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∗ NPO DIQLESRTDFU6G7KLU%VW@AJ †

XZY\[%]7^`_5a�bdce]�f\gih/jkcelFm�^%j�lFndjocp]7cpqkh/jkcelFm
r ^0qtsdqtjo[%]7^SqZu%lv]7n\gp^�wd^�q
xzyol|{}^�j�~��,�������

��h|n\nLlFytj r ^`yo^SukY"^%y.ukY\^�mL�#_I�I�F�?a���u�jolv�L^�y��|�F�v�`a��v�5n"h|�F^�q

���#���%�/�\�v�v��� m,joY\ciq�n�h|nL^%y���^&n"yolFnLlFqo^&hZ]7^�jkY\l r lvgplF�vs�jkl r ^�jo^�yo]7cpm\^&joY"^Pq}jkyof�u�jof"yo^&lv�IjkY\^zn"qo^%f r l|�
qtjolFcpu.Y\cplv]7^�jkyociu,u%l ^�¡¢u%ce^�mFj�]7h|joykc£w κ cem¤h¥]7hFqoq���h|gih|m"u%^,��hvqo^ r ]7l r ^%g§¦ZXZY\^`¨"y.q}j©q}jk^%n¤u�lFm"qtciqtjkq
cpm7^�qtjocp]¥h/jkcem\�,joY\^�mIf\]��L^�yzl|�Tyk^�hvu�jocplvm"q�joY"h|jz]�f"qtjz�L^�jkh|ªv^�mHcpmFjkl0hvu%u%lvf\mIj�jkl,yk^%n\yk^�qo^%mIj�joY\^�]¥h|cpm
]¥hvqkq#jkykhvm"qt�C^%y���cejoY\cpmHjoY\^��\cplvyk^�hvu�jolFy�¦�XZY\ciq�n"yol/« c r ^Sq#joY\^ r cp]7^%m"qocelFmHl|� κ ¦�XZY\^%m7��^ r ciqou%f"qoq�jkY\^
c r ^%mIjoce¨�h|�"cegpc£j}s¤l|�zjoY"^7u�lv]7nLlvm"^%mFj.q©l|� κ h|m r ��^5n\yklvnLlIqt^5h6]7^�jkY\l r jkl�^Sq}jkce]¥h/jk^�jkY\^%cpy�«|h|gpf\^�q�¦
¬�cpm"h|gpgesH��^�n\yk^�qo^%mIj�h`]H^%joY\l r jol�qo^%gp^�u�j�h|]7lvm"�`h0qo^�j�l|��nLlFqkqtcp�\gp^�yk^�hFu�jocplvm7m\^%j��lFyoªdq�jkY\lFqo^���Y\ciukY
hvyo^�cem;hv�vyk^%^�]H^�mFjZ��cejoY�jkY\^`hW«/hvcegih|�\gp^©]7^�hFqtf\yk^%]7^�mFjkq�¦&XZY\^�qo^,]H^%joY\l r q�h|yk^©cpgpgef"qtjkykh|jo^ r ��c£jkY�yo^Sh|g
r h|jkh<l|��jkY\^;�vykl/�ZjoY�l|��¨�gphv]H^�mFjklvf"q5�Cf\m"�vc©®(¯v°%±L²�³d²/´�µ ¶?°%·¸±L¹Iºo¹|´�·¸±"±�µ ¶.»Zh|m r ��cejoY¼h<n\ykldu�^Sqoq5lv�
gpcen�hvqo^�n"yol r f�u�jocplvm��Cyklv]�lFgecp«v^,lvcpg��Is�½z¹|±L¾|·C¾F¹�´�µv¿F²/¶�¹|¦
À?ÁIÂTÃoÄ5Å �WÆ��F� �;l r ^%gpcem\��»TÇ�lvm"gecpm\^�hvy©qosdq}jk^%]¥q�»LÈ(cpl|jk^�u.Y\m\lvgplv�Fsv» �}r ^%mFjkce¨�u%h/jkcplvm�» �}r ^%mIjoce¨�h|�\cpgpc£j}sF»
Ézhvgec r h|jocplvm�¦

∗ ÊCË#Ì�Ê¸Í�ÎAÏ�Ð�Ñ0Ð�Ì#Ò�ÓWÔ�ÕLÖ�×SØ/Ù�Ú�Ö�Ù�Û�Ü�Ý�ÞSßWàâákÎ¸Í�ã�ä§àåÞ|Ý�æåàåç#ÏTètéSè}êvØ/ë/ì§á.ãSítè�Ó|èÎ¸î�á.àåæiï Ý�æåà ð�àåè}ìtñ ò|è}ìAã/á.ìóé/ô�àåãWìóàâáSñ õeì
† ö�Ï�÷FÎAÏ�ÒTÜ�Í�Ñ`Ò�ØSátðvñTø�ñW÷ è}î�ákùåä§ìAè&ú.ÎCÚSØIût×.ú�ü(÷ Ý�ýSð�á.àåã�Î¸÷dákÎCË�ètý�ð�è�Ø|ÔTè}æåþ�àåýWî,Ó�èÎ¸î�á.àåæiïdò/á.çAä§àåã/ô�á.ýSä§ÝWñ ýSítæiñ á.í�ñ ò|è
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�	� ���� � ��� hvm"q�u%^�n"hvn\ce^�yPm"lvf"qPn"yolFn�lIqtlFm"q&f\m"^�]���jkY\l r ^©nLlvf\y r �%jo^%yk]7cem"^%y�gih�q}jkyof"u�jof\yk^ r�� f"m\^
]¥h/jkyociu�^ r ^©n"qo^%f r lHu�ld^�¡¢u�cp^%mFj.q(q}jkl ^�u.Y\cp]��%joykc��If\^Sq κ r�� f\m6]7l r [�ge^©�"hFq���qtf\y(f\m6�"cegih|m r ^©]¥hvqkqo^v¦
�#h�n\yk^%]7cp[%yk^��%jkh|nL^(u%lvm"qociq}jk^���^�qtjocp]7^%y�gp^�m\lF]��\yk^ r ^�y���hvu�jocplvm"q �If\c r lFce«v^�mFj�!%joyk^�n\yociqo^�q#^%m5u%lv]7ndjo^
nLlFf\yHyk^%n\y���qo^%mFjk^%yHge^SqHn\yocpm"u%cen"hvfdw joy.h|m"qt�C^%yojkq r ^�]¥hFqoqo^�h|f:qt^�cem r f �\cplvy���hFu�jk^%f\yS¦�~�^%gih¤�ClFf\yom"c£j
gih r cp]7^%m"qocplvm r ^ κ ¦ Ç�lvf"q r ciqou%fdjolFm"q¢^%m"qof\cejo^ r ^¤g � c r ^%mFjkc£¨�hv�\cpgecej"� r ^Sq6u�l ^%¡¥u%ce^�mFj.q r ^ κ ^%j
n\yklvnLlIqtlFm"qZf\m\^�]���jkY\l r ^�n�lFf\y�ge^Sq�c r ^%mIjoce¨"^%yS¦�¬#cpm"hvge^�]H^�mFjS»�m\lFf"q�«vl/svlvm"q�u�lF]7]H^�mFj�q���ge^Su�jocplvm"m\^%y
n"hvyo]7c©f\m ^%m"qo^%]��\gp^ r ^<qkukY#��]¥hvq6y"��hFu�jkcelFm\m\^%giq¢nLlFqkqoce�\gp^�q�u�^�fdw$�If\c,qolvmFj�h r �%�If"h|jocplvm hW«v^�u?gp^�q
r lFm\m#�%^Sq r ciqonLlvm\cp�\gp^�q�¦©~�^�q�]��%joY\l r ^�q©qolvmFj©cegpgpf"q}jky"��^�q�hW«v^�u r ^Sq r lvm\m&�%^�q�y"��^%gpge^Sq r ^�gph6u�yklvciqoqkh|m"u%^
^%j r ^�gph¢�\cpl|joy.h|m�q}�Clvyk]¥h/jkcelvm r f�u.Y"h|]7n\cp�vm\lFm�¨�gphv]H^�mFjk^%fdw�®Z¯v°�±T².³d²|´�µ ¶7°�·¸±T¹Fºk¹/´�·¸±�±"µ ¶�»Thvcem"qoc �If\^
n"hvyZf"m�n"yoldu�� r � r ^,n"yol r f"u�jocplFm r ^`gecpn"hFqt^'�Hn"hvytjkcey r�� YIf\cpge^ r(� lFgecp«v^,n"h|y¥½z¹/±T¾/·A¾F¹6´�µv¿I²W¶%¹|¦
) Å ��� Ã ��* � ��� �;l r ��geciqoh|jocplvm�»"b sdq}jk[%]7^�q�m\lvm�gpcpm#��hvceyk^�q�»dÈ(cpl|jk^�u.Y\m\lvgplv�Fce^F»IÉPh|gpc r h|jocplvm�¦
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����� ��� Å Æ ��v��� Å � � � Æ � Å �����d�d��� Å � �

 "! Á � Á � �#� � �d��� Å � Å%$ ��& Á � ��¤� Á � Å%$ � Á �\�|��� Å � � '
�d¦)( bIjkh|jo^%]7^�mFj�lv�#joY\^`n\yklv�"ge^�] ¦,¦`¦,¦`¦,¦,¦`¦,¦`¦,¦`¦,¦`¦,¦`¦,¦`¦,¦`¦,¦`¦,¦`¦,¦`¦,¦`¦,¦ �
�d¦å� XZY\^%lFyo^%jociu%h|g r ^�jk^%yk]Hcpm"h|jocplvm�l|�

dim(Im(K))
¦`¦,¦`¦,¦`¦,¦`¦,¦`¦,¦`¦,¦`¦,¦`¦,¦`¦,¦`¦ �

�d¦ � x&ykhFu�jkcpu�h|g r ^�jk^%yk]7cem"h|jocplvm�l|�#jkY\^`mIf"]���^�y�l|��yk^�hvu�jocplvm"q�¦`¦,¦`¦,¦`¦,¦`¦,¦`¦,¦`¦,¦`¦,¦ �
�d¦ �\¦)( � h/j.hHn\ykldu�^Sqoqocpm\�+*�cemIjo^�yonLlFgph|jocplvm�hvm r qt]7l lvjoY\cpm\�¤¦,¦`¦,¦`¦,¦`¦,¦`¦,¦`¦,¦`¦,¦ ,
�d¦ �\¦å� � h/j.hHm\lFyo]¥h|gpc)-�h/jkcelFm¤¦,¦`¦,¦`¦,¦,¦`¦,¦`¦,¦`¦,¦`¦,¦`¦,¦`¦,¦`¦,¦`¦,¦`¦,¦`¦,¦`¦,¦ ,
�d¦ �\¦ � ~�lFm"u�gpf"qocelFm6�ClvyZjkY\^ r ^%jo^%yk]7cem�h/jocplvm�lv�#joY\^`mIf"]��L^%y�l|��yk^�hFu�jocplvm�q,¦,¦`¦,¦`¦,¦ ,

�d¦ _ ��w\h|]7n\gp^�(¢¦`¦,¦`¦,¦`¦,¦`¦,¦`¦,¦`¦,¦`¦,¦,¦`¦,¦`¦,¦`¦,¦`¦,¦`¦,¦`¦,¦`¦,¦`¦,¦`¦,¦`¦,¦`¦,¦ �
�". �&*��CÆ��d��� Å � Å/$ �<� Á �\�|��� Å �0� Á � Ä5Å ��1 2

�\¦)( bIjkh|jo^%]7^�mFj�lv�#joY\^`n\yklv�"ge^�] ¦,¦`¦,¦`¦,¦,¦`¦,¦`¦,¦`¦,¦`¦,¦`¦,¦`¦,¦`¦,¦`¦,¦`¦,¦`¦,¦`¦,¦ �
�\¦å� ¬#cpm r cpm\�7joY"^`ge^%�ij�ªv^%ykm\^%g�lv�#joY\^`n�qt^%f r l|�q}jklvciukY"celF]H^%joykcpu©]¥h/joykcew�¦`¦,¦`¦,¦`¦,¦`¦,¦`¦,¦3(��
�\¦ � ��w\h|]7n\gp^0�;¦`¦,¦`¦,¦`¦,¦`¦,¦`¦,¦`¦,¦`¦,¦,¦`¦,¦`¦,¦`¦,¦`¦,¦`¦,¦`¦,¦`¦,¦`¦,¦`¦,¦`¦,¦`¦,¦3(4(
�\¦ _ ��^%�Fyo^SqoqocelFm"q(hFqoqoldu�cih/jk^ r ��cejoY?h7qo^�j�l|�

ui
¦,¦`¦,¦`¦,¦`¦,¦`¦,¦`¦,¦`¦,¦`¦,¦`¦,¦`¦,¦`¦,¦3(S�

�\¦å� Ézh|gpc r h/jocplvm�l|�#jkY\^`ªv^%ykm\^�g�l|�
KT ��c£jkY�joY\^0hW«/h|cpgih|�\gp^ r h/j.h ¦`¦,¦`¦,¦`¦,¦`¦,¦`¦,¦`¦,¦3(��

�\¦ 5 �}r ^%mIjoce¨�h|�\cpgpc£j}s6lv�#joY\^`n"qo^%f r l|�q}jklvciukY"celF]H^%joykcpu�u�l ^%¡¢u�cp^%mFj.q'¦`¦,¦`¦,¦`¦,¦`¦,¦`¦,¦`¦,¦3(%_
�\¦â� �}r ^%mIjoce¨�u%h|jocplvm�lv�#joY\^`n"qo^%f r l|�q}jklvciukY"celF]H^%joykcpu�u�l ^%¡¥u%ce^�mFj.q�h|m r ¨"m"h|g�«/hvgec r h/jkcelFm ¦,¦3(�5
�\¦ , � ]Hn"yol/« cem\�5jkY\^`]7^�jkY\l r ¦,¦`¦,¦`¦,¦`¦,¦,¦`¦,¦`¦,¦`¦,¦`¦,¦`¦,¦`¦,¦`¦,¦`¦,¦`¦,¦`¦,¦`¦,¦3(�5
�\¦ � ��w\h|]7n\gp^0�76óu�lvmIjocpmIf\^ r+8 ¦,¦`¦,¦`¦,¦`¦,¦,¦`¦,¦`¦,¦`¦,¦`¦,¦`¦,¦`¦,¦`¦,¦`¦,¦`¦,¦`¦,¦`¦,¦3(W�

9 : Å �#;��d���C� Å � � Á � Ä5Á Á � � Á � Á �/�#*�� Á �"�|��� Å �0� Á � Ä5Å �<1�� �>=
_"¦)( bIjkh|jo^%]7^�mFj�lv�#joY\^`n\yklv�"ge^�] ¦,¦`¦,¦`¦,¦,¦`¦,¦`¦,¦`¦,¦`¦,¦`¦,¦`¦,¦`¦,¦`¦,¦`¦,¦`¦,¦`¦,¦3(W�
_"¦å�@? yo^�hvg�u�hvqo^,qtjof r s ¦`¦,¦`¦,¦`¦,¦`¦,¦`¦,¦,¦`¦,¦`¦,¦`¦,¦`¦,¦`¦,¦`¦,¦`¦,¦`¦,¦`¦,¦`¦,¦`¦,¦3(�,

' : Å � � * #��� Å �  /A

B C �5�#)#�¥ ;�6$P������ ���6 ���`���D©�,������

E Y\^�m6jkY\^`qt^%jZl|�
nr
]7ciu�yolF�\cplvgplv�vciu%h|gLhvm r �\cpldukY"^%]7cpu�h|gTyo^Shvu�jkcplvm"qPjkhvª cem\�Hn\gihvu�^�cpm�hHq}jkcpyoyk^ r j.h|m\ª

�\cplvyk^�hFu�jklvy�ciq�ª m\l/��m�»Fh�]¥hvqkq���h|gih|m"u%^(]7l r ^�g\u�h|mH�L^ r ^%ykcp«v^ r ¦ � j r ^�qku�yocp�L^�q�jkY\^ r s m"h|]7ciu%hvgd^%«vlvgpfd�
jkcelFm`l|� joY\^

nζ
�\cplvgplv�Fcpu�h|g|lvy�u.Y\^%]7ciu%hvgFqtnL^Su�cp^�q�cem «vlvgp«v^ r cpm,jkY\^zyk^�hFu�jkcelFm"q%»Sqof"ukY�hvq�]7ciu�ykl lvyk�Fh|m\ciqt]¥q%»

qof\�"qtjoy.h/jk^�q�» ]7^�j.h|�Llvgpcejo^Sq%»d^�m>-%s ]7^�q�¦e¦p¦
XZY\^ r s m"h|]7ciu%hvg��L^%Y"hW« celFyPlv��h5q}jkceykyo^ r jkh|m"ª7�\celFyo^Shvu�jolvyPciqPjoY\^%m�l|�¸jk^%m r ^Sqou%yocp�L^ r � s¥h0�F^%m\^�ykhvg

]¥hvqkqt�§�"hvgphvm"u�^©]7l r ^%g�lv�#joY\^,�ClFgegpl/��cem\�H�Clvyk]F6óqt^�^,^F¦ ��¦HGI(v»��<J 8 *

dζ

dt
= κ r(ζ, ψ) +D(ζin − ζ) −Q(ζ, ψ),

6�( 8

� m�joY\ciq�]Hl r ^%g§»djoY"^`«v^Su�jolFy
ζ = (ζ1, ζ2, . . . , ζnζ

) T ciq�]¥h r ^�� f\n�lv�#jkY\^0u%lvm"u%^%mIjoy.h/jocplvm�q(lv�#jkY\^
«/hvyocplFf"q�qtnL^Su�cp^�q�cem"qoc r ^&joY\^Pgec �If\c r ]7^ r cpf\];¦�XZY\^&jo^�yo]

ζin
yk^%n"yo^Sqt^�mFjkqTjkY\^zcpm�K"f\^�mFj�u�lFm"u�^�mFjkykh|jocplvm"q�¦

Ì#Ì ã�L\ú�ÖM�M
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XZY\^H]¥h/jkyocew
D
ciq©joY\^ r cegpfdjkcelFm<ykh|jo^5]¥h/jkyocew?yk^%n\yk^�qo^%mIjocpm\�¢jkY\^HY s r ykhvf\geciu%q©]7^�u.Y"hvm\cpqo]¥q�6Acem�K�lW��q

hvm r lvfdj K"lW��q(hvm r nLlFqkqtcp�\gp^�yk^�jo^�mFjkcelFm 8 hFqoqoldu�cih/jk^ r ��cejoY6joY"^©«|h|ykcelFf"qPqonL^�u%ce^Sq�cem6joY\^�yk^�hvu�jolFy�¦�XZY\^
^%wdu.Y"hvm\�v^7l|�(]¥h|jtjo^�y0cem �Ihvqo^%lvf"q©�ClFyo] �L^%j��^�^%m jkY\^¢qof\ykyolFf\m r cpm\�;h|m r joY"^¥yk^�hvu�jocplvm<]7^ r cef"] cpq
yk^%n\yk^�qo^%mIjo^ r �Is¢joY"^`�Fhvqo^%lFf"q K"l/� ykh|jo^ Q(ζ, ψ)

¦
XZY\^©jo^�yo] κ r(ζ, ψ)

yk^%n\yk^�qo^%mIjkqPjoY"^��\cplvgplv�Fcpu�h|gLhvm r �\cel\ukY\^�]7cpu�h|gTu%lvm «v^%y.qtcplvm"qPcpm6jkY\^�yk^�hFu�jolFy
6AnL^%y�f\m\cej�lv�\jocp]7^ 8 hvu�u�lvy r cpm\��jol©joY\^(f"m r ^%ykges cpm\�©yk^�hFu�jocplvm0m"^�j}��lvykªT¦#XZY\^

(nζ×nr)
]¥h/jkyocew κ ciq�h

u%lvm"qtjkhvmFj�qtjolvciu.Y\celF]7^�joykciu�� gecpªv^�u�l ^%¡¥u%ce^�mFj�]7h|joykc£w�¦
r(ζ, ψ) = (r1(ζ, ψ), r2(ζ, ψ), . . . , rnr

(ζ, ψ)) Tciq�h?«v^Su�jolFy0lv� � Á �"�|��� Å � �W�\� Á � 6ClFy5u�lvm «v^%y.qtcplvm ykh|jo^�q 8 ¦ Q(ζ, ψ)
h|m r

r(ζ, ψ)
hvyo^6qtf\n"nLlFqo^ r jol

r ^�nL^%m r lFm jkY\^�qtjkh|jo^
ζ
h|m r lFm ^�w jk^%ykm"h|g�^�mI« ceyklvm"]H^�mFj.h|gP�AhFu�jolFykq 6Ayo^�n\yo^Sqt^�mFjo^ r �Is

ψ
8 qof"u.Y�hFq

jk^%]7nL^%y.h/jkf\yo^F»dgecp�vYIj�»"h|^�ykh|jocplvm6y.h/jk^v»d^�j.u|¦
�?h/jkyocew κ n\gphWsdqzh,ªv^%s5yolFge^�cem7jkY\^�]7hFqoq&��h|gih|m"u�^�]7l r ^�gecpm\�"¦ � jPciqzhFqoqoldu�cih/jk^ r ��c£jkY¢h,yo^Shvu�jkcelFm

m\^%j�(lvykª;��Y\ciu.Y<ciq,qof\n\nLlFqo^ r jol;�vl/«v^%ykm?joY\^¥u%lvm"qoc r ^%yk^ r n\ykldu�^Sqoq�¦0�Phvu.Y<gecpm\^7l|�PjkY\^7]7h|joykc£w�u%lvyo�
yk^�qonLlvm r q�jkl�lFm\^ 6C�\cpl 8 ukY\^�]7cpu�h|g&qonL^�u�cp^�q�cpmI«vlvgp«v^ r cpm�jkY\^Hn\ykldu%^�qkq%¦0�zhvu.Y u�lFgef\]7m<l|�PjoY\^7]¥h/joykcew
u%lvykyo^�qonLlvm r qZjkl6h 6C�\cpl 8 u.Y\^�]Hciu%hvg#yo^�hFu�jkcelFm;�L^�j}��^�^%m�qolv]7^0l|�&joY\^HqtnL^�u%ce^Sq%¦ ? nLlFqocejocp«v^0^%mIjoyks

kij]7^�hvm"q�joY�h/j�joY\^
i
jkY qtnL^�u%ce^Sq©cpq,h6n\ykl r f"u�j�lv�zjoY\^

j
joY yk^�hvu�jocplvm¤��Y\cpge^7h6m\^%�Ih/jkce«v^5^%mFjkyos

kij < 0]7^�hvm"q�jkY"h/j©cej©ciq©h¥yo^Shvu�jkh|mIj�lvy©h¢qof\�"qtjoy.h/jo^0lv��joY"^�yo^Shvu�jocplvm�¦ � �
kij = 0

»�joY"^
i
jkY qtnL^Su�cp^�q�ciq�m\l|j

cpmI«vlFge«v^ r cpm�jkY\^
j
joY yk^�hvu�jocplvm�¦

� m?qolv]7^`cpm"qtjkhvm"u�^SqZjoY"^0yo^Shvu�jocplvm�m"^�j}��lvykª�h|m r jkYIf"q�joY\^0]¥h|joykc£w κ h|yk^,f"m\ª m\lW��m?lvy�cpm"u�lF]H�
n\gp^�jk^%gps�qonL^�u%c£¨"^ r ¦(�©m\^`u�h|m��ClFy�cpm"qtjkh|m�u�^`Y\^�qoc£j.h/jk^,�L^%j��^�^%m?qo^%«v^�ykhvgTn\gih|f"qoce�"ge^`yo^Shvu�jkcplvm�m\^%j�(lvykª q
jkY"h/j¥u%hvm��L^�qof\n\nLlFqo^ r jkl<f\m r ^�yogpcp^6joY"^�n\yoldu%^�qkq%¦ XZY\^�lF� {}^Su�jkce«v^�l|��jkY\cpqHn�h|nL^%yHciq�jkl<n\yklvnLlIqt^
h<]7^�joY"l r jol �Ff\c r ^�joY\^;f"qo^%y7cem joY\^;c r ^%mIjoce¨�u%h|jocplvm lv��jkY\^;n"qt^�f r l|�qtjolvciu.Y\celF]7^�joykciu¢]¥h/joykcew κ ¦
� j`ciq,��lFytjkY<m\l|jkcem"��jkY"h/j,jkY\^ r ^%jo^�yo]7cpm"h/jkcelFm<l|�(]¥h/joykcew κ ciq`h�n\yklv�"ge^�] ^ �Ff"ce«|h|gp^%mFj,jol�joY�h/j`lv�
r ^%jo^%yk]7cpm\cem\�;jkY\^¥yk^�hFu�jkcelFm<m\^�j}��lFyoªT¦6XZY\^¥f"qof"h|gPh|n"n\yolIhvu.Y r ^ r ciu%h|jo^ r jkl;joY\^ r ^�jk^%yk]Hcpm"h|jocplvm lv�
yk^�hFu�jocplvm�m\^�j}��lvykªdq�yk^%gpcp^�q5lFm joY\^;gecpm\^Sh|ykcI-Sh/jocplvm lv��jkY\^ r s m"hv]Hciu%q7h|yklvf\m r h�yk^��C^�yo^�m"u�^�qolvgpfdjocplvm
G �\»F_�J§¦���^%yk^v»Fcpm¥jkY\^©qon\cpyocej�l|� G �d» 5�J »I��^�^�wdn\gplFc£jPjoY"^©qtjoykf"u�jkf\yo^�l|��joY\^©�\celFn\ykldu�^�qkqo^�q 6C^%�If"h|jocplvm 6�( 8 8
hvm r lvf\y�hvyo�Ff\]7^%mFj.qZhvyo^�m"l|j���hvqo^ r lvm;h|m s¢gpcem"^�h|ykc)-�h/jkcelFm�¦

E<^5��cpgeg�qoY\lW� Y\lW� jol�f"qt^Hh6qt^�j�l|�PhW«/hvcegih|�\gp^ r h/j.h¢u%lvm"qociq}jkcem\�6l|�z]7^�hFqtf\yk^%]7^%mIjkq�l|�
ζ
» Q » Dhvm r

ζin
h|j5qohv]7n\gecpm\�¤cem"qtjkhvmFj.q%»#jkl r ^�jk^%yk]7cem\^¢joY\^�qtc)-%^¢lv�(jkY\^¢]¥h|joykc£w κ 6��ó¦ ^v¦;joY\^6mIf\]��L^�y�lv�

yk^�hFu�jocplvm�qPjoY"h|jZ]�f�q}j��L^�jkhvªv^%m�cpmFjkl7hFu%u�lFf\mFj 8 h|m r jol¥h r\r yk^�qkqPjkY\^,n\yolF�\gp^%] lv��joY\^,c r ^�mFjoce¨�u�h/jocplvm
hvm r «/hvgec r h/jkcelFm�l|��cejkq�u%l ^�¡¢u�cp^%mIjkq�¦

Ç�l|jk^HjkY"h/j0cej0cpq �If\c£jk^¥ykhvyo^5�Clvy`�"celFn\yol\u�^�qkqo^�q�joY�h/j�h|gpg�jkY\^¥cem «vlvgp«v^ r «/hvyocih|�\gp^�q,h|yk^H]7^�hFqtf"yo^ r
6óqtlF]H^%jocp]7^�q�c£jZcpq�^%«v^�m¢f\m"u%ge^Sh|y���Y"cpu.Y6«/h|ykcih|�\gp^�qPh|yk^�cem «vlvgp«v^ r+8 ¦�¬"lvyPjkY\cpq(yo^Shvqolvm¥��^©��cegpg��Cldu%f"qPlFm
jkY\^`^�qtjocp]¥h/jocplvm�lv�

K
joY\^0qof\�\]¥h/jkyocew6l|� κ hvqkqoldu�cih/jo^ r ��cejoY�joY"^0hS«|h|cpgphv�\ge^�]7^�hFqtf\yk^%]7^�mFjkq

ξ
¦

E<^�qtjoyk^�qkq&jkY\^��AhFu�j�joY"h|j�joY\^�]H^%joY\l r lvgplv�vs5joY"h|j(��^ r cpqku�f�qoqPciqPjoY\^�¨�ykqtj�]7l r ^�gecpm\�5qtjkhv�v^v¦�XZY\^
qo^�u�lFm r qtjkhv�v^©cpm6joY"^�]7l r ^�gecpm\��» ��Y\cpu.Y�ciq(m\lvj r ciqou%f"qkqt^ r Y\^%yk^v»d��lvf\g r u�lFm"qtciqtj(cpm r ^�jk^%yk]7cem\cpm\�5jkY\^
yk^�hFu�jocplvm7ykh|jo^�qzhFq��Cf\m"u�jocplvm"qPl|�TjoY\^©q}j.h/jk^�«/hvyocih|�"ge^Sq%¦#XZY\ciqPqo^�u%lvm r n\yklv�\gp^%] ciq r c£¡¢u%f\g£j(hvm r qof	�T^%y.q
hFqZ�(^%gpg��Cyklv]1h7gphFukª�l|��joldlvgiq(jkl¢hvqkqocpqtjZjkY\^0]7l r ^%gp^%yS¦�È(fdj�joY\ciq r ^%gpciu%h/jk^0qtjo^%n¤u%hvm��L^�hW«vlvc r ^ r �ClFy
hHgphvyo�F^©m f\]��L^%y�l|��h|n\n"geciu%h|jocplvm"q�» ��Y\^�yo^�joY"^,ª m\l/��ge^ r �v^�lv��jkY\^`]7hFqoqZ�"hvgphvm"u�^�6t·�
���]¥h/jkyocew κ 8 cpq
qofd¡¢u�cp^%mFj�jkl r ^Sqtcp�vm;u�lFmFjkyolFgegp^%y.q�lFyZlF�"qo^%yk«v^%ykq GI(J ¦

XZY\^,n"hvnL^%y���cpgeg�h r\r yo^Sqoq(joY\^,jkY\yo^�^��ClvgpgplW��cpm\�7n\yolF�\gp^%]¥q�*
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� ��lW� ]¥h|m s©yk^�hFu�jkcelFm"q 6Cc§¦ ^v¦#Y\l/� ]¥hvmIs,u�lFgef\]7m"q��Clvy�]¥h|joykc£w κ 8 ]�f"qtj#�L^&j.h|ªv^�m`cemIjol©hvu%u%lvf\mIj
jkl7yk^%n\ykl r f"u%^©joY\^0hW«/h|cpgih|�\gp^ r h/j.hHqo^�j��
� E Y\ciu.Y;yk^�hvu�jocplvm"qZ]�f"qtj��L^,jkhvªv^%m;cemIjol¢hvu�u�lvf"mFj�� E Y\ciukY¤h|yk^©jkY\^`]7lIq}j�n\gih|f"qoce�"ge^`yo^Shvu�jocplvm
m\^%j�(lvykª q��
� E Y"h|j�h|yk^©joY\^`«|h|gpf\^�qZl|�#jkY\^`n"qo^%f r lv� qtjolFcpu.Y\cplv]7^�jkyociu�u�l ^�¡¢u%ce^�mFjkq��
E<^H��cpgeg&qof"u�u�^�qkqtcp«v^�ges?u�lvm�qtc r ^%y©joY"^�qt^7�6n\yklv�\gp^%]¥q�»T��c£jkY\lvf\j`h|mIs�¹5³L´�·A²/´�·#ª m\l/��gp^ r �F^�lvm¤jkY\^

yk^�hFu�jocplvm�ykh|jo^Sq
r(ζ, ψ)

¦5XZY\^¥h|n\n\yklFhFukY"^�q���cpgeg&�L^Hcpgegpf"qtjoy.h/jk^ r ��cejkY�j}��l�^�w\h|]7n\gp^�q�l|�(qtcp�Fm\c£¨�u�h|mIj
u%lv]7n\gp^�wdc£j}s *&yk^�hvg r h/j.hHlv�#jkY\^`�Fyol/�ZjoY;h|m r �\cpl|jkykhvm"q}�ClFyo]¥h/jkcelFm6lv�#jkY\^,¨�gphv]H^�mFjklvf"qZ�Cf\m\�Fc�®Z¯v°�±T²��
³d²|´�µ ¶�°�·¸±�±L¹Fºk¹/´�·¸±�µ ¶Zh|m r hHn\ykldu%^�qoq(lv��gecpn"hFqt^,n\ykl r f"u�jocplvm��CyolF]�lvgpcp«v^,lvcpg��Is�½z¹/±T¾/·A¾F¹6´�µv¿I²W¶%¹/¦

� � �(�#��)��+%���,��������0�����6� �7��� 2���)��0�¼)#����$z��%����


�	��
 ����������������������� ��!���"�#$���
� m�jkY\cpq¥qo^�u�jocplvm�»P��^;h r"r yo^Sqoq�jkY\^�¨�ykqtj7n\yolF�\gp^%];»Pu%lvm"qocpqtjocpm\�<cpm r ^%jo^�yo]7cpm\cem"�

nr
jkY\^�]7cpm\cp]�f\]

m f\]��L^%y(lv��yo^Shvu�jocplvm"q&jkl5^�wdn\gih|cpm¥joY\^©lF�"qo^%yk«v^ r¥r s m"hv]Hciu%q�l|��jkY\^��C^�yo]7^%mIjo^�y�¦ E ^�hvqkqtf\]7^�jkY"h/j(��^
]7^�hFqtf\yk^�h©qof\�"qt^%j

ξ
lv�
nξ
u�lF]7nLlvm\^%mIjkq#l|�

ζ
jkY"h/j&h|yk^PcpmI«vlvgp«v^ r cpm0joY\^Zqosdq}jk^%]¥q 6}·�
�� 
���Y"cpu.Y�n\yk^�qo^%mIj

qoce�Fm\ce¨�u%hvmFj�«|h|ykcph|jocplvm"q�hvgelFm\�7jocp]7^ 8 ¦ � m r ^�^ r joY\^�]H^Shvqof\yk^%]7^%mIjkq�lv��joY\^�l|jkY\^%y©q}j.h/jk^0u%lv]7nLlvm"^%mFj.q
6 r ^%m\lvjo^ r

ξ̃
8 ]¥hSs�m\l|j©�L^5hW«/h|cpgih|�\gp^v»"�\fdj���^5hvqkqof\]H^0Y\l/��^�«v^%y�joY"h|j©��^�]7^�hvqof\yk^`]7lvyk^0«/h|ykcih|�\gp^�q

jkY"h|m joY\^?mIf\]��L^�y¥l|�©yk^�hFu�jkcelFm"q�*
nξ > nr

¦ � �©joY\^Sqt^?u%lv]7nLlvm\^�mFjkq7Y"hW«v^;h<�Ihvqo^%lvf"q5n\Y�hvqo^v»P��^
hFqoqof\]7^©jkY"h/j�jkY\^0hvqkqtldu%cph|jo^ r �FhFqt^�lvf"q K"lW� y.h/jk^�q

Q(ξ, ξ̃, ψ)
hvyo^�]7^Shvqof\yo^ r ¦

XZY\^,^ �If"h/jkcelFm�hvqkqoldu�cih/jo^ r ��cejoY
ξ
ciqZjoYIf�q�*

dξ

dt
= K r(ξ, ξ̃, ψ) +D(ξin − ξ) −Q(ξ, ξ̃, ψ),

6§� 8

XZY\^©]¥h|joykcpu%^�q
K
h|m r

Q
hvyo^©qof\�\]¥h|joykcpu%^�q�l|� κ h|m r Q » yk^�qon�^Su�jkce«v^�gesF» hvqkqtl\u�cih/jo^ r ��cejoY ξ ¦ ?©qh6u�lFm"qt^ �If\^%m"u%^v»�cpm?joY"^�^%w n"yo^SqoqocelFm;l|�&jkY\^�]¥hFqoq��"h|gih|m"u%^0]7l r ^�g 6ó� 8 »LlFm\ges�joY\^�jo^�yo]

K r(ξ, ξ̃, ψ)m\^�^ r qZjol¥�L^,]¥h/jkY\^%]¥h/jkciu%h|gpgps¢^�wdn\yk^�qkqt^ r ¦

�	�%� &'������!��(�)�*+�,#.-��(��/!0�1)$���2�)3�4�5���
dim(Im(K))

��^�j(f"q�cpmFjk^%�Fykh|jo^�^%�If"h|jocplvm 6ó� 8 �L^�j}��^�^%m��,jkcp]H^�cem�q}j.h|mFj.q
t−T

h|m r
t
6
T
r ^�m\l|jk^�qPjoY\^,u�lFm"qtc r ^%yk^ r

jkce]7^`��cpm r l/� 8 *

ξ(t)− ξ(t− T ) −
∫ t

t−T

D(ξin(τ)− ξ(τ)) +Q(ξ(τ), ψ(τ))dτ = K

∫ t

t−T

r(ζ(τ), ψ(τ))dτ ,
6A� 8

��^�j�f"q r ^%m"l|jo^ *

η(t) = ξ(t) − ξ(t− T ) −
∫ t−T

t

D(ξin(τ) − ξ(τ)) +Q(ξ(τ), ψ(τ))dτ
6A_ 8

Ì#Ì ã�L\ú�ÖM�M



5 � ��´�±T¹/´o¾����©¹W¶��§·¸±

hvm r
ε(t) =

∫ t

t−T

r(ζ(τ), ψ(τ))dτ

� �If"h/jkcelFm#6A� 8 u�h|m�joY\^�m;�L^,yk^%��ykc£jojo^�m *

η(t) = K ε(t)
6ó� 8

XZY\^Z«v^�u�jolvy
η(t)

u%h|mH�L^Z^�qtjocp]¥h/jo^ r h|gplvm\�©jocp]7^(�Cyklv] jkY\^�hW«/hvcegih|�"ge^�]7^Shvqof\yo^�]H^�mFj.q%¦�XZY\^Z«|h|gpf\^
lv�#joY\^`cpmFjk^%�vy.h|g�cem 6C_ 8 u�h|m��L^0u�lv]7n\f\jo^ r � 
å¿ 
P��cejoY?h5joy.h|nL^�-%^,hvn\n\yklSwdcp]¥h/jkcelFm�¦

�6Á � �d�<1&� �;lvyk^��F^%m\^�ykhvgegpsv» cpm�lFy r ^�y(jol7cp]7n\yklW«v^�joY\^0u�gp^�hvm\cem"�Hlv�#joY\^ r h|jkh 6Cm\lFcpqo^,yo^ r f"u�jocplvm
hvm r�r ce]7cpmIfdjkcelFm l|�©h|f\joldu%lvykyo^%gih/jocplvm 8 hvmIs gpcpm\^�hvyHqku%hvgphvy0¨"gejo^�y7u�h|m��L^�h|n\n"gecp^ r jkl 6ó� 8 hvm r ��cegpg
gp^�h r jol6h7gecpm\^Sh|y�yk^%gih/jocplvm�qtY\cpn�lv��joY"^�qohv]7^,js nL^�hvq 6§� 8 ¦(XZY"^`]7l/« cem\�¢hW«v^%y.h|�v^ 6A� 8 jkY"h/j���^0Y"hW«v^
n\yk^�qo^%mIjo^ r �ClFy�qohvªv^�lv��qtcp]7n\geciu�cej}s6ciqZl|��u%lvf\y.qo^�lvm\gps¢lFm\^,^�w\h|]7n\gp^,l|��qof"u.Y;h5¨"gejo^�yocpm\�"¦

� m r ^%^ r »�ce�
G(s, θ)

cpq©h|m s6jkykhvm"q}�C^�y��Cf\m�u�jocplvm 6��ó¦ ^v¦�h|mIs;u�lv]5�\cem"h|jocplvm?l|�&cpmFjk^%�Fykh|jocplvm�» r c �L^�yo^�md�
jkcph|jocplvm;h|m r�r ^%gihWs

θ
8 »\��^`Y"hS«v^ *

Y(s) = G(s, θ)U(s) = KG(s, θ)W(s)

��Y\^�yo^ U(s)
hvm r W(s)

yo^SqtnL^Su�jocp«v^%gps r ^%m\lvjo^�jkY\^���hvn\gphFu�^0jkykhvm"qt�Clvyk]7q�lv�
η(t)

h|m r
ε(t)

¦ Y(s)
cpq

jkY\^ ��h|n"gphFu�^©jkykhvm"q}�ClFyo]�l|�#jkY\^0qtcp�vm�h|g�h/�¸jo^�yZ¨"gejo^�yocpm\�"¦
E<^ r ^%m\lvjo^�yk^�qonL^�u�jocp«v^%gps � s

u(t)
hvm r

w(t)
joY"^<qoce�Fm"h|g r ^%ykce«F^ r �Cyklv]

η(t)
h|m r

ε(t)
h/�¸jo^�y

¨"gejoy.h/jkcelFm�» joY"^%s6«v^�yoce�Cs *
u(t) = K w(t)

Ç�l/� jkY\^'�Ff"^�qtjocplvm�l|��joY\^ r cp]7^%m"qocplvm�l|�#]¥h/jkyocew
K
u%h|m��L^©�ClFyo]�f"gph|jo^ r hFqPjkY\^¢¾4��� �%´��5·¸±T¹��§·A²/±

² ��� 	 �7¾/·�� ��±"¶.·A²|± ² ��� 	 �5·��7¹�¿ �¥²��
K
lvy�cpm;lvjoY\^�y���lvy r q�»dlv��joY"^ r ce]7^�m"qtcplvm;lv��joY"^�qtn"hFu�^`��Y\^%yk^

u(t)
gecp«v^�q�¦&Ç�l|jo^�joY�h/j���^`hvqkqof\]7^

K
jklH�L^`h��Cf\gpg�ykhvm\ª¥]¥h/jkyocew�¦z��jkY\^%yk��ciqt^F»Icej��(lvf\g r ]7^�hvm6joY"h|j

jkY\^�qohv]7^ r sIm�h|]7cpu�h|g �L^�Y"hS« cplvy#�ClFy
u(t)

u�lvf"g r �L^Zlv�\jkh|cpm\^ r ��c£jkY7h©]¥h/joykcew
K
l|�Lgel/��^%y r cp]7^%m"qocelFm�¦

� ^%jo^%yk]7cem"cem\��jkY\^ r cp]H^�m"qocelFm�l|�zjkY\^
u(t)

qtn�hvu�^5ciq,h�u�gihvqkqtciu%hvg#n\yklv�\gp^%] cem qtjkh/jkciq}jkcpu�h|g�h|m�h|gpsF�
qocpq�¦ � j�u%h|m �L^¢qtlFge«F^ r � s<h�n\ykcem"u%cen�h|gzu%lv]7nLlvm\^�mFj0hvm"h|gpsdqtciq�6Aqo^%^¥^v¦ �"¦ Gå��J 8 joY�h/j r ^�jk^%yk]7cem\^Sq�jkY\^
r cp]7^%m"qocplvm;lv��jkY\^0«v^Su�jolFy�qtn"hFu�^0qon"h|m"m\^ r � s6jkY\^0«v^Su�jolFykq

ki
»�yol/��qZlv�

K
¦ � m?lvy r ^�yZjol¢yk^�hvu.Y�joY\ciq

lF� {}^Su�jocp«v^v»���^¢u�lvm�qtc r ^%y
N
jkce]7^¥cpm"q}j.h|mFj

t1, . . . , tN
6C��^¢ukY"l lFqo^

N > nξ
8 ¦¢XZY\^7�(hWs?jol?qo^%gp^�u�j

jkY\^�qo^¢jocp]7^6cpm"q}j.h|mIjkq���cpgeg(�L^ r ciqou�f�qoqo^ r cem jkY\^�qo^%�If\^�gó¦ E ^6�\f\cpg r joY\^�m jkY\^
nξ × N

]¥h/jkyocew
U]¥h r ^,l|�

N
«v^Su�jolFykq

u(t)
h|jZjoY\^Sqt^,jocp]7^`cem�q}j.h|mFj.q�*

U = (u(t1), . . . , u(tN ))

E<^`��cpgeg�hvgpqol7u�lFm"qoc r ^�y(jkY\^0hvqkqtldu%cph|jo^ r ]¥h/jkyocew6l|��yk^�hFu�jocplFm6y.h/jk^�q�» ��Y"cpu.Y�ciq�f\m\ª m\lW��m *

W = (w(t1), . . . , w(tN ))

E ^5hvqkqtf\]7^`joY"h|j©]7h|joykc£w
W

cpq��Cf\geg�ykhvm\ªT¦ � j©]7^�hvm"q�joY�h/j�joY\^�yk^�hFu�jocplvm�q�h|yk^`cem r ^%nL^%m r ^%mIj�6Am\lvm\^
lv�#joY\^`yk^�hvu�jocplvm�y.h/jk^�qZu�h|m��L^`��yocejtjk^%m?hvq�hHgecpm\^Sh|y�u�lF]��\cem�h/jocplvm�l|�#jkY\^`l|jkY\^%y.q 8 ¦

Ê¸Ë�Ì�Ê¸Í
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� � Å ; Á �W� Â ��� ²/´ ¹ �¥¹��§´�·��
K

² ��´o¹|±��
nr � · � W 	 ¹/¶��.µ����,´o¹/±	� � � 	 �%± �
	��

nξ × nξ
�¥¹��§´�·��

M = UUT = KWWTKT 	d¹W¶0´t¹|±��
nr

�
�·¸±T° ��·���·i¶�¹¥¶.¯���� ��§´�·A° �¥¹��§´�·�� � ·��Z°.¹/± º ��&´�·�� � ��±��
M = PT ΣP

� 	���´ �
P
·i¶�¹/± ²|´��
	d²o¿I²/±L¹�� �7¹��ó´�·����

PTP = I � ¹|±L¾

Σ =

























σ1 0 . . . 0
0 σ2 0 0





 
 


σnr

0 
 
 






0 . . . 0

























�&·�� 	
σi−1 ≥ σi > 0

��²/´
i ∈ {2, ..., nr}




� j�ciq6h r cpyo^Su�j�h|n"n\geciu%h|jocplvm l|�,joY"^�qocem"�vf\gih|y r ^Su�lF]HnLlIqtcejocplvm:jkY\^%lFyo^�] G ,�J ¦�b cem"u%^
rank (M) =

rank (KW ) = rank (K) = rank (Σ) = nr
»\cej�n\yklW« c r ^�q�jkY\^`yk^�qof\g£jS¦

Ç�l/� �Cyklv]�h�jkY\^%lvyk^�jkcpu�h|gLnLlFcemIjZlv��« cp^%� c£j�ciq(nLlFqkqoce�\gp^�jkl r ^�jk^%yk]7cem\^�joY\^,mIf\]��L^�yZlv��yk^�hFu�jkcelFm"q
cpm;joY\^�yk^�hvu�jocplvm;m\^�j}��lvykª *Pcej©u�lFyoyk^�qonLlvm r q(jkl¥joY\^�mIf\]��L^�y�lv��m\lFm -�^%ykl¢qtcpm\�vf"gphvy�«|h|gpf\^�q�lv�

UUT ¦XZY\ciqHjoY\^�lvyk^�jociu%hvg�h|n\n\yklFhFukY�]�f"qtj¥Y\lW�(^%«v^%y7�L^?h r hvndjo^ r cem joY\^?yo^�hvg�u%hvqo^���Y\^%yk^�joY\^?hW«/hvcegih|�"ge^
]7^�hFqtf\yk^%]7^�mFjkq�hvyo^ r cpqku�yk^�jk^ r h/jkhHnLlFcemIjkq�nL^%yojof\yk�L^ r �Is�hHm"lvciqt^F¦

�	��� � !�� * �)$*+� # -��(��/!0�1)$�����)3���5�������� ����� " �/! ��� !��/� * �)3�4���
� m6joY"^�yo^Sh|gpc£j}sv»IjoY\^,c r ^Sh|g�u%hFqt^©n\yk^�qo^%mFjk^ r cpm6joY\^,n\yo^�« celFf"qPn"hvykhv�vykh|n\Y¢ciq�nL^�ytjkf\yk�L^ r �Clvy(�Clvf\yZ]¥h|cpm
yk^�hFqtlFm"q�*
� XZY\^Hyk^�hFu�jkcelFm¤m\^�j}��lFyoª�jkY"h/j`��^7h|yk^�gpl lFª cem\�¢�ClFy�ciq,h¢¨"y.qtj,hvn\n\yolWwdcp]7h|jocplvm¤l|�(ukY\^�]7cpu�h|g�lvy
�\cpldu.Y\^%]7ciu%h|g�yk^�hFu�jkcelFm"qZ��Y\ciukY¤u%h|m;�L^0«v^%yks�u�lv]7n\gp^�w�¦�XZY"^��tyo^Sh|g���]¥h/joykcew

K
cpq�n\yklv�"hv�\ges�h

«v^�yos5gih|yk�v^�]7h|joykc£w�¦�XZY\^�yk^�hFu�jkcelFm"q&��Y\ciukY6h|yk^Z�AhvqtjPlvyPl|��gplW�¼]¥h|�vm"c£jkf r ^�u�h|m¥�L^�u�lFm"qoc r ^�yo^ r
hFq&nL^%yojof\yk�"h|jocplvm7l|��h r lv]7cpm"h|mIjzyk^�hFu�jkcelFmHm\^�j}��lFyoªT¦ � j�cpq&jkY\cpq�u�^%mIjoy.h|g 6CnL^%yojof"yo�L^ r/8 yo^Shvu�jocplvm
m\^%j�(lvykª¥joY"h|j��(^,�(hvmFjZjkl7^Sq}jkce]¥h/jk^v¦
� XZY\^¥]7^�hFqtf"yo^�]H^�mFj.q`h|yk^7u%lvykyof\ndjk^ r �Is�m"lvciqt^F¦¢XZY\cpq`m"lvciqt^¥u�h|m �L^¥«v^�yos¤cp]7nLlvyojkhvmFj�»�^SqtnL^%�
u%cphvgegps5�ClFyPjoY\^©]7^Shvqof\yo^�]7^%mFj�lv���\cplvgplv�vciu%hvg �Ff�h|mFjkc£jkce^SqP�Clvy���Y\ciu.Y¢yk^%gpcphv�\gp^�qo^%m"qolvy.qPh|yk^�y.h|yk^%gps
hW«/hvcegih|�\gp^v¦
� XZY\^�]H^Shvqof\yk^%]7^%mIjkq5hvyo^�n�^�yt�ClFyo]7^ r lvm h r cpqku�yk^�jk^6�"hFqtciq�¦ �;lvyk^%l/«v^%y0jkY\^%s hvyo^6y.h|yk^%gps hvgpg
hW«/hvcegih|�\gp^©^�w\hvu�jogps¢h/jZjoY\^`qkh|]7^©jocp]7^,cem"qtjkhvmFj

ti
»\h|m r joY\^�yo^%�Clvyk^�jkY\^%s¢]�f"qtj��L^,cemIjo^%yknLlvgih/jk^ r

ce����^,m\^�^ r h7q}j.h/jo^`^�qtjocp]7h|jo^
ξ(ti)

h|j
N
jkce]7^`cpm"qtjkh|mIjkq

ti
cpm�lFy r ^%y(jol¥�\f\cpg r «v^Su�jklvy

U
¦

� � m�lFy r ^�y�jkl�^�qtjocp]¥h/jk^ u(t) cem�^ �Ff�h/jocplFm 6C_ 8 ��^5m\^�^ r jol�u%lv]7n\fdjk^�joY\^7h|n"n\yolWwdce]¥h|jo^0«|h|gpf\^lv��h|m�cpmFjo^��vy.h|g§¦�XZY"cpq�]¥hSs6�v^%m"^%y.h/jo^,h r\r cejocplvm"hvg�nL^%yojof\yk�"h/jkcelFm"q�¦

Ì#Ì ã�L\ú�ÖM�M



, � ��´�±T¹/´o¾����©¹W¶��§·¸±

 ��)���
� ! �d���#;#� Å � Á �S��� ��� ��� � � Á ��; Å *C�d��� Å � � � Æ ��� Å�Å �<& � ���
XZY\^ r h|jkh�u�lFgegp^�u�jo^ r lvm�h��\cpl|jk^�u.Y\m\lvgplv�Fciu%h|gvn\ykldu�^Sqoq�lv�¸jo^%m�yk^�qof\g£j#�CyolF] «|h|ykcelFf"q�qohv]Hn"gecpm\�©q}jkykh|jo^��vcp^�q
u�h|ykyocp^ r lFfdjZ��c£jkY�«|h|ykcelFf"q r ^�«Iciu�^Sq%¦ ?©qZh5u%lvm"qo^%�If\^�m"u�^�jkY\^ r h|jkhHh|yk^�qt^%g r lF]�qohv]Hn"ge^ r qoce]�f\gej.h|m\^��
lFf"qtgpsF¦ � m<lFy r ^%y�jol?h|n\n\gps?joY"^7n\yklvnLlIqt^ r jky.h|m"qt�Clvyk]7h|jocplvm"q©«v^Su�jolFy

U
Y"hFq©jol;�L^¥u%lv]7n\fdjk^ r ��c£jkY

«/hvgpf\^�q�lv��jkY\^,qtjkh|jo^�«/hvyocih|�"ge^Sq�h/j(joY"^,qkh|]7^�jkce]7^,cem"qtjkhvmFj.q
ti
¦ ? gih|yk�v^�m f\]��L^%y�l|��jol lFgpq(hvyo^�hW«/hvcege�

hv�\ge^6cem joY\^�gecejo^�ykh|jof\yk^¥jol�cemIjo^�yonLlFgph|jo^6hvm r qo]7l l|jkY joY\^ r h/j.h\¦ E<^�qtf\�F�v^Sq}j�Y\^%yk^¥jkl�f"qt^�qon\gecpm\^
�Cf\m"u�jocplvm"q G ��J(��Y\ciu.Y ��cpgpg(h/j�joY\^�qkh|]7^¥jkce]7^6cpmFjk^%yknLlvgih/jo^6hvm r qo]Hldl|jkY h¤qocp�vm"hvgó¦?XZY"^¥jkykh r ^�� l �
�L^�j}��^�^%m;cemIjo^�yonLlvgih|jocplvm�h|m r qt]7l lvjoY\cpm\�7u�h|m��L^0ukY\lIqt^�m�� s¢joY\^`f"qo^%yS¦

� m�jkY\^�qo^%�If\^%g���^�hvqkqtf"]H^,jkY\^%yk^��Clvyk^,joY"h|j�joY\^�qo^�j�lv��]7^�hvqof\yk^%]7^%mIjkq�ciq�hS«/hvcpgphv�\ge^`h|j�jkY\^`jocp]7^
cpm"qtjkh|mIjkq

τi
»Lh|m r jkY"h/j�h/�¸jk^%y©h¢qt]7l lvjoY\cpm\�¢h|m r cpmFjk^%yknLlvgih/jocplvm;n\ykldu%^�qoq�h|gpg�joY"^0«/hvyocihv�\ge^`^�qtjocp]7h|jo^Sq

hvyo^,hW«/hvcegih|�"ge^,h/j�joY\^,jkce]7^`cpm"q}j.h|mIjkq
ti
¦

E<^©Y s n�lvjoY\^Sqtc)-%^�joY"h|j�joY\^©^Sq}jkce]¥h/jk^�q
ξ(ti)

h|yk^�lv��yk^�hvqolvm"h|�"ges5�Fl l r �If"h|gpc£j}s¥h|m r cem6n"hvytjkcpu%f\gphvy
jkY"h/j�joY\^0qkh|]7n\gpcpm\�H�Cyo^%�If\^�m"u�s6cpq�cpm;h r ^%�If"h/jkcplvm���cejoY�joY\^,jkce]7^0u%lvm"qtjkhvmFjkqZlv�#joY\^0qoce�Fm"h|g§¦

 ��)���  ! �d��� � Å � � �#*
���v�d��� Å �
X#l�hW«vlvc r u�lFm r cejocplvm\cpm\�0n\yklv�\gp^%]¥qPh|m r jol��vcp«v^�joY\^©qkh|]7^���^�ce�FYFjocpm\�`jkl�hvgeg"joY\^©qtjkh|jo^�«/h|ykcih|�\gp^�q�»|��^
m\lFyo]¥hvgec)-%^�^�hFukY;u%lv]7nLlvm\^�mFj

ui
l|�#jkY\^`«v^�u�jklvy

u
hvq(�ClFgegplW��q�*

ũi(tj) =
ui(tj) − a(ui)√

Ns(ui)

��Y\^�yo^
a(ui)

ciq7joY\^�hS«v^�ykhv�v^�«/h|gpf\^?l|��joY\^
ui(tk)

�ClFy
k ∈ {1..N} »�hvm r s(ui)

joY"^%cpy6qtjkh|m r h|y r
r ^�« cph|jocplvm�¦

 ��)���)� : Å � ��* ���� Å � $ Å �¢��& Á Æ Á � Á � �#� � �d��� Å � Å%$ ��& Á �  ��� Á � Å%$ � Á �"�|��� Å � �
� m¢jkY\^�yo^Sh|gpc£j}sv»FjkY\^�m\lvciqt^Sq r f"^�jkl5]Hl r ^%gThvn\n\yklSwdcp]¥h/jocplvm�q%»F]7^�hvqof\yk^%]7^%mIj�^�yoyklvy.qzlvy�cpmFjk^%yknLlvgih/jkcelFm
nL^%yojkf\yo� joY"^?hvm"h|gpsdqtciq%¦¼XZY\^%yk^��ClFyo^�cpm:n\y.hvu�jociu�^�jkY\^%yk^?h|yk^�m\l#-%^�yol ^�ce�F^%m «/h|gpf\^�q5�ClFy7joY\^?]¥h/joykcew
M = UUT ¦XZY\^��If\^�qtjocplvm�ciq©joY\^�m�jkl r ^%jo^�yo]7cpm\^5joY\^7mIf\]��L^�y,l|��^%cp�v^%m «v^�u�jolvy.q�joY�h/j,]�f"qtj,�L^5j.h|ªv^�m�cemIjol
hFu%u�lFf\mFj�cpm lvy r ^%y`jkl¤yk^%n"yo^Sqt^�mFj5h?yo^Shvqolvm"h|�"ge^¢h|n\n\yklWw cp]¥h/jkcelFm lv�ZjoY\^ r h/j.h

u(t)
¦¤X#l�qolvgp«v^7jkY\ciq

n\yklv�\gp^%];»�gp^�j©f"q�yo^�]7hvyoª6joY"h|j�jkY\^�^%cp�v^�mI«/hvgef"^�q
σi
lv�
M

u�lvykyo^SqtnLlvm r jol¢joY\^�«|h|ykcphvm"u�^0hvqkqtldu%cph|jo^ r
��cejoY�joY"^`u%lvykyo^SqtnLlvm r cem"�5^%cp�v^�mI«v^�u�jolFy 6Acem"^%yojocih7h/wdciq 8 G)(��<J ¦

XZY\^¥]7^�joY"l r ��cpgegzjoY\^�m u�lFm"qocpqtj`cpm qo^%gp^�u�jkcem"��joY"^
nr

¨"ykqtj0n\ykcem"u%cen�h|gPh/wdciq,��Y\ciukY yk^%n\yk^�qo^%mIj0h
jkl|jkhvg�«/hvyocih|m�u�^©gih|yk�v^�y�jkY"h|m?h5¨\wd^ r jkY\yk^�qoY\lvg r ¦

¬\lvy(cem"qtjkhvm"u�^F»Icem¢jkY\^©m\^�w j(^%wdhv]7n\ge^F»I��^©Y"hS«v^�¨\wd^ r h`jkY\yk^�qoY\lvg r 6 r ^�nL^%m r cpm\�5lFm¥joY\^©cpmd�ClFyo]¥h/�
jkcelFm�hS«|h|cpgphv�\ge^©lvm�m\lFcpqo^©]7^�hFqtf"yo^�]H^�mFj.q 8 h/j��I��� l|��jkY\^�«|h|ykcphvm"u�^F¦�XZY\ciq(gp^ r jol5joY"^,qo^%gp^�u�jocplvm�l|� 5
h|w ^Sq%»\h|m r joY\^�yo^%�Clvyk^

nr = 6
¦

�6Á � �d�<1&� ce�
rank (M) = nξ

cej�]7^�hvm"q,jkY"h/j
rank(W ) ≥ nξ

¦ � m qof"ukY h?u�hvqo^7�(^¢u�h|m\m"l|j
^Sq}jkce]¥h/jk^

nr
hvm r ]7^�hFqtf"yo^%]7^�mFjkq�lv�zh r\r c£jkcelFm"h|g�«|h|ykcphv�\ge^Sq�hvyo^0yo^ �If\^�qtjo^ r jkl6h|n"n\ges�joY"^�n\yolFnLlFqo^ r

]7^�jkY\l r ¦
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E ^;u%lvm"qoc r ^%yHY\^�yo^�jkY\^�n"yol r f�u�jocplvm l|�©«/hvm\cegpgpcem��CyolF] «/hvm\cpgegpciu�hvu%c r �Is jkY\^�¨�gphv]H^�mFjklvf"q5�Cf\m\�Ff"q
®(¯v°%±L²�³d²/´�µ ¶�°%·¸±"±T¹Fºk¹/´�·¸±"µ ¶ GI( (�J ¦;XZY\^6qonL^�u%ce^Sq`cpmI«vlFge«v^ r cpm joY\ciq0�"celvjoy.h|m"qt�Clvyk]¥h/jocplvm n\ykldu�^Sqoq0h|yk^
jkY\^©u%hvyo�LlFm¥qtlFf\yku%^�q 6A]¥h|gejolFqo^�hvm r �vgpf"u%lFqo^ 8 »vjoY"^�m\cejoyklv�v^�m¥qolvf\y.u�^ 6Ah|]7]7lvm"cef\] 8 »IlSwds �F^%m�»Fu�h|yk�Llvm
r cplWw c r ^F»F�Cf\m\�Ih|gL�\cplv]¥hvqkq�h|m r n\Y\^�m\lvgpciu©u�lv]7nLlvf"m r q 6C«/hvm\cpgegpcpu©hFu�c r »I«/hvm\cpgegpcpm�»I«|h|m\cpgegpciu�h|giu�lFY\lvgLhvm r
]7^�jkY\lWw s Y s r yol �If\cpm\lFm\^ 8 ¦ XZY\ciqHyk^�qof\gejkq5�Cyklv] h u�lF]7n\ge^%w�qo^�j7lv�©yo^Shvu�jkcelFm"q GI(W��J »P]7lFqtj7l|��jkY\^%]
�L^%cpm\�¥cegpg�ª m\lW��m�¦

XZY\^0n\yol\u�^�qkqZ�F^%m\^%y.h|gpgps¢n\ykldu�^�^ r q�cpm�j}��l6q}jk^%n"q�¦ � m?h7¨"y.q}j©q}jk^%n 6C��Y\ciu.Y?�v^�m\^%y.h|gpges6gphFq}j.qZjoY"^��
¨"y.qtj r hWsdq 8 »vjkY\^��Cf\m"�vf"qPf�qt^Sq&jkY\^©hW«/hvcegih|�\gp^�qof\�"qtjoy.h/jk^�q 6Cm"c£jkyolF�v^%m�»F]7hvgejolFqo^�h|m r �Fgef"u%lFqo^ 8 jol��Fyol/�`¦
XZY\^`�vykl/�ZjoY�ciq�h|^�yolF�\ciu|»dhvm r joY\^�yo^%�Clvyk^�lWwdsI�F^%m�cpq�u�lFm"qof\]7^ r h|m r ~��

2
n\ykl r f"u%^ r ¦

� m?h7qo^�u�lFm r qtjo^%n�»\joY"^`�\cplFqos mFjoY"^�qocpqZciqZjoykcp�v�F^%yo^ r ��c£jkY?h r"r c£jkcelFm�lv��u%^%gpgelF�\celIqt^0�5Y\lFf\y.qZ�L^��Clvyk^
u%lvmFjkcem f\lvf"q©h r\r cejocplvm¤l|�z«/hvm\cegpgpcpu�hvu%c r ¦©XZY\^%m?jkY\^��Cf\m\�vf�q�joy.h|m�q}�ClFyo]¥q�joY\^5«/h|m"cegpgeciu�hvu�c r ^%cejoY\^%y�cem
]7^�jkY\lWw s Y s r yol �If\cpm\lFm\^v»�lFy`cem «/h|m"cegpgpcem�¦ � m joY\ciq0gphFq}j�u�hvqo^v»�«/hvm\cegpgpcem u%hvm hvgpqol;�L^ r ^%�Fykh r ^ r cemIjol
«/hvm\cpgegpciu�hvgpu%lvY\lFgó¦

¬\lvy�cegpgpf"q}jkykh|jocplvm�n\f\yknLlFqo^v»d¬�cp�vf\yk^�(�n"yo^Sqt^%mIjkq(joY\^,js n\ciu%hvgT^�«vlvgpfdjocplvm�lv��qolv]7^�l|�#joY\^`ªv^%s¢«/hvyoce�
hv�\ge^Sq r f\ykcpm\� joY\^?�C^%yk]H^�mFj.h/jocplvm�¦ XZY\^;¨"�vf"yo^;n\yk^�qo^%mIjkq¥hvgpqol<jkY\^¤qon\gecpm\^Sq7f"qo^ r jol qo]Hldl|joY¼hvm r
cpmFjk^%yknLlvgih/jo^�jkY\^ r h/j.h�cem�lFy r ^�yPjolH�\f\cpg r jkY\^�«v^�u�jolFy

u(t)
]¥h r ^�l|��jkY\^�(���]7^�hvqof\yk^ r qonL^�u%ce^Sq%¦&XZY\^

¨"m"hvg r h/j.h¥qt^%j�u%lvm"qocpqtjkq�cpm¤�7^�wdnL^%ykcp]H^�mFj.q���Y\ciukY?Y"hW«v^`�L^%^�m;yk^�qkh|]7n\gp^ r jol¢�v^�j�_7jocp]7^0cpm"q}j.h|mIj
tinL^%y r hSsF¦&¬�cpm"h|gpgpsv»+5>(�� r h|jkhHnLlvcpmFj.q

u(ti)
��^�yo^`u�lFm"qoc r ^�yo^ r ¦

¬#cp�vf"yo^�� yo^�n\yo^Sqt^�mFj.qHjoY\^�u%f\]�f\gih/jo^ r «|h|ykcphvm"u�^?hvqkqtldu%cph|jo^ r ��c£jkY:jkY\^¤mIf\]��L^�y¢lv�,yo^Shvu�jocplvm"q�¦
¬"lvf\y�yk^�hFu�jkcelFm"qPhvyo^©qtf\¡¥u%ce^�mFj�jkl�^%wdn\gphvcem ,v� ��l|��jkY\^©lF�"qt^�yo«v^ r «/hvyocih|m"u%^v¦�¬�ce«v^©yk^�hFu�jocplvm�qz^�wdn\gih|cpm
�I��� lv��jkY\^`jolvjkhvg�«|h|ykcphvm"u�^F¦�XZY\cpq�hvm"h|gpsdqtciqZ]7lvjocp«/h/jk^ r jkY\^�qtjoykf"u�jkf\yk^`l|��joY\^�]Hl r ^%g�n\yk^�qo^%mFjk^ r cem
G)(��<J ¦

� � �54%� ��,��%�����0�¼�')����0$P������ ���(��� ��)	�

�	��
 ����������������������� ��!���"�#$���
� m5jkY\^Zn\yk^%« cplvf"q�qo^�u�jocplvm5�(^ZY"hS«v^�qtY\l/��m5Y"lW� jkl r ^�jk^%yk]Hcpm\^(jkY\^Zm f\]��L^%yzl|�Lyo^Shvu�jkcelFm"q#��Y"cpu.YH]�f"qtj
�L^¢u%lvm"qoc r ^%yk^ r cpm lvy r ^%y,jkl?^�wdn\gih|cpm<jkY\^6hS«|h|cpgphv�\gp^ r h|jkh\¦	��^%j0f"q0m\lW� hvqkqof\]7^HjoY�h/j�h;n\gih|f�qtcp�\gp^
yk^�hFu�jocplvm m\^�j}��lvykªT»#��c£jkY joY"cpq�mIf\]��L^%y5l|�Zyk^�hFu�jkcelFm"q%»#cpq0nLlFqtjkf\gph|jo^ r ��c£jkY joY"^6h|cp] l|� r ^�qku�ykce�"cem\�
jkY\^0n\yol\u�^�qkq�¦ � m�jkY\ciq�qt^Su�jkcelFm�»\�(^0qoY"h|gpg�m\l/� qtY\l/� Y"lW� qof"ukY¤h¥u%hvm r c r h/jk^`yo^Shvu�jkcelFm�m\^�j}��lFyoª�u�h|m
�L^`«/h|gpc r h/jk^ r �CyolF] joY"^ r h/j.h\¦

�©m\^0h r\r cejocplvm"hvg r ce¡¥u%f\gejs�cpm¤u�lv]7n"hvyocpm\�¥h¥yo^Shvu�jkcelFm�m\^%j��lFyoªT»"« cph7cejkq©q}jklvciukY\cplv]7^%joykcpu,]¥h/joykcew
K
»���c£jkY h?qo^�j�l|� r h|jkh;ciq,jkY"h/j5qolv]7^¥n"qt^�f r lv� qtjolFcpu.Y\cplv]7^�jkyociuHu%l ^�¡¢u�cp^%mIjkq`]¥hWs��L^<¹¥³�´�·A²/´�·&f\md�

ª m\l/��m�¦ E<^,qoY"hvgegTn\yolFnLlFqo^©h�]7^�joY"l r ��Y"cpu.Y���cegpg�h|gpgplW� h/j�jkY\^,qkh|]7^�jocp]7^©jkl�jo^Sq}jZjoY\^�«|h|gpc r cej}s7lv�
jkY\^`yo^Shvu�jkcelFm�m\^�j}��lFyoª6h|m r jol7c r ^�mFjoce�Cs6joY\^`]7ciqoqocpm\�7n"qt^�f r lv� qtjolFcpu.Y\cplv]7^�jkyociu©u%l ^�¡¢u�cp^%mIjkq�¦
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(S� � ��´�±T¹/´o¾����©¹W¶��§·¸±

�	�%� � )���-�)$��� ���� #3��������/!0����# �������� ��� � ��-���� �  ��)$*0��)3�4� �(�!0)$* � �2�!0) �
��^�j�f"q�u%lvm"qoc r ^%y�hH«v^�u�jklvy

λ ∈ KerKT *

λTK = 0

?©qoqof\]7^,]7lvyk^%l/«v^%y(joY"h|j
λ
cpq�m\lvyk]¥h|gpcI-�^ r qof"ukY�joY"h|j�lvm\^,lv��c£j.q�u�lv]7nLlvm"^%mFj.q

λi
ciq�(4*

λi0 = 1Ç�l/� ge^%j0f"q0u�lvm"qoc r ^%y,joY\^6qou�h|gih|y'�If"h|mIjocejs
λT u(t)

¦¢¬"yolF]*^ �Ff�h/jocplvm 6§� 8 »#c£j5qoh|jociq}¨"^Sq`h/j�h|mIs
jkce]7^

t
*

λTu(t) = 0
� m;l|joY"^%y���lFy r q�» �(^,Y"hW«v^4*

ui0(t) = −
∑

j 6=i0

λjuj(t)
6 5 8

XZY\cpq�]7^�hvm"qzjoY�h/j�joY"^
uj
h|yk^�gpcpm\ªv^ r �Is¥h0gpcem"^�h|y�yk^%gih/jkcelFm�¦�XZY"^�cp]7]H^ r cih/jo^©c r ^�h0joY"h|j�lFm\^©u�h|m

Y"hW«v^`ciqZjkl¢u.Y\^�u.ª���Y\^�jkY\^%y�yo^�gph|jocplvm"qoY\cpn#6
5 8 cpq�cpm?h r ^%�If"h|jocplvm���cejoY;jkY\^ r h/j.h\¦(XZY\ciq�u�h|m;�L^ r lvm"^
� s¢nL^�yt�ClFyo]7cpm\�7hHgpcem"^�h|y�yk^%�vyk^�qkqtcplvm6�L^�j}��^�^%m

ui0

h|m r jkY\^
uj
¦

Ç�^%«v^�ytjkY\^%gp^�qkq�»���^7Y"hW«v^5jkl;ªv^%^�n cem ]Hcpm r joY"h|j,jkY\^
uj
h|yk^?¹7³�´�·A²|´�·�m\l|j0cem r ^�nL^%m r ^%mFjS»�qtcpm"u%^

jkY\^%sH]¥hWs5�L^�yo^�gph|jo^ r � sHl|joY"^%yPyk^%gih/jocplvm�qtY\cpn"qzhFqoqoldu%cph/jk^ r ��c£jkY¢l|joY"^%yPgp^��¸j�ªv^�yom"^%g"«v^�u�jolFykq&lv�
K
¦ � m

n"hvytjkcpu%f\gih|yS»I��^,Y�hS«v^`qt^�^%m6jkY"h/j
rank (U) = nr

»\hvm r joYIf�q�hHyo^��vyk^�qkqtcpl|m 6 5 8 u�h|m\m\lvjZcpmI«vlFge«v^,]HlFyo^
jkY"h|m

nr + 1
cpm r ^%nL^�m r ^%mIj�jk^%yk]¥q

uj
¦

E<^7��cegpg�joY"^%yk^��Clvyk^Hqt^�ge^Su�j�joY\^7«v^�u�jolvy.q
λ
lv�zjoY"^Hge^%�¸j`ªv^%ykm\^%g�qof"u.Y�joY"h|j�joY\^�s?cp]7n\ges?joY�h/j,lFm\ges

cpm r ^%nL^�m r ^�mFj
uj
h|yk^©jol¥�L^`u%lvm"qoc r ^%yk^ r cpm#6 5 8 ¦

� j�ciq���lvyojoY�m\l|jkcem"�HjoY"h|j�joY\^`«v^�u�jolFy
λ
cpmI«vlFgp«v^�q�jkY\yk^%^,ª cpm r q�l|��u�lF]7nLlvm\^�mFjkq�*

(v¦Z^�mFjoykcp^�qZ��Y\ciu.Y;hvyo^,qtjoykf"u�jof\y.h|gpges -%^�yol
�d¦Z^�mFjoykcp^�q�joY"h|j�Y"hW«v^(h|m�¹(³�´�·A²/´�·Fª m\l/��m0m"lvmd� -%^%ykl�«|h|gpf\^ 6A^%cejoY\^�y (P�Clvy#joY"^�m\lFyo]¥hvgec)-%cpm\��u%lv]7nLl|�
m\^�mFjS»vqt^�^(h|�Ll/«v^v»WlFy�h�ª m\lW��m�«|h|gpf\^�yo^�gph|jo^ r jkl�jkY\^Zq}jklvciukY"celF]H^%joyks,l|�\jkY\^(yo^Shvu�jocplvm0m\^%j�(lvykª 8 ¦

�\¦Z^�mFjoykcp^�q#��Y\ciukY5hvyo^Pf\m\ª m\l/��m��L^�u%hvf"qo^zjoY\^�s r ^%nL^%m r lvm�f\m\ª m\l/��m�u%l ^�¡¢u�cp^%mIjkq#l|�\joY"^�n"qo^%f r l|�
qtjolFcpu.Y\cplv]7^�jkyociu©]¥h/jkyocew�¦&XZY\^�qo^,^�mFjoykcp^�qZY"hW«v^�jol¥�L^,^�qtjocp]¥h/jk^ r �Cyklv]�joY\^ r h/jkh"¦

��^%]¥h|ykª6jkY"h/j����Ff�h/jocplvm 6
5 8 q}j.h/jk^�q©h¢u�lFm"qt^�yo«|h/jkcelvm;�L^�j}��^%^�m?joY\^5«/hvyocih|�\gp^�q
ui
¦©XZY\cpq©u%lvm"qo^%yo�

«/h|jocplvm�cpq r cpyo^Su�jogps�u�lvm\m"^�u�jk^ r jklHjkY\^`m\l|jkcelFm�l|��yk^�hvu�jocplvm�cpmI«/hvyocih|mIjkq G)(%_"» (W��J ¦
! Á�� � �¸��� Å � �
	 �(¶%¹/¯ � 	 ¹��#¹©¶��� {ui1 . . . uik

} ·i¶Z¹/¶.¶�²S°�·A¹�� �.¾ �&·��
	H¹ �I� � � ����´�±%� �����.°�²/´ λ · � λj = 0��²|´H¹���� �
	��5·¸±T¾/·A° ��¶
j /∈ {i1 . . . ik}


 	 �5¶�¹|¯ � 	 ¹��
λ
·i¶H¹W¶.¶%²�°%·A¹�� �.¾ �&·��
	 � 	 �

k × nr
¶�µ�º��¥¹��§´�·��

K̃� 	I·C°	�·i¶ � 	 ��¶�µ�º�7¹��ó´�·�� �7¹F¾4��²�� �
	��,´o¹ ��¶
i1 . . . ik

²��
K

 � ·¸±T¹ � �â¯ � �0°k¹����

λ̃
� 	 �����k°�� ²|´`²Fº� ¹|·¸±%�.¾

º�¯,´ ��¥²�S·¸±I¿H¹ ���>� 	 �����%´o²W¶ �%±+�§´�·
��¶(·¸±
λ

�� 	��©¾/·�� �%±\¶�·A²/±�² �

λ̃
� ±L¹���� �â¯

k � ·i¶�°.¹ � �I�k¾ � 	 ��´ � ¿|´ ��¶.¶�·A²/±¾|·����%±\¶�·A²/± ¹/¶.¶�²S°�·A¹�� �.¾ �&·�� 	
λ
¹/±T¾�¾ ��±T²�� �k¾

d(λ) � �
	��5±"µ��¢º ��´5²���µd±��W±L²��&± °k²���³\²/±%�%±+�ó¶H²�� λ ·i¶¾ ��±T²�� �k¾
du(λ)




E<^`Y"hW«v^�joY\^�yo^%�Clvyk^
λ̃T K̃ = 0

»"h|m r
λ̃
Y"hFqZm\l�-%^�yol¥u�lv]7nLlFm\^%mFjS¦&XZY"^%m�» ∑

ik
λik

uik
(t) = 0

¦
Ç�l|jk^�jkY"h/jS» r f\^,jol7joY\^`m\lFyo]¥hvgec)-�h|jocplvm6lv�

λ
»\��^,Y"hW«v^

du(λ) ≤ d(λ) − 1
¦
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��¶��§·��7¹��ó·A²|± ²����
	���³�¶�%µ"¾v²�� ¶�� ²/·A°	F·ó²������ó´�·A°��¥¹��§´�·�� (4(

! Á�� � �¸��� Å �0 	 ��¶%¹/¯��
	d¹���¹ �I� � � ����´�± � � �<�.°�²/´
λ
·i¶ � Å  � Æ · �©·��ó¶,¹/¶k¶%²�°%·A¹�� �.¾

d(λ)×nr
�¥¹��§´�·��

K̃
¾v²���¶�±T²���°.²/±+�¹/·¸± ·��ó¶�� � �;¹|±"¯

k × nr
¶�µ�º��¥¹��§´�·�� �

k < d(λ) � � 	d²W¶��?´o¹/±	�¤·i¶�±L²�� �.µ�����²/´ �� � µd· �/¹ �I�%±/� �â¯ � · �
dim(KerK̃T ) = 1




��Á � �\��1&� ¬"lvy�h7qolvf\m r «v^Su�jklvy
λ
��^,Y"hW«v^

d(λ) ≤ nr + 1

� m r ^%^ r » ce��cejZY"hvq
k ≥ nr + 2

m\lFm -�^%ykl�^%mIjoykce^Sq%»IjoY\^�m6cejkqZhvqkqtl\u�cih/jo^ r qtf"�\]¥h/joykcew
K̃
ciq(h

k×nrqof\�\]¥h/jkyocew6��Y\lIqt^,ge^%�¸j�ªv^�yom\^�g�cpq�h/j�ge^Shvqtj�l|� r cp]7^%m"qocelFm?�d¦

�	��� ��� � � ��#$� �
��^�j�f"q�u%lvm"qoc r ^%y�joY"^5^�w\hv]Hn"ge^5l|�&jkY\^7u�lv]7nL^�jkc£jkcp«v^��Fyol/�ZjkY?lvm¤j�(l�qof\�"qtjoy.h/jk^�q G)(�5<J&��Y\ciukY<u%lvf\g r
yk^%n\yk^�qo^%mIj�joY"^Zn"yol r f"u�jocplFm5l|�Lgpcpn"hvqo^��Cyklv]�lvgpce«v^Zlvcpgd� s¤½z¹|±L¾/·A¾F¹5´�µv¿I²W¶%¹/¦���^%yk^(joY"^Z]7ciu�ykl lvyk�Fh|m\cpqo]
ciqHqtf\n\nLlIqt^ r jol<�vyklW� lvm j}��l qtf"�"q}jkykh|jo^Sq`jkY"h/j7hvyo^6n\ykl r f"u%^ r �Is jkY\^�YIs r yklvgpsdqocpq0lv��h¤n\ykcp]7hvyos
u%lv]7n\gp^�w6lFyo�Ih|m\ciu©qof\�"qtjoy.h/jk^v¦ E ^`hFqoqof\]7^�joY\^,�ClvgpgplW��cpm\�¥�/�q}jk^%n�yk^�hFu�jkcelFm�m\^�j}��lvykª *
� ��s r yolFgesdqocpq�*

k1S1 + E −→ S2 + k2S3 + E

��� yklW�ZjkY�lvm S2
*

k3S2 + k4O −→ X + k5P

��� yklW�ZjkY�lvm S3
*

k6S3 + k8O −→ X + k7E + k9P

��Y\^�yo^
S1

ciq6joY\^<n"yocp]¥h|yks:qof\�"qtjoy.h/jk^ 6Alvgpce«v^<lvcpg 8 »
S2

6A�vgpsdu�^%yklvg 8 hvm r
S3

6C�Ah/jtj}s hvu�c r+8 h|yk^?jkY\^
qo^�u�lFm r hvyos qof\�"qtjoy.h/jk^�q�»

E
cpq5jkY\^�^%m+-%s ]7^ 6Agecpn"hvqo^ 8 »

X
jkY\^��\cplv]¥hvqkq76�½z¹/±T¾/·A¾v¹ ´�µv¿F²/¶%¹ 8 »

O
jkY\^

r ciqkqtlFge«v^ r lSwds �v^�m�h|m r
P
jkY\^ r ciqoqolvgp«v^ r ~��

2
¦ E ^0hvqkqtf\]7^�joY�h/j�h|gpgTjkY\^`�\cpldukY"^%]7cpu�h|g�qonL^�u�cp^�q�h|yk^

]7^�hFqtf\yk^ r »"^�w\u%^%ndj
S1

��Y\lIqt^0]7^�hFqtf\yk^%]7^�mFj�ciq�gp^�qkq�qtjoy.h|cp�vYIjt�ClFyo�(h|y r qtcpm"u%^0cej©ciq�]¥h r ^0l|�z«/h|ykcplvf"q
u%lv]7nLlvf\m r q%¦

XZY\^`hFqoqoldu�cih/jk^ r n"qt^�f r l|�qtjolvciu.Y\celF]7^�joykciu�]¥h/jkyocew κ h|m r jkY\^0q}j.h/jk^,«v^�u�jolvy
ζ
h|yk^©jkY\^%yk^��ClFyo^ *

κ =





















−k1 0 0
1 −k3 0
k2 0 −k6

0 0 k7

0 1 1
0 −k4 −k8

0 k5 k9





















, ζ =





















S1

S2

S3

E
X
O
P





















b cpm"u�^
S1
ciqZm\lvj�]7^Shvqof\yo^ r »d��^,��cpgeg��Cl\u�f"qZlFm�joY\^0qtjkh|jo^

ξ
hvqkqtl\u�cph|jo^ r ��cejoY�joY\^0qof\�\]¥h/jkykc£w

K
*
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K =

















1 −k3 0
k2 0 −k6

0 0 k7

0 1 1
0 −k4 −k8

0 k5 k9

















, ξ =

















S2

S3

E
X
O
P

















, ξ̄ =
(

S1

)

Ç�l/� jkY\^,�ClvgpgplW��cpm\�7«v^�u�jklvy��L^%gplvm\�Iq�jol7joY\^`ªv^�yom"^%g�l|��]¥h|joykc£w
KT *

λ1 =

















0
0

k5−k9

k7

−k5

0
1

















E<^�Y"hW«v^
d(λ1) = 3

hvm r
du(λ1) = 2

¦ � j©cpq©hvqkqoldu�cih/jo^ r ��cejoY?jkY\^�y.h|m\ªI�}�Hqof\�\]¥h/jkyocew
K̃1

hvm r
jklHjoY\^`«v^Su�jklvy

λ̃1 *

K̃1 =





0 0 k7

0 1 1
0 k5 k9



 , λ̃1 =





k5−k9

k7

−k5

1





��Y\ciu.Y�ciq�qolvf\m r qtcpm"u�^,joY\^0�HnLlFqkqoce�\gp^
2 × 3

qof\�\]¥h/jkyociu�^SqZhvyo^,l|�#�Cf\gpg�y.h|m"ªL¦
XZYIf"q

u4, u5
h|m r

u7
hvyo^`hvqkqtl\u�cih/jo^ r ��cejoY

λ1 »\hvm r yk^%gih/jk^ r � s¢joY\^,�ClFgegpl/��cem\�7yo^�gph|jocplvm *

u7(t) = k5u5(t) +
k9 − k5

k7
u4(t)

6 � 8

Ç�l/� jkY\^`ªv^%ykm\^�g�l|��]¥h/jkyocew
KT cpq�qtn�h|m\m\^ r �Is¢joY"^��5l|joY"^%y�qolvf\m r «v^Su�jolFykq�*

λ2 =

















0
0

k8−k4

k7

k4

1
0

















, λ3 =

















−k2

1
k3k2+k6

k7

−k3k2

0
0

















�©�I« celFf"qogesF» ��^`Y"hS«F^
d(λ2) = 3

»
du(λ2) = 2

»
d(λ3) = 4

»
du(λ3) = 3

»

�	��� � � �4!�� � � )3�4��� � � � � *()$�2 ��-�� ) �� � � �( ���
ui� � Å ; Á �W� Â  �� �<�.°�� ²|´

λ
¹/¶k¶%²�°%·A¹�� �k¾ �&·��
	;¹H¶���� {ui1 . . . uik

} ·i¶©¶%²/µd±T¾7· �`¹|±L¾¢²|±	�â¯¥· � � 	 � ui
¹/´ �

±T²���´ � �e¹�� �.¾�º�¯6¹/±�¯6²�� 	 �%´ �£·i± �k¹|´0´ � �e¹��ó·A²|± 
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��¶��§·��7¹��ó·A²|± ²����
	���³�¶�%µ"¾v²�� ¶�� ²/·A°	F·ó²������ó´�·A°��¥¹��§´�·�� (��

� � Å�Å%$ ��� m r ^�^ r »dc£j�cpqZu�gp^�hvyPjkY"h/jZcejZcpq(m\lvj(nLlIqoqoce�"ge^�jolHY"hW«v^�h|m\lvjoY\^�y�yk^%gih/jkcelFm¢�L^�j}��^%^�m
nr + 1r c �T^%yk^%mFj

ui
»�lvjoY\^�yo��ciqo^;joY\ciq6yo^�gph|jocplvm¼��lFf\g r �L^<hvqkqtl\u�cih/jo^ r ��c£jkY h qo^�u%lvm r ªv^%ykm\^%g�«v^�u�jolFy

λ′
»

]7^�hvm\cpm\�;joY"^%m jkY"h/j�joY\^6ªv^%ykm\^%gPl|�
K̃T ciq�h/j�gp^�hvqtj0lv� r ce]7^%m�qtcplvm��d»�h|m r jkYIf"q

λ
��lvf\g r m\l|j��L^

qolvf\m r ¦
� � Å ; Á �W� Â ��� ��©µ ¶¢°k²|±\¶�·A¾4�%´�¹;¶��� {ui1 . . . uik

} ¹/¶k¶%²�°%·A¹�� �k¾��&·��
	 ¹ �I� � �����%´�±%� � �<�.°�²/´ λ � ¹/±T¾�² ¹ �¥¹��§´�·��
K̃
� ∑k

j=1 λij
uij

(t) = 0

��
�

λ
·i¶�±T²��,¶%²|µd±L¾ � � 	 �%± ¹|±"¯<¶.µ�º�¥¹��§´�·�� K̃ ′

²Fº� ¹|·¸±%�.¾
�.´o²��

K̃
º�¯ ´ ���¥²�S·¸±I¿ � 	 �

lth
´o¹ � ·p¶?¹/¶k¶%²S°�·A¹�� �.¾ �&·�� 	 ¹ ¶�µ�º.¶�����² � {ui1 . . . uik

, ij 6= l} � ·�
 � 
��
∑k

j=1

j 6=l
λ′ij
uij

(t) = 0
� ��²/´

l ∈ {i1, . . . , ik} � 


� � Å�Å%$ � ce�
λ
ciq�m\lvjHqtlFf\m r »&c£jH]7^�h|m�q0joY"h|j

dim(KerK̃T ) > 1
¦ XZY\^%yk^��Clvyk^¥joY\^�yo^6^%w ciqtjkq5h/j

gp^�hFq}j�� r c �T^%yk^%mIj0«v^Su�jolFykq
λ1 h|m r λ2 qof"u.Y<jkY"h/j ∑k

j=1 λ
q
ij
uij

(t) = 0
�ClFy

q ∈ {1, 2} ¦ � �(joY\^ lthu%lv]7nLlvm\^�mFj�lv�
λ1 lFy λ2 u%lvmFj.h|cpm"q�h -%^�yol�»�joY"^%m<��^5Y�hS«v^�joY"^5yk^�qof\gej�¦���jkY\^%yk��ciqt^F»��ClFy λ1

l λ
2
l 6= 0

»
��^`Y"hW«v^

k
∑

j=1

λ1
ij
uij

(t) − λil

λi2

k
∑

j=1

λ2
ij
uij

(t) = 0

qoY\l/��cem\�HjoY"h|j�joY\^`«v^Su�jklvy
λ̃′
��Y\lFqo^`u�lF]HnLlFm\^%mIjkq�hvyo^

λ1
ij
− λil

λi2
λ2

ij

�ClFy
ij ∈ {i1, . . . , ik ij 6= l} cpqhFqoqoldu�cih/jk^ r ��cejoY�jkY\^`]¥h/joykcew

K̃ ′
lv�dj.h|cpm\^ r �Cyklv]

K̃
� s6yo^�]7lW« cpm\�5joY\^

lth
ykhW�`¦

� � Å ; Á �W� Â 9�� ��Pµ ¶`°.²/±"¶.·A¾ ��´5¹H¶%²|µd±L¾ ����´�± � � �<�.°�� ²/´
λ
²��
KT � ¹W¶.¶%²�°%·A¹�� �k¾ �&·��
	 λ̃ ¹/±T¾ � ²¢¹7¶���

{uij
, ij ∈ {i1..id(λ)}}


���²|´ �k²���%´ � �I��`µ ¶�¾ ��±T²�� �¤º�¯ S � 	 ��¶����0²���·¸±L¾/·A° ��¶
j
¶.µ"°	 �
	d¹��

λ̃j
·i¶

�W±L²��&± 
 � 	���± � 	 � ��²����e²��&·¸± ¿;°k²/¶��Z°%´�·�� �%´�·A²/±��

J(α) =

tN
∑

t=t1

(
∑

j∈S

λ̃juij
(t) −

∑

j /∈S

αjuij
(t))2

6 , 8

¹F¾��H·��A¶�¹¢µd±"· � µ+� �5·¸±�·��5µ�� � ²�� ����´o² �W¹��âµ+� � ²Iº��¹/·¸± �k¾ ��²/´ αj = λ̃j
� ��²/´5¹|±"¯

j /∈ S � 

� j�ciq���lvyojoY�m\l|jkcem"�HjoY"h|j�]Hcpm\cp]7cI-�cem\�

J(α)
cpq�^�w\hvu�jogps6hHgecpm\^Sh|y�yo^��vyk^�qkqtcpl|m�n\yolF�\gp^%];¦

�	��� 	 � #$)�-��2�)3�4�5�������� ���/!0����#.�4�
K

T
� ) ��5���� ��
2� )�#3�,"�#$� -��2��

Ç�lW� jkY\^H«|h|gpc r h/jocplvm���cpgegzu�lvm�qtciq}j,cem<«v^�yoce�Cs cem"�¢jkY"h/j
J(α)

6A� �If"h|jocplvm , 8 u�h|m��L^7u%lvykyo^Su�jogps;]Hcpm\ce�
]7c)-%^ r »Tlvy�cpm¤lvjoY\^%y©��lFy r q�»"joY"h|j�joY"^�yk^%�Fyo^Sqoqtcplvm;�L^�j}��^%^�m

v =
∑

j∈S λ̃juij

h|m r joY"^
uij

6
j /∈ S 8ciq�qoce�Fm\ce¨�u%hvmFj�¦

XZY\cpq�h|m"hvgesdqociq�]�f�q}j��L^�nL^�yt�ClFyo]7^ r lvm�h|gpg�jkY\^HqtlFf\m r ªv^%ykm\^%g#«v^Su�jolFykq
λi l|� KT ¦ � m�lvy r ^%y�jol]¥h/wdcp]7cI-�^0joY\^��If"h|gpc£j}s;l|�&jkY\^5yk^%�Fyo^Sqoqtcplvm�»"joY\^

uij

hvqkqtldu%cph|jo^ r ��cejoY
λi 6 j /∈ S 8 h|m r v qoY\lvf\g r cpmn\y.hvu�jociu�^Hqon"hvm<h�qtn"hFu�^Hl|� r ce]7^�m"qtcplvm

du(λi)
¦Hb l���^HnL^�yt�ClFyo]*h6n"yocpm"u�cpn"hvg�u%lv]7nLlvm\^�mFj`hvm"h|gpsdqtciq
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(�_ � ��´�±T¹/´o¾����©¹W¶��§·¸±

�ClFyZjoY\^`]¥h/jkyocew

Ui =



















v(t1) . . . v(tN )
uj1(t1) . . . uj1(tN )

¦¦¦

uj
du(λi)

(t1) . . . uj
du(λi)

(tN )



















��Y\^�yo^¢jkY\^�cpm r ^�w
ji
u�lFyoyk^�qonLlvm r jol¤jkY\^�f\m"ªIm"lW��m ^�ge^�]7^%mFj.q5l|�

λ̃i ¦ XZY\^�^%cp�v^�mI«/hvgef"^�q0lv� UiU
T
iyk^%n\yk^�qo^%mIj0joY\^6jolvjkhvg�«/h|ykcih|m"u%^

σij
hvqkqtldu%cph|jo^ r ��c£jkY jkY\^

jth
n\ykcpm"u�cpn"h|g(h|w ciq�¦ E<^6joY\^�m�qolvyoj0jkY\^

qocem"�vf\gih|yH«|h|gpf\^�q7qol<joY"h|j
σ1 ≥ . . . ≥ σdu(λi) ≥ σdu(λi)+1

¦ ��^%j¥f"q7yo^Su%h|gpg(joY"h|j�»�cpm n"yocpm"u�cpn\gp^v»
σdu(λi) > 0

hvm r
σdu(λi)+1 = 0

¦
E<^Hu�lvm�qtc r ^%y�jkY\^��Clvgpgel/��cem"�6u�ykc£jk^%ykcelFm 6Ayo^�]Hcpm\ciqou%^%mIj�jol¢jkY\^5u%lvm r cejocplvm"cem\�6mIf\]��L^�y 8 ��Y\ciukY�hFq}�

qo^�qkqt^Sq�joY"^`�"h|gih|m"u%^�lv�#joY\^`«|h|ykcphvm"u�^,h|gplvm\�5jkY\^0h/wdciq�*

B(λi) =
σ1(λ

i)

σdu
(λi)

E c£jkY�joY\ciq�u�ykcejo^%ykcplvm�»d��^`u�h|m�m\l/� lFy r ^%y(jkY\^`ªv^%ykm\^%g�«v^Su�jolFykq�hvq(�Clvgpgel/��q�*
� E ^,¨"ykqtj�qolvyoj(jkY\^`ªv^%ykm\^%g�«v^Su�jklvy.q λi � s�qt^%jkqZlv��u�lFm"q}j.h|mIj�yo^%�Fyo^Sqoqocelvm r ce]7^%m�qtcplvm du(λi)

¦
� E cejoY\cpm?joY"^�qt^%jkq�l|�zu�lFm"q}j.h|mIj�yk^%�vyk^�qkqtcplvm r ce]7^%m�qtcplvm du(λi)

»���^�qolvyoj�joY\^
λi � s�cpm"u�yk^�hFqtcpm\�cpm r ^%w�l|��hvqkqoldu�cih/jo^ r «|h|ykcphvm"u�^��"h|gih|m"u%^ B(λi)

¦
! Á�� � �¸��� Å � � � 	 �5ºo¹/¶�·i¶ �¥¹v¾ �0² � � 	 ���P´.¶ �

nξ −nr
·¸±T¾4�}³��%±L¾4�%±/� �<�.°�� ²|´.¶

λi ·i¶,°k¹����I�.¾�� 	 ��¶�²|µd±L¾����´�± � ��ºo¹/¶.·i¶ 


�	��� � -������)�� �,"�)$#�) �� �4� ���� ��� � ��-���� � ��4)�*0��)3�4� �(�!0)$* *+�	�
	 *()3������
XZY\^��If\^Sq}jkcelFm?joY"h|j���^5�(h|mIj©jol r cpqku�f�qoq©cem¤jkY\cpq,qt^Su�jocplvm�cpq�jol r ^%jo^%yk]7cem"^���Y"^�joY"^%y�c£j,cpq©nLlIqoqoce�"ge^
jkl r ^%jo^%yk]7cem"^�jkY\^0qo^�j�l|��n"qo^%f r lv� qtjolFcpu.Y\cplv]7^�jkyociu�u�l ^%¡¥u%ce^�mFj.q

ki
�CyolF] jkY\^`«/hvgef"^�qZl|�

λi
c r ^�mFjoce¨"^ r

�Cyklv] joY\^6qo^�j0lv�Zyo^��vyk^�qkqtcplvm"q��vcp«v^%m �Is<^ �If"h/jkcelFm"q 6 5 8 ¦�XZY\ciq0c r ^�mFjkc£¨�hv�\cpgecej}s<n\yklvnL^�ytj}s¤��Y\^�m jkY\^
yk^�hFu�jocplvm�y.h/jk^�q

r(ζ, ψ)
hvyo^,f\m\ª m\l/��m�cpq�yo^%�C^%ykyo^ r jol¥hFq�~P�§c r ^%mIjoce¨�h|�"cegpc£j}s6cpm Gå�<J ¦

XZY\^Ph|m"qo��^%y�jol�joY\^Z~P�§c r ^%mIjoce¨�h|�"cegpc£j}s��If\^Sq}jkcelFm`u%hvm,�L^&�¸lFf\m r cpm G �<J ¦ ? «v^�ykqocplvm�l|� joY\ciq�XZY\^�lvyk^%]
ciqZyk^�u�h|gpge^ r Y\^%yk^,cem�joY"^0u�lvm"qoc r ^%yk^ r �Cy.h|]7^%�(lvykª¥l|�#�Cf\gpg�y.h|m"ª¥]¥h/jkyociu�^Sq

K
*

� & Á Å � Á � �� : & Á ����� �\����� � � 2/2 '�� � ��
K
º �5¹|±

nξ × nr
�.µ�����´o¹/±	���7¹��ó´�·�� �&·�� 	

nξ > nr



� 	 ��µd±��W±L²��&± � �I��� ��±/�A¶¢² ��� 	 �
jth

°.² �âµ��H±:²��
K

¹|´ �¢¶%¹|·A¾ �²<º ��½ �·A¾4�%±+�§· ��¹Fº �I��· �6¹/±T¾�²|±	�â¯?· �
� 	 �%´ � � �v·i¶��ó¶6¹<±L²|±\¶�·¸±I¿vµ��e¹/´0³d¹|´��ó·��§·A²/±

(Ka, Kb) � � 	 �%´ � Ka
·i¶�¹ �.µ�����´o¹|±��;¶�µ�º�7¹��ó´�·��

nr × nr� 	I·C°	¤¾F²���¶0±L²��Z°k²|±+�¹/·¸± ¹|±"¯¥µd±	�S±T² �&± � �I�����%±+��·¸±<·��A¶
jth

°.² �âµ��H± 

E<^`n\yklvnLlIqt^�Y\^%yk^`hH�\yklFh r ^%y�qtf\¡¥u%ce^�mFj�u�lFm r cejocplvm��ClFyZjoY\^5~P� c r ^%mFjkc£¨Lh|�\cpgecej}s%*

Ê¸Ë�Ì�Ê¸Í



��¶��§·��7¹��ó·A²|± ²����
	���³�¶�%µ"¾v²�� ¶�� ²/·A°	F·ó²������ó´�·A°��¥¹��§´�·�� (S�

� & Á Å � Á �  � ��
K
º ��¹|±

nξ × nr
�.µ�����´o¹|±�� �¥¹��§´�·�� �&·��
	

nξ > nr

 � 	 �0µd±	�S±T² �&± � �)�� �%±+�

kij² �
K
·i¶,·A¾ ��±/�ó· �(¹Fº �I�5· � � 	 �%´ ��� �F·i¶��A¶0¹

k × nr
�.µ�����´o¹/±	�5¶�µ�º��¥¹��§´�·��

Ka � �&·�� 	 k ≤ nr � � 	F·A°	?¾F²���¶±T²��(°k²|±+�¹/·¸± ¹/±�¯7µd±��W±L²��&± � �I�� �%±+�(²|±¤·��ó¶
ith

°.² �âµ��H±?¶�µ"°�	 �
	d¹�� �
	��
(k + 1)× nr

¶�µ�º�7¹��ó´�·���² �
K
�

Ξ =

(

Ka

Kbi

)

����´�· � ��¶
rank (Ξ) < k + 1 � � 	 �%´ � Kbi

·i¶�� 	 �
ith

�£·¸±%�H²��
K



� � Å�Å%$ ��� �
k + 1 > rank (Ξ)

»�jkY\^%m
dim(KerΞT ) > 0

»�joY"^%yk^¢^%wdcpqtjkq5h¤ªv^%ykm\^%g�«v^�u�jolFy
λ =

(

λa

λbi

) qof"ukY�joY"h|j
λT Ξ = 0

¦
E<^`Y"hW«v^�joY\^�yo^%�Clvyk^

λT
aKa + λbiKbi = 0

¦
b cem�u�^

Ka
ciq�h

k × nr
�Cf\gpg�y.h|m"ª�]¥h/jkyocew;��cejoY

k ≤ nr
»LjoY"^%m

dimKerKT
a = 0

»�h|m r jkYIf"q
λbiu�h|m\m\lvj��L^ -%^�yol�¦

� �
λ
ciq�m"l|j©qolvf"m r ·�
�� 


dimKerΞT > 1
¦ E ^0]�f�q}j�jkY\^%m�u�lFm"qtc r ^�y�jkY\^5qtlFf\m r «v^�u�jolvy

λ̃
hFqoqol|�

u%cph|jo^ r ��c£jkY�joY\^0qtf\�\]¥h|joykc£w (

K̃a

Kbi

) »d��Y\^�yo^
K̃a

cpqZ^�w jkykhFu�jo^ r �Cyklv]
Ka

hFu%u%lvy r cem"�0jkl7x&yklvnL^�ytj}s
�"¦

XZY\^`qolvf\m r «v^�u�jklvy
λ̃
»\«v^%ykc£¨"^Sq�*

λ̃T
a K̃a + λbiKbi = 0��^�j5f"q�yk^%]¥hvyoª¤jkY"h/jHc£jHcpq5h?]¥h/jkyocew ^ �If"h|gpcejsF»�hvm r gp^�j5f�q�u%lvm"qoc r ^%y0joY\^

jth
u�lFgef"]Hm l|��joY\ciq

]¥h/jkyocew6^%�If"h|jocplvm *
λ̃T

a K̃ai + λbikij = 0
��Y\^�yo^

K̃ai
ciq(jkY\^

ith
u�lvgpf\]7m�lv�

K̃a
¦

?�q���^�qkhS� cpm�b ^Su�jocplFm¤�\¦å�d»\joY\^5u�ld^�¡¢u�cp^%mIjkq�l|��jkY\^�qolvf"m r ªv^%ykm\^%g�«v^�u�jolvy
λ̃
u%h|m?�L^0c r ^�mFjoce¨"^ r

�Cyklv] hHgecpm\^�hvy�yo^%�Fyo^Sqoqocelvm�¦�XZY\^�yo^%�Clvyk^v»
kij

u%h|m��L^0u�lF]Hn"fdjo^ r hFq��ClFgegpl/��q�*

kij = − λ̃
T
a K̃ai

λbi

�6Á � �d�<1&� XZY\ciq�u%yocejo^�yocplvm�»\hvg£jkY\lvf\�FY�cej�ciq�]7lvyk^`u%lv]7n\gpcpu�h/jk^ r joY"hvm�jkY\^0lvm\^`n"yolFnLlFqo^ r cem G �<J »
hvgegplW��q�jkl�u.Y\^�u.ª�jkY\^¢~P�§c r ^%mIjoce¨�h|�\cpgpc£j}s;�Clvy�^�hFukY�^%gp^%]7^�mFj,l|�

K
qt^�n"h|y.h/jk^%gps�hvm r m\l|j,lvm\gps��Clvy©jkY\^

u%lvgpf\]7m"q%¦
��^�j�f"q�u�lFm"qtc r ^�y(joY"^,�Clvgpgel/��cem"�H]¥h/jkyocew

K
*

K =





k11 1
1 0
k31 0





6ó� 8

XZY\^%lvyk^%] (�qtjkh|jo^SqPjoY"h|j�jkY\^©¨"y.q}jZu%lvgpf\]7m6l|�
K
ciq�m"l|j�~P� c r ^%mIjoce¨�h|�\gp^v»\qtcpm"u�^©cejZciq�m\lvj(nLlIqoqoce�"ge^

jkl0¨"m r h
2× 2

qof\�\]¥h|joykc£w
Ka

��Y\ciukY r l0m"l|j(u�lFmFj.h|cpm¢h|m sHf\m\ª m\l/��m¥^�ge^�]7^%mFj(cpm¢c£j.qz¨�ykqtj(u�lvgpf\]7m�¦
Ç�lW� ce���(^`h|n\n"ges�XZY\^%lFyo^�] �d»d�(^`u%hvm�f"qt^,joY\^,�ClFgegplW��cpm\�¥qtf"�\]7h|joykciu�^�q�*

Ka =
(

1 0
)

, Kb =
(

k31 0
)

Ì#Ì ã�L\ú�ÖM�M



(�5 � ��´�±T¹/´o¾����©¹W¶��§·¸±

XZY\^�m
Ξ
ciq�l|�zy.h|m\ª (v»Th|m r «v^�yoce¨"^�q�joY\^Hu�lFm r cejocplvm

k + 1 = 2 > rank (Ξ)
»Lcej��ClFgegpl/��q�jkY"h/j

k31
cpq

~P� c r ^%mFjkc£¨Lh|�\gp^v¦ � j�cpq(m\l/� u�gp^�hvy�joY"h|j
k11

cpq(m\lvj�~P�§c r ^�mFjoce¨�hv�\ge^F» lvjoY\^�yo��ciqt^�jkY\^©¨"y.q}j�u�lFgef"]Hm�l|�
K��lFf\g r �L^�~P� c r ^%mFjkc£¨Lh|�\gp^v¦

��^%]¥h|ykª5joY"h|jPjkY\^©hvm"h|gpsdqtciqzl|��jkY\^�ªv^�yom"^%g�l|��]¥h/jkyocew
KT hvgpqol0n\yol/« c r ^�qPh�u�ykcejo^%ykcplvm7jol0jk^�qtjPjkY\^

c r ^%mIjoce¨�h|�"cegpc£j}s;l|�&joY"^
kij
¦��z«v^%m¤ce�&joY"cpq�u�ykc£jk^%ykcelFm;ciq�ge^Sqoq©u�lFmI«v^�m\ce^�mFjS»�cej©��cpgpg#�vcp«v^�qolv]7^0Y\cpmFj.q�lFm

jkY\^`n\ykhFu�jkcpu�h|gTc r ^�mFjoce¨�hv�\cegpcejsF»"hFq(�(^,��cpgeg�qo^%^,cpm�jkY\^`m\^%wIj�x&yklvnL^�ytj}sv¦
� � Å ; Á �W� Â ' � 	���³"¶��%µ"¾v²�� ¶��²/·A°	F·A²�� ��§´�·A°¥°k²����¼°�·
�%±+�

kij
·i¶¥½ �·A¾ ��±/�ó· �(¹Fº �I�5· �0¹|±L¾6²|±	�â¯¢· �,·��Z°.¹/±

º �5°.²��©³�µ�� �k¾ �.´o²��*¹/±"¯6°.²��¢º�·¸±L¹��§·A²/± ²��,¶%²/µd±T¾ ���%´�±%� � ���k°��²/´.¶ 

� m�joY"^`n\yo^�« celFf"q(^�w\hv]7n\ge^,lv��^%�If"h/jkcelFm 6ó� 8 » jkY\^0qolvf\m r ªv^�yom\^�g��"hvqociq(lv�

KT �(hvq

λ̃ = (0, −k31, 1)
T

� jZ�ClFgegpl/��q(joY"h|j
k31

cpq©~P�§c r ^�mFjoce¨�hv�\ge^0h|m r joY"h|j
k11

cpq�m\lvj©~P� c r ^�mFjkc£¨�hv�\gp^v¦

�	��� � -������)�� *+�2�)$�4� �������� � � � ��-���� � ��4)$* ��)$�4� �(�!0)3* *(�	�
	1*()$������ � ��- � ��� #

,� #$)$-��2�)3�4�

Ç�lW�`»\lvm"u%^��(^,ª m\lW� joY"h|jZjkY\^`n"qo^%f r lv� qtjolFcpu.Y\cplv]7^�jkyociu©u�ld^�¡¢u�cp^%mIjkq�h|yk^�c r ^%mIjoce¨�h|�\gp^v»"��^`u%hvm�^Sq}jkc£�
]¥h/jk^&joY"^%cpy�«|h|gpf\^��Cyklv] ^�wdnL^%ykcp]H^�mFj.h|g r h/j.h�f"qtcpm\��x&yklvnL^�ytj}s,�d¦#¬"lvy�joY"cpq�»W��^z��cpgpgvf�qt^&jkY\^Pyk^%�vyk^�qkqtcplvm
hFqoqoldu�cih/jk^ r ��cejoY?jkY\^5qolvf"m r ªv^�yom"^%g���hvqocpq�l|�

KT �vcp«v^%m?� s�^ �If"h/jkcelFm 6
5 8 ¦©XZY\^5q}j.h/jkcpqtjociu%hvg#qocp�vm\ce�¸�
ciu%hvm"u�^�lv�&joY\^Hu%lvykyo^�gph|jocplvm;��cpgeg�hvgegpl/� jol6jo^Sq}j©�Cyklv]1joY\^ r h/jkh¢��Y"^�joY"^%y©joY\^5«v^Su�jklvy.q

λ̃i hvyo^�cpm?jkY\^ªv^�yom\^�g�l|�
KT lvy�m\l|jS¦

XZY\^7¨"m"hvgz«/hvgec r h|jocplvm ��cegpg�u�lvm�qtciq}j0cpm ukY"^�u.ªIcpm\�;joY"h|j`jkY\^¢n"qt^�f r l|�qtjolvciu.Y\celF]7^�joykciuHu�l ^%¡¥u%ce^�mFj.q
hvyo^©h|gpgLnLlFqoc£jkce«v^F¦�XZY\ciqPjo^Sq}jZ]�f"q}jZ�L^©nL^%yo�Clvyk]7^ r ��c£jkY6yk^%�Fhvy r q&jkl0jkY\^©f\m�u�^%yojkhvcemIjs7lF�djkhvcpm\^ r �Cyklv]
jkY\^5gpcem\^Sh|y©yk^%�vyk^�qkqtcplvm 6 5 8 ¦ � m r ^%^ r »��L^�u%hvf"qt^�lv�&joY"^5f\m"u%^%yojkh|cpmFj}s;lv�dj.h|cpm\^ r lvm?jkY\^5^�qtjocp]¥h/jk^�q��ClFy
jkY\^

λi
jkY\^

ki
]¥hWs Y"hW«v^;h<m\^��Fh/jkcp«v^�«/hvgef"^v»P�\fdj¢��c£jkY¼h u�lFmd¨ r ^%m�u�^�cpmFjk^%yk«/h|gZcpmFjk^%y.qt^Su�jkcem\�<jkY\^

nLlIqtcejocp«v^ r lv]¥h|cpm�¦

�	��� � � ��!�� 
 )�� � ���� � �(���� -
?��C^�yo]7^%mIjkh|jocplvm�ciq�l|�¸jk^%m u�lF]7n�lIqt^ r lv��qo^%«v^%y.h|g�n\Y"hvqo^�q�¦ � m<^�hvu.Y�l|�PjoY\ciq�n\Y�hvqo^v»�qtlF]H^5yk^�hFu�jkcelFm"q
hvyo^(m\lvj�joykcp�v�v^�yo^ r ¦#XZY\^%yk^��ClFyo^(cej&ciq��F^%m\^%y.h|gpgps,nLlIqoqocp�\ge^(jol�¨"m r jkce]7^�cemIjo^�yo«|h|giq

]Tk, Tk+1[
�Clvy&��Y\ciukY

rj = 0
�Clvy5qolv]7^

j
¦ � m joY"^�qohv]H^¢�(hWsF»#joY\^�u�lFm"u�^�mFjkykh|jocplvm l|��qolv]7^6u�lF]7nLlvm\^%mIjkq0]¥hWs<yk^%]¥h|cpm

u%lvm"qtjkhvmFj r f\ykcem"�¥u�^%yojkhvcem�nL^%ykcel r q(lv�#jocp]7^v¦
XZY\cpq#ciq��Clvy�^�w\hv]Hn"ge^PjoY\^Zu%hvqo^Pcpm5h�yk^�hvu�jocplvm0��Y\^%yk^zjkY\^�n\ykce]¥hvyos�6óhvqkqtldu%cph|jo^ r ��c£jkY��vykl/�ZjoY 8 hvm r

jkY\^6qo^�u�lFm r hvyos¤]7^�j.h|�LlFgeciqo]7q�h|yk^¥qof"u%u%^�qkqtcp«v^%gps<hvu�jocp«/h/jk^ r ¦ � f\ykcpm\�;jkY\^¥¨�ykqtj�qtjkhv�v^¥lvm\gps<�vyklW�ZjkY
j.h|ªv^�q7n\gihvu%^4*;m"l �\celvjoy.h|m"qt�Clvyk]¥h/jocplvm hvn\nL^�hvykq7qocem"u%^;m\l n\yk^�u%f\y.qtlFyHcpq¢h r\r ^ r ¦ � f\ykcpm\� jkY\^¤qt^Su��
lFm r h|yks;]H^%jkhv�Llvgpcpqo] n"Y"hvqo^v»TjoY\^7�vyklW�ZjkY¤ciq�cem"Y\ce�"c£jk^ r h|m r joY\^7]7cpu%yol lFyo�Fh|m\ciqt] u�lvm"u%^%mIjoy.h/jo^Sq�lFm
jkY\^`�\celFn\ykl r f"u�jocplvm�l|��h7]H^%jkhv��lFgpc£jk^v¦

� f\ykcpm\�HjoY\^Sqt^,nL^�yocpl r qZl|�#jocp]7^
]Tk, Tk+1[

»djoY\^0qosdq}jk^%]�ciq(joY"^%m?ukY"hvykhFu�jk^%ykcI-�^ r �Is�h|m�cem r ^�w
j0qof"u.Y�joY"h|j

rj0 = 0
¦Pb sdq}jk^%] 6 ( 8 cpqZjoY\^�m;^%�If\cp«/h|gp^%mIjZjol7joY\^,�ClvgpgplW��cpm\�¥qtsdqtjo^%] *

dξ

dt
= K̄ r̄(ξ, ψ) +D(ξin − ξ) −Q(ξ, ψ),

6 (�� 8

Ê¸Ë�Ì�Ê¸Í
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��Y\^�yo^�jkY\^H]¥h/jkyocew
K̄
ciq�^�w joy.hvu�jo^ r �CyolF]

K
�Is?yk^%]7l/«Icpm\�¢jkY\^7u�lFgef\]7m"q�l|�

K
u�lvykyk^�qonLlvm r cpm\�¥jol

jkY\^`cem r ^�w
j0
¦

¬#cpm"hvgegps<lvm jkY\^�qo^¥jocp]7^¢cemIjo^�yo«|h|giq%»�joY\^�q}jkf r s<lv��qos qtjo^�] 6�( 8 u�h|m �L^6qoce]7n\gpc£¨�^ r �Is q}jkf r s cem"�
6 (�� 8 ¦

�	��� ��� � � ��#$� ��� *+�4���)$������-��
��^�j�f"q�u�lvm�qtc r ^%y(joY"^,^�w\h|]7n\gp^�l|��jkY\^`u�lF]7nL^�jocejocp«v^,�vyklW�ZjkY6lvm;�5qof\�"qtjoy.h/jk^�q�¦ ��^�j�f"q�hvqkqtf"]H^©joY�h/j
qof\�"qtjoy.h/jk^�q

S2
h|m r

S3
u�h|m r cpyk^�u�jkges��L^¥lv�dj.h|cpm\^ r �Cyklv] h|m\lvjoY\^�y,�\cplvyk^�hFu�jklvy���Y\^�yo^HjkY\^¥^%m>-�s ]H^

Y"hFqP�L^%^%m6n\f\ykc£¨"^ r h|m r¢r ceyk^�u�jogps7h r\r ^ r jkl
S1
��c£jkY\lvf\jPjkY\^©�\cplv]¥hvqkq%¦ E ^���cpgpg"jkY\^%m�u�lFm"qoc r ^�y�qof"u.Y

hvm6^%wdnL^%ykce]7^%mIjZ��Y\^%yk^©joY\^`qo^�u%lvm r hvyos¥qof\�"qtjoy.h/jo^Sq
S2
hvm r

S3
h|yk^ r cpyo^Su�jogps¢h r\r ^ r ¦&XZY\^�yo^%�¸lFyo^F»F�ClFy

hvgeg#jkY\^�qo^5^�wdnL^�yocp]7^%mFj.q©��^5��cpgeg�Y"hW«v^
r1 = 0

¦0XZY\^5n\yklv�\gp^%] yk^ r f"u�^�q�jkYIf"q©jkl6¨"m r joY\^Hªv^%ykm\^%g�lv�
jkY\^0qtf\�"]7h|joykc£w

K̄
lv�dj.h|cpm\^ r h/�¸jk^%y�yk^%]7l/« cem\�5jkY\^,¨"y.q}j�u%lvgpf\]7m�l|�

K
*

K̄ =

















−k3 0
0 −k6

0 k7

1 1
−k4 −k8

k5 k9

















XZY\^,ªv^�yom\^�g�l|�
K̄T ciq�qon"h|m\m"^ r �Is¢jkY\^,�ClvgpgplW��cpm\�7qolvf"m r «v^�u�jklvy.q�*

λ̄1 =

















0
k7

k6

1
0
0
0

















, λ̄2 =

















k8−k4

k3

0
0
k8

1
0

















, λ̄3 =

















−k7

k3

0
1

−k7

0
0

















, λ̄4 =

















k5−k9

k3

0
0

−k9

0
1

















XZY\^�yk^%�vyk^�qkqtcplvm r ce]7^�m"qtcplvm:hvyo^
d(λ̄1) = 2, du(λ̄1) = 1

hvm r
d(λ̄i) = 3, du(λ̄i) = 2

�ClFy
i > 1

¦ Ç�l|jk^�joY"h|j
K̄
ciq¥hFqoqoldu�cih/jk^ r ��cejoY¼yo^��vyk^�qkqtcpl|m�q5l|��gplW��^�y r cp]7^%m"qocelFm joY"hvm

K
ce]7n\gps cem\�

gp^�qkq�f\m\ª m\l/��m�u�l ^%¡¢u�cp^%mFj.q
λj

i

¦ � j���cpgeg#jkY\^%yk^��ClFyo^�n\yol/« c r ^0]7lvyk^0yk^%gpcih|�\gp^0yk^�qof\gejkq 6A��c£jkY¤joY\^Hqkh|]7^
hv]HlFf\mFj�l|� r h|jkh 8 »d��Y\ciu.Y���cpgeg��L^`^�hFqtcp^%y(jkl7«|h|gpc r h|jo^F¦

� ���������0)��
�����2��(��� ����� 
��HD���)#��4 )#����$z��%��� �6�(���3�0) �H


����
 ����������������������� ��!���"�#$���
�©m"u%^�jkY\^©m f\]��L^%yZl|��yo^Shvu�jkcelFm"q

nr
jkl��L^©jkh|ªv^�m¢cpmFjklHhvu%u%lvf\mIj�Y"hFqP�L^�^%m6c r ^%mIjoce¨"^ r »IjkY\^©m"^�w jZqtjo^%n

u%lvm"qocpqtjkqHcpm:qo^%gp^�u�jocpm\�<joY\^?qo^�j¥l|�©yk^�hFu�jocplvm�q5��Y\ciukY¼h|yk^�qof\n\nLlFqo^ r jol yo^�n\yo^Sqt^�mFjHjoY\^;]¥h|cpm ]¥hvqkq
jkykhvm"q}�C^�y�cpm?jkY\^��C^%yk]7^%mFjk^%yS¦ � m��v^�m\^%y.h|g§»Lqt^%«F^%y.h|g�YIs nLl|jkY\^�qo^�q©u%hvm¤�L^5qtjkh|jo^ r ��c£jkY¤yk^�qonL^�u�j�jol¢jkY\^
hW«/hvcegih|�\gp^�ªIm"lW��gp^ r �F^v¦

Ì#Ì ã�L\ú�ÖM�M



(�, � ��´�±T¹/´o¾����©¹W¶��§·¸±

E<^�hFqoqof\]7^�joY\^�yo^%�Clvyk^PjkY"h/jzh�qo^�j&lv�
q
n\gih|f�qtcp�\gp^(yk^�hvu�jocplvm�m\^%j�(lvykª q���cejoY

q
hvqkqtldu%cph|jo^ r n"qo^%f r lv�

qtjolFcpu.Y\cplv]7^�jkyociuP]¥h/jkyociu�^Sq
Ki

h|yk^�nLlFqtjof"gph|jo^ r � s`joY"^Zf"qt^�y�¦ � j&]¥hWs � 
å¿ 
&�L^(joY\^Zyk^�qof\gej�l|�LhvfdjolF]¥h/jkcpu
r ^%jo^%yk]7cpm"h/jkcelFm�n\ykldu�^ r f\yk^�q�»&gpcpªv^�joY\lIqt^�n\yk^�qo^%mIjo^ r cpm G)(W� »H(�,<J ¦ XZY\^?h|cp] lv��joY\ciq¥qt^Su�jocplvm ciq5jol
r ^%jo^%yk]7cpm\^PY\l/� jkl©qo^%gp^�u�j�h|]7lvm\��jkY\^�qo^

q
Y s nLl|joY"^�qo^�q�joY\lIqt^P��Y\l�n\ykl/«Ic r ^Ph�n"qo^%f r l|�q}jklvciukY"celF]H^%joykcpu

]¥h/jkyocew�cpm hv�vyk^%^�]H^�mFj,��cejoY jkY\^¢hW«/h|cpgih|�\gp^ r h/jkh"¦¥��^�]¥h|ykª?Y"lW��^�«v^%y,joY"h|j�»#cem ]7lFqtj0u%hFqt^Sq%»
q
cpq0h

qo]¥h|gpg�mIf\]��L^�y�qocpm"u�^�jkY\^%yk^`hvyo^,lvm\gps6h5�C^�� nLlFqkqoce�\gp^,yo^Shvu�jkcelFm�m\^�j}��lFyoªdq�¦
XZY\^ ]H^%joY\l r u%lvm"qocpqtjkq6jkY\^%yk^��ClFyo^<cpm jk^�qtjocpm\�:^�hvu.Y ]¥h/jkyocew

Ki
�Is f"qocem"��joY"^ ]7^�joY\l r lvgplv�Fs

^%w nLlIqt^ r cpm?b ^Su�jkcelFm#6A�"¦å� 8 h|m r jkY\^%m�jkl¥qo^%gp^�u�j�joY\^`]7l r ^�gpq���Y\cpu.Y�n�hvqkq�jkY\^`«/hvgec r h/jkcplvm6jo^Sq}j.q%¦
XZY\^Zn\yklvnLlFqo^ r ]H^%joY\l r lvgplv�Fs,��cpgpgd�L^Zn\yk^�qo^%mIjo^ r jkY\yolFf\�vYHh�yk^�h|gdgece�C^�u�hvqo^Zq}jkf r s *�joY\^�]7l r ^%gpcpm\�

lv�#joY\^`�vykl/�ZjoY�lv�#joY\^,¨"gih|]7^%mIjolFf"q(�Cf\m\�Ff"q©®(¯v°%±L².³\²/´�µ ¶5°%·¸±"±L¹Iºo¹|´�·¸±"µ ¶

���%� � !��/� # *+� � � � ���- �
E ^��Cldu%f"q©Y\^%yk^�lvm�^�wdnL^%ykce]7^�mFjkhvg#n\Y"hFqt^Sq���^�yo^�lFm\ges?hv^%yklv�\ciu`�vyklW�ZjkY?lv�&joY"^��Cf\m\�Ff"q`®(¯v°%±L²�³d²/´�µ ¶
°%·¸±"±T¹Fºk¹/´�·¸±"µ ¶�jkhvªv^�qHn\gihvu�^F¦ ¬\yklv] h<n\yo^�gecp]7cem�h|yks h|m�h|gps qociq5l|��joY"^;hW«/hvcegih|�"ge^�]7^�hvqof\yk^%]7^%mIjkq�»zcej
jkf\yom�qZlvf\jZjkY"h/j©�5yo^Shvu�jocplvm"qZhvyo^,m\^�u%^�qoqkh|yks7jol¥^�wdn\gih|cpm6jkY\^`lv��qt^%yk«v^ r6r h|jkh 6óqt^�^`¬�ce�Ff\yo^`� 8 ¦

XZY\^?h|^�yolF�\ciu6�vykl/�ZjoY l|�©joY\^;�Cf\m\�Ih|g��\cplv]¥hFqoq 6
X
8 �Cyklv] h u%hvyo�LlFm qolvf\y.u�^#6C�Fgef�u�lFqo^

G
h|m r

]¥h|gejolIqt^
M
8 h|m r h m"c£jkyolF�v^%m:qolvf"yku�^#6

N
8 u%h|m ¹;³�´�·A²/´�·��L^;yk^�hvqolvm�h|�\ges yo^�n\yk^�qo^%mFjk^ r � s jkY\^¤�

�ClFgegplW��cpm\�7yo^Shvu�jkcelFm"q(m\^%j��lFyoªdq�*

� Ç�^�j}��lvykª (4*
XZY\^��Cf\m"�vf"q�ciq��vyklW��cpm\�0lvm¢]¥hvg£jklFqo^v»I�vgpf"u�lIqt^©h|m r m\cejoyklv�v^�m�»Ihvm r cejZu�h|m¥jkykhvm"q}�ClFyo]3]¥h|gejolIqt^
cpmFjkl7�Fgef"u%lFqo^�cem?h5¨"y.q}j�q}jk^%n *

M
r1(.)−→ 2G

k1N + k2G + k3M
r2(.)−→ X

6�(4( 8

� Ç�^�j}��lvykª���*
XZY\^7�Cf\m\�Ff"q`ciq,�Fyol/��cpm\��lFm\gps¤lFm �vgpf"u�lIqt^¥h|m r m"c£jkyolF�v^%m�»�h|m r cej`joy.h|m"qt�Clvyk]¥q�]¥h|gejolIqt^7cemIjol
�Fgef"u%lFqo^�cem?h5¨"y.q}j�q}jk^%n *

M
r1(.)−→ 2G

k1N + k2G
r2(.)−→ X

6�(S� 8

� Ç�^�j}��lvykª6�>*
XZY\^H�Cf\m\�Ff"q,u�h|m<�vykl/� ^%cejoY\^�y,lFm��Fgef�u�lFqo^Hh|m r m"c£jkyolF�v^%m�lFy�lFm<]7hvg£jklFqo^Hhvm r m\cejoyklv�v^�m�¦ � m
jkY\cpq�qo^�u%lvm r u%hFqt^,�vgpf"u�lIqt^�ciq�n\yol r f"u�^ r ¦

k4N + k5G
r1(.)−→ X

k1N + k2M
r2(.)−→ X + k3G

6�(�� 8
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XZY\^,n"qo^%f r lv� qtjolFcpu.Y\cplv]7^�jkyociu�]7h|joykciu�^�qZhFqoqoldu�cih/jk^ r ��cejoY#6 (4( 8 » 6�(W� 8 hvm r 6�(�� 8 hvyo^©joY"^%m�yk^�qonL^�u��
jkce«v^�ges *

K1 =









0 −k1

−1 −k3

2 −k2

0 1









6�(%_ 8

K2 =









0 −k1

−1 0
2 −k2

0 1









6�(S� 8

K3 =









−k1 −k4

−k2 0
k3 −k5

1 1









6�(�5 8

��qocem\�HjoY\^`]H^%joY\l r n"yo^�qo^%mIjo^ r cem;qo^�u�jocplvm 6ó�\¦â� 8 �(^��Fce«v^�cpm;X�h|�\gp^�(©jkY\^`qolvf\m r ªv^%ykm\^%gT«v^Su�jklvy.q
hvm r joY\^Pu%lvykyo^SqtnLlvm r cpm\�(yk^%�Fyo^Sqoqocelvm"qL��Y"cpu.Y`hvyo^zhvqkqtldu%cph|jo^ r ��c£jkY,joY\^Sqt^&joY\yk^%^&n�qt^�f r l|�q}jklvciukY"celF]H^%joykcpu
]¥h/jkyociu�^Sq%¦

xPb
�?h/jkyocew b lFf\m r ªv^%ykm\^%g��"hFqtciqZl|�

KT ��^%�Fyo^Sqoqocplvm"q B(λi)

K1 λ1
1 =









1
0
0
k1









, λ1
2 =









0
−2
1

−2k3 + k2









u1 = −c1+1 u4

2u2 + u3 = c13u4

B(λ1
1) = 1

B(λ1
2) = 1

K2 λ2
1 =









1
0
0
k1









, λ2
2 =









0
2
1
k2









u1 = −c2+1 u4

2u2 + u3 = c2+3 u4

B(λ2
1) = 1

B(λ2
2) = 1

K3 λ3
1 =









0
k5+k3

k2

1
k5









, λ3
2 =









1
k4−k1

k2

0
k4









u3 = −c3+1 u2 − c3+2 u4

u1 = c33u2 − c3+4 u4

B(λ3
1) = 4.48

B(λ3
2) = 6.29

X�h|�\gp^ (4*��,^%ykm\^�g�«v^�u�jolFykq�h|m r yk^%�Fyo^Sqoqocelvm"qZhFqoqoldu%cph|jo^ r ��cejkY�joY"^`n"qo^%f r l|�q}jklvciukY"celF]H^%joykcpu�]7h|joykcpu%^�q
�ClFy�^�hFukY�lv�zjkY\^7u�lFm"qoc r ^�yo^ r yk^�hFu�jocplvm�m\^�j}��lvykª��ClFy©joY"^H�vykl/�ZjoY¤lv�Z®(¯v°%±L²�³d²/´�µ ¶¢°%·¸±"±T¹Fºk¹/´�·¸±"µ ¶�lFm
hv]H]7lFm\cef"]�»\]¥h|gejolIqt^`h|m r �Fgef�u�lFqo^v¦&XZY\^,yk^�hvg

cj+i

h|yk^�nLlFqocejocp«v^v» jkY\^
cji
u�h|m��L^,lv��h|m s6qoce�Fm�¦

XZY\^�yo^��vyk^�qkqtcelvm u�l ^%¡¥u%ce^�mFj.q5u�lF]7n\fdjo^ r �CyolF] �|� r h|jkh¤nLlFcemIjkqHu�lF]7cem\�¤�Cyklv] � r c �T^%yk^%mFj7^�w �
nL^%ykcp]7^%mFj.q�h|yk^`n\yk^�qo^%mIjo^ r cpm¤X�h|�"ge^5�d¦�XZY\^5u�lFmd¨ r ^%m�u�^0cpmFjo^�yo«|h|giqZ�Clvy�jkY\^�n"h|y.h|]7^�jk^%y.qZY"hW«v^0�L^%^%m
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^Sq}jkce]¥h/jk^ r f"qtcpm\� h b jof r ^�mFj r ciqtjoykce�\f\jocplvm ��cejoY h:��� joY\yk^�qoY\lvg r h|m r joY\^ qocp�vm\ce¨�u%hvm"u�^�l|�`jkY\^
yk^%�Fyo^�qkqtcplvm6Y"hFqZ�L^%^%m�jo^Sq}jk^ r ¦
��� � �d�/�&� Á � Á � �#� � � ��� �©Å ���¸����� �¸� Â � � � � � � �F� � � Á : Å � ��* #��� Å �
(

c1+1
�"¦ _+( �\¦â�/� ���Pb ����b

k1 ∈ [0.41, 0.79]
c13

(F¦ _ (v¦â�v� � ����b
k2 − 2k3 ∈ [1.4, 1.77]�

c2+1
�"¦ _+( �\¦â�/� ���Pb ����b

k1 ∈ [0.41, 0.79]
c2+3

(F¦ _ (v¦â��, ���Pb ����b
k2 ∈ [1.4, 1.78]

c3+1
�"¦â�|� (v¦)( ���Pb ����b k5+k3

k2
∈ [0.72, 1.1]�

c3+2
(F¦ _F� (v¦â��, ���Pb ����b

k5 ∈ [1.40, 1.78]

c33
�"¦ �v� (v¦å��, � Ç�� k4−k1

k2
∈ [0.93, 1.28]

c3+4
� �"¦ _ � ��\¦)(4( Ç�� Ç��

k4 ∈ [−0.45, −0.11]

X�h|�\gp^¤��*?�zqtjocp]7h|jocplvm¼l|��cemIjo^%yk«/hvgpq5�ClFy¥n"h|y.h|]7^�jk^%y7«/h|gpf\^Sq7h|m r qocp�vm\ce¨�u%hvm"u�^�lv��jkY\^?yo^��vyk^�qkqtcpl|m�q
6CjoY\yk^�qoY\lvg r ��� 8 hvqkqtldu%cph|jo^ r ��c£jkY;^�hvu.Y�l|�#jkY\^`yo^Shvu�jocplvm�m\^�j}��lFyoªdq 6ó��Ç 8 ¦

¬\yklv] X�h|�\gp^H�7��^Hu�lvm"u%gef r ^�ce]7]7^ r cih/jk^%gps�joY"h|j©m\^%j��lFyoª;�¢cpq�cpmI«|h|gpc r h/jo^ r � s�jkY\^ r h/jkh"¦�XZY\^
u%l ^�¡¢u�cp^%mIjkqzhvqkqoldu�cih/jo^ r ��c£jkY7m\^%j}��lvykªdqH(�hvm r �©Y"hW«v^ZjoY\^�u�lFyoyk^�u�j&qoce�Fm"q�»vh|m r jkY\^%yk^��ClFyo^ZlFm\gps0joY\^Sqt^
j}��l`m\^�j}��lvykªdq�hvyo^Zcpm7hv�vyk^%^�]H^�mFj&��c£jkYHjoY"^ r h/j.h,h|m r ��cegpg\�L^�ªv^�ndj�¦�Ç�l|jk^(jkY"h/jPc£jzciq&m\l|jznLlIqoqoce�"ge^(jol
r ciqtjocpm\�vf\ciqoYH�L^�j}��^%^�mHm\^%j��lFyoª (�hvm r m\^�j}��lvykª5�d¦ ��lW�(^%«v^%y�joY\^�n"hvykhv]H^%jo^�ykq

k2
hvm r

k3
cpmHm"^�j}��lvykª

(¥hvyo^7m\l|j0c r ^%mIjoce¨�h|�\gp^v»�hvm r jkYIf"q0m\^�j}��lvykª<���(lvf\g r �L^¥n\yk^��C^%ykyk^ r ¦¥Ç�^%«v^�ytjkY\^%gp^�qkq��¥c£�Zm\^%j�(lvykª (
qoY\lvf\g r �L^(ªv^%n\j��Clvy&qolv]7^�yk^�hFqtlFm"q%»SjkY\^(«|h|gpf\^ 6Al|�Lh/j&ge^Shvqtj�lFm\^ 8 lv�\jkY\^ 6Af\m\c r ^%mIjoce¨�h|�"ge^ 8 n"hvykhv]H^%jo^�ykq
k2
hvm r

k3
qoY\lvf"g r �L^,qo^%gp^�u�jo^ r » cpm�qof"u.Y�h5�(hWsHjoY�h/j

k2 − 2k3
�L^%gplvm\�FqPjkl�jkY\^,u�lFmd¨ r ^�m"u�^�cpmFjo^�yo«|h|g

�Cyklv] X#hv�\gp^`�\¦

	 ������$(4��6
#%���

�;l r ^%gpcem\�5lv���\celFn\ykldu�^Sqoqo^�qzciq�ª m\l/��m¢jolH��^,h r ce¡¢u�f\gejZciqoqof\^�qocpm"u�^�jkY\^%yk^ r l ^Sq�m\l|jZ^�wdciq}j(f"m\ce«v^�ykqkh|g
«/hvgpc r h|jo^ r gihS��q�lvm���Y\ciukY�jkY\^H]7l r ^�g�u�h|m�yk^%gps?hvq�cem<l|jkY\^%y�¨"^%g r q�gpceªv^H]7^�u.Y"h|m\ciu%q�6¸�Cf\m r hv]7^%mFj.h|g
^ �Ff�h/jocplvm�q(lv��]H^SukY�h|m\ciu%q 8 »\^%gp^�u�jkyolFm\ciu%q 6AlvY\] gihW� 8 »\^�j.u|¦

XZY\^7]¥hvqkq���h|gih|m"u%^7h|n"n\yolIhvu.Y�n\yk^�qo^%mFj.q�joY\^¢h r «/h|mIjkh|�F^�jkl;f\m"u�lFf\n\gp^HjoY"^7n"hvytj`lv�PjkY\^¥]7l r ^%g
yk^%gih/jk^ r jol5joY\^,yo^Shvu�jocplvm¢m\^%j�(lvykªHjoY"yolFf\�vY6]¥h/jkyocew K �Cyklv] joY"^�n"h|yoj(lv��jkY\^�]7l r ^�gLyk^%gih/jk^ r jkl�jkY\^
]7ciu�yklv�\cih|g�ª cpm\^�jkcpu�q�6

r(ξ)
8 ¦7b lF]H^7hvge�Flvykc£jkY\] u�h|m<�L^H�"hvqo^ r lvm\gps?lFm¤jkY\^7]7hFqoq��"hvgphvm"u�^5n�h|yoj�G)(J

��Y\ciu.Y¢gecp]7cejkqPjoY\^©f\m"u%^%yojkhvcemIjs7hFqoqoldu%cph/jk^ r ��cejoY6«/hvyocih|�"cegpc£j}s5lv�TjkY\^©�\celFgelF�vciu%hvg\n\ykldu�^Sqoqo^�q�¦ ��lW�(^%«v^%y
jkY\^5yo^Sqtf\gejocpm\��h|gp�vlFyocejoY\]¥q�jof"yom¤lFfdj�jkl6�L^5«v^%yks�qo^%m"qocejocp«v^0jol¢jkY\^5n"qo^%f r lv� qtjolFcpu.Y\cplv]7^�jkyociu,]¥h/jkyocew�¦
Ézhvgec r h|jocplvm<l|�PjkY\cpq,]¥h|joykc£w<h|m r cp]7n\yklW«v^�]H^�mFj,lv��cejkq,c r ^%mIjoce¨�u%h|jocplvm<ciq�joY\^�yo^%�Clvyk^Hh�ªv^�s?ciqoqof\^5�ClFy
�\cpl|jk^�u.Y\m\lvgplF�vciu%h|gTn\ykldu�^Sqoqo^�q�¦
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