�

L
�!������[�U%
��#��"�	��	� 
`�

{w ∈ Σ∗
r | ν � (w) ∈ M � } = {w ∈ Σ∗

r | α � ν � (w) ∈
F � }

.
	R�!�J�¤��.��À�
�abdt$j�{lbnX.h�o u e�o1h�Xf��bn�pe�mse�tw�c�Mms{3hsgng

1 ≤ i, j ≤ p
h�o u

w ∈ Σ∗
r

�*jlU�ZY{lZ�bdt	hkj3X[mpt�j3mso�Z
r1hkj�U��M{lmsX

i
jlm

j
�$b�jlU�gih��&ZYg

w
¢ATVU�Zwo���bnj��Mmsgdgnmk�3t��M{lmsX.j�U�Z_�²ZYgdg�¸co�mk�$o©�p{lhsr�U©bdo/j�Zw{�r�{lZ8j"hkjlbnmpo

ms�,jlU�ZKXAhkjl{�bny(r�{�m u e�x8jf¡¦t�ZYZ�Zp¢ �1¢2} `cjlhs�C�*� � \1¢ ~T�§£8�*j�U1hkj�hsgng<jlU�Z�XAhkjl{�bix8Z�t
ν � (v)

U�h:�pZ ) , � ZYo/jl{�bdZwt¡¦�$U�bix"UHbdX_r�gnbdZwt²jlU�hkj
M �

bdt² �o�b�jlZhso u xwh�oR�&Z]Z��+Zwx8j�bd�sZYgdvRx8mpX[r�e*j�Z u £F��hso u j�U�h�j
L = ν−1

� (M � )
¢

TVU�Z]hso�h�gdms�pmse�t²r�{lmsr&ZY{�j0v[�Mms{
F �

bitVr�{lmk�sZ u bdoqh[t�bnX[bdgdhs{$�²h:vp¢

¨7¨ª©�«�¬�¦�¬,¬



- � �����|���%��U��QPb��$%	����,�_]���
&�����!"C���)���>�

��¢ +�¢��(º � ��������� ¾��©¾�  �! º/¾ � º � l � � ¾ � ¹ � ¾ ���n� � � ¾�¾��O±]{lms��x8mso1t�b u ZY{lZ u j�U�Z²�Mmpgngdmk�$bno��	r�{lms�*´
gdZYXAt²�Mmp{3t�Zw{�bdZwt

s, t ∈
\ �����

〈〈Σr〉〉
h�o u \

= Nmin, Nmax, Zmin
�

(
�|�/e�h�gdbnj0v

) s, t ∈
\ �����

〈〈Σr〉〉; s = t ?

(
��o�Zw�/e�h�gdbnj0v

) s, t ∈
\ �����

〈〈Σr〉〉; s ≤ t ?

(
f�m*xYh�g ��o�Zw�/e�h�gdbnj0v

) s, t ∈
\ �����

〈〈Σr〉〉; ∃w ∈ Σ∗
r , s(w) ≤ t(w) ?

(
f�m*xYhsg �|�/e�h�gdbnj0v

) s, t ∈
\ �����

〈〈Σr〉〉; ∃w ∈ Σ∗
r , s(w) = t(w) ?

� mp{�mpgngih�{lvR\1¢ �[ms�R} ±]{lmp�s�#�Dt�U�mk�3tVj�U�h�jhsgng�j�U�Z�t�ZKr�{�mp��gnZwXAt	h�{lZ�e�o u Zwx8b u hs��gnZf�$U�ZYoo\
= Nmin

ms{
\

= Nmax
��r�{�mk�cb u Z u j�U�h�jjlU�Z[oce�Xf�&ZY{�ms�4gdZ8j�jlZY{"t

r
bit�hkj]gnZ�hst�j

2
¢�TVU�Z[e�o u Zwx8b u hs��bngdbnj0vQm��4j�U�Z

tlxYhsgdhs{${�Z�hsx"U�hs��bdgnbdvAr�{lms��gdZYX u mcZwt3o�m�j$�Mmsgdgdmk�®�M{lmsX³j�U�bit	t�jlh�j�ZYX[Zwopj�����e*jb�j u mcZwtV�Mmpgngdmk� �M{lmsX j�U�Z
r�{�mcm���ms�Y} ±]{�m/�s�#�À¢#��o u ZYZ u ��bdo � �Hms�Y} ±]{�m/�s�J�µ��±]{lms��hstlt�m*x8bihkjlZwt	Z��+ZwxFjlbn�pZYgdvqj�mqh�ocvªbdo�t0j"h�o�xYZ

(I)ms�_�3bdgn�&ZY{�j � t3jlZYo/j�Uªr�{�mp��gnZwX hR{lh�j�bdmso�hsg�t�Zw{�bdZwt u ZYo�msj�Z u �cv
HD

���$bnj�U©xYm/Z �Rx8bdZYo/jlt	bno
Zmin

�&mk�sZw{
hsoªh�gdr�U�h��&Z8j

A
���$bnj�U�j�U�ZKr�{lmsr&ZY{�j0vAj�U�h�j

HD(w) ≤ 0
�Mms{3h�gdg

w ∈ A∗ hso u j�U�h�j$j�U�Zw{�Z�bit3h[�²ms{ u
z ∈ A∗ t�e�x"Ufj�U�h�j HD(z) = 0

b��0�/h�o u mso�gnv�bn�0�sbdo�t�jlh�o1x8Z
(I)

U1hstDh]t�mpgne*jlbnmpo�¢�`*bno�xYZ �3bdgn�&ZY{�j � t�j�ZwopjlU
r�{�mp��gnZwX³bit	e�o u ZwxYb u h���gdZs��j�U�bit	bdX[r�gdbnZ�t$j�U1hkj	jlU�ZftlxYhsgdhs{3{�Z�hsx"U�hs��bdgnbnj0vRr�{lms��gdZYX mk�sZw{Vj�U�Z_t�ZwX[bn{lbno��
Zmin

bdt$e�o u ZwxYb u h���gdZs�*�$U�Zwo
γ = 0

¢�~ªmp{�Zwmk�sZw{w�sj�U�ZKxYm u bno��[h�{l�se�X_Zwo/j²�pbn�pZYoqhkjVj�U�Z]�&ZY�pbno�o�bno��[ms�
jlU�ZAr�{lmcm��4ms�²TVU�Zwms{lZYX ��¢ - ms��} ±]{�m/�s�#�4hpt�t�m*x8bihkj�Z�tZ��+ZwxFjlbn�pZYgdvªj�m

HD
h�{"hkj�bdmso1h�g�t�ZY{lbnZ�t

σ(HD)�$bnj�U'xYm/Z �Rx8bdZYo/jlt�bdo
Zmin

mk�pZY{Kh�j0�²mqgnZYj�j�Zw{ltfh�gdr�U�h��&Z8j��,hso u j�U�bitft�ZY{lbnZ�tjlhs¸sZwtjlU�ZHtlh�X[Z_ �o�bnj�Z
�khsgne�Z�t$hst

HD
¢�TVU�bdt$t�U�mk�3t$TVU�Zwms{lZYX³��¢

��¢���F���E�6967<0	�xFb?k1=3=<�
xAJE�FY<��734598 	;A�h<`1��
r
�9E�09E�34?k1=5732A)<0jFY?k143=<�
xA�E�F�<��934578 	%A�h<`1��

2
�7E�02E%34?D125732A

TVU�ZVr�{lmcm���ms�1TVU�Zwms{lZYX - {lZYgdbdZwt�msofj0�4m u b �+ZY{lZYo/j�ZYX��1Z u�u bdo��pt�ms�1t�ZwX[bn�p{�mpe�r�t,m��
n×n

X[h�j�{lbdxYZwt
�$bnj�U

r
´À�sZYo�ZY{"hkj�mp{lt4bdoqt�ZYX[bd�s{lmse�r1t4ms�

nr × nr
X[h�j�{lbdxYZwtV�$bnj�U

2
´À�sZwo�ZY{"hkjlms{"tY¢

��¢ - ¢�� �M�k�w� º ��� º ¿,¿ � � �9Obf�Z8j
b, c

u Zwo�m�jlZ�j0�²m_gnZYj�j�Zw{ltw¢�T,m_hso/vHX_mp{�r�U�bdt�X
µ : Σ∗

r →
\

n×n
�*�4Z

hpt�t�m*x8bihkjlZ	jlU�Z�X[ms{lr�U�bit�X
µ̄ : {b, c}∗ →

\
nr×nr

� u Z8 �o�Z u �/v+�

µ̄(b) =







µ(a1) ) n,(r−1)n¢¢¢ ¢¢¢
µ(ar) ) n,(r−1)n






,

hso u
µ̄(c) =

( ) (r−1)n,n I(r−1)n

) n,n ) n,(r−1)n

)¡µ�*�p£

¡¦{�Z�xYhsgng+jlU�hkj
In

u Zwo�m�jlZwt²j�U�Z
n× n

b u ZYo/jlb�j0vRXAh�j�{lb�y�£F¢
/�msgdgnmk�$bdo��Ah�o�e�t�e�h�g u Zw�cbdxYZs�*�²Z]t�U�hsgng�hpt�t�m*x8bihkj�Z�j�mAhso/vA�²ms{ u m��

Σ∗
r

hf�²ms{ u ms�
{b, c}∗

�/vH�²h:v
ms��jlU�ZKx8m u bdo��_�Me�o�x8j�bdmso

δ : Σ∗
r → {b, c}

∗ �

δ(ai1 . . . aik
) = ci1−1b . . . cik−1b ,

¡µ�C~�£
�Mmp{�h�gdg

1 ≤ i1, . . . , ik ≤ r
¢RTVU�Z_�Me�o�xFjlbnmpo

δ
bit�hH��b }0Zwx8j�bdmso��M{lmsX

Σ∗
r

jlm�j�U�Z[gih�o��pe�h��pZ
δ(Σ∗

r) =
{b, cb, . . . , cr−1b}∗

¢�TVU�Z�Mmsgdgnmk�$bdo��[{lZwt�e�g�j3xwh�o��1Z�r�{lmk�sZ u �cvHhso�bdX[X[Z u bihkjlZbdo u e1xFj�bdmsoqmpo
k
¢
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������������	�
��
����������	�������������� ���!�#"�$%���&�'�(�'�)�*�+�,
&����� - �

L � ¾��|¾ ���¦��� ¾�� t O��9�*�w����
ai1 , . . . , aik

∈ Σr

]

µ̄ ◦ δ(ai1 . . . aik
) =















µ(ai1ai2 . . . aik
) ) n,(r−1)n

µ(ai1+1ai2 . . . aik
) ) n,(r−1)n... ...

µ(arai2 . . . aik
) ) n,(r−1)n

) (i1−1)n,n ) (i1−1)n,(r−1)n















.
¡µ�*�/£

� ZKt�U1h�gdg<e�t�Z�bdoqr�h�{�j�bix8e�gdhs{4jlU�ZKt�r1Z�x8bih�gdbn«�hkj�bdmso(m��K¡ ���p£4jlm
i1 = r

�

∀z ∈ Σ∗
r , µ̄ ◦ δ(arz) =

(

µ(arz) ) n,(r−1)n

) (r−1)n,n ) (r−1)n,(r−1)n

)

.
¡µ���/£

��¢ ��¢���º � ¾�� ¿ º ��� º ¿,¿ � � �7O3TVU�bdt�ZYX��1Z u�u bdo��Qbitf�&ms{l{lmk�4Z u �M{lmsX j�U�ZHr�{lmcm��$m��'} �VT$�D~/��TVU�¢ - �
hso u } � ±����c�²TVU�¢ - �À¢¬T�m!h�ocv!X[ms{lr�U�bit�X

µ : Σ∗
r →

\
n×n

���²Zqhstlt�m*x8bihkjlZRjlU�Z(X[mp{�r�U�bdt�X
µ̂ :

{b, c}∗ →
\

rn×rn
�

µ̂(b) =

( ) (r−1)n,n I(r−1)n

Inn ) n,(r−1)n

)

, µ̂(c) =
u bdhs�

(µ(a1), . . . , µ(ar)) .
¡ �s�/£

T,mKt�bnX[r�gdb��Mv_o�msjlhkjlbnmpo�tw���4Z$�$bdgdg�e�t�Z3h�x8mpo/�pZYo/j�bdmso_m���xYvcxYgnbixVbdo u Z8y*bdo���m��&j�U�Z3gnZYj�jlZY{"t�m��
Σr

�ct�m]jlU�hkj
ar+1 = a1

�
ar+2 = a2

��Z8j"x�¢ � ZAt�U�h�gdg�e�t�ZfjlU�Z_j�{lbn�cbih�gD�¦hsx8j�jlU�hkjKhso/vª�²ms{ u
v ∈ {b, c}∗

xwh�o��1Z
�${lbnj�j�Zwo'¡Me�o�bi�/e�ZYgdv�£Vhstw�

v = ci1b . . . cikbcik+1
¡ � - £
�$U�ZY{lZ

k ≥ 0
hso u

0 ≤ i1, . . . , ik+1
���$bnj�U�j�U�ZKxYmsoc�sZwo/j�bdmsoRjlU�hkj

v = cik+1 = ci1
�$U�Zwo

k = 0
¢

�4º � �¬�gt O&"&�
v ∈ {b, c}∗


`� W �,
���c��U ���/
U¨¡ � - £�]_��%��U%]

µ̂(v) =
u bih��

[µ(ai1
1 ai2

2 . . . a
ik+1

k+1 ), . . . , µ(ai1
r ai2

r+1 . . . a
ik+1

r+k )]µ̂(bk) .
¡ �p�p£
/�ms{$bdo�t0j"h�o�xYZs���$U�ZYo

r = 3
��¡¦�/�s£²t�jlhkjlZwt²jlU�hkj��

µ̂(c2bc7bc9bcb2c11) =





µ(a2
1a

7
2a

9
3a1a

11
3 ) ) )

) µ(a2
2a

7
3a

9
1a2a

11
1 ) )

) ) µ(a2
3a

7
1a

9
2a3a

11
2 )



 µ̂(b5) .

	R�!�J�¤�w�(���7�����V����. � mso1t�b u ZY{²jlU�Zt�ZYX[bd�s{lmse�r��
⊂
\ rn×rn m�����gnm*x"¸ u bih��smpo�h�g&XAhkjl{�bix8Z�t|�$bnj�U ru bdhs�smso1h�gk��gdm*x"¸ct�m�� u bdX_Zwo�t�bnmpo

n
�Yjlms�sZYj�U�Zw{��$bnj�U]j�U�Z|�s{lmse�r	�³�pZYo�Zw{lh�j�Z u �cv3jlU�Z�XAhkjl{�bny

B := µ̂(b)¡
B
bdt3bnoc�sZw{�jlbn��gnZ�t�bno�xYZ

B−1 = BT
£8¢²`cbdo�x8Z

B
�

B−1 ⊂
�(�*�Mmp{3h�gdg

(D, R), (D′, R′) ∈
�
×
�¤���4Z

U1h:�sZ

DRD′R′ = DRD′R−1RR′,
�$U�ZY{lZ

DRD′R−1 ∈
�

, RR′ ∈
�

.
¡ �s�/£
¡ ��o¤msj�U�Zw{A�4mp{ u tY�DjlU�ZQt�ZwX[bn�p{�mpe�r¬m��XAhkj�{lbix8Zwt_ms�	j�U�Zq�Mms{lX

DR
�4�$U�ZY{lZ

(D, R) ∈
�
×
�¤�|bit

hqt�ZYX[b u bn{lZwx8jKr�{lm u e�xFjKms�
� �cv��¨¢ £�TVU�Zwo�� /�ms{lXfe�gdh!¡¦�/�s£bit�r�{lmk�sZ u �cv�hso�bdX[X[Z u bihkjlZAbno u e�xF´
jlbnmpo��,j�U�hso�¸*tj�m¥¡ �s�p£F��hso u j�mqj�U�ZRms��t�ZY{l�khkjlbnmpoQj�U1hkj

D 7→ B−1DB
hsxFj"t�mso

D ∈
� �cv�xYv*x8gdbdx

r&ZY{lXfe�jlhkjlbnmpo(ms� u bih��pmso�hsg+��gnm*x"¸*tw¢

¨7¨ª©�«�¬�¦�¬,¬



- \ �����|���%��U��QPb��$%	����,�_]���
&�����!"C���)���>�

\�¢��Y345757Hg59HX1��2E 3=E%AJ82K,12A
\1¢ - ¢'L � ¾�¾ �4¾ � �Hº ¿��,�s��� ¾�� ¡ - £�O � mpo�t�b u Zw{4h�oHbno�t�jlhso�x8Z	m�� �����������

(r, n)
�*x8mpo�t�bdt�j�bdo��Kms��hKgdbno�Z�h�{

{lZYr�{�Z�t�Zwopj"hkjlbnmpo
(α, µ, β)

ms� u bdX[ZYo�t�bdmso
n
mk�sZw{¥\ �cj�ms�pZ8jlU�ZY{V�$bnj�U

γ ∈
\ ¢ �	ZY �o�Zj�U�Z�X[ms{lr�U�bit�X

µ̂
hstVbdo!¡ �s�/£F�cj�mp�sZYj�U�Zw{$�$b�jlU

α′ = (α, ) 1n, . . . , ) 1n) ∈
\ 1×rn, β′ =







β¢¢¢
β






∈
\ rn×1 .

¡ ��\c£

TVU�ZYo���bnj$�Mmsgdgdmk�3t4{lZwh u bdgnvA�M{lmsX f�ZYX[XAh[��j�U�h�j
α′µ̂(v)β′ = αµ(ai1

1 ai2
2 . . . a

ik+1

k+1 )β ,
hs�phsbno��$b�jlUQhAx8v*x8gdbix]bno u Z8y*bno��Rm��

a1, . . . , ar

¢²TVU�ZY{lZ8�Mms{lZs�
α′µ̂(v)β′ jlhs¸sZ�tVj�U�Z�t�hsX_Z��khsgne�Z�t$�$U�Zwo

v ∈ {b, c}∗
hpt

αµ(w)β
�$U�ZYo

w ∈ Σ∗
r

�shso u ���������� ′(r, n)
{lZ u e�x8Z�t�jlm#���������� ′(2, rn)

¢ 
�t�bdo���j�U�Z
Z��/e�bn�khsgnZwo�x8ZA¡ - �p£"���4Z]�sZYj$j�U�h�j������������

(r, n)
{�Z u e�x8Z�t4j�m%�����������

(2, rn)
���$U�bdx"Uqt�U�mk�3t�¡ - £F¢

\1¢ ��¢'L � ¾�¾ �	¾ ���Hº ¿ ����� � ¾���¡ �p£,O � mso�t�b u ZY{	hso�bdo�t�jlhso�x8Z�ms� �&�����$���
(r, n)

xYmso�t�bit0jlbno��Ams�Dh[X[mp{�´
r�U�bdt�X

µ : Σ∗
r →

\
n×n

hso u �pZwx8j�ms{"t
α, η ∈

\ 1×n
¢	��Z8 �o�Z

µ̂
hst4bno�¡¦�s�/£F�

α′ hst4bno©¡ ��\c£F�/j�mp�sZ8jlU�ZY{
�$bnj�U

η′ = (η, ) 1n, . . . , ) 1n) ∈
\ 1×rn

¢ �Àj$�Mmsgdgnmk�3t4�M{lmsX ¡¦�p�p£|j�U�h�j

(∃w ∈ Σ∗
r , αµ(w) = η) ⇐⇒ (∃0 ≤ k ≤ r − 1, ∃v ∈ {b, c}∗, α′µ̂(v) = η′µ̂(b)k)

TVUce�tw�$����������� ′(r, n)
{lZ u e�x8Z�t�j�m ����������� ′(2, rn)

¢�TVU�hso�¸*tDj�mfj�U�Z�Zw�/e�bd�:hsgnZwo�x8Z�¡ - �p£"�pj�U�bit4t�U�mk�3t
jlU�hkj��&���������

(r, n)
{lZ u e1x8Zwt²jlm'�����������

(2, rn)
¢

\1¢ ��¢'L � ¾�¾ �_¾� �(º ¿�������� ¾�� ¡¦�/£,O � ZHxYmso�t�b u ZY{fhso'bno1t0j"h�o�xYZRm��������������
(r, n)

x8mpo�t�bdt�j�bdo��ªm��3h
X[mp{�r�U�bdt�X

µ : Σ∗
r →

\
n×n

j�ms�pZ8jlU�ZY{3�$bnj�UQhRX[h�j�{lb�y
M ∈

\
n×n

¢ � Zft�U�h�gdg,t�r�gdb�j3jlU�ZKr�{lmcm���bdo
j0�²mAxYhpt�Z�tY¢
\1¢ ��¢ - ¢��������

M = ) .3TVU�Zwo��|�²Z�hsr�r�gdv�j�U�Zq{lZ u e�x8j�bdmso¤m��w} �VT$�D~p�4TVU�¢ - �3h�o u } � ±��C�c�4TVU�¢ - �À��$U�bdx"URbit4�:hsgnb u mk�pZY{|hsocv[t�ZYX[bd{�bdo��1¢ /�ms{Vx8msX[r�gdZ8jlZYo�Z�t�tw�/�4Z�{�Zwr�{�mk�pZVj�U�bit²{�Z u e�x8j�bdmso�¢ � mso�t�b u ZY{4j�U�Z
X[mp{�r�U�bdt�X

µ̂ : Σ∗
r →

\
nr×rn

��e�bdgnj3�M{�mpX
µ
hptVbno'¡ �s�p£8¢ �Àj$�Mmsgdgnmk�3t²{lZwh u bngdvA�M{lmsX f�ZYX[XAh[�fjlU�hkj��

(∃w ∈ Σ+
r , µ(w) = ) ) ⇐⇒ (∃v ∈ {b, c}+, µ̂(v) = ) ) .

¡¦��+s£
TVU�ZY{lZ8�Mms{lZs�������������

(r, n, M = ) ) {lZ u e�x8Z�t|jlm(����������� (2, rn, M = ) ) ¢
\1¢ ��¢ ��¢��������

M 6= ) .�T�m]h�ocv 1 ≤ i ≤ r
�s�²Z$hstlt�m*x8bihkjlZ�jlU�ZVX_mp{�r�U�bdt�X

µi : Σ∗
r →

\
n×n

ms��jlh�bdo�Z u
�M{lmsX

µ
�cvRZYy*x"U1h�o��pbno���j�U�Z�X[h�j�{lbdxYZwt

µ(ai)
h�o u

µ(ar)
�

µi(ar) = µ(ai), µi(ai) = µ(ar),
h�o u

µi(aj) = µ(aj),
�Mms{

j 6∈ {i, r} .
� Z u ZY �o�Z]j�U�ZX[mp{�r�U�bdt�X

µ̄i : Σ∗
r →

\
rn×rn

�M{�mpX
µi

hstVbdo'¡ ���p£"��hso u �4Z�t�Z8j
M ′ =

u bih��
(M, ) (r−1)n,(r−1)n) .

� ZKx8gih�bdX jlU�hkj

(∃w ∈ Σ+
r , µ(w) = M) ⇐⇒ (∃1 ≤ i ≤ r, ∃v ∈ {b, c}+, µ̄i(v) = M ′) .

¡ ���/£
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������������	�
��
����������	�������������� ���!�#"�$%���&�'�(�'�)�*�+�,
&����� - +

��o u ZYZ u �<b��
µ(w) = M

�Mmp{]t�msX[Z
w ∈ Σ+

r

�<�²Zf�${lb�jlZ
w = aiz

�$bnj�U
z ∈ Σ∗

r

¢wf�ZYj
z′
u ZYo�msj�Z�j�U�Z

�²ms{ u mp�*jlhsbno�Z u �M{�mpX
z
�cvRZ8y�x"U�hso��sbdo��

ai

h�o u
ar

¢�TVU�Zwo����²Z�pZ8jV�M{lmsX ¡µ���p£4jlU�hkj

µ̄i ◦ δ(arz
′) =

(

µ(aiz) ) n,(r−1)n

) (r−1)n,n ) (r−1)n,(r−1)n

)

= M ′ ,

�$U�bdx"U't�U�mk�3tj�U�Z_¶
⇒
·[bnX[r�gdbdxwhkjlbnmpo�bdo ¡¦�C�p£"¢ � msoc�sZw{lt�ZYgdvs��gnZYjKe�tKhstlt�e�X[Z[j�U�h�j

µ̄i(v) = M ′ �Mms{
t�msX[Z

v ∈ {b, c}+
¢ � Z(xwh�o¬�${lbnj�Z©¡¦e�o�bi�pe�ZYgdv*£fhstfbno®¡ � - £F�

v = ci1b . . . cikbcik+1
�D�$b�jlU

k ≥ 0
¢

`*bno�xYZ
µ̄i(c

r) = ) h�o u M ′ 6= ) � v u mcZ�t	o�msjU1h:�sZ cr
hpt�hH�¦hsx8j�mp{w�+bµ¢ Zp¢n�

i1, . . . , ik+1 ≤ r − 1
¢#�À�

ik+1 6= 0
�*e1t�bdo��©¡µ�*�p£²hso u jlU�Z�Z8y*r�{lZwtlt�bnmpoHm��

µ̄i(c)
�1�4Z]�pZ8j

µ̄i(v) = µ̄i(v
′)µ̄i(c

ik+1) =
( ) nr,n ∗

)

= M ′

hso u b u Zwopjlb��Mvcbdo���j�U�Z� �{"t0j u bih��pmso�hsg,��gnm*x"¸+�+�4Z[�sZYj ) = M
��h�x8mpopjl{lh u bixFj�bdmso�¢KTVU�ZY{lZ8�Mmp{�Zp�

k ≥ 1hso u
v = ci1b . . . cikb = δ(z)

�1�$U�ZY{lZ
z = ai1+1 . . . aik+1

¢	TVU�Zwo��&e�t�bdo���¡ �*�/£$h��/h�bdo����²ZK�pZ8j	jlU�hkj
µi(z) = M

�&U�ZYo1x8Z
µ(z′) = M

�1�$U�ZY{lZ
z′
bit3ms��jlh�bdo�Z u �M{�mpX

z
�/v�Z8y�x"U�hso��sbdo��

ai

hso u
ar

�&�$U�bix"U
t�U�mk�3t+jlU�Z�¶

⇐
·�bnX[r�gdbixYhkjlbnmpo�bno(¡¦���/£F¢�TVU�ZYo���jlU�Z|Z��pe�bn�kh�gdZYo1x8Z	¡ ���p£�t�U�mk�3t�j�U�h�j �����������

(r, n, M 6=
) ) {�Z u e�x8Z�t²j�m'����������� (2, rn, M 6= ) ) ¢
\1¢ \1¢'L � ¾�¾ �H¾ � �(º ¿�������� ¾�� ¡¦\/£�O � mpo�t�b u Zw{_hso¥bdo�t0j"h�o�xYZqm����&�����$���

(r, n)
�|�$U�bix"U¤xYmso�t�bdt�jlt_ms�

α, η ∈
\ 1×n

hso u h�X[mp{�r�U�bdt�X
µ : Σ∗

r →
\

n×n
¢ � ZKhpt�t�m*x8bihkj�Zjlm[j�U�bit$bdo�t0j"h�o�xYZ]j�U�Z

(n + 1)×
(n + 1)

XAhkjl{�bny

Mη =

( ) 11 η

) n1 ) nn

)

,
¡ �D~�£
hso u j�U�Z�X[ms{lr�U�bit�X

µ′ : Σ∗
r+1 →

\ (n+1)×(n+1) � u ZY �o�Z u �cv+�

µ′(ar+1) =

( � ) 1n

) n1 ) nn

)

,
hso u

µ′(ai) =

( ) 11 αµ(ai)
) n1 µ(ai)

)

∀1 ≤ i ≤ r .
¡¦�C�p£
	oqbnX[X[Z u bihkjlZ�bno u e�xFjlbnmpo(mpo�j�U�Z�gdZYo��sj�U�m��

w
t�U�mk�3t²jlU�hkj

µ′(w) =

( ) 11 αµ(w)
) n1 µ(w)

)

,
h�o u

µ′(ar+1w) =

( ) 11 αµ(w)
) n1 ) nn

)

∀w ∈ Σ+
r .

¡ �s�/£

� ZKx8gih�bdX jlU�hkj3bn�
η 6= ) ��j�U�Zwo
(∃w ∈ Σ+

r , αµ(w) = η) ⇐⇒ (∃z ∈ Σ+
r+1, µ′(z) = Mη) .

¡¦\p�/£
TVU�Z{lZ u e�xFjlbnmpo �&���������

(r, n, η 6= ) )→ �����������
(r + 1, n + 1)

�$bdgng��Mmsgdgnmk�®�M{�mpX ¡M\/�p£F¢
f�Z8jqe�t(hpt�t�e�X[ZQjlU�hkj

αµ(w) = η
�Mms{qt�msX[Z

w ∈ Σ+
r

¢ TVU�ZYo��	b�j��Mmsgdgnmk�3tH�M{lmsX ¡¦�p�p£[jlU�hkj
µ′(z) = Mη

���$U�Zw{�Z
z = ar+1w

���$U�bix"Uqt�U�mk�3t²jlU�Z	¶
⇒
·]bnX[r�gdbixYhkjlbnmpoqbno!¡M\/�p£F¢ � mpoc�sZY{"t�ZYgdvs�cgnZYj3e�t

hpt�t�e�X[Zj�U�h�j
µ′(z) = Mη

�Mms{	t�msX[Z
z ∈ Σ+

r+1

¢ � ZKxwh�o��${�bnj�Z
z = w1ar+1w2ar+1 . . . ar+1wk+1

�
�$U�ZY{lZ

w1, . . . , wk+1 ∈ Σ∗
r

h�o u
k ≥ 0

¢|`*bno�xYZ
( ) ∗
) ∗

) ( � )
) )

)

= ) ,

�$U1hkj�Zw�sZw{Dj�U�Z3�khsgne�Z�t�m��+jlU�Z4¶
∗
·VZYo/j�{lbdZwt�hs{�Zp�sh�o u t�bdo�x8Z

µ′(z) = Mη 6= ) �sbnj��Mmpgngdmk�3tDj�U1hkj|bn� k ≥ 1
�

jlU�ZYo
w1, . . . , wk

Xfe�t�j��&Z_Zw�/e�h�g�j�mHj�U�Z_ZYX[r*j0vq�²ms{ u ¢�TVU�Zw{�ZY�Mms{lZs�&t�bdo�x8Z
µ′(ar+1)

2 = µ′(ar+1)
�

�²ZªxYhso�hpt�t�e�X[Z�j�U�h�j
k ≤ 1

¢ �À�
k = 0

�²ZqU�h:�sZ
z = w1

hso u �4Zq{lZwh u bngdv¥x"U�Z�x"¸¬�M{lmsX ¡ �s�p£
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jlU�hkj
µ′(z) 6= Mη

�$h�xYmso/j�{"h u bdx8j�bdmso�¢ TVU�Zw{�ZY�Mms{lZ
k = 1

h�o u
z = ar+1w

�Mms{Rt�msX[Z
w ∈ Σ∗

r

¢
`*bno�xYZ

µ′(ar+1) 6= Mη

�&bnj	�Mmpgngdmk�3t$jlU�hkj
z = ar+1w

�Mmp{�t�msX[Z
w ∈ Σ+

r

¢TVU�ZYo��1�²Zf{lZwh u bngdvqx"U�Zwx"¸
�M{lmsX ¡¦�s�/£|j�U�h�j

αµ(w) = η
¢|TVU�bit$t�U�mk�3t4j�U�Z	¶

⇐
·bdX[r�gnbixYh�j�bdmsoqbdo!¡¦\p�/£"¢

�Àj_{�ZwX[hsbno1t]j�m©xYmso�t�b u ZY{fj�U�ZHxwhst�ZR�$U�Zwo
η = ) ¢QTVU�Zwo��D�4ZRbdo/j�{lm u e�x8Z(hqj�{lbnX e�o�hsXf��bd�se�mse�t

hse*j�mpXAhkj�mpo � {lZwx8mp�so�bd«Ybdo��
ar+1Σ

∗
r

¢ � Z�xwh�oªj"h�¸sZK�Mms{ �aj�U�Z_X[bno�bdXAh�gDh�e*jlmsXAhkjlmsoªms�
ar+1Σ

∗
r

�
�$U�bdx"U_U�hst�j0�4m]t0j"hkjlZwtw�

1
h�o u

2
�pht�Z8j�ms�&bdo�bnj�bih�g�t�jlh�j�Zwt

I = {1}
hso u ht�Z8j�ms�1 1o�h�g�t�jlh�j�Zwt

F = {2}
�

�$bnj�Uªhso�hpt�t�m*x8bihkj�Z u X[ms{lr�U�bit�X
ν � : Σ∗

r+1 →
\ 2×2 ��e�bngnj	hstVbdo � ��¢ \1�

ν � (ai) =

( ) )
) �

) �Mmp{
1 ≤ i ≤ r

hso u
ν � (ar+1) =

( ) �

) )
)

,

hso u

M � = {M ′}
�$U�ZY{lZ

M ′ =

( ) �

) )
)

.

f�Z8j
µ′′ =

u bih��
(µ′, ν � )

h�o u
M ′′

η =
u bdhs�

(Mη , M ′)
¢��²vQf�ZYX[XAh[���*�4Z�U1h:�sZ

µ′′(z) = M ′′
η ⇐⇒ (z ∈ ar+1Σ

∗
r

hso u
µ′(z) = Mη) .

¡¦\ - £
�²e*jb��

µ′(z) = Mη = ) nn

hso u
z = ar+1w

�$b�jlU
w ∈ Σ∗

r

�
w
X�e�t�j��&Z�o�mpo*´ÀZYX[r*j0vs¢ � msX���bdo�bno��

jlU�bit$ms��t�ZY{l�khkjlbnmpoH�$bnj�U'¡¦�p�p£"���²Z]�sZYj$j�U�h�j

(∃z ∈ Σ+
r+1, µ′′(z) = M ′′

η ) ⇐⇒ (∃w ∈ Σ+
r , αµ(w) = η = ) ) ,

�$U�bdx"Uqt�U�mk�3t²j�U�h�j �&���������
(r, n, η = ) )→ �����������

(r + 1, n + 3)
¢

\1¢ +�¢'L � ¾�¾ �ª¾� �(º ¿�������� ¾�� ¡ +s£,O � mso1t�b u ZY{�h�o bdo�t�jlhso�x8Z�m�� ����������
(r, n)

�sbd�sZYo®�/v¯h¤t�Zw{�bdZwt
s ∈

\ �����
〈〈Σr〉〉

�$b�jlU®h'gdbno�Zwh�{H{�Zwr�{�Z�t�Zwo/jlhkjlbnmpo
(α, µ, β)

m�� u bdX[ZYo�t�bdmso
n
�3h�o u

γ ∈
\ ¢^�²v

xYmsX[r�hs{�bit�mpo¥jlm!j�U�Z©r�{�mcms�ms���3Z u e�x8j�bdmso ¡¦\/£F�V�²Z©t�U�h�gdg3e�t�ZQh u e�hsg	x8m u bdo��1�Vhso u hstlt�mcxYbdh�j�Z�j�m
jlU�bit]bno�t�jlhso�x8Z_jlU�Z

1 × (n + 1)
XAhkjl{�bix8Z�t

α′ = (α, ) 11)
h�o u

ηγ = ( ) 1n, γ)
��h�o u j�U�Z_X[mp{�r�U�bdt�X

µ′ : Σ∗
r+1 →

\ (n+1)×(n+1) � u Z8 �o�Z u �cv&�

µ′(ar+1) =

( ) nn ) n1

) 1n

�
)

,
h�o u

µ′(ai) =

(

µ(ai) µ(ai)β
) 1n ) 11

)

∀1 ≤ i ≤ r .
¡M\c�s£

TVU�Z u e�h�g��pZY{"t�bdmso(m��K¡¦�p�p£4bitY�

µ′(w) =

(

µ(w) µ(w)β
) 1n ) 11

)

,
h�o u

µ′(war+1) =

( ) nn µ(w)β
) 1n ) 11

)

∀w ∈ Σ+
r .

¡¦\p�/£

�²v u e�h�gdbn«wbno���jlU�ZKh�{l�se�X_Zwo/jlt²m���j�U�Z�r�{�mcm���m��K¡M\/�p£"���4Z]�sZYjVj�U�h�j3b��
γ 6= ) �*j�U�Zwo

(∃w ∈ Σ+
r , s(w) = γ) ⇐⇒ (∃z ∈ Σ+

r+1, α′µ′(z) = ηγ) .
¡¦\s\c£
TVU�Z{lZ u e�xFjlbnmpo�������$���

(r, n, γ 6= ) )→ �&���������
(r + 1, n + 1)

�Mmpgngdmk�3t4�M{�mpX ¡M\p\/£F¢
�ÀjA{lZYXAh�bdo�t�j�m!x8mpo�t�b u Zw{�jlU�ZªxYhpt�Z(�$U�ZYo

γ = ) ¢¨TVU�ZYo��|�²Z�xYmso�t�b u ZY{[h©jl{�bdX e�o�hsXf��bd�se�mse�t
hse*j�mpXAhkj�mpo�� �$bnj�U

2
t�jlh�j�Z�t3{lZwx8mp�so�bd«Ybdo��

Σ∗
rar+1

��j�mp�sZ8jlU�ZY{	�$b�jlUqj�U�ZKX[mp{�r�U�bdt�X
ν � : Σ∗

r+1 →\ 2×2 ��e�bngnj²hpt�bdo � ��¢ \1¢ � Z�xwh�oRhpt�t�e�X[Z$j�U1hkj|jlU�Z	bdo�bnj�bih�g+t0j"hkjlZ3m�� � bit
1
h�o u jlU�hkj²b�j"t� 1o�h�g&t0j"hkj�Z

bit
2
¢_f�Z8j

µ′′ =
u bih��

(µ′, ν � )
�
α′′ = (α,

�
,
�
, ) £Vhso u η′′ = ( ) 1n, ) , ) , � ) ¢_�²vQf�ZwX[X[hR���

α′′µ′′(z) = η′′ ⇐⇒ (z ∈ Σ∗
rar+1

hso u
(α,

�
)µ′(z) = ( ) 1n, ) )) .

¡¦\�+p£
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����������	�������������� ���!�#"�$%���&�'�(�'�)�*�+�,
&����� - ~

�²e*j4b��
(α,

�
)µ′(z) = ( ) 1n, ) ) h�o u z = war+1

�$b�jlU
w ∈ Σ∗

r

�
w
Xfe�t�j|�&Z3o�mpo*´µZwX[r*j0vs¢ � msX���bdo�bno��

jlU�bit$ms��t�ZY{l�khkjlbnmpoH�$bnj�U'¡M\/�p£"���²Z]�sZYj$j�U�h�j

(∃z ∈ Σ+
r+1, α′′µ′′(z) = η′′) ⇐⇒ (∃w ∈ Σ+

r , s(w) = γ = ) ) ,
�$U�bdx"Uqt�U�mk�3t²j�U�h�j�������$���

(r, n, γ = ) )→ �����������
(r + 1, n + 3)

¢
\1¢ ��¢'L � ¾�¾ �ª¾� �(º ¿�������� ¾�� ¡+�p£,O � mso1t�b u ZY{�h�o bdo�t�jlhso�x8Z�m�� ����������

(r, n)
�sbd�sZYo®�/v¯h¤t�Zw{�bdZwt

s ∈
\ � � �

〈〈Σr〉〉
�$bnj�U h'gdbdo�Zwhs{R{�Zwr�{lZwt�ZYo/jlh�j�bdmso

(α, µ, β)
m�� u bdX_Zwo�t�bnmpo

n
�Vhso u

γ ∈
\ ¢ � Z

hpt�t�m*x8bihkjlZ]j�mRjlU�bit	bdo�t�jlh�o1x8ZKjlU�Z_X_mp{�r�U�bdt�X
µ′ : Σ∗

r+1 →
\ (n+2)×(n+2) �+�$b�jlU µ′(ai)

hst	bno¤¡ �s�p£F�
�Mmp{

1 ≤ i ≤ r
�&h�o u

µ′(ar+1) =





� ) 1n ) 11

) n1 ) nn ) n1

) 11 ) 1n

�



 .

f�Z8�§j	hso u {lbd�sU/j$Xfe�gnj�bdr�gdv/bdo��©¡µ���/£|�cv
µ′(ar+1)

���²Z]�sZ8j��

µ′(ar+1war+1) =





) 11 ) 1n s(w)
) n1 ) nn ) n1

) 11 ) 1n ) 11



 , ∀w ∈ Σ+
r .

¡¦\C�/£

f�Z8j

Mγ =





) 11 ) 1n γ

) n1 ) nn ) n1

) 11 ) 1n ) 11



 .

� ZKx8gih�bdX jlU�hkj3bn�
γ 6= ) �*jlU�ZYo
(∃w ∈ Σ+

r , s(w) = γ) ⇐⇒ (∃z ∈ Σ+
r+1, µ′(z) = Mγ) .

¡¦\k~s£
TVU�Z{lZ u e�xFjlbnmpo�������$���

(r, n, γ 6= ) )→ � ���������
(r + 1, n + 2)

�$bngdg<�Mmpgngdmk� �M{lmsX ¡¦\k~s£"¢
f�Z8j�e1t	hstlt�e�X[Z�j�U�h�j

s(w) = γ
�Mms{�t�msX[Z

w ∈ Σ+
r

¢3TVU�ZYo��&bnj3�Mmpgngdmk�3t$�M{lmsX ¡M\D�p£²jlU�hkj
µ′(z) =

Mγ

�D�$U�ZY{lZ
z = ar+1war+1

�D�$U�bdx"U¤t�U�mk�3t�j�U�Z[¶
⇒
·RbdX_r�gnbixYh�j�bdmso¬bdo ¡M\ ~�£F¢ � msoc�sZw{lt�ZYgdvs�,gnZYj�e�t

hpt�t�e�X[Zj�U�h�j
µ′(z) = Mγ

�Mms{3t�msX[Z
z ∈ Σ+

r+1

¢ � Z]xwh�oq�${lb�jlZ

z = w1ar+1w2ar+1 . . . ar+1wk+1 ,
¡¦\C�p£
�$U�ZY{lZ

w1, . . . , wk+1 ∈ Σ∗
r

hso u
k ≥ 0

¢(`cbdo�x8Z
µ′(ar+1)

2 = µ′(ar+1)
�,bn�$t�mpX_ZAr&mpt�bnj�bd�sZ[r1mk�²ZY{

am
r+1

h�r�r&Zwhs{lt�hst]hA�¦hpxFj�mp{�ms�
z
�&�²Z_X[h:vq{lZYr�gihsxYZKjlU�bdt]r&mk�²ZY{	�cv

ar+1
�$bnj�U�mse*j�x"U�h�o��sbdo��

µ′(z)
�

�$U�bdx"U©hsgngdmk�3t�e�t3jlm�hpt�t�e�X[ZKjlU�hkj]�$U�Zwo
k ≥ 2

�+hsgng�jlU�Z
w2, . . . , wk

h�{lZKo�mpo*´µZwX[r*j0vª�4mp{ u tY¢ � Z
{lZYXAhs{�¸[jlU�hkj





) ∗ ∗
) ∗ ∗
) ) )









� ) )
) ) )
) ) �









) ∗ ∗
) ∗ ∗
) ) )



 = ) ,
¡¦\p�p£

�$U1hkj�Zw�sZw{�jlU�Z4�khsgne�Z�t�m���jlU�ZD¶
∗
·|ZYo/j�{lbdZwt�h�{lZs¢ �ÀjD�Mmpgngdmk�3t��M{lmsX ¡¦\p�p£,h�o u �M{lmsX

µ′(z) = Mγ 6= ) jlU�hkj
z
U�hpt²o�mf�¦hpxFjlms{Vm���jlU�Z�Mms{lX

war+1w
′ �*�$bnj�U w

�
w′ ∈ Σ+

r

¢�TVU�Zw{�ZY�Mms{lZs�/bno(j�U�Z��¦hpxFjlms{lbn«�hkj�bdmso�¡M\C�/£F�
k ≤ 2

hso u hkj�X[mpt�j�mso�Z
wi

bit u b �&Zw{�Zwo/j��M{�mpX�j�U�Z$ZwX[r*j0vf�²ms{ u ¢ �À�
k ≤ 1

���4ZVU�h:�pZ
z = w1ar+1

�sms{
z = ar+1w2

��ms{
z = w1

��h�o u bdoQh�gdg<j�U�Zwt�ZKxYhst�Zwtw�*�²Z�{�Z�h u bdgnv(x"U�Zwx"¸A�M{lmsX ¡ �s�p£4j�U1hkj
µ′(z) 6= Mγ

�
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- � �����|���%��U��QPb��$%	����,�_]���
&�����!"C���)���>�

h�x8mpo/j�{"h u bixFjlbnmpo�¢fTVU�Zw{�ZY�Mms{lZ
k = 2

hso u
z = ar+1w2ar+1

�$b�jlU
w2 ∈ Σ+

r

¢ 
	t�bdo��¬¡M\D�p£"���²Z_�sZ8j
s(w2) = γ

¢�TVU�bit3t�U�mk�3t|jlU�Z	¶
⇐
·]bnX[r�gdbixYhkjlbnmpo(bdo'¡M\ ~�£F¢

�ÀjA{lZYXAh�bdo�t�j�m!x8mpo�t�b u Zw{�jlU�ZªxYhpt�Z(�$U�ZYo
γ = ) ¢¨TVU�ZYo��|�²Z�xYmso�t�b u ZY{[h©jl{�bdX e�o�hsXf��bd�se�mse�t

hse*j�mpXAhkj�mpo � �$bnj�U
3
t0j"hkjlZwtR{lZwxYms�po�bn«wbno��

ar+1Σ
∗
rar+1

�	j�ms�pZ8jlU�ZY{(�$b�jlU j�U�Z©X[ms{lr�U�bit�X
ν � :

Σ∗
r+1 →

\ 3×3 h�o u jlU�Z©t�Z8j
M � ⊂

\ 3×3 ��e�bdgnj�hstRbno � �*¢ \�¢ f�Z8j µ′′ =
u bdhs�

(µ′, ν � )
�3h�o u

M
′ = {

u bih��
(Mγ , N) | N ∈ M � }

¢_�²vQf�ZYX[XAhA�*�
µ′′(z) ∈ M

′ ⇐⇒ (z ∈ ar+1Σ
∗
rar+1

h�o u
µ′(z) = Mγ) .

¡ +��/£
�²e*jVbn�

µ′(z) = Mγ

hso u
z = ar+1war+1

�$bnj�U
w ∈ Σ∗

r

�
w
Xfe�t�j²�&Z]o�mso�´µZwX_r�j0vs¢ � msX���bno�bno���j�U�bdt

mp��t�ZY{l�:h�j�bdmso(�$b�jlU!¡¦\C�/£"���²Z�pZ8j$jlU�hkj
(∃z ∈ Σ+

r+1, µ
′′(z) ∈ M

′) ⇐⇒ (∃w ∈ Σ+
r , s(w) = γ = ) ) ,

�$U�bdx"Uqt�U�mk�3t²j�U�h�j�������$���
(r, n, γ = ) )→ �������$���

(r + 1, n + 5)
¢

\1¢ ~*¢'L � ¾�¾ �$¾�
�Hº ¿��,�s��� ¾�� ¡�~s£,O � mso�t�b u ZY{$h�o�bdo�t0j"h�o�xYZ]m�� �������$���
(r, n)

x8mpo�t�bdt�j�bdo��[m��Dh�X[mp{�´
r�U�bdt�X

µ : Σ∗
r →

\
n×n

jlms�sZYj�U�Zw{��$bnj�U!hRXAh�j�{lb�y
M ∈

\
n×n

¢ � ZAhpt�t�m*x8bihkj�ZKj�m(j�U�bitbno�t�jlhso�x8Z
jlU�ZKX[ms{lr�U�bit�X

µ′ : Σ∗
r →

\
rn×rn

u Z8 �o�Z u �cv
µ′ =

u bih��
(µ, . . . , µ)

¢bf�ZYj	�sZ�x��1ZKj�U�Z�X[h�j�{lb�y(j�m
�pZwx8j�ms{$mpr1Zw{lh�j�bdmso(j�U�h�j u ZY�pZYgdmsr�t$hAtl�/e�h�{lZX[h�j�{lb�y�bno/jlmRh[{�mk� �pZwx8j�ms{$�cvHjlh�¸cbdo��Abnjlt${lmk�3tVmso�Z]�cv
mpo�Zs¢�TVU�Zwoq�4Z]U�h:�pZ

�pZwx
(µ(aiw)) =

�sZ�x
(µ(ai))µ

′(w),
�Mms{3hsgng

1 ≤ i ≤ r
h�o u

w ∈ Σ∗
r .

¡ + - £
�Àj$�Mmpgngdmk�3t4�M{�mpX ¡,+ - £4jlU�hkj

(∃w ∈ Σ+
r , µ(w) = M) ⇐⇒ (∃1 ≤ k ≤ r, ∃v ∈ Σ∗

r ,
�pZwx

(µ(ak))µ′(v) =
�pZwx

(M)) .
TVUce�tw�������������

(r, n)
{lZ u e1x8Zwt|j�m	�&��������� ′(r, rn)

¢�TVU�hso�¸*t|jlmfjlU�ZZw�/e�bd�:hsgnZwo�x8Z[¡ - �s£"�cjlU�bit²t�U�mk�3t
jlU�hkj�� ���������

(r, n)
{lZ u e�xYZwt²jlm	�&���������

(r, rn)
¢

\1¢ ��¢'L � ¾�¾ �$¾� � ¾ � ¾ ! ! �*� » � O � Z�U�h:�sZjlU�Z]�Mmsgdgnmk�$bdo��[x"U�h�bdo�m��D{�Z u e�xFjlbnmpo�tw�
� ���������

(n � , 3, γ = 0) →
������$���

(n � , 3, γ = 0)
↓�����������

(2, 3n � + 2, γ = 0) ←
�����������

(2, 3n � , γ = 0)
TVU�bdt_�Mmpgngdmk�3t��M{�mpX ¡ � - £"�i¡ - £F�Vh�o u ¡ �s�p£�¡¦hso u �M{lmsX°j�U�Z��¦hsx8jAj�U�h�j[j�U�Zª�kh�gde�Zqm��

γ
bdt[r�{lZwt�ZY{l�sZ u

bdo�¡ � - £"�i¡ - £8��h�o u ¡µ���p£�£F¢A`cbno1x8Z'� �����$���
(n � , 3, γ = 0)

bdt]e�o u ZwxYb u h���gdZs} ~Qhso�~:\��À��bnj]�Mmsgdgnmk�3t�j�U1hkj
�����������

(2, 3n � + 2, γ = 0)
�cj�U�Z«wZY{lmAx8ms{lo�Zw{4r�{lms��gnZwX �Mms{

2
XAhkj�{lbix8ZwtVms� u bdX[ZYo�t�bdmso

3n � + 2
�*bit

e�o u ZwxYb u h���gdZs¢
\1¢ ��¢'L � ¾�¾ �©¾ �zL � ¾��|¾ ���¦��� ¾�� M O � Z!t�U�hsgng�x8mpXf��bdo�Z!h¤t�gdbn�pUpjqX[m u b� &xYhkjlbnmpo®ms�Kj�U�Z!r�{lmcm��fms�
z�h�j�ZY{"t�msoo} z�hkj�~k�T���$bnj�U�jlU�Z�b u Zwh_m����²mse�{lo�ZY«]h�o u �²{"h�o�bix"¸cvI} �R�V�p�#�,m��,e1t�bdo��_j�U�ZK~Qm u b� �Z u z�m/t0j
� mp{�{lZwt�r&mso u Zwo�x8Z$z|{�mp��gnZwXq¢D�3ZwxYhsgng1j�U1hkj²j�U�Z]~ªm u bn �Z u zDm/t0j � ms{l{�Z�t�r&mso u ZYo�xYZ$z�{lms��gdZYX ¡¦~Qz � z4£
xwh�o¬�&Z(t�jlh�j�Z u hstw�A�sbd�sZwo¬hª �o�bnj�Zqt�Z8j�ms�3r�h�bd{"tKm����4mp{ u t

{(ui, vi) | 1 ≤ i ≤ r}
mk�sZw{�hq �o�b�jlZ

hsgnr�U�h��&Z8j���bdt²jlU�ZY{lZKh� �o�bnj�ZKt�Zw�/e�Zwo�x8Z
1 ≤ i2, . . . , ik ≤ r

t�e�x"UHjlU�hkj
u1ui2 · · ·uik

= v1vi2 · · · vik

�
�	��xYmse�{"t�Zp�*j�U�Zf~ªz � z bit3e�o u ZwxYb u h���gdZ��Mms{h�ocvH�khsgne�Zfm��

r
�Mmp{	�$U�bix"Uqj�U�ZKzDmpt�j � ms{l{�Z�t�r&mso u ZYo�xYZ

z|{�mp��gnZwX bit]e�o u Z�x8b u h���gdZs¢ � ZAt�U�hsgng�hpt�t�e�X[Zs���$b�jlU�mse*j�gdmptlt]m��²�sZYo�ZY{"h�gdb�j0vp�+j�U�h�jjlU�ZRh�gdr�U�hs�1ZYj�bdt
Σ = {1, . . . , n}

¢¥f�Z8j
b
u Zwo�m�jlZKh�ocvHbdo/j�Zw�sZY{K¡ t0jl{�bixFjlgnv�£V�p{�Z�hkjlZY{²j�U�hso

n
��h�o u �Mms{3h�ocv

w ∈ Σ∗ ��gdZ8j
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��
����������	�������������� ���!�#"�$%���&�'�(�'�)�*�+�,
&����� - �

[w]b
u Zwo�m�jlZ�jlU�Z[bno/jlZY�sZw{]ms�*j"h�bdo�Z u �/v©bno/j�Zw{�r�{�ZYj�bdo��HjlU�Z[�4mp{ u

w
bdo���hst�Z

b
¡M�²ZAt�ZYj

[
�

]b = 0
bno

jlU�Z�xwhst�Z$m��<jlU�Z	ZwX_r�j0v_�²ms{ u £8�ph�o u gnZYj
|w|

u ZYo�msj�Z$jlU�Z	gdZYo���j�UHm���h��²ms{ u
w
¢�zDh�j�Zw{lt�msoAhstlt�mcxYbdh�j�Z u

jlmAh�ocv
u, v ∈ Σ∗ ��j�U�Z�XAhkjl{�bny

W (u, v) =





b|u| 0 0
0 b|v| 0

[u]b [v]b 1





hso u ms��t�ZY{l�sZ u j�U1hkj

∀u′, v′ ∈ Σ∗ ,
(

[u′]b [v′]b 1
)

W (u, v) =
(

[u′u]b [v′v]b 1
)

.
¡ +s�p£
T,mHhso/v�bdo�t0j"h�o�xYZ

I = {(ui, vi) | 1 ≤ i ≤ r}
ms��j�U�Z_~ªz � z mk�pZY{$jlU�Z�hsgnr�U�h��&Z8j

Σ
�&�²Zfhstlt�m*xYbdh�j�Z

jlU�Zª�sZ�xFjlms{
α = ([u1]b, [v1]b, 1) ∈ Z

1×3 �$h�o u jlU�ZªX[ms{lr�U�bit�X µ : Σ∗
r+1 → Z

3×3 �$t�e1x"U¤jlU�hkj
µ(ai) = W (ui, vi)

�Mmp{
1 ≤ i ≤ r

�&h�o u
µ(ar+1) = T

�*�$U�Zw{�Z

T =





1 −1 0
−1 1 0
0 0 0



 .

�Àj$�Mmpgngdmk�3t²{�Z�h u bdgdvA�M{�mpX ¡,+p�s£²h�o u �M{lmsX�j�U�Z]�Mmp{�X�ms�
T
j�U�h�j$�Mms{3hsgng

1 ≤ i2, . . . , ik ≤ r
�

αW (ui2 , vi2) · · ·W (uik
, vik

)T =
(

[u]b − [v]b [v]b − [u]b 0
)¡ +��/£

�$U�ZY{lZ
u = u1ui2 · · ·uik

hso u
v = v1vi2 · · · vik

.
� ZKx8gih�bdX jlU�hkj

��o�t�jlh�o1x8Z
I
U�hpt$h_t�msgde*jlbnmpo

⇐⇒ ∃w ∈ Σ+
r+1, αµ(w) = 0 .

¡,+�\/£
��o u ZYZ u �Dj�U�Z[¶

⇒
·RbdX[r�gnbixYh�j�bdmso¬bdo®¡ +k\/£��Mmsgdgnmk�3tK{�Z�h u bdgnv��M{lmsX ¡,+s�p£"¢ � msoc�sZw{lt�ZYgdvs��gnZYj�e�t_hstlt�e�X[Z

jlU�hkj
αµ(w) = 0

�Mms{�t�msX[Z
w ∈ Σ+

r+1

�&jlU�hkj]�4Z�x"U�mcmpt�ZKm���X[bdo�bnXAhsg�gdZYo���j�U�¢ � Z_xwh�oª�${lb�jlZ
w =

w1ar+1w2 . . . . . . ar+1wk+1
���$U�Zw{�Z

w1, . . . , wk+1 ∈ Σ∗
r

¢²`cbdo�x8ZKj�U�ZKXAh�j�{lbdxYZwt
µ(ai) = W (ui, vi)hsgng1h�{lZ²bdoc�sZw{�jlbn��gdZs�s�Mms{

1 ≤ i ≤ r
�
µ(wk+1)

bdt�bdoc�sZw{�jlbn��gdZs�/t�mjlU�hkj|�cv�X_bdo�bdXAh�gdb�j0v_m��
w
�
wk+1

X�e�t0j
�&Z�Zw�/e�hsg+j�m_j�U�Z�ZYX[r*j0vH�²ms{ u ¢ � ZKhsgdt�m[o�m�jlZj�U�h�j	h�gdg+j�U�Z�XAhkjl{�bix8Z�t

W (ui, vi)
hs{�Z]m��,j�U�Z]�Mmp{�X





p 0 0
0 s 0
q t 1





¡ +�+s£

�$U�ZY{lZ
p, s ≥ 1

hso u
q, t ≥ 0

h�o u jlU�hkj$jlU�Z�XAhkj�{lbix8Zwt²ms�,jlU�bdt$�Mms{lX�vcbnZwg u hAt�ZwX[bn�p{�mpe�r�¢�`cbno1x8Z

T





p 0 0
0 s 0
q t 1



T = (p + s)T

�²Z�xYmso�xYgne u Zs�ce�t�bno��_hs�ph�bdoAjlU�Z�X[bdo�bdX[hsgnbnj0vAm��
w
�cj�U�h�j

w2
�
. . .

�
wk

Xfe�t�jV�1ZZw�/e�hsg1jlmfjlU�ZZYX[r*j0v
�²ms{ u ¢©TVUce�tw�

w = w1a
m
r+1

�D�Mms{[t�mpX[Z
m ≥ 0

¢�`cbdo�xYZ
T 2 = 2T

�,j�U�Z(X[bdo�bnXAhsgnbnj0v!m��
w
vcbdZYg u t

m ≤ 1
¢	�À�

m = 0
��j�U�ZYo��

w = w1 ∈ Σ∗
r

��hso u
αµ(w) = (∗, ∗, 1) 6= 0

�,hqx8mpopjl{lh u bixFj�bdmso�¢[TVUce�t
m = 1

�Dt�mqjlU�hkj
w = w1ar+1

�$U�Zw{�Z
w1 = ai2 . . . aik

�Mms{�t�mpX_Z
1 ≤ i2, . . . , ik ≤ r

¢ªTVU�Zwo'b�j
�Mmpgngdmk�3t��M{lmsX ¡ +��/£]j�U1hkj

[u1ui2 . . . uik
]b = [v1vi2 . . . vik

]b
���$U�bix"U¥t�U�mk�3tfj�U�h�j

i2, . . . , ik
t�msgd�sZwt

��o1t0j"h�o�xYZ
I
m���jlU�ZK~ªz � zD¢ � Z�U�h:�pZ�r�{�mk�pZ u jlU�Z	¶

⇐
·]bnX[r�gdbixYhkjlbnmpo(bdo'¡,+�\/£F¢
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\1¢ - ��¢/L � ¾�¾�f¾� � ¾ � ¾ ! ! �*� � º �gl�� � ¿pt O � mso1t�b u ZY{Khso!bno�t�jlhso�x8Z[ms� �����������
(r, n)

mk�sZw{
Zmax

�
xYmso�t�bit0jlbno��[ms�Dh[X[ms{lr�U�bit�X

µ : Σ∗
r → Z

n×n
max

h�o u h[XAhkjl{�bny
M ∈ Z

n×n
max

¢¥f�ZYj
ν =

u bdhs�
(
�
, µ)

�&h�o u
M ′ =

u bih��
(
�
, M)

¢|`cbdo�x8Z

ν(w) ∼M ′ ⇐⇒ µ(w) = M ,
� ���������

(r, n)
mk�sZw{

Zmax
���$U�bdx"U!bit]e�o u Z�x8b u h���gdZA�$U�Zwo

r = 2
�cv©TVU�Zwms{lZYX ����{lZ u e�xYZwtjlmqj�U�Z

r�{�ms}0ZwxFjlbn�pZ$XAhkj�{lbny[{lZwhpx"U�h���bngdb�j0v�r�{lms��gdZYX �Mms{
r
X[h�j�{lbdxYZwt|m�� u bdX[ZYo�t�bnmpo

n+1
¢DTVU�bit4t�U�mk�3t � mp{�mpg�´

gih�{lvH�*¢
� mpo�t�b u Zw{|o�mk� hsoRbno1t0j"h�o�xYZ3m�� �&�����$���

(r, n)
mk�sZY{

Zmax
�cx8mpo�t�bdt�j�bdo��Kms��hKX[ms{lr�U�bit�X

µ : Σ∗
r →

Z
n×n
max

h�o u �sZ�xFj�mp{lt
α, η ∈ Z

1×n
max

¢hf�ZYj
ν =

u bih��
(
�
, µ)

hpt�h��&mk�sZp�
α′ = (

�
, α) ∈ Z

1×(n+1)
max

�,h�o u
η′ = (

�
, η) ∈ Z

1×(n+1)
max

¢|`cbdo�x8Z

α′ν(w) ∼ η′ ⇐⇒ αµ(w) = η ,
�&���������

(r, n)
mk�pZY{

Zmax
�,�$U�bdx"U!bit�e�o u Z�x8b u h���gnZA�$U�Zwo

r = 2
�cv�TVU�ZYmp{�ZwX ����{�Z u e�xYZwtj�mQj�U�Z

r�{�ms}0ZwxFjlbn�pZ	�pZwxFjlms{²{�Z�hsx"U�hs��bdgnbnj0v�r�{�mp��gnZwX��Mms{
r
XAhkjl{�bix8Z�t4ms� u bdX[ZYo�t�bnmpo

n + 1
¢DTVU�bdtVt�U�mk�3t � mp{�mpg�´

gih�{lvR��¢
\1¢ -C- ¢/L � ¾�¾�_¾�  �! º/¾ � º � � O � Zqt�U1h�gdg|e�t�ZRjlU�ZR�Mmpgngdmk�$bno��Qt0jl{�mpo��sZw{��Mms{lX m��Vj�U�Zqt�ZYr�hs{lh�j�bdmso
r�{�mpr1Zw{�j0vp¢
�4º � �¬�I� O � �����Z
�,
UD[I\ 
`���(�	�Y������
S��������z���c�%���!�*�c��" 	��o�V������� 
`�,�w�I�(�ra_U%
�|�s
�)�J[C�I
 ��]'�*U�"
�*U%���I
 ��]r��%�����Q�������(�	�Y������
ST���I�)���;�

B 7→
\

B

�*U�"
B 7→ πB W �k
&���{�|�g�*U%�'a_U;
�c�V�,$%	,����� B

�¤�
\p]¥�T�����#��
&�*�c�V�Ya_U%
�|�'�����Z
�,
UD[Z\

B

��U�"��)������
�,
Uk[s�)�*�����k
`�,�
πB

���!�*� \ �|�'\
B

]_�,$%���I��%���
π−1

B (πB(y)) = {y}
�����w����

y ∈ B
.

	R�!�J�¤��.	TVU�Z�¶0bn��·Kr�hs{�j	bit$jl{�bd�cbdhsg ¢ � mpo/�pZY{"t�Zwgnvp��hstlt�e�X_Z]jlU�hkj]hAt�ZwX[bn{lbno��h\ bit	t�ZYr�hs{lh�j�Z u �cv�X_mp{�´
r�U�bdt�XAt$m��D �o�b�jlZKbnXAhs�sZs�1h�o u gdZ8j

B = {b1, . . . , bk}
�&Zfh_ �o�b�jlZft�e���t�ZYj3m��_\ ¢ /�ms{	hsgng

1 ≤ i ≤ k
�

jlU�ZY{lZ!bdt©h¥ 1o�b�jlZ¬t�ZwX[bn{lbno��B\
bi

hso u h�t�ZYX[bd{�bdo���X[ms{lr�U�bit�X
πbi

�M{lmsXm\ j�m \
bi

t�e1x"U jlU�hkj
π−1

bi
(πbi

(bi)) = {bi}
¢7f�ZYj�\

B =
\

b1×· · ·×
\

bk

u Zwo�m�jlZ�j�U�Z �_���,�|�,�,
&��U/���!�#"�$%���pms��\
b1 , . . . ,

\
bk

�
jlU�hkj�bitw�kj�U�Z � hs{�jlZwt�bdhso�r�{�m u e�x8j�m��&j�U�Z$e�o u ZY{lgnvcbdo���t�ZYjltDZ��pe�bnr�r&Z u �$bnj�U[Zwopjl{�vc�$bit�ZVt�e�X hso u r�{�m u ´
e1xFjw�+h�o u x8mso1t�b u ZY{	j�U�Z_t�ZwX[bn{lbno��AX_mp{�r�U�bdt�X

πB :
\
→
\

B , πB(y) = (πbi
(y))1≤i≤k

¢ � ZfU�h:�pZ
π−1

B (πB(bi)) = {bi}
�Mms{]h�gdg

1 ≤ i ≤ k
¢]TVU�bdtt�U�mk�3t$j�U�Z]¶�mso�gdvqb��0·�r�h�{�jw¢&/�bno1h�gdgnvp�&�²Zfo�m�j�Z�j�U1hkj

Z �&Z�xFjlbn�pZ]hpt�r&Zwx8jlt$hs{�Z]r�{lZwt�ZY{l�sZ u bdo(jlU�ZKh��&mk�sZ]x8mpo�t�j�{le�xFjlbnmpo�¢
� Z_o�mk��r�{lmk�sZfTVU�Zwms{lZYX.\�¢/�²vªTVU�ZYmp{�ZwX - �+b�jKt�e��Rx8Z�t3jlm�t�U�mk� j�U�h�j�jlU�Z[XAhkj�{lbnyq{lZwhpx"U�h���bngdb�j0v
r�{�mp��gnZwX bit u ZwxYb u hs��gdZ�mk�sZw{9\ ¢�f�ZYj,e�t�x8mpo�t�b u Zw{,h�o�bdo�t�jlhso�x8Z�ms� �����������

(r, n)
mk�sZw{9\ ��xYmso�t�bit0jlbno��

ms�Dh_X[ms{lr�U�bit�X
µ : Σ∗

r →
\

n×n
hso u h_X[h�j�{lb�y

M ∈
\

n×n
¢ �	ZY �o�Z

B = {Mij | 1 ≤ i, j ≤ n}
¢

� Z[¸co�mk��j�U1hkj�j�U�ZY{lZ�bit�h( �o�bnj�ZAt�ZwX[bn{lbno���\
B

h�o u h�t�ZYX[bd{�bdo���X[ms{lr�U�bit�X
πB

�M{�mpX�\ j�mI\
Bt�e�x"UªjlU�hkj

π−1
B (πB(y)) = {y}

�Mms{]h�gdg
y ∈ B

¢ � Z_Z8ycj�Zwo u
πB

j�mqhRXAh�rQ�M{�mpX \
n×n

j�m�\ n×n
B�cvRXAhs¸/bdo��

πB

hpxFj$msoqZ�hsx"UHZwo/j�{lvs¢ � Z�o�m�jlZ�jlU�hkj$jlU�Z�r�{lms��gdZYXq�

∃w ∈ Σ+
r , πB ◦ µ(w) = πB(M) ?

¡ +*�p£
bit u ZwxYb u hs��gdZs¢ ��o u ZwZ u ��e�t�bdo��©jlU�Z�Z��+ZwxFjlbn�pZHr�hs{�j_m���f�ZYX[XAhQ\1���4Z�xYh�o¤x8msX[r�e�j�Z(j�U�Z�XAhkj�{lbix8Zwt
πB(X) ∈

\ n×n
B

�/�Mms{
X ∈ µ(Σr)∪ {M}

�/hso u �²Z�¸co�mk��jlU�Z]h u�u bnj�bdmso�h�o u Xfe�gnj�bdr�gdbdxwhkj�bdmsoHjlhs��gnZ�t
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��
����������	�������������� ���!�#"�$%���&�'�(�'�)�*�+�,
&����� � -

ms�|jlU�ZQ¡§ �o�b�jlZ�£]t�ZYX[bn{lbdo���\
B

¢[TVU�Zw{�ZY�Mms{lZs���²ZAxYh�o�x8mpX_r�e*j�Z[jlU�Z_ �o�bnj�ZRt�ZYX[bn�p{�mpe�r
πB ◦ µ(Σ+

r )
�

hso u �4Z�xYhso�j�Zwt�j$�$U�Z8jlU�ZY{	b�j	xYmso/jlhsbno�t
πB(M)

¢
� Z] �o�hsgngdv(t�U�mk�¯jlU�hkj

(∃w ∈ Σ+
r , µ(w) = M) ⇐⇒ (∃w ∈ Σ+

r , πB ◦ µ(w) = πB(M)) .
¡ +C~�£
� gdZwhs{�gdvs�<bn�

∃w ∈ Σ+
r

t�e�x"U©jlU�hkj
µ(w) = M

��j�U�Zwo
πB ◦ µ(w) = πB(M)

¢ � mpo/�pZY{"t�Zwgnvp��hstlt�e�X_Z
jlU�hkj

πB ◦µ(w) = πB(M)
�Mmp{4t�msX[Z

w ∈ Σ+
r

¢�TVU�ZYo��
(µ(w))ij ∈ π−1

B (πB(Mij)) = {Mij}
�Mmp{4hsgng

1 ≤ i, j ≤ n
h�o u j�U�ZY{lZ8�Mms{lZ

µ(w) = M
�&�$U�bdx"U�t�U�mk�3t_¡,+D~�£8¢#�Àj��Mmpgngdmk�3t	{lZwh u bdgnv��M{lmsX ¡,+D~�£3j�U�h�j

jlU�Z�XAhkjl{�bnyH{lZwhsx"U1h���bdgnbnj0vAr�{lms��gdZYX³bdt u Z�x8b u h���gnZ]mk�sZw{ \ ¢
TVU�Zwms{lZYX.\Hxwh�oQ�&ZfjlU�mse��sU/j�ms�|hst	hsoQZ8ycjlZYo�t�bnmpoQm��|±]{lms� � tw} ±]{lmp�s\*�1z�{lmsr&mpt�bnj�bdmso���¢ ���µ�&�$U�bix"U

t�U�mk�3t�j�U1hkjKbn�
s ∈ N

�����
min〈〈Σr〉〉

¡¦{�Z�t�r�¢
s ∈ N

�����
max〈〈Σr〉〉

£F�,�Mms{Kh�gdg
γ ∈ Nmin

¡M{lZwt�r�¢
γ ∈ Nmax

£F�
{w ∈ Σ∗

r | s(w) = γ}
bit4h�x8mso1t0jl{�e�x8j�bd��gdZ	{"hkj�bdmso1h�g�gih�o��se�hs�sZs¢ � Z]xYhsoRbdoA�¦hsx8j²{lZwt�jlh�j�Z	TVU�Zwms{lZYX)\

bdo�j�U�Z]�Mmpgngdmk�$bdo���X[mp{�Z]r�{lZwxYbdt�Z��Vh:v+�
 �! ºc¾ � º � �2O �9���_\ "���U��*�c�Q�s�����Z
�,
UD[X�>���*�b
`�)�	�Y������
S����������|���*�!���|��"g	����V������� 
`�,�w�h�(��a_U;
�c�

�V��[D��]������

α, η ∈
\ 1×n

]
µ : Σ∗

r →
\

n×n
�V�V�����%�k
`�,��]

β ∈
\

n×1 ] M ∈
\

n×n
]¥��U4"

γ ∈
\ .

�4�%��U%]���%�_���*���� W 
Uk[������+�/�*����*�!�����*U��,�+�,$%����
&	����'�!����
&��U4���7����Uk[*$%�J[C��� �

{w ∈ Σ∗
r | αµ(w)β = γ} ,

¡,+��p£
{w ∈ Σ∗

r | αµ(w) = η} ,
¡,+s�p£

{w ∈ Σ∗
r | µ(w) = M} .

¡&�p�p£
	R�!�J�¤��.��Àj$�Mmpgngdmk�3t4�M{�mpX�jlU�Z]r�{�mcms�,m��K¡ +C~�£4jlU�hkj��

{w ∈ Σ∗
r | µ(w) = M} = (πB ◦ µ)−1{πB(M)} .

¡+� - £
� mk���s{lZwxwh�gdg�j�U1hkj|jlU�Z	±]gdZYZwo�Z8´0`*x"U��*j�«wZYoc�&ZY{l�sZY{DjlU�ZYmp{�ZwX)t�U�mk�3tDjlU�hkjVh�gih�o��pe�h��pZ$m��

Σ∗
r

bit�{"hkjlbnmpo�h�g
bn��h�o u mpo�gdvfbn�+bnj²xwh�o[�&Z3�${�bnj�jlZYoRhpt

κ−1(F )
�p�$U�ZY{lZ

κ
bit|h]X[ms{lr�U�bit�X �M{lmsX

Σ∗
r

j�m�h �o�bnj�Z3X[mso�msb u
P
�<hso u

F
bit�h(t�e���t�ZYjms�

P
¢]T�h�¸cbdo��

P =
\ n×n

B

�
F = {πB(M)}

�<h�o u
κ = πB ◦ µ

�&bnj�Mmsgdgnmk�3t
�M{lmsX ¡+� - £�j�U1hkj

{w ∈ Σ∗
r | µ(w) = M}

bit4{"hkjlbnmpo�h�gµ�ch�o u jlU�bit4{"hkjlbnmpo�h�g&gih�o��pe�h��pZ3bdt²x8mpo�t�j�{le�xFjlbn��gdZ
t�bdo�x8Z

P, F
h�o u

κ
xYh�o'�&Z�Z��+ZwxFjlbn�pZYgdv!xYmsX[r�e*jlZ u ¢!TVU�bit�hs{��pe�X[ZYo/j�xwh�o¬�&ZH{lZwh u bngdv!h u hsr*j�Z u j�m

jlU�ZKgih�o��pe�h��pZwt]¡,+��p£"�i¡,+s�p£8¢ /�mp{3bdo�t0j"h�o�xYZs��bdoqj�U�ZfxYhpt�Z]m��f¡ +*�/£F���²ZKxYhso(j"h�¸pZKh_ �o�bnj�Zft�ZYX[bd{�bdo��V\
γjlms�pZ8j�U�ZY{3�$bnj�U©hRX_mp{�r�U�bdt�X

πγ :
\
→
\

γ

t�e�x"Uqj�U1hkj
π−1

γ (πγ(γ)) = {γ}
�1h�o u o�m�jlZKj�U1hkj

{w ∈

Σ∗
r | αµ(w)β = γ} = κ−1(F )

�$U�ZY{lZ
P =

\
n×n
γ

�
F = {U ∈ P | πγ(α)Uπγ(β) = πγ(γ)}

��h�o u
κ = πγ ◦ µ

¢�TVU�Z�h u hsr*jlh�j�bdmso�bno�j�U�ZKxYhst�Zm��K¡,+s�p£²bit$t�bdX[bngih�{�¢
\1¢ - �*¢/L � ¾�¾��¾�qL � ¾ �|¾ � �M��� ¾�� l O�f�ZYj�\ �&Z$h�ocv�m���j�U�Z$t�ZYX[bn{lbdo��pt

Nmin
�
Nmax

�
N̄max

� � �
N
�
N̄
�

hso u gnZYj
γ ∈

\ �&Z	h�{l��bnj�{"h�{lvs¢ �À�
γ
bit|h]o1hkj�e�{lhsg�oce�Xf�&ZY{��sgdZ8j|e1t u Zwo�m�jlZ$�/v

n
h�ocvfo�h�j�e�{"h�g�o/e�Xf�&ZY{

t�j�{lbixFj�gdv¥�p{�Z�hkjlZY{[j�U1h�o
γ
¢ �À�

γ
bitRo�msj(h!o�h�j�e�{"h�g3oce�X��1Zw{(x"U�mcm/t�Z

n
h�{l��bnj�{"h�{lbngdv®¡§�Mmp{RZ8y�hsX_r�gnZ

n = 1
£F¢ � mso1t�b u ZY{_jlU�ZQ�/e�m�jlbnZwopjAms�r\ �cv'j�U�ZqxYmso��p{�e�ZYo�xYZ(�$U�bix"U¨b u Zwo/j�bn �ZwtAhsgngVjlU�Zqbno/j�Zw�sZw{lt

�p{�Z�hkjlZY{KjlU�h�o¤ms{�Zw�/e�h�g²jlm
n
¢ ¡ � ZqxYh�gdg/���*UD[��,$%��U4����hso¬Zw�/e�bd�kh�gdZYo�xYZ({lZYgihkjlbnmpo'�$U�bix"U¥r�{lZwt�ZY{l�sZ�t

jlU�ZRt�ZYX[bn{lbdo��Qt0jl{�e1xFj�e�{�Zp¢ £Bf�Z8jKe�t u ZYo�msj�ZA�cvz\
γ

j�U�ZA{�Z�t�e�gnj�bdo��q �o�b�jlZRt�ZwX_bd{lbno��ªZ��/e�bnr�r1Z u �$bnj�U
jlU�ZA�/e�m�jlbnZwopj]gih:�3tY�<h�o u �cv

πγ

jlU�ZAxYh�o�mso�bixYhsg,X[ms{lr�U�bit�X.�M{�mpX�\ j�mX\
γ

¢�TVU�Zwo©�²Z�U�h:�pZfjlU�hkj
π−1

γ (πγ(γ)) = {γ}
�/�$U�bdx"Uqt�U�mk�3tVz�{�mpr1m/t�bnj�bdmsoª�*¢
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\1¢ - ��¢ ����� º
r = 1

O � U�ZYo
r = 1

��j�U�Z u Z�x8b u h���bdgdb�j0v�m��+j�U�Z3{lZwhpx"U�h���bngdb�j0vfr�{�mp��gdZYXAtD�Mmsgdgdmk�3t�{�Z�h u bdgdv
�M{lmsX ¸co�mk�$o¤{�Z�t�e�g�j"tY¢ /�ms{[bdo�t0j"h�o�xYZs�|j�U�Zªx8v*xYgnbix8bnj0v!j�U�Zwms{lZYX �Mmp{A{�Z u e�x8bd��gdZ(XAh�y/´Àr�gde�t_XAhkj�{lbix8Zwt
t�U�mk�3t[jlU�hkj�b��

A
bdt(h

n × n
XAhkjl{�bny¤�$bnj�U Zwo/j�{lbnZ�tRbdo�j�U�Z�t�ZwX_bd{lbno��

Zmax
j�U�ZY{lZ©h�{lZªr1m/t�bnj�bd�sZ

bdo/j�Zw�sZY{"t
c, N

�1t�e�x"Uqj�U1hkj3�Mmp{	h�gdg
1 ≤ i, j ≤ n

��jlU�ZY{lZfhs{�ZKtlxYhsgdhs{lt
λ0, . . . , λc−1

¡ u Zwr1Zwo u bdo��Hmpo
i
�

j
£Vt�e�x"U(j�U�h�j$�Mms{3h�gdg

0 ≤ l ≤ c− 1
�

∀n ≥ N, (A(n+1)c+l)ij = λl(A
nc+l)ij ,

¡+�p�s£
hso u j�U�Z$bdo/j�ZY�pZY{"t

c, N
j�mp�sZYj�U�Zw{��$b�jlU�jlU�Z3tlxYh�gih�{"t

λl

xwh�o_�1Z$Z �&Z�xFj�bd�sZwgnv�x8msX[r�e�j�Z u ¢DTVU�bdt�xYvcxYgnbix8bnj0v
jlU�ZYmp{�ZwXq�$�$U�bdx"U®bdtHjlhs¸sZYo��M{lmsX }��]h�e��/�c�bn��F� - ¢ - ¢ - ���À�$�$U�ZY{lZQbnj�bitHr�{�mk�pZ u X[ms{lZQ�sZwo�ZY{"h�gdgnv¥�Mms{
XAh�j�{lbdxYZwt$�$bnj�UªZwopjl{�bdZwt3bnoqjlU�Z�t�ZYX[bd{�bdo��

(R ∪ {−∞}, max, +)
��bit	h�oqbdX[X_Z u bihkj�Z�x8mso1t�Z��pe�ZYo�xYZ�m��

jlU�ZVx"U�h�{"hsx8j�ZY{lbd«whkjlbnmpo]m���XAhkyc´Àr�gde�t�{"hkjlbnmpo�h�g/t�Zw{�bdZwt,bdofmso�Z|gdZ8j�jlZY{�hst,X[ZY{l�sZ4m���e�gnj�bdXAhkjlZYgdv��sZYmpX[Z8j�{lbix
t�ZY{lbdZwtw�+t�ZYZ�} ~ªmsg`���T�À��}��]h�e��/�c�2n��F� - ¢ - ¢ ���$¡Mmp{)} �]hse���\��M£h�o u } ±/�V�s\T�µ¢ �Àj�Mmpgngdmk�3t	j�U�h�jjlU�Z_X[h�j�{lb�y<�
�pZwx8j�ms{��*h�o u tlxYh�gih�{V{lZwhpx"U�h���bdgdb�j0vAr�{lms��gnZwX[tVbdo

Zmax
h�{lZ u Zwx8b u hs��gnZ]�$U�Zwo

r = 1
¢

�'E�HkE�3=E�09:�E%A
� ��� �,��� �¥§ ��� �T�&©T�
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