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~-h�¬k|�zTjmik|�l��}~-h��\�/r{³su�l��}��l � ¬k~-vxwT��lk|�y � wB|��.v{l � zTj�wBrt|�l � lo�¯wBv{�ku-vªµ	Ô�wB|��.v{lo�¯wT�}z$#®rtv{�}�l
� ¬k~-vxwT��lk|sy � wB|��VyzTu-y½v{l � zTj�wBrt|�l�º�u-|&j�wBrtvtvxwB��l�¿�|�u-|-rÀÐÍzT�/jml�l��/y,|�¬���l���DwBrt�l�~�wB�/yzTu-y¯ºL��lkvxw
wA¿�| � l.��zT|���lk�/¼�lk�Vvxw�~-�¬��kr{�/r{zT| � l�vxw��zTvtu-y/r{zT|&|su-jm¬k�/r{³�u�l�yzTu-y
wBu�v{zT|-� � l�vxw��/rtj�u-vxwBy/r{zT|Rµ
§¨l�³�u-rR�lk| � ��l��.�/rtj�u-vxwBy/r{zT|��.rt|�wT����l���rt�-v{l�� � wB|�� � l��
ylkjH~��.��wBr{��zT|-|�wB�-v{l��}lk| � rtjmlk|��r{zT|
y/�zTr{�¾µ ß(|«zTu-y/�l�º v{l���~-h�¬k|�zTjmik|�l���rt|��/y�wBy/r{zT|-|�wBrt�l��ÃFy/u-�/�-u-v{lk|���l��¯º1~-h�¬k|�zTjmik|�l���jmzT�-rtv{l��¾º
µtµtµåÄ¨��zT|��y/rty/u�lk|�y�vxw�j�wA�/zT�/rty¬ � l��
~-h�¬k|�zTjmik|�l���~-hs�L�r{³�u�l�� � wB|��
vxw��¬¯wBvtrty¬�µ�§¨lk~"lk| � wB|�y¯º�vxw
j�wA�/lku-�l·~�wB�/y/r{l � l��*�/rtj�u-vxwBy/r{zT|��&l� "l��ky/u�¬�l�� � wB|��mvª© rt| � u��/y/�/r{l�zT|�yH�/y�wBy/r{zT|-|�wBrt�l��&lky*v{l��
�rtj�u-vxwBy/r{zT|���rt|��/y�wBy/r{zT|-|�wBrt�l��*|�lm�lk~-�¬���lk|�ylk|�ym³suR© u-|�l&y/�i��oÐªwBrt�-v{lm~�wB�/y/r{l � ©Âlk|�y/�l lkvtv{l��H°
�¯wBu���l � l�v{lku-��
ylkjH~�� � l��¯wBv{�ku-vR~-�zTh-rt�-rty/rÀÐÍ�¾µ

Ü.~-~-vtr{³su�lk�,vª©`w � wB~-y�wBy/r{zT| � l
j�wBrtvtvxwB��l�~"zTu-� � l
ylkvtv{l��V�/rtj�u-vxwBy/r{zT|��3wBu-��wBrty½~"zTu-�½l� =lky � l
�¬ � u-rt�l
��zT|��r � ¬k��wB�-v{lkjmlk|�y¨v{lku-�,��zTjH~-v{l?�Lrty¬�µ�ß� "l��ky/rt¼�lkjmlk|sy¯º�vª© u-y/rtvtr{��wBy/r{zT| � l3vª©`w � wB~-y�wBy/r{zT|
� l.j�wBrtvtvxwB��l � zTrty¨~"lk�/jmlky/y/�l � l}��zT|��lk�/¼�lk�Vvxwo~-�¬��kr{�/r{zT| � l�vxwo��zTvtu-y/r{zT|&yzTu-y¨lk|&¬k¼Lrty�wB|�y � l
�lkj�wBrtvtv{lk� � l�j�wB|-r{ik�l9¿�|�l�u-|�l�y/�zT~®����wB| � l�~�wB�/y/r{l � u � zTj�wBrt|�l � l��¯wBv{�ku-vªµ

Ô9wB|�� ��lky/yl,¬ky/u � l�º¯zT|��¯© rt|sy¬k�l���l½°¨vª©`wB~-~-vtr{�¯wBy/r{zT| � l¹vª©`w � wB~-y�wBy/r{zT| � l,j�wBrtvtvxwB��l(~�zTu-� v{l��
~-h�¬k|�zTjmik|�l��}rt|��/y�wBy/r{zT|-|�wBrt�l��¯µ=¶}|Î¼�w�jmzT|�y/�lk�9³�u�lovª©`wBvt��zT�/rty/h-jml��kvxwT��r{³�u�l � ©`w � wB~-y�wBy/r{zT|
� loj�wBrtvtvxwB��l�l��/y.rt|�y/�/rt|��i�³su�lkjmlk|�y9rt|�w � wB~-y¬�°Hvª©Â¬ky/u � l � l�ylkv{�.~-h�¬k|�zTjmik|�l��¯µ=¶}|®~-�zT~"z��l
wBv{zT���u-|�l�|�zTu-¼�lkvtv{l�wB~-~-�zL�h�l���¬k|�¬k��wBv{l�~�zTu-�
y/��wBrtylk����l9y¸�L~�l � lo~-�zT�-v{ikjml��¯µ
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Ô9wB|��¨v{l��
�/rtj�u-vxwBy/r{zT|��3rt|��/y�wBy/r{zT|-|�wBrt�l��¯º�zT|·l��/y
��zT|\ÐÍ�zT|�y¬owBu ~-�zT�-v{ikjml � l}vª©Â¬k¼�zTvtu-y/r{zT|
� l���~-h�¬k|�zTjmik|�l��*~-h��\�/r{³su�l�� � wB|���v{l � zTj�wBrt|�l � ©Â¬ky/u � l�µ(¶}|«¼�wjmzT|�y/�lk�m³suR©Âlk|«��¬k|�¬k��wBv
v{l����h�¬kj�w&�kvxwT���/r{³�u�l � ©`w � wB~-y�wBy/r{zT|Òl��/y�rt|�w � wB~-y¬*°�vª©Â¬ky/u � l � l���l�y¸�L~"l � l�~-�zT�-v{ikjml�� � l
~�wB�/y¨��w � ¬?¿�|-rty/r{zT|Rµ\ß(| l� "lky¯º�rtv	l?�\r{�/yl}wBv{zT��Vu-| � ¬��¯wBvxwB��l � wB|��Vv{l�ylkjH~��3lk|�y/�l}vxwo��zTvtu-y/r{zT|
lky�v{l&j�wBrtvtvxwB��l�º3Ì@�FÊA�B�,v{l�j�wBrtvtvxwB��ll��/y�yzTuT�/zTu-��DCklk| �lky�wB� � C&~�wB�*��wB~-~�zT�/yH°fvxw®��zTvtu-y/r{zT|Rº
��l ³su-r
w®~"zTu-�*��zT|���¬�³�u�lk|���l � l � rE �u���lk��vxwÏ�zTvtu-y/r{zT|Rµ¹Ü.¿�| � l&�¬ � u-rt�l��l � ¬��¯wBvxwB��l�º1u-|
wB~-~-�zL�h�l�~�z����/rt�-v{lHl��/y � ©`w � wB~-ylk�oÐÍ�¬�³su�lkjHjmlk|�y�v{l*j�wBrtvtvxwB��l�º zT|ÒjmzT|sy/�l&wBv{zT��¯º � wB|���v{l
�¯w � �l � u �lkj�wBrtvtvxwB��l�º,³suR© rtv
l?�Lr{�yl&u-|�l rt|���zT|��/r{�y�wB|���l¤Ã � ¬��¯wBvxwB��l¾Ä � wB|��Hv{l ylkjH~�� � l·vxw
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��zTvtu-y/r{zT|RµLß,|·l� =lky¯ºLvª© u-y/rtvtr{��wBy/r{zT| � l�vª©`w � wB~-y�wBy/r{zT| � l�j�wBrtvtvxwB��l�v{zT�� � © u-|·�¯wBv{�ku-v=rt|��y�wBy/r{zT|\²
|�wBrt�l�rt|�y/�z � u-rty¯º	�lkvxwBy/rt¼�lkjmlk|�y�°m��h�wT³�u�l*��h�wB|-��lkjmlk|�y � loj�wBrtvtvxwB��lÃ � l � r{��k�¬ky/r{��wBy/r{zT|»lky
� l���zT|-|�l��ky/rt¼Lrty¬¾Ä?º�u-|�l��zTu-���l � ©Âlk�/�lku-�.rtjH~"zT�/y�wB|�yl � u�lo°*vª© rt|�ylk�/~"zTvxwBy/r{zT| � l�vxw*��zTvtu-y/r{zT|
� l9vª©`wB|��kr{lk|fj�wBrtvtvxwB��lo�/u-��v{l9|�zTu-¼�l¯wBuRµ

��zTu-���}�lkjm¬ � r{lk�¯º¾rtvTÐÞwBu-y ��zTrty=y/�zTu-¼�lk� u-|�|�zTu-¼�l¯wBu����h�¬kj�w � © rt|sylk�/~�zTvxwBy/r{zT|*³�u-rs��zT�/�/rt��l
��l�~-�zT�-v{ikjml�º(�zTrty�rtvVÐªwBu-y � rtjHrt|�u�lk�Hv{l�|�zTj��-�l � ©`w � wB~-y�wBy/r{zT|�� � l�j�wBrtvtvxwB��l·°fl� =l��ky/u�lk�
wA¿�| � lÎ��zT|�y/�"!Tv{lk�&vª©Âlk�/�lku-� � u�l®°±vª© rt|sylk�/~�zTvxwBy/r{zT|Rµ¨Á w � lku\�\r{ikjml®��zTvtu-y/r{zT|¦°±vª©`w�¼�wB|�y�wB��l
� ©��ky/�l � ©`wB~-~-vtr{�¯wBy/r{zT| ��¬k|�¬k��wBv{l&lky�rt| � ¬k~�lk| � wB|syl � l�vxwjm¬ky/h�z � l � l��¬��zTvtu-y/r{zT|cu-y/rtvtr{��¬�l�º
|�zTu��}wBvtv{zT|�� � zT|��o��h�zTr{�/rt�.��lky/yl�wB~-~-�zL�h�l�µ

Ô9wB|�� ��lky/ylVwB~-~-�zL�h�l�º¯vxw¨~-�zL��¬ � u-�l � ©`w � wB~-y�wBy/r{zT| � l(j�wBrtvtvxwB��l � zTrty �¬ � u-rt�l(v{l(|�zTj��-�l
yzTy�wBv � ©`w � wB~-y�wBy/r{zT|���|�¬���l���DwBrt�l��}~"zTu-�9l� "l��ky/u�lk�9vxw&�/rtj�u-vxwBy/r{zT|»j�wBr{�9lkvtv{l � zTrty9��zT|���lk�/¼�lk�
vxwc~-�¬��kr{�/r{zT| � lfvxw ��zTvtu-y/r{zT|�yzTu-yÎlk| ¬k¼Lrty�wB|�y � l±j�wBrtvtv{lk�u-|�l±y/�zT~�����wB| � l±~�wB�/y/r{l � u
� zTj�wBrt|�l � l,�¯wBv{�ku-vªµ¾�1zTu-����lkvxw\º � lku\�9~"zTrt|�y�1�kv{l?ÐÞ� � zTrt¼�lk|�y��ky/�l(~-�/r{� lk|���zTjH~-yl0/

(i)
~-�¬ � rt�l

vª©Â¬k¼�zTvtu-y/r{zT| � l���~-h�¬k|�zTjmik|�l���~-h��\�/r{³�u�l�� � wB|���v{l � zTj�wBrt|�l&lky
(ii)

lk|-�/r{�h-rt�ÃÞw � wB~-ylk�DÄ9v{l
j�wBrtvtvxwB��l � wB|���yzTu-yl���v{l����¬k��r{zT|���z$#®��l��
~-h�¬k|�zTjmik|�l���¬k¼�zTvtu�lk|�y¯µ

§¨lky/yl�wB~-~-�zs��h�l � zTrty��ky/�lH¼TwBvtr � ¬�l&�/u-��u-|Ò~-�zT�-v{ikjmlÏÃF�¬�lkvýÄ9�lk~-�¬��lk|sy�wBy/rÀÐ � l����/rtj�u\²
vxwBy/r{zT|��9rt|��y�wBy/r{zT|-|�wBrt�l��¯µ ¶}| � ¬��/rt�lmw�¼�zTrt��u-|�l���¬�zTjm¬ky/�/r{lH��zTjH~-v{l?�-lHlky � l���~-h�¬k|�zTjmik|�l��
|�zT|&~-�¬ � r{�ky/rt�-v{l��oÅ}Æ	Ë?ÌÍÇ�ËDÌÍº���©Âl��/yÑ²ë°A² � rt�l9³suR© rtv���wBrty¯ºs~�wB�¨l?�-lkjH~-v{l�º�u-|&����wB| � |�zTj��-�l � © rt|\²
ylk��wT�ky/r{zT|���lk|�y/�lmlku\�=µ=�¹wB����zT|��¬�³su�lk|�y¯º=|�zTu��o|�zTu���rt|�y¬k�l����zT|���wBu\�±~-�zT�-v{ikjml�� � zT|�y�vxw
��zTvtu-y/r{zT| |R©Âl��/ym��zT|-|�u�lf³�u�l��¯ÌÍÅu-|�lÎ�zTvtu-y/r{zT| |su-jm¬k�/r{³�u�l«ÃÍ��lÎ³�u-r�l��ym��¬k|�¬k��wBv{lkjmlk|�y v{l
�¯wT�?Ä?µ �1zTu-�*¬ky/u � r{lk��u-|�l �/rtj�u-vxwBy/r{zT| wBu���/r¨�/rtjH~-v{l�³su�lm~"z���/rt�-v{l�º���l&³su-rV¬��¯wB�/yl&v{l���~-h�¬?²
|�zTjmik|�l���y/u-�/�-u-v{lk|�y� lkymv{l��H~-�zT�-v{ikjml�� z$# vxwfÐÍ�zT|�y/r{ik�l � u � zTj�wBrt|�l®l��/yHjmzT�-rtv{l�º½|�zTu��
~-�zT~"z��zT|��¨wBv{zT��,v{l
~-�zT�-v{ikjml}�/u-rt¼TwB|sy½z$#�vxw�~-�zT~�wB��wBy/r{zT| � ©ÂzT| � l�� � l��h�zL���,|�zT|\²ªvtrt|�¬¯wBrt�l��
� wB|��¹u-|�l3��¬�zTjm¬ky/�/r{l¨¿-�-l3l��/y(�/rtj�u-v{¬�l�µL§¨lky/yl¨�rtj�u-vxwBy/r{zT|�l��/y¹��wT�¬�l3�/u-�¹u-|�l3��¬k|�¬k��wBvtr{��wBy/r{zT|
� u~-�zT�-v{ikjml � lo��r{lkj�wB|-|Rµ

ÁRl���~-�zT�-v{¬kj�wBy/r{³�u�l��*vtr{¬�l��H°®vª©`w � wB~-y�wBy/r{zT| � l�j�wBrtvtvxwB��l ~"zTu-��v{l����/rtj�u-vxwBy/r{zT|��*rt|��y�wA²
y/r{zT|-|�wBrt�l��3wBrt|��/r�³�u�l
v{l��V�zTvtu-y/r{zT|��V~-�zT~�z��¬�l��V�lk�zT|�y¨¬ky/u � r{¬�l��Vlky3wB|�wBvt�L��¬�l��½lk| � rtjmlk|��r{zT|
� lku\�Ï�/u-����l�~-�zT�-v{ikjml�µ=Á,©`wB|�wBvt�\�l��®¬ky�wB|sy���l¯wBu���zTu-~»~-vtu���wT����l���/rt�-v{l*lky9�-r{lk|±~-vtu���~-��wA²
y/r{³su�l�µT��zTu-�,��lkvxw\º�zT|H��zTjH~�wB�lk��w�v{l��(�zTvtu-y/r{zT|��,w � wB~-y¬�l��V°�u-|�l
�zTvtu-y/r{zT| � rtyl � l¨�¬?ÐÞ¬k�lk|���l�µ
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Á,©`w � wB~-y�wBy/r{zT| � l�j�wBrtvtvxwB��l�|�zT|»�/y/�/u��ky/u-�¬�~�zTu-��v{l��9�/rtj�u-vxwBy/r{zT|����y�wBy/r{zT|-|�wBrt�l��owHÐªwBrty
vª©ÂzT�\�/lky � lm|�zTj��-�lku\�«y/��w�¼�wBu\�"µ¹�¹wB����zT|sy/�l �lkvxwBy/rt¼�lkjmlk|�yH~"lku � l&y/��w�¼�wBu\�czT|�y*~-�zT~"z��¬
� l��.�zTvtu-y/r{zT|���~"zTu-�
y/��wBrtylk��v{l��
~-�zT�-v{ikjml��}rt|��/y�wBy/r{zT|-|�wBrt�l��9w�¼�l���vª©`w � wB~-y�wBy/r{zT|Rµ

��zTu-�
vª©`w � wB~-y�wBy/r{zT| � l}j�wBrtvtvxwB��lo°o|�zTj��-�l � l9�zTjHjmlky�V¿-�\l��3lky3��wB|��3�h�wB|-��lkjmlk|�y � l
��zT|-|�l��ky/rt¼Lrty¬��®ÃñÌ0�ýÊ �E�VwBu��ku-|�l·��wT��ku-v{l � ©`wB���kyl��mzTu � l&ÐªwT��l��Ñ²ëwB���kyl��DÄ�u-|�lwB~-~-�zs��h�lÜ}ÁRß
ÃÍlk|«wB|-��vxwBr{�
	ëÜ}�/�-rty/��wB�/�»Á wB����wB|-��l&ß,u-v{lk� C¯Ä9~"lku-y��ky/�lHu-y/rtvtr{�¬�l�µ�ß(vtv{lm~"lk�/jmlky � l�~-�lk| � �l
lk|Ò��zTjH~-ylmv{l*jmzTu-¼�lkjmlk|�y � u»j�wBrtvtvxwB��l�lk|»rt|�y/�z � u-r{��wB|�y�u-|»ylk�/jml � wB|���vª©Â¬�³su�wBy/r{zT| � u
~-�zT�-v{ikjml�º"lkvtv{l � ¬k~�lk| �Ï� zT|�� � uf~-�zT�-v{ikjml*¬ky/u � r{¬�µR§¨l�ylk�/jml��lkjH~-vxwT��l�vª©Â¬ky�wB~�l � © rt|�ylk�Ñ²
~"zTvxwBy/r{zT|&°9��h�wT³�u�l���h�wB|-��lkjmlk|�y � l3j�wBrtvtvxwB��l�µ �±wBr{�,��lky/yl
jm¬ky/h�z � l
|�l3|�zTu��½rt|�y¬k�l���l�~�wT�
�¯wB� � wB|��
|�zTy/�l�wB~-~-�zL�h�l ÃFjmzTrt|����/rt��r � lo³su�l9vxw*jm¬ky/h�z � l�Ü�ÁRßVÄ¨v{l9|�zTj��-�l � l��zTjHjmlky�
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wBrt|��r�³�u�l3v{l��,��zT|-|�l��ky/rt¼Lrty¬��,¼�wB�/r{lk|�y¯ºLwA¿�| � l
��¬k|�¬k�lk�,u-|Hj�wBrtvtvxwB��l 	ëzT~-y/rtj�wBv<CoÃFu-|-rty¬¾Ä¹~"zTu-�
vxw*�rtj�u-vxwBy/r{zT|Rµ

��zTu-��vª©`w � wB~-y�wBy/r{zT| � l�j�wBrtvtvxwB��loz$#vxw*y�wBrtvtv{l � u®j�wBrtvtvxwB��l�¼TwB�/r{lowBrt|��r ³�u�l9v{l��.��zT|-|�l��?²
y/rt¼Lrty¬�� � lku\�«wB~-~-�zL�h�l��HzT|�yH¬ky¬&~-�zT~�z���¬�l��¯µ¹��zTu-�H¬k¼Lrtylk��³su�l�vxwÏ�zTvtu-y/r{zT|«|�l·�zT�/yl � l��
�¬k��r{zT|���j�wBrtvtv{¬�l��¯º(~-vtu��/r{lku-�� wBu-ylku-���zT|sy��/u-����¬k�¬ � �¯�-º
�¯��� � lÎ��zT|��/r � ¬k�lk�mu-|�l��¯zT|�l � l
��¬��ku-�/rty¬ � l·~�wB�/ymlky � ©`wBu-y/�l � l·vxwÏ�¬k��r{zT| �k�/rty/r{³�u�l®lky � ©`w � wB~-ylk�&y/�i���ÐF�¬�³su�lkjHjmlk|�y&v{l
j�wBrtvtvxwB��lfÃñÌ@�FÊA�B��yzTu-yl��ov{l����°���·rty¬k��wBy/r{zT|�� � lH�zTvt¼�lku-�DÄ�lk|»u-y/rtvtr{��wB|�y � l���jm¬ky/h�z � l�� � l
��wAÕm|�lkjmlk|sy�� � ¬k��wAÕm|�lkjmlk|�y9ÃÍ��wB|��R�"zTu-��¬ � l,~"zTrt|�y�?Ä"~"zTu-�R�¬ � u-rt�l½v{l���lk�/�lku-�� � © rt|sylk�/~�zTvxwA²
y/r{zT|Rµ�Á,© rt|���zT|�¼�¬k|-r{lk|sy � l
��lky/yl}wB~-~-�zs��h�l.l��/y,³suR©Âlkvtv{l
|�l
��zT�/�/rt��l�~�wT�,vª©Âlk�/�lku-� � u�l.°�vª©Â¬ky�wB~"l
� © rt|sylk�/~�zTvxwBy/r{zT| � wB|���v{l��¯w � �l � uÎ�lkj�wBrtvtvxwB��l�~-u-r{�³su�l�u-|Î����wB| � |�zTj��-�l � ©`w � wB~-y�wBy/r{zT|��
��zT|�yHl� "l��ky/u�¬�l��¾µ(Ô�l&~-vtu��¯º1v{l��*jm¬ky/h�z � l�� � l&��wAÕm|�lkjmlk|sy�� � ¬k��wAÕm|�lkjmlk|�y·|�l·��zT| � u-r{�lk|�y
~�wT��° � l���j�wBrtvtvxwB��l�� 	ëzT~-y/rtj�wBu\�)C�lk|Îylk�/jml�� � l�|�zTj��-�l�lky � l�~-vxwT��lkjmlk|�y � l���|	�9u � ��lky
lkvtv{l��½¬��¯wB�/ylk|�y½vxw���¬k|�¬k��wBy/r{zT| � l3j�wBrtvtvxwB��l��,�¬�lkvtv{lkjmlk|sy3wB|-r{�zTy/�zT~"l��¯µ�Ô9l
j �kjml�º���zT|��r � ¬k�lk�
u-|�loylkvtv{l
�¯zT|�l � lo�¬��ku-�/rty¬�rtjH~-vtr{³su�lo³su�l9vxw*y�wBrtvtv{l � uj�wBrtvtvxwB��l�|R©Âl��/y
~�wT� 	ëzT~-y/rtj�wBv{l�CTµ

��zTu-� v{l��mjm¬ky/h�z � l�� � lÎ�lkj�wBrtvtvxwB��l®¼Lr{��wB|�y·°±��¬k|�¬k�lk� � l��mj�wBrtvtvxwB��l�� zT~-y/rtj�wBu\�'ÃÍlk|
ylk�/jml�� � l
|�zTj��-�l}lky � l.~-vxwT��lkjmlk|�y � l�|	�9u � �DÄ?º�u-|&wBvt��zT�/rty/h-jml � ©`w � wB~-y�wBy/r{zT| rt|��y�wBy/r{zT|\²
|�wBrt�l�w�¬ky¬�~-�zT~"z��¬ � wB|�� � �¯�-º������¸µ�%¸v���zT|��r{�/yl.°ol��y/rtjmlk�,vª©Âlk�/�lku-�VyzTu-yl��Vv{l��

n1
rty¬k��wBy/r{zT|��

� l �zTvt¼�lku-�HlkyH°fw � wB~-ylk�*v{l&j�wBrtvtvxwB��l�/r½vª©Âlk�/�lku-�ml��/y*�/u-~"¬k�/r{lku-�l wBu �lku-rtv � zT|-|�¬�µ¹Ô�wB|��
yzTu��½v{l��½�¯wT�¯º�v{l
j�wBrtvtvxwB��l�l��/yVw � wB~-y¬}yzTu-yl��,v{l��

n2
rty¬k��wBy/r{zT|�� � u �zTvt¼�lku-�¯µ �±wBr{�¯º���lky3wBvt��zB²

�/rty/h-jml�rtjH~-vtr{³�u�l�u-|®����wB| � |�zTj��-�l � ©`w � wB~-y�wBy/r{zT|���lky.|�lo��zT�/�/rt��l � zT|���~�wT��vª©Âlk�/�lku-� � u�l
°�vª© rt|sylk�/~�zTvxwBy/r{zT|Rµ

Ô9wB|��*��l·��zT|�yl?�\yl�º¹~"zTu-��v{l���jm¬ky/h�z � l�� � l �lkj�wBrtvtvxwB��l�º¹u-|�l·wB~-~-�zL�h�l·~-�¬kvtrtjHrt|�wBrt�l
wÒ¬ky¬Î~-�zT~"z��¬�l~�wB���ÏzTh�wBjHj�w � r*Ê�É�Å���� � �\º����� � wB|���v{lÎ�-u-y � lf��zT|�y/�"!Tv{lk� v{l|�zTj��-�l
� ©`w � wB~-y�wBy/r{zT|��¾µRÔ�wB|�����lky/yl�wB~-~-�zs��h�l�º=vª©`w � wB~-y�wBy/r{zT| � l*j�wBrtvtvxwB��lml��y���wT��¬�lH�/u-�9vxw �¬��zB²
vtu-y/r{zT| � © u-|¤~-�zT�-v{ikjml � lm~"zTrt|�yo¿-�-lHy/��wB|��/rtyzTrt�l�µ��}zTu���w�¼�zT|����/u-rt¼Lr½��lky/yl&wB~-~-�zL�h�l&lk|
vª©`wBjm¬kvtr{zT��wB|sy � l9j�wB|-r{ik�l��/rt��|-rÀ¿��¯wBy/rt¼�l�µ

� &1 (�> /28�87(�&����'>

��zTu-�Vv{l��½�/rtj�u-vxwBy/r{zT|�� � ¬k~"lk| � wB|�y � umylkjH~��¯º�|�zTu��,~-�¬��lk|syzT|��½u-|�l.|�zTu-¼�lkvtv{l�jm¬ky/h�z � l
wBu-yzTj�wBy/r{³su�l � ©`w � wB~-y�wBy/r{zT| � l·j�wBrtvtvxwB��l�º,³�u-r�¬kylk| � v{l��H�¬��/u-vty�wBy�H~-�¬kvtrtjHrt|�wBrt�l�� � l � �-º
���¸µ�§¨lky/yl�wB~-~-�zL�h�l�l��/y � ©`wB~-~-vtr{�¯wBy/r{zT|Î��¬k|�¬k��wBv{l�º-��©Âl��/yÑ²ë°A² � rt�l9³suR©Âlkvtv{l9~�lku-y3�¯©`wB~-~-vtr{³su�lk�.°
yzTu-yl��1v{l��¹�kvxwT��l�� � lV~-�zT�-v{ikjml��¹rt|��/y�wBy/r{zT|-|�wBrt�l���ÃFrt| � ¬k~�lk| � wBjHjmlk|sy � u�y¸�L~�l � ©Â¬�³�u�wBy/r{zT|��
v{l9jmz � ¬kvtr{��wB|syDÄ?µ

�}zTu��
~-�zT~"z��zT|��
u-|�l�l?�\ylk|��/r{zT| � l9vª©`wBvt��zT�/rty/h-jml � ©`w � wB~-y�wBy/r{zT| � l9j�wBrtvtvxwB��l�³�u-r=~"lk�Ñ²
jmlky � l�~-�¬ � rt�l}vª©Â¬k¼�zTvtu-y/r{zT| � l��V~-h�¬k|�zTjmik|�l��¨~-h��\�/r{³su�l��¯µ�ÁRl}~-�/rt|��krt~"l.l��/y � l��¬��zTu � �l.u-|
~-�zT�-v{ikjml � l¨~"zTrt|�y¹¿-�-l¨y/��wB|��/rtyzTrt�l3~�zTu-�¹v{l3��zTu-~-v{lVÐÍzT�/jm¬3~�wB�¹v{l¨j�wBrtvtvxwB��l
lky¹vxw��zTvtu-y/r{zT|�°
��h�wT³�u�l.rty¬k��wBy/r{zT| � l.vxw9��zTu��kv{l � ©`w � wB~-y�wBy/r{zT|Rµ %ëv�l��/yV��zTjH~�z��¬ � l � lku\�m��zTu��kv{l��¾º�vxw9�"zTu��kv{l
~-�/rt|��krt~�wBv{l � ©`w � wB~-y�wBy/r{zT| lkyou-|�lm�"zTu��kv{lmrt|sylk�/|�l � wB|���vxwT³�u�lkvtv{l�v{lH~-�zT�-v{ikjml�y/��wB|��rtyzTrt�l
l��y
�¬��zTvtuRµ

§¨zT|-|�wBr{���wB|�y¹vª©Â¬k¼�zTvtu-y/r{zT| � lVvxw.�zTvtu-y/r{zT|RºArtvsÐÞwBu-y�j�wBrt|�ylk|�wB|�y½w � wB~-ylk�¹v{lVj�wBrtvtvxwB��l � wB|��
v{l��}�¬k��r{zT|��9z$#®v{l���~-h�¬k|�zTjmik|�l��9¬k¼�zTvtu�lk|�yowA¿�| � l�~-�¬��lk�/¼�lk��vxw�~-�¬��kr{�/r{zT| � l�vxw���zTvtu-y/r{zT|Rµ
ß,| � ©`wBu-y/�l���ylk�/jml��¯º�|�zTu���¼�zTu-v{zT|��*��zT|�y/�"!Tv{lk�*vª©Âlk�/�lku-��yzTu-y*wBucv{zT|-� � u«�¯wBv{�ku-v¨��©Âl��yÑ²ë°A²
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� rt�l}rt|�y/�z � u-rt�l9v{l}ylkjH~�� � wB|��Vvª©Âl��y/rtj�wBylku-� � ©Âlk�/�lku-�¯µ-�1zTu-�
��lkvxw\ºL|�zTu��Vrt|sy/�z � u-r{��zT|��3u-|�l
~-�zL��¬ � u-�l � © rt|�ylk��l��ky/r{zT| � l}jm¬ky/�/r{³su�l��
lk| ylkjH~�� � wB|��3vxw���zT|��/y/�/u��ky/r{zT| � l�vxw�jm¬ky/�/r{³su�l�µ

Á,©`w � wB~-y�wBy/r{zT| � l�j�wBrtvtvxwB��lH|�zT|»�/y/�/u��ky/u-�¬ml��y�r{�kr¹��wT�¬�lH�u-��v{l*�¯wBv{�ku-v � l��9v{zT|-��u�lku-��
� l��fwB���kyl�� � wB|��u-|�l»jm¬ky/�/r{³su�l � r{��k�ikyl¦Ã � ¬?¿�|-r{l¤wBu\� �zTjHjmlky� � u j�wBrtvtvxwB��l¾Ä?µ9§¨lky/yl
jm¬ky/�/r{³su�lHÃÞwB|-r{�zTy/�zT~"l¾Ä½l��y¨��zT|��/y/�/u-rtyl9lk| u-y/rtvtr{��wB|�y3u-|l��/y/rtj�wBylku-� � ©Âlk�/�lku-�3��¬�zTjm¬ky/�/r{³�u�l
Å�Æ\ÇTÈ?É¸Ê?Ë?ÌÍÇ�ËDÌ\��wT�¬��u-�,u-|�l.wB~-~-�z��\rtj�wBy/r{zT| � r{��k�ikyl � umh�l����/r{lk| � l
vxw���zTvtu-y/r{zT|Rµ�ÁRl��-u-yVl��/y
� ©Â¬�³su-rÀ²ª�¬k~�wB�/y/rt�ovª©Âlk�/�lku-� � © rt|sylk�/~�zTvxwBy/r{zT|¤�u-��v{l*j�wBrtvtvxwB��lHlk|»��zT|sy/�"!TvxwB|�y�vxw ��zT|��/y/�/u��ky/r{zT|
� l��}wB���kyl�� � uj�wBrtvtvxwB��l�µ

� .0/495'> .���>���8 &����

Ô9wB|����lf��wB~-~"zT�/y¯º3|�zTu��·~-�¬��lk|�yzT|��Îlky |�zTu��ÎwB|�wBvt�\�zT|��·vxwcjm¬ky/h�z � lÏ~-�zT~"z��¬�l±�krÀ²
� l����/u��¯µ	qLl��ky/r{zT|»�\º�|�zTu��}~-�¬��lk|�yzT|���vª©`wBvt��zT�/rty/h-jml��kvxwT��/r{³su�l � ©`w � wB~-y�wBy/r{zT| � loj�wBrtvtvxwB��l��¾µ
�,u-r{�¯ºszT|&��wB~-~�lkvtv{l}�-�/r{ik¼�lkjmlk|�y
yzTu-yl��¨v{l��¨¬ky�wB~�l�� � l}vxw�~-�zL��¬ � u-�l � ©`w � wB~-y�wBy/r{zT|Rµ\Ô�wB|��¨vxw
qLl��ky/r{zT|«�\º"v{lm��h�¬kj�w � ©`w � wB~-y�wBy/r{zT| � l*j�wBrtvtvxwB��l�l��y�wB|�wBvt�L�¬H�u-��u-|Ò~-�zT�-v{ikjmlHjmz � ikv{l
�lk~-�¬���lk|�y�wBy/rÀÐ � l��H�/rtj�u-vxwBy/r{zT|��Hrt|��y�wBy/r{zT|-|�wBrt�l��mlk| � rtjmlk|��/r{zT| � lku\�"µ ��zTu����ÒjmzT|�y/�zT|��
v{l���vtrtjHrtyl�� � l&vª©`w � wB~-y�wBy/r{zT| �kvxwT��/r{³su�l�º � wB|��*v{l �¯w � �l � uc�lkj�wBrtvtvxwB��l�º¹~"zTu-�H��l�yë�s~"l � l
�rtj�u-vxwBy/r{zT|Rµ1qLl��ky/r{zT|cn�º=|�zTu��o~-�¬���lk|�yzT|���lk| � ¬ky�wBrtv,vxw·|�zTu-¼�lkvtv{l wB~-~-�zs��h�l � ©`w � wB~-y�wBy/r{zT|
~"zTu-�½v{l��V�/rtj�u-vxwBy/r{zT|��¨rt|��/y�wBy/r{zT|-|�wBrt�l��¾µ���zTu��½~-�¬��kr{��zT|��½v{l.|�zTu-¼�l¯wBu ���h�¬kj�w � ©`w � wB~-y�wBy/r{zT|
lky3|�zTu��3rt| � r{³su�zT|��3vxw�~-�zs��¬ � u-�l � © rt|sylk��l��ky/r{zT| � l�jm¬ky/�/r{³su�l��
lk| ylkjH~��¾µ�§¨lky/yl}|�zTu-¼�lkvtv{l
wB~-~-�zL�h�l�l��/y�¼TwBvtr � ¬�lH�u-��v{l*j �kjmlm~-�zT�-v{ikjmlHjmz � ikv{l�µ=�,u-r{��qLl��ky/r{zT|¤�\º"|�zTu���rtvtvtu��/y/�zT|��
vª©`wB~-~-�zL�h�l�~-�zT~�z���¬�l��/u-��u-|Îl?�-lkjH~-v{lo��zT|��k�lky � ©`wB~-~-vtr{�¯wBy/r{zT|Ïlk| � rtjmlk|��/r{zT|Îy/�zTr{�¯µ
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ÁRl��-u-y � l}vª©`w � wB~-y�wBy/r{zT| � l�j�wBrtvtvxwB��l�l��/y � l�ÐÞzTu-�/|-rt�3u-| jmz¾��lk| � l}��zT|sy/�"!Tv{lk�
vxw�~-�¬��krÀ²
�r{zT| � l�vxwH�zTvtu-y/r{zT|f|�u-jm¬k�/r{³su�l�lk|Îjmz � rÀ¿	wB|�y}vxw � r{��k�¬ky/r{��wBy/r{zT| � u � zTj�wBrt|�l��/u-rt¼�wB|�y � l��
��zT|sy/��wBrt|�yl�� � l&y�wBrtvtv{l��Hlky � l � rt�l��ky/r{zT|��¯µ½§�©Âl��/yÑ²ë°A² � rt�l � l·��zT|sy/�"!Tv{lk�mvxwf��¬k|�¬k��wBy/r{zT| � © u-|
|�zTu-¼�l¯wBu»j�wBrtvtvxwB��l � wB|��9u-|Ò��h�¬kj�w � lH�¯wBv{�ku-v � l�ylkvtv{lH�zT�/ylH³su�l�vª©Âlk�/�lku-� � lH�¯wBv{�ku-v,l��Ñ²
y/rtjm¬�lH�u-�9��l*j�wBrtvtvxwB��lHl��y9¬�³su-rÀ²ª�¬k~�wB�/y/r{l � wB|���yzTu-yl��9v{l�� � rt�l��ky/r{zT|��¾µ %¸v(lk| � ¬���zTu-v{lm³su�l
vª©`w � wB~-y�wBy/r{zT| � l&j�wBrtvtvxwB��l�~"lk�/jmlkyHwBu-yzTj�wBy/r{³�u�lkjmlk|sy � l � ¬kyl��kylk�*lky��¯wB~-y/u-�lk�*v{l&��zTj*²
~"zT�/ylkjmlk|�y
lky � l.~-�lk| � �l�lk| ��zTjH~-yl}vª©`wB|-r{�zTy/�zT~-r{l � l��V~-h�¬k|�zTjmik|�l��3~-h��\�/r{³�u�l��Vj �kjml��/r
vª©Â¬���zTu-v{lkjmlk|sy}|R©Âl��y
~�wT����zT|-|�u Å9Æ	Ë?ÌÞÇTËDÌÍµ

Ô9wB|��*��lky/yl �l��ky/r{zT|Rº1zT|c~-�¬��lk|syl � ©`wB��zT� � vª©`wBvt��zT�/rty/h-jml � ©`w � wB~-y�wBy/r{zT| � l�j�wBrtvtvxwB��l�µ
ß,|��/u-rtyl�º\zT| ��wB~-~"lkvtv{l9�-�/r{ik¼�lkjmlk|�y.yzTu-yl��3v{l��¨¬ky�wB~"l�� � l}vxw�~-�zL��¬ � u-�l � ©`w � wB~-y�wBy/r{zT|Rµ�Ó}|�l
� l����k�/rt~-y/r{zT|Î~-vtu���~-�¬��kr{�l � l�����zTjH~�z��DwB|�yl�� � l���l���h�¬kj�wmwm¬ky¬ � zT|-|�¬�l � wB|�� � ��º��\º=�¯���¸µ

����� � � � �=*?/ 5 � / 57/ 8'1 /21 3<&�4 5'> *?/3<.<.</��)>

Ô9wB|�����lky/yl���l��ky/r{zT|Rº |�zTu���~-�zT~�z���zT|��ou-|c���h�¬kj�w � ©`w � wB~-y�wBy/r{zT| � l�j�wBrtvtvxwB��l wB|-r{��zB²
y/�zT~"lowBu-yzTj�wBy/r{³su�l � ©`wB~-~-vtr{�¯wBy/r{zT|®��¬k|�¬k��wBv{l�ÃñÌ0�FÊA�E��rt| � ¬k~�lk| � wB|syl � u � zTj�wBrt|�l � ©`wB~-~-vtr{�¯wA²
y/r{zT|	Ä?º � zT|�y.��h�wT�ku-|�l � l��.��zTjH~"z���wB|syl��.l��/y
rt| � ¬k~"lk| � wB|�yl � l��}wBu-y/�l��¯µ

Á,© r � ¬�l.~-�/rt|��krt~�wBv{l � u·��h�¬kj�w��kvxwT��/r{³su�l � ©`w � wB~-y�wBy/r{zT| � l}j�wBrtvtvxwB��l���zT|��/r{�/yl9°��l��h�lk�Ñ²
��h�lk�Vu-| ~"zTrt|�yV¿-�\l.~�zTu-�¨v{l}��zTu-~-v{l.ÐÞzT�/jm¬.~�wB�Vv{l.j�wBrtvtvxwB��l9lky½vxw��zTvtu-y/r{zT|RµLÜ.u-y/�lkjmlk|sy � rty¯º
zT|·�h�lk���h�l�°���zT|s¼�lk�/��lk�.°�vxwoÐÍzTr{�V¼�lk��¨vxw��zTvtu-y/r{zT|»ÃÍ�/y�wBy/r{zT|-|�wBrt�l¾Ä � u ~-�zT�-v{ikjml9lky�ÃÍlk| u-|
��lk�/y�wBrt|Î��lk|��DÄ(¼�lk��3v{l�j�wBrtvtvxwB��low � wB~-y¬owT���zs�kr{¬�µ�§¨l�j�wBrtvtvxwB��l�l��/y3ylkv=³�u�l�vª©Âlk�/�lku-� � © rt|�ylk�Ñ²
~"zTvxwBy/r{zT| � l�vxw��zTvtu-y/r{zT| ��zT|s¼�lk�/��¬�l � u�~-�zT�-v{ikjml9¬k¼TwBvtu�¬�l��/u-�¨��lkvtu-rÀ²¸�kr�l��/y¨¬�³�u-rt�¬k~�wB�/y/r{l�µ.%ëv
�¾©`wB��rty � zT|�� � © u-|®wBvt��zT�/rty/h-jml9rty¬k��wBy/rÀÐ � wB|��3v{l�³�u�lkv=��h�wT³�u�l9rty¬k��wBy/r{zT| � ¬k�-u-ylow¯¼�l�����zTjHjml
��zTu-~-v{lort|-rty/rxwBvRv{l�j�wBrtvtvxwB��lolky�vxw*��zTvtu-y/r{zT|Îr{��/u�� � l9vª© rty¬k��wBy/r{zT|f~-�¬���¬ � lk|�yl�µ

Ô9wB|��3|�zTy/�lowB~-~-�zL�h�l�º�vª©`w � wB~-y�wBy/r{zT| � l�j�wBrtvtvxwB��l��lk~�z���l��u-�¨v{l��¯wBv{�ku-v � l��3v{zT|-��u�lku-��
� ©`wB���kyl�� � wB|��¹u-|�l¨jm¬ky/�/r{³su�l � r{��k�ikyl � wB|��1v{lV�-u-y � ©Â¬�³su-rt�¬k~�wB�/y/rt�(vª©Âlk�/�lku-�,�/u-�¹v{l½j�wBrtvtvxwB��l�µ
�,vtu��.~-�¬��kr{�¬kjmlk|sy¯ºRwB~-�i��.v{l��¯wBv{�ku-v � lovxw&�zTvtu-y/r{zT|f|su-jm¬k�/r{³�u�l�º�rtv ÐÞwBu-y}y/��wB|���k�/rt�l*��lkvtv{l?²¸�kr
lk|¤u-|�lmrt|\ÐÞzT�/j�wBy/r{zT|c~"lk�/y/rt|�lk|�yl&~�zTu-��v{lH��¬k|�¬k��wBylku-� � l�j�wBrtvtvxwB��l�º�lk|¤ylk�/jml�� � lHy�wBrtvtv{l��
lky � l � rt�l��ky/r{zT|�� � l���¬kv{¬kjmlk|�y�¯µ���zTu-����lkvxw\º=zT|Òl��/y/rtjml � wB|���u-|»~-�lkjHr{lk�oylkjH~���vª©Âlk�/�lku-�
�u-�mv{l���¬kv{¬kjmlk|sy� � u¦j�wBrtvtvxwB��l�µVÔ�wB|���|�zTy/�l®�¯wT�¯º(|�zTu��&u-y/rtvtr{�zT|��&vª©Âl��/y/rtj�wBylku-� � ©Âlk�/�lku-�
Å·Æ\ÇBÈkÉ¸Ê?ËDÌÞÇTË?Ì�wB|-r{�zTy/�zT~�lÎ��¬�zTjm¬ky/�/r{³�u�l�º½��wT�¬�/u-�Hvª©Âlk�/�lku-� � © rt|sylk�/~�zTvxwBy/r{zT|Rµ
	 ~�wB�/y/rt� � l
��lky/yl�l��/y/rtj�wBy/r{zT| � l}vª©Âlk�/�lku-�¯ºsu-|�l��¯wB�/yl � l.y�wBrtvtv{l���ÃFu-|·�h�wBjH~ � l.jm¬ky/�/r{³su�l��DÄVwB|-r{�zTy/�zT~"l
� l��y/rt|�¬�l®°Ï��zTu-¼�lk�/|�lk��vxw±��¬k|�¬k��wBy/r{zT| � l·j�wBrtvtvxwB��lfw � wB~-y¬Îl��y���zT|��/y/�/u-rtyl�º � wB|���v{l·�-u-y
� ©Â¬�³su-rt�¬k~�wB�/y/rt��vª©Âlk�/�lku-���¯wBv{�ku-v{¬�l��/u-��v{lHj�wBrtvtvxwB��l�µ ß(|��/u-rtyl�ºRu-|»j�wBrtvtvxwB��l � ��ÌFÉ��HÃÞw � wB~-y¬¾Ä
l��y���¬k|�¬k�¬ � wB|�����lky/yl*jm¬ky/�/r{³�u�l�µ=ß(|\¿�|RºRvxw&��zTvtu-y/r{zT|Òl��/y�rt|�ylk�/~"zTv{¬�l*vtrt|�¬¯wBrt�lkjmlk|�y��/u-��v{l
|�zTu-¼�l¯wBucj�wBrtvtvxwB��l�µ¹§¨lm~-�zs��l���u���l��/yorty¬k�¬��ñu��³suR©`°��zT|s¼�lk�/��lk|���l � lmvxw�zTvtu-y/r{zT| ÃÍlky � u
j�wBrtvtvxwB��l¾Ä?µ"§¨l���h�¬kj�w�l��/y
rtvtvtu��/y/�¬o�u-�
vxw ��rt��u-�l���º�z$#ÎzT|fw�|�zTy¬��l��/~"l��ky/rt¼�lkjmlk|�y

T
º
S
º

S0 lky M v{l3j�wBrtvtvxwB��l�º�vxw9��zTvtu-y/r{zT|Rº�vxw9�zTvtu-y/r{zT|mrt|-rty/rxwBv{l.°���h�wT³�u�l
rty¬k��wBy/r{zT| lky(vxw�jm¬ky/�/r{³�u�l�µ
Ô9wB|��¨vxw��/u-rtyl�ºLzT|·��wB~-~�lkvtv{l��-�/r{ik¼�lkjmlk|�y
yzTu-yl��3v{l��3¬ky�wB~"l�� � l}vª©`wBvt��zT�/rty/h-jml � ©`w � wB~-y�wA²

y/r{zT| � l9j�wBrtvtvxwB��l�µ
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���������	��
�������������

(Hi,Mi)

(H0,S
0
0 )

(Hi+1,Si,Hi)

(Hi,Si)

���������	���������������	 

Mi

Hi+1

S0
i+1

! ���� "��#$�����%�������&
��������������

'(���	�"�����������)������������*� 

Si

(Hi,S
0
i )

+-,/.-0 �214365�� ���mÅ75��ÀÅBÈDÈDÌ98H��Ê �;: Å � ÅDÆ�ÉªÅ�ÉÍÌÞÇ�� � Ê��HÅ�Ì	���ÀÅ�
�ÊA�

��� � < &�5 �=.<3 ��/ 1�3<&�4657> .�� � ��& ,7.0> * > 4�1

Ô9wB|�����lH��wB~-~�zT�/y¯ºR|�zTu���wBvtv{zT|���wB~-~-vtr{³su�lk��v{l���yl���h-|-r{³�u�l�� � ©`w � wB~-y�wBy/r{zT| � l*j�wBrtvtvxwB��l
°Hvxw�jm¬��¯wB|-r{³�u�l � l��
´�u-r � l��¯º�lk|f�l�vtrtjHrty�wB|�y � wB|���v{l��}�/rtj�u-vxwBy/r{zT|��9wBu\�Î¬���zTu-v{lkjmlk|�y�}jmzB²
� ¬kvtr{��¬���~�wB��v{l��*¬�³�u�wBy/r{zT|�� � ©Âß,u-v{lk�¯µ1g�zTu-yl?ÐÍzTr{�¾º�v{l��*�/rtj�u-vxwBy/r{zT|��m�zT|sy�l� =l��ky/u�¬�l��H�/u-� � l��
��¬�zTjm¬ky/�/r{l��}��zTjH~-v{l?�\l���ÃF�¬¯wBvtr{�/yl��DÄ?µ

Ô9wB|��1v{l¨�¯w � �l � l��1¬�³su�wBy/r{zT|�� � ©Âß(u-v{lk�¯ºBv{l¨��w��¨l��/y¹�/u-~-~"z��¬,~�wB�ÑÐªwBrty¯ºBrtvLl��y�|�zT|�¼sr{��³�u�lku\�
lky¹rtvL|R© ��w.~�wT� � l � rE �u��/r{zT|*y/h�lk�/jHr{³su�l�µ�¶}|*|�zTyl

ρ
vxw � lk|��/rty¬�º ~U = (u1, u2, u3)

v{lV¼�l��kylku-�
¼Lrtyl���l�º

T
vxwHylkjH~"¬k��wBy/u-�l�º

E = T + ‖~U‖2

2

vª©Â¬k|�lk�/��r{l�yzTy�wBv{l�º
p = (γ − 1)ρT

vxwH~-�l���r{zT|
w¯¼�l��

γ = 1.4
lky

∇
vª©ÂzT~"¬k��wBylku-�
����w � r{lk|�y¯µ-ÁRl��3¬�³su�wBy/r{zT|�� � ©Âß(u-v{lk���¯©Â¬��k�/rt¼�lk|sy��zTu��,ÐÞzT�/jml

��zT|���lk�/¼TwBy/rt¼�l � lovxw�j�wB|-r{ik�l��/u-rt¼�wB|�yl0/


























∂ρ

∂t
+ ∇. (ρ~U ) = 0 ,

∂(ρ~U)

∂t
+ ∇. (ρ~U ⊗ ~U) + ∇p = 0 ,

∂(ρE)

∂t
+ ∇. ((ρE + p)~U) = 0 ,

z$#fzT|®wH�/u�����l���/rt¼�lkjmlk|sy.v{l���¬�³su�wBy/r{zT|�� � l���zT|��lk�/¼TwBy/r{zT| � l9vxw*j�wT��l�º � ujmzTjmlk|�y9lky � l
vª©Â¬k|�lk�/��r{l�l?�L~-�/rtjm¬�l��}�zTu��3ÐÞzT�/jml�ylk|��zT�/r{lkvtv{l�µ

ÁRl��·¬�³�u�wBy/r{zT|�� � ©Âß(u-v{lk��zT|sy&�¬��zTvtu�l��°¤vª©`wBr � l � u �zTvt¼�lku-�7=?>A@	BAC � ��1��HÃ � ¬k¼�lkv{zT~-~�¬
°®vª© % �}� %ëÜ.²¸�.zL��³�u�lk|���zTu-�/yDÄ?µ¹§�©Âl��/y*u-|«��zTvt¼�lku-�)D,zTvtu-jml�� �1rt|-r{��~�zTu-��v{l �¯wBv{�ku-v � ©Â¬���zTu-v{l?²
jmlk|sy,lk| � rtjmlk|��/r{zT| � lku\�*lky(y/�zTr{�(u-y/rtvtr{��wB|�y � l��¹j�wBrtvtvxwB��l��,|�zT|\²¸�/y/�/u��ky/u-�¬��¯µ�ÁRl��(¬�³�u�wBy/r{zT|��
� ©Âß,u-v{lk���zT|sy}�¬���zTvtu�l��9°mvª©`wBr � l � uf´�u\� � l��}zsl�µ"¶}|fu-y/rtvtr{��lou-|�l��l���zT|��/y/�/u��ky/r{zT| � l�yë�s~"l
�ÏÓ�q-§¨Á lky � l��mvtrtjHrtylku-�� � lED½wB| Ü}vt��w � w±~"zTu-��zT�-ylk|-rt�mu-|�l~-�¬��kr{�/r{zT| � ©ÂzT� � �l � lku\�

CDC ô�E.FHGJI�K



�¯� ��� � �tÅ����¾ÊkÉ����	��
���"ËÊ��������������.Ê/ÇTË 
�ÊHÊkÉ������±Ç��LÅ�� �mÅ � Ì

ÃFvtrtjHrty¬¾Ä,lk|&l��/~�wT��l�µsÁ,©`wBvt��zT�/rty/h-jml�u-y/rtvtr{�¬.l��y½l?�L~-vtr{�krtyl�lk|�ylkjH~��¾µ��1zTu-�½v{l�y/��wBrtylkjmlk|sy � l��
~-�zT�-v{ikjml��9rt|��y�wBy/r{zT|-|�wBrt�l��¯º"u-|Ï���h�¬kj�w � l�yë�s~"l���u-|-��l?²��9u-y/y�w°&³�u�wBy/�l�~�wT�9l��/y}u-y/rtvtr{��¬
~"zTu-�
vª© rt|�y¬k����wBy/r{zT|±lk|ÎylkjH~��¯º�wA¿�| � ©`w�¼�zTrt�.u-|�lo~-�¬��kr{�/r{zT| � ©ÂzT� � �lo�/u-~"¬k�/r{lku-�¯µ

����� � / . � ,7. 5'> .0/ * � 1$( 3���,'>

Ô9wB|��·��lky/yl±�l��ky/r{zT|Rº¨|�zTu�� ��wB~-~�lkvtv{zT|��·�-�/r{ik¼�lkjmlk|sy¯º3vª©Â¬ky�wB~�l � lÏ��zT|��/y/�/u��ky/r{zT| � lÏvxw
jm¬ky/�/r{³su�l�µ½Ó}|�l � l����k�/rt~-y/r{zT|¦~-vtu��&~-�¬��kr{�l � lf��lky/yl®��zT|��/y/�/u��ky/r{zT| l��/y � zT|-|�¬�l � wB|�� � � �¸µ
ß,|��/u-rtyl�º-|�zTu��
~-�¬��kr{�zT|���vxw�|�zT�/j�wBvtr{��wBy/r{zT| � l9vª©Âl��/y/rtj�wBylku-� � ©Âlk�/�lku-�.lky
vª© rt|�ylk��l��ky/r{zT| � l
jm¬ky/�/r{³su�l�� � wB|���v{l��¯w � �l � l9vxw*jm¬��¯wB|-r{³su�l � l��3´�u-r � l��¯µ

��¡�Ø��Í£ �\Ø� L¢ � &;+  � �� L¢ � #���×�£Ò��Ø�� ��(R¢  ��
	��������������������¶}|cw ÐªwBrty�vª© h��L~"zTy/h�i��lm³suR© u-|
��zT|sy/�"!Tv{l � l�vª©Âlk�/�lku-� � © rt|sylk�/~�zTvxwBy/r{zT| ~�lk�/jmlky � l·��zT|�y/�"!Tv{lk�Hvª©Âlk�/�lku-� � ©`wB~-~-�z��\rtj�wBy/r{zT|��Tµ
��zTy/�l9l��/y/rtj�wBylku-� � ©Âlk�/�lku-��Å�Æ\ÇTÈ?É¸Ê?Ë?ÌÍÇ�ËDÌ	wB|-r{��zTy/�zT~�l�¼�w � zT|�� �ky/�l���wT�¬��/u-�¨vª©Âlk�/�lku-� � © rt|\²
ylk�/~"zTvxwBy/r{zT|Rµ-ÁRl��-u-y
l��/y � l}��¬k|�¬k�lk�
u-|·j�wBrtvtvxwB��low � wB~-y¬��/u-�¨v{l�³su�lkv�vª©Âlk�/�lku-� � © rt|sylk�/~�zTvxwA²
y/r{zT|fl��/y�¬�³�u-rÀ²ª�¬k~�wB�/y/r{l � wB|��
yzTu-yl���v{l�� � rt�l��ky/r{zT|��¯µ

��zTu-�}yzTu-y.¬kv{¬kjmlk|�y
K

� uÎj�wBrtvtvxwB��l � u � zTj�wBrt|�l�º�zT|fw�vxwHj�wA�ÑzT��wBy/r{zT|fwB|-r{��zTy/�zT~�l � l
vª©Âlk�/�lku-� � © rt|�ylk�/~"zTvxwBy/r{zT|Rº���wT�¬�l��/u-�
v{l�� � ¬k�/rt¼�¬�l�� � l��l���zT| � zT� � �l � l�vxw�¼�wB�/rxwB�-v{l�u�/

‖u − Πhu ‖∞,K ≤ c max
x∈K

max
e∈EK

〈~e , |Hu(x)|~e 〉 = εK ,
ÃÑ�¾Ä

z$#
c
l��yHu-|�lÎ��zT|��/y�wB|�ylÏ³su-r � ¬k~�lk| �¦� lvxw � rtjmlk|��/r{zT|Rº

EK
vª©Âlk|��lkj��-v{l � l���wB���kyl�� � l

vª©Â¬kv{¬kjmlk|sy
K

lky
|Hu| = R|Λ|R−1 l��/y3vxw�¼�wBv{lku-�.wB���zTvtu�l � uh�l���/r{lk| � l9vxw�¼TwB�/rxwB�-v{l u

ºLz$#
R
l��/y}vxwmj�wBy/�/r{��l � l��.¼�l��kylku-���~-�zT~-�l��9lky

|Λ| = diag(|λi|)
vxwmj�wBy/�/r{��lÃ � rxwB��zT|�wBv{l¾Ä � l��

¼�wBv{lku-��.wB���zTvtu�l�� � l��
¼�wBv{lku-��
~-�zT~-�l��¯µ
�  s£ � ��(R¢   � � � : Ì � �Ê � Ê 5�ÊkÉ3ÊDÈ?ÉÍÌ��mÅ�É¸Ê��LË � : ÊkËDËÊ��LË�ÊDÈ?É � Ê9ËÊ 
�ÅTË � Ê?Ë�ÀÅ�È�Ç�� �LÉÍÌÞÇ�� 5�Ç�� �mÊ
� ��Ê��0�+�DÆ-Ê?Ë��¾È��sË �kÅA5�Ê&Ê�É � Ê 5�Ç���ÉÍË"!��tÊkË6� : � 5ÅTËkÉ$# 5DÊkÉÞÉ¸Ê*È��sË ��Å	5�ÊA�&%,ÊkÉÞÉ¸ÊmÊ?È?ÉÍÌ��HÅ�É¸Ê��sË�ÊDÈkÉ � Ç���5
Ì�� � �ëÆ-Ê�� � Å���É � ��Æ	ËÑÇ ��� �H�mÊHÉÍËÑÅTÌÍÉ���ÊkÉ½Ì���ÊDÈkÉ½ËÊ��öÌ ��Å�� �-ÊDÈ�È?ÌÞÊ�� � Ê��tÅmÈ�Ç�� �LÉÍÌÞÇ��2�

@ × � ¡¯Ø��B¢�Ú�Ø��F× � &   Û �f£¤��Ø�����(R¢  '� ¶}| u-y/rtvtr{�l9wBv{zT��¨u-|�l�wB~-~-�z¯�Lrtj�wBy/r{zT| � r{��k�ikyl � l}vxw
jm¬ky/�/r{³su�lm³su-r(u-y/rtvtr{�lm��zTjHjml&�/u-~-~�zT�/y�v{l��o�zTjHjmlky� � u»j�wBrtvtvxwB��l�µ¹¶}|Ò|�zTyl

hmin
ÃF�l��~Rµ

hmax
Ä�vxw&v{zT|-��u�lku-��jHrt|-rtj�wBv{l®ÃF�l��~Rµ	j�wA�\rtj�wBv{l¾Ä9wBu-yzT�/r{�¬�l*~"zTu-�9v{l��owB���kyl�� � uÏj�wBrtvtvxwB��l

lky
ε
vª©Âlk�/�lku-� � © rt|�ylk�/~"zTvxwBy/r{zT|®yzTv{¬k�¬�l�µ�Ü}v{zT��
lk|Î�h�wT³su�l��zTjHjmlky � u·j�wBrtvtvxwB��l�º � ©`wB~-�i��.vxw

�}lkvxwBy/r{zT|cÃÑ�¾Ä¨zT| � ¬?¿�|-rty�u-|®ylk|��lku-� � l9jm¬ky/�/r{³su�l�wB|-r{�zTy/�zT~"l � l�vxw�j�wB|-r{ik�l��u-rt¼TwB|syl0/

M = R Λ̃R−1 ,
z$#

Λ̃ = diag(λ̃i)
lky

λ̃i = min

(

max

(

c |λi|

ε
,

1

h2
max

)

,
1

h2
min

)

.

��zTu��9w�¼�zT|���rt|�y/�z � u-rty � wB|��}vxw � ¬?¿�|-rty/r{zT| � l�vxwmjm¬ky/�/r{³�u�l � l��}v{zT|-��u�lku-�� � ©`wB���kyl���jHrt|-rÀ²
j�wBv{l�lky¨j�wA�Lrtj�wBv{l9wA¿�| � ©Â¬k¼Lrtylk�3v{l��½jm¬ky/�/r{³su�l��¨rt�/�¬¯wBvtr{�/yl��3lkyV|�zTy�wBjHjmlk|sy
~�zTu-�3��zT|�y/�"!Tv{lk�
v{l9~�wT� � l�ylkjH~�� � uÎ�zTvt¼�lku-�}l?�L~-vtr{�krtyl�µ

KDí?ü�éÑø(è�(ÑøÞïBäÂò¸âòªø½ô¯ïAá)(ñèªã+*¯ïAéÑø¹þ-,AòªéÑô¯ïBø�òªéÑôTê¾éÑô�ò/.}ìÑþDô�0Bèªá
éëè,ìÑéñòÞòªé ��ù 
�þDò���1ÑøÞé¨éÑô 
Aè¸â�òªã+*�ïBé 
�þ?ï¾èVôAþ?ø

Aèªþ2,Aä31Ñá
éÑøÑí
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Ô�zT|��Î~�zTu-��¬�³su-rt�¬k~�wB�/y/rt��vª©Âlk�/�lku-� � © rt|�ylk�/~"zTvxwBy/r{zT| �/u-��v{l·j�wBrtvtvxwB��l�º½zT| l��/y&��zT| � u-rty
°Òjmz � rÀ¿�lk� v{lf~-�z � u-rty·��¯wBvxwBrt�lÏ³�u-r��zTu��Ñ²ªylk| � vxwÒ|�zTy/r{zT| � l � r{�y�wB|���l®u-y/rtvtr{�¬�lf~�wB� v{l��
��¬k|�¬k��wBylku-�� � l9j�wBrtvtvxwB��l��¯º�°�vª©`wBr � l � l9vxw�jm¬ky/�/r{³su�l9v{zs�¯wBv{l

M
³su-r=�lkjH~-vxwT��l�vxw�jm¬ky/�/r{³�u�l

lku��kvtr � r{lk|-|�lÒu��/u�lkvtv{l�µ�¶}| �h�lk��h�lcwBv{zT��Î°c��zT|��y/�/u-rt�l±u-| j�wBrtvtvxwB��lÒw¯¼�l�� � l��¬kv{¬kjmlk|�y�
�¬k��u-vtr{lk��.u-|-rty¬�� � wB|��
vxw�|�zTu-¼�lkvtv{l�jm¬ky/�/r{³�u�l�µ

Ô9wB|��¨vxw��/u-rtyl�ºL|�zTu��3~-�zT~"z��zT|��3u-|�l�|�zT�/j�wBvtr{��wBy/r{zT| � l�vª©Âl��/y/rtj�wBylku-� � ©Âlk�/�lku-� � wB|��3v{l
�¯w � �l � l�vxw�jm¬��¯wB|-r{³�u�l � l��1´�u-r � l��V³�u-r-~"lk�/jmlky � l3jHr{lku\�H�¯wB~-y/u-�lk�V��lk�/y�wBrt|��(~-h�¬k|�zTjmik|�l��
~-hs�L�r{³�u�l��¯µ-ß,|��/u-rtyl�º�|�zTu��
~-�¬���lk|�yzT|��}u-|�l�jm¬ky/h�z � l�³�u-r=~"lk�/jmlky � l9~-�lk| � �l�lk|f��zTjH~-yl
� rE =¬k�lk|�yl��.¼TwB�/rxwB�-v{l��.~-h��\�/r{³su�l�� � wB|���vxw � ¬?¿�|-rty/r{zT| � l9vxw*jm¬ky/�/r{³�u�l�µ

��¡�Ø��Í£ �\Ø� L¢ � &;+  � �� L¢ �6!,×�¢ �*Û �f£Ò�sÚ#� � �	(R¢  &  s¡��(¢D� &  �¡�� ß(| ~-��wBy/r{³su�l � wB|��¨v{l��¨�/rÀ²
j�u-vxwBy/r{zT|���|su-jm¬k�/r{³�u�l��¯º�zT|Îl��/y
��zT|\ÐF�zT|sy¬�wBu·ÐÞwBrty
³su�l9v{l��
�zTvtu-y/r{zT|��
¼�wB�/r{lk|�y � l�~-vtu��/r{lku-��
zT� � �l�� � l*����wB| � lku-� ÃF~-h�¬k|�zTjmik|�l��oj�u-vty/rÀ²¸¬���h�lkvtv{l��DÄ?µ1qsr(zT|Òl��/y�lk|»~-�¬��lk|���l � l�~-vtu��/r{lku-��
~-h�¬k|�zTjmik|�l�� � l � rE "¬k�lk|syl��½����wB| � lku-���ÃF�l��krt��ku-vxwBy/r{zT|��¯ºL�h�zL���¯º�µtµtµåÄ?ºsrtv�l��/y � rÀÕ��krtv{l � l}�¯wB~\²
y/u-�lk��v{l���~-vtu��oÐªwBrt�-v{l���w¯¼�l���vª©`w � wB~-y�wBy/r{zT| � l&j�wBrtvtvxwB��l�µ¹§�©Âl��y � ©`wBu-y�wB|sy�~-vtu�� � rÀÕ��krtv{l lk|
jm¬��¯wB|-r{³su�l � l��¨´�u-r � l��
v{zT��³su�l � l��
�h�zL���
�zT|sy
~-�¬��lk|�y� � wB|���vª©Â¬���zTu-v{lkjmlk|�y¯µ�Á�w*�¯wB~-y/u-�l
� l���l��}~-h�¬k|�zTjmik|�l���ÐÞwBrt�-v{l��9l��/y�rtjH~�zT�/y�wB|syl�~�zTu-�9zT�-ylk|-rt�9u-|�l��zTvtu-y/r{zT|Ï~-vtu���~-�¬��kr{�l�lk|
~-�lk|�wB|sy}lk|Î��zTjH~-yl�v{lku-��
rt|�ylk��wT�ky/r{zT|��9w�¼�l���v{l��.wBu-y/�l���~-h�¬k|�zTjmik|�l�� � l�vª©Â¬���zTu-v{lkjmlk|�y¯µ

%¸v(w ¬ky¬�jmzT|sy/�¬H³�uR© u-|�l*l��/y/rtj�wBy/r{zT| � l�vª©Âlk�/�lku-���lkvxwBy/rt¼�l�v{zs�¯wBv{l�~"lk�/jmlky � l��¬���zTu � �l
��l}~-�zT�-v{ikjml � 1\º��kn �¸ºs��©Âl��/yÑ²ë°A² � rt�l9zT|&|�zT�/j�wBvtr{��l}vxw��.lkvxwBy/r{zT|ÒÃÑ�¾Ä,~�wB�Vvxwo¼TwBv{lku-�
wB���zTvtu�l � l
vxw�¼�wBv{lku-��v{zL�¯wBv{l � l9vxw*¼�wB�/rxwB�-v{l

u
/

∥

∥

∥

∥

u − Πhu

|u|ε

∥

∥

∥

∥

∞,K

≤ c max
x∈K

max
~e∈EK

〈~e ,
|Hu(x)|

|u(x)|ε
~e 〉 ,

ÃÞ��Ä

z$#
|u|ε = max(|u|, ε ‖u‖∞,Ω)

w¯¼�l��
ε
u-|�l
��zT|��/y�wB|�yl.~�lky/rtyl � lk¼�wB|�y

1
µ�ÁRl
ylk�/jml

ε ‖u‖∞,Ωl��y,u-|m~�wB��wBjmiky/�l � l�y/�zT|��¯wBy/u-�l}~�zTu-�½¬k¼Lrtylk�½v{l��½~-�zT�-v{ikjml��½|su-jm¬k�/r{³�u�l��¾µ %ëv � ¬?¿�|-rty¨wBu����/r
vª© rt|sylk�/¼TwBvtv{l�lk|�y/�l�vxw�~-vtu��3~"lky/rtyl�lky
vxw�~-vtu��
����wB| � l�¬��h�lkvtv{l�³�u�l�vª©ÂzT|¼�lku-y��¯wB~-y/u-�lk�.��©Âl��yÑ²
°A² � rt�l·³su�l�v{zT���³�uR© u-| ~-h�¬k|�zTjmik|�l·~-h��\�/r{³su�l°Îu-|�l ����wB| � lku-�Hrt|\ÐÞ¬k�/r{lku-�l·°Ï��l&ylk�/jml�º¹rtv
|R©Âl��y
~�wT���¯wB~-y/u-�¬�µ

��� Ø� �A¡� sÚ�Ø��F× � &   £Ò��Ø�� ��(R¢  �¡�� ��zTu��(¼�lk|-|�zT|�� � l�¼�zTrt�,~-�¬���¬ � lkjHjmlk|�y3vxw���zT|��/y/�/u��ky/r{zT|
� l*vxw jm¬ky/�/r{³su�l*~�wB�o��wB~-~"zT�/y�° u-|�l*¼TwB�/rxwB�-v{l���¯wBvxwBrt�l�µ �ÏwBr{�¾º"rtv(~�lku-y �ky/�l*|�¬���l���DwBrt�l � l
��zT|��r � ¬k�lk�½~-vtu��/r{lku-��V¼TwB�/rxwB�-v{l��V~"zTu-�,vxwo��zT|��/y/�/u��ky/r{zT| � l�vxw9jm¬ky/�/r{³su�l*ÃF~�zTu-�,v{l���³�u�lkvtv{l��VzT|
� ¬��rt�l.��zT|�y/�"!Tv{lk�
vª©Âlk�/�lku-� � © rt|�ylk�/~"zTvxwBy/r{zT|	Ä3wA¿�| � l.�¯wB~-y/u-�lk� � rE "¬k�lk|sy�¨~-h�¬k|�zTjmik|�l��3~-h��s²
�r{³�u�l��¯µ�ß,|&l� =lky¯º���lk�/y�wBrt|��,~-h�¬k|�zTjmik|�l��¨|�l��zT|sy,�lk~-�¬��lk|sy¬��V³su�l
~�wB�½��lk�/y�wBrt|�l��V¼TwB�/rxwB�-v{l��¾µ

qsr-~-vtu��/r{lku-��,¼�wB�/rxwB�-v{l��½�zT|sy½��zT|��/r � ¬k�¬�l��¨wBv{zT��(~-vtu��/r{lku-��,jm¬ky/�/r{³su�l��½��zT|�y,~-�l���k�/rtyl��½lk|
��h�wT³�u�l��zTjHjmlky¯µ���zTu-��zT�-ylk|-rt�9u-|�lojm¬ky/�/r{³su�l�u-|-r{³�u�l�³�u-r1v{l��}~-�lk| � yzTu-yl��9lk|±��zTjH~-yl�º
u-|�lm~-�zs��¬ � u-�l � © rt|�ylk��l��ky/r{zT| � lHjm¬ky/�/r{³su�l��o¼�w �ky/�lmu-y/rtvtr{�¬�l�µ�qLzTr{lk|sy

M1
lky

M2
� lku\�

ylk|���lku-�� � lVjm¬ky/�/r{³su�l � zT|-|�¬��,wBum�zTjHjmlky
P
µTÁRl¨ylk|��lku-� � l¨jm¬ky/�/r{³�u�l

M
��zT�/�l��/~"zT| � wB|�y

°�vª© rt|�ylk��l��ky/r{zT| � l
M1

lky
M2

� zTrty �ky/�l
ylkv�ÃF~�wB� � ¬?¿�|-rty/r{zT|	Ä(³suR©ÂzT|m��wB��wB|�y/rty3³�u�l�vª©Âlk�/�lku-�
� © rt|sylk�/~�zTvxwBy/r{zT|«~"zTu-�o�h�wT³su�lm¼�wB�/rxwB�-v{lml��/y��"zT�/|�¬�lH~�wB�ov{lH�lku-rtv,~-�l����k�/rty¯µ�¶}|¤zT�-y/r{lk|�y�vxw
jm¬ky/�/r{³su�l

M
lk| ÐÞwBr{��wB|symvxwÏ�¬ � u��ky/r{zT| �/rtj�u-vty�wB|�¬�l � l��*ÐÞzT�/jml��m³su�w � ��wBy/r{³�u�l���wT���zs�kr{¬�l��

wBu\�·jm¬ky/�/r{³su�l��
M1

lky
M2

ÃÍ�?ÐÑµ � � �FÄ?µ

CDC ô�E.FHGJI�K



�¯� ��� � �tÅ����¾ÊkÉ����	��
���"ËÊ��������������.Ê/ÇTË 
�ÊHÊkÉ������±Ç��LÅ�� �mÅ � Ì

§¨lk~�lk| � wB|sy¯ºB��l���¼�wB�/rxwB�-v{l���~"lku-¼�lk|�y(w�¼�zTrt� � l��1�/rt��|-rÀ¿��¯wBy/r{zT|��¹zTu � l���|�wBy/u-�l��1~-h��\�/r{³su�l��
� rE =¬k�lk|�yl��¾º,wBv{zT��H�l ~�z��l v{l ~-�zT�-v{ikjml � l vxw � rtjmlk|��/r{zT| � l��*¼�wB�/rxwB�-v{l��¯µ �ÏwBr{�¾º � ©`wB~-�i��
vxw¤�.lkvxwBy/r{zT| ÃÞ��Ä?º½zT|�w»u-|�lfl��/y/rtj�wBy/r{zT| � lfvª©Âlk�/�lku-� �lkvxwBy/rt¼�lflky � zT|��Îvª© rt|sylk��l��ky/r{zT| � l
jm¬ky/�/r{³su�l��*l��/y���zT|��r{�/y�wB|�yl�µ¹�(vtu���ÐÍzT�/jmlkvtv{lkjmlk|sy¯º(�/rVzT|«��zT|��/r � ik�l

n
¼TwB�/rxwB�-v{l��

{ui}i=1,nwBv{zT���vxw*jm¬ky/�/r{³�u�l�l��/y � zT|-|�¬�l�~�wB� /

M =
⋂

i=1,n

M(ui) ,

z$#
M(ui)

l��y
vxw�jm¬ky/�/r{³�u�l��lkvxwBy/rt¼�l�°�vxw
ième ¼TwB�/rxwB�-v{l�µ

����� � 5'/ 8'1 /21�30&�4957> *?/3<. .0/��)>

Ô9wB|���|�zTy/�lwB~-~-�zs��h�l�º1vxw~-�zL��¬ � u-�l � l&��¬k|�¬k��wBy/r{zT| � l�j�wBrtvtvxwB��lw � wB~-y¬ l��/y���wT��¬�l
�u-��vxwm�/~"¬��krÀ¿��¯wBy/r{zT| � © u-|�l�jm¬ky/�/r{³su�l�wB|-r{�zTy/�zT~"l � r{��k�ikyl�lk|f��h�wT³�u�l�|	�9u �f� uÎj�wBrtvtvxwB��l
��zTu-��wB|sy¯µ3��zTu-���lkvxw\º3zT| l��y&��zT| � u-rtyÎ°Òjmz � rÀ¿�lk� v{l®~-�z � u-rty ���¯wBvxwBrt�lflku��kvtr � r{lk| ~�wB�·v{l
�-rxwBr{� � u �h�wBjH~ � lÎjm¬ky/�/r{³su�l

M
µ,ÁRlÎ�-u-y&l��/y&wBv{zT�� � l®��zT|��/y/�/u-rt�lÎu-| j�wBrtvtvxwB��lf~"zTu-�

v{l�³su�lkv�yzTu-yl��&v{l��wB���kyl��·�zT|sy � lfv{zT|-��u�lku-�¤ÃF~-�zs��h�l¾Ä � l®u-| ¼sr{�/²ë°A²ª¼sr{� � l®vxw¤jm¬ky/�/r{³su�l
~-�l����k�/rtyl0/

lM(~ei) ≈ 1
~"zTu-�myzTu-ylÎwB���kyl

~ei
lkyHylkv.³su�l·v{l��m¬kv{¬kjmlk|�y�&�zTr{lk|�ym�¬k��u-vtr{lk��¾µ

Ó}|Ïylkv1j�wBrtvtvxwB��lmw � wB~-y¬*l��/y�wB~-~"lkv{¬�j�wBrtvtvxwB��l � ��ÌÍÉ��kµRqLzTr{lk|�y
P
u-|»�zTjHjmlky � ufj�wBrtvtvxwB��l

lky
M(P )

vxw�jm¬ky/�/r{³�u�l�lk|f��l��zTjHjmlky¯µ�Á wmv{zT|-��u�lku-� � © u-|�l*wB���kyl
PX

� wB|��}vxwmjm¬ky/�/r{³su�l
M(P )

l��/y � ¬?¿�|-r{lo~�wB� /

lM(P )(PX) = 〈
−−→
PX ,

−−→
PX 〉

1
2

M(P ) =

√

t
−−→
PX M(P )

−−→
PX .

Ô9wB|��ov{lm�¯wT�oz$#¤zT|cw u-|�lmjm¬ky/�/r{³�u�l � r{�/y/rt|��kylmlk|¤��h�wT³�u�lm��zTjHjmlky¯º,Ì0�ýÊA�B� � ¬k~"lk| � wB|�y
� l&vxwf~�z��rty/r{zT|Rº1zT| � zTrty*~-�lk| � �l·lk| ��zTjH~-yl&vxwfjm¬ky/�/r{³su�lwT��zL�kr{¬�l °Ï�h�wT³su�l ~�zTrt|sy � l
vª©`wB���kyl�ºLwBrt|��/r	³su�l
v{l��½jm¬ky/�/r{³�u�l�� � l
yzTu��,v{l��½~�zTrt|sy�½rt|sylk�/jm¬ � rxwBrt�l��¯µ\��zTu-�¨��lkvxw\º�zT| � ¬?¿�|-rty
vxw�v{zT|-��u�lku-� � l

PX
�u-�
yzTu-yl���v{l��
jm¬ky/�/r{³su�l�� � l9vxw*j�wB|-r{ik�l��/u-rt¼TwB|syl0/

lM(
−−→
PX) =

∫ 1

0

√

t
−−→
PX M(P + t

−−→
PX )

−−→
PX dt .

�1wB�/y�wB|sy � l���|�zTy/r{zT|��9rt|�y/�z � u-rtyl���~-�¬���¬ � lkjHjmlk|�y¯º=v{l�j�wBrtvtvxwB��lmw � wB~-y¬ � ¬��/rt�¬*l��/y�u-|
j�wBrtvtvxwB��l � ��ÌÍÉ�� � wB|��·vxwcjm¬ky/�/r{³�u�l

M
j�u-|-r{l � l±vxw � r{�/y�wB|���l � zT|-|�¬�l±~�wB�vxw«�lkvxwBy/r{zT|

~-�¬���¬ � lk|syl�µ
Ô9wB|���|�zTy/�lHwB~-~-�zL�h�l�º"vxw&��¬k|�¬k��wBy/r{zT| � l�j�wBrtvtvxwB��lHlk| � rtjmlk|��/r{zT|±y/�zTr{���¯©Âl� =l��ky/u�l�lk|

� lku\�&ylkjH~��¯µ\Ô�©`wB�"zT� � v{l.j�wBrtvtvxwB��l � l��/u-�ÑÐªwT��l}l��/y
w � wB~-y¬9lk|&u-y/rtvtr{�DwB|�y � l��¨jmz � rÀ¿��¯wBy/r{zT|��
v{zL�¯wBv{l�� � �\º����¸º=~-u-r{�ov{lHj�wBrtvtvxwB��l�¼�zTvtu-jHr{³�u�l w � wB~-y¬�l��/y���zT|��/y/�/u-rty�lk|Òu-y/rtvtr{�DwB|�y�u-|«wBvt��zB²
�/rty/h-jml � l.Ô9lkvxwBu-|�w¯����zT|�y/��wBrt|sy � ����º��¯���¸µ %¸v�l��/y¨°o|�zTylk�V³su�l � wB|��¨v{l�� � lku\��~-�zL��¬ � u-�l�� � l
��¬k|�¬k��wBy/r{zT| � l}j�wBrtvtvxwB��l�w � wB~-y¬}~-�¬���lk|�y¬�l��3�krÀ² � l���zTu��¯ºsvxw�j�wA�Ñlku-�l�~�wB�/y/r{l � l��¨lk|sy/rty¬�� � l
vª©`wB|��kr{lk|¤j�wBrtvtvxwB��lm�zT|�y�~-�¬��lk�/¼�¬�l��¯º wA¿�| � l*�¬ � u-rt�l�v{l���lk�/�lku-�� � © rt|�ylk�/~"zTvxwBy/r{zT|¤v{zT�� � u
y/��wB|\ÐÞlk�/y � l�����zTvtu-y/r{zT|�� � © u-|Îj�wBrtvtvxwB��l�°Hvª©`wBu-y/�l�µ
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Ö����ÍÛÍÛ �"#� ¡¾¢ ��� �-Ú �	(R¢  � ��zTu��Îw�¼�zT|��u-y/rtvtr{��¬±v{lfj�wBrtvtv{lku-� � lÏ�u-�ÑÐÞwT��l������	�\º3��©Âl��/y·u-|
v{zT��r{�kr{lkv3wBu-yzTj�wBy/r{³�u�l � lm�lkj�wBrtvtvxwB��l·w � wB~-y�wBy/rÀÐ � lm�/u-�ÑÐªwT��l��¯µD%¸vVwÎ¬ky¬&wBu���/r½u-y/rtvtr{�¬m~"zTu-�
��¬k|�¬k�lk�
v{l���j�wBrtvtvxwB��l��.w � wB~-y¬���lk| � rtjmlk|��/r{zT| � lku\�=µ�§¨l�v{zT��r{�kr{lkv�w�¬ky¬ � ¬k¼�lkv{zT~-~�¬�wBuÎ�lkrt|
� u~-�zB�/lky���wBjHj�w�°�vª© % ����%ñÜ�²¸�}zs��³su�lk|���zTu-�/y � ��¸µ

Á w»~-�zL��¬ � u-�l � lÎj�wBrtvtvxwB��lfl��/y&��zTu-¼�lk�/|�¬�l®~�wB�&v{l��m~-�zT~-�/r{¬ky¬�� ��¬�zTjm¬ky/�/r{³su�l�� � l®vxw
�u-�ÑÐÞwT��l®ÃÍzT| � ¬?¿�|-rty�u-|�lm�¯wB�/yl � lHy�wBrtvtv{l � lm��¬�zTjm¬ky/�/r{l�vtrxwB|sy�vxw·y�wBrtvtv{l � l���¬kv{¬kjmlk|�y�HwBu\�
��zTu-�/�-u-�l��1v{zL�¯wBv{l��DÄ=lky�~�lku-y�vª©��ky/�l¨wBu����/r�~�wB��u-|�lV�¯wB�/yl � l½jm¬ky/�/r{³su�l½~-�z¾¼�lk|�wB|�y � © u-|*�¯wBv{�ku-v
Ã �¾ÌÍÅ9u-|fl��/y/rtj�wBylku-� � ©Âlk�/�lku-�DÄ?º�yzTu-y}lk|®��zT|�y/�"!TvxwB|sy}vxw*³su�wBvtrty¬ � l���¬kv{¬kjmlk|sy�¯µ

Á,©`wBvt��zT�/rty/h-jml � l.�lkj�wBrtvtvxwB��l9�l � rt¼sr{�l}lk|�y/�zTr{�3¬ky�wB~"l��¯µ��(�lkjHr{ik�lkjmlk|sy¯º\vxw��u-�ÑÐÞwT��l}l��/y
wB|�wBvt�\�¬�l�lkyVvxw��¯wB�/yl � l.y�wBrtvtv{l���¬�zTjm¬ky/�/r{³su�l}~-�z¾¼�lk|�wB|�y � l��¨~-�zT~-�/r{¬ky¬��3rt|�y/�/rt|���i�³�u�l�� � l}vxw
�u-�ÑÐÞwT��l�l��/y���zT|��y/�/u-rtyl�µ��(u-r{�¯º\vxw�y/�/rxwB|-��u-vxwBy/r{zT|Ïl��/y
jmz � rÀ¿�¬�l�lk|®wT����zT� � w�¼�l���vxw�~-�l����k�/rt~\²
y/r{zT| � l*y�wBrtvtv{l�~�wB���lkj�wBrtvtvxwB��lHv{zL�¯wBvªµ"��zTu-�o��lkvxw\º � l���zT~"¬k��wBy/r{zT|���yzT~"zTv{zT��r{³�u�l��mÃF��wT��ku-v{l��
� ©`wB���kyl��?Ä�lky � l���zT~"¬k��wBy/r{zT|�����¬�zTjm¬ky/�/r{³su�l���ÃFrt|��lk�/y/r{zT| � l*~"zTrt|�y�9~�wB�o�/u-� � rt¼Lr{�/r{zT| � © u-|�l
wB���kyl�º��/u-~-~-�l���r{zT| � l�~�zTrt|sy�.~�wB�9�/u-~-~-�l���/r{zT| � © u-|�l�wB���kyl�lk|fÐFu��/r{zT|-|�wB|sy���l�� � lku\�®l?�L²
y/�¬kjHrty¬��}lky��"zTu-��¬ � l�~"zTrt|�y�DÄ3��zT|�y}l� =l��ky/u�¬�l���~"zTu-�.zT�-ylk|-rt�}u-|Îj�wBrtvtvxwB��lo~"zTu-�
v{l�³�u�lkv�vxw
y�wBrtvtv{l
lky(vxw9³su�wBvtrty¬ � l��(¬kv{¬kjmlk|sy�½�zT|sy½��zT|�y/�"!Tv{¬�l��¯µ ��rt|�wBv{lkjmlk|sy¯º � l��,zT~-y/rtjHr{�DwBy/r{zT|��,v{zL�¯wBv{l��
��zT|�y}ÐÞwBrtyl���~"zTu-�9wBjm¬kvtr{zT�lk�9vxw&³�u�wBvtrty¬�lk|®ÐÞzT�/jml � l���¬kv{¬kjmlk|sy��lky}v{l��l��/~"l��ky � l�vxw&�¯wB�/yl
� l9y�wBrtvtv{l�µ

Ö����ÍÛÍÛ �"#� )�×	ÛÍ¢�£ ��(R¢  '� ��zTu��Hw�¼�zT|��*u-y/rtvtr{�¬ v{l j�wBrtvtv{lku-�H¼�zTvtu-jHr{³su�l�
�������������	º¹��©Âl��/y
u-| v{zT��r{�kr{lkv wBu-yzTj�wBy/r{³su�l � l���¬k|�¬k��wBy/r{zT| � l}j�wBrtvtvxwB��l9y¬ky/��wT¬ � �/r{³�u�low � wB~-y�wBy/rÀÐ/µ�§¨l�v{zT��r{�kr{lkv
w*¬ky¬ � ¬k¼�lkv{zT~-~�¬�wBuf�lkrt| � uÎ~-�zB�/lky}��wBjHj�wm°*vª© % �}� %ëÜ.²¸�.zL��³su�lk|���zTu-�/y � �¯���¸µ

Á w9~-�zL��¬ � u-�l � l
��¬k|�¬k��wBy/r{zT| � l�j�wBrtvtvxwB��l�y¬ky/��wT¬ � �/r{³su�l�l��/y,��zTu-¼�lk�/|�¬�l�°�vxw�ÐÍzTr{�,~�wB�,v{l
j�wBrtvtvxwB��l � l��u-�ÑÐÞwT��lHÃÍ��zTjH~"z��¬ � l9y/�/rxwB|-��v{l��DÄ¨³�u-r � ¬��k�/rty
v{l � zTj�wBrt|�l�lky
~�wB�3u-|�l��¯wB�/yl � l
jm¬ky/�/r{³su�lÎÃF~-�z¯¼�lk|�wB|sy � © u-|Ò�¯wBv{�ku-výÄ�³su-r � zT|-|�l*vª© rt|\ÐÞzT�/j�wBy/r{zT|¤�/u-��vxw y�wBrtvtv{l � l���¬kv{¬kjmlk|�y�
³su-r � zTrt¼�lk|�y �ky/�lo��zT|��/y/�/u-rty�¯µ

Á,©`wBvt��zT�/rty/h-jml � l���¬k|�¬k��wBy/r{zT| � l.j�wBrtvtvxwB��l�l��/y¨��wT�¬��/u-�¨u-|�l}jm¬ky/h�z � l � l�y¸�L~�l�Ô9lkvxwBu\²
|�w¯��º�rtv�l��/y � rt¼Lr{�¬.lk|my/�zTr{�¨¬ky�wB~"l��¯µ�g�zTu-y � ©`wB�"zT� � º�v{l��V~�zTrt|sy� � zT|-|�¬��V~�wB�½vxw�ÐÍ�zT|�y/r{ik�l��zT|sy
rt|���¬k�¬��}~�wB��v{l��-rxwBr{� � © u-|�l�jm¬ky/h�z � l � l�Ô9lkvxwBu-|�w��Ï��zT|�y/��wBrt|sylmlky}vxwmÐÍ�zT|�y/r{ik�l*l��/y��l���zTu\²
¼L�¬�l9lk|·u-y/rtvtr{��wB|�y¯º-lk|sy/�lowBu-y/�l��¯ºLu-|�l9�¬k~�¬ky/rty/r{zT| � l���wT��ku-v{l�� � l}ÐªwT��l��Ñ²ëwB���kyl��oÃÍzT~�¬k��wBy/r{zT|��
v{zL�¯wBv{l��DÄ?µLß(|��/u-rtyl�ºsvxw��k�¬¯wBy/r{zT| � l��V~�zTrt|sy�¨rt|�ylk�/|�l��
l��/y3l� "l��ky/u�¬�l9w�¼�wB|�y3v{lku-�¨rt|��lk�/y/r{zT| �¯ÌÞÅ
v{l&|�z¯��wBu � l·Ô9lkvxwBu-|�w��®�ñu��³suR©`°Î�DwBy/u-��wBy/r{zT| � l��*wB���kyl��¾µ�ß(vtv{l·�¯©Âl� =l��ky/u�l lk| wT����zT� � w¯¼�l��
vxw¤~-�l���k�/rt~-y/r{zT| � lfy�wBrtvtv{l � zT|-|�¬�lÏ~�wB� vxwÒjm¬ky/�/r{³su�l�º¨yzTu-y lk| ��zT|�y/�"!TvxwB|syÎvxw»ÐÞzT�/jml � l��
¬kv{¬kjmlk|sy�¯µ�ß(|\¿�|Rº � l���zT~-y/rtjHr{��wBy/r{zT|���v{zL�¯wBv{l��}�zT|sy�wT����zTjH~-vtr{l���~"zTu-��wBjm¬kvtr{zT�lk��vxwm³su�wBvtrty¬
lk|¤ÐÍzT�/jml�� � l���¬kv{¬kjmlk|sy��lky�v{lm�l��/~"l��ky � lmvxwÎ�¯wB�/yl � l�jm¬ky/�/r{³�u�l�º¹°·vª©`wBr � l � ©ÂzT~�¬k��wBy/r{zT|��
��¬�zTjm¬ky/�/r{³su�l���ÃF�"zTu-��¬ � l�~"zTrt|�y�?Ä¨zTuÎyzT~�zTv{zT��r{³su�l���ÃF��wT���ku-v{l � l�ÐÞwT��l��/²ëwB���kyl��DÄ?µ

����� � 4 1$>=(�8 &�.0/21�30& 4657> .</ ��&�.<,'1 3<&�4

Á,© rt|�ylk�/~"zTvxwBy/r{zT| � l}vxw��zTvtu-y/r{zT|l��/y¨u-|·~�zTrt|sy
�kv{l?Ð � wB|��¨vª©`wBvt��zT�/rty/h-jml � ©`w � wB~-y�wBy/r{zT| � l
j�wBrtvtvxwB��l�ºLrtv	ÐÞwBrtyVv{l.vtr{lk|·lk|�y/�l�vxw���¬k|�¬k��wBy/r{zT| � l�j�wBrtvtvxwB��l9lky¨v{l}�zTvt¼�lku-�¨|�u-jm¬k�/r{³su�l�µ-Ü}~-�i��
w¯¼�zTrt��zT�-ylk|�u u-|«|�zTu-¼�l¯wBu j�wBrtvtvxwB��l®w � wB~-y¬ÒÃÞwB~-~�lkv{¬Îj�wBrtvtvxwB��l��zTu-��wB|�yDÄ?º,vª©ÂzT�\�/l��ky/rÀÐ�l��/y
� l��lky/�zTu-¼�lk�}v{l��h�wBjH~ � l��zTvtu-y/r{zT|Ï�/u-�}��l�|�zTu-¼�l¯wBu®j�wBrtvtvxwB��l�~�zTu-����zT|�y/rt|�u�lk�9v{l��¯wBv{�ku-vªµ
§¨zTjHjml&v{l���h�wBjH~ � l&�zTvtu-y/r{zT|«|R©Âl��/y���zT|-|su ³su�l � l&j�wB|-r{ik�l � r{���k�ikyl�ºRrtvVÐÞwBu-yo�l���zTu-�/rt�
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�kn ��� � �tÅ����¾ÊkÉ����	��
���"ËÊ��������������.Ê/ÇTË 
�ÊHÊkÉ������±Ç��LÅ�� �mÅ � Ì

°�u-|��h�¬kj�w � © rt|sylk�/~�zTvxwBy/r{zT|Î~"zTu-�
l?�Ly/��wBrt�l9��lky/yl�rt|\ÐÞzT�/j�wBy/r{zT|Rµ-Á,©Â¬ky�wB~�l � © rt|sylk�/~�zTvxwBy/r{zT|
ÐªwBrty�wB~-~"lkvV°vª©Âl��~�wT��l � lm��zT|sy/�"!Tv{l�º���zT|sylk|�wB|�y*v{lHj�wBrtvtvxwB��l � l*ÐÍzT| � zTucwB|��kr{lk|¤j�wBrtvtvxwB��l
ÃFvxw � l���k�/rt~-y/r{zT|Î�~�wBy/rxwBv{l¾Ä¨lky
vxw���zTvtu-y/r{zT|Î³�u-r�vtu-rRl��/y�wT��zL�kr{¬�l�ÃFv{l���h�wBjH~Î��zT|��/r � ¬k�¬9�lkvxwBy/rÀÐ
°*��lky/yl � l���k�/rt~-y/r{zT|	Ä?º�~"zTu-�
�l���zTu-¼s�lk�}vª© rt|\ÐÍzT�/j�wBy/r{zT|f~�zTu-�
v{l9j�wBrtvtvxwB��l���zTu-��wB|�y¯µ

Ô9wB|��Vvª©Â¬ky�wB~"l � © rt|sylk�/~�zTvxwBy/r{zT|Rº � lku\�m~-�zT�-v{ikjml��
��zT|�y
°o~-�lk| � �l9lk|&��zTjH~-yl�µ\Ô*©`wB�"zT� �
vxwÏv{zL�¯wBvtr{��wBy/r{zT| � l��H|�zTu-¼�l¯wBu\� �zTjHjmlky� � wB|���vª©Âl��/~�wT��l � lÎ��zT|sy/�"!Tv{l�º½lk| r � lk|sy/rÀ¿	wB|�y v{l��
¬kv{¬kjmlk|sy� � u¦j�wBrtvtvxwB��l � lÐÞzT| � v{l��&��zT|sylk|�wB|�y¯µ
Ó}|�lfwB~-~-�zL�h�lÏ~�z����/rt�-v{l®l��/y&~-�¬��lk|�y¬�l
� wB|�� � �¯���¸µ¯ß(vtv{lV��zT|��/r{�/yl¨°
�l � ¬k~-vxwT��lk� � wB|�� v{l,j�wBrtvtvxwB��l�ÃÍzT�/r{lk|sy¬¾ÄRlk|�u-y/rtvtr{��wB|�y�vxw
yzT~"zTv{zT��r{l
� lV��lkvtu-rÀ²¸�krªºLÌ@�FÊA�B�Tv{l��1¬kv{¬kjmlk|�y�¹¼�zTr{�rt|�� � lV�h�wT³su�l¨¬kv{¬kjmlk|sy¯µ�¶}|��l � ¬k~-vxwT��l � wB|���v{l,j�wBrtvtvxwB��l
� l�ÐÍzT| � ~�wB�.¼�zTr{�/rt|�wB��l�wA¿�| � l�y/�zTu-¼�lk��vª©Â¬kv{¬kjmlk|�y9��zT|�ylk|�wB|sy�v{l��zTjHjmlky}lk|fu-y/rtvtr{��wB|�y}u-|
wBvt��zT�/rty/h-jml���wT�¬��/u-�
v{l�����zLzT� � zT|-|�¬�l��}��wB�/�L��lk|sy/�/r{³�u�l��¯µ

Ó.|�lVÐÞzTr{��vxw}v{zL�¯wBvtr{��wBy/r{zT|H�¬��zTvtu�l�ºBu-|H��h�¬kj�w � © rt|sylk�/~�zTvxwBy/r{zT|&l��/y¹u-y/rtvtr{�¬¨~�zTu-�(l?�\y/��wBrt�l
vª© rt|\ÐÞzT�/j�wBy/r{zT| � u��h�wBjH~ � l,�zTvtu-y/r{zT|Rµ��zTu��=u-y/rtvtr{�zT|�� v{l½���h�¬kj�w � © rt|�ylk�/~"zTvxwBy/r{zT|H�kvxwT��/r{³su�l
� l�yë�s~"l

P 1 �¯wB��v{l���h�wBjH~ � l*�zTvtu-y/r{zT|Ò³su-r¹l��y�rt|sylk�/~�zTv{¬m|R©Âl��/yo��zT|-|�uÒ³suR©`wBu\�Ï�zTjHjmlky�
� l��3�/rtjH~-v{l?�-l�� � u&j�wBrtvtvxwB��lmÃÍ��©Âl��yÑ²ë°A² � rt�l�zT|·w � l��3¬kv{¬kjmlk|�y�3¿�|-r{� � l9Á wB����wB|-��l

P 1 Ä?µ-qLzTrty
P
u-|±~"zTrt|�y � u»j�wBrtvtvxwB��lH��zTu-��wB|�y�lky

K = [P1, P2, P3, P4]
v{l*y¬ky/��wTi � �l � u»j�wBrtvtvxwB��l � l

ÐÞzT| � v{lo��zT|sylk|�wB|�y¯µ=¶}| � ¬?¿�|-rty
Ki

v{l�y¬ky/��wTi � �l�¼srt�/y/u�lkvRz$#®zT|Ïw��lkjH~-vxwT��¬ov{l��zTjHjmlky
Pi~�wB��v{l��zTjHjmlky

P
~"zTu-�

i = 1, 4
lky�zT|c|�zTyl

VK
v{l�¼�zTvtu-jml � lmvª©Â¬kv{¬kjmlk|sy

K
µRÜ}v{zT��¯º v{l

���h�¬kj�w � © rt|sylk�/~�zTvxwBy/r{zT|±l��/y � zT|-|�¬�~�wB� /

u(P ) =

4
∑

i=1

ωi(P )u(Pi) ,
w¯¼�l��

ωi(P ) =
VKi

VK
.
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Ô9wB|�����lky/ylH��l��ky/r{zT|Rº"|�zTu���¬ky/u � r{zT|���vxw ~-�zT�-v{¬kj�wBy/r{³�u�lmvtr{¬�l*° vª© u-y/rtvtr{�DwBy/r{zT| � l*vª©`wBvt��zB²
�/rty/h-jml.�kvxwT��/r{³su�l � ©`w � wB~-y�wBy/r{zT| � l3j�wBrtvtvxwB��l.~�zTu-�,v{l��½�/rtj�u-vxwBy/r{zT|��½rt|��/y�wBy/r{zT|-|�wBrt�l��V�u-�(u-|
l?�-lkjH~-v{l.lk| � rtjmlk|��/r{zT| � lku\�"µ �}zTu��Vl?�L~"z��zT|�� � ©`wB��zT� � v{l��½~-�zT�-v{ikjml��Vvtr{¬��3°�vxw � ¬?¿�|-rty/r{zT|
� u ���h�¬kj�w � ©`w � wB~-y�wBy/r{zT| � l�j�wBrtvtvxwB��l�µ(ß(|��u-rtyl l��y�~-�¬��lk|sy¬ v{l&~-�zT�-v{ikjml jmz � ikv{l·�/u-�
v{l�³su�lkv1|�zTu��9wBvtv{zT|���wB|�wBvt�\�lk��v{l��}�¬��u-vty�wBy�¯º�~-u-r{��rtv¹l��/y.~-�¬��kr{��¬�vxw�jm¬ky/h�z � l�u-y/rtvtr{�¬�l�~"zTu-�
¬k¼�wBvtu�lk�9vª©Âlk�/�lku-����zTjHjHr{�l*lk|�y/�l*vxw&�zTvtu-y/r{zT|Òw � wB~-y¬�l�lky9vxw&�zTvtu-y/r{zT| � l��¬?ÐÍ¬k�lk|���l�µ ��zTu��
wB~-~-vtr{³su�zT|��(��lky,wBvt��zT�/rty/h-jml�wBu*~-�zT�-v{ikjml3jmz � ikv{l3lky1|�zTu��,wB|�wBvt�L�zT|��¹vª© rtjH~�wT�ky � u*|�zTj��-�l
� ©`w � wB~-y�wBy/r{zT|�� � l*j�wBrtvtvxwB��lm�/u-�9vxw·�zTvtu-y/r{zT|cw � wB~-y¬�l�µ=ß,|\¿�|Rº=|�zTu��3�Ñu��/y/rÀ¿�zT|���y/h�¬�zT�/r{³su�l?²
jmlk|sy�vª©Âlk�/�lku-� � u�lowBu\�®w � wB~-y�wBy/r{zT|�� � l�j�wBrtvtvxwB��l�µ

����� � .��)&)(+301 �7*?> 5 ��/57/2871 / 1�3<&�4 5'> *?/3<.<.</��)>
%¸v ��lkj��-v{l�¬k¼Lr � lk|�y9³suR©Âlk|Î��¬k|�¬k��wBv�vª©`wBvt��zT�/rty/h-jml � ©`w � wB~-y�wBy/r{zT| � l�j�wBrtvtvxwB��l�l��/y�rt|�y/�/rt|\²

��i�³�u�lkjmlk|sy�rt|�wB~-~-�zT~-�/r{¬·°vª©Â¬ky/u � l � lmylkv{��~-h�¬k|�zTjmik|�l��*°Î�¯wBu��l � l�v{lku-��¬k¼�zTvtu-y/r{zT|«rtj*²
~-�¬ � r{�ky/rt�-v{l � wB|��Hv{l � zTj�wBrt|�l � l�¯wBv{�ku-vªµ(ß(| l� =lky¯º¹~�zTu-�Hv{l��H�/rtj�u-vxwBy/r{zT|����/y�wBy/r{zT|-|�wBrt�l��
vª©`wBvt��zT�/rty/h-jml���zT|��/r{�/ylo°*�l���h�lk��h�lk�}u-|Î~�zTrt|sy
¿-�-l9~�zTu-�
v{lo��zTu-~-v{l�ÐÍzT�/jm¬9~�wB��v{l9j�wBrtvtvxwB��l
lky�vxwf�zTvtu-y/r{zT|Rº,qLl��ky/r{zT| �\µt��µ¹�¹wB� � ¬?¿�|-rty/r{zT|Rº(��lky*wBvt��zT�/rty/h-jml·rtjH~-vtr{³su�l·³�u�l&v{l�j�wBrtvtvxwB��l
l��y
yzTuT�ÑzTu-�� 	ëlk|®�lky�wB� � C9~�wB�
��wB~-~�zT�/y�wBu\� ~-h�¬k|�zTjmik|�l���³�u-rR¬k¼�zTvtu�lk|sy � wB|��
v{l � zTj�wBrt|�l�µ
�,vtu��½~-�¬��kr{�¬kjmlk|sy¯º\�/r���lky¨wBvt��zT�/rty/h-jml9l��/y3wB~-~-vtr{³�u�¬�°�u-|&~-�zT�-v{ikjml � ¬k~"lk| � wB|�y � u�ylkjH~��¾º
wBv{zT���°&�h�wT³su�l�rty¬k��wBy/r{zT|Rº	v{l�j�wBrtvtvxwB��l�u-y/rtvtr{�¬�~�zTu-��v{l��¯wBv{�ku-v(l��/y9w � wB~-y¬*�lku-v{lkjmlk|�y�°�vxw
��zTvtu-y/r{zT|crt|-rty/rxwBv{l � zT|-|�¬�lwBu �zTvt¼�lku-��|su-jm¬k�/r{³�u�l�µ(Á zT�� � u �¯wBv{�ku-v3³�u-r3�/u-rty¯º�v{l�j�wBrtvtvxwB��l
|�l*~-�lk| � ¬k¼sr � lkjHjmlk|sy�~�wT�olk|Ò��zTjH~-ylHvª©Â¬k¼�zTvtu-y/r{zT| � l*vxw·�zTvtu-y/r{zT|RµRÜ}u-y/�lkjmlk|�y � rty¯º=��lky
wBvt��zT�/rty/h-jml*rt|sy/�z � u-rty � l��}~"lk�/y/u-�/��wBy/r{zT|��ov{zT�� � lH�zT|Ïu-y/rtvtr{��wBy/r{zT|»~"zTu-�9vxw��¬���zTvtu-y/r{zT| � u
~-�zT�-v{ikjml�°o�¯wBu��l � u � ¬��¯wBvxwB��l.lk|sy/�l.vxwo�zTvtu-y/r{zT|&lky,vxwojm¬ky/�/r{³�u�l�µs��zTu-�¨�¯wB��wT�ky¬k�/r{�lk�3��lkvxw\º
|�zTu�� � zT|-|�zT|���vxw � ¬?¿�|-rty/r{zT|Ï�/u-rt¼TwB|syl0/
= ��5 � �ýØ��F× � & � ��� � Å?Æ�Æ-Ê����tÊ&rt|sylk�/¼TwBvtv{l � lÎylkjH~�� �¯wB��wT�ky¬k�/r{�/y/r{³su�l

τ
� © u-|¦j�wBrtvtvxwB��l �tÊ

É¸ÊH�.Æ	È"Æ=�+�BÈDÌ98H��Ê �mÅ��TÌ��HÅ��sÅ��&5�Ç��sËDÈ � � 8H��Ê���Ç���
�ÅTË/Å���ÉÍÌÍÉ 8H�-Ê;� : Ê?ËDËÊ��LË � Ê-5Å�� 5H� ��ÊDÈkÉ	ÉªÇ��	��Ç��LË�È
�ÇTËJ���Ê � � 8H�LÌýË �¸Æ\ÅTËkÉÍÌªÊ��ÏÆ\ÅTË �tÊfÈ¯Ê��LÌ	��
�� �A� %,Ê 8H�LÌ�È¯Ê±ÉÍË/Å � �LÌFÉ}Æ\Å�Ë � : Ì���É¸Ê?Ë �AÅ����{Ê � Ê±É¸Ê��}Æ�È
�mÅ���Ì	�mÅ��	Æ-Ê�� � Å���É��tÊ 8��-Ê�� �tÊA�mÅTÌ	���tÅ�
�Ê ÊDÈ?É�ÉªÇ��	��Ç��LË�È � ��ÌFÉ�� ��J� ��Å��\É �	Ç�É¸Ê?Ë 8��-Ê

τ
� : ÊDÈkÉ�Æ\ÅBÈ

5�Ç������ � �mÅTÌýÈ�Ì��,È : Ê��DÆ�ËDÌ���ÊoÆ\ÅTË
τ = f(ε, hgrad, hmin, ~U(t))

� � ��Ê �kÇ��65�ÉÍÌÍÇ�� � Ê
ε
�

hgrad
�

hmin
ÊkÉ ~U(t)

8H�LÌ¨ÊDÈ?É;�tÅ �¯ÌÍÉ¸ÊDÈDÈ�Ê � �*Æ=� ���	Ç�� ����Ê
Æ=� �AÈ?Ì 8��-Ê*Å��ÎÉ¸ÊH�.Æ	È
t
�

�(�lkjHr{ik�l��zT|��/y�wBy�wBy/r{zT|Rº,�/r3��lkymwBvt��zT�/rty/h-jmlÎl��/yHwB~-~-vtr{³�u�¬lk| l� =l��ky/u�wB|�yHu-| |�zTj��-�l
� ©`w � wB~-y�wBy/r{zT|�� � l�j�wBrtvtvxwB��l��}rt|��/u\Õ���wB|sy9wBv{zT��¾º�°H�h�wT³su�l�rty¬k��wBy/r{zT| � lovxwH��zTu��kv{l � ©`w � wB~\²
y�wBy/r{zT|Rº3vxw«�zTvtu-y/r{zT| w¯¼TwB|���l»lk| ylkjH~�� � l

∆t
³�u-r�l��/y·~-vtu��·����wB| � ³su�lfvª© rt|sylk�/¼TwBvtv{l � l

ylkjH~����¯wB��wT�ky¬k�/r{�/y/r{³su�l
τ
� u®j�wBrtvtvxwB��l�µ"Ô9zT|���º�v{l��}~-h�¬k|�zTjmik|�l���~-h��\�/r{³su�l���ÃF~�wB�9l?�\lkjH~-v{l

� l��.�h�zL���DÄ?º�³su-rR�l � ¬k~-vxwT��lk|sy � wB|��
v{l � zTj�wBrt|�l � lo�¯wBv{�ku-vªº	�zT�/ylk|�y � l����¬k��r{zT|��}w � wB~-y¬�l��
ÃFj�wBrtvtv{¬�l��
¿�|�lkjmlk|�yDÄ?º�lk|sy/��w��{|�wB|�y � l�ÐÞwBrty¯º\u-|�l9~"lk�/yl � l9vxw�~-�¬��kr{�/r{zT| � l9vxw��zTvtu-y/r{zT|Rµ�§¨l��kr
��l9y/��w � u-rty�~�wB��u-|�l � rE "u��/r{zT| � l�vxw*�zTvtu-y/r{zT|«Ã � l���~-h�¬k|�zTjmik|�l���~-hs�L�r{³�u�l��DÄ?µ

��zTu-��¬k¼srtylk�.��lo~-�zT�-v{ikjml�º�zT|fw � wB~-yl�v{l�j�wBrtvtvxwB��l�ÐÍ�¬�³�u�lkjHjmlk|sy�ÃñÌ0�ýÊ �E�"yzTu-yl���v{l��
5
°

20
rty¬k��wBy/r{zT|�� � l��zTvt¼�lku-�3|�u-jm¬k�/r{³su�l¾Ä?µ-ÁRl.|�zTj��-�l � ©`w � wB~-y�wBy/r{zT|�� � lk¼sr{lk|sy.wBv{zT��3�/u\Õ���wB|�y

~"zTu-�o³su�l*v{l*ylkjH~��
∆t

lk|sy/�l � lku\�Òw � wB~-y�wBy/r{zT|����zTrty � lmvª©ÂzT� � �l � l
τ
µ=ÁRlH~-�zT�-v{ikjml � l

CDC ô�E.FHGJI�K



��1 ��� � �tÅ����¾ÊkÉ����	��
���"ËÊ��������������.Ê/ÇTË 
�ÊHÊkÉ������±Ç��LÅ�� �mÅ � Ì

��lky/yl*wB~-~-�zL�h�lHl��/y�³�u�l�v{l���z��-y � l�j�wBrtvtvxwB��l � lk¼sr{lk|sy�~-�zTh-rt�-rty/rÀÐ¨�/r1zT|»w � l��}��¬�zTjm¬ky/�/r{l��
��zTjH~-v{l?�-l��¹lk|�y/�zTr{� � rtjmlk|��/r{zT|��¯µ �ÏwBr{�¾º¯rtvL�l��/yl½lk|���zT�l3°}wB|�wBvt�\�lk��vª© rtjH~�wT�ky¹�u-� vxw���zTvtu-y/r{zT|
� wB|���v{lo�¯wT��z$#u-|Î����wB| � |�zTj��-�l � © rt|sylk�/~�zTvxwBy/r{zT|���l��/y.l� =l��ky/u�¬�µ

��� � � 4987(�&):�.0;=*?> 1���8 >���8�(�&)87/��)/21�30& 4 5 ��&�4�5'> � 4'& 4�� . 3<4 � /30(�> �

�}zTu��·¬ky/u � r{zT|����zTjHjmlÏ~-�zT�-v{ikjml ÃF�¬�lkvýÄ��lk~-�¬��lk|�y�wBy/rÀÐ � l��·�/rtj�u-vxwBy/r{zT|��rt|��y�wBy/r{zT|\²
|�wBrt�l��¾º�vª©Â¬k¼�zTvtu-y/r{zT| � l ~-h�¬k|�zTjmik|�l��HjmzT�-rtv{l��*|�zT| ~-�¬ � r{�ky/rt�-v{l��®Å Æ	ËDÌÞÇTË?Ì � wB|���u-|�l ��¬�zB²
jm¬ky/�/r{l���zTjH~-v{l?�\lÏÃý¿-�\l¾Ä?µR�,vtu���~-�¬��kr{�¬kjmlk|�y¯º�v{l*~-�zT�-v{ikjml���zT|��r � ¬k�¬�l��/y�vxw·~-�zT~�wB��wBy/r{zT|
� ©ÂzT| � l�� � l���h�zs���}|�zT|\²ªvtrt|�¬¯wBrt�l�� � wB|���u-|�l���¬�zTjm¬ky/�/r{l���zTjH~-v{l?�-l��lk~-�¬���lk|�y�wB|�y9u-|�l�~-vxwT��l
� wB|��}u-|�l�¼srtvtv{l�µ=§¨lky/yl��rtj�u-vxwBy/r{zT|»~"lku-y �ky/�l�¼su�l���zTjHjml�u-|�l���¬k|�¬k��wBvtr{��wBy/r{zT| � uÏy/u-��l*°
��h�zs� � lqLz � � �����oÃF~-�zT�-v{ikjml � l ��r{lkj�wB|-|	Ä�lk| � rtjmlk|��/r{zT| �/u-~"¬k�/r{lku-�l�µ1ß,vtv{l l��y�jmz � ¬?²
vtr{��¬�l�~�wB��v{l���¬�³�u�wBy/r{zT|�� � ©Âß,u-v{lk�¯º�qLl��ky/r{zT|c�\µ`�\µ=Ó}|�l�~"lk�/y/u-�/��wBy/r{zT|Òrt|-rty/rxwBv{l � l ��l¯w�¼L�\�/r � l
l��y�rt|sy/�z � u-rtyl � wB|���u-|Ò�h�wBjH~¤u-|-rÀÐÍzT�/jml � l*j�wB|-r{ik�l&°&�rtj�u-v{lk�ou-|�lHl?�\~-v{z��/r{zT|RºR��lH³su-r
�rt��|-rÀ¿�l.³suR© u-|�l��¬k��r{zT| � l�h�wBu-yl�~-�l����/r{zT|ÏÃÍlky � lk|��/rty¬¾Ä,l��y,rt|�y/�z � u-rtyl � wB|��Vvª©`wBrt�¨wBj��-rxwB|�y
ÃÍ�?Ð/µ �1rt��u-�l���Ä?µ

�(vtu��1~-�¬��kr{�¬kjmlk|�y¯ºB~"zTu-� � ¬?¿�|-rt�1vª©Â¬ky�wBy�rt|-rty/rxwBvªºTzT|*w�v{l���~�wB��wBjmiky/�l��¹~�zTu-��vª©`wBrt�¹wBj��-rxwB|�y
� wB|��,v{l � zTj�wBrt|�l � l
�¯wBv{�ku-vªº � zT|�y,vxw�y�wBrtvtv{l�ÃF��z �{yl
lk|-��v{zT��wB|syl¾Ä(l��/y

150×90 m2 º��/u-rt¼�wB|�y� /
ρ = 0.125

º
p = 0.1

lky
u = v = 0

º	z$#
ρ
º
p
lky ~U = (u, v)

�lk~-�¬��lk|sylk|�yo�l��~�l��ky/rt¼�lkjmlk|sy
vxw � lk|��/rty¬�º�vxwH~-�l���/r{zT|flky}v{lo¼�l��kylku-�}¼srtyl����l�µ�Ô�wB|���vxwm�¬k��r{zT|®rt|-rty/rxwBv{l � loh�wBu-yl � lk|��rty¬�º
� ¬kvtrtjHrty¬�lÒ~�wB�

[65, 67.5] × [0, 2.5]
º.zT|2w«v{l��Î��zT| � rty/r{zT|��Îrt|-rty/rxwBv{l�� /

ρ = 1
º

p = 1
lky

u = v = 0
µ

Á w �1rt��u-�l�� jmzT|�y/�lHvª©Â¬k¼�zTvtu-y/r{zT| � lHvxw �zTvtu-y/r{zT|¤lk| � rtjmlk|��/r{zT| � lku\�=µ ¶}|»~"lku-y�¼�zTrt�
lk|»~-vtu�� � l*vxw·~-�zT~�wB��wBy/r{zT| � l���zT| � l�� � lH�h�zL��� � wB|��ov{l � zTj�wBrt|�l � lm�¯wBv{�ku-vªº=u-|¤����wB| �
|�zTj��-�l � © rt|�ylk��wT�ky/r{zT|��lk|�y/�lÏ��lkvtv{l��Ñ²¸�krªµ�§¨lky/ylÏ�/rtj�u-vxwBy/r{zT| l��/y �lk~-�¬��lk|�y�wBy/rt¼�l � l��&~-�zB²
�-v{ikjml���rt|��/y�wBy/r{zT|-|�wBrt�l���lky}rtvtvtu��/y/�l��-r{lk|fv{l���zTjH~�zT�/ylkjmlk|sy�|�zT|f~-�¬ � r{�ky/rt�-v{lÅ�Æ�ËDÌÞÇTË?Ì � l��
~-h�¬k|�zTjmik|�l��.~-h��\�/r{³su�l��¯µ

����� � / . � ,7. 5'> .�� > (�(�>=,7(

��zTu-�*wB|�wBvt�L�lk�olky�¼TwBvtr � lk��v{l����¬��/u-vty�wBy� � © u-|�lHjm¬ky/h�z � l�º � lku\�¤wB~-~-�zs��h�l����zT|syo~"z��Ñ²
�rt�-v{l��¯µ�Ô�wB|��¨vxwo~-�lkjHr{ik�l�wB~-~-�zL�h�l�ºLvxwo��zTvtu-y/r{zT|·l��yV�/u-~-~"z��¬�l���zT|-|�u�l�ºL~�wB�¨l?�-lkjH~-v{l�ºLlkvtv{l
l��y � zT|-|�¬�l�~�wB�}u-|�l�ÐÞzT�/j�u-v{l*wB|�wBvt�sy/r{³su�l�zTuf~�wB�.u-|Ï�¯wBv{�ku-v � zT|sy}zT|f��zT|-|�w��{y�vxwm��zTvtu-y/r{zT|
wB|�wBvt�Ly/r{³su�l�ÃF~-�zT�-v{ikjml � l���r{lkj�wB|-|RºLß,Ô9� z$#&v{l}ylk�/jml��zTu-���l}l��y¨��h�zTr{�/rªºtµtµtµåÄ?µ"%¸v�l��/y
wBv{zT��
ÐªwT�krtv{l � l ¼�¬k�/rÀ¿�lk���/r3v{l·�¬��/u-vty�wBy�wBy/ylk| � u l��/ymzT�-ylk|suRµ,Ô�wB|��*vxw � lku\�Lr{ikjmlfwB~-~-�zs��h�l�º(vxw
��zTvtu-y/r{zT|Ò~-�z¯¼Lr{lk|�y � © u-|¤�¯wBv{�ku-v � zT|�y�rtv(|R©Âl?�Lr{�ylH~�wT� � lH�zTvtu-y/r{zT|cwB|�wBvt�Ly/r{³su�lm��zT|-|�u�l�µ(qsr
zT|&�/u-~-~�z���l�³�u�l�vxw9jmz � ¬kvtr{�DwBy/r{zT|&lky,vxw9�¬���zTvtu-y/r{zT|�|�u-jm¬k�/r{³su�l��zT|�y,¼�wBvtr � l��¯º�wBv{zT��VzT|�~"lku-y
��zTjH~�wB�lk��vxw·�zTvtu-y/r{zT|¤zT�-ylk|su�l&° u-|�lm�zTvtu-y/r{zT| � rtyl � lË � � �kË/Ê��65�Êkµ1ß(| � ©`wBu-y/�l��oylk�/jml��¾º
zT|f�h�lk��h�l�° �ky/�lo��zT|��/r{�y�wB|�y}w¯¼�l��ov{lo�zTvt¼�lku-�.|�u-jm¬k�/r{³su�lov{zT��³suR©ÂzT|Îu-y/rtvtr{�l�vª©`w � wB~-y�wBy/r{zT|
� l9j�wBrtvtvxwB��l�º	��©Âl��/yÑ²ë°A² � rt�l�zT|Î��h�lk��h�l*°��lky/�zTu-¼�lk�.v{l9�¬��/u-vty�wBy}zT�-ylk|�uf�DwB|��
vª©`w � wB~-y�wBy/r{zT|Rµ

�1wB�&vxw±�/u-rtyl�º(|�zTu��&wBvtv{zT|�� wB|�wBvt�L��lk���/u-�Hv{l~-�zT�-v{ikjml®jmz � ikv{lÎlk| � rtjmlk|��/r{zT| � lku\�=º
v{l����¬��/u-vty�wBy�.zT�-ylk|su���°*vª©`wBr � l � l�vª©`w � wB~-y�wBy/r{zT| � loj�wBrtvtvxwB��lo~�wB����wB~-~"zT�/y}°*u-|�lo��zTvtu-y/r{zT|
� l·�¬?ÐÞ¬k�lk|���l�µ½�1zTu-����lkvxw\º(rtv�ÐÞwBu-yH~-�¬��kr{�lk��vª©Â¬k¼TwBvtu�wBy/r{zT| � l·vª©Âlk�/�lku-�&��zTjHjHr{�lv{zT�� � © u-|
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��� ÅDÆ�ÉªÅ�ÉÍÌÍÇ�� � Ê��mÅTÌ��	�tÅ�
�Ê��� Æ\Ç��sË��{ÊDÈ3Æ	Ë/Ç���������ÊDÈ�Ì��-ÈkÉªÅ�ÉÍÌÍÇ����	ÅTÌFË/Ê?È ��

�¯wBv{�ku-vªº=��©Âl��yÑ²ë°A² � rt�l*vª©Â¬k¼TwBvtu�wBy/r{zT| � l�vª©Â¬��¯wB�/y�lk|sy/�l � lku\�Ï�zTvtu-y/r{zT|���lky�vxw·��zT|��y/�/u��ky/r{zT| � l
vxw*��zTvtu-y/r{zT| � l��¬?ÐÞ¬k�lk|���l�µ

Á,©Â¬��¯wB�/y}lk|sy/�l � lku\�Î�zTvtu-y/r{zT|��
u
lky

v
l��/y � zT|-|�¬o~�wB�
vxw*ÐÍzT�/j�u-v{lo�/u-rt¼�wB|�yl0/

ferr(u, v) =
‖u − v‖Ω

‖u‖Ω
,

ÃÞ��Ä

z$#
‖.‖Ω

l��/y(u-|�l
|�zT�/jml�w � ¬�³�u�wByl�Ã
L2 zTu H1 Ä1�/u-�,v{l � zTj�wBrt|�l Ω

µ�Á,©Âlk�/�lku-�¨wBrt|��r�zT�-ylk|�u�l
l��y
u-|�lolk�/�lku-���lkvxwBy/rt¼�l�µ

¶}| � ¬?¿�|-rty�vxw*�zTvtu-y/r{zT| � lo�¬?ÐÍ¬k�lk|���l � lovxw�j�wB|-r{ik�l��/u-rt¼�wB|�yl0/
= ��5 � �ýØ��F× � & �  � � � ÌÍÉ � : � � �mÅTÌ��	�tÅ�
�Ê �	Ç��»ÈkÉÍËJ� 5�É<�LË �A� ��Ì ��ÇTË��mÊ � Ê*ÉªÅTÌ��	�{Ê

h
�xrªµÂl�µtº � Ç��	É

ÉªÇ��LÉ¸ÊDÈ �{ÊDÈ�ÅTË��kÉ¸ÊDÈHÈkÇ���É � Ê�ÉªÅTÌ��	�{Ê 5Ç��-ÈkÉªÅ���É¸Ê � 
�Å��{Ê�#
h
� 8H� : Ì	�VÊDÈkÉ � Êo�¬?ÐÞ¬k�lk|���lÎÈ?Ì �tÇTËDÈ 8H��Ê

� : Ç��mÆ�Ë/Ê�� � �{Ê��mÅTÌ	���tÅ�
�Ê��	Ç��fÈ?ÉÍË��?5�É<�LË �� ��Ì ��ÇTËJ��Ê � Ê�ÉªÅTÌ��	�{Ê
h/2

�
Ç��»Å��

ferr(uh/2, uh) ≤ ε ,

Ç��
uh/2

�¸Ë/Ê?ÈªÆ�
uh

� � �DÈDÌ 
���Ê �tÅ�ÈkÇ�� �\ÉÍÌÍÇ��®Ç��kÉ¸Ê�����Ê�È��sË.ÈJ�LË �{Ê �mÅTÌ��	�tÅ�
�Ê � Ê9ÉªÅTÌ��	�{Ê
h/2

�ªËÊDÈªÆ)�
h
�ÎÊkÉ

ε
� ��Ê 5�Ç��-È?ÉªÅ���É¸Ê}Æ-Ê�ÉÍÌFÉ¸Ê � Ê �AÅ���É

1
�&% : ÊDÈkÉ�� #�� � ÌFË/Ê 8H�-ÊA�tÅ·ÈkÇ�� �\ÉÍÌÍÇ��«ÊDÈ?É�Ì	� � �¸Æ-Ê�� � Å���É¸Ê

� � �mÅTÌ��	�tÅ�
�ÊA� �RÅ�È�Ç�� �\ÉÍÌÞÇ�� ��� � �kËDÌ98H��ÊoÇ��kÉ¸ÊH���-Ê�ÈJ�LË � �ÎÉ¸Ê��4�HÅ�Ì	���ÀÅ�
�Ê�ÊDÈ?É � ÌÍÉ¸Ê � ÊV�¬?ÐÞ¬k�lk|���l+�
	�
����������
����������� �!#"�$&%' )(*&+,�.-/$0-213�54.176869-2:�;< = �68$>(� @?813�A69-2(�*�%B C%)D�",E "��GFH!#-/;/;I!CJK = �69$�( H%'*2L�*CM
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eh =
‖u−uh‖

;�E *8?'!#%9$` C�.$0%B Z;I!a6C13;b"�$&-21#�c(3"d4P%B1�:�;IeCF) d C$f;I!�6C13;Y"�$0-213�c?8!#;I?�"�;<*' g68"�%^;I gF)!3-/;/;I!VJ� �( h$�!#-/;/;I 
h
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e2h/eh = eh/eh/2 = c
1#l

c
 969$a"��P 

?81#�A69$�!#�.$T VU�m�!3�A6H�P1#$&%' @!'4�4P%B1�?'n. 9\^�P13"�6)!3O313�.6@?8nA1#-[69-];I!�4�%B �F�-2eC%B =(�*2+o�.-/$0-213�R4.13"�%@( �6H%B!3-[6C13�.6
4�%B!3$0-2DC". 96CU

Ô9wB|���|�zTy/�l��¯wT�¾ºRv{lmj�wBrtvtvxwB��l � l��¬?ÐÍ¬k�lk|���l&u-y/rtvtr{�¬�l��y � lmy�wBrtvtv{l
h = 15 cm

º ��l&³�u-r
��zT| � u-rty
°�u-|&j�wBrtvtvxwB��l � l

1 345 824
�zTjHjmlky�Pp�µsÔ�wB|��Vv{l�g�wB�-v{l¯wBu»��ºLzT|�y/�zTu-¼�l�vª©Â¬k¼�wBvtu�wA²

y/r{zT| � l3vª©Âlk�/�lku-��ÃÍ¬��¯wB�/y � l � lk|��rty¬¾Ä¹lk|�y/�l.vxw9�zTvtu-y/r{zT| � l3�¬?ÐÞ¬k�lk|���l.lky(v{l��,��zTvtu-y/r{zT|��,~-�z¯¼�l?²
|�wB|sy � l��½j�wBrtvtvxwB��l��½u-|-rÀÐÞzT�/jml��½|�zT| �/y/�/u��ky/u-�¬�� � l.y�wBrtvtv{l

h1 = 4/3href
lky

h2 = 2href
µ

§¨lk~"lk| � wB|�y¯º�vª©Â¬���zTu-v{lkjmlk|sy � wB|��}vxwH�¬k��r{zT|Rº�³su-r rt|-rty/rxwBv{lkjmlk|�yo¬ky�wBrty � loh�wBu-yl � lk|��/rty¬�º�l��/y
ÐÞzT�/ylkjmlk|�y¨|�zT|\²ªvtrt|�¬¯wBrt�l�µLÁ,©Â¬���zTu-v{lkjmlk|�y � wB|��¨��lky/yl��¬k��r{zT|&l��y � zT|��.y/�i�� � ¬k~�lk| � wB|sy � l.vxw
� r{���k�¬ky/r{��wBy/r{zT|Rº=��l��kr(l��/y � �ÒwBu±ylk�/jml � l�¼sr{���z��rty¬�|su-jm¬k�/r{³�u�l*rt|sy/�z � u-rty � wB|��9v{l��9¬�³su�wA²
y/r{zT|���³su-r � lk¼sr{lk|sy}~-�¬k~"zT| � ¬k��wB|�y¯µ"Á w��zTvtu-y/r{zT|fzT�-ylk|su�l�~�lku-y
ÐÞzT�/ylkjmlk|�y9¼�wB�/r{lk�¯º	°*jmzTrt|��
� ©`w¯¼�zTrt�3u-|�l � r{���k�¬ky/�/r{��wBy/r{zT|r � lk|�y/r{³su�l�µ\Á w��zTvtu-y/r{zT| � l.�¬?ÐÞ¬k�lk|���l�|�l � zT|-|�l � zT|��}~�wT�¨|�¬?²
��l�����wBrt�lkjmlk|�y�vxw*�"zT|-|�l��zTvtu-y/r{zT|Rº�vª©Âlk�/�lku-� � wB|��}��lky/ylo�¬k��r{zT|fl��y.lk|®j�wA�/lku-�lo~�wB�/y/r{l � u�l
°�vxw��¬���zTvtu-y/r{zT||�u-jm¬k�/r{³su�l&ÃÍ�zTvt¼�lku-�DÄ3lky.°�vxw�jmz � ¬kvtr{��wBy/r{zT|Rµ��¹wB�.��zT|��¬�³su�lk|�y¯º�~�zTu-��w�¼�zTrt�
u-|�l�lk�/�lku-�¨~-vtu��V�lk~-�¬���lk|�y�wBy/rt¼�lmÃÍlky¨u-|&j�wBrtvtvxwB��l � l}�¬?ÐÍ¬k�lk|���l¾Ä?º\³su-r�~"lk�/jmlky � l}¼�¬k�/rÀ¿�lk�
�/r
vª©Â¬k¼�zTvtu-y/r{zT| � l��
~-h�¬k|�zTjmik|�l���~-hs�L�/r{³su�l���l��/y���zT�/�l��kylkjmlk|sy.~-�¬ � rtylolky��¾© rtv{�
�zT|�y.�¯wB~-y/u-�¬��
� lVj�wB|-r{ik�l3~-�¬��kr{�l�ºA|�zTu��(�¯wBv{�ku-v{zT|��¹vª©Âlk�/�lku-�(�/u-�

Ω? = Ω\D
z$#

D
l��/y�vxw.�¬k��r{zT| � ¬kvtrtjHrty¬�l

~�wB�
[5, 9] × [0, 2.5]

µ�ß(|Îl� "lky¯º\zT|·�lkj�wB�³su�l�³�u�l9��lky/yl9�¬k��r{zT| ÐÍzT�/ylkjmlk|sy�|�zT|\²ªvtrt|�¬¯wBrt�lol��/y
��í�q¤òªã`òÞèªé�êAr é's¾éÑá 
Bä`é�t�ïBô�á�âDã`ä`äåâ �?é�ïAôBãÂõÀþ�èªá
é
êAï�êAþ?á�â�ã`ôBé�êAé¨ì/âDä`ìÑïAä"êAé
ä/r é's¾éÑá 
AäåéVòÞèªãúê¾ã`á
éÑôBøÞã`þ?ôAôBéÑä


Aè�(ÑøÞéÑô�ò�((êAâDôAø äåâSu¯éÑìñòªã`þ?ô)vVøÞéñè¸âDãÂò1êAé(ä/r þDè¸ê¯èªé,êAé
1.8 10

7 øÞþ?á
á
éñòªø"éñô 
AèªéÑôBâDô�ò 
�þ?ï¾è äúâ½ò¸âDã`ä`äåé½ê¾éÑø â�èxwñòªéÑø
h = 30 cm øªâDì �Tâ�ô¯ò/*�ïAé¨äåâ}ò¸âDã`ä`ä`é�êAï�êAþDá�âDã`ôBéHy ,�þDãÂòªé3éÑô��Dä`þ2,Tâ�ô�òªé�z1éÑøÍò

85m × 85m × 70m í�{�é)*�ïBã
á
þ?ô�òÞèªé ,Aãåéñô *�ïBé¹ä/r âDôBâDäÂù¾øÞéVê¾éÑø"è�(ÑøÞïAä`ò¸âòªø�ô.r éÑøÍò 
TâDøRâ�ìÑìÑéÑøÞøÞã3,Aäåé½éÑô�êAã`á
éÑôBøÞã`þDô}òÞèªþ?ã`øÑí

CDC ô�E.FHGJI�K



�¯� ��� � �tÅ����¾ÊkÉ����	��
���"ËÊ��������������.Ê/ÇTË 
�ÊHÊkÉ������±Ç��LÅ�� �mÅ � Ì

vxwH~-�/rt|��krt~�wBv{l��zTu-���l � ©Âlk�/�lku-� � l�vxwH�zTvtu-y/r{zT|���º-~�wB�}l?�-lkjH~-v{l�º�~"zTu-�.v{loj�wBrtvtvxwB��l � l�y�wBrtvtv{l
h1

lk|s¼srt�zT|
90
� � lmvª©Âlk�/�lku-�Hlk|c|�zT�/jml

L2 �zT|sy*��zTjHjHr{� � wB|���vxw�¬k��r{zT|
D � Ô9l�yzTu-ylj�wB|-r{ik�l�ºBvxw � lk|��/rty¬ � l��1j�wBrtvtvxwB��l��,zT�-ylk|�u��,w¯¼�l��3vª©`w � wB~-y�wBy/r{zT| � l¨j�wBrtvtvxwB��l¨l��y¹³su�wT�/rtjmlk|sy

j�wA�\rtj�wBv{l � wB|�����lky/ylo�¬k��r{zT|Rµ
�}zTu�����zT|��r � ¬k�zT|��.³suR© u-|�lo�zTvtu-y/r{zT|

u
l��/y 	¸~-�zs��h�l�C � l9vxwH��zTvtu-y/r{zT| � l��¬?ÐÞ¬k�lk|���l

uref�rRlkvtv{l9¼�¬k�/rÀ¿�l0/

‖uref − u‖L2(Ω)

‖uref‖L2(Ω)
≤ 0.008

lky ‖uref − u‖H1(Ω)

‖uref‖H1(Ω)
≤ 0.34 ,

lky��rRlkvtv{l�¼�¬k�/rÀ¿�l0/

‖uref − u‖L2(Ω\D)

‖uref‖L2(Ω\D)
≤ 0.002

lky ‖uref − u‖H1(Ω\D)

‖uref‖H1(Ω\D)
≤ 0.1 ,

z$# v{l����zT|��/y�wB|syl��cÃÍ³su-rowB~-~�wB��wBr{��lk|�y � wB|����l��·�lkvxwBy/r{zT|��DÄ·�zT|sy � ¬?¿�|-r{l��f°«~�wB�/y/rt� � l��
�¬��u-vty�wBy�,zT�-ylk|�u��V�/u-�¹v{l�� � lku\��j�wBrtvtvxwB��l��,u-|-rÀÐÍzT�/jml��,³su-r��zT|sy � zT|-|�¬�� � wB|��(v{l
g�wB�-v{l¯wBuÏ��µ
�±wBrtvtvxwB��l qLzTjHjmlky� �,v{¬kjmlk|�y�

‖.‖L2(Ω) ‖.‖H1(Ω) ‖.‖L2(Ω?) ‖.‖H1(Ω?)

2href 332 763 662 848 0.0083 0.345 0.0024 0.119

4/3href 749 696 1 495 310 0.0088 0.356 0.0010 0.062

���	��0��-1 3	ÉªÅ�ÉÍÌxÈkÉÍÌ 8H��ÊDÈ � ÊDÈ��mÅTÌ��	�tÅ�
�Ê?È�� ��Ì ��ÇTË��mÊ?È � Ê�ÉªÅTÌ��	�{Ê
h1 = 4/3href

ÊkÉ
h2 = 2href

�

3ËDËÊ��LË�È � Ê?È}È�Ç�� �\ÉÍÌÞÇ��-È 
 �	Å��{ÊDÈ � � ÊH�-ÈDÌÍÉ�����ÈJ�LË

Ω
ÊkÉ

Ω? = Ω \ D
Æ\Ç��LË 5�ÊDÈ � ÊH� � �mÅTÌ��	�tÅ�
�ÊDÈA�

����� � � �$,�.@1 /21 � 4�,�* �=(+3���,'> �
�}zTu��.wBvtv{zT|��}wB~-~-vtr{³�u�lk�}v{l���h�¬kj�wH�kvxwT���/r{³�u�l � ©`w � wB~-y�wBy/r{zT| � l9j�wBrtvtvxwB��l�wBu~-�zT�-v{ikjml

jmz � ikv{l�lk| � rtjmlk|��/r{zT| � lku\�"º ~-�l��lk|�y¬ � wB|���vxwfqLl��ky/r{zT| �\µ`�\µ ÁRl&�-u-y�l��y � ©`wBy/ylkrt| � �l vxw
��zTvtu-y/r{zT| wBumylkjH~��½~-h��\�/r{³�u�l

tmax = 0.2
��l���zT| � l�µ �}zTu��¨wBvtv{zT|��Vl� =l��ky/u�lk�,~-vtu��/r{lku-��¨�¬k�/r{l��

� l��¯wBv{�ku-v{�.lk|jmz � rÀ¿	wB|sy.v{l9|�zTj��-�l � © rty¬k��wBy/r{zT|�� � ©`w � wB~-y�wBy/r{zT|fl� =l��ky/u�¬�l��
~"zTu-�.wB|�wBvt�L��lk�
vª© rtjH~�wT�ky � l½��lkvtv{l��/²¸�krªµ���zTu�� ��zTjH~�wB�lk�zT|��¹v{l����zTvtu-y/r{zT|��
ÃÞw � wB~-y¬�l��DÄRzT�-ylk|su�l��(°
vxw���zTvtu-y/r{zT|
� l9�¬?ÐÞ¬k�lk|���l�µ

Ô9wB|����h�wT³su�l��¯wBv{�ku-vªºRvxw � lk|��/rty¬ml��/yo��h�zTr{�/r{l���zTjHjmlH¼�wB�/rxwB�-v{lm~"zTu-�ovxw � ¬?¿�|-rty/r{zT| � l
vxw�jm¬ky/�/r{³su�l�º���©Âl��/yÑ²ë°A² � rt�l�³suR©ÂzT| � ¬��/rt�l�¬�³su-rÀ²ª�¬k~�wB�/y/rt�
vª©Âlk�/�lku-� � © rt|�ylk�/~"zTvxwBy/r{zT| � u�h�wBjH~
� l � lk|��/rty¬�µ\ÁRl��3~�wB��wBjmiky/�l�� � ©`w � wB~-y�wBy/r{zT| � l.j�wBrtvtvxwB��l���zT|��r � ¬k�¬����zT|�y3v{l��¨j �kjml��
~"zTu-�
��h�wT³�u�l��¯wBv{�ku-v�wA¿�| � ©`w�¼�zTrt�}vxw�j �kjmlo��zTjH~-v{l?�\rty¬0/

ε = 0.001, hmin = 0.15 m, hmax = 20 m
lky

hgrad = 4 ,

z$#
ε
l��/y9v{l*�lku-rtv � ©Âlk�/�lku-��~-�l���k�/rty¯º

hmin
ÃF�l��/~Rµ

hmax
Ä.vxw&y�wBrtvtv{l*jHrt|-rtj�wBv{lÎÃF�l��/~Rµ�j�wA�\rÀ²

j�wBv{l¾Ä9wBu-yzT�/r{��¬�lmlky
hgrad

vxw ����w � wBy/r{zT|¦ÃñÌ@�FÊA�B��v{l*��wB~-~"zT�/y � l*y�wBrtvtv{l*j�wA�Lrtj�wBvVlk|�y/�l � lku\�
� í7{�éñìÑãséBs 
Aä`ã *�ïAé 
�þ?ï¾è�*�ïBþ?ã�ä`éÑø=éñèÞèªéñïAèªø=øÞïAè

Ω

¾èªþ �kéÑôTâ�ô�òRêAéÑøRê¾éÑï�s3á�âDã`ä`äúâ �?éÑø ïBôAãÂõÀþDèªá
éñø"øÞþ?ô�ò ("*�ïBã	�Dâ�û

äåéñô¯òªéñøÑí�à�ô
é��éñò9t�ä`éRá�âDã`ä`äåâ �?é�êAé=ò¸â�ãåä`ä`é
2 href

éÑøÍò	øÞã`á
ãåäåâ�ã`èªé�âDï
á�â�ã`äåäåâ �?é�êAé=è�(ñõ (ëèªéÑôBìÑé�ytì/âè�þDô�â,øÞéñïBä`éÑá
éÑô�ò
ìÑþ?ï 
�(�ä`éÑø�â�èxwëòªéÑø
éÑô&êAéÑïs�zëí�î ä`þDèªø)*�ïBé}ìÑéÑä`ïBã/t	êAé.ò¸âDã`ä`ä`é

4/3 href
t�ôAé�ìÑþ�èÞèªéÑø 
�þ?ôBê 
Tâ�ø
âDï&á�âDã`ä`äåâ �?é9êAé

è�(ñõ (ñèªéñôBìÑé?í

F�G8C�F î



��� ÅDÆ�ÉªÅ�ÉÍÌÍÇ�� � Ê��mÅTÌ��	�tÅ�
�Ê��� Æ\Ç��sË��{ÊDÈ3Æ	Ë/Ç���������ÊDÈ�Ì��-ÈkÉªÅ�ÉÍÌÍÇ����	ÅTÌFË/Ê?È �¯�

¬kv{¬kjmlk|sy�3¼�zTr{�/rt|��DÄ?µ\ÁRl�j�wBrtvtvxwB��l�rt|-rty/rxwBvRl��/y¨u-|&j�wBrtvtvxwB��low � wB~-y¬�wBu\�&��zT| � rty/r{zT|��
rt|-rty/rxwBv{l��¾º
��zTjH~"zT�/y�wB|�y

1 553
�zTjHjmlky�.lky

2 917
y/�/rxwB|-��v{l��¾º �1rt��u-�l��\µ

��zTu-���h�wT³su�lo�/rtj�u-vxwBy/r{zT|Rº�|�zTu��.wBvtv{zT|���~-�¬��kr{��lk� � wB|���v{l�g1wB�-v{l¯wBuÏ� /
1¦v{l9|�zTj��-�l � ©`w � wB~-y�wBy/r{zT|�� � l�j�wBrtvtvxwB��l�l� "l��ky/u�¬�l�� /

nadap
º

1¦vxwHy�wBrtvtv{l � u®j�wBrtvtvxwB��l�¿�|�wBv*/
np

v{lo|�zTj��-�l � l�~�zTrt|sy�}lky
ne

v{lo|�zTj��-�l � ©Â¬kv{¬kjmlk|sy�
ÃFy/�/rxwB|-��v{l��DÄ?º

1¦v{l�ylkjH~�� � l �¯wBv{�ku-v¨��v{zT��wBv � l&vxwÎ�/rtj�u-vxwBy/r{zT|
t cpu

l� =l��ky/u�¬�l&�/u-��u-|�l��y�wBy/r{zT| � l
y/��w�¼�wBrtv ���½��������°H����� �fh ��w�¼�l��

500
�fz � l9jm¬kjmzTrt�l�º

1¦vª©Âlk�/�lku-�.lk|Î|�zT�/jml
L2 lky H1 ~�wB�
��wB~-~"zT�/y}°�vxw*�zTvtu-y/r{zT|cÃFvxw � lk|��rty¬¾Ä � l��¬?ÐÞ¬k�lk|���l�µ

�}zTu��1wB��zT� � zT|���v{l,~-�zT�-v{ikjml � l � lku\��Ðªw���zT|�� � rE =¬k�lk|�yl��¾µAÔ�wB|��Rvxw�~-�lkjHr{ik�l¨wB~-~-�zL�h�l�º
|�zTu����h�zTr{�r{��zT|�� � lHÐªwBrt�l�~"lku � ©`w � wB~-y�wBy/r{zT|�� � lmj�wBrtvtvxwB��l�º1~�wB����zT|�y/�l |�zTu���w � wB~-yzT|��
ÐÍ�¬�³su�lkjHjmlk|�y.v{l9j�wBrtvtvxwB��l � wB|��
vxwH�l���zT| � l�µ
� !8! �B×=Ú��  � ��¶}|Hl� "l��ky/u�l

20
w � wB~-y�wBy/r{zT|�� � l3j�wBrtvtvxwB��l
��l
³su-r\�lk~-�¬��lk|�yl3u-|�l�w � wB~\²

y�wBy/r{zT|ÏyzTu-yl��9v{l��
∆t = 0.01

�l���zT| � l�µ"Á w�y�wBrtvtv{l � ufj�wBrtvtvxwB��l�¿�|�wBv�ÃÞw � wB~-y¬¾Ä}zT�-ylk|�u»l��/y
~-vtu��,~�lky/rtyl�³su�l���lkvtv{l � uHj�wBrtvtvxwB��l � l
�¬?ÐÞ¬k�lk|���l � l � lku\�mzT� � �l�� � l3����wB| � lku-�¯µ %¸v�lk|�l��y � l
j �kjmlo~�zTu-�
v{l9ylkjH~�� � l��¯wBv{�ku-vªµ��¹wB�.��zT|�y/�l�º � wB|�����l��¯wT�
vxwH�zTvtu-y/r{zT|fzT�-ylk|�u�l�|R©Âl��/y.~�wT�

+-,/.-0¹�71�� 
�Å�� 5��\Ê�� �mÅTÌ��	�tÅ�
�Ê � Ê 5Å�� 5H� �¨Ì���ÌFÉÍÌÞÅ�� � � � Ç��mÅTÌ���Ê �9Ê�É # � ËÑÇTÌÍÉ¸Ê ���tÅfÈkÇ�� �\ÉÍÌÍÇ��
Ì���ÌÍÉÍÌÍÅ��tÊ � �{ÊDÈ)5Ç�� � ÌFÉÍÌÞÇ��-È�Ì���ÌFÉÍÌÞÅ��{ÊDÈ�� � � 5�Å���5�� ���

nadap np ne t cpu ‖.‖L2(Ω) ‖.‖H1(Ω) ‖.‖L2(Ω?) ‖.‖H1(Ω?)

20 14 399 28 291 10
jH|

0.0138 0.415 0.0064 0.171

40 19 052 37 592 18
jH|

0.0114 0.395 0.0043 0.156

60 22 384 44 285 25
jH|

0.0122 0.437 0.0044 0.142

100 26 476 52 441 35
jH|

0.0139 0.459 0.0086 0.210

200 29 203 57 905 59
jH|

0.0189 0.428 0.0152 0.228

Href 1 345 824 2 686 286 37
h
30
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��� ��� � �tÅ����¾ÊkÉ����	��
���"ËÊ��������������.Ê/ÇTË 
�ÊHÊkÉ������±Ç��LÅ�� �mÅ � Ì

�DwBy/r{�ÑÐÞwBr{�DwB|�yl�ºLlk|&l� =lky½vª©Âlk�/�lku-�
L2 ÃF�l��~Rµ H1 Ä(�/u-� Ω \D

l��/y
3
ÃF�l��/~Rµ

1.7
Ä(ÐÍzTr{�¨�/u-~"¬k�/r{lku-�l

wBuÎ��lku-rtv � zT|-|�¬�~-�¬���¬ � lkjHjmlk|�yHÃÍ�?Ð/µ-g�wB�-v{l¯wBuÏ��Ä?µ
§¨l��kr	l��/y � � wBu�|�zTj��-�l�rt|��/u\Õ���wB|�y � ©`w � wB~-y�wBy/r{zT|��
l� =l��ky/u�¬�l��¯º�³su-r�y/��w � u-rty¨v{l
ÐªwBrtyV³su�l

v{l9ylkjH~��
∆t

º\lk|�y/�l � lku\�w � wB~-y�wBy/r{zT|��¯º	l��/y
~-vtu��3����wB| � ³su�l9vª© rt|�ylk�/¼�wBvtv{l � l9ylkjH~����¯wB��wT�?²
y¬k�/r{�y/r{³�u�l � uÏj�wBrtvtvxwB��l

τ
µ�Á w �1rt��u-�lH�mjmzT|sy/�l*vª©Â¬k¼�zTvtu-y/r{zT| � l�vxw&�zTvtu-y/r{zT| � l��¬?ÐÍ¬k�lk|���l

lky3vxw��zTvtu-y/r{zT|Îlk|·ÐªwBr{��wB|�y
20

w � wB~-y�wBy/r{zT|�� � l�j�wBrtvtvxwB��l�µ�Á�w���zTvtu-y/r{zT|®w � wB~-y¬�lol��/y � rE �u���¬�l
°Î�¯wBu��l � uÒ�lky�wB� �¤� u¤j�wBrtvtvxwB��lm~�wB�o��wB~-~"zT�/y�° vxw��zTvtu-y/r{zT|Rµ1§¨lky/yl � rE "u��/r{zT|¤�lmy/��w � u-rty
~�wB��u-|�l�~�lk�/yl � © rt|�ylk|��/rty¬ � l��9�h�zL����j �kjml��r�rtv{���zT|�y��-r{lk|±�/rty/u�¬�� � wB|��}v{l � zTj�wBrt|�l � l
�¯wBv{�ku-vªºVzT| ��zTjHjmlky � zT|��®u-|�lÎlk�/�lku-� � lÎ|�zT�/jml�µ¨¶}| v{l¼�zTrty&~-vtu��m~-�¬��kr{�¬kjmlk|sy �u-�mvxw
�1rt��u-�l �ÏÃÍlk|»h�wBu-yDÄ?º=z$#ÒzT|Òw vxw � lk|��/rty¬ � l*vxw �zTvtu-y/r{zT|»v{l*v{zT|-� � l�� � �zTrtyl�� � ©Â¬�³su�wBy/r{zT|
y = 4

lky
y = 3.07692x−17.4615

y/��w¯¼�lk���wB|�yVv{l � zTj�wBrt|�l�µs¶}|H|�zTyl�wBu���/r-³�u�l¨v{l¨j�wBrtvtvxwB��l
��l � ¬k����w � l � l�~-vtu���lk|®~-vtu���wBuÎ¿�v � l��9w � wB~-y�wBy/r{zT|����¯wB��vxwm��zTvtu-y/r{zT|Ïl��/y � l�~-vtu���lk|Ï~-vtu��
� rE "u��lHÃFv{l��
~-h�¬k|�zTjmik|�l�����zT|�y � l9jmzTrt| � �l�rt|sylk|��/rty¬¾Ä?º���l�³su-r=wT����¬kv{ik�l � ©`wBu-y�wB|�y�vxw�~"lk�/yl
� l�~-�¬��kr{�/r{zT|Rº ��rt��u-�l�n�µ�Á�w �1rt��u-�l��fÃÍlk|®h�wBu-yDÄ�jmzT|�y/�l�v{loj�wBrtvtvxwB��l�¿�|�wBv¹lky.vxwm��zTvtu-y/r{zT|
¿�|�wBv{l·ÃÍ�¯wBv{�ku-v{¬�l��/u-�}��l�j�wBrtvtvxwB��l¾Ä.wBufylkjH~��

tmax = 0.2
�l���zT| � l�º�zT|®¼�zTrty9l� =l��ky/rt¼�lkjmlk|�y

³su�l9v{l�����h�zs���}�zT|�y.��zT�/y/r{� � l��
�¬k��r{zT|�� � lk|���l�� � uÎj�wBrtvtvxwB��l�w � wB~-y¬�µ
� !8! �B×=Ú��   �½��zTu-�H¬k¼Lrtylk��v{l�~-�zT�-v{ikjml � uc�lky�wB� � � u«j�wBrtvtvxwB��l&~�wB����wB~-~"zT�/y*°®vxw

��zTvtu-y/r{zT|Rº�|�zTu���~-�zT~"z��zT|�� � ©`w � wB~-ylk�.v{loj�wBrtvtvxwB��loÐF�¬�³su�lkjHjmlk|�y¯µ=¶}|®l� =l��ky/u�l
200

w � wB~\²
y�wBy/r{zT|�� � l&j�wBrtvtvxwB��l�º½��l³�u-r
��zT�/�l��/~"zT| � °Ïu-|�lw � wB~-y�wBy/r{zT| yzTu-yl��*v{l��

0.001
�l���zT| � l�º

��©Âl��yÑ²ë°A² � rt�l�yzTu-yl���v{l��·ÃÞwB~-~-�z��\rtj�wBy/rt¼�lkjmlk|�yDÄ·�¯�Îrty¬k��wBy/r{zT|�� � l �zTvt¼�lku-��|�u-jm¬k�/r{³su�l�µ1Á�w
y�wBrtvtv{l � u»j�wBrtvtvxwB��lH¿�|�wBv.ÃÞw � wB~-y¬¾Ä9zT�-ylk|�u¤l��yolk|�¼Lrt�zT|

50
ÐÍzTr{�9~-vtu���~"lky/rtylH³su�l���lkvtv{l � u

j�wBrtvtvxwB��l � lH�¬?ÐÍ¬k�lk|���l�lky�v{l*ylkjH~�� � lH�¯wBv{�ku-v¨w·¬ky¬ � rt¼Lr{�¬*~�wB��wB~-~-�z¯�Lrtj�wBy/rt¼�lkjmlk|sy
40
µ

¶}|·�lkj�wB�³su�l9³�u�l�j �kjml9�/r�vxw�y�wBrtvtv{l � u·j�wBrtvtvxwB��l�¿�|�wBv"|R©Âl��/y
³�u�l
2
ÐÍzTr{�¨~-vtu��¨����wB| � l�³su�l

��lkvtu-r1zT�-ylk|�u±v{zT�� � lovª©`wB~-~-�zL�h�l�~-�¬���¬ � lk|�yl�º�v{loylkjH~�� � l��¯wBv{�ku-v¹w�¬ky¬oj�u-vty/rt~-vtr{¬�~�wB�
6
µ

§¨l.³�u-r���zT|\¿��/jml.³su�l3ÐÞwBrt�l.u-|�����wB| � |�zTj��-�l � ©`w � wB~-y�wBy/r{zT|��V~"¬k|�wBvtr{�l
v{l.ylkjH~�� � l}�¯wBv{�ku-v
��v{zT��wBv � l�vxw��rtj�u-vxwBy/r{zT|RºL��l.³su-r�~�lku-y � lk¼�lk|-rt�V~-�zTh-rt�-rty/rÀÐ �/u-�Vu-|�l
��¬�zTjm¬ky/�/r{l���zTjH~-v{l?�\l}lk|
y/�zTr{� � rtjmlk|��/r{zT|��¯µ1§¨zTjHjml � wB|��ovxw ~-�lkjHr{ik�l&wB~-~-�zL�h�l�º vxw�zTvtu-y/r{zT|¤zT�-ylk|su�lm|R©Âl��/y�~�wT�
�DwBy/r{�ÑÐÞwBr{�DwB|�yl�ÃÍ�?Ð/µ-g�wB�-v{l¯wBu»��Ä?µ-ß(|®l� =lky¯º-vª©Âlk�/�lku-�

L2 ÃF�l��/~Rµ
H1 Ä¨�/u-� Ω \ D

l��/y
~-vtu�� � l
7ÃF�l��~Rµ

2.3
Ä3ÐÍzTr{���u-~�¬k�/r{lku-�l�wBuÎ��lku-rtv � zT|-|�¬�~-�¬���¬ � lkjHjmlk|�y¯µ

��zTu-�/y�wB|sy¯º � wB|�����l*�¯wT�}v{l�|�zTj��-�l � ©`w � wB~-y�wBy/r{zT|��ol� "l��ky/u�¬�l���l��y9�u\Õ���wB|�y¯µ"ß(|»l� =lky¯º
vxw �1rt��u-�lÎ� ÃÍlk| ��wT�DÄ�jmzT|sy/�lÎv{l j�wBrtvtvxwB��l·¿�|�wBv.lky*vxw±�zTvtu-y/r{zT| ¿�|�wBv{lÒÃÍ�¯wBv{�ku-v{¬�l®�/u-�m��l
j�wBrtvtvxwB��l¾Ä&wBu ylkjH~��

tmax = 0.2
�l���zT| � l�ºVzT|¦¼�zTrty&�kvxwBrt�lkjmlk|sy·³su�lÎv{l�� �h�zL���&�l��/ylk|�y

� wB|���v{l��m�¬k��r{zT|�� � lk|��l�� � u j�wBrtvtvxwB��lÏw � wB~-y¬�µVÜ.u-y/�lkjmlk|sy � rty¯º(v{l®ylkjH~��
∆t

l��/ym~-vtu��
~"lky/rtym³su�lvª© rt|�ylk�/¼�wBvtv{l � lylkjH~��&�¯wB��wT�ky¬k�/r{�/y/r{³su�l � u j�wBrtvtvxwB��l

τ
µ½§¨lÎ³su-r���wB��wB|sy/rty&³su�l

v{lku-��rt|�ylk|��/rty¬&l��/y�~-�¬��lk�/¼�¬�l�ºR~-u-r{��³�u�l*vxw��zTvtu-y/r{zT|Ò|R©Âl��/yo~-vtu�� � wB|���u-|¤��lk�/y�wBrt|¤�lk|�� 	ëlk|
�lky�wB� � C¨~�wB�¹��wB~-~"zT�/y½wBu*j�wBrtvtvxwB��l�µsqsu-�¹vxw �1rt��u-�l��\ºT³su-rLrtvtvtu��y/�l3vª©Â¬k¼�zTvtu-y/r{zT| � l¨vxw}��zTvtu-y/r{zT|
� l*�¬?ÐÞ¬k�lk|���lmlkyovxw·��zTvtu-y/r{zT|¤lk|»ÐªwBr{��wB|�y

200
w � wB~-y�wBy/r{zT|�� � l*j�wBrtvtvxwB��l�º zT|¤��zT|��y�wBylm³�u�l

vª© rt|sylk|��/rty¬ � l���~-h�¬k|�zTjmik|�l��»ÃÍ�h�zL���DÄ&wÒ¬ky¬®~-�¬��lk�/¼�¬�l�µVÔ*©`wBrtvtv{lku-��¯º½v{l���j�wBrtvtvxwB��l�� |�lf�l
� ¬k����w � lk|sy.~�wT�.wBuÎ¿�v � l��}w � wB~-y�wBy/r{zT|���ÃÍ�?Ð/µ �1rt��u-�l�1�Ä?µ

�1wB����zT|�y/�l�º"zT|±��zT|��/y�wByl�vª©`wB~-~�wB�/rty/r{zT| � © u-| � ¬��¯wBvxwB��l � wB|���v{l�ylkjH~�� � l�vxw���zTvtu-y/r{zT|Rº
~-vtu���~-�¬��kr{�¬kjmlk|�y¯º1v{l����h�zL��� � lHvxw®�zTvtu-y/r{zT|«w � wB~-y¬�l&�zT|�y�lk|«w¯¼TwB|���l � wB|���v{l � zTj�wBrt|�l
~�wB�
��wB~-~"zT�/y}°*��lku\� � l�vxw*�zTvtu-y/r{zT| � l9�¬?ÐÞ¬k�lk|���l�ÃÍ�?Ð/µ �1rt��u-�l���Ä?µ	§¨l � ¬��¯wBvxwB��lol��/y
jHr{�.lk|
¬k¼Lr � lk|���l��/u-�½vxw ��rt��u-�l �mÃÍlk|&��wT�DÄ?ºLz$#&zT|w�vxw � lk|��rty¬ � l.vxwo�zTvtu-y/r{zT| v{l�v{zT|-� � l�� � �zTrtyl��
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��� ÅDÆ�ÉªÅ�ÉÍÌÍÇ�� � Ê��mÅTÌ��	�tÅ�
�Ê��� Æ\Ç��sË��{ÊDÈ3Æ	Ë/Ç���������ÊDÈ�Ì��-ÈkÉªÅ�ÉÍÌÍÇ����	ÅTÌFË/Ê?È �\�

� ©Â¬�³su�wBy/r{zT|
y = 4

lky
y = 3.07692x−17.4615

y/��w�¼�lk���wB|sy3v{l � zTj�wBrt|�l�µ\¶}| ��zTjHjmlky � zT|��
u-|�l�lk�/�lku-� � l.~-h�wT��l}j�wBr{�¨~�wT�¨u-|�l�lk�/�lku-� � l}|�zT�/jml�µ-ß(vtv{l��l}y/��w � u-rty¨~�wB�3u-| ~-vtu��¨����wB| �
¬��¯wB�/y�lk|�y/�l�vxwm�zTvtu-y/r{zT| � lo�¬?ÐÞ¬k�lk|���l�lky.vxwm�zTvtu-y/r{zT|»w � wB~-y¬�lo~�wB����wB~-~�zT�/y9°Hvxw*~-�lkjHr{ik�l
wB~-~-�zL�h�l�µ(�¹wB��wBrtvtv{lku-��¯º(zT| ��zT|��/y�wByl³su�l·��lky/yl lk�/�lku-� � l ~-h�wT�lÎwBu-��jmlk|sylÎwBu ¿�v � l��
rty¬k��wBy/r{zT|�� � ©`w � wB~-y�wBy/r{zT|Rµ:%ëv"�·wHu-|�l9rt|���zT|��/r{�/y�wB|���l � l9vxwm�zTvtu-y/r{zT|®lk|ylkjH~��¯µ

§¨l � ¬��¯wBvxwB��l®l��/y � �¦wBu ����wB| � |�zTj��-�l � © rt|sylk�/~�zTvxwBy/r{zT|��·³su-r��zT|�y&l� "l��ky/u�¬�l�� � wB|��
vª©`wBvt��zT�/rty/h-jml � ©`w � wB~-y�wBy/r{zT| � l9j�wBrtvtvxwB��l�µ	ß(|®l� =lky¯º-vª©`w � wB~-y�wBy/r{zT|®rt|sy/�z � u-rty¯º��lkvxwBy/rt¼�lkjmlk|�y
°c�h�wT³su�l»�h�wB|-��lkjmlk|sy � lfj�wBrtvtvxwB��l Ã � lfvxw � r{��k�¬ky/r{��wBy/r{zT| lky � l��·��zT|-|�l��ky/rt¼srty¬��?Ä?º3u-|�l
��zTu-���l � ©Âlk�/�lku-��rtjH~�zT�/y�wB|syl � u�lm°&vª© rt|�ylk�/~"zTvxwBy/r{zT| � l*vxw·�zTvtu-y/r{zT| � l*vª©`wB|��kr{lk|»j�wBrtvtvxwB��l
�u-��v{l |�zTu-¼�l¯wBuRº,³su-rVjmz � rÀ¿�l·v{l�� � ¬k�/rt¼�¬�l��HylkjH~"zT�lkvtv{l�� � l&vxwÏ�zTvtu-y/r{zT|Rº½qLl��ky/r{zT| �\µ`�\µ 	
�¯wBu���l � u ����wB| � |�zTj��-�l � © rt|�ylk�/~"zTvxwBy/r{zT|��¯º3��lky/yl®lk�/�lku-� � lk¼Lr{lk|�y � zTjHrt|�wB|�ylÏlky&lkvtv{lÏw
~"zTu-����zT|��¬�³su�lk|���l � l � ¬��¯wBv{lk��vxwm�zTvtu-y/r{zT| � wB|��
v{l�ylkjH~��¾µ

��zTu-�3¼�¬k�/rÀ¿�lk�
³�u�l.v{l��¨~-�zT�-v{ikjml��¯º � l � rE "u��/r{zT| lky � l � ¬��¯wBvxwB��l�lk| ylkjH~��¯ºs|�l}��zT|�y¨~�wT�
� ����wBu±|�zTj��-�l � ©`w � wB~-y�wBy/r{zT|����h�zTr{�/rªº"|�zTu���l� =l��ky/u�zT|��9y/�zTr{��|�zTu-¼�lkvtv{l��o�¬k�/r{l�� � l*�¯wBv{�ku-v
w¯¼�l��

40
º
60

lky
100

w � wB~-y�wBy/r{zT|��¯µ
Ü ¼�l��

40
w � wB~-y�wBy/r{zT|�� � loj�wBrtvtvxwB��l�º	vxwHy�wBrtvtv{l � u®j�wBrtvtvxwB��l�¿�|�wBv1zT�-ylk|suÏl��y � u®j �kjml

zT� � �l·ÃFv{¬k��ik�lkjmlk|�y�~-vtu�� � lk|��l¾Ä.³�u�l���lkvtv{l � l�vxwm~-�lkjHr{ik�l*wB~-~-�zL�h�l*lky�v{l�ylkjH~�� � l��¯wBvÀ²
�ku-v9w»~-�l��³su�l®¬ky¬®j�u-vty/rt~-vtr{¬Ï~�wB�

2
µ �}¬¯wB|-jmzTrt|��¯º¨zT| y/rt�l®v{l���j �kjml�� ��zT|��kvtu��/r{zT|��·³su�l

~-�¬���¬ � lkjHjmlk|sy¯º j �kjmlH�r(vª©Âlk�/�lku-��w·¬ky¬ � rtjHrt|�u�¬�l�º�lk|¤l� "lky�vª© rt|sylk|��/rty¬ � l��o��h�zs����w·¬ky¬
jHr{lku\�~-�¬��lk�/¼�¬�l�~�wB�.��wB~-~"zT�/y}°HvxwH~-�lkjHr{ik�l�wB~-~-�zL�h�l·Ã ��rt��u-�l �Lº�lk|Îh�wBu-yDÄ?µ��ÏwBr{�¯º�vª©Âlk�Ñ²
�lku-�

L2 ÃF�l��/~Rµ
H1 Ä3�/u-� Ω \ D

l��y�~-vtu�� � l
2
ÃF�l��/~Rµ

1.5
Ä¨ÐÞzTr{�.�/u-~"¬k�/r{lku-�l�wBu®��lku-rtv � zT|-|�¬

~-�¬���¬ � lkjHjmlk|sy*ÃÍ�?Ð/µ-g�wB�-v{l¯wBu±��Ä?µ
qsr�zT|l� =l��ky/u�l

60
w � wB~-y�wBy/r{zT|�� � l�j�wBrtvtvxwB��l�º-zT|·��zT|��/y�wByl�º-�/u-�¨vxw �1rt��u-�l �&ÃÍlk| h�wBu-yDÄ?º

³su�l�vª© rt|sylk|��/rty¬ � l��}�h�zL���}wH¬ky¬�jHr{lku\�·~-�¬���lk�/¼�¬�l�³su�l � wB|���v{l�� � lku\�®�¯wBv{�ku-v{�.~-�¬���¬ � lk|�y�
w¯¼�l��

20
lky

40
w � wB~-y�wBy/r{zT|��¯µ,�¹wB�m��zT|�y/�l�º½zT| ��zT|��y�wByl ³su�l vª©Â¬��¯wB�/ymlk| |�zT�/jml

L2 lk|�y/�l
vxw&�zTvtu-y/r{zT| � l��¬?ÐÍ¬k�lk|���l*lky�vxw��zTvtu-y/r{zT|Òw � wB~-y¬�lHw wBu-��jmlk|�y¬�ºR�/r1zT|fv{l*��zTjH~�wB�lH°&��lkvtu-r
zT�-ylk|su«w¯¼�l��

40
w � wB~-y�wBy/r{zT|�� � l*j�wBrtvtvxwB��l�µ¹§¨l��kr½l��/y � �c° u-|¤v{¬k��lk� � ¬��¯wBvxwB��l � l��o��h�zs���

� wB|���v{l � zTj�wBrt|�l�µ Á½©Âlk�/�lku-� � �c°·vª© rt|sylk�/~�zTvxwBy/r{zT| � lHvxw��zTvtu-y/r{zT|c°�h�wT³su�l���h�wB|-��lkjmlk|�y
� l���zT|-|�l��ky/rt¼Lrty¬�����zTjHjmlk|���l�° � lk¼�lk|-rt� � zTjHrt|�wB|syl�µ
��rt|�wBv{lkjmlk|sy¯º=zT|±~-�zs��i � l*°

100
w � wB~-y�wBy/r{zT|�� � l�j�wBrtvtvxwB��l���lky�zT|»wB�/�/rt¼�lHwBu\�®j �kjml��

��zT|��kvtu��r{zT|��m³�u�l � wB|��mvxw � lku\�\r{ikjml®wB~-~-�zL�h�l�µ,Á½©Âlk�/�lku-� � l·~-h�wT�lÎw±¬ky¬ � rtjHrt|�u�¬�l�ºV��l
³su-r l��/y���zT|��/r{�/y�wB|sy��¯wB�}v{lo|�zTj��-�l � © rt|�ylk�/~"zTvxwBy/r{zT|��owm¬ky¬��¬ � u-rty¯º�j�wBr{��lkvtv{l�l��y�yzTuT�ÑzTu-��
~-�¬���lk|�yl¤ÃÍ�?Ð/µ �1rt��u-�l �Lº(lk| ��wT�DÄ?µ½§¨l��kr.�l y/��w � u-rtym~�wB��u-|�l � rtjHrt|�u-y/r{zT| � l·vª©Âlk�/�lku-�&lk|
|�zT�/jml

L2 Ã � rt¼Lr{�¬�l.~�wB� 2
�/u-�

Ω\D
Ä1j�wBr{�Vlkvtv{l}l��/y½lk|���zT�l��/u-~"¬k�/r{lku-�l}°�vª©Âlk�/�lku-�3��zTjHjHr{�l

lk|·ÐªwBr{��wB|sy
20

w � wB~-y�wBy/r{zT|�� � l9j�wBrtvtvxwB��l�µ
ß(|&��zT|��kvtu��/r{zT|Rºsvª©`wB~-~-�zL�h�l��kvxwT��/r{³su�l � ©`w � wB~-y�wBy/r{zT| � l
j�wBrtvtvxwB��l.|R©Âl��y½~�wT�VwB~-~-vtr{�¯wB�-v{l

wBu\� �/rtj�u-vxwBy/r{zT|���rt|��/y�wBy/r{zT|-|�wBrt�l��¯º,�¯wB�mzT| |�l��zT|sy/�"!Tv{lÎ~�wT�*vxwÏ~-�¬��kr{�/r{zT| � l·vxw±��zTvtu-y/r{zT|
|su-jm¬k�/r{³�u�l�º	³�u�lkvtv{l�³su�lo�zTrty
vxw�Ðªw���zT| � ©`wB�"zT� � lk��v{l�~-�zT�-v{ikjml�µ

�}zTyzT|��9³su�l��r�vª©ÂzT| � ¬��/rt�l*zT�-ylk|-rt�¯ºRw�¼�l��*��lky/ylmwB~-~-�zL�h�l�º"u-|�l*�zTvtu-y/r{zT|Ò°&u-|fylkjH~��
~-vtu��}����wB| � ³�u�l

tmax
v{l����zTvtu-y/r{zT|���zT�-ylk|�u�l���¼�zT|�y �ky/�l � l�~-vtu��}lk|f~-vtu��}¬kv{zTrt��|�¬�l�� � l�vxw

��zTvtu-y/r{zT| � lV�¬?ÐÞ¬k�lk|���l�µ�ß(|ml� =lky¯ºBvª©Âlk�/�lku-� � l¨~-h�wT�l3¼�w}�¾©`wT����lk|�y/u�lk�½�/r-zT|*��wB� � l
u-|*|�zTj��-�l
� ©`w � wB~-y�wBy/r{zT|��3~-�zT~"zT�/y/r{zT|-|�lkv"lky¨�/r	zT| ��zT|��lk�/¼�l}v{l�j �kjml}|�zTj��-�l � ©`w � wB~-y�wBy/r{zT|��
��©Âl��/y¨vxw
� rE "u��/r{zT| � l��.~-h�¬k|�zTjmik|�l��.³su-rR¼Tw*�k�z �{y/�l�µ
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+-,/.-0T�-1�� �AÇ�� �\ÉÍÌÍÇ�� � ÊDÈ3ÌxÈ�Ç�� �öÌ 
���ÊDÈ � Ê � ÊH�-ÈDÌÍÉ���Æ\Ç��sË �{ÊDÈ½È�Ç�� �\ÉÍÌÞÇ��-È � Ê¨Ë � � �kË/Ê��65�Ê ��# 
�Å��?5 �\Ê��
Ê�É}Å � Å?Æ�É��Ê �

20
Å � ÅDÆ�ÉªÅ�ÉÍÌÍÇ���È � ��# � Ë/ÇTÌFÉ¸Ê �ÎÅ�� �fÉ¸Ê��}Æ�È
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+-,/.-0Vn 1 � �BÇ�� �\ÉÍÌÞÇ�� � ÊDÈ �mÅTÌ��	�tÅ�
�Ê?ÈfÅ � ÅDÆ�É��?È ��# 
�Å�� 5��\Ê � ÊkÉ � Ê �tÅ � ÌxÈkÉÍËDÌ ���\ÉÍÌÍÇ�� �;: ÌýÈkÇ��
� Ê��-ÈDÌÍÉ��DÈ � # � Ë/ÇTÌÍÉ¸Ê�� Å�� � É¸Ê��}Æ�È
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�
0.1

�
0.15

Ê�É
0.2

È�Ê 5Ç�� � Ê ��Æ\Ç��LË�� : Å?Æ�Æ	Ë/Ç�5��\Ê*Å �TÊ 5
20Å � ÅDÆ�ÉªÅ�ÉÍÌÞÇ��-È � Ê��mÅTÌ��	�tÅ�
�Ê �
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+-,/.-0T�-1�� �AÇ�� �\ÉÍÌÍÇ�� � ÊDÈ3ÌxÈ�Ç�� �öÌ 
���ÊDÈ � Ê � ÊH�-ÈDÌÍÉ���Æ\Ç��sË �{ÊDÈ½È�Ç�� �\ÉÍÌÞÇ��-È � Ê¨Ë � � �kË/Ê��65�Ê ��# 
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Ê�É¨Å � ÅDÆ�É��Ê �
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F�G8C�F î



��� ÅDÆ�ÉªÅ�ÉÍÌÍÇ�� � Ê��mÅTÌ��	�tÅ�
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+-,/.-0 1 1 � �BÇ�� �\ÉÍÌÞÇ�� � ÊDÈ �mÅTÌ��	�tÅ�
�Ê?ÈfÅ � ÅDÆ�É��?È ��# 
�Å�� 5��\Ê � ÊkÉ � Ê �tÅ � ÌxÈkÉÍËDÌ ���\ÉÍÌÍÇ�� �;: ÌýÈkÇ��
� Ê��-ÈDÌÍÉ��DÈ � # � Ë/ÇTÌÍÉ¸Ê��*Å�� �HÉ¸Ê��}Æ�È
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�
0.1

�
0.15

ÊkÉ
0.2

È¯Ê 5Ç�� � Ê ��Æ\Ç��LË � : ÅDÆ�Æ	Ë/Ç�5��\Ê�Å �BÊ 5
200Å � ÅDÆ�ÉªÅ�ÉÍÌÞÇ��-È � Ê��mÅTÌ��	�tÅ�
�Ê �
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+-,/.-0 � 1��-Å��{Ê��LË�È � Ê � Ê��-ÈDÌÍÉ�� � Ê �tÅ�ÈkÇ�� �\ÉÍÌÍÇ�� Å��HÉ¸Ê��}Æ�È
tmax = 0.2

È�Ê 5�Ç�� � Ê�ÈJ�LË �tÊDÈ � Ë/ÇTÌÍÉ¸ÊDÈ
�;: � 8��\Å�ÉÍÌÞÇ��-È

y = 4
� #�
�Å�� 5��\Ê �·ÊkÉ

y = 3.07692x − 17.4615
��# � Ë/ÇTÌÍÉ¸Ê�� � %(Ç��}Æ\Å�ËÑÅTÌýÈkÇ�� � Ê

�tÅ�È�Ç�� �\ÉÍÌÞÇ�� � Ê9Ë � � �?ËÊ���5�Ê �ªË/Ç���
�Ê��&ÊkÉ � ÊDÈ}ÈkÇ�� �\ÉÍÌÍÇ���È9Å � Å?Æ�É��ÊDÈA� 
 �D�LÅ��\É��8�{ÊDÈ.È�Ç�� �LÉÍÌÞÇ��-È�Å �BÊ 5
40

� �BÊ?ËkÉ � �
60

� ���{Ê����ÊkÉ
20

�¸ËÑÇBÈ¯Ê��·Å � ÅDÆ�ÉªÅ�ÉÍÌÞÇ��-È � Ê �mÅTÌ��	�tÅ�
�Ê � 
 � �ÅBÈ � �tÊ?È�ÈkÇ�� �\ÉÍÌÍÇ��-È�Å �BÊ�5
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� �BÊ?ËkÉ � ÊkÉ
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��� ÅDÆ�ÉªÅ�ÉÍÌÍÇ�� � Ê��mÅTÌ��	�tÅ�
�Ê��� Æ\Ç��sË��{ÊDÈ3Æ	Ë/Ç���������ÊDÈ�Ì��-ÈkÉªÅ�ÉÍÌÍÇ����	ÅTÌFË/Ê?È � �

+-,/.-0¾� 1 �ÏÅ�Ì	���ÀÅ�
�Ê 
 �	Å��LÅ � ÅDÆ�É��
Ê�É�È�Ç�� �LÉÍÌÞÇ�� � � ÊH�-ÈDÌÍÉ���� 
 �	Å��tÊ&��5Å�� 5H� � �Ê3ÈJ�LË(5�Ê �mÅTÌ����ÀÅ�
sÊ��}Å��
É¸ÊH�.Æ	È

tmax = 0.2
È�Ê 5�Ç�� � ÊA� 
 �D�LÅ��LÉ��-Æ-Ç��sË � : ÅDÆ�Æ	ËÑÇ�5��\ÊoÅ �BÊ 5

20
Å � ÅDÆ"ÉªÅ�ÉÍÌÍÇ��-È � Ê �mÅTÌ��	�tÅ�
�Ê��

Ç��ÒË/ÊH�HÅ�Ë 8H��Ê78H��Ê �{ÊDÈ 5��LÇ�5?È*È�Ç���É¨ÈkÇ�Ë?ÉÍÌýÈ � Ê?È�Ë � 
TÌÞÇ��-È � Ê���È�ÊDÈ � � �mÅTÌ	���tÅ�
�ÊA� 
 � �ÅBÈ �1Æ\Ç��LË
� : ÅDÆ�Æ	Ë/Ç�5��\Ê Å �TÊ 5

200
Å � ÅDÆ"ÉªÅ�ÉÍÌÍÇ��-È � Ê �mÅTÌ����ÀÅ�
sÊ �.Ç��¤ËÊ��mÅTË 8H�-Ê 8��-Ê �{ÊDÈ 5��LÇ�5?ÈHÈ�Ç���É
ËÊDÈkÉ��DÈ

� Å��-È �tÊ?ÈoË � 
�ÌÍÇ���È � Ê��-È¯ÊDÈ � � �mÅTÌ��	�tÅ�
�Ê �
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����� � , � 1�3�� ��/21 3<&�4 � � �

�}zTu��
wBvtv{zT|��3jmzT|�y/�lk�}³�u�l�v{zT�� � l�vª©`w � wB~-y�wBy/r{zT| � l�j�wBrtvtvxwB��l�º�°���h�wT³�u�l9rt|sylk�/~�zTvxwBy/r{zT|
u-|�l lk�/�lku-�H�/u-�*v{l�� � ¬k�/rt¼�¬�l���lk| ylkjH~��*l��/y�rt|�y/�z � u-rtyl�µ(��zTu-�Hrtvtvtu��y/�lk�*��l&~-�zT~"z��¯º1|�zTu��
��zT|��r � ¬k�zT|��·vª©Â¬�³�u�wBy/r{zT| � lfy/��wB|��/~�zT�/y»Ã � ©`w � ¼�l��ky/r{zT|	Ä?º
~-�zT�-v{ikjmlÏh��L~"lk�/��zTvtr{³su�lÏvtrt|�¬¯wBrt�l
� u~-�lkjHr{lk��zT� � �l�º�lk| � rtjmlk|��/r{zT|®u-|�/

ut + c ux = 0 .
ÃFnsÄ

¶}|¦�/u-~-~�z���l³�u�lvª©ÂzT| w±u-|�l � r{��k�¬ky/r{�DwBy/r{zT| u-|-rÀÐÞzT�/jmlÎlk| l��/~�wT��lflky�lk| ylkjH~�� � lÎ~�wT�
�l��~�l��ky/rt¼�lkjmlk|sy

∆x
lky

∆t
µ=ß(|»u-y/rtvtr{��wB|sy�u-|Ò���h�¬kj�wß(u-v{lk��l?�\~-vtr{�krtylm��lk|�y/�¬fÃÍ��lk|�y/�¬mlk|

l��~�wT��lolky�l?�L~-vtr{�krtyl�lk|ÎylkjH~��DÄ?º�zT|ÎzT�-y/r{lk|sy.vª©Â¬�³su�wBy/r{zT| � r{��k�¬ky/r{�¬�lo�u-rt¼TwB|syl0/

un+1
j − un

j

∆t
+ c

un
j+1 − un

j−1

2∆x
= 0 ,

ÃÞ��Ä

³su-r � zT|-|�l�vª©Âl?�\~-�l���/r{zT| � l9vxw � ¬k�/rt¼�¬�l�ylkjH~�zT�lkvtv{l � r{��k�ikyl0/

un+1
j − un

j

∆t
= −c

un
j+1 − un

j−1

2∆x
.

Ã 1�Ä

�  s£ � ��(R¢  & �  � ��È�ÅTÌFÉ�8H��Ê �tÊ�È 5 � ���mÅ ���2��ÊDÈkÉ �¸Ì	��5�Ç�� � ÌÍÉÍÌÍÇ�����Ê����tÊH�mÊH��É ��Ì	�-ÈkÉªÅ����{ÊA� J��ÊDÈkÉ
È¯Ê�� �tÊ���Ê��	É �\ÉÍÌ	�öÌxÈ �}Æ\Ç��sË �mÇ���ÉÍËÊ?Ë � : Ì��}Æ\Å	5�É � Ê � : Ì���É¸Ê?Ë¸Æ\Ç��tÅ�ÉÍÌÞÇ��ÒÈ��sË �{ÊDÈ � �?ËDÌ � �Ê?È Ê��cÉ¸Ê��}Æ�È
� Ê��tÅmÈkÇ�� �LÉÍÌÞÇ��2�

�}zTu��9wBvtv{zT|�� � ©`wB�"zT� �Ï� ¬kjmzT|�y/�lk�o³su�l�ÐªwBrt�lou-|�l�rt|�ylk�/~"zTvxwBy/r{zT|Ïvtrt|�¬¯wBrt�l�~"lku-y �ky/�l��l?²
~-�¬���lk|�y¬m~�wB��v{lm��h�¬kj�w � lmÁ wA�L² �-�/r{l � �/r{�h��¯µ1�1zTu-��vª©Â¬�³su�wBy/r{zT| � lHy/��wB|��/~"zT�/y&ÃFnsÄ?º=vxwjm¬?²
y/h�z � l � l��¨�¯wB��wT�ky¬k�/r{�/y/r{³su�l���ÃF~"zTu-�½vxwT³su�lkvtv{l.zT|���zT|-|�wBrty¨vxw��zTvtu-y/r{zT|·l?��wT�kyl � l��½~-�zT�-v{ikjml��
hs�s~"lk�/�"zTvtr{³�u�l���vtrt|�¬¯wBrt�l����zTu��o��lk�/y�wBrt|�l�����zT| � rty/r{zT|��DÄ�|�zTu���wB~-~-�lk| � ³su�lHvxw�zTvtu-y/r{zT|cl��/y
��zT|��y�wB|�ylo�/u-�
yzTu-yl � �zTrtyl � ©Â¬�³�u�wBy/r{zT|

x − ct = K
º-w�¼�l��

K
��zT|��/y�wB|syl�µ�ß(|®~�wB�/y/r{�ku-vtr{lk�¯º

zT|®w � zT|���º-~�zTu-�
vxwm�zTvtu-y/r{zT|®l?��wT�kyl
u
� u~-�zT�-v{ikjml&ÃFnsÄ4/

u(xj , t
n+1) = u(xj − c∆t, tn) , ∀j ∈ N

lky
n ∈ N .

Á�w¤jm¬ky/h�z � l ÃF|�u-jm¬k�/r{³su�l¾Ä � l���¯wB��wT�ky¬k�/r{�/y/r{³su�l����zT|��/r{�/yl � zT|��Ò°¤u-y/rtvtr{�lk�vª©Â¬k��wBvtrty¬±�krÀ²
� l����/u��¯µ�qsrRv{l�|�zTj��-�l � l�§¨zTu-��wB|�y c∆t

∆x

l��/y�lk|sy/r{lk�9wBv{zT��.v{l�~"zTrt|�y
xj − c∆t

l��/y�u-|Î~"zTrt|�y
� u*j�wBrtvtvxwB��l�lky(v{l3���h�¬kj�w9|�u-jm¬k�/r{³su�l�l��/y(l?��wT�ky¯µ �ÏwBr{�(lk|H��¬k|�¬k��wBvªº�v{lV|�zTj��-�l � l.§¨zTu-��wB|�y
|R©Âl��y(~�wT�,lk|�y/r{lk�¯º�~�wB�,��zT|��¬�³�u�lk|sy½v{l3~"zTrt|�y

xj −c∆t
|R©`wB~-~�wB�/y/r{lk|syV~�wT�V°�vxw � r{��k�¬ky/r{��wBy/r{zT|Rµ

%ëv,ÐªwBu-y � zT|��&rt|sylk�/~�zTv{lk�*vxwf�zTvtu-y/r{zT| wBuc~"zTrt|�y
xj − c∆t

°Îvª© rt|��/y�wB|sy
tn
µ(qsr¨zT| �/u-~-~"z��l

c∆t

∆x
≤ 1

ÃÍ³�u-rL|R©Âl��/y(wBu-y/�lV³su�l½vxw}��zT| � rty/r{zT|�§��¹ÁÒÃª§¨zTu-��wB|�yÑ² �-�/r{l � �/r{��h��Ñ²¸ÁRlk¼L�-Ä � lV�/y�wB�-rtvtrty¬
� u���h�¬kj�w � l9Á wA�s² ���/r{l � �/r{�h��DÄ
wBv{zT��
zT|Îw

xj−1 ≤ xj − c∆t ≤ xj+1
µ�¶}|·rt|�ylk�/~"zTv{l � zT|��

vxw��zTvtu-y/r{zT|wBu�~"zTrt|�y
xj − c∆t

vtrt|�¬¯wBrt�lkjmlk|sy�lk|�y/�l
xj−1

lky
xj+1

lkyVzT|&zT�-y/r{lk|sy3v{l.���h�¬kj�w
|su-jm¬k�/r{³�u�l0/

un+1
j =

1

2

(

(1 +
c∆t

∆x
)un

j−1 + (1 −
c∆t

∆x
)un

j+1

)

,
Ã ��Ä

F�G8C�F î



��� ÅDÆ�ÉªÅ�ÉÍÌÍÇ�� � Ê��mÅTÌ��	�tÅ�
�Ê��� Æ\Ç��sË��{ÊDÈ3Æ	Ë/Ç���������ÊDÈ�Ì��-ÈkÉªÅ�ÉÍÌÍÇ����	ÅTÌFË/Ê?È ���

wB~-~"lkv{¬»���h�¬kj�w wBu\���¯wB��wT�ky¬k�/r{�/y/r{³�u�l��Ïw�¼�l��»rt|sylk�/~�zTvxwBy/r{zT|'vtrt|�¬¯wBrt�l¤�/u-�j�wBrtvtv{l�µ�¶}�¯º
lk|
� ¬k¼�lkv{zT~-~�wB|sy.vxwH�}lkvxwBy/r{zT|cÃ ��Ä?º�zT|y/�zTu-¼�l�v{l���h�¬kj�w*|su-jm¬k�/r{³�u�l0/

un+1
j − (

un
j+1+un

j−1

2 )

∆t
+ c

un
j+1 − un

j−1

2∆x
= 0 ,

ÃÞ��Ä
³su-r=|R©Âl��/y.wBu-y/�lo³su�l�v{l����h�¬kj�w � l�Á wA�L² �-�/r{l � �/r{��h��¯µ

ÁRl.���h�¬kj�w � l}Á wA�s² ���/r{l � �/r{�h��3l��/y½u-|&��h�¬kj�w � l��¯wB��wT�ky¬k�/r{�/y/r{³su�l��3lky,~�lku-y �ky/�l
rt|�ylk�Ñ²
~-�¬ky¬���zTjHjml�v{l9�¬��/u-vty�wBy � © u-|�l9rt|sylk�/~�zTvxwBy/r{zT|±�/u-�
vxw � r{��k�¬ky/r{��wBy/r{zT|®v{zT�� � © u-|�l�jm¬ky/h�z � l
� l��¯wB��wT�ky¬k�/r{�/y/r{³su�l��¯µ\ß(| � ©`wBu-y/�l��3ylk�/jml��¯ºsv{l����h�¬kj�w � l}Á�wA�s² �-�/r{l � �/r{��h��
�lk~-�¬��lk|syl9vª© rtj*²
~�wT�ky � © u-|�l�rt|�ylk�/~"zTvxwBy/r{zT|Òvtrt|�¬¯wBrt�l � l�vxw&�zTvtu-y/r{zT|ÒwB~-�i��ow�¼�zTrt�9rt|��¬k�¬�u-|±|�zTu-¼�l¯wBu±~�zTrt|sy
xj

wBu·jHrtvtr{lku � l�vª© rt|�ylk�/¼�wBvtv{l
[xj−1, xj+1]

µLÁ½© rt|�ylk�/~"zTvxwBy/r{zT|fvtrt|�¬¯wBrt�l � l9vxw*�zTvtu-y/r{zT| � zT|-|�l

un
j =

un
j+1 + un

j−1

2

lky�lk|Î�lkjH~-vxw��¯wB|sy � wB|���ÃÞ��Ä?º-zT|Îy/�zTu-¼�l��-r{lk|cÃÞ��Ä?µ
¶}|Î~�lku-y
�¬�¬��k�/rt�lov{lo��h�¬kj�w � loÁ wA�L² �-�/r{l � �/r{�h����zTu��
vxw�ÐÞzT�/jml0/

un+1
j − un

j

∆t
+ c

un
j+1 − un

j−1

2∆x
−

un
j+1 − 2un

j + un
j−1

2∆t
= 0 ,

zTuÎlk|���zT�l�º

un+1
j − un

j

∆t
+ c

un
j+1 − un

j−1

2∆x
− ν

un
j+1 − 2un

j + un
j−1

∆x2 = 0 ,

w¯¼�l��
ν =

∆x2

2∆t

µ
¶}| ~�lku-y·rt|�ylk�/~-�¬kylk�Î��lky/ylÏ�lkvxwBy/r{zT|���zTjHjmlÏvª©`wA�ÑzTu-y � © u-| ylk�/jml � l
� rE "u��/r{zT| Ã � r{��/rt~�wBy/r{zT|	Ä � wB|���v{l����h�¬kj�w±ÃÞ��Ä?µ	ß� =l��ky/rt¼�lkjmlk|�y¯º"rtv¹l��/y}�-r{lk|±��zT|-|su»³�u�l�vª© rt|\²
ylk�/~"zTvxwBy/r{zT| rt|�y/�z � u-rty � l}vxw � rE "u��/r{zT|Rµ ��zTyzT|��¨³�u�l}�lku-v{lkjmlk|�y � wB|��Vv{l.�¯wT�¨z$#�vxwo��zTvtu-y/r{zT|
l��y
vtrt|�¬¯wBrt�l�º-rtvR|R© �w�~�wT� � ©Âlk�/�lku-� � u�l�°�vª© rt|sylk�/~�zTvxwBy/r{zT|Rµ

Ô�l3��lky/yl � lk�/|-r{ik�l3�lkvxwBy/r{zT|Rº�zT| � ¬ � u-rty(vª©Âl?�L~-�l���r{zT| � l3vxw � ¬k�/rt¼�¬�l3ylkjH~�zT�lkvtv{l � r{���k�ikyl
lk|

xj
/

un+1
j − un

j

∆t
= −c

un
j+1 − un

j−1

2∆x
+ ν

un
j+1 − 2un

j + un
j−1

∆x2 .
ÃÞ��Ä

¶}|«��zT|��/y�wByl�³su�l�ºR~�wB����wB~-~�zT�/yH°vxw®�.lkvxwBy/r{zT| Ã 1�Ä?ºRvª© rt|�ylk�/~"zTvxwBy/r{zT| � lmvxw®�zTvtu-y/r{zT| wÎlku
~"zTu-�
rtjH~�wT�ky � l�jmz � rÀ¿�lk��vxw � ¬k�/rt¼�¬�l�ylkjH~�zT�lkvtv{l � lovxw*�zTvtu-y/r{zT|Î~�wB��vª© rt|sy/�z � u��ky/r{zT| � © u-|
|�zTu-¼�l¯wBu®ylk�/jml�µ

Ô9wB|��}|�z����/rtj�u-vxwBy/r{zT|��¯º���lky/yl�jmz � rÀ¿��¯wBy/r{zT| � lovxw � ¬k�/rt¼�¬�l�ylkjH~"zT�lkvtv{l��l�y/��w � u-rty�~�wB�
u-| � ¬��¯wBvxwB��l � l�vxwf�zTvtu-y/r{zT| � wB|���v{l�ylkjH~��¾µ¹§¨lky/yl·lk�/�lku-�Hl?�Lr{�yl wBu���r½~"zTu-��v{l��*�/rtj�u\²
vxwBy/r{zT|����y�wBy/r{zT|-|�wBrt�l��oj�wBr{��lkvtv{l�|R©`w  "l��kyl*~�wT�9vxw·��zTvtu-y/r{zT|±¿�|�wBv{lH�¯wB��vxw �zTvtu-y/r{zT| � ¬��rt�¬�l
l��y�ylkvtv{l®³su�l®��l�� � ¬k�/rt¼�¬�l�� ylkjH~�zT�lkvtv{l��·�zT|sy�|su-vtv{l��·°¤��zT|�¼�lk�/��lk|���l�µ
Á wÒ�¬��zTvtu-y/r{zT| � u
~-�zT�-v{ikjml��/y�wBy/r{zT|-|�wBrt�l�~�wB�½u-|�l}jm¬ky/h�z � l.~��lku � zB²ªrt|��y�wBy/r{zT|-|�wBrt�l}~"lk�/jmlky � l.��zT�/�/rt��lk�¨��wA²
~-r � lkjmlk|syV��lky/yl}lk�/�lku-�}ÃF~�zTu-�½y/�zTu-¼�lk�½vxw9vtrtjHrtyl � u�~-�zT�-v{ikjml.�/y�wBy/r{zT|-|�wBrt�l}zT|HÐÞwBrty½ylk| � �l
v{l�� � ¬k�/rt¼�¬�l���ylkjH~"zT�lkvtv{l���¼�lk�� �¯¬k�z�Ä?µ

§¨lk~�lk| � wB|sy¯º���lky/yl3�Ñu��/y/rÀ¿��¯wBy/r{zT|Îjm¬k�/rtyl � lku\� �lkj�wB�³su�l�� /
�  s£ � ��(R¢  & � &�� Ç��sÈ*Å �AÇ��-È6��ÌýÈ*Ê�� � �¯Ì � Ê���5�Ê 8H� : Ì��,Ê��TÌýÈ?É¸Ê � � � ��5Å��tÅ�
�Ê � Ê6�tÅ ÈkÇ�� �\ÉÍÌÍÇ��
# 5Å���È¯Ê � Ê� : Ì���É¸Ê?Ë¸Æ\Ç��tÅ�ÉÍÌÞÇ��2���	Ç��\É¸Ê �kÇ�ÌxÈ � � : Ì���É¸Ê��-È?ÌFÉ�� � ÊDÈ&5 �LÇ�5?È6� : Å9Æ\ÅTÈ �kÉ���Ë � � �LÌFÉ¸ÊA�8��Ç���5��
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��� ��� � �tÅ����¾ÊkÉ����	��
���"ËÊ��������������.Ê/ÇTË 
�ÊHÊkÉ������±Ç��LÅ�� �mÅ � Ì

5DÊ}Æ=� �H�	Ç�� ����Ê 5ÇTË?Ë/Ê?ÈªÆ\Ç�� � Æ:� �\É�!�É # � Ê �tÅ � ÌýÈªÆ-Ê?ËkÉÍÌÞÇ�� ÊkÉ ��Ç�� � Ê �ÀÅ � Ì � �sÈDÌÞÇ��2��� Ê � �H�mÊ
Ë/ÅTÌýÈkÇ��>��Ê���Ê���É 8H��Ê Æ	Ë � 5 � � ÊH�6��Ê��	É\Æ-Ê��\Éo�kÉÍËÊ�Ê �}Ê 5¯É<� �}Å �BÊ 5 � �"ÊVÌ	��É¸ÊkËªÆ\Ç��ÀÅ�ÉÍÌÞÇ�� 8H�-Å � Ë/Å�ÉÍÌ98H��ÊA�
J� �	Ç���È � Ç����"Ê?ËÑÅ�ÌFÉ �{ÊHÈ 5�� �H�HÅ � Ê �RÅ������*ÊH� � Ë/Ç � 8��sÌ � �sÌ.ÊDÈkÉ � ÌýÈªÆ-ÊkË�È?Ì �A�&%,Ê¸Æ-Ê�� � Å���É�� � Å��-È
��Ç�ÉÍË/Ê�ÅDÆ�Æ	ËÑÇ�5��\Ê� ��Ê�Ì	��É¸ÊkËªÆ\Ç��ÀÅ�ÉÍÌÞÇ�� �öÌ	� �ÅTÌýËÊ*ÊDÈ?É3Ê �}Ê 5�É<� �ÊA�
�  s£ � ��(R¢  & � � � ÊoÈ 5 � ���mÅ � : Ì���É¸Ê?Ë¸Æ\Ç��tÅ�ÉÍÌÞÇ���Æ	ËÑÇ?Æ\ÇBÈ �� : Ê?È?É�Æ\ÅTÈ)5Ç��-È¯Ê?Ë �BÅ�ÉÍÌ ���ÀÇ�5�Å��tÊH�mÊH��É<�

 �»Ê �}Ê�É��,ÈDÌ0� ��Ê�ÅTË �kÉ¸ÊHÊDÈ?É½Ë/Ê�ÉªÇ��sË�� �Ê � �/ÅBÈ%5H� � �Ê �·Å��tÇTËDÈ�� : Ì	�	É¸Ê?ËªÆ-Ç��ÀÅ�ÉÍÌÍÇ�� � : ÊDÈkÉ"Æ:� ��È 5Ç��-È�Ê?Ë��
�BÅ�ÉÍÌ �TÊ������	� � � Ê��c����Ê �,È?Ì0� ��Æ\ÇTÌ���É
ÊDÈ?É,ÈJ�¾Æ�Æ	Ë?Ì	� �A�)��ÅTË)5Ç��	ÉÍË/Ê �½ÈDÌ0� �fÈ�Ç�� ��ÊkÉ¨ÊDÈkÉ½Ì��-È �?Ë �
ÊH�	�{Ê}Ê?È?É;5�Ç��-È�ÊkË �AÅ�ÉÍÌ �BÊ � � Ë �=È?Ì=Ç��75Ç���ÈDÌ � �?ËÊ � : � 8H�-Å�ÉÍÌÞÇ�� � Ê�� �sË 
�Ê?Ë.ÈkÇ��sÈ��kÇ�ËJ��Ê ��Ç��75Ç��-È�Ê?Ë��
�BÅ�ÉÍÌ �TÊÅ �BÊ 5 � � È%5�� ���mÅ � � 5DÊ���ÉÍË �fÊkÉ 5Ç��6��Ê � Ç���� �ÊDÈ Ì	��ÌFÉÍÌÞÅ��{ÊDÈA� � 5��\Ç�5 � �ÀÅ �mÅTË 5��\Ê � Ê
�\Å��LÉ¸ÊH�sË

1
� �
Ç�� � �?Ë?Ì 
3ÊHÅTÌýÈ ����Ê���É 8��-Ê6�tÅ �¯ÌÍÉ¸ÊDÈDÈ�Ê � � 5��LÇ�5&ÊDÈkÉ;�>� ���tÊ � %,Ê¸Æ�Ê�� � Å��	É�� � : ÅDÆ	Ë �DÈ

�{ÊDÈÎËÊ��tÅ�ÉÍÌÍÇ��-È � Ê�

Å���¾Ì	�"Ê���� ��
�Ç���ÌÍÇ�É*Ç��¦È�ÅTÌÍÉ&8H��Ê �{Ê 5��LÇ�5 � : Ê?È?É3Æ-ÅBÈÎÈ?ÉªÅ�ÉÍÌÍÇ��>�	ÅTÌFË/Ê �mÅTÌxÈ
8�� : Ì	�1È¯Ê}Æ	Ë/ÇDÆ\Å�
sÊ # �ÀÅ �¯ÌÍÉ¸ÊDÈ�È¯Ê 1

2

���RÅ �	Ç�� � 5Ç��-È¯Ê?Ë �AÅ�ÉÍÌÞÇ�� ÅÏÊ���ÉÍË/Å���� � � ��Ê �HÇ � Ì 
(5Å�ÉÍÌÞÇ�� � Ê
�tÅ �¯ÌFÉ¸Ê?È�È�Ê � � 5��LÇ�5 �

�
ÅTË 5Ç��-È � 8H��Ê���É��9�tÊ � � 5Å��tÅ�
�Ê � Ê?È-5��LÇ�5?È Æ-Ç��sË?Ë/ÅTÌFÉ\Æ	ËÑÇ �BÊ���ÌFË � Ê �ÀÅ �	Ç�� � 5Ç��-È¯Ê?Ë �BÅ�ÉÍÌÍÇ�� � ÊDÈ
�BÅTËDÌÞÅ����{ÊDÈ}Æ-Ê�� � Å���É � : Ì���É¸Ê?Ë¸Æ\Ç��tÅ�ÉÍÌÞÇ�� 8H�LÌ;�mÇ � Ì 
¨Ê?Ë/ÅTÌÍÉ �ÀÅ �¯ÌFÉ¸Ê?È�È�Ê # �ÀÅA8H�-ÊH�	�{ÊHÌ��úÈoÈ�Ê � �¸Æ:�tÅ	5�Ê���É
# �tÅ�Æ�Ë/Ê��*Ì �?ËÊ�ÌFÉ��?Ë/Å�ÉÍÌÞÇ�� � �ÈkÇ�� �BÊH�sË��� � �?Ë?Ì98H�-Ê �

§¨l����Ñu��/y/rÀ¿��¯wBy/r{zT|�� � zTrt¼�lk|�y(lk|���zT�l �ky/�l½¼�¬k�/rÀ¿�¬�l��¯µB�¹wB�¹l?�-lkjH~-v{lV~�zTu-��vxw.�}lkj�wB�³�u�l¨�\µ n�º
� l��3~-�zT�-v{ikjml���wBu-y/�l���³su�l9v{l��3v{zTr{� � l���zT|��lk�/¼�wBy/r{zT|��
~�lku-¼�lk|sy �ky/�l�wB|�wBvt�\�¬��3~"zTu-�
�lk��wB�Ñ²
� lk�H�/r¨v{l&~-�zT�-v{ikjml·~�lk��/r{�yl&lk|���zT�l�µ(Ó}|�lwB~-~-�zs��h�l&~"zTu-�H��zT�/�/rt��lk�m��l�~-�zT�-v{ikjml��lk��wBrty
� l&��zT|��/r � ¬k�lk��u-|c���h�¬kj�w � ©`wB~-~-�z¯�Lrtj�wBy/r{zT| ÃÍlky�|�zT|c~-vtu�� � © rt|sylk�/~�zTvxwBy/r{zT|	Ä���zT|��lk�/¼�wBy/rÀÐ
v{zL�¯wBv{lkjmlk|�y¯µ

����� � 4 1$>=(�87( � 1$/21�30& 4657> . � � 1�,757>

Ô9wB|��½��lky/yl��l��ky/r{zT|Rº�|�zTu��¨w�¼�zT|��,jmzT|sy/�¬�³su�l
vª©`wBvt��zT�/rty/h-jml.�kvxwT��r{³�u�l � ©`w � wB~-y�wBy/r{zT| � l
j�wBrtvtvxwB��l�l��/y�rt|�y/�/rt|��i�³su�lkjmlk|�y�rt|�w � wB~-y¬�° vª©Â¬ky/u � l � l*~-�zT�-v{ikjml�� � ¬k~"lk| � wB|�y � u»ylkjH~��
� wB|��¨v{l��¯w � �l � u&�lkj�wBrtvtvxwB��l�µ-ß(|·l� =lky¯ºL�r�v{l}|�zTj��-�l � ©`w � wB~-y�wBy/r{zT|���l��/yVrt|��/u\Õ���wB|sy.wBv{zT��
u-|�l*lk�/�lku-� � l*|�zT�/jmlHl��/y���zTjHjHr{�lHlky��/r¹u-|±����wB| � |�zTj��-�l � ©`w � wB~-y�wBy/r{zT|���l��/y�l� =l��ky/u�¬
wBv{zT���u-|�lolk�/�lku-� � l�~-h�wT�l�l��y���zTjHjHr{�l�µ

qsr,zT| � ¬��/rt�lHzT�-ylk|-rt�ovxw��zTvtu-y/r{zT|c° u-|»ylkjH~��
tmax

	¸��wBr{��zT|-|�wB�-v{l�CH¼Lr{�Ñ²ë°A²ª¼sr{� � l*vª© rt|\²
ylk�/¼�wBvtv{l � lHylkjH~��o�¯wB��wT�ky¬k�/r{�y/r{³�u�l � u»j�wBrtvtvxwB��l

τ
ÃÍ³�u-r � ¬k~"lk| �Ò� l*vxw y�wBrtvtv{l � lHj�wBrtvtv{l¾Ä?º

zT| ~"lku-y��zT|���lk¼�zTrt� � © u-y/rtvtr{�lk���lkywBvt��zT�/rty/h-jml¤lk| u-y/rtvtr{�DwB|�yu-| |�zTj��-�l � ©`w � wB~-y�wBy/r{zT|��
w � ¬�³su�wBy¯º�|�zT|»��zT|-|�u¦Å�Æ�ËDÌÞÇTË?ÌFµ�Ü.v{zT��¾º	v{l���~-�zT�-v{ikjml�� � u��o°&vª© rt|sylk�/~�zTvxwBy/r{zT|Ò|�l*�zT|sy9~�wT�
lk|���zT�lowB~-~�wB�lk|sy�¯µ��¹wB��l?�\lkjH~-v{l�º-��lky.wBvt��zT�/rty/h-jml � zT|-|�l9u-| �¬��u-vty�wBy���zT�/�l��ky � wB|��3v{l��¯wT�
� �kvxwT��/r{³su�l�� � ufy/u-��l�°���h�zs� � l*qLz � � �����¸µ	�1wB����zT|�y/�l�º��/r

tmax
l��/y}����wB| � ¼Lr{�Ñ²ë°A²ª¼Lr{� � l

τwBv{zT��.��lky.wBvt��zT�/rty/h-jmlo|R©Âl��/y�~-vtu��}wB~-~-vtr{�¯wB�-v{l�ÃÍ��zTjHjml � wB|��
v{l��¯wT� � u~-�zT�-v{ikjmlojmz � ikv{l¾Ä?µ
ß(|Î��zT|��kvtu��/r{zT|Rº-~"zTu-�
y/��wBrtylk��v{l��3~-�zT�-v{ikjml�� � ¬k~"lk| � wB|�y � uylkjH~��.w�¼�l���vª©`w � wB~-y�wBy/r{zT|

� l�j�wBrtvtvxwB��l»Ã � wB|���v{l&�¯w � �l � uc�lkj�wBrtvtvxwB��l¾Ä?º�rtvVÐªwBu-y�~-�zT~"z��lk��u-|�l&|�zTu-¼�lkvtv{l wB~-~-�zL�h�l�µ
§¨lky/ylo|�zTu-¼�lkvtv{l�wB~-~-�zs��h�l�ÐªwBrty
vª©ÂzT�\�Ñlky � l�vxw*�l��ky/r{zT|®�/u-rt¼�wB|�yl�µ
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��� ÅDÆ�ÉªÅ�ÉÍÌÍÇ�� � Ê��mÅTÌ��	�tÅ�
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� ���������	�
�	���� ��� ���.������.��)*����!(������� ��� � ����}�����o� �����.���	���
�	���/�"�

Ô9wB|��¨v{l��
�/rtj�u-vxwBy/r{zT|��3rt|��/y�wBy/r{zT|-|�wBrt�l��¯º�zT|·l��/y
��zT|\ÐÍ�zT|�y¬owBu ~-�zT�-v{ikjml � l}vª©Â¬k¼�zTvtu-y/r{zT|
� l�� ~-h�¬k|�zTjmik|�l��¹~-h��\�/r{³su�l�� � wB|���v{l � zTj�wBrt|�l � ©Â¬ky/u � l�µ���zTu��1w¯¼�zT|�� jmzT|sy/�¬3³�uR©Âlk|���¬k|�¬k��wBv
v{l����h�¬kj�w&�kvxwT���/r{³�u�l � ©`w � wB~-y�wBy/r{zT|Òl��/y�rt|�w � wB~-y¬*°�vª©Â¬ky/u � l � l���l�y¸�L~"l � l�~-�zT�-v{ikjml�� � l
~�wB�/y}��w � ¬?¿�|-rty/r{zT|«ÃÍ�?Ð/µ	qLl��ky/r{zT|f��Ä?µ�ß,|®l� "lky¯º��/r=v{l�|�zTj��-�l � ©`w � wB~-y�wBy/r{zT|��}l��y�rt|��/u\Õ���wB|sy
wBv{zT�� u-|�lÏlk�/�lku-� � l®|�zT�/jmlÏl��/y·��zTjHjHr{�l±lky �/r}u-|¦����wB| � |�zTj��-�l � ©`w � wB~-y�wBy/r{zT|��®l��/y
l� =l��ky/u�¬�wBv{zT��
u-|�l�lk�/�lku-� � l�~-h�wT�l�l��/y���zTjHjHr{��l�µ

��zTu-���}�lkjm¬ � r{lk�¯º¾rtvTÐÞwBu-y ��zTrty=y/�zTu-¼�lk� u-|�|�zTu-¼�l¯wBu����h�¬kj�w � © rt|sylk�/~�zTvxwBy/r{zT|*³�u-rs��zT�/�/rt��l
��l�~-�zT�-v{ikjml�º(�zTrty�rtvVÐªwBu-y � rtjHrt|�u�lk�Hv{l�|�zTj��-�l � ©`w � wB~-y�wBy/r{zT|�� � l�j�wBrtvtvxwB��l·°fl� =l��ky/u�lk�
wA¿�| � lÎ��zT|�y/�"!Tv{lk�&vª©Âlk�/�lku-� � u�l®°±vª© rt|sylk�/~�zTvxwBy/r{zT|Rµ¨Á w � lku\�\r{ikjml®��zTvtu-y/r{zT|¦°±vª©`w�¼�wB|�y�wB��l
� ©��ky/�l � ©`wB~-~-vtr{�¯wBy/r{zT| ��¬k|�¬k��wBv{l&lky�rt| � ¬k~�lk| � wB|syl � l�vxwjm¬ky/h�z � l � l��¬��zTvtu-y/r{zT|cu-y/rtvtr{��¬�l�º
|�zTu��}wBvtv{zT|�� � zT|��o��h�zTr{�/rt�.��lky/yl�wB~-~-�zL�h�l�µ

Ô9wB|�� ��lky/ylVwB~-~-�zL�h�l�º¯vxw¨~-�zL��¬ � u-�l � ©`w � wB~-y�wBy/r{zT| � l(j�wBrtvtvxwB��l � zTrty �¬ � u-rt�l(v{l(|�zTj��-�l
yzTy�wBv � ©`w � wB~-y�wBy/r{zT|��(|�¬���l�����wBrt�l��¹~�zTu-�(l� =l��ky/u�lk�¹vxw}�rtj�u-vxwBy/r{zT|Hj�wBr{�(lkvtv{l � zTrty(��zT|��lk�/¼�lk�(vxw
~-�¬��kr{�r{zT| � l
vxw��zTvtu-y/r{zT|&yzTu-y½lk|�¬k¼Lrty�wB|�y � l
j�wBrtvtv{lk�½u-|�l
y/�zT~�����wB| � l�~�wB�/y/r{l � u � zTj�wBrt|�l
� l3�¯wBv{�ku-vªµ�ß(| � ©`wBu-y/�l��¹ylk�/jml��¾ºTvª©ÂzT�\�Ñl��ky/rÀÐ"l��/y � l¨��zT|sy/�"!Tv{lk�½lky � ©`wBu-��jmlk|�ylk�Vvª© rt|�ylk�/¼�wBvtv{l � l
ylkjH~��
�¯wB��wT�ky¬k�/r{�y/r{³�u�l � uj�wBrtvtvxwB��l�º�wBuÎ��lk|�� � l}vxw*Ô9¬?¿�|-rty/r{zT|®�\µt��º-��l�³su-r=�l�y/��w � u-rty
~�wB�
rt|sy/�z � u-rt�l*v{l�ylkjH~�� � wB|��9vxw&jm¬ky/�/r{³su�l�µ=��zTu-����lkvxw\º � lku\�Ï~�zTrt|sy���kv{l?ÐÍ� � zTrt¼�lk|sy �ky/�l*~-�/r{�
lk|·��zTjH~-yl0/

(i)
~-�¬ � rt�l�vª©Â¬k¼�zTvtu-y/r{zT| � l��¨~-h�¬k|�zTjmik|�l��3~-h��\�/r{³�u�l�� � wB|��¨v{l � zTj�wBrt|�l9lky

(ii)lk|-�/r{��h-rt��ÃÞw � wB~-ylk�DÄ
v{l9j�wBrtvtvxwB��l � wB|��
yzTu-yl��.v{l��
�¬k��r{zT|��.z$#Î��l��
~-h�¬k|�zTjmik|�l���¬k¼�zTvtu�lk|�y¯µ
Ô9wB|��Ï��lky/yl¤��l��ky/r{zT|Rº.|�zTu��f~-�¬��lk|�yzT|��±��lky/yl¤|�zTu-¼�lkvtv{l«wB~-~-�zL�h�l � ©`w � wB~-y�wBy/r{zT| � l

j�wBrtvtvxwB��l9~"zTu-�
v{l��3~-�zT�-v{ikjml��
rt|��/y�wBy/r{zT|-|�wBrt�l��¾µ�ß(vtv{l�l��/y3��wT�¬�l9�/u-�3u-|�l�l?�\ylk|��/r{zT| � l�vª©`wBvÀ²
��zT�/rty/h-jml � ©`w � wB~-y�wBy/r{zT| � l3j�wBrtvtvxwB��l�º�³�u-r-~"lk�/jmlky � l¨�¬��zTu � �l3u-|H~-�zT�-v{ikjml � l3~"zTrt|�y¹¿-�-l
y/��wB|��rtyzTrt�l�~"zTu-�.v{l���zTu-~-v{loÐÞzT�/jm¬o~�wB��v{loj�wBrtvtvxwB��l�lky.vxw��zTvtu-y/r{zT|Rº	lky��/u-�.u-|�l�~-�zL��¬ � u-�l
� © rt|sylk��l��ky/r{zT| � lVjm¬ky/�/r{³�u�l��(lk|�ylkjH~��1~�zTu-�1rt|�y/�z � u-rt�l3v{l½ylkjH~�� � wB|��1vxw.jm¬ky/�/r{³�u�l�µ���zTu��
rtvtvtu��y/�zT|��.��lky/yl�wB~-~-�zL�h�l��/u-��u-|fl?�\lkjH~-v{l��/rtjH~-v{l�³su-r l��/y�u-|�lo��¬k|�¬k��wBvtr{��wBy/r{zT|f�-r � rtjmlk|\²
�r{zT|-|�lkvtv{l � ufy/u-��l*°m��h�zs� � l�qLz � µ	ß,vtv{l�l��/y�lk|��/u-rtyl�¼TwBvtr � ¬�l��/u-�}v{l�~-�zT�-v{ikjml�jmz � ikv{l � l
~-�zT~�wB��wBy/r{zT| � ©ÂzT| � l���|�zT|\²ªvtrt|�¬¯wBrt�l��}rt|�y/�z � u-rty � wB|��
vxwmqLl��ky/r{zT|±�\µ`�\µ

� ��� � � � �=*?/ 5 � / 57/ 8'1 /21 3<&�4 3<4 � 1$/21�30& 474'/3<(�>

��zTu-��~"zTu-¼�zTrt��~-�¬ � rt�l*vª©Â¬k¼�zTvtu-y/r{zT| � l��9~-h�¬k|�zTjmik|�l���~-h��\�/r{³su�l��¯º�|�zTu��9~-�zT~�z���zT|��9u-|
|�zTu-¼�lkv wBvt��zT�/rty/h-jml � ©`w � wB~-y�wBy/r{zT| � l9j�wBrtvtvxwB��l � zT|sy�v{l�~-�/rt|��krt~�lol��y � l9�¬���zTu � �l9u-|~-�zB²
�-v{ikjml � l�~�zTrt|sy.¿-�-l�y/��wB|��rtyzTrt�l�~"zTu-�.v{l���zTu-~-v{l�ÐÍzT�/jm¬�~�wB�}v{l�j�wBrtvtvxwB��l*lky}vxw��zTvtu-y/r{zT|Ò°
��h�wT³�u�l.rty¬k��wBy/r{zT| � l�vxw��"zTu��kv{l � ©`w � wB~-y�wBy/r{zT|Rµ %¸v��¾©`wB��rty � © u-| wBvt��zT�/rty/h-jml}rty¬k��wBy/rÀÐR��zTjH~�z���¬
� l � lku\� �"zTu��kv{l���rtj��-�/r{³�u�¬�l��¯º�vxw*�"zTu��kv{l�~-�/rt|��krt~�wBv{l � ©`w � wB~-y�wBy/r{zT|±lky�u-|�l��"zTu��kv{l�rt|�ylk�/|�l
� wB|���vxwT³�u�lkvtv{lol��y
�¬��zTvtu�l�v{l�~-�zT�-v{ikjml � lo~�zTrt|sy
¿-�\l9y/��wB|��rtyzTrt�l�µ

	 �h�wT³su�l
rty¬k��wBy/r{zT| � l3vxw���zTu��kv{l3~-�/rt|��krt~�wBv{l � ©`w � wB~-y�wBy/r{zT|Rº�zT|m��zT|��/r � ik�l
u-|�l�~�¬k�/r{z � l
lk|±ylkjH~��

[t, t + ∆t]
~"lk| � wB|�y�vxwT³su�lkvtv{l�vxw �zTvtu-y/r{zT|»¬k¼�zTvtu�l�µ=Ü.u»��zTu-�� � l*��lky/yl�~�¬k�/r{z � l�º

zT| �h�lk���h�l9°���zT|�¼�lk�/��lk�3¼�lk��,vxw��zTvtu-y/r{zT|wBu�ylkjH~��
t+∆t

lky3°���zT|�¼�lk�/��lk�oÃÍlk| u-|&��lk�/y�wBrt|
��lk|��DÄ ¼�lk��(v{l3j�wBrtvtvxwB��l.w � wB~-y¬�³su-r\vtu-r�l��/y½wT��zL�kr{¬�ºT��©Âl��/yÑ²ë°A² � rt�l
v{l3j�wBrtvtvxwB��l
u-|-rty¬3¼Lr{�Ñ²ë°A²ª¼Lr{�
� © u-|�l���lk�/y�wBrt|�l�jm¬ky/�/r{³�u�l*³su-r��lk��wm~-�¬��kr{�¬�l�~-vtu���v{zTrt|Rµ	�(vtu���~-�¬��kr{�¬kjmlk|�y¯º=°�~�wB�/y/rt� � l�vxw
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��� ��� � �tÅ����¾ÊkÉ����	��
���"ËÊ��������������.Ê/ÇTË 
�ÊHÊkÉ������±Ç��LÅ�� �mÅ � Ì

��zTvtu-y/r{zT|�wBu�ylkjH~��
t
ºBvxw��zTvtu-y/r{zT|9�ñu���³�uR©`°

t+∆t
l��/y(�¯wBv{�ku-v{¬�l
lky¹v{l
�¯wBv{�ku-v�l��/y¹�l���zTjHjmlk|���¬

�Ñu��³suR©`°m��l�³�u�l�vxwm~-�¬��kr{�/r{zT| � ¬��/rt�¬�l�~�zTu-�}vxwm�zTvtu-y/r{zT|Ï|�u-jm¬k�/r{³su�lHwBufylkjH~��
t + ∆t

�zTrty
wBy/ylkrt|syl�µ�Ü}rt|��/rªº=vª©Â¬k¼�zTvtu-y/r{zT| � lHvxw®�zTvtu-y/r{zT|¤~"lku-y �ky/�lm~-�¬ � rtyl&lky�yzTu-yl���v{l��o�¬k��r{zT|���z$#
vxwÒ�zTvtu-y/r{zT| ¬k¼�zTvtu�lÎ~"lku-¼�lk|�y �ky/�l � ¬kyl��ky¬�l��¯µV¶}| ~�lku-y � zT|�� � ¬?¿�|-rt�mu-|�ljm¬ky/�/r{³su�l®³su-r
~-�lk| � lk|·��zTjH~-yl9vª©Â¬k¼�zTvtu-y/r{zT| � l.vxw��zTvtu-y/r{zT|Î°�vª©`wBr � l � © u-|�l9~-�zs��¬ � u-�l � © rt|�ylk���l��ky/r{zT| � l
jm¬ky/�/r{³su�l��¨lk|&ylkjH~��¯º\qLl��ky/r{zT|&n�µ`�\µLß(|��/u-rtyl�ºsu-|�|�zTu-¼�l¯wBu j�wBrtvtvxwB��l9l��/y,��¬k|�¬k�¬��/u-rt¼�wB|�y¨v{l��
�l�³su-r{� � l*��lky/yl*jm¬ky/�/r{³�u�l�º ³�u-r(l��/yow � wB~-y¬ � wB|��9yzTu-yl���v{l��9�¬k��r{zT|��oz$#±v{l��9~-h�¬k|�zTjmik|�l��
~-hs�L�r{³�u�l��3¬k¼�zTvtu�lk|�y¯µ �1rt|�wBv{lkjmlk|sy¯º\vxw��zTvtu-y/r{zT| rt|-rty/rxwBv{l � l9��lky/yl.~"¬k�/r{z � l�l��/y¨rt|�ylk�/~"zTv{¬�l�lky
zT|f�l���zTjHjmlk|���l�v{l��¯wBv{�ku-vªµ=§¨l����h�¬kj�w&l��y�rtvtvtu��/y/�¬��/u-�.vxw ��rt��u-�l*�\º�z$#

i
lky

j
� ¬��/rt��|�lk|�y

�l��~�l��ky/rt¼�lkjmlk|sy�v{l���rt| � r{��l�� � l���rty¬k��wBy/r{zT|���~-�/rt|��krt~�wBv{l��Hlky�rt|�ylk�/|�l�� � ©`w � wB~-y�wBy/r{zT| lky�z$#
zT|Ïw*|�zTy¬��l��/~"l��ky/rt¼�lkjmlk|�y

T
º
S
º
S0 lky M v{l�j�wBrtvtvxwB��l�º	vxwH�zTvtu-y/r{zT|Rº�vxwH�zTvtu-y/r{zT|®rt|-rty/rxwBv{l

°*��h�wT³�u�lorty¬k��wBy/r{zT|flky�vxw�jm¬ky/�/r{³su�l�µ
§¨lky¹wBvt��zT�/rty/h-jml3l��/y1u-|�lVl?�\ylk|��/r{zT| � u����h�¬kj�w��kvxwT��/r{³su�l � ©`w � wB~-y�wBy/r{zT| � lVj�wBrtvtvxwB��l�ºT�/r

v{l¨|�zTj��-�l � © rty¬k��wBy/r{zT|��(rt|�ylk�/|�l��½l��/y¹�¬ � u-rty½° �¯¬k�zowBv{zT��(zT|*�lky/�zTu-¼�l3v{l
���h�¬kj�w9�kvxwT��/r{³su�l�µ
��zTu-�.wB|�wBvt�\�lk�¨vxw���zT|s¼�lk�/��lk|���l � l�vxw��zTvtu-y/r{zT|ÎwBu�lkrt| � l.vxw��"zTu��kv{l�rt|�ylk�/|�l�º-zT|·��zTj*²

~�wB�l�º	°*�h�wT³su�lorty¬k��wBy/r{zT|Rº�vxw*��zTvtu-y/r{zT|®zT�-ylk|�u�l�lky�vxwH�zTvtu-y/r{zT| � l9vª© rty¬k��wBy/r{zT|f~-�¬���¬ � lk|�yl�µ
�1zTu-����lkvxw\º	zT|±��zT|��/r � ik�l�vxwH|�zT�/jml

H1 � l�vxw���zTvtu-y/r{zT|Ïlky�vxwm|�zT�/jml L2 � l�vxw � ¬k�/rt¼�¬�l�lk|ylkjH~�� � l�vxw*�zTvtu-y/r{zT|Rµ�qsrRlkvtv{l��
�zT|sy3rt|\ÐÍ¬k�/r{lku-�l��.°�u-|�l�yzTv{¬k��wB|���l � zT|-|�¬�lowBv{zT��3vxw���zT|�¼�lk�Ñ²
��lk|���l l��/y*wBy/ylkrt|�yl�º¹zT|c�zT�/y*wBv{zT�� � lmvxw�"zTu��kv{l&rt|�ylk�/|�l lky�vxwÎ��zTu��kv{l � ©`w � wB~-y�wBy/r{zT| l��/y
rty¬k�¬�l�µ�qsrt|�zT|Rº�zT|Î�l���zTjHjmlk|���lov{l��¯wBv{�ku-vªµ

qsr zT|®|�zTyl
ε1
lky

ε2
v{l��.�lku-rtv{� � loyzTv{¬k��wB|���l�º�zT|Ï��zT|�y/rt|su�l�vxwm�¬��zTvtu-y/r{zT| � uÎ~-�zT�-v{ikjml

� l*~"zTrt|�yo¿-�\l�y�wB|�y�³�u�l
j
vª© rt| � r{��l � © rty¬k��wBy/r{zT|¤rt|�ylk�/|�l&l��/y9~-vtu���~"lky/rtyo³�u�l

jmax
zTu»�-r{lk|

³su�l9vª©ÂzT|fwBrty /

‖ |S(i,j+1)| − |S(i,j)| ‖H1(Ω)

‖S(i,j+1)‖H1(Ω)
≤ ε1

lky ‖ |
∂S(i,j+1)

∂t | − |
∂S(i,j)

∂t | ‖L2(Ω)

‖
∂S(i,j+1)

∂t ‖L2(Ω)

≤ ε2 ,

z$#
Ω
l��/y�v{l � zTj�wBrt|�l � l��¯wBv{�ku-vªµ(§¨l�³su-r½�/rt��|-rÀ¿�l ³�u�lHvª©ÂzT|«¼�lku-y���zT|sy/�"!Tv{lk�*vxw|�zT�/jml � l

vxwm�zTvtu-y/r{zT|Ïlky.v{l�� � ¬k�/rt¼�¬�l���lk|®ylkjH~�� � lovxwm��zTvtu-y/r{zT|Rµ��¹wB�9wBrtvtv{lku-��¯º�|�zTu���w¯¼�zT|��}��zT|��y�wBy¬
³su�l�/r�zT| u-y/rtvtr{��lu-| ���h�¬kj�w � ly¸�L~"l��u-|-��l?²��9u-y/y�w»~"zTu-�mvª© rt|sy¬k����wBy/r{zT| lk| ylkjH~��¾º(vxw
� lku\�\r{ikjmlo��zT| � rty/r{zT|f|R©Âl��/y
~�wT�
|�¬���l����wBrt�l�µ

� � � � 4 1$>=( ��> � 1�30&�4 5'> * � 1 (+3���,7> �D>=461 >=*?8 �

�}zTu��}¼�lk|-|�zT|�� � lo¼�zTrt��~-�¬���¬ � lkjHjmlk|�y�u-|Ï|�zTu-¼�l¯wBu±���h�¬kj�w � ©`w � wB~-y�wBy/r{zT|±³su-r1|�zTu��
~"lk�/jmlky � l.~-�¬ � rt�l�vª©Â¬k¼�zTvtu-y/r{zT| � l
vxw��zTvtu-y/r{zT|Rº�rtv	�¯©`wB��rty,j�wBrt|sylk|�wB|�y � l
~-�¬��kr{�lk�Vvxw9~-�zL��¬?²
� u-�l3³su-rs~"lk�/jmlky � lVj�wBrtvtv{lk� � l¨j�wB|-r{ik�l
w � ¬�³�u�wByl¨v{l��1�¬k��r{zT|�� � ©Â¬k¼�zTvtu-y/r{zT| � lVvxw}��zTvtu-y/r{zT|Rµ
�1zTu-�(��lkvxw\ºB|�zTu��,wBvtv{zT|��¹rt|�y/�z � u-rt�l3u-|�l½~-�zL��¬ � u-�l � © rt|�ylk��l��ky/r{zT| � l¨jm¬ky/�/r{³su�l��(lk|�ylkjH~��¾µ

§¨zTjHjml�wBuÎ��zTu-�� � u®ylkjH~���u-|Î~-h�¬k|�zTjmik|�l�~-h��\�/r{³�u�l�¬k¼�zTvtu�l � wB|���u-|�l��¬k��r{zT|®�-r{lk|
� ¬?¿�|-r{l�º��/r=u-|�lo�zTvtu-y/r{zT|f~-�¬��kr{�lol��/y � ¬��/rt�¬�l&ÃFyzTu-y}wBuÎv{zT|-� � u®�¯wBv{�ku-výÄ?º�u-|Îj�wBrtvtvxwB��l�w¯¼�l��
� l��1¬kv{¬kjmlk|�y� � l½y�wBrtvtv{lVw � ¬�³su�wBylVl��/y�|�¬���l����wBrt�l � wB|�� yzTu-yl¨��lky/yl,�¬k��r{zT|RµB��zTu-�1��¬k|�¬k�lk�1u-|
j�wBrtvtvxwB��l�w � wB~-y¬.�zTu��V��lky/yl���zT|�y/��wBrt|syl�ºLrtv-ÐÞwBu-yV³�u�l
vxw�jm¬ky/�/r{³�u�l.~-�lk|-|�l.lk|���zTjH~-yl}��lky/yl
rt|\ÐÞzT�/j�wBy/r{zT|Rº���©Âl��yÑ²ë°A² � rt�l�rtv=ÐªwBu-y
rt|��kvtu-�l�v{l�ylkjH~�� � wB|��.vxw � ¬?¿�|-rty/r{zT| � l�vxw�jm¬ky/�/r{³su�l�µ
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��� ÅDÆ�ÉªÅ�ÉÍÌÍÇ�� � Ê��mÅTÌ��	�tÅ�
�Ê��� Æ\Ç��sË��{ÊDÈ3Æ	Ë/Ç���������ÊDÈ�Ì��-ÈkÉªÅ�ÉÍÌÍÇ����	ÅTÌFË/Ê?È ���

S(i,j)

(H0,S
0
0 )

���������	��
��������������
(Hi+1,Si,Hi)

(H(i,j),S
0
(i,j))

�^13".?C;I d-/�.$T �%9�� 

! ���� ���#$�����%�������&
�����	�������

S0
(i,j+1)

H(i,j+1)

'(�"�	��� �%�������)� ����������*� 

���������	� �������������A 

(H(i,j),S(i,j))
M(i,j) =

m
⋂

k=1

Mk
(i,j)

(H(i,j),M(i,j))

(H(i,j+1),S
0
i ,Hi)

(Hi,Mi)

(Hi,Si)

! ���� ���#$�����%�������&
�����	�������

S0
i+1

'(�"�	��� �%�������)� ����������*� 

Hi+1

���������	� �������������	 

Mi

+(,/.-0�� 1 365 � ���mÅ � : Å � ÅDÆ�ÉªÅ�ÉÍÌÞÇ�� � Ê��HÅ�Ì	���ÀÅ�
�Ê
Æ\Ç��LË��tÊ?È�ÈDÌ��6� �tÅ�ÉÍÌÍÇ��-È�Ì��-ÈkÉªÅ�ÉÍÌÍÇ����	ÅTÌFË/Ê?È �

qsr¨zT| ��zT|��/r � ik�l �lku-v{lkjmlk|�y*vxwf�zTvtu-y/r{zT| rt|-rty/rxwBv{l � l&vxwÎ~"¬k�/r{z � l�~"zTu-� � ¬?¿�|-rt��vxw®jm¬?²
y/�/r{³su�loÃÍ��zTjHjml � wB|��(v{l.�¯wT� � u���h�¬kj�w � ©`w � wB~-y�wBy/r{zT|&�kvxwT��/r{³su�l¾Ä?º�wBv{zT��(v{l3j�wBrtvtvxwB��l}l��/y(lk|
�lky�wB� � ~�wB�3��wB~-~�zT�/y
°�vxw��zTvtu-y/r{zT|Rµ\�¹wB�
��zT|��¬�³�u�lk|sy¯ºLv{l��½~-h�¬k|�zTjmik|�l�����zT�/ylk|�y � l��V�¬k��r{zT|��
w � wB~-y¬�l�� � uHj�wBrtvtvxwB��l�ÃFj�wBrtvtv{¬�l��,¿�|�lkjmlk|�yDÄ?µ-qsr�zT|m��zT|��/r � ik�l.�lku-v{lkjmlk|sy,vxw��zTvtu-y/r{zT|m¿�|�wBv{l
� l�vxwH~"¬k�/r{z � l�º"wBv{zT��}v{loj�wBrtvtvxwB��l�~-�¬���i � l�vxw��zTvtu-y/r{zT|Rµ�Ô�zT|���º�zT|®|�l���wB��wB|�y/rty�~�wT��³�u�l�vxw
~-�¬��kr{�r{zT| � l&vxw®��zTvtu-y/r{zT| l��y���zT|��lk�/¼�¬�l·�¯wB��rt|-rty/rxwBv{lkjmlk|�yHv{l���~-h�¬k|�zTjmik|�l��H|�l&��zT|�y�~�wT�
� wB|���v{l����¬k��r{zT|��Hw � wB~-y¬�l�� � u j�wBrtvtvxwB��l�º�j �kjml·�¯© rtv{�HwB�/�/rt¼�lk|sy � wB|��H��l����¬k��r{zT|��*~�wB�*vxw
�u-rtyl�µ-Ô9wB|��.v{l�� � lku\��¯wT�¯º-��l��kr�w*~"zTu-��l� "lky � l � rE �u��lk�
vxwm�zTvtu-y/r{zT|Rµ

��zTu-�*�Ò�lkjm¬ � r{lk�¯º1rtv¨ÐÞwBu-y�~-�lk| � �l·lk|«��zTjH~-yl�º � wB|��*vxw � ¬?¿�|-rty/r{zT| � l&vxw®jm¬ky/�/r{³su�l�º
vxw��zTvtu-y/r{zT|®rt|-rty/rxwBv{l�lky�vxw��zTvtu-y/r{zT|®¿�|�wBv{l � lovxwm~�¬k�/r{z � lolk|®rt|sylk��l��ky�wB|�y9v{lku-��}jm¬ky/�/r{³�u�l��
�l��~�l��ky/rt¼�l��¯µ=g�zTu-yl?ÐÍzTr{�¾ºR�/r¹vª© rt|�ylk�/¼�wBvtv{l � l*ylkjH~��

∆t
� l*vxw ~�¬k�/r{z � lHl��/y9y/�zT~Ò����wB| � º"rtv(�

wHu-|�l � rtvtu-y/r{zT| � uÎj�wBrtvtvxwB��l�wBu®jHrtvtr{lku � l�vxwm�¬k��r{zT| � ¬?¿�|-r{l�~�wB�.v{l��.��zTvtu-y/r{zT|��.rt|-rty/rxwBv{l�lky
¿�|�wBv{l � lHvxw·~"¬k�/r{z � l�µ %ëjH~-vtr{³su�wB|�y � l*ÐªwBrty¯º=~"zTu-��v{lH~-h�¬k|�zTjmik|�lm~-hs�L�r{³�u�lH~�wT����wB|�y � wB|��
��lky/yl®�¬k��r{zT|Rº¨u-|�lÎ~"lk�/yl � lf~-�¬��kr{�/r{zT|¦³su-r}�l®y/��w � u-rty·°Ò|�zTu-¼�l¯wBu¦~�wB� vxw � rE "u��/r{zT| � u
~-h�¬k|�zTjmik|�l�µ ��zTu-��¬k¼Lrtylk�o��lkvxw\º"rtv¹ÐªwBu-y�~-�lk| � �l�lk|±��zTjH~-ylmv{l��9jm¬ky/�/r{³�u�l�� � l*yzTu-yl��ov{l��
��zTvtu-y/r{zT|��
rt|�ylk�/jm¬ � rxwBrt�l��HÃ � l�vxw�~"¬k�/r{z � l¾Ä�wA¿�| � l9j�wBrtvtv{lk��¿�|�lkjmlk|sy.yzTu-yl�vxw��¬k��r{zT|Rµ

Ü.rt|��/rªº¹~"zTu-�m�h�wT³su�lÎ¼�wB�/rxwB�-v{lu-y/rtvtr{�¬�l � wB|��Hvxw»��zT|��/y/�/u��ky/r{zT| � lÎvxwÏjm¬ky/�/r{³�u�l�º½|�zTu��
rt|sy/�z � u-r{��zT|��9u-|�l�rt|sylk��l��ky/r{zT| � l���jm¬ky/�/r{³�u�l����lkvxwBy/rt¼�l��owBu\�f�zTvtu-y/r{zT|��9�/u�����l����/rt¼�l�� � wB|��
v{loylkjH~��¯µ ��zTu��.wB~-~"lkvtv{zT|��}��lky/yl�~-�zs��¬ � u-�l0/ Ì	��É¸ÊkË�È¯Ê 5�ÉÍÌÞÇ�� � Ê� �kÉÍË?Ì 8H��ÊDÈ*ÊH�±É¸ÊH�.Æ	È?µ��(vtu��
ÐÞzT�/jmlkvtv{lkjmlk|�y¯ºLv{l}ylk|��lku-� � l.jm¬ky/�/r{³su�l�ºL°�vxw

ième ~�¬k�/r{z � l}lky3°ovxw j ème rty¬k��wBy/r{zT|·rt|�ylk�/|�l�º
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�Bn ��� � �tÅ����¾ÊkÉ����	��
���"ËÊ��������������.Ê/ÇTË 
�ÊHÊkÉ������±Ç��LÅ�� �mÅ � Ì

l��y � zT|-|�¬�l�~�wB� /
M(i,j) =

⋂

τ∈[t,t+∆t]

M(i,j)(τ) ,
ÃÑ�¯��Ä

z$#
M(i,j)(τ)

l��/y®vxw«jm¬ky/�/r{³�u�l¤rt|�ylk�/jm¬ � rxwBrt�l � zT|-|�¬�lÒ~�wB�Îvxw ��zTvtu-y/r{zT| |�u-jm¬k�/r{³su�lcwBu
ylkjH~��

τ
lky

M(i,j)
l��/y�vxwÎjm¬ky/�/r{³su�l �¬��/u-vty�wB|�yl u-y/rtvtr{�¬�l ~"zTu-�*w � wB~-ylk�*v{l&j�wBrtvtvxwB��l�µ1ß,|

~-��wBy/r{³su�l�º(rtv.�u\Õmy � lÎ��zT|��/r � ¬k�lk����lku-v{lkjmlk|�y u-| ��lk�/y�wBrt| |�zTj��-�l � ljm¬ky/�/r{³su�l��m~-�z¯¼�l?²
|�wB|sy � lo��zTvtu-y/r{zT|��.rt|sylk�/jm¬ � rxwBrt�l��¯º�u-|-rÀÐÞzT�/jm¬kjmlk|�y��¬k~�wB�/y/r{l��¯º	lk|�y/�lov{l��}�zTvtu-y/r{zT|��}rt|-rty/rxwBv{l
lky�¿�|�wBv{l·~"zTu-��³su�l vxw®�¬k��r{zT| �zTrty*j�wBrtvtv{¬�l � l j�wB|-r{ik�lÎw � ¬�³�u�wByl»ÃFv{l � ¬k~-vxwT��lkjmlk|�y � l��
~-h�¬k|�zTjmik|�l�� � © u-|�lHrty¬k��wBy/r{zT|c° vª©`wBu-y/�lm¬ky�wB|syo~-vtu���~"lky/rty�³su�l�vxwy�wBrtvtv{l � l��o¬kv{¬kjmlk|�y� � u
j�wBrtvtvxwB��l¾Ä?µ
Ô9zT|���ºVv{lÏylk|��lku-� � lÏjm¬ky/�/r{³su�l�º
°Òvxw

ième ~"¬k�/r{z � lÏlky°Òvxw
j ème rty¬k��wBy/r{zT|

rt|sylk�/|�l�º�l��/y � zT|-|�¬o~�wB� /

M(i,j) =
m
⋂

k=1

Mk
(i,j) ,

z$#
Mk

(i,j)

l��y
vxw
kème jm¬ky/�/r{³su�l�rt|�ylk�/jm¬ � rxwBrt�l � zT|-|�¬�l�~�wB��vxw*��zTvtu-y/r{zT|Î|�u-jm¬k�/r{³su�l�µ

ÁRl��(�¬��/u-vty�wBy� � zT|-|�¬��(~�wB�,v{l�� � rE =¬k�lk|�yl��¨wB~-~-�zs��h�l��¯º�~-�¬��lk|sy¬�l��V�krÀ² � l���u��¯º��zT|�y(rtvtvtu��/²
y/�¬��.�/u-�
u-|®l?�-lkjH~-v{lo�/rtjH~-v{l � wB|��
vxwmqLl��ky/r{zT|fn�µ`�\µ
�  s£ � ��(R¢  � � � � �BÊ 5)5�ÊkÉÞÉ¸Ê � � 
 ��ÌÍÉÍÌÞÇ�� � Ê �tÅ6� �kÉÍËDÌ98H��Ê �½Ç�� 
�ÅTË/Å���ÉÍÌÍÉ 8H��ÊVÆ\Ç��sË�ÉªÇ��\É¸ÊDÈ �{ÊDÈ
È�Ç�� �LÉÍÌÞÇ��-È � Ê��tÅ
Æ �?ËDÌÞÇ � Ê �ñÅ�� �tÇ�� 
 � � 5Å���5H� � ��� : Ê?Ë?Ë/ÊH�sË � : Ì���É¸Ê?Ë¸Æ\Ç��tÅ�ÉÍÌÞÇ�� ÈJ�LË 5��LÅ	8��-Ê �H� ����Ê��	É
Ê?È?É��/ÇTË�� �Ê�Æ-ÅTË �{Ê�È�ÊH�sÌ��=Æ	ËÊDÈ%5kËDÌÍÉ

ε
��ÉªÅ���É 8��-Ê

hmin
� : ÊDÈ?É,Æ\ÅBÈ Å�ÉÞÉ¸Ê?Ì	�	É<�'�
ÅTË 5Ç���ÉÍËÊ �oÅ �BÊ 5

5DÊkÉÞÉ¸Ê � � 
 ��ÌÍÉÍÌÍÇ�� �-Æ\Ç��LË�5 �LÅ	8H��Ê9È�Ç�� �LÉÍÌÞÇ�� � Ê �tÅ.Æ �?Ë?ÌÞÇ � Ê �0� : Ê?Ë?ËÊ��sË � : Ì���É¸Ê?Ë¸Æ\Ç��tÅ�ÉÍÌÍÇ�� � : ÊDÈ?É�Æ:� ��È
��8H�sÌFË �¸Æ\ÅTËkÉÍÌÞÊÎÈ��sË �{Ê �mÅTÌ	���tÅ�
�ÊA��� ÊDÈ �mÅTÌ��	�tÅ�
�ÊDÈ 
 ��� �kË �DÈfÅ �BÊ 5 5�ÊkÉÞÉ¸Ê � ��É��LÇ � Ê ��Ê È�Ç���É½Æ\ÅBÈ
� ÇDÆ�ÉÍÌ��mÅ�� ��� �¾ÌxÈ�� #�� �¯ÌxÈ �;: � ��ÊÎÈkÇ�� �\ÉÍÌÍÇ�� # � � Ì��-È?ÉªÅ���É � Ç��>� �A�	�ÏÅTÌýÈ ��Ç��ÒÆ-ÊH�LÉ 5Ç���ÈDÌ � �?ËÊ?Ë
8�� : Ì	�úÈ.È�Ç���É��,Ê�� � � 5�Ê?ËkÉªÅTÌ��ÎÈ�ÊH�-È � � ÇDÆ�ÉÍÌ��mÅ�� ��� �¯ÌýÈV� #�� �¾ÌxÈ � � 5Å�� 5H� � Å�� 5Ç��sËDÈ � Ê �ÀÅ�Æ �?Ë?ÌÍÇ � ÊA�

� ��� � .<. , � 1 (�/21 3<&�4 �$,7( ,�49> ��>=*?8�.0> �$3<*?8�.<>

Ô9wB|�����lky/yl���l��ky/r{zT|RºR|�zTu��*wBvtv{zT|���wB~-~-vtr{³su�lk��v{l�|�zTu-¼�lkv¨wBvt��zT�/rty/h-jml � ©`w � wB~-y�wBy/r{zT| � l
j�wBrtvtvxwB��l�~�zTu-��v{l����/rtj�u-vxwBy/r{zT|���rt|��y�wBy/r{zT|-|�wBrt�l����u-�ou-|cl?�-lkjH~-v{l��/rtjH~-v{l�lky�|�zTu���wBvtv{zT|��
wB|�wBvt�\�lk�
vª© rtjH~�wT�ky � l9vª© rt|�ylk��l��ky/r{zT| � l9jm¬ky/�/r{³�u�l��}lk|ÎylkjH~��¯µ

Á,©Âl?�\lkjH~-v{lf��zT|��/r � ¬k�¬®l��yHvxw±��¬k|�¬k��wBvtr{��wBy/r{zT| �-rÀ² � rtjmlk|��/r{zT|-|�lkvtv{l � u y/u-��lÎ°»��h�zs� � l
qLz � ÃF~-�zT�-v{ikjml � l·��r{lkj�wB|-|	Ä � �����¸µ½¶}| ��zT|��/r � ik�l·v{l � zTj�wBrt|�l

Ω = [−1, 1] × [0, 1]
lky

zT|±rt|sy/�z � u-rty�u-|�l*~"lk�/y/u-�/��wBy/r{zT|»rt|-rty/rxwBv{l � l �}l¯w¯¼s�\�/r � l � wB|��9vxw �¬k��r{zT|
R

� ¬?¿�|-r{l*~�wB��v{l
� lkjHrÀ²¸��lk��kv{l � l���lk|sy/�l�vª©ÂzT�/rt��rt|�l�lky � l
��w���zT|

r = 0.05
µLÁRl��½��zT| � rty/r{zT|��Vrt|-rty/rxwBv{l��¨�/u-�

Ω\R��zT|�y /
ρ = 0.125

º
p = 0.1

lky
u = v = 0

lky
~"zTu-�
R

/
ρ = 1

º
p = 1

lky
u = v = 0

º�z$#
ρ
º
plky ~U = (u, v)

�lk~-�¬��lk|�ylk|syV�l��~�l��ky/rt¼�lkjmlk|syVvxw � lk|��/rty¬�º�vxw9~-�l����/r{zT|�lky½v{l�¼�l��kylku-�½¼Lrtyl���l�µ
¶}|c¼TwfwB|�wBvt�L��lk��vxwÎ��zTvtu-y/r{zT|«wBu«ylkjH~���w � rtjmlk|��/r{zT|-|�¬

tmax = 0.6
º�lk|«vxwÎ��zTjH~�wB��wB|syH°

u-|�l���zTvtu-y/r{zT| � l9�¬?ÐÍ¬k�lk|���l��¯wBv{�ku-v{¬�lo�u-�¨u-|j�wBrtvtvxwB��l&ÃF|�zT|Î�/y/�/u��ky/u-�¬¾Ä¨u-|-rÀÐÞzT�/jml � l9y�wBrtvtv{l
h = 0.005

��zTjH~�zT�/y�wB|sy
132 097

�zTjHjmlky�.lky
262 656

y/�/rxwB|-��v{l��¯µ
¶}| l� =l��ky/u�l³su�wBy/�l�¬k�/r{l�� � ©`w � wB~-y�wBy/r{zT|�� � l·j�wBrtvtvxwB��l�µ(ß(vtv{l��H|�l � rE =ik�lk|�ym³su�l ~�wB�

v{l��3�zTvtu-y/r{zT|���u-y/rtvtr{�¬�l�� � wB|��3vª© rt|�ylk��l��ky/r{zT| � l}jm¬ky/�/r{³su�l���lk|·ylkjH~��3~"zTu-�¨vxw���zT|��/y/�/u��ky/r{zT|
� l vxwÏjm¬ky/�/r{³su�l�µ½¶}| u-y/rtvtr{�l·~"zTu-�Hvxw®~-�lkjHr{ik�l®�¬k�/r{l·�lku-v{lkjmlk|�ymvxw±��zTvtu-y/r{zT| rt|-rty/rxwBv{l � l
vxwf~"¬k�/r{z � l�º¹~"zTu-�Hvxw � lku\�\r{ikjml·u-|-r{³�u�lkjmlk|symvxw±�zTvtu-y/r{zT| ¿�|�wBv{l � l vxwÏ~"¬k�/r{z � l�º¹~"zTu-�Hvxw
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��� ÅDÆ�ÉªÅ�ÉÍÌÍÇ�� � Ê��mÅTÌ��	�tÅ�
�Ê��� Æ\Ç��sË��{ÊDÈ3Æ	Ë/Ç���������ÊDÈ�Ì��-ÈkÉªÅ�ÉÍÌÍÇ����	ÅTÌFË/Ê?È ���

y/�zTr{�r{ikjml·v{l��H�zTvtu-y/r{zT|��Hrt|-rty/rxwBv{llky�¿�|�wBv{l � l·vxwf~�¬k�/r{z � llkyHlk|\¿�| ~�zTu-�*vxw � lk�/|-r{ik�l�/rÀ�
��zTvtu-y/r{zT|��
u-|-rÀÐÍzT�/jm¬kjmlk|sy}�¬k~�wB�/y/r{l�� � wB|���vxw�~"¬k�/r{z � l � zT|sy.vª© rt|-rty/rxwBv{l�lky
vxw�¿�|�wBv{l�µ

��zTu-� �h�wT³su�l®�¬k�/r{l � ©`w � wB~-y�wBy/r{zT|��¾ºVzT| u-y/rtvtr{��lvxw � lk|��/rty¬f��zTjHjmlÎ¼�wB�/rxwB�-v{l~�zTu-�&vxw
� ¬?¿�|-rty/r{zT| � l9vxw*jm¬ky/�/r{³su�lolky�zT|®��zT|��/r � ik�l�v{l���~�wB��wBjmiky/�l��}�/u-rt¼�wB|�y� /

ε = 0.0022, hmin = 0.005, hmax = 0.5
lky

hgrad = 10 ,

z$#
ε
l��/y9v{l*�lku-rtv � ©Âlk�/�lku-��~-�l���k�/rty¯º

hmin
ÃF�l��/~Rµ

hmax
Ä.vxw&y�wBrtvtv{l*jHrt|-rtj�wBv{lÎÃF�l��/~Rµ�j�wA�\rÀ²

j�wBv{l¾Ä9wBu-yzT�/r{��¬�lmlky
hgrad

vxw ����w � wBy/r{zT|¦ÃñÌ@�FÊA�B��v{l*��wB~-~"zT�/y � l*y�wBrtvtv{l*j�wA�Lrtj�wBvVlk|�y/�l � lku\�
¬kv{¬kjmlk|sy��¼�zTr{�rt|��DÄ?µV¶}| l� =l��ky/u�l®wBu yzTy�wBv

5
rty¬k��wBy/r{zT|��ÏÃF~-�/rt|��krt~�wBv{l��DÄ � ©`w � wB~-y�wBy/r{zT|�� � l

j�wBrtvtvxwB��l�º-��l�³su-r=��zT�/�l��/~"zT| � °�u-|�l�w � wB~-y�wBy/r{zT|ÎyzTu��3v{l��
∆t = 0.12

lky
5
rty¬k��wBy/r{zT|�� � wB|��

vxw.�"zTu��kv{l½rt|sylk�/|�l�µ�ÁRl½j�wBrtvtvxwB��l¨rt|-rty/rxwBv-l��/y1u-|�j�wBrtvtvxwB��l¨���z���r{lk��u-|-rÀÐÞzT�/jml�ÃF|�zT|*�y/�/u��ky/u-�¬¾Ä
� u � zTj�wBrt|�l � l��¯wBv{�ku-v � l

2 177
�zTjHjmlky�}lky

4 160
y/�/rxwB|-��v{l��¯µ

Á w �1rt��u-�lo�¯�9jmzT|sy/�l�vxw9�zTvtu-y/r{zT| � l3�¬?ÐÍ¬k�lk|���l�wBuHylkjH~��
tmax

ÃÍlk|�h�wBu-yV°���wBu��h�l¾Ä½lky
~"zTu-�¨v{l��¨��¬k�/r{l�� � l��¯wBv{�ku-v(��ºL�\º-��lkyVnÃ � l���wT�3lk|&h�wBu-yDÄ½v{l��3�zTvtu-y/r{zT|��
w � wB~-y¬�l���wBu&ylkjH~��
tmax

w�¼�l���v{l���j�wBrtvtvxwB��l�����zT�/�l��~�zT| � wB|sy�¯µ1¶}|Ò¼�zTrty��kvxwBrt�lkjmlk|�y�vxw·~�lk�/yl � © rt|sylk|��/rty¬ � l��
~-h�¬k|�zTjmik|�l��¾º\~�zTu-�
v{l��3y/�zTr{�3~-�lkjHr{ik�l�����¬k�/r{l�� � l��¯wBv{�ku-vªµ�¶}|·��zT|��y�wByl�º-lk|~�wB�/y/r{�ku-vtr{lk�¯º-vxw
� rtvtu-y/r{zT| � u¤j�wBrtvtvxwB��l&v{zT��³suR©ÂzT|Ò|�l���zT|��/r � ik�l&³�u�l�v{l����zTvtu-y/r{zT|���rt|-rty/rxwBv{l&lkyo¿�|�wBv{l�~"zTu-�
vª© rt|sylk��l��ky/r{zT| � lmjm¬ky/�/r{³�u�l��¯µ �1wB����zT|�y/�l � wB|���v{lH�¯wT� � l*vxw��¬k�/r{lHn�º=lk|¤��zT|��/r � ¬k��wB|sy��/rÀ�
��zTvtu-y/r{zT|��9rt|�ylk�/jm¬ � rxwBrt�l���zT|»�lkj�wB�³su�lH³su�l�vxw&�¬k��r{zT| � ©Â¬k¼�zTvtu-y/r{zT| � l���~-h�¬k|�zTjmik|�l���l��/y
u-|-rÀÐÞzT�/jm¬kjmlk|�y�j�wBrtvtv{¬�l±Ã �¯zszTj lk|¤h�wBu-y�° � �zTrtyl¾Äolky�³�u�lHvxwÎ~-�¬��kr{�/r{zT| � l�vxw�zTvtu-y/r{zT| w
¬ky¬���zT|��lk�/¼�¬�l�µ¹¶}|c~�lku-y�¼�zTrt��~-vtu��o~-�¬��kr{��¬kjmlk|�y�vª© rtjH~�wT�ky � u«�h�zTrÀ� � l�����zTvtu-y/r{zT|���~"zTu-�
vª© rt|sylk��l��ky/r{zT| � l¨jm¬ky/�/r{³su�l��,lk|*ylkjH~��,�/u-�1vxw ��rt��u-�l9�¯�\º�z$#HzT|�w}vxw � lk|��/rty¬ � l3vxw}��zTvtu-y/r{zT|
�u-��v{l�� � �zTrtyl�� � ©Â¬�³�u�wBy/r{zT|��

y = x
lky

y = 0.15
y/��w¯¼�lk���wB|�y�v{l � zTj�wBrt|�l�~�zTu-�.v{l��.³su�wBy/�l��

��¬k�/r{l�� � ©`w � wB~-y�wBy/r{zT|��}lky
vxwm�zTvtu-y/r{zT| � l9�¬?ÐÞ¬k�lk|���l�µ
¶}|Î��zT|��/y�wBylo�/u-�
vxw �1rt��u-�lH���o³su�l9v{l��
�¬k��r{zT|��}z$#Î¬k¼�zTvtu�lk|�y.v{l���~-h�¬k|�zTjmik|�l��.zT|�y}¬ky¬

j�wBrtvtv{¬�l��.u-|-rÀÐÍzT�/jm¬kjmlk|sy � wB|��
v{l��¯wT�.z$#®�krt|�³�rt|sylk��l��ky/r{zT|�� � l9jm¬ky/�/r{³�u�l���ÃÍ�/rÀ� �zTvtu-y/r{zT|��?Ä
zT|sy(¬ky¬V��zT|��/r � ¬k�¬�l��¾ºB��l3³su-r�~"lk�/jmlky � lV��zT|��lk�/¼�lk�¹vxw}~-�¬��kr{�/r{zT| � lVvxw.�zTvtu-y/r{zT|*yzTu-y,wBu�v{zT|-�
� l��zT|f¬k¼�zTvtu-y/r{zT|Rµ�Ô9l�~-vtu��¯º�zT|f�lkj�wB�³�u�l�³�u�l�vª©ÂzT|fwHj�wBrtvtv{¬��ñu��/ylovxwH�¬k��r{zT| � ©Â¬k¼�zTvtu-y/r{zT|
|-r-~-vtu��,|-r�jmzTrt|��¯µ�ß(| � ©`wBu-y/�l��½ylk�/jml��¯º�zT|���zT|sy/�"!Tv{l�vª© rt|�ylk�/¼�wBvtv{l � l
ylkjH~��½�¯wB��wT�ky¬k�/r{�/y/r{³�u�l
� uj�wBrtvtvxwB��l�µ

ÁRl»g�wB�-v{l¯wBu �«�lk~"zT�/ylÏv{l���/y�wBy/r{�/y/r{³su�l�� � l��·j�wBrtvtvxwB��l��·¿�|�wBu\� w � wB~-y¬��®lkyvª©Âlk�/�lku-�
�lkvxwBy/rt¼�l�ÃÍ�.lkvxwBy/r{zT|&ÃÞ��Ä/Ä=��zTjHjHr{�l � wB|�� ��h�wT³�u�lV�¯wT�=~�wB�R��wB~-~"zT�/y�°3vxw
��zTvtu-y/r{zT| � l(�¬?ÐÞ¬k�lk|���l�µ
¶}|«w·|�zTy¬

ns
v{lH|�zTj��-�l � lm�zTjHjmlky��lky

ne
v{lH|�zTj��-�l � ©Â¬kv{¬kjmlk|sy�¯µ�Á½©Âlk�/�lku-���lkvxwBy/rt¼�l

l��yV¬k¼�wBvtu�¬�l}lk|&|�zT�/jml��
L2(Ω)

lky
H1(Ω)

µ-§¨lk~�lk| � wB|sy¯º\��zTjHjml � wB|��¨vxw�qLl��ky/r{zT|Î�\µ`�\ºs~�zTu-�
w¯¼�zTrt�9u-|�l�lk�/�lku-��~-vtu����lk~-�¬��lk|�y�wBy/rt¼�lHzT|»wB|�wBvt�L��l�vª©Âlk�/�lku-�9�/u-�

Ω? = Ω \ D
z$#

D
l��y}vxw

�¬k��r{zT| � ¬kvtrtjHrty¬�lo~�wB�
v{l � lkjHrÀ²¸��lk��kv{l � lo��lk|�y/�l�vª©ÂzT�/rt��rt|�l�lky � l���w���zT|
r = 0.16

µ
Á,©Â¬k¼TwBvtu�wBy/r{zT| � l�� lk�/�lku-��&��zT|\¿��/jml±��lf³�u-r9wÒ¬ky¬®¬k|�zT|���¬f~-�¬���¬ � lkjHjmlk|�y¯µ
�1zTu-�·vxw

��¬k�/r{l,n�ºAvª©Âlk�/�lku-�
L2 l��/y � l 0.012

��lV³�u-rLl��/y u-|*zT� � �l � l½����wB| � lku-�¹rt|\ÐÍ¬k�/r{lku-�(wBu\���¬k�/r{l��¨�Vlky
�\µAÔ�wB|�� v{lV�¯wT� � l½vxw��¬k�/r{l¨�\º¯vxw � rtvtu-y/r{zT| � u�j�wBrtvtvxwB��l3w�lku�~�zTu-�1l� "lky � l½j�u-vty/rt~-vtr{lk�¹vª©Âlk�/�lku-�
~�wB���krt|�³�µR¶}|Ò��zT|��/y�wByl�º=lk|»zTu-y/�l�º=³�u�l�vª©Âlk�/�lku-�o�/u-�9v{l�� � ¬k�/rt¼�¬�l��ol��/yowBu���/r¹��zT|�y/�"!Tv{¬�l�º���l
³su-rV��lmy/��w � u-rty�~�wB��u-|�l&|�zT�/jml

H1 |�lky/ylkjmlk|syHrt|\ÐÍ¬k�/r{lku-�l&~�zTu-��vxw®��¬k�/r{lmn®~�wB����wB~-~"zT�/y
wBu\�ÎwBu-y/�l��.��¬k�/r{l��¯µ
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ns ne ‖.‖L2(Ω) ‖.‖H1(Ω) ‖.‖L2(Ω?) ‖.‖H1(Ω?)qLzTvtu-y/r{zT|Îrt|-rty/rxwBv{l
5 597 11 034 0.2261 0.9685 0.2030 0.8776qLzTvtu-y/r{zT|¿�|�wBv{l
5 967 11 782 0.1212 0.7881 0.1125 0.7491�*rt|sylk��l��ky/r{zT|��

16 031 31 855 0.0673 0.5838 0.0601 0.5929
1*rt|sylk��l��ky/r{zT|��

30 650 61 052 0.0398 0.3671 0.0120 0.1987

���	��03� 1 3	ÉªÅ�ÉÍÌýÈ?ÉÍÌ98H��ÊDÈ � ÊDÈ �mÅTÌ����ÀÅ�
sÊDÈ 
 �	Å�� � Å � ÅDÆ"É��DÈ±ÊkÉ�tÊ?ÈÏÊ?ËDËÊ��LË�È 5Ç�� �*ÌxÈ¯ÊDÈ*Æ\Ç��LË
5 �LÅ	8H��Ê�È �?Ë?ÌªÊ � Ê)5�Å���5�� ���
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+-,/.-0¨�¯�71 %(Ç��}Æ\Å�ËÑÅTÌýÈkÇ�� � Ê �ÀÅ®È�Ç�� �\ÉÍÌÞÇ�� � Ê&Ë � � �kË/Ê��65�Ê �¸ËÑÇ���
�Ê �»ÊkÉ � ÊDÈ�ÈkÇ�� �LÉÍÌÞÇ��-È&Å � ÅDÆ��
É���ÊDÈ Å �BÊ�5

5
Ì���É¸Ê?ËDÈ�Ê 5¯ÉÍÌÍÇ���È � Ê � �kÉÍËDÌ98H��ÊDÈ � �BÊ?ËkÉ � ��� ��Ê�Ì	�	É¸Ê?Ë�È¯Ê 5�ÉÍÌÞÇ�� � Ê � �kÉÍË?Ì 8H��ÊDÈ � ���{Ê�� � �

� ��Ì98H��Ê���Ê���É;�ÀÅ�ÈkÇ�� �\ÉÍÌÍÇ��fÌ���ÌÍÉÍÌÍÅ��{Ê �¸ËÑÇTÈ�Ê�� ÊkÉ;� ��Ì 8��-Ê���Ê��	É �tÅ�ÈkÇ�� �LÉÍÌÞÇ�� 
 �	Å��{Ê �¸É<�LË 8H�-ÇTÌýÈ�Ê����

+-,/.-0R���21 J�}Æ\ÅA5�É � Ê�� : Ì���É¸Ê?ËDÈ�Ê�5�ÉÍÌÍÇ�� � Ê�� �kÉÍË?Ì 8H��ÊDÈ�Ê��±É¸Ê��}Æ�È # � : ÌFÉ��kËÑÅ�ÉÍÌÞÇ��
6
� Å���È �{Ê)5ÅBÈ

Ç��¤Ç��«ÅHÆ	Ë?ÌxÈ
6
ÈkÇ�� �\ÉÍÌÍÇ��-È�Ì���É¸Ê?Ë�� � � ÌÞÅTÌFË/ÊDÈA�7�ÏÅTÌ��	�tÅ�
�Ê&Å � Å?Æ�É��*È��¯Æ�Ê?ËªÆ-ÇBÈ �·Å �TÊ 5 �ÀÅÎÈkÇ�� �\ÉÍÌÍÇ��

Ì���ÌÍÉÍÌÍÅ��tÊ ��# 
�Å�� 5��\Ê��ÊkÉ �tÅmÈkÇ�� �LÉÍÌÞÇ�� 
 �	Å��{Ê ��# � Ë/ÇTÌFÉ¸Ê � � Ê��ÀÅ�Æ �?Ë?ÌÍÇ � ÊA�
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��� ÅDÆ�ÉªÅ�ÉÍÌÍÇ�� � Ê��mÅTÌ��	�tÅ�
�Ê��� Æ\Ç��sË��{ÊDÈ3Æ	Ë/Ç���������ÊDÈ�Ì��-ÈkÉªÅ�ÉÍÌÍÇ����	ÅTÌFË/Ê?È � �

+-,/.-0(�¯� 1 �È�Ç�� �öÌ 
���ÊDÈ � Ê � Ê��-ÈDÌÍÉ�� � Ê �tÅ·È�Ç�� �LÉÍÌÞÇ�� Ê�É �{ÊDÈ6�mÅTÌ����ÀÅ�
sÊDÈ 5ÇTË?Ë/ÊDÈ¸Æ\Ç�� � Å���ÉFÈ9Æ\Ç��LË
� � Ê �LÅ��\É¨Ê�� �/ÅTÈ��A�tÅmË � � �?Ë/ÊH��5�Ê�Ê�É �{ÊDÈ�È �?Ë?ÌªÊDÈ���� �$� �ÎÊkÉ � � : Å � Å?Æ�ÉªÅ�ÉÍÌÞÇ��2�
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��� ��� � �tÅ����¾ÊkÉ����	��
���"ËÊ��������������.Ê/ÇTË 
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� ��� � 8�8�. 3 ��/21�30&�4 / ,98�(�&):�.0;=*?> *?&�5'; .0>

ÁRl¤�-u-y � l«��lky/yl �l��ky/r{zT| l��/y � l«¼�wBvtr � lk�fvxw¦|�zTu-¼�lkvtv{l wB~-~-�zs��h�l � ©`w � wB~-y�wBy/r{zT| � l
j�wBrtvtvxwB��l*��wT��¬�lH�/u-�9u-|Ï~"zTrt|�y9¿-�-l�y/��wB|��/rtyzTrt�lH�/u-�9v{l�~-�zT�-v{ikjmlHjmz � ikv{l � l*~-�zT~�wB��wBy/r{zT|
� ©ÂzT| � l��}|�zT|\²ªvtrt|�¬¯wBrt�l��}rt|�y/�z � u-rty � wB|��.vxw�qLl��ky/r{zT|±�\µ`�\µ�§¨zTjHjml � wB|��}v{lo�¯wT� � l�vª©`w � wB~-y�wA²
y/r{zT|Ï�kvxwT��/r{³su�l&ÃÍ�?Ð/µ�qLl��ky/r{zT|»�\µ nsÄ?º�v{l��-u-y}l��/y � ©`wBy/ylkrt| � �l�vxwm�zTvtu-y/r{zT|»wBu®ylkjH~��}~-h��\�/r{³su�l
tmax = 0.2

�l���zT| � l�µ ��zTu��o��zTjH~�wB�lk�zT|��ov{l��o��zTvtu-y/r{zT|���ÃÞw � wB~-y¬�l��DÄ9zT�-ylk|su�l���°&vxw�zTvtu\²
y/r{zT| � rtyl � l9�¬?ÐÞ¬k�lk|���lo��zT|��/r � ¬k�¬�l � wB|��3vxwmqLl��ky/r{zT|f�\µ`�\º\vª©Â¬��¯wB�/y.lk|�y/�lov{l��
�zTvtu-y/r{zT|���¬ky�wB|�y
yzTuT�/zTu-����¯wBv{�ku-v{¬�°�vª©`wBr � l � l�vxw*�.lkvxwBy/r{zT|«ÃÞ��Ä?µ

��zTu-��vxw3�/rtj�u-vxwBy/r{zT|Rº¾v{l��=j �kjml��R~�wB��wBjmiky/�l��1lky=v{l��=j �kjml��R¼�wB�/rxwB�-v{l�� ³su�l � wB|��Rv{l(�¯wT� � l
vª©`w � wB~-y�wBy/r{zT|H�kvxwT��r{³�u�lV�zT|�y1u-y/rtvtr{�¬��¹wA¿�| � ©`w¯¼�zTrt�1vxw�j �kjmlV��zTjH~-v{l?�\rty¬�µT�(vtu��1~-�¬��kr{�¬kjmlk|�y¯º
zT|�u-y/rtvtr{�l,vxw � lk|��rty¬½��zTjHjml,¼�wB�/rxwB�-v{l,~"zTu-�Rvxw � ¬?¿�|-rty/r{zT| � l,vxw
jm¬ky/�/r{³�u�lVlkyRv{l��R~�wB��wBjmiky/�l��
~"zTu-�
vª©`w � wB~-y�wBy/r{zT| � loj�wBrtvtvxwB��l��/u-rt¼�wB|�y� /

ε = 0.001, hmin = 0.15 m, hmax = 20 m
lky

hgrad = 4 ,

z$#
ε
l��/y9v{l*�lku-rtv � ©Âlk�/�lku-��~-�l���k�/rty¯º

hmin
ÃF�l��/~Rµ

hmax
Ä.vxw&y�wBrtvtv{l*jHrt|-rtj�wBv{lÎÃF�l��/~Rµ�j�wA�\rÀ²

j�wBv{l¾Ä9wBu-yzT�/r{��¬�lmlky
hgrad

vxw ����w � wBy/r{zT|¦ÃñÌ@�FÊA�B��v{l*��wB~-~"zT�/y � l*y�wBrtvtv{l*j�wA�Lrtj�wBvVlk|�y/�l � lku\�
¬kv{¬kjmlk|sy�*¼�zTr{�/rt|��DÄ?µ�Á wÏ�/rtj�u-vxwBy/r{zT| � ¬k�-u-yl·w�¼�l�� v{l�j �kjml&j�wBrtvtvxwB��l rt|-rty/rxwBvªº1w � wB~-y¬wBu\�
��zT| � rty/r{zT|��Vrt|-rty/rxwBv{l��¯º�ÃÍ�?ÐÑµ ��rt��u-�l���Ä?µ�Á,© rt|sylk�/¼TwBvtv{l � l
ylkjH~�� � l
vxwo�rtj�u-vxwBy/r{zT|·l��/y � ¬���zTu-~"¬
lk|

16
~"¬k�/r{z � l��¾º���©Âl��/yÑ²ë°A² � rt�l*³�uR©`°m�h�wT³su�l�~"¬k�/r{z � l�zT|±w¯¼TwB|���l � l

∆t = 0.0125
�l���zT| � l�µ

¶}|&u-y/rtvtr{�l
7
�zTvtu-y/r{zT|��½rt|sylk�/jm¬ � rxwBrt�l��oÃ � zT|�y¨vª© rt|-rty/rxwBv{l}lkyVvxw�¿�|�wBv{l¾Ä,u-|-rÀÐÍzT�/jm¬kjmlk|sy¨�¬k~�wB�Ñ²

y/r{l��¨~"zTu-�3vª© rt|�ylk��l��ky/r{zT| � l�jm¬ky/�/r{³su�l��¨lk|·ylkjH~��¯µ�¶}|·l� "l��ky/u�l�wBu �mÅ��TÌ�� � �
5
rty¬k��wBy/r{zT|��

rt|sylk�/|�l���lky�zT|Òu-y/rtvtr{�lm��zTjHjml&�lku-rtv � lHyzTv{¬k��wB|���l&~�zTu-��vxw��zT|s¼�lk�/��lk|���l � wB|���vxw·�"zTu��kv{l
rt|sylk�/|�l0/

ε1 = ε2 = 0.03
µ

Á w �1rt��u-�lo�¯��jmzT|�y/�l.vª©Â¬k¼�zTvtu-y/r{zT| � l
vxw9��zTvtu-y/r{zT| � l
�¬?ÐÞ¬k�lk|���l�lky,vxw9�zTvtu-y/r{zT|&w � wB~-y¬�l�µ
¶}|·��zT|��/y�wByl�³�u�l}vª© rt|�ylk|��rty¬ � l}vxw��zTvtu-y/r{zT|Îwo¬ky¬}~-�¬��lk�/¼�¬�l9lky¨³su�l.v{l��V~-h�¬k|�zTjmik|�l��
�zT|sy
�-r{lk|»�/rty/u�¬�� � wB|��9v{l � zTj�wBrt|�l � l*�¯wBv{�ku-vªµ ¶}|fv{l�¼�zTrty9~-vtu��9~-�¬��kr{�¬kjmlk|�yo�u-��vxw��1rt��u-�l·�¯�
ÃÍlk|±h�wBu-yDÄ?º=z$#ÒzT|Òw&vxw � lk|��/rty¬ � l*vxw �zTvtu-y/r{zT|»v{l�v{zT|-� � l�� � �zTrtyl�� � ©Â¬�³�u�wBy/r{zT|

y = 4
lky

y = 3.07692x−17.4615
y/��w¯¼�lk���wB|�y¹v{l � zTj�wBrt|�l�µ�¶}|��lkj�wB�³�u�l3³su�l,vxw.|�zTu-¼�lkvtv{l¨wB~-~-�zL�h�l

� zT|-|�lfu-|�lÏ�zTvtu-y/r{zT|¦�"l¯wBu���zTu-~ ~-vtu���~-�¬��kr{�lf~�wB� ��wB~-~�zT�/y°»vª©`wB~-~-�zL�h�l±�kvxwT��/r{³su�l�µ½Á�w
�1rt��u-�l}�kn�º�jmzT|�y/�lVvª© rtjH~�wT�ky � l,vª© rt|�ylk��l��ky/r{zT| � l(jm¬ky/�/r{³su�l���lk|�ylkjH~��¯º¾z$#�zT|�w
vxw
��zTvtu-y/r{zT|
rt|-rty/rxwBv{l&ÃÍlk|Îh�wBu-yDÄ3lky�vxw*�zTvtu-y/r{zT|Î¿�|�wBv{l�ÃÍlk|Î��wT�DÄ � l9vxw � lk�/|-r{ik�l�~�¬k�/r{z � lo�/u-�
v{l9j�wBrtvtvxwB��l
¿�|�wBv-w � wB~-y¬
wBu�ylkjH~��

tmax = 0.2
�l���zT| � l�µ�¶}|*��zT|��/y�wByl3³�u�l½v{l����¬k��r{zT|�� � ©Â¬k¼�zTvtu-y/r{zT| � l��

~-h�¬k|�zTjmik|�l��3zT|sy¨¬ky¬}j�wBrtvtv{¬�l��¨u-|-rÀÐÍzT�/jm¬kjmlk|sy¨~"zTu-�½~-�¬���lk�/¼�lk�Vvxwo~-�¬��kr{�/r{zT| � l}vxwo��zTvtu-y/r{zT|
lky�³su�l9v{l��
~-h�¬k|�zTjmik|�l��}�l��/ylk|�y � wB|��
v{l��
�¬k��r{zT|��.w � wB~-y¬�l�� � uÎj�wBrtvtvxwB��l�µ�Á,© rt|sylk�/¼TwBvtv{l � l
ylkjH~��.�¯wB��wT�ky¬k�/r{�/y/r{³�u�l � uÎj�wBrtvtvxwB��lol��/y � lovª©ÂzT� � �l � uÎ~�wT� � l�vxw�~"¬k�/r{z � l0/

τ ≈ ∆t
µ

Ô9wB|��*v{l g�wB�-v{l¯wBu n�º1zT| ~"lku-y*¼�zTrt��vª© rtjH~�wT�ky � l vxwfjm¬ky/h�z � l �u-��vª©Âlk�/�lku-�m��zTjHjHr{��l�µ
�,vtu��·~-�¬��kr{�¬kjmlk|�y¯º
vª©Âlk�/�lku-��/u-�

L2(Ω)
ÃF�l��/~Rµ

H1(Ω)
Ä&l��/y � l

0.0071 ≤ 0.008
ÃF�l��/~Rµ

0.335 ≤ 0.34
Ä?º,lkvtv{ll��y � zT|��·rt|\ÐÍ¬k�/r{lku-�lÎwBu\� �lku-rtv{� � zT|-|�¬�� � wB|��Hvxw»qLl��ky/r{zT|¦�\µ`�\µ(ß(vtv{l

l��y�j �kjmlmrt|\ÐÞ¬k�/r{lku-�l�wBu\�Òlk�/�lku-�����zTjHjHr{�l���w�¼�l��mv{l��oj�wBrtvtvxwB��l���u-|-rÀÐÞzT�/jml���°
2hmin

lky
4/3hmin

µ�Ô9loj �kjml�º�vª©Âlk�/�lku-���/u-�
L2(Ω \ D)

ÃF�l��/~Rµ
H1(Ω \ D)

Ä3l��y � l
0.0018 ≤ 0.002ÃF�l��~Rµ

0.084 ≤ 0.1
Ä9��lH³�u-r,l��yolk|���zT�lHrt|\ÐÍ¬k�/r{lku-��wBu\�±�lku-rtv{��¿-�\¬��¯µ=Á�w·�zTvtu-y/r{zT|¤zT�-ylk|�u�l

l��y � zT|�� 	¸~-�zs��h�l�C � l�vxw*�zTvtu-y/r{zT| � l9�¬?ÐÍ¬k�lk|���l�º	wBu®�lk|�� � zT|-|�¬ � wB|���vxw�qLl��ky/r{zT|f�\µ`�\µ
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��� ÅDÆ�ÉªÅ�ÉÍÌÍÇ�� � Ê��mÅTÌ��	�tÅ�
�Ê��� Æ\Ç��sË��{ÊDÈ3Æ	Ë/Ç���������ÊDÈ�Ì��-ÈkÉªÅ�ÉÍÌÍÇ����	ÅTÌFË/Ê?È ���

ÁRl.|�zTj��-�l � © rty¬k��wBy/r{zT|��3rt|sylk�/|�l��3l� "l��ky/u�¬�l��
wBu·��zTu-�� � l��h�wT³su�l.~"¬k�/r{z � l�ÃF~"zTu-�½ÐªwBrt�l
��zT|s¼�lk�/��lk��v{l���zTu-~-v{lmj�wBrtvtvxwB��l?²¸�zTvtu-y/r{zT| ¼�lk��ov{l�~�zTrt|syo¿-�-lHy/��wB|��/rtyzTrt�l¾Ä�¼TwB�/r{l&lk|�y/�l

3
lky

5
w�¼�wB|�y�³�u�l�vª©Â¬��¯wB�/yolk|�y/�l � lku\�Ï�zTvtu-y/r{zT|��o�u�����l���/rt¼�l��9|�l*�zTrtyo��wBy/r{�ÑÐªwBrtymÃFrtv(l��/y9yzTuT�ÑzTu-��

�DwBy/r{�ÑÐÞwBrtyDÄ?µ��9¬k|�¬k��wBv{lkjmlk|sy
3
rty¬k��wBy/r{zT|��½�u\Õ��lk|�y(~"zTu-�,��zT|�¼�lk�/��lk�}Ã � wB|��½��lky,l?�\lkjH~-v{l�º���©Âl��y

v{l��¯wT� � wB|��
80
� � l��V~"¬k�/r{z � l��V~"zTu-�
�h�wT³su�l9�/rtj�u-vxwBy/r{zT|	Ä?µ�Á l.j�wBrtvtvxwB��l�¿�|�wBvRw � wB~-y¬ow�¼�l��

��lky/yl�|�zTu-¼�lkvtv{lowB~-~-�zL�h�l���zTjH~"zT�/yl
99 275

�zTjHjmlky�¾ºL��©Âl��yÑ²ë°A² � rt�l���w�y�wBrtvtv{l9w�¬ky¬��¬ � u-rtyl
� © u-|HzT� � �l � l3����wB| � lku-�(~�wB�(��wB~-~"zT�/y,°9��lkvtv{l � uHj�wBrtvtvxwB��l � l¨�¬?ÐÞ¬k�lk|���l�µ�§¨l��kr�w}u-|HrtjH~�wT�ky
� rt�l��ky}�/u-�
v{l�ylkjH~�� � lo�¯wBv{�ku-v�³�u-r w*¬ky¬ � rt¼Lr{�¬9~�wB��~-vtu�� � l

11
µ

Ô�lku\�Ï�¬k�/r{l�� � l��¯wBv{�ku-v(�/u-~-~-v{¬kjmlk|sy�wBrt�l��o�zT|sy9l� =l��ky/u�¬�l��9~"zTu-�9wB|�wBvt�\�lk�9vª© rtjH~�wT�ky � u
|�zTj��-�l � ©`w � wB~-y�wBy/r{zT|��*w¯¼�l�� vxw|�zTu-¼�lkvtv{lwB~-~-�zs��h�l�µ¹§¨lky/yl�ÐÞzTr{�¯º zT| ��zT|��/r � ik�l

12
lky

20w � wB~-y�wBy/r{zT|��3ÃñÌ0�ýÊA�B��~�¬k�/r{z � l��DÄ"lky�zT|ou-y/rtvtr{�l,�l��~�l��ky/rt¼�lkjmlk|sy
8
lky

6
�zTvtu-y/r{zT|��Rrt|sylk�/jm¬ � rxwBrt�l��

Ã � zT|sy9vª© rt|-rty/rxwBv{l�lky�vxwm¿�|�wBv{l¾Ä�u-|-rÀÐÞzT�/jm¬kjmlk|�y��¬k~�wB�/y/r{l��9~"zTu-��vª© rt|�ylk��l��ky/r{zT| � l�jm¬ky/�/r{³�u�l��
lk|¦ylkjH~��¯µ½�1zTu-� v{l�� wBu-y/�l��&~�wB��wBjmiky/�l��¯º¨zT|¦��zT|��lk�/¼�l®v{l���j �kjml�� ³�u�l®~-�¬���¬ � lkjHjmlk|�y
ÃF~"zTu-�Hw�¼�zTrt�Hvxw®j �kjml��zTjH~-v{l?�Lrty¬¾Ä?µ,§¨zTjHjmlzT|«~�zTu-¼�wBrtyH�¯© �cwBy/ylk| � �l�º1vxwÏ�zTvtu-y/r{zT| l��/y
~-vtu���~-�¬��kr{�l��/rRzT|fl� "l��ky/u�l�jmzTrt|�� � © rt|�ylk�/~"zTvxwBy/r{zT|��¯º�g�wB�-v{l¯wBuÏn�º-�¯wB�.zT|Îrt|�y/�z � u-rty.jmzTrt|��
� ©Âlk�/�lku-����u-�.v{l�� � ¬k�/rt¼�¬�l���lk|fylkjH~��¾µ�Á l�ylkjH~�� � l*�¯wBv{�ku-v1l��y � uÏj �kjml*zT� � �l�~"zTu-��v{l��
y/�zTr{���/rtj�u-vxwBy/r{zT|��¯º�j �kjml��/r�vxwmy�wBrtvtv{l � uÏj�wBrtvtvxwB��l�l��/y¯º	�-r{lk|flk|sylk| � uRº"~-vtu��.����wB| � l��/r1zT|
l� =l��ky/u�l�jmzTrt|�� � ©`w � wB~-y�wBy/r{zT|���ÃFvª© rt|�ylk�/¼�wBvtv{l � l�ylkjH~��¨�¯wB��wT�ky¬k�/r{�/y/r{³�u�l�¬ky�wB|�y¨~-vtu��V����wB| � Ä?µ
qsu-�(vxw �1rt��u-�l��¯�HÃÍlk|H��wT�DÄ?º�zT|m��zT|��y�wByl
³�u�l3v{l��¹y/�zTr{�,��zTvtu-y/r{zT|��,zT�-ylk|�u�l��V�zT|�y½³su�wT�/rtjmlk|sy
r � lk|sy/r{³�u�l��¾µ

ß(|f��zT|��kvtu��/r{zT|Rº�v{lo|�zTj��-�l � ©`w � wB~-y�wBy/r{zT|��9l� "l��ky/u�¬�l��9w*u-|®ÐÞwBrt�-v{l�rtjH~�wT�ky9�/u-��vxwH~-�¬?²
�kr{�r{zT| � l.vxw��zTvtu-y/r{zT|Rºsj �kjml��/r�lkvtv{l}l��/y¨~-vtu��½~-�¬��kr{�l�lk|·l� "l��ky/u�wB|sy¨jmzTrt|�� � ©`w � wB~-y�wBy/r{zT|��¯µ
g�zTu-yl?ÐÍzTr{�¾º�rtv=ÐªwBu-y�¬k¼srtylk� � ©Âl� "l��ky/u�lk�}y/�zT~®~"lku � ©`w � wB~-y�wBy/r{zT|��}��l�³�u-r�wBu-��wBrty.~�zTu-�.��zT|���¬?²
³su�lk|���l � l9j�wBrtvtv{lk�.¿�|�lkjmlk|�y.u-|�loy/�zT~Î����wB| � l�~�wB�/y/r{l � u � zTj�wBrt|�l � lo�¯wBv{�ku-v lky��-r{lk|f� �-�
� ©`w � wB~-ylk�}y/�zT~®�zTu-¼�lk|sy.~"zTu-����zT|�y/�"!Tv{lk��vª©Âlk�/�lku-�.�/u-��v{l�� � ¬k�/rt¼�¬�l��}lk|ÎylkjH~��¯µ�Ü}u-y/�lkjmlk|�y
� rty¯º�v{loylkjH~��

∆t
lk|�y/�l � lku\�Îrty¬k��wBy/r{zT|�� � ©`w � wB~-y�wBy/r{zT|�� � lk¼sr{lk|sy}u-|f|�zTu-¼�l¯wBuf~�wB��wBjmiky/�l

³su-r=~"lk�/jmlky � l���zT|�y/�"!Tv{lk��vxw�y�wBrtvtv{l � l��
j�wBrtvtvxwB��l��¯µ
��rt|�wBv{lkjmlk|sy¯ºLu-|�l � lk�/|-r{ik�l��/rtj�u-vxwBy/r{zT|l��/y¨l� "l��ky/u�¬�l}~"zTu-�3wB|�wBvt�\�lk�½vª© rtjH~�wT�ky � l.vª© u-y/rÀ²

vtr{�DwBy/r{zT| � l�~-vtu��/r{lku-���¼�wB�/rxwB�-v{l�� � wB|���vxw � ¬?¿�|-rty/r{zT| � l�vxw�jm¬ky/�/r{³su�l�µ=¶}|»��zT|��/r � ik�l�l?��wT�?²
ylkjmlk|sy�v{l��
j �kjml��.~�wB��wBjmiky/�l��.³su�l � wB|��
vª©`wB~-~-�zs��h�l�w�¼�l��

12
w � wB~-y�wBy/r{zT|�� � l9j�wBrtvtvxwB��l��

j�wBr{����lky/yl�ÐÍzTr{��zT|»w � wB~-yl�v{l�j�wBrtvtvxwB��l�~�wB�}��wB~-~"zT�/y9wBu\�Î¼�wB�/rxwB�-v{l�� � l � lk|��rty¬�º�~-�l���r{zT|
lky,¬k|�lk�/��r{l�µsÁ w9�zTvtu-y/r{zT|�zT�-ylk|su�l.l��/y,lk|���zT�l�~-vtu��,~-�¬��kr{�l
³su�l3~-�¬���¬ � lkjHjmlk|�y¯º\g�wB�-v{l¯wBu&n�µ
ß,|*l� =lky¯ºTzT|H��zT|�y/�"!Tv{l
jHr{lku\��vª©Âl��¯wB�/y.ÃÍlk�/�lku-� � © rt|sylk�/~�zTvxwBy/r{zT|	Ä(~�zTu-�(��h�wT³�u�l¨¼�wB�/rxwB�-v{l�µ�§¨l��kr
w u-|¤rtjH~�wT�ky � rt�l��ky��/u-��vxw·y�wBrtvtv{l � u»j�wBrtvtvxwB��l�³su-r,��zTjH~�zT�/yl

129 224
��zTjHjmlky��wBu»vtr{lku

� l
110 240

�zTjHjmlky�3w�¼�l����lku-v{lkjmlk|sy¨vxw � lk|��/rty¬�µ-§¨l��kr	�l.y/��w � u-rtyV~�wB�¨u-|�l}wBu-��jmlk|sy�wBy/r{zT|
� uylkjH~�� � lo�¯wBv{�ku-vVÃFh�wBu����l � l

15
� Ä?µ

§¨lky/yl3|�zTu-¼�lkvtv{l.wB~-~-�zs��h�l�w�~�lk�/jHr{� � l¨~-�¬��lk�/¼�lk�½vª© rt|�ylk|��/rty¬ � l��¹~-h�¬k|�zTjmik|�l��Vlky � zT|��
� lV��zT|�y/�"!Tv{lk�¹vª©Âlk�/�lku-� � l,|�zT�/jml½lk|�j�wBrtvtvxwB|�y � l,j�wB|-r{ik�l3w � ¬�³su�wByl½v{l����¬k��r{zT|�� � ©Â¬k¼�zTvtu-y/r{zT|
� l��.~-h�¬k|�zTjmik|�l��¯µ�Ô�l�~-vtu��¯º�lk|f�¬ � u-r{��wB|�y�v{l�|�zTj��-�l � © rt|sylk�/~�zTvxwBy/r{zT|��HÃFr{�kr���lku-v{lkjmlk|�y

12°
20

rt|�ylk�/~"zTvxwBy/r{zT|��
zT|�y¨¬ky¬}l� =l��ky/u�¬�l��DÄ,zT| wo��zT|sy/�"!Tv{¬�vª©Âlk�/�lku-�V�/u-�Vv{l�� � ¬k�/rt¼�¬�l��¨lk|�ylkjH~��
lky � zT|���vª©Âlk�/�lku-� � l
~-h�wT�l�µ�Ü�¼�l�����lky/yl.|�zTu-¼�lkvtv{l�wB~-~-�zL�h�l�ºszT| w9rtjH~-vtr{�krtylkjmlk|sy¨rt|sy/�z � u-rty
v{l ylkjH~�� � wB|��mvª©Âl��/y/rtj�wBylku-� � ©Âlk�/�lku-�®ÃF~�wB�Hv{l·�-rxwBr{� � l vª© rt|�ylk���l��ky/r{zT| � l jm¬ky/�/r{³�u�l���lk|
ylkjH~��?Ä3lk|Î��zT|�y/�"!TvxwB|sy}vª© rt|sylk�/¼TwBvtv{l � l�ylkjH~����¯wB��wT�ky¬k�/r{�/y/r{³su�l � uÎj�wBrtvtvxwB��l�µ
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n�� ��� � �tÅ����¾ÊkÉ����	��
���"ËÊ��������������.Ê/ÇTË 
�ÊHÊkÉ������±Ç��LÅ�� �mÅ � Ì

nadap np ne t cpu � ‖.‖L2(Ω) ‖.‖H1(Ω) ‖.‖L2(Ω?) ‖.‖H1(Ω?)

12 110 240 219 708 3
h
14 0.0069 0.325 0.0016 0.077

16 99 275 197 814 3
h
16 0.0071 0.335 0.0018 0.084

20 86 396 172 116 3
h
11 0.0071 0.338 0.0020 0.092

12(3) 129 224 257 626 3
h
45 0.0062 0.317 0.0013 0.069

Href 1 345 824 2 686 286 37
h
30
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 �	Å�� ��Å � ÅDÆ�É��DÈ¹Æ-Ç��sË��tÊDÈ.ÅDÆ�Æ	ËÑÇ�5��\ÊDÈ.Ì��-ÈkÉªÅ�ÉÍÌÍÇ����	ÅTÌFË/Ê?È
Å �BÊ 5

12
�ñÅ �BÊ 5
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ÊkÉ

3
�BÅTËDÌÞÅ����{ÊDÈ�� �

16
Ê�É

20
Å � ÅDÆ�ÉªÅ�ÉÍÌÞÇ��-È � Ê �mÅTÌ	���tÅ�
�Ê
ÊkÉ �{ÊDÈ3Ê?Ë?ËÊ��sËDÈ3Ë/Ê��tÅ�ÉÍÌ �BÊDÈ

� ÊDÈ�ÈkÇ�� �\ÉÍÌÍÇ���È � � Ê��-È?ÌFÉ�� � 
 �	Å��{ÊDÈ9ÈJ�LË
Ω
ÊkÉ

Ω? = Ω \ D
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0.116

0.118

0.12

0.122

0.124

0.126

0.128

0.13

0.132

0.134

0.136

2 4 6 8 10 12 14

D
e
n

si
ty

0.115

0.12

0.125

0.13

0.135

0.14

0.145

1 2 3 4 5 6 7 8

D
e
n

si
ty

0.116

0.118

0.12

0.122

0.124

0.126

0.128

0.13

0.132

0.134

0.136

0.138

2 4 6 8 10 12 14

D
e
n

si
ty

0.115

0.12

0.125

0.13

0.135

0.14

0.145

1 2 3 4 5 6 7 8

D
e
n

si
ty

+-,/.-03�¯� 1 �-Å��{Ê��LË�È � Ê � ÊH�-ÈDÌÍÉ�� � Ê �tÅfÈkÇ�� �\ÉÍÌÍÇ��¦Å�� É¸Ê��}Æ�È
tmax = 0.2

È�Ê 5Ç�� � ÊÈJ�LË �{ÊDÈ
� ËÑÇTÌÍÉ¸ÊDÈ �;: � 8��\Å�ÉÍÌÞÇ��-È

y = 4
��# 
�Å�� 5��\Ê �ÒÊkÉ

y = 3.07692x − 17.4615
� # � ËÑÇ�ÌFÉ¸Ê���� %(Ç��R�

Æ-ÅTËÑÅ�ÌxÈ�Ç�� � Ê �tÅÏÈ�Ç�� �\ÉÍÌÞÇ�� � Ê Ë � � �?Ë/ÊH��5�Ê �ªË/Ç���
�Ê��¤ÊkÉ � ÊDÈ&ÈkÇ�� �LÉÍÌÞÇ��-ÈÅ � ÅDÆ"É��ÊDÈ ��
 � �\Å��LÉ�� �tÅ
È�Ç�� �LÉÍÌÞÇ��¤Å �BÊ�5

16
Å � ÅDÆ�ÉªÅ�ÉÍÌÞÇ��-È�Ì	�-ÈkÉªÅ�ÉÍÌÞÇ����	ÅTÌFËÊDÈ � Ê6�mÅTÌ����ÀÅ�
sÊ�� �BÊkË?É �®ÊkÉ �{ÊDÈ�È�Ç�� �\ÉÍÌÞÇ��-È*Å �BÊ 5

40
� ���{Ê�����Ê�É

200
�ªË/ÇBÈ�Ê �mÅ � ÅDÆ�ÉªÅ�ÉÍÌÞÇ��-È 5H�tÅBÈ�È?Ì 8H��ÊDÈ � Ê �mÅTÌ	���tÅ�
�ÊA� 
 � �/ÅBÈ �0�{ÊDÈ�ÈkÇ�� �LÉÍÌÞÇ��-ÈoÅ �BÊ�5

12
� �BÊkË?É � �

16
� ���tÊH� � ÊkÉ

20
�¸ËÑÇTÈ�Ê��&Å � ÅDÆ�ÉªÅ�ÉÍÌÞÇ��-È � Ê��mÅTÌ��	�tÅ�
�Ê�Ì��-È?ÉªÅ�ÉÍÌÞÇ�����ÌÍÅTËÊDÈA�
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��� ÅDÆ�ÉªÅ�ÉÍÌÍÇ�� � Ê��mÅTÌ��	�tÅ�
�Ê��� Æ\Ç��sË��{ÊDÈ3Æ	Ë/Ç���������ÊDÈ�Ì��-ÈkÉªÅ�ÉÍÌÍÇ����	ÅTÌFË/Ê?È n��

+-,/.-0¹�kn 1 �ÏÅTÌ����ÀÅ�
sÊ 
 �	Å��¹Å � ÅDÆ"É��.Æ\Ç��LË � : ÅDÆ�Æ	Ë/Ç�5��-ÊHÌ��-È?ÉªÅ�ÉÍÌÍÇ��>�	ÅTÌFË/Ê*Å �TÊ 5
16

Å � ÅDÆ�ÉªÅ�ÉÍÌÞÇ��-È
� Ê �mÅTÌ��	�tÅ�
�Ê9ÊkÉ �tÊ?È
ÈkÇ�� �LÉÍÌÞÇ��-È � � Ê��-È?ÌFÉ���� 5Ç�ËDËÊDÈªÆ-Ç�� � Å��	É¸ÊDÈ � 
 � �\Å��LÉ�� ÈkÇ�� �LÉÍÌÞÇ�� Ì	��ÌFÉÍÌÞÅ��{Ê � Ê��tÅ
� Ê?ËJ��Ì �?ËÊ½Æ �kËDÌÞÇ � Ê�Å��&É¸Ê��}Æ�È

t = 0.1875
È�Ê�5Ç�� � Ê�ÊkÉ½Ê�� �/ÅBÈ � È�Ç�� �\ÉÍÌÞÇ�� 
 �	Å��{Ê � Ê �tÅ � Ê?Ë���Ì �?Ë/Ê

Æ �?ËDÌÞÇ � Ê*Å��®É¸Ê��}Æ�È
tmax = 0.2

È�Ê 5Ç�� � ÊA�
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n�� ��� � �tÅ����¾ÊkÉ����	��
���"ËÊ��������������.Ê/ÇTË 
�ÊHÊkÉ������±Ç��LÅ�� �mÅ � Ì

+-,/.-0��¯� 1 � �AÇ�� �\ÉÍÌÍÇ�� � ÊDÈ±ÌxÈ�Ç�� �öÌ 
���ÊDÈ � Ê � Ê���ÈDÌÍÉ���Æ\Ç��LË �tÊDÈfÈkÇ�� �\ÉÍÌÍÇ���È � Ê»Ë � � �?ËÊ���5�Ê � #

�Å��?5 �\Ê���Ê�É"Å � ÅDÆ�É��Ê��

16
Å � Å?Æ�ÉªÅ�ÉÍÌÞÇ��-È � � # � Ë/ÇTÌFÉ¸Ê ��Å�� ��É¸Ê��}Æ�È
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�
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�
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ÊkÉ
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È¯Ê 5Ç�� � ÊA�
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��� ÅDÆ�ÉªÅ�ÉÍÌÍÇ�� � Ê��mÅTÌ��	�tÅ�
�Ê��� Æ\Ç��sË��{ÊDÈ3Æ	Ë/Ç���������ÊDÈ�Ì��-ÈkÉªÅ�ÉÍÌÍÇ����	ÅTÌFË/Ê?È n��

+-,/.-03��1 1 � �AÇ�� �LÉÍÌÞÇ�� � ÊDÈ �mÅTÌ��	�tÅ�
�Ê?ÈÅ � ÅDÆ�É��DÈ ��# 
�Å��?5��-Ê��cÊkÉ � Ê �tÅ � ÌýÈ?ÉÍË?Ì ���LÉÍÌÞÇ�� �;: ÌýÈkÇ��
� Ê��-ÈDÌÍÉ��DÈ � # � ËÑÇTÌÍÉ¸Ê��fÅ�� �±É¸Ê��}Æ�È

0.05
�

0.1
�
0.15

ÊkÉ
0.2

È�Ê 5�Ç�� � Ê �VÆ\Ç��LËA� : Å?Æ�Æ	Ë/Ç�5��\Ê Ì��-ÈkÉªÅ��
ÉÍÌÞÇ�����ÅTÌýËÊ�Å �BÊ 5

16
Å � ÅDÆ�ÉªÅ�ÉÍÌÍÇ���È � Ê��mÅTÌ����ÀÅ�
sÊA�

CDC ô�E.FHGJI�K



n�n ��� � �tÅ����¾ÊkÉ����	��
���"ËÊ��������������.Ê/ÇTË 
�ÊHÊkÉ������±Ç��LÅ�� �mÅ � Ì

� � ���������.�3�	������ �¸�������(������� �������!(������(�2#
%

Ô9wB|�����lky/ylH��l��ky/r{zT|Rº"|�zTu��owBvtv{zT|���wB~-~-vtr{³�u�lk��vª©`w � wB~-y�wBy/r{zT| � l�j�wBrtvtvxwB��lm��wT�¬�l*�/u-�9u-|
~"zTrt|�y¹¿-�-l3y/��wB|��/rtyzTrt�l
lk| � rtjmlk|��/r{zT|�y/�zTr{�¹~�zTu-�(jmzT|sy/�lk�,vxw�¼TwBvtr � rty¬ � l3vª©`wB~-~-�zL�h�l.�/u-�¹u-|
�¯wT�o�¬�lkv½lky���zT|��k�lky¯µ Á lH~-�zT�-v{ikjml���zT|��/r � ¬k�¬&l��/y�vxw·~-�zT~�wB��wBy/r{zT| � ©ÂzT| � l��o|�zT|\²ªvtrt|�¬¯wBrt�l��
� wB|��}u-|�l���¬�zTjm¬ky/�/r{l���zTjH~-v{l?�-l�³su-r¹�/rtj�u-v{l�vª©Â¬k¼�zTvtu-y/r{zT| � © u-|�l�l?�\~-v{z��/r{zT| � wB|��}u-|�l�~-vxwT��l
� wB|��Îu-|�l±¼srtvtv{l�º �1rt��u-�l ��Lµ�Á�w �/rtj�u-vxwBy/r{zT|2��l±y¸�L~�l � l±~-�zT�-v{ikjml«w�¼�l��»~-�¬��kr{�/r{zT|'l��/y
�¯wB~-rty�wBv{l¬ky�wB|sy � zT|-|�¬³�uR© rtv3|R©Âl��/y*~�wT�*~"z���/rt�-v{l � l �¬¯wBvtr{�lk�H��l��H�/rtj�u-vxwBy/r{zT|���lk| �¬¯wBvtrty¬�µ
Ü}uT�/zTu-� � © h�u-rªº�rtvVl?�\r{�/ylHu-|�l � lkj�wB| � l � wB|���vxw�¬¯wBvtr{��wBy/r{zT| � lHylkvtv{l����/rtj�u-vxwBy/r{zT|���|�u-jm¬?²
�/r{³su�l��¯ºTzT|H�krtylk��w}~�wB�,l?�\lkjH~-v{l¨vª©Â¬ky/u � l � l¨vª© rtjH~�wT�ky � © u-|�l
l?�L~-v{z��r{zT| � wB|��¹v{l��ÒzT�/v � gR��w � l
§¨lk|sylk� � n��¸µ

§¨lky/yl �rtj�u-vxwBy/r{zT| l��/y*vª©Âl?�\ylk|��/r{zT| � u«~-�zT�-v{ikjml·jmz � ikv{l·lk| � rtjmlk|��/r{zT| y/�zTr{�¯º,qLl��kyÑ²
r{zT|«�\µ`�\µ �1zTu-��v{l�����zT| � rty/r{zT|���rt|-rty/rxwBv{l���lk| � rtjmlk|��/r{zT|cy/�zTr{�¯º=vª©`wBrt��wBj��-rxwB|�yHw·v{l��oj �kjml��
~-�zT~-�/r{¬ky¬��·³suR©Âlk| � rtjmlk|��/r{zT| � lku\�=º,~�wB�&��zT|sy/�lÏvxw»�¬k��r{zT| rt|-rty/rxwBv{l � lfh�wBu-yl � lk|��/rty¬±w
~"zTu-� � zTj�wBrt|�l·vxw � lkjHrÀ²¸�/~-h�ik�l � l·��lk|sy/�l

(42, 54, 0)
lky � l���w¯��zT|

2.5
jmiky/�l��¯º¹lky*~�zTu-�

��zT| � rty/r{zT|���rt|-rty/rxwBv{l��
ρ = 1

º
p = 1

lky
u = v = w = 0

º1z$#
ρ
º
p
lky ~U = (u, v, w)

³su-r
�lk~-�¬���lk|�ylk|�y��l��/~"l��ky/rt¼�lkjmlk|�y}vxw � lk|��/rty¬�º-vxw*~-�l���r{zT|Îlky�v{l9¼�l��kylku-�.¼Lrtyl���l�µ

Ô9wB|��V��lky½l?�-lkjH~-v{l�º�v{l
�-u-y¨l��/y � ©ÂzT�-ylk|-rt�½vxwo�zTvtu-y/r{zT| wBumylkjH~��V~-h��\�/r{³su�l
0.1

�l���zT| � l�µ
¶}| � ¬���zTjH~"z��l�vxwf�/rtj�u-vxwBy/r{zT| lk|

30
~�¬k�/r{z � l��¯º½Ì@�FÊA�B�

30
rty¬k��wBy/r{zT|��*~-�/rt|��krt~�wBv{l�� � ©`w � wB~\²

y�wBy/r{zT|Rº½��©Âl��/yÑ²ë°A² � rt�lÎ³su�l~�zTu-�m��h�wT³�u�lÎ~�¬k�/r{z � lzT|¦w�¼�wB|���lÎlk| ylkjH~�� � l
∆t = 0.0033��l���zT| � l�µ 	'��h�wT³�u�l�rty¬k��wBy/r{zT| � l9vxw*��zTu��kv{l9~-�/rt|��krt~�wBv{l�º	zT|Îl� "l��ky/u�l

4
rty¬k��wBy/r{zT|���rt|�ylk�/|�l��

~"zTu-���¬��zTu � �l�v{l�~-�zT�-v{ikjml � l�~"zTrt|�y}¿-�-l�y/��wB|��/rtyzTrt�l�µR¶}|±��zT|��/r � ik�l�u-|�l�jm¬ky/�/r{³su�l�r{�zB²
y/�zT~"l±��wT�¬�l±�/u-�vxw«¼�wB�/rxwB�-v{l � l � lk|��/rty¬�º3¼�wB�/rxwB�-v{l±~�zTu-�vxwT³su�lkvtv{l»zT| � ¬��/rt�l»��zT|�y/�"!Tv{lk�
vª©Âlk�/�lku-�¯µ�¶}|®w�u-y/rtvtr{�¬

5
�zTvtu-y/r{zT|��3rt|sylk�/jm¬ � rxwBrt�l���Ã � zT|sy�vª© rt|-rty/rxwBv{l�lky
vxw�¿�|�wBv{l¾Ä¨~"zTu-�¨vª© rt|\²

ylk���l��ky/r{zT| � l��
jm¬ky/�/r{³su�l��.lk|ÎylkjH~���lky.v{l��
~�wB��wBjmiky/�l�� � ©`w � wB~-y�wBy/r{zT|±�/u-rt¼�wB|�y� /

ε = 0.003, hmin = 0.3 m, hmax = 10 m
lky

hgrad = 3 ,

z$#
ε
l��/y9v{l*�lku-rtv � ©Âlk�/�lku-��~-�l���k�/rty¯º

hmin
ÃF�l��/~Rµ

hmax
Ä.vxw&y�wBrtvtv{l*jHrt|-rtj�wBv{lÎÃF�l��/~Rµ�j�wA�\rÀ²

j�wBv{l¾Ä�wBu-yzT�/r{�¬�l¨lky
hgrad

vxw
����w � wBy/r{zT|ÎÃñÌ0�ýÊ �E��v{l½��wB~-~�zT�/y � l,y�wBrtvtv{l¨j�wA�\rtj�wBvLlk|sy/�l � lku\��¬kv{¬?²
jmlk|sy�1¼�zTr{�/rt|��DÄ?µ %¸v�l��y¹°�|�zTylk�1³su�l,vxw.y�wBrtvtv{l � u � zTj�wBrt|�l � l½�¯wBv{�ku-v-l��/y � l

85× 85× 70 m3 º� zT|��9u-|j�wBrtvtvxwB��l�u-|-rÀÐÍzT�/jmlow¯¼�l���yzTu����l��
¬kv{¬kjmlk|sy���¬k��u-vtr{lk�� � l�� !Ty¬
h = hmin

º�wBu-��wBrty
u-|�lmy�wBrtvtv{l � l*vª©ÂzT� � �l � l

1.8 107 �zTjHjmlky�¯µRÓ}|»j�wBrtvtvxwB��l � lm�¯wBv{�ku-v½rt|-rty/rxwBv,�lkvxwBy/rt¼�lkjmlk|�y
���z����/r{lk� � l

40 230
�zTjHjmlky��w&¬ky¬���¬k|�¬k�¬�º �1rt��u-�l ��®ÃÞ° � �zTrtyl¾Ä?µ"Á w �1rt��u-�l �¯�mjmzT|sy/�l

vxw&~-�zT~�wB��wBy/r{zT| � l��9zT| � l��o° � rE =¬k�lk|�y��rt|��/y�wB|sy��ÃFr{�zB²¸�/u-�ÑÐªwT��l�� � l � lk|��/rty¬¾Ä � wB|��9vxw&��¬�zB²
jm¬ky/�/r{l�µ

ÁRlmg�wB�-v{l¯wBu � � zT|-|�lHv{l��o�¯wB��wT�ky¬k�/r{�/y/r{³su�l�� � l���j�wBrtvtvxwB��l���w � wB~-y¬���wBu\�Ïrty¬k��wBy/r{zT|��
8
º

15
º
23

lky
30
º���©Âl��/yÑ²ë°A² � rt�l��l��/~�l��ky/rt¼�lkjmlk|syowBu®ylkjH~��

0.027
º
0.05

º
0.077

lky
0.1

�l���zT| � l�µ
Á l�� �1rt��u-�l����¯�Hlky����A²ë�\�ojmzT|�y/�lk|sy9�l��/~�l��ky/rt¼�lkjmlk|sy.vª©Â¬k¼�zTvtu-y/r{zT| � l���j�wBrtvtvxwB��l��}r{�zTy/�zT~"l��
� l��/u-�ÑÐÞwT��l�lky � l�¼�zTvtu-jml*w � wB~-y¬��*Ã � wB|��.u-|Î~-vxwB| � l���zTu-~"l�z$#Îv{l��}y¬ky/��wTi � �l����zT|�y���zTu\²
~"¬��
lk|Îh�¬k�/r{���zT|	Ä3w�¼�l���v{l�� � r{�y/�/rt�-u-y/r{zT|�� � © r{�z � lk|��/rty¬�����zT�/�l��~�zT| � wB|syl���wBuÎ��zTu-�� � l���l��
rty¬k��wBy/r{zT|��¾µBqsu-� ��l��R¿���u-�l��¯º¯vxw � lk|��rty¬ � u�j�wBrtvtvxwB��l½rt| � r{³�u�l,�kvxwBrt�lkjmlk|sy¹v{l��=�¬k��r{zT|���z$#�¬k¼�zB²
vtu�lk|sy�v{l��
~-h�¬k|�zTjmik|�l��*ÃFv{l���zT| � l�� � l���h�zs�¾Ä3~�lk| � wB|sy.v{l��
~"¬k�/r{z � l��.��zT�/�l��/~�zT| � wB|syl��¯µ�Á l��
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��� ÅDÆ�ÉªÅ�ÉÍÌÍÇ�� � Ê��mÅTÌ��	�tÅ�
�Ê��� Æ\Ç��sË��{ÊDÈ3Æ	Ë/Ç���������ÊDÈ�Ì��-ÈkÉªÅ�ÉÍÌÍÇ����	ÅTÌFË/Ê?È n��

��wAÕm|�lkjmlk|sy� � uj�wBrtvtvxwB��l�zT|�y�¬ky¬9~-�l���k�/rty�
~�wB�
vª© rt|sylk��l��ky/r{zT| � l���jm¬ky/�/r{³�u�l���lk|ylkjH~��¾º
³su-r
l��/yHu-| ~"zTrt|�y��kv{l?Ð � l��lky�wBvt��zT�/rty/h-jml�µ½ß(vtv{l~"lk�/jmlky � ©`w�¼�zTrt��u-|�l � lk|��/rty¬u-|-rÀÐÞzT�/jml
� wB|��¨vxw��¬k��r{zT| � ©Â¬k¼�zTvtu-y/r{zT| � l��V~-h�¬k|�zTjmik|�l���wBu·��zTu-�� � l�vxwo~"¬k�/r{z � l�º � zT|�� � l.~-�¬���lk�/¼�lk�
vxw~-�¬��kr{�/r{zT| � lHvxw®�zTvtu-y/r{zT|«wBuc��zTu-�� � uc�¯wBv{�ku-vªº�lkyo�-r{lk|c� �-� � lm�/u-rt¼L�lHvª©Â¬k¼�zTvtu-y/r{zT| � l��
~-h�¬k|�zTjmik|�l��¾µ

Á w ��rt��u-�l
���.rtvtvtu��/y/�l¨vª© rt|�ylk��l��ky/r{zT| � lVjm¬ky/�/r{³su�l��¹lk|*ylkjH~��¯ºTzT|�~"lku-y1¼�zTrt�1vª©Â¬k¼�zTvtu-y/r{zT|
� l®vxwÒ�zTvtu-y/r{zT| wBu¦��zTu-�� � lÎvxwÒ~�¬k�/r{z � l�ºV°Ò��wBu��h�lÏvxwÒ�zTvtu-y/r{zT|¦rt|-rty/rxwBv{lflky·° � �zTrtylfvxw
��zTvtu-y/r{zT|m¿�|�wBv{l�µ-¶}|&��zT|��/y�wByl�³�u�l.vxw��¬k��r{zT|w � wB~-y¬�l}l��y�	ëzT~-y/rtj�wBv{l�C9wBu&�lk|��Vz$#�v{l�ylkjH~��
�¯wB��wT�ky¬k�/r{�y/r{³�u�l � u j�wBrtvtvxwB��l

τ
l��/y � l}vª©ÂzT� � �l � u·ylkjH~��

∆t
lk|�y/�l � lku\�·w � wB~-y�wBy/r{zT|��¾µ-Ô�l

~-vtu��¾º	zT|Ï�lkj�wB�³�u�l*³suR©Âlkvtv{l�l��y9°mvxwHÐÞzTr{� � ¬?¿�|-r{l�~"zTu-��v{l�j�wBrtvtvxwB��l � l��/u-�ÑÐÞwT��l�lky�~�zTu-��v{l
j�wBrtvtvxwB��l � l&¼�zTvtu-jml�µ½qsu-��vxw �1rt��u-�l·���\º1zT|«¼�zTrtyH�kvxwBrt�lkjmlk|�yHv{l �¯wB��wT�kyik�l·rtjH~-�¬k¼sr{�rt�-v{l
� l��m~-h�¬k|�zTjmik|�l��m~-h��\�/r{³su�l��¯º,w�¼�l��Î|�zTy�wBjHjmlk|�y u-| ����wB| � |�zTj��-�l � l·�lk��zT| � �m�u-�Hv{l��
���By/rtjmlk|sy�¯µ

§¨lky/yl
�/rtj�u-vxwBy/r{zT|�w�¬ky¬
l� =l��ky/u�¬�l¨�u-�1u-|�l
�y�wBy/r{zT| � l¨y/��w¯¼TwBrtv ���½��������°}n���� �®h ��w¯¼�l��
1
�9z � l�jm¬kjmzTrt�l�µ 	 vª© rty¬k��wBy/r{zT|

23
º�vxw���¬k|�¬k��wBy/r{zT| � u�j�wBrtvtvxwB��l.¿�|�wBv1Ã

739 854
�zTjHjmlky�?Ä

w � u-�¬
10

��l���zT| � l��o~"zTu-��vxwÎ�u-�ÑÐÞwT��lmlky
310

�l���zT| � l���~�zTu-��v{lm¼�zTvtu-jml�µ �1zTu-��v{l��¯wBv{�ku-v
� l vª©Â¬���zTu-v{lkjmlk|sy¯º,v{l�zTvt¼�lku-�®ÃÍl?�\~-vtr{�krtyl¾Ä�jmlky�°Ï~�lku ~-�i��

4
h�lku-�l��H~"zTu-�Hl� "l��ky/u�lk�

100rty¬k��wBy/r{zT|��&�/u-�*u-| j�wBrtvtvxwB��l � l
750 000

�zTjHjmlky�¯µ(Á l|�zTj��-�l � © rty¬k��wBy/r{zT|�� � l�zTvt¼�lku-�
l� =l��ky/u�¬�l��olk|sy/�l � lku\�»w � wB~-y�wBy/r{zT|�� � ¬k~"lk| �»� l����¯wB��wT�ky¬k�/r{�/y³su�l�� � l�vª©Â¬���zTu-v{lkjmlk|�y�lky � l
vxw}y�wBrtvtv{l � l��(¬kv{¬kjmlk|�y� � u�j�wBrtvtvxwB��l�ºTrtv-l��/y � zT|���wT��l �¨¼�wB�/rxwB�-v{l�µ��1wB�,l?�-lkjH~-v{l�º�°.vª© rty¬k��wBy/r{zT|
23

v{l��zTvt¼�lku-�HwÎl� =l��ky/u�¬�lk|s¼srt�zT|
200

rty¬k��wBy/r{zT|��HwBuc��zTu-�� � lmvxw � lk�/|-r{ik�l�~"¬k�/r{z � l�µ1¶}|
��zT|��y�wByl�³su�l�v{l��zTvt¼�lku-�9|�u-jm¬k�/r{³su�l*��zT|�y/�/rt�-u�lm°�h�wBu-ylku-� � l

95
� � u±ylkjH~�� � l��¯wBv{�ku-v

��v{zT��wBvªµ�Á wH�/rtj�u-vxwBy/r{zT| � wB|����zT|®rt|�y¬k����wBvtrty¬�w � u-�¬�lou-|�l � r �¾wBrt|�l � l3�/zTu-��¯µ
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n�1 ��� � �tÅ����¾ÊkÉ����	��
���"ËÊ��������������.Ê/ÇTË 
�ÊHÊkÉ������±Ç��LÅ�� �mÅ � Ì

%¸y¬k��wBy/r{zT| g�lkjH~��.~-hs�L�/r{³su�l qLzTjHjmlky� g
¬ky/��wTi � �l�� gR�/rxwB|-��v{l��
�

0.027 280 525 1 630 619 40 736�¯�
0.05 603 644 3 541 268 63 526���

0.077 739 854 4 326 861 78 816���
0.1 743 735 4 328 741 87 322

���	��0(�E1 � �AÇ�� �\ÉÍÌÍÇ�� � Ê �ÀÅ±ÉªÅ�Ì	���tÊ � ÊDÈ �mÅTÌ��	�tÅ�
�Ê?È Å � ÅDÆ"É��DÈ·Å�� 
 � � ÊDÈ�ÌÍÉ��?ËÑÅ�ÉÍÌÍÇ���È �ëÇ�� � �
É¸ÊH�.Æ	È�� � � �cÆ	Ë � 5kÌýÈ�Ê �{Ê �	Ç�� �?ËÊ � Ê®ÈkÇ��6��ÊkÉFÈ � � ÊÏÉ��kÉÍË/Å�� � ËÊDÈÒÊkÉ �;: ��� ����Ê���ÉFÈ � ÊÎÈJ�LË���Å	5�Ê
�ëÉÍËDÌÞÅ�� 
��tÊDÈ�� � Ê&5��LÅ	8H��Ê�mÅTÌ��	�tÅ�
�ÊA�

+-,/.-0½��71�� 
�Å�� 5��\Ê�� �mÅTÌ��	�tÅ�
�Ê6
 �Ç�� �kÉÍËDÌ98H��Ê � Ê �tÅ®ÈJ�LË���Å	5�Ê � � � Ç��HÅ�Ì	��Ê � � � Ë/ÇTÌFÉ¸Ê����tÊ
�mÅTÌ����ÀÅ�
sÊ � Ê&5Å���5H� � � Ê9È��sË ��Å	5�Ê�Ì���ÌFÉÍÌÞÅ����

F�G8C�F î



��� ÅDÆ�ÉªÅ�ÉÍÌÍÇ�� � Ê��mÅTÌ��	�tÅ�
�Ê��� Æ\Ç��sË��{ÊDÈ3Æ	Ë/Ç���������ÊDÈ�Ì��-ÈkÉªÅ�ÉÍÌÍÇ����	ÅTÌFË/Ê?È n��

+-,/.-0��¯� 1 � �BÇ�� �\ÉÍÌÞÇ�� � ÊDÈ�ÌxÈ�Ç��ªÈ��sË �kÅA5�ÊDÈ � Ê � Ê��-È?ÌFÉ�� � Å��-È��{Ê � Ç��mÅTÌ���Ê � Ê 5Å�� 5H� �RÅ�� �HÉ¸Ê��}Æ�È
� � � ��� � � � � ��� � � � ���HÊkÉ � ���HÈ�Ê�5Ç�� � Ê � � Ê 
�Å�� 5��\Ê # � Ë/ÇTÌÍÉ¸Ê�Ê�É � Ê �LÅ��\É
Ê�� �/ÅBÈ����

CDC ô�E.FHGJI�K



n�� ��� � �tÅ����¾ÊkÉ����	��
���"ËÊ��������������.Ê/ÇTË 
�ÊHÊkÉ������±Ç��LÅ�� �mÅ � Ì

+-,/.-0R�¯�)1 �ÏÅ�Ì	���ÀÅ�
�ÊDÈoÌýÈkÇ�ÉÍË/ÇDÆ-ÊDÈ�Å � ÅDÆ�É��DÈ � ÊoÈJ�LË���Å	5�ÊHÊkÉ � ÌýÈ?ÉÍË?Ì �H�LÉÍÌÞÇ��-È � : ÌxÈ�Ç�� � Ê��-ÈDÌÍÉ��DÈ)5Ç�ËV�
ËÊDÈ¸Æ\Ç�� � Å���É¸ÊDÈ �3Å�� � É¸Ê��}Æ�È � � � ��� � � � � ��� � � � ���HÊkÉ � ���HÈ�Ê�5Ç�� � Ê �

F�G8C�F î



��� ÅDÆ�ÉªÅ�ÉÍÌÍÇ�� � Ê��mÅTÌ��	�tÅ�
�Ê��� Æ\Ç��sË��{ÊDÈ3Æ	Ë/Ç���������ÊDÈ�Ì��-ÈkÉªÅ�ÉÍÌÍÇ����	ÅTÌFË/Ê?È n��

+-,/.-0����)1 �ÏÅTÌ����ÀÅ�
sÊDÈ�ÌxÈ�Ç�ÉÍËÑÇ?Æ-ÊDÈ�Å � ÅDÆ�É��DÈ � Ê �AÇ�� � ��Ê � Å��-È � �mÆ:�tÅ�� � Ê&5Ç��¾Æ-ÊHÊkÉ � ÌýÈ?ÉÍË?Ì �H���
ÉÍÌÞÇ��-È � : ÌxÈ�Ç�� � Ê��-ÈDÌÍÉ��DÈ)5Ç�ËDËÊDÈªÆ-Ç�� � Å��	É¸ÊDÈ�Å�� � É¸Ê��}Æ�È � � � � � � � � � ��� � � � � �*ÊkÉ � � �*È¯Ê 5Ç�� � ÊA�

CDC ô�E.FHGJI�K



��� ��� � �tÅ����¾ÊkÉ����	��
���"ËÊ��������������.Ê/ÇTË 
�ÊHÊkÉ������±Ç��LÅ�� �mÅ � Ì

+-,/.-0��\� 1 �ÏÅTÌ����ÀÅ�
sÊDÈ�ÌxÈ�Ç�ÉÍËÑÇ?Æ-ÊDÈ�Å � ÅDÆ�É��DÈ � Ê �AÇ�� � ��Ê � Å��-È � �mÆ:�tÅ�� � Ê&5Ç��¾Æ-ÊHÊkÉ � ÌýÈ?ÉÍË?Ì �H���
ÉÍÌÞÇ��-È � : ÌxÈ�Ç�� � Ê��-ÈDÌÍÉ��DÈ)5Ç�ËDËÊDÈªÆ-Ç�� � Å��	É¸ÊDÈ�Å�� � É¸Ê��}Æ�È � � � � � � � � � ��� � � � � �*ÊkÉ � � �*È¯Ê 5Ç�� � ÊA�

F�G8C�F î



��� ÅDÆ�ÉªÅ�ÉÍÌÍÇ�� � Ê��mÅTÌ��	�tÅ�
�Ê��� Æ\Ç��sË��{ÊDÈ3Æ	Ë/Ç���������ÊDÈ�Ì��-ÈkÉªÅ�ÉÍÌÍÇ����	ÅTÌFË/Ê?È �\�

+-,/.-0¹���71 J��� �sÈ?ÉÍË/Å�ÉÍÌÞÇ�� � Ê � : Ì��.Æ-Å	5�É � Ê � : Ì���É¸Ê?ËDÈ�Ê 5�ÉÍÌÞÇ�� � Ê � �kÉÍË?Ì98H�-Ê?È·Ê�� É¸Ê��}Æ�È � Å��-ÈA�tÊ
�BÇ�� � ��Ê·ÊkÉ�È��sË �ÀÅÎÈJ�LË���Å	5�Ê � 
 � �LÅ��\É����ÀÅÎÈkÇ�� �\ÉÍÌÍÇ�� Å�� � �����\É � Ê �ÀÅHÆ �?Ë?ÌÍÇ � ÊÊkÉ���Ê�� �/ÅBÈ ���tÅ
È�Ç�� �LÉÍÌÞÇ�� #��tÅ 
 � � Ê��tÅ3Æ �?ËDÌÞÇ � Ê �=� Ê?È}Ç�� � ÊDÈ � Ê 5��\Ç�5?È � �BÇ�� ��Ê���É�È¯Ê�� �{Ê���Ê���É � Å���È �{ÊDÈ�Ë � 
TÌÞÇ��-È
� ��Ì �kÇ�ËJ� ����Ê���É¨Å � ÅDÆ"É��ÊDÈ ��5 : Ê?È?É�� #�� � ÌFË/Ê*Ç�� �tÊ��mÅTÌ��	�tÅ�
�Ê*ÊDÈkÉ � Ê���È�Ê����

CDC ô�E.FHGJI�K



��� ��� � �tÅ����¾ÊkÉ����	��
���"ËÊ��������������.Ê/ÇTË 
�ÊHÊkÉ������±Ç��LÅ�� �mÅ � Ì

+-,/.-0T���(1 ��Ì � �?ËÊ���ÉFÈ�Æ:�ÀÅ��-È � Ê 5Ç��¾Æ-Ê � Å��-È;�{Ê � Ç��HÅ�Ì	��Ê � Ê 5Å���5H� ��Å��HÉ¸Ê��}Æ�È � � � � �3È�Ê 5�Ç�� � Ê
� Å��-ÈA�{ÊDÈ 8H��Ê��úÈÇ�� Å �{Ê �mÅTÌ��	�tÅ�
�Ê&ÌýÈkÇ�ÉÍË/ÇDÆ-Ê·Å � ÅDÆ�É�� � Ê �AÇ�� � ��ÊÎÊkÉ �{ÊDÈ � ÌýÈ?ÉÍË?Ì ���LÉÍÌÞÇ��-È �;: ÌýÈkÇ��
� Ê��-ÈDÌÍÉ��DÈ 5Ç�ËDËÊDÈªÆ-Ç�� � Å��	É¸ÊDÈ � 
 �?�LÅ��\É���� �¤Æ4�ÀÅ�� � Ê 5Ç��¯Æ-Ê¤Ç�É��LÇ 
�Ç��	Å��9Å�� ÈkÇ���ÊkÉ��*Ê�� �/ÅTÈ �
Æ-ÅTËÑÅ��	�����{Ê*Å��ÈkÇ�� � ����Ê � Ê � ÊDÈ�È���È�� �

F�G8C�F î



��� ÅDÆ�ÉªÅ�ÉÍÌÍÇ�� � Ê��mÅTÌ��	�tÅ�
�Ê��� Æ\Ç��sË��{ÊDÈ3Æ	Ë/Ç���������ÊDÈ�Ì��-ÈkÉªÅ�ÉÍÌÍÇ����	ÅTÌFË/Ê?È ���

� 
 ������������������'�1���&�¹�"���&�(� �	�����(�

Ô9wB|�����l·��wB~-~�zT�/y¯º(|�zTu�� w�¼�zT|���jmzT|�y/�¬Î³su�l·vª©`wB~-~-�zs��h�l®�kvxwT��r{³�u�l � ©`w � wB~-y�wBy/r{zT| � l
j�wBrtvtvxwB��l�l��/y�rt|sy/�/rt|��i�³�u�lkjmlk|sy9rt|�w � wB~-y¬�l�°Hvª©Â¬ky/u � l � l�~-�zT�-v{ikjml�� � ¬k~�lk| � wB|sy � uÎylkjH~��
� wB|��1v{lV�¯w � �l � u��lkj�wBrtvtvxwB��l�º�°.�¯wBu���l � lVvª©Âlk�/�lku-�¹rt|�y/�z � u-rtylV~�wB�1vª© rt|�ylk�/~"zTvxwBy/r{zT|�°}�h�wT³su�l
w � wB~-y�wBy/r{zT|Rµ ��zTu��ow�¼�zT|���wBv{zT��9~-�zT~�z��¬�u-|�l�jm¬ky/h�z � l � ©`w � wB~-y�wBy/r{zT| � l�j�wBrtvtvxwB��l*��wT��¬�l
�u-�=u-|o~�zTrt|sy=¿-�-l(y/��wB|��/rtyzTrt�l,~"zTu-�=y/��wBrtylk� v{l��R~-�zT�-v{ikjml�� rt|��/y�wBy/r{zT|-|�wBrt�l�� � wB|��=v{l,�¯w � �l � u
�lkj�wBrtvtvxwB��l�µR§¨lky/yl�jm¬ky/h�z � l�u-y/rtvtr{�l�u-|Ï���h�¬kj�wm��¬k|�¬k��wBv � ©`w � wB~-y�wBy/r{zT| � loj�wBrtvtvxwB��l�~"zTu-�
v{l��¹�/rtj�u-vxwBy/r{zT|��,rt|��/y�wBy/r{zT|-|�wBrt�l��½³�u-r\~"lku-y��ky/�l¨¼LuH��zTjHjml3u-|�l¨l?�\ylk|��/r{zT| � um���h�¬kj�w9�kvxwT�Ñ²
�r{³�u�l�µs§¨l}|�zTu-¼�l¯wBu·��h�¬kj�w�~�lk�/jmlky � l�~-�¬ � rt�l}vª©Â¬k¼�zTvtu-y/r{zT| � l.vxwo�zTvtu-y/r{zT|Rºs|�zT|&��zT|-|su�lHÅ
Æ�ËDÌÞÇTË?ÌFº � wB|��½v{l � zTj�wBrt|�l � l��¯wBv{�ku-vªµsß(|��/u-rtyl�º�u-|�l�~-�zs��¬ � u-�l � © rt|sylk��l��ky/r{zT| � l
jm¬ky/�/r{³�u�l��
lk|�ylkjH~�� l��/yRlkjH~-v{z¾��¬�l¨wA¿�| � ©`w � wB~-ylk�1v{l¹j�wBrtvtvxwB��l � wB|��=v{l��R�¬k��r{zT|���z$#ovxw
�zTvtu-y/r{zT|�¬k¼�zTvtu�l�µ
Ü�¼�l���vª© rt|sylk��l��ky/r{zT| � l.jm¬ky/�/r{³su�l��¨lk|�ylkjH~��¯ºs|�zTu��¨w¯¼�zT|��¨rt|�y/�z � u-rty � l.j�wB|-r{ik�l.rtjH~-vtr{�krtyl
v{l*ylkjH~�� � wB|���vª©Âl��/y/rtj�wBylku-� � ©Âlk�/�lku-�¯º ��lH³su-r,rtjH~-vtr{³�u�l�³�u�l*vª©Âlk�/�lku-��l��/yo��zT|�y/�"!Tv{¬�l�yzTu-y
wBufv{zT|-� � l�vxw��rtj�u-vxwBy/r{zT|RµR§¨lky/yl�|�zTu-¼�lkvtv{l*wB~-~-�zL�h�l*w � zT|���~�lk�/jHr{�HÃFrýÄ � l�~-�¬��lk�/¼�lk�9vxw
~-�¬��kr{�r{zT| � l�vxw®�zTvtu-y/r{zT|«yzTu-y�wBu«v{zT|-� � l��zT|«¬k¼�zTvtu-y/r{zT| lky·ÃFrtrýÄ � l��¬ � u-rt�l v{lm|�zTj��-�l
� ©`w � wB~-y�wBy/r{zT|�� � wB|���v{lH�-u-y � lm��zT|sy/�"!Tv{lk��vª©Âlk�/�lku-���/u-�ov{l�� � ¬k�/rt¼�¬�l���ylkjH~�zT�lkvtv{l��¾µ Ü}u-y/�l?²
jmlk|sy � rty¯º���lky/yl�wB~-~-�zL�h�l�~�lk�/jmlky � lo��zT|�y/�"!Tv{lk�}vª© rt|�ylk�/¼�wBvtv{l � l�ylkjH~��}�¯wB��wBy¬k�/r{�/y/r{³�u�l � u
j�wBrtvtvxwB��l�µ

ÁRl��1�¬��/u-vty�wBy�¹lk| � rtjmlk|��/r{zT| � lku\���u-��v{lV~-�zT�-v{ikjml¨jmz � ikv{l¨zT|�y(��zT|\¿��/jm¬¨vxw�¼�wBvtr � rty¬3lky
vª©Âl?Õ��¯wT�krty¬ � l.��lky/yl�wB~-~-�zs��h�l�º�lk|mylk�/jml�� � l
~-�¬��kr{�/r{zT| � l
vxwo�zTvtu-y/r{zT|&lky � l
�¬ � u��ky/r{zT| � l
vxw}��zTjH~-v{l?�\rty¬oÃF��wBrt| � lVylkjH~�� � l¨�¯wBv{�ku-výÄ?µ�ß(vtv{l
w.¬ky¬3wB~-~-vtr{³�u�¬�l�w¯¼�l��3�/u�����i��¹lk| � rtjmlk|��r{zT|
y/�zTr{�¾º � wB|��3v{l��¯w � �l�r{�zTy/�zT~�l�ºL�/u-�¨u-|�l���¬�zTjm¬ky/�/r{l���zTjH~-v{l?�\l�~"zTu-�Vu-|�l9�/rtj�u-vxwBy/r{zT|�¬�lkvtv{l�º
z$#vxwm�zTvtu-y/r{zT|®l��/y
|�zT|Î~-�¬ � r{�ky/rt�-v{l Å9Æ�ËDÌÞÇTË?ÌFµ

�}zTyzT|��9³su�l�vª©Âlk|���lkj��-v{l � l��9~-�zL��l���/u��HÃF��¬k|�¬k��wBy/r{zT| � l�� � rE "¬k�lk|sy��j�wBrtvtvxwB��l���lky9u-y/rÀ²
vtr{�DwBy/r{zT|«�¬k~"¬ky¬�l � u �zTvt¼�lku-�DÄ*w®¬ky¬·jmlk|�¬·�/u-��u-|�l 	ë�/rtjH~-v{l�C �/y�wBy/r{zT| � l y/��w�¼�wBrtv�lk| � l��
ylkjH~��&³�u-r
�l��ylk|�y���wBr{��zT|-|�wB�-v{l��¯µ½Ü}u-y/�lkjmlk|�y � rty¯º(vª©`w � wB~-y�wBy/r{zT| � lj�wBrtvtvxwB��lÏw±~"lk�/jHr{�
� ©Âl� =l��ky/u�lk����lky/yl��/rtj�u-vxwBy/r{zT|�¬¯wBvtr{�/yl9y/�/r � rtjmlk|��/r{zT|-|�lkvtv{l�yzTu-y
lk|Î¬k¼Lrty�wB|�y � ©`w�¼�zTrt�
�l���zTu-��
° � l���jmz¯��lk|���lky � l��
jm¬ky/h�z � l��.~-vtu��
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